FINITELY-GENERATED LEFT IDEALS IN BANACH
ALGEBRAS ON GROUPS AND SEMIGROUPS

JARED T. WHITE

ABSTRACT. Let G be a locally compact group. We prove that the
augmentation ideal in L'(Q) is (algebraically) finitely-generated as
a left ideal if and only if G is finite. We then investigate weighted
versions of this result, as well as a version for semigroup algebras.
Weighted measure algebras are also considered. We are motivated
by a recent conjecture of Dales and Zelazko, which states that a
unital Banach algebra in which every maximal left ideal is finitely-
generated is necessarily finite-dimensional. We prove that this con-
jecture holds for many of the algebras considered. Finally, we use
the theory that we have developed to construct some examples of
commutative Banach algebras that relate to a theorem of Gleason.

To appear in Studia Mathematica.

1. INTRODUCTION

This article is concerned with finitely-generated ideals in certain Ba-
nach algebras, where “finitely-generated” is understood in the following
sense:

Definition 1.1. Let A be an algebra, and A* its (conditional) unitisa-
tion. A left ideal I in A is finitely-generated if there exist n € N and
T1,...,%Tn € Asuch that [ = Afzy + - + Az,

In the case that a left ideal is finitely-generated, it is immediate
that the generators all belong to the ideal. Note also that when this
definition is applied to topological algebras we do not take the closure
on the right-hand side.

The Banach algebras of most interest to us will be weighted group al-
gebras and weighted semigroup algebras, so next we define these terms
precisely.
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Definition 1.2. Let S be a semigroup. Then a weight on S is a
function w : S + [1, 00) such that

w(uv) < w(u)w(v) (u,v e S).

In the case where S has an identity e, we insist that w(e) = 1. Moreover,
when G is a locally compact group, weights on GG are always assumed
to be Borel functions, bounded on compact sets.

Given a semigroup S, and a weight w on S, we define

(1(S,w) = {f S = C:lfllo =) If(w)lw(u) < OO}-

u€esS

The set £!(S,w) is a Banach space under pointwise operations with
the norm given by | - ||.,, and a Banach algebra when multiplication is
given by convolution. By a weighted semigroup algebra, we shall mean
a Banach algebra of this form.

Now suppose that we have a locally compact group GG. We shall
denote left Haar measure on G by m. Suppose that w is a weight on
G. Then we define

L(Gw) = {f e DG Il = [ [Olete) m) < oo},
and
M(G.w) = {u € M(G) s [l = [ wlt)dlul() < oo}.

The sets L'(G,w) and M(G,w) are Banach algebras with respect to
convolution multiplication and pointwise addition and scalar multipli-
cation. Moreover, L'(G,w) is a closed subalgebra of M(G,w). It is
a Banach algebra of the form L'(G,w) that we refer to as a weighted
group algebra. When the group G is discrete, this definition coincides
with that given for a semigroup.

Example 1.3. (i) The trivial weight w = 1 is always a weight on
any locally compact group G (or any semigroup), and in this
case we recover the group algebra L'(G).
(ii) Let G be a discrete group, fix a generating set X, and write
|u|x for the word-length of u € G with respect to X. Then

ur (14 |ulx)*, G —=[1,00),

defines a weight on G for each @ > 0. We call this weight a
radial polynomial weight of degree c.
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(iii) With notation as in (ii), the map
s
u— cx G = [1,00),

defines a weight for any ¢ > 1 and 0 < § < 1. We call this a
radial exponential weight with base ¢ and degree 3.

More generally, a weight on a finitely-generated group G is said to be
radial if there exists a generating set X such that |u|x = |v|x implies
that w(u) = w(v) for any u,v € G. When the generating set is clear,
we usually write |u| in place of |u|x.

Let S be a semigroup, and take w to be a weight on S. We define
the augmentation ideal of £1(S,w) to be

(Y(S,w) = {f €L (Sw): Y flu) = 0}.

uesS

This is the kernel of the augmentation character, which is the map
given by

fe) flu), £'(S,w)—C
u€eS
The augmentation ideal is a two-sided ideal of codimension one, and it
has analogues in the weighted group algebras and the weighted mea-
sure algebras of a locally compact group G, also referred to as the
augmentation ideals of those algebras:

Lg(G,w):{feLl(G,w):/Gfdmzo};
My(G,w) ={p € M(G,w) : p(G) =0} .

There are also corresponding augmentation characters, given by
fro [ s0am(n), 1'(Gw) > C,
a
and

p=w(G), M(G,w)—=C,

respectively. Finally, for a semigroup S, we denote by CS the dense
subalgebra of finitely-supported elements of £1(S), and define

CoS = £(S) N CS.
One of the central themes of this paper will be the following question:

Question 1.4. Which of the Banach algebras mentioned above have
the property that the underlying group or semigroup is finite whenever
the augmentation ideal is finitely-generated?
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We now give this question some context. In 1974 Sinclair and Tullo [15]
proved that a left Noetherian Banach algebra, by which we mean a Ba-
nach algebra in which all the left ideals are finitely-generated in the
sense of Definition 1.1, is necessarily finite dimensional. In 2012 Dales
and Zelazko [6] conjectured the following strengthening of Sinclair and
Tullo’s result:

Conjecture 1.5. Let A be a unital Banach algebra in which every
maximal left ideal is finitely-generated. Then A is finite dimensional.

It is this conjecture that motivates the present work. The conjecture
is known to be true in the commutative case by a theorem of Ferreira
and Tomassini [7], and Dales and Zelazko presented a generalization
of this result in their paper [6]. The conjecture is also known to be
true for C*-algebras [1], and for B(E) for many Banach spaces E [4].
For instance the conjecture is known to be true when E is a Banach
space which is complemented in its bidual and has a Schauder basis,
or when E = ¢y(I), for I an arbitrary non-empty index set. However,
the conjecture remains open for an arbitrary Banach space E.

We are interested in the conjecture for the Banach algebras arising in
harmonic analysis. Our approach is to note that an affirmative answer
to Question 1.4 for some class of Banach algebras implies that the
DalesZelazko Conjecture holds for that class. As the DalesZelazko
conjecture is about unital Banach algebras, all the discrete semigroups
that we consider will be monoids, in order to ensure that we are in
this setting (note, however, that £!(S) can be unital without S being
a monoid; see for instance [5, Example 10.15]). However, in §3 we do
prove some results about L!(G,w) for a locally compact group G and a
weight w, an algebra which of course is unital only when G is discrete

We now discuss our main results. Full definitions of the terminology
used will be given in the body of the article. We beginning with the
following answer to Question 1.4 for group algebras:

Corollary 1.6. Let G be a locally compact group. Then L{(G) is
finitely-generated iof and only if G is finite.

In particular the Dales—Zelazko conjecture holds for all group alge-
bras. This result follows from Theorems 3.2 and 3.5, which establish
more general results. In particular, Theorem 3.5 states that My(G) is
finitely-generated if and only if G is compact and Theorem 3.2 states
that, for non-discrete G, L'(G) has no finitely-generated, closed, max-
imal left ideals at all.

The focus of §4 is semigroup algebras, and our main result is the
following



FINITELY-GENERATED LEFT IDEALS 5

Theorem 1.7. Let M be a monoid. Then ¢}(M) is finitely-generated
if and only if M is pseudo-finite.

Here, “pseudo-finite” is a term defined in §4 which we deem too
technical to describe here. For groups (and indeed for weakly right-
cancellative monoids) pseudo-finiteness coincides with being finite in
cardinality, whence the name.

We say that a sequence (7,) C [1,00) is tail-preserving if, for each

Z;in—s—l L
whenever Y 7,|z,| < co. This notion is explored in §5. In §6 we
prove the following theorem:

sequence of complex numbers (x,,), we have Y > | 7, < 00

Theorem 1.8. Let G be an infinite, finitely-generated group, with fi-
nite, symmetric generating set X. Let w be a radial weight on G with
respect to X, and write 7, for the value that w takes on S,. Then
(3G, w) is finitely-generated if and only if (1) is tail-preserving.

