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We report recent investigations into the transition to turbulence in superfluid *He, realized ex-
perimentally by measuring the drag forces acting on two custom-made quartz tuning forks with
fundamental resonances at 6.5 kHz and 55.5 kHz, in the temperature range 10 mK to 2.17 K. In
pure superfluid in the zero temperature limit, three distinct critical velocities were observed with
both tuning forks. We discuss the significance of all critical velocities and associate the third critical
velocity reported here for the first time with the development of large vortical structures in the flow,
which thus starts to mimic turbulence in classical fluids. The interpretation of our results is directly
linked to previous experimental work with oscillators such as tuning forks, grids and vibrating wires,
focusing on the behavior of purely superfluid *He at very low temperatures.

PACS numbers: 67.25.dk, 67.25.dg, 77.65.Fs, 47.27.Cn

I. INTRODUCTION

To this day, turbulent motion of fluids remains the
last unresolved problem of classical physics and presents
many practical challenges across many different areas of
industry. In contrast to its classical counterpart, quan-
tum turbulence may only occur in superfluids and was
historically first observed in superfluid helium!. In *He
at very low temperature, quantum turbulence takes the
form of a dense dynamic tangle of singly quantized vor-
tices moving in a fluid with virtually no viscous dissi-
pation. Compared to classical turbulence, it can be re-
garded as a conceptually simpler system to develop theo-
retical models for and to simulate numerically?, and may
provide a stepping-stone to a better understanding of tur-
bulence in general. This is supported by the mounting
evidence that quantum turbulence, when probed at large
length scales, shares many of the general properties of
turbulence in classical viscous fluids®. Abounding evi-
dence on the quasi-classical nature of certain quantum
flows can be readily found in the literature on steady-
state and decay experiments using channel flow setups in
the two fluid regime*®, on measurements of vortex tangle
decay at low temperatures®”, numerical simulations® or
even Andreev reflection experiments? in 3He. It is cur-
rently understood'® that these classical-like properties
are related to partial polarization of quantized vortices
that effectively form bigger bundles within a turbulent
tangle, mimicking the appearance of large energetic ed-
dies in classical turbulence!!. Recent developments in
quantum turbulence in *He are summarized in several
review articles'?16,

One of the signs of quasi-classical behaviour expected
in turbulent flows due to submerged oscillators is that
the drag coefficient should display a plateau at a value
near unity at higher velocities (c.f. oscillating cylinder
in water!”18). In analogy to classical fluid dynamics, we

define the drag coefficient as Cp = 2F/(Apv?) with F,
A, p, and v representing the peak force, cross-sectional
area of the body perpendicular to the direction of mo-
tion, fluid density, and peak velocity, respectively. It
is therefore somewhat surprising that the reported drag
coefficients are typically one or even two orders of mag-
nitude lower'®22 and that no distinct cross-over between
“ultra-quantum” (unpolarized) and “quasi-classical” (po-
larized, with larger structures) oscillatory flow has been
directly observed in the zero temperature limit so far. It
should, however, be noted that exceptions exist, where
drag coefficient of order unity has been obtained even
at millikelvin temperatures with grids?® or commercial
tuning forks>? (the latter converted to drag coefficient in
Ref. 25, Fig. 5).

It was shown that in purely superfluid *He in the zero
temperature limit (effectively a physical vacuum with
ballistically propagating thermal excitations), quantum
turbulence can be generated by a mechanical oscilla-
tor above some clearly defined critical velocity!?-20,25:26
Usually, it is observed that the drag force acting on such
an oscillator increases sharply at this critical velocity and
later tends towards an approximately quadratic velocity
dependence. The behavior close to the initial instability
may be hysteretic!®26-28 and generally the nucleation of
turbulence may appear to be history dependent?®. Ad-
ditionally, previous work?0-22:30:31 hag reported the ob-
servation of two critical velocities, interpreting the lower
one as an initial instability typically described as the for-
mation of a thin layer of quantized vorticity near the
oscillator, and the higher one (marking a rapid onset of
extra dissipation) as the production of large amounts of
quantized vorticity or as the flow developing large vortical
structures similar to those in turbulent classical fluids.

