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We study the stability of an inflaton condensate in the presence of attractive inflaton self-interactions, in
order to determine analytical conditions on the self-interaction couplings under which the condensate undergoes
fragmentation. As an application of our results, we consider the stability of the inflaton condensate in α-attractor
inflation. We show that the stability of the condensate depends upon the value of α. For the T-model with n = 1,
we find that it is unstable for α . 10−4. In this case it is expected that inflation will be followed by an oscillon-
dominated era.

INTRODUCTION

Inflation typically ends with the formation of a condensate
described by a coherently-oscillating scalar field. In the pres-
ence of an attractive inflaton self-interaction, the condensate
can fragment into lumps, which are expected to evolve into
oscillons [1–3]. (For very rapid perturbation growth, frag-
mentation can also occur via tachyonic preheating [4–6].) Our
aim in this paper is to establish conservative analytic bounds
on the self-couplings under which fragmentation of an infla-
ton condensate will definitely occur. To do this, we will as-
sume the existence of a coherently-oscillating condensate and
then determine the strength of self-interaction which causes
the growth of primordial inflaton perturbations to fragment
the condensate. We first present a general method to analyse
the growth of perturbation modes in the case where the rate of
growth is slow compared to the frequency of oscillation and
the potential is dominated by a quadratic term. This is closely
related to the method of [7] (see also [8]). We then apply our
method to the case of cubic and quartic self-interactions to de-
termine lower bounds on their couplings for the condensate to
fragment. As a specific application of our results, we consider
the case of T-model α-attractor inflation [9–11]. We will show
that the condensate in this model will fragment for sufficiently
small values of α.

PERTURBATION GROWTH IN REAL SCALAR
CONDENSATES

A real scalar field, denoted by Φ, is governed by the equa-
tion of motion,

Φ̈+3HΦ̇− ∇2Φ

a2 +
∂V
∂Φ

= 0 , (1)

where H ≡ ȧ/a is the Hubble rate, a is the scale factor and V
is the scalar potential. Defining Φ= (a0/a)3/2φ, where a= a0
is a reference scale factor at which Φ = φ, we obtain

φ̈− ∇2φ

a2 =−∂U(φ)

∂φ
. (2)

Here

∂U
∂φ
≡
(

a
a0

)3/2
∂V
∂Φ

+∆Hφ , (3)

with

∆H ≡−
3
2

(
Ḣ +

3
2

H2
)
. (4)

We assume that φ is periodic and write φ(x, t)=RsinΩ, where
R and Ω are functions of x and t. The sinΩ term deter-
mines the periodic nature of the Φ field and allows for space-
dependent fluctuations of the frequency. In the absence of
expansion and perturbations, R is a constant and Ω = Ω(t).
Therefore our analysis applies to potentials which are sym-
metric under Φ ↔ −Φ. We then perturb about this back-
ground field.

Substituting into (2) gives(
R̈−RΩ̇

2− (∇2R)/a2 +R(∇Ω)2/a2)sinΩ

+
(
2ṘΩ̇+RΩ̈−2(∇R ·∇Ω)/a2−R(∇2

Ω)/a2)cosΩ

=−∂U
∂φ

. (5)

We will restrict our analysis to the case where the potential is
dominated by a quadratic term, so that the background oscilla-
tions are nearly harmonic. In this case, on the time scale of the
oscillations, we can consider Ω̇, R and their derivatives to be
approximately constant. We will also consider the expansion
rate to be small compared to the frequency of oscillation, so
that R does not change significantly due to expansion during
an oscillation cycle. Finally, we will assume that ∇Ω is inde-
pendent of Ω, which will be justified by the resulting solution
for Ω(x, t).

Multiplying by sinΩ and averaging over oscillations, we
obtain

R̈−RΩ̇
2− (∇2R)/a2 +R(∇Ω)2/a2 =−U ′e f f , (6)

where

U ′e f f ≡
∂Ue f f

∂R
≡ 2

R

〈
φ

∂U
∂φ

〉
, (7)
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and

〈 f (Ω)〉 ≡ 1
2π

∫ 2π

0
dΩ f (Ω) . (8)

Similarly, multiplying by cosΩ and averaging over coherent
oscillations, we obtain

Ω̈+2ṘΩ̇/R−2∇R ·∇Ω/(a2R)− (∇2
Ω)/a2 = 0 . (9)

We next perturb R and Ω about their homogeneous back-
ground values R0(t) and Ω0(t),

R(x, t) = R0(t)+δR(x, t) , Ω(x, t) = Ω0(t)+δΩ(x, t) .
(10)

δR and δΩ then satisfy the following perturbation equations

δR̈−2R0Ω̇0δΩ̇− Ω̇
2
0δR− 1

a2 ∇
2
δR+U ′′e f f δR = 0 , (11)

δΩ̈− 1
a2 ∇

2
δΩ− 2Ṙ0Ω̇0

R2
0

δR+
2Ṙ0

R0
δΩ̇+

2Ω̇0

R0
δṘ = 0 . (12)