Here S,, denotes the set group elements of word length exactly n
with respect to the fixed generating set X. This implies an affirmative
answer to Question 1.4 for many weighted group algebras, but also
provides examples where the answer is negative:

Corollary 1.9. Let G be a finitely-generated, discrete group, and let
w be a weight on G.

(i) Ifw is either a radial polynomial weight, or a radial exponential
weight of degree strictly less than 1, then (}(G,w) is finitely-
generated only if G is finite.

(i) If w is a radial exponential weight of degree equal to 1, then
(3G, w) is finitely-generated.

The proof of this corollary is given in §6. Finally, in §7, as an ap-
plication of the theory developed elsewhere in the paper, we construct
weights w; and wy on Z* and Z respectively for which the Banach al-
gebras (1 (Z",w;) and £1(Z,w,) fail to satisfy a converse to Gleason’s
Theorem on analytic structure (Theorem 7.1). We believe that these
examples illustrate new phenomena.

2. PRELIMINARY RESULTS

We first fix some notation. We shall denote by Z the group of integers
and by Z* the semigroup of non-negative integers {0, 1,2, ...}. For us,
N={1,2,...}.

Let K be a locally compact space. We write Cy(K) for the space
of all complex-valued, continuous functions on K, which vanish at in-
finity, and C.(K) for the subspace of Cy(K) of compactly-supported
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functions. We denote by C'(K) the linear space of all continuous func-
tions from K to C. Let w be a weight on a locally compact group
G. Then we define Co(G,1/w) = {f : G — C: f/w € Cy(G)}, which,
as a Banach space, is isometrically isomorphic to Cy(G) when given
the norm || f|l1/n = || f/w[/- Hence, M(G,w) may be identified with
the dual space of Cy(G, 1/w), where a measure p € M(G,w) acts as a
bounded linear functional on Cy(G, 1/w) via

f|—>/Gfd,u.

By the hypothesis that w is bounded on compact sets, we have C.(G) C
LY(G,w), and in fact C.(G) is dense in L'(G,w) by |8, Lemma 1.3.5].

We next prove some lemmas about arbitrary Banach algebras.

Lemma 2.1. Let A be a Banach algebra, let I be a closed left ideal in
A, and let E be a dense subset of I. Suppose that I is finitely-generated.
Then I is finitely-generated by elements of E.

Proof. Suppose that [ = Afz;+---+A*z,, wheren € Nand 4, ..., 2, €
I. Define a map T : (A*)" — I by

T:(a,...,an) — a1y + -+ + apxy.

Then T is a bounded linear surjection, and, since the surjections in
B((A*)™, I) form an open set [16, Lemma 15.3|, there exists ¢ > 0
such that S € B((A*)", I) is surjective whenever |T' — S|| < . Take
Y1y o3 Yn € FE with

lyi — x|l <e/n (i=1,...,n).
Then we see that the map (A*)" — I defined by

(@1, .. an) = a1y; + -+ + apyy

is within € of T" in norm, and hence it is surjective, which implies the
result. U

Lemma 2.2. Let X be a Banach space, with dense linear subspace F,
and let Y be a closed linear subspace of X of codimension one. Then
ENY is dense in Y.

Proof. Since Y is a closed and codimension one subspace, Y = ker ¢
for some non-zero bounded linear functional . Since Y is proper and
closed, E' is not contained in Y. Hence there exists ¢y € E such that
p(xo) = 1.

Now let y € Y, and take ¢ > 0. Then there exists x € F with
ly — z|| < e. Set z =x — p(x)xo. Then p(z) =0, so that z € ENY.
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Note that [p(x)] = [¢(y—2z)| < ellgl, and hence ||z —z|| = [o(2)|[|zoll <
ellellllzoll, so that [y — 2| <e (1 +[l@ll[[zol]). Thus ENY =Y. O

Lemma 2.3. Let A be a Banach algebra, and let B be a dense left ideal
in A. Let I be a closed, maximal left ideal. Then B NI is dense in I.

Proof. As I is a closed, maximal left ideal and B is dense in A, B is
not contained in 7, so that we may choose by € B\ I. Consider the left
ideal Abg+1 of A. As I is maximal, either Aby+1 = I or Abg+1 = A.

In the first case, we see that aby € I for every a € A, so that Cby+ I
is a left ideal strictly containing I. This forces Cby + I = A, so that
I has codimension one. Therefore, in this case, the result follows from
Lemma 2.2.

Hence we suppose that Aby + [ = A. Define amap T : A — A/l
by T : a — aby + I. Then T is a bounded linear surjection between
Banach spaces, so that, by the open mapping theorem, there exists a
constant C' > 0 such that, for every y € A/I, there exists x € A with
Ja|l < Cllyll and Tz = y.

Let a € I and € > 0 be arbitrary. There exists b € B with |la—b|| < e.
It follows that |[b+1]|a/r < €, so we can find ag € A with ||ag|| < Ce and
Tag = agbg+1 =b+1. Let ¢ = b—agby. Then ¢ € BN I, because B is a
left ideal, and ||b—c|| = ||apbo|| < Cel|bo||- Hence |ja—c|| < e(14+C|bo]).
As a and € were arbitrary, the result follows. O

Corollary 2.4. Let A be a Banach algebra with a dense, proper left
tdeal. Then:

(i) A has no finitely-generated, closed, maximal left ideals;
(ii) A has no finitely-generated, closed left ideals of finite codimen-
Ston.

Proof. (i) Assume towards contradiction that I is a finitely-generated,
closed, maximal left ideal in A. The algebra A has a proper, dense left
ideal B.Then, by Lemma 2.3, BN I is dense in I, so that, by Lemma
2.1, we can find a finite set of generators for I from within B. But
then, as B is a left ideal, this forces I C B, and hence I = B by the
maximality of I. But I is closed, whereas B is dense, and both are
proper, so we have arrived at a contradiction.

(ii) Let I be a proper, closed left ideal of finite codimension. Then
I is contained in some closed maximal left ideal M. We may write
M = I & FE, as linear spaces, for some finite-dimensional space E C A.
If I were finitely-generated, then the generators together with a basis
for E would give a finite generating set for M, contradicting (i). Hence
I cannot be finitely-generated. 0
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We note that the above corollary is of limited use since its hypothesis
cannot be satisfied in a unital Banach algebra. However, in the non-
unital setting it is quite effective, and we shall make use of it in §3. An
example of a Banach algebra satisfying the hypothesis of Corollary 2.4
coming from outside harmonic analysis is the algebra of approximable
operators on an infinite-dimensional Banach space.

3. THE CASE OF A NON-DISCRETE LocALLY COMPACT GROUP

In this section, we shall consider Question 1.4 for L' (G, w) and M (G, w),
where G is a non-discrete, locally compact group and w is a weight on
G. The first result implies that, if L'(G) C C(G), then G is discrete.

Lemma 3.1. Let G be a locally compact group. Suppose that, for every
precompact subset A of G, the function xa is equal to a continuous
function almost everywhere. Then G is discrete.

Proof. Assume to the contrary that G is not discrete. Then by [3,
Corollary 4.4.4], or [13, Theorem 1], G cannot be extremely discon-
nected, so that there are disjoint open sets A and B and x5 € GG such
that zo € AN B. By intersecting with a precompact open neighbour-
hood of xy, we may further assume that A is precompact, and thus of
finite measure.

Consider the function h = x4 € L'(G). Then, by hypothesis, there
is a continuous function f and a measurable function g such that supp g
is an m-null set, with the property that h = f+g¢. In particular, supp g
must have empty interior, so, for any open neighbourhood U of x, we
can choose xy € U N A such that xy ¢ suppg. Then (xy) is a net
contained in A\ supp g converging to xy. Similarly, we may find a net
(yr) contained in B\supp g converging to zo. Then f(xy) = h(xy) =1
for all U, whereas f(yy) = h(yy) = 0 for all U. As both nets have the
same limit, this contradicts the continuity of f. O

Theorem 3.2. Let G be a non-discrete, locally compact group, and let
w be a weight on G. Then L'(G,w) has no finitely-generated, closed,
mazximal left ideals, and no finitely-generated, closed left ideals of finite
codimension.