On the other hand, instabilities in classical flows due
to oscillating objects related to the onset of turbulence
are not governed by any well-defined critical value of ve-



locity, but rather by dimensionless parameters such as
the Reynolds number, the Stokes number, the Keulegan-
Carpenter number!”'® or by the Strouhal number in case
of periodic vortex shedding by a bluff body in steady
flow®2. This leads to the suggestion that in superfluid
helium above 1 K (in the “two-fluid regime”), several sce-
narios of transition to turbulence are possible, depend-
ing on whether the normal component or the superfluid
component becomes unstable first, and on the degree of
coupling between them'®. In this case, the turbulent
flow created at high velocity exhibits a drag coefficient
near unity!%23-25:33 in striking contrast to the situation
at low temperatures. However, for a better understand-
ing of the situation in the two-fluid regime, it is essen-
tial to first study the limiting cases, i.e., the behavior
of a fully classical fluid above the superfluid transition
(T, = 2.178 K), as well as that of pure superfluid in the
zero temperature limit and connect them with system-
atic measurements throughout the entire range of tem-
peratures.

In this manuscript, we will focus on the behaviour of
isotopically pure superfluid “He in the zero temperature
limit (with higher-temperature data shown for compari-
son), specifically on the flow due to quartz tuning forks,
and we will present convincing evidence for three distinct
hydrodynamic critical velocities and suggest a tentative
explanation of the related flow instabilities.

II. EXPERIMENTAL DETAILS

Quartz tuning forks are now well-established probes
of cryogenic helium flow?*. They have been used to pro-
duce and detect turbulence in superfluids and usually ex-
hibit a distinct critical velocity that can be determined
from the measurement of the drag force as a function of
velocity!®32. When sufficient care is taken to eliminate
parasitic effects such as cavitation®>-3® or acoustic emis-
sion®738  the frequency dependence of this critical veloc-
ity is consistent with the square root dependence which
can be expected in both classical®® and quantum*® tur-
bulence.

The experiments presented here were conducted in
Prague and Lancaster independently, using quartz tun-
ing forks produced from the same monocrystalline wafer.
The Prague experimental cell (a gold-plated copper cylin-
der of 32 mm diameter and 172 mm height) contains —
amongst other types of vibrating structures that will not
be discussed here — a tuning fork resonating at 6.5 kHz.
Its dimensions are given as length L = 3.50 mm, tine
thickness (parallel to the direction of motion®!) T' =
90 pm and width W = 75 pum (original wafer thickness).
The distance between its two prongs is D = 90 ym. The
tuning fork was enclosed in a 10 mm long open-topped
stainless steel capillary of 2.4 mm inner diameter to re-
strict the geometry and to help suppress acoustic damp-
ing. The 6.5 kHz tuning fork was used in two different
flexural resonant modes — the fundamental resonance at

6.5 kHz and the first overtone at 40.0 kHz. The gold-
plated copper cell was mounted on to the mixing chamber
of a Leiden Cryogenics MNK126-400 *He/*He dilution
refrigerator with a base temperature below 10 mK. The
cell was filled with isotopically pure*' *He with >He con-
tent below 10713 via a thin thermally-anchored stainless
steel capillary. The temperature of the mixing cham-
ber was monitored by a calibrated ruthenium oxide ther-
mometer attached to the mixing chamber flange.

