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Note on Posterior Inference for the Bingham Distribution

Mike G. Tsionas*

14th June 2017

Abstract

The properties of high-dimensional Bingham distributions have been studied by Kume and Walker (2014). Fallaize and
Kypraios (2016) propose Bayesian inference for the Bingham distribution and they use developments in Bayesian computation
for distributions with doubly intractable normalising constants (Mgller et al. 2006; Murray et al. 2006). However, they rely
heavily on two Metropolis updates that they need to tune. In this paper we propose instead model selection with the marginal

likelihood.
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1 Introduction

The properties of high-dimensional Bingham distributions have been studied by Kume and Walker (2014). Bee, Benedetti and
Espa (2017) have considered approximate maximum likelihood estimation of the Bingham distribution. Fallaize and Kypraios
(2016) propose Bayesian inference for the Bingham distribution and they use developments in Bayesian computation for dis-
tributions with doubly intractable normalising constants (Mgller et al. 2006; Murray et al. 2006). However, they rely heavily
on two Metropolis updates that they need to tune. In this paper we rely on Walker (2014) but we avoid his reversible-jump
MCMC via model selection with the marginal likelihood. Here, we avoid altogether computational inefficiencies introduced by
reversible-jump MCMC. It is known that this type of MCMC requires considerable tuning and contributes to higher autocorrel-
ation functions and, therefore, lower efficiency in MCMC. As this step can be avoided, MCMC can, in principle, be made more
efficient. Walker (2011) proposed an infinite mixture along the lines of Godsill (2001). Here, we propose to consider different
values for the number of mixing components and choose the one that maximizes the marginal likelihood which, for fixed number
of mixing components, can be obtained using the method of Perrakis, Ntzoufras and Tsionas (2014). Walker (2014) used the
ideas above but resorted to reversible jump MCMC (Green, 1995), a fact that was shown that can be bypassed in Fallaize and
Kypraios (2016). The method we propose here, avoids both the use of reversible jump MCMC as in Walker (2013) and also the

Metropolis updates in Fallaize and Kypraios (2016).

2 Methods

2.1 Fixed A

The Bingham distribution is

p(x; A) = exp(—2'Az), z € R, 'z =1, (1)

L
c(A)

where ¢(A) is an intractable integration constant and A is a ¢ X ¢ symmetric matrix. The standard form of the distribution is:

pz;A) = exp{ Z)\ x; } (2)

with respect to a uniform measure on the sphere and
C(A)—/Sq_lexp{ Z)\x}dsq Hx), (3)
where S77! is the unit sphere in R, andA = diag(\1, ..., \,) under the identifiability constraint
A > > A1 = Ay =0. (4)

We need these constraints as the density does not change if we add a positive constant to the \;s, see Bingham (1974).



If A = VAV’ where V is orthonormal, if X follows a Bingham distribution with density p(z; A) then Y = VX follows a
Bingham distribution with density p(x; A), see Kume and Walker (2006). The maximum likelihood estimator of V' is the matrix
of eigenvectors of Zthl T4T).

The joint density from a random sample X = {x;;t = 1,...,T} gives rise to the likelihood:

L(A;X) =c¢(A exp{ ZAQZ}, (5)

where Q; = Z?:l x?,. Given a prior, say p(A) we have the posterior:

P(A]X) o< e(A exp{ ZA QZ} (6)

It is possible to introduce an auxiliary variable v so that

p(A,v]X) oc vT L exp {—c(A)v} eXp{ Z)\ Q; } (7)

However, since ¢(A) is intractable this is not much help. Following Walker (2011) we can introduce variables (k, s1, ..., Sg)

to have:
T+k—1 k

q—1
p(A7U7k78(k)|X) o8 U]:!XP(QXP{ ZA Ql} H 8]1 (A)7 (8)

where p(s; A) = exp {— qu i J2)\ }, V) = (s1,...,51) € (0,1), for all k. Further latent variables wuy, ..., u;, can be introduced
and they contribute a term:

1(u; <1—p(sj54)).

<.
I =
—

The conditional posterior of v is gamma(T + k,1). The conditional posterior for u; is uniform in (0, 1 — p(s;;A)). The

conditional posterior for s; is uniform in {s € (0,1) : p(s;A) <1 —u;}. If we integrate out v we get:

T+k—1\|F
p(A, k, 5| X) o H 1—p(s;; A exp{ Z/\Q } 9)
k j=1
The conditional posterior for A is:
qg—1
p(Alk, s, X) o exp {— Z )\iQ,}p(A)l(H € A), (10)
i=1

where A ={6: p(sj;A) <1—wuy;, Vj=1,..k}
Walker (2011) proposed an infinite mixture for (k:, sk, u) along the lines of Godsill (2001). Here, we propose to consider

values of k = 1,...,k and choose the one that maximizes the marginal likelihood which, for fixed k, can be obtained from (9)



using the method of Perrakis, Ntzoufras and Tsionas (2014). Walker (2014) used the ideas above but resorted to reversible jump
MCMC (Green, 1995), a fact that was shown that can be bypassed in Fallaize and Kypraios (2016). The method we propose
here, avoids both the use of reversible jump MCMC as in Walker (2013) and also the Metropolis updates in Fallaize and Kypraios
(2016).