Proof. Let J = LY(G,w) x Ce(G) + C.(G) be the left ideal of L'(G,w)
generated by C.(G). By [2, Theorem 3.3.13 (i)|, every element of J is
continuous, so that, by the previous lemma, J is proper, and of course
it is also dense. The result now follows from Corollary 2.4. O

When G is a compact group, L?(G) is a Banach algebra under con-
volution. A trivial modification of the previous argument shows that,
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when G is infinite and compact, L?(G) has no closed, finitely-generated
maximal left ideals.

We now turn to the measure algebra. We shall exploit its duality
with Cy(G), so we first fix the following notation. Let X be a Banach
space with dual space X’ and let £ C X and F C X'. We write

t={eX :{z,\)=0,2€E}, Fi={recX:{(x,\)=0 \cF}.
It is well known that, for F and F as above, we have
(3.1) (F\)* =span” F, (E+), =span E.

The weak*-closed left ideals of a weighted measure algebra can be
characterised as follows. Analogous characterisations exist for the weak™-
closed right and two-sided ideals.

Lemma 3.3. Let G be a locally compact group, and let w be a weight on
G. Then there is a bijective correspondence between the weak*-closed
left ideals in M(G,w) and the norm-closed subspaces of Co(G,1/w)
invariant under left translation. This correspondence is given by

E— B,
for E a closed subspace of Co(G,1/w) invariant under left translation.

Proof. Let E be a closed subspace of Cy(G, 1/w), invariant under left
translation. That B+ is weak*-closed is clear. We show that it is a left
ideal. Let p € E+. Then for all f € E and y € G we have

(3.2) /fy:cdu /f A(8, * 1) (x) = 0.

Hence 0, * u € E* for all y € G. That E* is a left ideal now follows
from weak*-density of the discrete measures in M (G, w).

Now suppose that I is a weak*-closed left ideal in M (G,w). Set
E = I,. Then, by (3.1), E* = I. The linear subspace E is clearly
closed, and, for y € G,p € I and f € Cy(G,1/w), we have §, * pn € I,
so that, by (3.2), §, % f € E. Hence E is left-translation-invariant.

We have shown that the correspondence is well-defined and surjec-
tive. To see that it is injective, use (3.1). t

Lemma 3.4. Let G be a locally compact group. Then My(G) is weak™*-
closed if and only if G is compact.

Proof. If G is compact, then My(G) = {constant functions}*, which is
weak™*-closed.

Assume towards a contradiction that My(G) is weak™*-closed, but
that G is not compact. By Lemma 3.3, E' = M,(G) is invariant under
left translation, and using the formula £’ = M (G)/E+ = M(G)/My(G)
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we see that £ has dimension one. So there exists f € Cy(G) of norm 1
such that £ = spanf. There exists zp € G such that |f(zo)| = 1. Let
K be a compact subset of G such that |f(z)| < 1/2 forall z € G\ K.
Then Kzy' U oK' is still compact, so we may choose y € G not
belonging to this set, so that in particular yzq,y 'z¢ ¢ K. Then there
exists A € C\ {0} such that §, = f = Af. Hence

[f (o)l = AL (o) = [A] < 1/2,

whereas
L= |f(zo)l = |flyy~"wo)l = [NIf(y~'wo)| < 1/2-1/2=1/4.
This contradiction completes the proof. O

The next theorem characterizes when My(G) is finitely-generated. In
particular Question 1.4 has a negative answer for the measure algebra.

Theorem 3.5. Let G be a locally compact group. Then My(G) is
finitely-generated as a left ideal if and only if G is compact.

Proof. 1f GG is compact, and m denotes the normalised Haar measure on
G, then 6, — m € My(G) and it is easily seen, by direct computation,
that 6. — m is an identity for My(G), so that in particular M(G) is
finitely-generated.

Assume that My(G) is finitely-generated, say

My(G) = M(G)  puy + -+ -+ M(G) *
for some n € N, and py, ..., € Mo(G). Define a linear map
S:M(G" — M(G)

by

S (Ve Un) Uk g+ Uy K .
As multiplication in M (G) is separately weak*-continuous, S is a weak*-
continuous linear map, and hence S = T for some bounded linear map
T : Cy(G) = (Co(G))™. We know that im .S = My(G) is closed, imply-
ing that im T is closed and so we see that im S is weak*-closed. Hence,
by Lemma 3.4, G is compact. U

We do not know of a weighted version of this theorem, but when G is
discrete M (G, w) = £*(G, w), and this case will be the focus of §6, where
it seems a very different approach is required as weak*-closure of the
augmentation ideal no longer characterises finiteness of the underlying
discrete group, and in particular it can happen that (}(G,w) is weak*-
closed, but not finitely-generated.

Note that we have now proven Corollary 1.6:
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Proof of Corollary 1.6. By Theorem 3.2, it is enough to consider the
discrete case, which follows from Theorem 3.5. O

We now prove the Dales—Zelazko conjecture for weighted measure
algebras on non-discrete groups. We have been unable to fully resolve
the discrete version, but again this is addressed in §6.

Lemma 3.6. Let G be a discrete group, and w a weight on G. Suppose
that £(G,w) is finitely-generated as a left ideal. Then G is finitely-
generated.

Proof. Suppose (}(G,w) is generated by hy,...,h, € (}(G,w). By

Lemma 2.1 we may assume each h; is finitely-supported. Let H be the

subgroup of G generated by () supph;. We show that H = G. Let
i=1

g € ('(G,w). Then, for each i € {1,...,n},

Z(Q * hi)(u) = Z ZQ(S)hi(t) = ZQ(S) Z hi(t) =0,

ueH u€H st=u seG tcs—1H

where the final equality holds because either s ¢ H, in which case
s71H is disjoint from supp h;, or else s7'H = H D supp h;, in which
case h; € ({(G,w) implies that Y, , hi(t) = 0. Since the functions h;
generate (G, w) it follows that Y~ . f(u) = 0 for every f € ({(G,w).
This clearly forces H = G, as claimed. O

Theorem 3.7. The Dales—Zelazko conjecture holds for the algebra
M(G,w), whenever G is a non-discrete locally compact group, and w
1s a weight on G.

Proof. Tt is a straightforward consequence of [2, Theorem 3.3.36(v)]
that £!1(G,w) is the quotient of M(G,w) by the closed ideal consisting
of the continuous measures belonging to M (G,w). As G is non-discrete,
it is uncountable, and hence, by Lemma 3.6, £}(G,w) is not finitely-
generated as a left ideal. Taking the preimage of this ideal under the
quotient map gives a codimension 1 ideal of M (G, w), and this ideal is
not finitely-generated as a left ideal. 0

4. THE CASE OF A DISCRETE MONOID

We begin this section with some definitions, which generalize ideas such
as word-length in group theory to the context of an arbitrary monoid.

By a monoid we mean a semigroup possessing an identity element e.
Let M be a monoid, and let E' be a subset of M. Then for x € M we
define

E-z={ur:u€FE}, z-E={zu:ueckFE}
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and
E-x'={ueM:uzecE}, v ' E={ucM:auckFE}

We abbreviate {u} - 7! to u - ™!, and similarly u - z represents the
set {u} - . The important thing to note in these definitions is that
there may not be an element 7!, and that u - 27! represents not an
element but a set, which in general may be infinite or empty. Also, be
aware that ‘-’ is not necessarily associative: (z-y~')-z7! is meaningful
whereas x - (y~! - 271) is not.

Now let X C M, and fix u € M. We say that a finite sequence
(z:), in M is an ancestry for u with respect to X if z; = u, z, = e,
and, for each i € N with 1 < i < n, there exists x € X such that either
Zil = Zj—1 O 2; = Z;_1X.

Denote by Hx the set of elements of M which have an ancestry with
respect to X. Then

Hy = {e}U U U (o((e-ast)-a2) ... atm)

neEN,z1,....2n€X (e1,....n)E{E£1}"

We say that the monoid M is pseudo-generated by X it M = Hx; this
is the same notion as what is termed being right unitarily generated by
X in [9]. Observe that when M is not just a monoid but a group, M
is pseudo-generated by X if and only if it is generated by X. We say
that M is finitely pseudo-generated if M is pseudo-generated by some
finite set X.