Another tuning fork produced from the same single-
crystal wafer with a resonance frequency of 55.5 kHz was
used in Lancaster'®. This tuning fork was part of an
array of five tuning forks and has the same dimensions
T, W, and D, as the 6.5 kHz fork described above, but
its tines are considerably shorter, L = 1.20 mm. The
entire array was placed in a square cylinder cell'® with
dimensions 15 x 15 x 21 mm?®. The 55.5 kHz tuning fork
was used only in its fundamental mode, as the overtone at
340 kHz was severely damped due to acoustic emission®®,
and even at its fundamental resonance, signs of acoustic
damping were found. Additionally, the results obtained
with another 6.5 kHz fork in Lancaster are presented for
comparison.

It ought to be pointed out that these tuning forks were
designed specifically to minimize the effects of surface
roughness deemed responsible for the irreproducibility of
previous experiments. According to the manufacturer’s
specifications®®, the surface roughness is below 1 pm on
the original surface of the wafer and about 2 pym on the
etched sides. This is a significant improvement over the
previously used commercial tuning forks?®, which have
typical surface roughness in excess of 10 um, with occa-
sional large defects exceeding even 20 pm.

The forks are driven by applying an ac voltage V from a
functional generator to the metallic electrodes deposited
on the surface of the quartz. The resulting electric field
causes a perturbation in the crystal lattice of the quartz
through the piezoelectric effect, which in turn results in
a piezo-current I measured using an IV-converter*? with
a gain of 103> V/A and a lock-in amplifier. The mea-
surement scheme for the Prague experiment is shown in
Fig. 1, the arrangement in the Lancaster experiments was
similar, but slightly more complex, as an entire array of
five tuning forks (resonating at different frequencies) was
connected.

The driving force applied to the fork is given by F' =
aV/2, and the velocity of the top of the tines is v = I/a,
where a stands for the experimentally determined fork
constant given by>%38:

o /47rm?/fAfI' (1)

Here, meg is the effective mass of the fork at (any)
resonance and Af is the measured width of the reso-
nance. The effective mass of the tuning fork is given by
mege = TW Lpy /4, where p, = 2650 kgm ™3 is the density
of the fork material®®. By performing frequency sweeps
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FIG. 1: Diagram of the principal measurement scheme used
in Prague. To achieve the full range of velocities, the applied
voltage was either a) directly fed to the tuning fork, b) at-
tenuated by one or more inline attenuators, or c¢) amplified
by a transformer with a voltage ratio of 7.31 at the 6.5 kHz
fork’s fundamental resonance and 2.00 at the overtone. The
transformer’s output was constantly monitored by a Keithley
Model 2000 digital multimeter. An I/V converter'? with a
conversion ratio of 1000 V/A was used to convert the current
signal into voltage prior to detection with the SR-830 lock-in.

in vacuum at low temperatures, the experimental fork
constants are estimated to be af = 3.665x10~7 Cm~!
and a, = 1.409%x107% Cm~! for the fundamental mode
and overtone of the 6.5 kHz fork, respectively. For the
55.5 kHz fork, the fork constant of the fundamental mode
is given as af = 9.45x1077 Cm~! in Ref. 38. On reso-
nance, the driving force is balanced by the dissipative
drag force acting on the two prongs, so the power dis-
sipated by the fork is equal to the supplied electrical
power given by ¢ = Fv = IV/2, using peak values for
F, v, I, and V. When obtained from measurements in
vacuum, the fork constants are found to be within ap-
proximately 10% of the more precise value determined
by optical interferometry*®.

To obtain the best results at low temperatures both in
vacuum and superfluid helium, the Prague cell containing
the oscillators was flushed repeatedly with dry nitrogen
gas prior to cooling. Each time it was pumped down
to ~10~° mbar using a turbomolecular pump backed
by a membrane pump, simultaneously through the thin
(0.2 mm diameter) filling lines and through a direct con-
nection bypassing them. After the last careful evacua-
tion (to ~1076 mbar), the direct connection was closed
off. With reasonable confidence that no helium film or
any ices could form on the forks at low temperature, the
cell was cooled to 10 mK under vacuum. At this point
the tuning fork calibration was made. Afterwards, it was
filled very slowly over a period of 48 hours with isotopi-
cally pure superfluid *He. Similar precautions were taken
in the Lancaster experiment as well.