Following [7], we look for a solution to (11) and (12) of the
form 1

δR = δR0eS(t)−ik·x ; δΩ = δΩ0eS(t)−ik·x . (13)

We will refer to S(t) as the growth factor in the following 2.
Since we are neglecting expansion on the time scale of the os-
cillations, we can set H = Ḣ = Ṙ0 = 0 for now. We then look
for a solution such that the rate of growth of the perturbations,
α = Ṡ, is constant on time scales short compared to the ex-
pansion rate of the Universe. On substituting δR and δΩ from
(13) into (11) and (12) we obtain the dispersion relation[

α
2 +

k2

a2 +U ′′e f f − Ω̇
2
0

][
α

2 +
k2

a2

]
+4α

2
Ω̇

2
0 = 0 . (14)

This is similar to the dispersion relation in [7]. A solution for
α which is real is only possible if the first term can become
negative. This requires that

k2

a2 < Ω̇
2
0−U ′′e f f ≡

k2
c

a2 . (15)

In this we have defined kc to be the upper bound on the comov-
ing wavenumber for growth of perturbations to be possible.

Solving (14), we obtain, for small k/a values,

α
2 ≈ k2

a2

Ω̇2
0−U ′′e f f

3Ω̇2
0 +U ′′e f f

−16
k4

a4
Ω̇4

0

(3Ω̇2
0 +U ′′e f f )

3
. (16)

1 The analysis presented in [7] considered perturbations of a globally
charged complex scalar field rather than the real oscillating scalar field we
are considering here.

2 The perturbation mode with wavenumber k can be considered to represent a
perturbation of the field characterised by a range of modes ∆k∼ k centered
on k, with characteristic physical length scale δx∼ λphys = 2πa/k.

We have assumed that the oscillations are dominated by the
quadratic term in the potential. In this case we expect Ω̇2

0 ≈
U ′′e f f . In addition, we can use the equation for the background
field Ω0(t) from (9), which gives Ω̇2

0 =U ′e f f /R in the absence
of expansion. In this case (16) becomes

α
2 ≈ k2

a2

(
1− k2

k2
c

)U ′e f f /R−U ′′e f f

4U ′′e f f
. (17)

From this we obtain α(k, t) for a given mode k at a given time
t on a time scale which is short compared to the expansion
rate. We can then integrate the resulting α(k, t) over a period
longer than the expansion time H−1 to obtain the total growth
factor in the expanding Universe for a given mode k,

S(k,a(t)) =
∫ t

t0
dt α(k, t) =

∫ a(t)

a0

da
α(k,a)

aH
. (18)

In order for fragmentation to occur, we require that the per-
turbation grows to non-linearity, δR/R ≈ (δR0/R0)exp(S) ∼
1, corresponding to S ∼ ln(R0/δR0). The initial perturbation
of the scalar field will be due to the primordial perturbation
of the inflaton field, therefore δR0/R0 ∼ 10−4. Therefore the
condition for the fragmentation to occur is given by

S(k,a(t))> 10 . (19)

This gives a general method for calculating the growth of
perturbations of a condensate of scalars which have an attrac-
tive self-interaction. We next apply this method to the leading-
order cubic and quartic interactions which can be expected to
arise in the polynomial expansion of a general potential.

CONDENSATE INSTABILITY DUE TO CUBIC AND
QUARTIC ATTRACTIVE SELF-INTERACTIONS

Cubic self-interaction

We consider the potential

V (Φ) =
1
2

m2|Φ|2−A|Φ|3 , (20)

where A > 0. The corresponding effective potential from (7)
is

Ue f f (R) =
1
2

m2R2− 8A
3π

(a0

a

)3/2
R3 , (21)

where we have used 〈|sin3
Ω|〉= 4/3π.

kc is given by

kc ≈
√

8AR
π

a3/4
0 a1/4 . (22)

The maximum comoving wavenumber for growth satisfies
kc ∝ a1/4. We are considering the growth of a mode with
a fixed value of the comoving wavenumber k. Therefore,
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as a increases, eventually a wavenumber that initially satis-
fies k > kc will become smaller than kc, at which time the
growth of the mode will begin. Thus, for a given a0, the mode
which subsequently has the greatest growth will correspond to
k = kc(a0)≡ kc0. The growth factor is then

S(kc0,a) =

√
2AR
πm2

kc0

a0H0

∫ x

1
x−5/4

√
1− x−1/2 dx , (23)

where x = a/a0. In the limit x→ ∞, the integral is equal to π.
Therefore the maximum growth factor is

Smax =

√
2AR
πm2

π

H0

kc0

a0
=

4AR
mH0

. (24)

The potential is assumed to be dominated by the quadratic
term, therefore

H0 =

√
m2R2/2

3M2
P

=
mR√
6MP

. (25)

Thus

Smax =
4
√

6AMP

m2 . (26)

The condition for fragmentation, Smax > 10, is therefore satis-
fied if

A >
5

2
√

6
m2

MP
. (27)

This is a conservative condition for fragmentation, since we
have restricted to modes which begin growth during inflaton
oscillations dominated by a quadratic potential. Therefore if
the coupling A satisfies this condition then fragmentation of
the inflaton condensate will definitely occur.