Given a subset X of M we set By = {e} and for each n € N we set

B, = {e}U U U Coeaf)a) o)

T1,.eeey rr€X, k<n (51,.A.,€k)€{:|:1}k
and
(4.1) S, = By \ By_1.

The set B,, consists of those u in M which have an ancestry of length
at most n with respect to X. Of course the sets B, and S, depend
on X, but we suppress this in the notation as X is usually clear from
the context. Finally, we say that M is pseudo-finite if there is some
n € N and a finite subset X of M such that every element of M has
an ancestry with respect to X of length at most n, or equivalently if
M = B, Again, for a group M, M pseudo-finite if and only if it is
finite.
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To see an example of a monoid which is pseudo-finite, but not finite,
take any infinite monoid M and add a zero 6 to obtain M° = M U{6}.
Then

MY =661,
so that MY is pseudo-finite. Incidentally, this also furnishes us with
an example where associativity of ‘-’ fails, even though all expressions
involved are meaningful: we have (6-07!)-e = M°, whereas 0-(07!-¢) =
0.

In the next two lemmas we establish a version of Lemma 3.6 for
monoids.

Lemma 4.1. Let M be a monoid, and let X C M. Then we have
HX'U,HX'U_1CHX (U,EHX).
Proof. To see this, we define Hy = {e} U X, and subsequently

]‘I}c = <U Hk—l J]) U (U Hk—l '37_1>
reX zeX

for k € N. It is easily seen that

m:Um.
k=0

We establish the lemma by induction on k& such that v € Hj. The
case k = 0 follows just from the definition of Hx. So suppose that
k > 0. Then either v = zzx or ux = z for some z € H,_; and z € X.
Consider the first case, and let h € Hx. Then hu = hzx. By the
induction hypothesis hz € Hx, and hence hu = hzx € Hx by the case
k = 0. Similarly, if y € M is such that yu = yzx € Hx, then yz € Hy,
and so y € Hx by the induction hypothesis applied to z.

Similar considerations apply in the case where u has the property
that ux = z for some z € Hy_; and some x € X, and we see that in
either case Hy - u, Hy - u~' C Hy, completing the induction. O

Lemma 4.2. Let M be a monoid, let w be a weight on M, and suppose
that £5(M,w) is finitely-generated as a left ideal in £*(M,w). Then M
is finitely pseudo-generated.

Proof. Write A = (Y(M,w). Since CoM is dense in (}(M,w), by
Lemma 2.1 we may suppose that

(4.2) (6(M,w)=Axhy +---+Axh,
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for some hq,...,h, € CoM. Set

X = U supp hi,
i=1
so that X is a finite set. We shall complete the proof by showing that
X pseudo-generates M.

Write H = Hy. We observe that, for s € M, if s7' - HNH # 0,
then s € H. Indeed, suppose that v € s7'- HN H. Then su € H, and
hence s € H - u~!, which is a subset of H by Lemma 4.1.

Now let g € A be arbitrary. Then, for every i € {1,...,n}, we have

D olgxh)w) =) > gsh)=) > > gls)h(t)

:Z<g<s> > m(t)) =Z(9<s> > Mt))v

where the last equality holds because s='- HNsupph; C s 1-HNH = ()
whenever s ¢ H. However, when s € H, then, for every x € supp h;,
we have sz € H by Lemma 4.1, which implies that supph; C s7!- H.

It follows that
> hi(t)=0

tes—L.H
because h; € CoM. Hence

S (g% hy)(u) = 0.

By (4.2), this implies that
> flu)=0

ueH
for every f € £(M). But this clearly forces M = H, as required. [

Suppose that a monoid M is pseudo-generated by a finite set X.
Given f € (1(M), we define a sequence of scalars (o,(f)) by

on(f) =Y flu).

’U,GBn

Lemma 4.3. Let M be a monoid and X C M. Let the sets B,, in
the definition of o, refer to X. Then, for every g € £Y(M) and every
x € X we have

S [oulg * (8 — 6,))| < o0,
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Proof. Write 0, = 0,,(¢g * (0 — 0)). Since
g * (56 - 5x) = Z g(u)(su - g(u)éuxa

ueM

o= gu)— Y glv).

u€By, vEBy -z~

If w € B,_1, then ux € B, implying that B,,_; C B,N B, -z~ *. Hence

o= Y, 9w+ Y glu)- Yo gw+ Y gu)

it follows that

u€Bp\Bp-1 u€Bn_1 u€EBp-z~1\Bp_1 Uu€Bn 1
=> glu) - ) g9(v).
uESy vEBp-x~ N\ Bp_1

Notice that B, - x~! C B,1, so that
B,, - xil \ B, C Bn+1 \ B, = Sn U Sn+1-

Hence

oul < Y Mg+ Y0 gl =2 g+ Y lgu)l,

ueSy UESRUSh 41 ueESy UESH 41

o

so that > |0, <3 > |g(u)| < oo, using the fact that the sets S, are
n=1 ucM

pairwise disjoint. 0

We shall now prove Theorem 1.7 in the next two propositions.

Proposition 4.4. Let M be a monoid such that (}(M) is finitely-
generated as a left ideal. Then M s pseudo-finite.

Proof. By Lemmas 2.1 and 2.2, ¢}(M) is generated by finitely many
N
elements of CoM. Suppose that h = > ;0,, is one of these genera-

=1
tors, where N € N and uy,...,uy € M. Then a simple calculation

exploiting the fact that 3"V, a; = 0 shows that

h = Z_l (Z aj) (6% - 5Ui+1>'

j=1

Writing 0y, — 0u,; = (0 — 0uyyy) — (0e — dy,) shows that

N
h = Z/Bz(ée - 5u1>
i=1
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for some [y, ..., By € C. It follows that there is some finite subset Y of
M such that £1(M) is generated by elements of the form 6.—4d, (u € V).

By Lemma 4.2, M is pseudo-generated by some finite set X. En-
larging X if necessary, we may suppose that Y C X. It then follows
from Lemma 4.3 that (0,(f)) € £}(N) for every f € £{(M), since now
every element of £}(M) is a linear combination of elements of the form
considered in that lemma. We now show that this gives a contradiction
in the case where M is not pseudo-finite by constructing an element f
of £{(M) for which (o, (f)) & ¢*(N).

Assume that M is not pseudo-finite. Then no B, is the whole of M,
but, by the definition of X, |J B, = M, so there exists an increasing

n=1

sequence (ng) of natural numbers such that B, _, ¢ B,, for every

k € N. Select u,, € By, \ Bn,_, (k€ N). Let ¢ = > 1/42, and define
=1
feli(M)by fle) =¢, flun,) = —1/k? and f(u) = 0 otherwise. Then

1 &1
() =C=Y_ 5= 5>7 (heN)
=17 S
Hence i |0, (f)| = 00, so that (0,(f)) ¢ ¢*(N), as required. O
k=1

The converse of Proposition 4.4 is also true, as we shall now prove,
completing the proof of Theorem 1.7.

Proposition 4.5. Let M be a pseudo-finite monoid. Then ¢}(M) is
finitely-generated.

Proof. Let X = {x1,...,x,} be a finite pseudo-generating set for M
such that B, = M for some n € N. For k € N, we define

Ay ={f €L5(M) :supp f C By},

and use induction on k to show that Ay is contained in a finitely-
generated ideal which is contained in ¢}(M).

Write A = ¢!(M), and denote the augmentation character on ¢! (M)
by ¢o. For f € Ay, we may write

f = f(e)(se + Z f(xl)dﬂvz

- f(e)((;e — 0y ) + (f(e) + f(xl))((Sm - 5z2>+
ot (f(e) +o+ f(fol))(axr—l - 6%)
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It follows that Ay C A% (de—0dy, )+« -+ A% (dy,_, — 0z, ). This establishes
the base case.

Consider £ > 1. By the induction hypothesis, there exist m € N and
D1y Pm € L5(M) such that

Ak,1CA*p1—|—--~—|—A*pm.
Write By, as

Bk = {6} U (LTJ Bk,1 : xl) U (LTJ Bk,1 . :L'i1> .