Here, we should also mention that the exact temper-
ature of the tuning fork is, strictly speaking, unknown

during the vacuum measurements, as the fork is thermal-
ized only via its Cu/NbTi leads. However, judging from
the properties of the fundamental mode of the 6.5 kHz
fork in vacuum (resonant frequency fo = 6491.3096 Hz,
linewidth Af = 0.0082 Hz), and in superfluid helium at
the temperature of ~ 20 mK (observed linewidth varied
between 0.006 and 0.009 Hz), the temperature of the tun-
ing fork does not appear to differ from that of the mixing
chamber enough to affect the calibration. Note also the
high quality factor of the resonator Q = fo/Af ~ 8x10°.
To avoid non-linear behaviour of the oscillator (expected
for such a high Q device), up to 70 dB attenuation was
used during the calibration procedure to ensure operation
in the linear regime.

III. EXPERIMENTAL RESULTS

In this section, we present the results obtained in
Prague for the 6.5 kHz tuning fork together with a de-
scription and estimates of various drag forces acting on
the fork under different circumstances. We will only dis-
cuss this tuning fork at this point, because it is mostly
unaffected by acoustic emission, which simplifies the mat-
ter considerably. Traditionally, the obtained results are
first shown as the dependence of the peak velocity, v,
on the peak driving force, F', see Fig. 2. The observed
dependencies at the indicated temperatures agree with
previous results obtained with the same type of tuning
fork to a very good degree!?. It is important, however,
that we are now able to notably extend the range of avail-
able velocities using kHz-frequency step up transformers
(see Fig. 1).

As expected, the 6.5 kHz tuning fork exhibits linear
damping at low velocities at all temperatures. Upon in-
creasing velocities, one or more distinct changes in the
force-velocity dependence can be observed occurring at
fairly well-defined values of velocity that appear to be
independent of temperature, 7', in the studied range
20 mK < T < 1100 mK. We will analyze these events in
greater detail in the following section, and compare our
findings with a number of available experiments. Here we
start with brief discussion of the linear damping forces
observed at low velocities.

The linear damping forces can be fully described and
understood as a combination of tuning fork intrinsic
damping (dominant at lowest 7') and ballistic phonon
drag (o< T*), which gradually changes into hydrodynamic
viscous damping at higher 7. The relevant dependen-
cies are summarized in Fig. 3, which presents the lin-
ear proportionality constant, A\, given by F = Av. We
obtain the value of A by fitting the linear (low-drive)
part of the force-velocity dependence (see Fig. 2). The
lower panel of Fig. 3 shows the temperature dependence
of the ratio of the A coefficient obtained for the funda-
mental mode and the first overtone, denoted as A; and
Ao, respectively. At the lowest temperatures, the role
of the steeply frequency dependent intrinsic damping is
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FIG. 2: Peak velocity of the 6.5 kHz tuning fork oscillating at
its fundamental frequency (bottom) and at the first overtone
(top) as a function of the applied force in helium at various
temperatures (color online).

apparent, which likely consists of relatively small losses
due to stress-strain hysteresis in the quartz and compara-
tively larger losses due to sound waves propagating away
through the base and leads. We note that sound emission
through the surrounding fluid can be safely neglected for
the fundamental mode of the tuning fork®”>*® and repre-
sents a very small contribution to the overtone damping
as well'”. We will see later that the 55.5 kHz tuning
fork displays a measurable acoustic contribution to the
drag force, dependent on tuning to or detuning from the
acoustic resonances of the surrounding volume.