2.2 Posterior inference for A

The conditional posterior of A, if we assign normal priors N (0, ﬁ2) to its elements is given by:

exp {— ZtT:1 Yy Ays — ﬁa’a} exp {—detAQ — ﬁa’a}

p(A].) AT = (A : (11)

where a is the vector of distinct elements of A and @ = Ethl yry;. We can use the same “trick” as in (7) and introduce an

auxiliary variable v so that:

p(Al-) o< v texp {—AQ - #a’a - C(A)v} , (12)

but since ¢(A4) is unknown this is not very helpful. However, we can proceed by introducing additional latent variables K and
S®*) | as we did in (8). We avoid, again, the infinite mixture construction and reversible-jump MCMC by using model selection
for K via the marginal likelihood. It can be shown that each different element of A in the final conditional posterior distribution

follows a normal distribution subject to constraints similar to those that we provided previously for A.

3 Applications

We apply our techniques to two artificial data sets as described in Fallaize and Kypraios (2016). For both sets we use 15,000
iterations the first 5,000 of which are discarded to mitigate start up effects.

DATA SET 1. We consider a sample of n = 100 unit vectors which result approximately in the pair of sufficient statistics
(t1,72) = (0.30, 0.32) where 7; = >_;" , y%. We assign independent exponential prior distributions with mean 100 to the
parameters A; and Ag. Mardia and Zemroch (1977) report maximum likelihood estimates of 0.588 and 0.421.

DATA SET 2. We consider an artificial dataset of 100 vectors which result approximately in the pair of sufficient statistics
(11, 72) = (0.02, 0.40)for which the maximum likelihood estimates are 25.31 and 0.762 as reported in Mardia and Zemroch (1977).
We use the same priors as in data set 1.

Marginal posterior densities of A\jand Ao and their autocorrelation functions from MCMC are reported in Figure 1 for
data set 1 and in Figure 2 for data set 2. The marginal posteriors are visually very close to the ones reported in Fallaize and
Kypraios (2016) but MCMC autocorrelations are substantially smaller.

In Figure 3 we present normalized marginal likelihoods for selection of & in the two data sets (we normalize the marginal

likelijhood to 1 when k = 1). In both cases the marginal likelihood favours k£=20.



Figure 1: Data Set 1
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DATA SET 3. To illustrate inference for a general matrix A we use the data of Bingham (1974) as in Fallaize and Kypraios
(2016). The data consist of n= 150 measurements on the c-axis of calcite grains from the Taconic Mountains of New York state.
We use h=10. For the diagonal components of A, Fallaize and Kypraios (2016) obtain posterior median values A\; = 3.631 and

Ao = 1.963. We obtain 3.60 and 1.942 respectively. For V', the orthonormal component matrix of A, our posterior means are:

0.1751  —0.4423 0.8812
V= 0.1375  0.8932 0.4251 |,
—-0.9681 0.0463 0.2195

which in in broad agreement with the results in Fallaize and Kypraios (2016).
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Figure 2: Data Set 2
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normalized marginal likelihood
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Figure 3: Normalized marginal likelihood to select k
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Table 1: Statistics

[ ¢ [ acf(10) | acf(50) | RNE
5 0.215 0.101 0.516
0.81/ 0.717 0.215

10 0.222 0.115 0.603
0.821 0.789 0.188

15 0.237 0.120 0.682
0.832 0.753 0.142

20 0.255 0.129 0.727
0.891 0.801 0.110

Notes: Figures in italics denote results from the Walker (2014) approach. We report median statistics taken across the 5,000 different random samples that we
consider for each value of . We report the median MCMC autocorrelation at lag 10 (denoted acf(10)), the median MCMC autocorrelation at lag 50 (denoted
acf(50)), and relative numerical efficiency (RNE), see Geweke (1992). A relative numerical efficiency close to unity indicates random (i.i.d) sampling. MCMC is
implemented using 15,000 iterations the first 5,000 of which are discarded.

4 Comparison in higher dimensions

To compare the new techniques with the one proposed in Walker (2014) we fix the sample size at n = 150, in broad agreement
with the applications in the previous section and we consider larger dimensional spheres, that is larger values of ¢q. For each
value of ¢, we assign independent exponential prior distributions with mean 100 to the parameters \;. We generate the sufficient
statistics from a uniform distribution in the interval [50, 10*]. The true values of the diagonal components of A, are generated
from uniform distributions in [1,5]. The elements of V', the orthonormal component matrix of A, are generated from standard
normal distributions. Finally, random samples from the Bingham distribution are generated according to the procedure of Kent
et al. (2004). For each value of ¢, we generate 5,000 different random samples of size n from the Bingham distribution.

In Table 1, we report median statistics taken across the 5,000 different random samples that we consider for each value
of g. We report the median MCMC autocorrelation at lag 10 (denoted acf(10)), the median MCMC autocorrelation at lag 50
(denoted acf(50)), and relative numerical efficiency (RNE), see Geweke (1992). A relative numerical efficiency close to unity
indicates random (i.i.d) sampling. Our autocorrelations at lags 10 and 50 are substantially smaller compared to Walker (2014)
and RNE increases as the dimensionality ¢ increases. In contract, Walker’s (2014) RNE decreases. This is evidence that the
performance of the new approach is much better and, in large dimensional spheres, is not extremely far from delivering i.i.d.

samples from the posterior.
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