Write f € Ay as
f=fede+ag+-+g-+hi+-+h,,
where supp g; C By_1 - #; and supp h; C By_1 - x;*. Then

f= Z — ¢0(9:)0s, +Zh—800(h)5)

+ Z ©0(9:)0x, + (f(e) + Z @o(hi)> 0

i=1
We note that

Z ©00(gi)0z,+ <f(e) + Z goo(hi)> 0 € Ax(0e—0g, )+ - +Ax(05,_, —0s,)

by the base case. Fix i € {1,...,r}. Each u € By_; - z; can be written
u = u'z; for some v € Bj_; (which depends on u, and may not be
unique), and we calculate that

UEBK_1-T;

where ¢ = > ¢;(u)d,. Moreover,

uEBL_1-T;

9i — v0(9:)0z, = (9; — wo(gi)de) * da,.

The support of g — ¢o(gi)d. is contained in Bj_;, and so, by the in-
duction hypothesis, we have

g —0(gi)0e € Axpr+ -+ Axpp,
whence
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Now consider h; — ¢o(h1)d.. We have
hix6n, = > hi(u)dua,,

ueBk,l-z;l

so that supp (h; % d,,) C By_1 and, in particular, supp (h; * §,, —
©wo(hi)oz,) C Bg—1 (as k > 2). It then follows from the induction
hypothesis that

(hi — @o(hi)de) * 0y, = ay %P1+ -+ + G * Dy
for some aq,...,a, € A. So
hi — @o(hi)de = (hi — wo(hi)de) * (0c — 0z;) + @1 %P1+ -+ + G * P
€EAx (0 —0y,) + Axpr + -+ Axpy,.

We now conclude that
m r r—1
Ap CY Aspi+ Y Aspixdy +> Ax(0e—0,)+ Y A% (00, —0a,y,).
i=1 ij i=1 i=1

This completes the induction. When k£ = n, we obtain the theorem. [J]
We recall the following standard definitions:

Definition 4.6. Let M be a monoid. Then:

(i) M is right cancellative if @ = b whenever ax = bz (a,b,x € M);
ii) M is weakly right cancellative if, for every a,x € M, the set
Yy g y
a -z~ ! is finite.

It is easily seen from the definitions that a weakly right cancellative
monoid is pseudo-finite if and only if it is finite. Hence, Question 1.4
and the Dales-Zelazko conjecture both have answers in the affirmative
for the class of Banach algebras of the form ¢!(M), where M is a
weakly right cancellative monoid. However, it remains open whether
the Dales—Zelazko conjecture holds for £'(M) for an arbitrary monoid
M.

5. 7-SUMMABLE SEQUENCES

In this section 7 = (7,) will always be a sequence of real numbers, all at
least 1. We say that a sequence of complex numbers (x,,) T-summable

if
o
Z TolTn| < o00.
n=1

Note that if (z,,) is T-summable for some 7, then in particular (z,,) € 1.
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o
We say that 7 is tail-preserving if the sequence dooxy | is 7
j=n+1

summable whenever (z,) is T-summable. For example, the constant
1 sequence is not tail-preserving (as can be seen by considering, for
instance, the sequence z,, = 1/n?(n € N)), but it will be a consequence
of Proposition 5.2, below, that 7, = ¢" is tail-preserving for each ¢ > 1.
The main result of this section is an intrinsic characterization of tail-
preserving sequences, given in Proposition 5.2. The results of this
section will underlie our main line of attack when we consider questions
involving weights on discrete groups in §6 and §7.

Our approach is to consider the Banach spaces £!(7), defined by

(M r) = {(xn) eC": > 7w < oo} :

n=1

with the norm given by

oo
(@)l = Z To|Tn|,
n=1

so that £1(7) is exactly the set of 7-summable sequences. Each space
¢1(7) is in fact isometrically isomorphic to 1.

In the next proposition we denote by cyy the space of finitely-supported
complex sequences, and we write cj, for the set of those sequences in
coo whose terms are all non-negative reals.

Lemma 5.1. Let 7 = (7,,) be a sequence in [1,00). Then the following
are equivalent:

(a) 7 is not tail-preserving;

o0

(b) the set {x eli(r): ( > @) € 61(7)} is meagre in £(7);

j=n+1
(c) there is a sequence of vectors (x®)) in cgy such that

. k
Ha;(k)Hf <1(keN) and ’}LrgoZTn Z az'g M = 0.
n=1 j=n+1
Proof. For x = (x;) € £!(7), write

2 @

j=n+1

Y

T(x) = Z Tn
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which may take the value infinity. Define sets

En,={xct'(r): T(x) <m} (meN), and E= U E,..
m=1
Fix m € N. We claim that F,, is closed in (¢!(7),] - ||,). For
this, suppose (") is a sequence in F,, which converges to some point
y € £1(7). Then for each p,i € N, we have

3] 3 s z( > (=) +| 3 4]
Jj=n+1 j=n+1
<ZTn Z ly; — §z)|—|—m
n=1 j=n+1
§p(max Tk>2|y]—$ N m
= —
<p ( max Tk> ly — 29|, +m.
k=1,....p

Letting ¢ — oo, we obtain

ZTn

As p was arbitrary, this implies that T'(y) < m, and so y € E,,, giving
the claim.
We first prove that (c) implies (b). Take (z*)) as in (c). Let m € N

1

and € > 0. Then we can find k¥ € N such that T(z®) > =(2m + 1).
£
Let y = ez®. Then ||y||. < ¢, but, for each z € E,,, we have
T(@+y)>Ty) —T(@) > @m+1) —m=m+1,

showing that © +y ¢ E,,. It follows that each E,, has empty interior,
and hence F is meagre, which is exactly the statement in (b).

By the Baire Category Theorem, (b) implies (a).

Suppose (a) holds and that x = (z,,) is a sequence in £1(7) such that
T(x) = oo. Since replacing (z,) by (|z,|) only increases T'(x) whilst
preserving the norm, we may assume that each x, is a non-negative
real number. By scaling, we may assume that ||z|, < 1. Given k € N,
choose N € N such that

ZTn<Z xj) > k.

Jj=n+1

Z Yj

n+1

<m.
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Take an integer M > N and such that

S (f;:%)f

Define z®) € ¢ by

J

€T fry
0 otherwise.

Then

—Z%Q; )Ee(5 )t

Hence T'(x®)) — oo as k — oo, whilst [|2®)]|, < ||z||- < 1, so that (c)
holds. U

We are now able to give our intrinsic characterization of tail-preserving
sequences.

Proposition 5.2. Let 7 = (1,,) be a sequence in [1,00). Then the
following are equivalent:

(a) 7 is tail-preserving;

(b) there exists a constant D > 0 such that

(5.1) Tpal > DZT] n € N);

(c) liminf (Tn+1/ > Ti> > 0.
n =1

Proof. The equivalence of (b) and (c) is clear. We show the equivalence
of (a) and (b).

Suppose that (b) holds. Assume towards a contradiction 7 is not
tail-preserving. Then there exists a sequence (z¥)) C cg, as in Lemma
5.1(c). Let s, = maxsupp ™. Let V) denote the sequence which has
a one in the jth place and is zero elsewhere and let T" be defined as in
the proof of Lemma 5.1. Then

Sk Sk Jj—1
k i k
) =3 =35t ().
j=1 j=1 n=1
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where the first equality holds because the terms of z*) are presumed
non-negative. Take k& € N. Then

Sk Sk Jj—1
12l =3 a7 > D) )" <Z ) = DT(=®).
j=1 j=1 i=1

This gives a contradiction because the final term tends to infinity with
k, whereas |||, < 1 for all K € N. Hence we have established that
(b) implies (a).

Now suppose that (b) does not hold. Then there exists a strictly
increasing sequence (ng) in N such that

n
liin (Tnﬁl/;Ti) = 0.

1
Define z¥) = — ¢+ (k € N), so that ||z®||, = 1. Then

Tnk—i-l
nk+1
T(z* Z 7 (keN),
nk—f—l i=1

which tends to infinity as k tends to infinity. Hence clause (c¢) of Lemma
5.1 is satisfied, and this concludes the proof. 0

As we remarked above, it is an immediate consequence of this propo-
sition that the sequence (c") is tail-preserving for each ¢ > 1

The following lemma concerns the growth of tail-preserving sequences.
Part (ii) implies that, if (7,,) is tail-preserving and 7, > 7, for all n,
then (7)) is not necessarily tail-preserving.