Quartic self-interaction

We consider the potential

V (Φ) =
1
2

m2
Φ

2−AΦ
4 , (28)

where A > 0. The corresponding effective potential is

Ue f f (R) =
1
2

m2R2− 3
4

A
(a0

a

)3
R4 , (29)

where we have used 〈sin4
Ω〉= 3/8.

kc is given by

kc ≈
√

6ARa3/2
0 a−1/2 . (30)

In this case kc ∝ a−1/2. As a result, a mode of a given
wavenumber k grows in a quite different way from the cu-
bic case. Here, if k is initially less than kc and so the mode
is initially growing, then as a increases and so kc decreases,

k will eventually become larger than kc and the growth of the
mode will stop.

In order to determine the maximum possible growth of a
mode in this case, we first consider an initial scale factor a0
at which k < kc0. We then compute the growth factor S(k,ac)
at a later scale factor ac at which k = kc and the growth of the
mode stops. We then need to maximise S(k,ac) with respect
to k and ac to determine the maximum possible growth of a
mode starting at a0.

From (18), the growth factor from a0 to ac is given by

S(k,ac) =

√
3AR2

2m2
k

a0H0

∫ xc

1
x−2
(

1− k2

k2
c0

x
)1/2

dx , (31)

where xc = ac/a0. This does not reduce to a simple analytical
expression as a function of k and ac. To obtain a conservative
analytical expression for the growth factor, we will set x = xc
in the square root factor in the integrand. This will overes-
timate the suppression of the growth factor due to this term.
Then

S(k,ac) =

√
3AR2

2m2
k

a0H0

(
1− k2

kc(ac)2

)1/2 ∫ xc

1
x−2dx

=

√
3AR2

2m2
k

a0H0

(
1− k2

kc(ac)2

)1/2 [
1− a0

ac

]
. (32)

Maximising this with respect to k gives

k =
kc(ac)√

2
=

(
a0

ac

)1/2 kc0√
2
. (33)

Therefore

Smax(ac) =

√
3AR2

2m2
kc0

2a0H0

(
a0

ac

)1/2 [
1− a0

ac

]
. (34)

Maximising with respect to ac gives
ac

a0
= 3 . (35)

Therefore

Smax =
1

3
√

3

√
3AR2

2m2
kc0

a0H0
=

√
2ARMP

m2 . (36)

Here a0 and so R should be chosen such that R≡Φ0 is as large
as possible while staying consistent with a potential which is
dominated by the quadratic term, where Φ0 is the amplitude
of the Φ oscillations at a0. We define by rV the ratio of the
quartic to the quadratic part of the potential when |Φ|= Φ0,

rV =
AΦ4

0

m2Φ2
0/2

=
2AR2

m2 . (37)

Using this, we obtain

Smax = (rV A)1/2 MP

m
. (38)

Thus the condition for fragmentation, Smax > 10, will be sat-
isfied if

A >
100
rV

m2

M2
P
. (39)
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CONDENSATE INSTABILITY IN T-MODEL α-ATTRACTOR
INFLATION

To illustrate the convenience of our general results in deter-
mining whether a given model can undergo inflaton conden-
sate fragmentation, we next apply our results to the case of
T-model α-attractor inflation.

The potential for T-model α-attractor inflation 3 with n = 1
in the Einstein frame is given by [9–11]

V = λ tanh2
(

Φ√
6αMP

)
. (40)

In the limit α� N, the spectral index ns ≈ 1− 2/N and the
tensor-to-scalar ratio r ≈ 12α/N2, where N is the number of
e-foldings, which are in excellent agreement with observation.

The T-model potential at small |Φ| can be expanded as

V ≈ λ

6α

(
Φ

MP

)2

− λ

54α2

(
Φ

MP

)4

. (41)

Comparing with (28), we obtain

m =

√
λ

3αM2
P

and A =
λ

54α2M4
P
. (42)

Therefore the maximum growth factor (38) is given by

Smax =
( rV

18α

)1/2
. (43)

Thus the condition for fragmentation, Smax > 10, is satisfied if

α <
rV

1800
= 5.6×10−5

( rV

0.1

)
. (44)

Thus fragmentation of the condensate in T-model α-attractor
inflation will occur if α . 10−4. Our result agrees with a nu-
merical analysis performed in [12], which finds fragmentation
for values of α which are consistent with this bound 4.

DISCUSSION

The general method and specific analytical results we have
presented here are of direct significance to the general study
of fragmentation of a real scalar condensate, where they are
complementary to numerical studies and indeed can serve to
guide such studies.

In addition to its role in reheating, condensate fragmenta-
tion could also be important for the formation of observable

gravitational waves [13, 14]. Our method and results can read-
ily be applied to study fragmentation in any dominant real
scalar condensate, such as that which might result from an
out-of-equilibrium phase transition. They can therefore allow
the parameter space of such models to be explored for the pro-
duction of observable gravitational waves. We will consider
further applications of our method and results in future work.
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