Lemma 5.3. (i) Let 7 = (1) be a tail-preserving sequence, and
let D > 0 satisfy (5.1). Then

Tj1 2> DD +1Y7'n (jEN).

(ii) Let p > 1. There exists a sequence (1,) C [1,00) such that
p" <1, for alln € N, but (1,) is not tail-preserving.

Proof. (i) We proceed by induction on j € N. The case j = 1 is
immediate from (5.1). Now suppose that j > 1, and assume that the
result holds for all 7 < j. Then we have

j
71> DY 7 >DDD+1Y 2+ +DD+1)+D+1]n
i=1
=D(D+1)"'n.
Hence the result also holds for j.
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(ii) Define integers ny recursively by ny = 1 and ny, = nj_1 + k + 1
for k > 2. Then define

7 =p" (o + 1< <my+1).
Then clearly 7; > p/ for all j € N, and

Tnk+1 Tnk+1 N O

Nk — Nk -
Zj:l Tj j=np_14+2 73 k

Hence (7,) violates condition (c) of Proposition 5.2, so cannot be tail-
preserving. O

6. WEIGHTED DISCRETE GROUPS

In this section G will denote a discrete group, with finite generating
set X, and w will be a weight on G. Without loss of generality we may
suppose that X is symmetric (we recall that a subset X of a group
G is symmetric if X = X~!). We shall consider whether ¢(}(G,w) is
finitely-generated. We note that when considering Question 1.4 and
Conjecture 1.5 for L'(G,w), Theorem 3.2 and Lemma 4.2 allow us to
reduce to this setting. As noted at the end of Section 3, similar remarks

pertain to M (G,w). We define a sequence of real numbers, all at least
L, by

1 = mi

(6.1) Tn = min w(u),

where S, is defined by (4.1). As we are now in the group setting, S, is
exactly the the set of group elements of word-length n with respect to
X. We write

(6.2) C= rglg?w(x)
Lemma 6.1. With 7, (n € N) and C defined by (6.1) and (6.2),
respectively, we have 1, < C1,11 for alln € N.

Proof. For each n € N, take y, € S, satisfying w(y,) = 7,. Then
Ynt1 = zx for some z € S, and some = € X, so

T = W(Yn) < W(2) = W(yn12 ") < Cw(Ynir) = CToy,
giving the result. O

In the next lemma, notice that parts (i) and (ii) depend on the weight
having the specified properties, whereas part (iii) is a purely algebraic
result that can be applied more broadly. In fact, Lemma 6.2(iii) is well
known; see e.g. |12, Chapter 3, Lemma 1.1]. We include a short proof
for the convenience of the reader.
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Lemma 6.2. Let G be a group with finite generating set X, and denote
word-length with respect to X by | -|. Let w be a radial weight on G,
and denote by T, the value that w takes on S,. Assume that (7,) is
tail-preserving, and let D > 0 be a constant as in (5.1). Consider

CG C (1(G,w).

(i) Let uw € G be expressed as u = Y1+ Yn for y1,...,yn € X,
where n. = |u|. Then

b =00 = fox (5 — )
reX

for some f, € CG (z € X) each of which may be taken to have
the form

fa: = nzl &Ecj)v
=0

where each a;(vj) is either 0 or 6, ., in the case that j # 0, and
either 0 or 0. in the case that 7 = 0.
(ii) EFach f, in (1) satisfies

1
(63) 1) < Fwtw) (@€ X).

(iii) As a left ideal in CG, CoG is generated by the elements
de — 0, (z € X).

Proof. (i) We proceed by induction on n = |u|. The case n = 1 is
trivial, so suppose that n > 1. Set v = yy---y, € S,_1. By the
induction hypothesis applied to v,

O =6y =Y  ga* (0 —6,)

zeX
where
n—2
j=0
and each by is either 0, Oys-yjpr OF Oc. We have
be = 0u = 0y, * (6 — 0y) + (6e — 0y,) = 0y, ng (0 — 02) + (de — 0y,)
zeX

= Z Oy, * go * (0 — 0z) + (Oyy * gy, + 0e) * (0 — by, ).

T#Y1
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We define
hz{%*% (z 7 y1),
5@/1 * Gy + Oc (I = yl)?
and check that each f, can be written in the required form. To see
this, set
5, b (j=1,...,n—1),
af) =40 (v # 11, 5 =0),
e (x =1, j=0).
It is easily checked that each a¥ has the required form, and that f, =
Z;:Ol ay) (x € X). This completes the induction.
(ii) Using part (i), we see that

n—1
£ =D 1| (= € X)
7=0

and, since, for each z € X, every non-zero a¥ is 0,y for some w € 5,
we have
n—1
1 1
1fall < )T S = 501(“)7

<
Il
o

as required.

N
(iii) Let > a;0,, € CoG. A simple calculation shows that
i=0

Z; Qidy, = (Z ozi> (Ous — Oussy)-

=0 \j=0
Moreover, for each i € N, we have 6,, — 0y,,, = (0c — 6w, ) — (0c — bu,),
so that the result follows from (i). O

By analogy to our approach in Section 4, we associate to each func-
tion f € (1(G,w), a complex-valued sequence (o,(f)), defined by

(6.4) on(f) =Y flu).

u€ By,

Lemma 6.3. Let G be a group generated by a finite, symmetric set
X, and let w be a weight on G. Let T = (1,) be defined by (6.1). Let
g € LY (G,w) and x € X, and write

On = 0nlg* (0e — 0,)] (n €N).
Then (0y,) € (7).
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Proof. Begin by repeating exactly the argument from the beginning of
the proof of Lemma 4.3, to obtain

on= gl — D glw).

u€Sh UGBnmfl\anl

Again we have B,z '\ B,_; C S, US,,;. Taking C as in (6.2), we
compute

Tolon| <2 Z 9(u)|mn + Z |9(u)|Tn

ueSn ueSn_H

<2 9@l +C Y 19l

u€eSy UESH+1

<2y g(u)lw(u) +C Y lg(u)lw(u),

u€Sy uESn+1

where we have used Lemma 6.1 in the second line, and (6.1) in the
third line. Since the sets S,, are pairwise disjoint, we conclude that

S ralonl < 2+ O)glle < .

n=1

Hence (0,,) € £1(7), as claimed. O

The following gives a strategy for showing that ¢}(G,w) fails to be
finitely-generated, for finitely-generated groups G and certain weights
w on G.

Theorem 6.4. Let G be an infinite group generated by the finite, sym-
metric set X, and let w be a weight on G. Let T = (1,) be defined
by (6.1). Suppose that LL(G,w) is finitely-generated. Then T is tail-
preserving.

Proof. By Lemmas 2.1 and 2.2, we may suppose that ¢} (G,w) is gener-
ated by a finite subset of CoG, and hence, by Lemma 6.2(iii), we may
suppose that each generator has the form 6, — ¢, for some z € X.
Therefore every element of ¢}(G,w) is a finite linear combination of
elements of the form g * (6. — d,), where g € /}(G,w) and z € X, and
so, by Lemma 6.3, (0,,(f)) € £*(7) for every f € (}(G,w).

Assume for contradiction that 7 fails to be tail-preserving. Then
there exists a sequence (a,) of non-negative reals such that (a,) €

(Y(7), but such that [ > «; | ¢ ¢'(r). Forn € N, let y, € S,

Jj=n+1
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satisfy w(y,) = 7, and define
f = Cée - Zan(sym
j=1

where ¢ = >~ ;. Then f is well defined, because (a,) € £*(7), and
j=1
clearly ¢o(f) = 0. However,

on(f)=C=) a;= > aj;
j=1

j=n-+1

so that (0,(f)) & £(7) by the choice of a, contradicting Lemma 6.3.
U

We are now ready to prove Theorem 1.8, which completely charac-
terizes finite generation of the augmentation ideal in the case where
the weight is radial. In particular, this characterization establishes the
DalesZelazko conjecture for £'(G,w) for many groups G and weights
w.

Proof of Theorem 1.8. If £}(G,w) is finitely-generated then, by Theo-
rem 6.4, (7,,) is tail-preserving .

Suppose that (7,) is tail-preserving. Write X = {z1,...,2,} and
enumerate G as G = {ug = e,uy,ug,...}. Let f = 3> a,d,, €
(§(G,w), and let D > 0 be as in (5.1). By Lemma 6.2, for each n € N,
there exist g5, ..., g\ € CG such that &, — 6, = Sy 9 % (6. — 62)
and .

(%) _ -
lgw’ll <= Hloull - (E=1,....7).

This implies that, for each ¢ = 1,...,7, we may define an element of

(Y(G,w) by
sV == "ang!.
n=1
Then

f = ian(sun - <i an) (56 = - ian(de - 5un)
n=0 n=0 n=1
= — ian <2T: gD % (5, — (5x)> = ZT:S(Z') % (0e — Oy, )-
n=1 =1 =1

As f was arbitrary, it follows that ¢} (G, w) is generated by the elements
Je = Opyyevy0e — Og, . O
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We now prove Corollary 1.9, part (ii) of which shows that it can
happen that £}(G,w) is finitely-generated, for certain infinite groups G
and certain weights w.

Proof of Corollary 1.9. (i) Lemma 5.3(i) implies that, for such a weight,
the sequence (7,,) defined in Theorem 1.8 is not tail-preserving, and the
result follows from that theorem.
(ii) By Theorem 5.2, the sequence (7,,) of Theorem 1.8 is tail-preserving,.
O

Let G be a discrete group, and G’ its commutator subgroup. We
conclude this section by remarking that, if [G : G'] = oo, then (}(G, w)
safisfies the DalesZelazko conjecture for every weight w. The reasoning
is as follows. By [7, Corollary 1.7], the conjecture holds for ¢!(H,w)
whenever H is an abelian group and w is a weight on H. Then, by [14,
Theorem 3.1.13], given G and w, there exists a weight w on G /G’ such
that 1(G/G’, @) is a quotient of £!(G,w). Finally, by the commutative
result, there is some maximal ideal in ¢! (G/G’, @) which is not finitely-
generated, and taking its preimage under the quotient map gives a
maximal left ideal in ¢!(G, w) which is not finitely-generated. However,
we have not been able to establish the DalesZelazko conjecture for an
arbitrary weighted group algebra.

7. EXAMPLES ON Z AND Z7*

In this section we look at some specific examples of weighted algebras
on Z and Z*, and consider how they fit into the more general theory
of maximal ideals in commutative Banach algebras. When convenient,
we shall sometimes write w,, in place of w(n).

For a commutative Banach algebra A we shall denote the character
space of A by ®4, and for an element a € A, we shall denote by @ its
Gelfand transform. We first recall Gleason’s Theorem [16, Theorem
15.2[:

Theorem 7.1. Let A be a commutative Banach algebra, with unit
1 and take pg € P4. Suppose that ker g is finitely-generated by
1y -5 9n, and take v : &4 — C™ to be the map given by

Y(p) = (p(g1); -, 9(gn))  (p € Pa).

Then there is a neighbourhood €2 of 0 in C™ such that:
(i) v is a homeomorphism of v~1(2) onto an analytic variety E

of Q;
(i) for every a € A, there is a holomorphic function F on §) such
thata = F o~y on v 1(Q);
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(iii) if ¢ € v~ 1(Q), then ker ¢ is finitely-generated by

g1 — (1)1, ..., gn — 0(gn)l.

It is natural to wonder whether there are circumstances under which
a converse holds. For instance, suppose we have a commutative Ba-
nach algebra A such that there is an open subset U of the character
space, which is homeomorphic to an open subset of C”, and such that
a is holomorphic on U under this identification for every a € A. Does
it then follow that the maximal ideals corresponding to points of U
are finitely-generated? T. T. Reed gave an example [16, Example 15.9|
which shows that this need not be true in general, even for uniform
algebras. We note that the character space in Reed’s example is very
complicated. In this section we give two examples of commutative
Banach algebras for which the converse to Gleason’s Theorem fails to
hold, and whose character spaces are the disc and the annulus respec-
tively. The first (Theorem 7.4) shows that there is no general converse
to Gleason’s Theorem for the class of natural Banach function algebras
on simply connected compact plane sets. The second (Theorem 7.6)
shows that there is no general converse to Gleason’s Theorem for the
class of weighted abelian group algebras. Interestingly, these exam-
ples rely on constructing counterparts to the sequence (7,,) of Lemma
5.3(ii) satisfying the additional constraints that the sequence must now
be a weight on Z* in Theorem 7.4, and a weight on Z* admitting an
extension to Z in Theorem 7.6.

We note that many authors have considered similar questions for the
algebras A(2) and H*(Q2), for Q C C" a domain, and this is sometimes
referred to as Gleason’s problem; see e.g. [10], [11].

Before we construct our examples, we first recall some facts about
weights on Z and Z7; see |2, Section 4.6 for more details.

Let w be a weight on Z. The character space of ¢1(Z,w) may be
identified with the annulus {z € C: p; < |z| < py}, where

p1 = lim w;ll/ " and po = lim w
n—oo n—oo

The identification is given by ¢ — ¢(d;), for ¢ a character. Note that

p1 <1 < py. As it is easily seen to be semi-simple, ¢1(Z,w) may be

thought as a Banach function algebra on the annulus, and in fact these

functions are all holomorphic on the interior of the annulus. We denote

by M, the maximal ideal corresponding to the point z of the annulus,
and observe that the augmentation ideal is M;.

Now instead let w be a weight on Z*. The situation for ¢}(Z", w) is

analogous to the situation above. Now the character space is identified
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with the disc {z € C: |z| < p}, where p = le wi!", and NZT, w)
may be considered as a Banach function algebra on this set, with the
property that each of its elements is holomorphic on the interior. In
this context M, denotes the maximal ideal corresponding to the point
z of the disc.

Before giving our examples we characterize those weights for which
(3(Z,w) is finitely-generated. Note that this is a slight improvement,
for the group Z, on Theorem 1.8 since we no longer need to assume
that the weight is radial.

Theorem 7.2. Let w be a weight on Z. Then (}(Z,w) is finitely-
generated if and only if both sequences (wp), ey and (W_p), oy @re tail-
preserving.

Proof. Set A = ('(Z,w). Suppose that (wy),y 18 not tail-preserving.
Then we can repeat the proof of Theorem 6.4 with G = Z essentially
unchanged, except that now we insist that all functions appearing in
it have support contained in Z*, to show that ¢}(Z,w) is not finitely-
generated. By symmetry, the same conclusion holds if instead (w_,,)
fails to be tail-preserving.

Now suppose that (w;),cy and (w_y),cy are both tail-preserving.
Let f € (}(Z,w), and suppose for the moment that supp f C ZT.
Then we have

neN

D _wa| D fO =D wn| Y f)| < oo,
n=0 =1 n=0 1=n+1
and so we may define g € A by
g=—> (Zf(@) O
n=0 \ i=0
Then
g% (61— 80) ==Y ( f@) (Ont1 = dn)
n=0 1=0
o) n n—1 00
n=0 1=0 =0 n=0
Hence

fzg*(él—do) EA*(51—50).
A similar argument shows that, if supp f C Z~, then
f S A x (5_1 — 50)
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But any f € (}(Z,w) can be written as f = fi+ fo for f1, fo € (}(Z,w),
with supp fi C Z* and supp fo C Z~, and so we see that

(5(Z,w) = Ax (6, —6) +Ax(6_1 — &)
is finitely-generated, as required U

We now construct the first of our special weights described at the
beginning of the section. This is a weight on Z* such that neither the
augmentation ideal nor M, are finitely-generated.

Lemma 7.3. Let p > 1. Then there exists a weight w on Z™, satisfying
lim wy/™
n—o0

natural numbers (ny) with

Wnk+1<p+1
W, k

= p such that there exists a strictly increasing sequence of

(7.1) (k € N).

k

Proof. First, we define inductively a non-increasing null sequence (¢(n))

of positive reals, as follows. Set £(0) = 1. Since lim (1/n)Y/" =1, we
n—o0

can find an integer n; such that

0 < (i>l/m (p+1)—p.

ni

Define £(n) = 1 for n < ny, and then choose £(n; + 1) such that

1/n1
O<€(n1+1)<(n—) (p+1)—0p.
1
Note also that e(n; + 1) < 1.
Now take k > 2, and suppose that we have already defined a strictly
increasing sequence of integers nq,...,ng_1, and defined e(n) for n <

ng_1 + 1. Then choose n;, € N, with ng > ni_; and such that

0< (n—k)l/nk (p+e(ng—1+1)) —p.

Define ¢(n) = e(ng—1 + 1) for ny_; +1 < n < ny, and then choose
e(ng + 1) such that

1/ny
0<5(nk—|—1) < (n—) (p—i—é?(nk,l—l—l))—p?
k

whilst ensuring that e(ny + 1) < min{1/k,e(ng)}. This completes the
inductive construction of ¢.
Now define

w, = (p+en)” (neZt).
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Then w := (w,) is a weight on Z*, because

i = (p £l -+ m)" -+ lm + )"
<(p+em)™(p+en)" =wnw, (m,neZ"),

where we have used the fact that ¢ is non-increasing. As lim (n) = 0,
n— oo

we have lim wy/" = p. It remains to show that (7.1) holds.
n—oo

For k € N, we have

Wy +1 (p+e(ng + 1))
A PrRs )

However

bl + 1) < (i>w (oo 1) = )/ (0 + (),

Nk g

which implies that

(p+e(m+1)™ 1 _1
(p+ e(ng))™ e~k

and (7.1) now follows. O

As lim wy™ = ingw}m/n by [2, Proposition A.1.26(iii)|], the weight
ne

n—0o0
constructed in Lemma 7.3 satisfies w,, > p™ (n € N). However, Propo-

sition 5.2 implies that w is not tail-preserving, as

1
n
.. .. cWpt
liminf [ w Wi < liminf =21 — 0.
n ntl <Z j) - n wn

j=1

Hence we have a version of Lemma 5.3(ii) in which the sequence is also
a weight.

Theorem 7.4. Let w denote the weight constructed in Lemma 7.3.
Then neither My nor M, is finitely-generated, even though both 0 and
1 correspond to interior points of the character space.

Proof. Set A = ('(Z",w) and assume towards a contradiction that M
is finitely-generated. Note that My = {f € A : f(0) = 0}, so that
every finitely supported element of M is of the form g * §;, for some
g € A. By Lemmas 2.1 and 2.2, we may suppose that the generators
of My have finite support, and as they also lie in M,, we may factor
out a d; from each one. It follows that My = A * ;. Define a sequence
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of non-negative reals by

o — (kwnk)_l lf] =ng + 1,
0 otherwise.

Let f = > a;0;. Then by (7.1) we have
=1

Z |ajlw; = knk:: = Zki
k=1

This shows that f € A, and so clearly f € M. Assume that f = g*d;
for some g € A. Then g must satisfy g(j—1) = f(j) (j € N). However,

Sy = 7 =
j=1 k=1

so that g ¢ A.
The case of M is very similar. This time we know that, if M; is
finitely-generated, it must equal A* (dp — ;). By the remark preceding

the theorem w is not tail-preserving, and so there exists some sequence
(an) € £ (w), such that

= OQ.

an > o
Jj=n+1

Let ¢ =3 77y, and let f = (0p—> | a,d,. Then f € M;. Assume
that f = g* (do — 01) for some g € A. A short calculation implies that

:Zf(j):— > a

j=n+1

for all n > 1, contradicting the fact that >~ w,|g(n)| < cc. O

We remark that a weight w on Z* extends to a weight on Z if and

only if supw, /w41 < co. The “only if” direction of this implication
neN
just follows from submultiplicativity of the weight at —1. For the “if”

direction, set C' = sup w,, /wy+1. Then it is routine to verify that w_,, =
neN

C™w, (n € N) defines an extension. It follows from this observation
that the weight constructed in Lemma 7.3 admits no extension to Z.
However, a different construction does allow us to do something similar
on Z.
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Lemma 7.5. Let p > 1. Then there exists a weight w on Z satisfying
/n _ p and lim w:,ll/" < 1, but such that (wp)nen s not tail-
n—oo n—oo

PTESETVING.

. 1
lim wy,

Proof. With the preceding remark in mind, we construct first a weight
v on Z* satisfying sup{~,/vn+1} < p+1, which ensures that v extends
neN

to a weight on Z. In the end we shall define w by w, = pI"~,.
We set nj, = 28 — 1 (k € N). We define v on {0, 1,2, 3} by
N=Ln=p+lL y=(p+1)? u=p+1L

We then recursively define

Y=+ DVn, (e <J <npgr, k> 2).
We observe that
(7.2) Yopi = (p+ 1) (0<i<k—1,k>2).
This follows by an easy induction on k. Indeed, the base case can be
seen to hold by inspection, and for £ > 3 we see that
Tn—i = (0 + D¥np—iomy = (P + D¥m s
=(p+Dp+1)=(p+ )" (1<i<k-1)
and
e = (0 + 1) (Vn=ni) = (p+ Do = (p+ 1)
We now claim that
(7.3) Y < (p+ 1)y (GEN).
Again, this can be seen by inspection for 7 < ny, and we then proceed
by induction on k. Indeed, if j € [ng, ngy1 — 2] then
Yo A DY Yiem
Vier (P D Virtone  Vitiony
When j =nyy — 1 and j + 1 = nyyq, then, by (7.2), we have
) +1)2
’y] — (p ) — p + 1’
Vi1 (p+1)
establishing the claim.
Now we are ready to prove that ~ really is a weight. That ~ is
submultiplicative on {0, 1,2, 3} can be seen by inspection. Let i,j € N,
with ¢ < j, and let k& € N satisfy i + j € [ngi1, nkt2). We proceed by

induction on ¢+ 7. If j < ng then ¢+ 5 < 2n;, < ngy1, so we must have
j > ng. There are three cases. Firstly, if j > ngyq, then

<(p+1).

Yiti = (P + DVigjony, < (0 + D)YiVjone = VY5
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If instead j < mgy1, but ¢ > ng, then
Yiti = (p+ 1)7i+]‘*nk+1 = (p+ 1)7(l‘—nk)+(j_1_nk)

1
< (P4 1)Yien YVjm1—ny = P < Vi

by (7.3). Finally, suppose that i < nj and nj < j < ngy1. In this case
we have i 4+ j — 2% < ngy4, and, since i + j > ny.1, we also have

i+ j— 2" >np — 28 =ny,
so that i + j — 2% € [ng,nrs1). Then the formula @ + j — ngyy =
i+ j — (ng + 2%) implies that
Virj = (P + D Yitjoney = (0 + D Vijorn, = Virjon-
Therefore
Vitj = Vitj—ork < Vic1Vip1—2k = Vie1Vj—np < (P + 1)%iVj—n, by (7.3)
=i

This concludes the proof that v is a weight. By (7.3), it extends to a
weight on Z, which we also denote by ~.

Define w = (w,) by w, = pl"lv, (n € Z). As VAL (p+ 1)Y/m

for all k& > 2, we must have lim 7/" = 1, and hence lim wy/™ = p.
n—00 n—00
Furthermore,
—1/n 1 . n
lim w,,ll/ = — lim 7771/ < -<1,

as required.
It remains to show that (w,),en is not tail-preserving. We compute

. k—1
Wny, < Wny P (p+1) _ ( P )

S tw; T Wnmgey PR \p 1

which tends to 0 as k goes to infinity. In particular, (w,),en violates
(5.1), so it is not tail-preserving. O

Theorem 7.6. Let w be the weight constructed in Lemma 7.5. Then
the augmentation ideal (}(Z,w) fails to be finitely-generated, despite
corresponding to an interior point of the character space.

Proof. By construction M; corresponds to an interior point of the an-
nulus. Now apply Theorem 7.2. 0
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