After examining the linear damping forces acting on
the 6.5 kHz fork, we concentrate on experimental data
that show non-linear resonant response. It should be
noted that unlike previous work with the same tuning
fork'®, we have used full frequency sweeps as a standard
measurement technique in the Prague experiment, while
amplitude sweeps were used in the Lancaster work. This
enables us to monitor all complex features of the resonant
responses and examine where the first signs of any type
of non-linear behavior occur, whether it is Duffing-like
behaviour?*4®, or the onset of a non-linear drag force.
A series of full frequency sweeps taken at 20 mK with
the 6.5 kHz fork is shown in Fig. 4. Both the funda-
mental and overtone modes display Lorentzian resonant
responses at the lowest drives and wide flat-top peaks at
high drives, due to a non-linear damping force. More-
over, in a given range of driving voltages, the fundamen-
tal resonance directly displays non-linearities similar to
frequency softening in a negative Duffing resonator (c.f.
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FIG. 3: Analysis of linear drag forces acting on the 6.5 kHz
tuning fork with changing temperature. The A coefficients
for the fundamental mode and overtone (at the specified fre-
quencies) are plotted vs. temperature in the top panel. The
low-temperature part of each dependence fits well to a sum of
ballistic phonon drag (o< T%) and intrinsic TF damping (con-
stant), while at higher temperatures, deviations occur due to
viscous damping from the normal component gradually tak-
ing over the part of the ballistic phonon drag. In the lower
panel, the ratio A\o/A¢ is shown, highlighting the frequency
dependencies of the linear damping in different regimes. The
frequency-independent ballistic limit, as well as the viscous
limit with square root frequency dependence®® is clearly indi-
cated.

curves for 83.7 uV, 144 uV and 249 pV in Fig. 4). Note
that this type of non-linearity appears before the non-
linear drag sets in — without thorough investigation of
the shape of the frequency response, this might lead to
an incorrect interpretation of the critical velocity (veloc-
ities) related to the nucleation of quantized vortices and
the eventual production of quantum turbulence. The fre-
quency shifts measured at all temperatures are summa-
rized in Fig. 5. Switching between two metastable states
was also observed at intermediate driving voltages, but
was not studied systematically within this work.

The values of velocity at which frequency soften-
ing, and later non-linear drag, occur are independent
of temperature and will be later shown to correspond
to the first and second critical velocity as known from
other experiments with tuning forks or vibrating grids.
Hence we label these values as vep = 0.02 ms™! and
Vegz = 0.06 ms—! for the fundamental mode, with veo; =
0.03 ms™! and veo2 = 0.12 ms~! for the overtone. At
this point, we may consider the numerical values only
as approximate (determined up to a factor of two); more
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FIG. 4: Selected frequency sweeps of the 6.5 kHz tuning fork
at the indicated driving voltages at 20 mK for the fundamen-
tal mode (bottom) and overtone (top). The vertical solid blue
lines mark the position of the resonance peak at low drives.
The red dotted lines estimate the velocity at which the fre-
quency softening sets in for the fundamental mode and the
frequency shift becomes apparent for the overtone; the black
dashed lines mark estimated velocities at which non-linear
damping becomes apparent. Note that the behaviour of the
overtone at low drives has almost systematic variations of the
resonant frequency. This is not fully understood at this point
and is likely related to very weak coupling to resonances of the
fork’s mechanical support or to the acoustic resonances of the
capillary enclosing the fork. See also Fig. 5 for comparison of
the resonance frequencies and Fig. 6 in the next section for
the corresponding drag coefficients (color online).

precise values will be given below, as well as a comparison
with the 55.5 kHz tuning fork.

IV. DISCUSSION - MULTIPLE CRITICAL
VELOCITIES

A. Prague experiment

The in-line forces acting on an oscillator submerged
in a fluid can be divided into a dissipative drag force
in-phase with the velocity and an inertial force that is
in-phase with the object’s acceleration and does not con-

FIG. 5: Resonant frequency shift plotted vs. tuning fork peak
velocity for the 6.5 kHz tuning fork (outliers removed). The
red dotted lines mark the onset of the shifts in frequency,
and coincide with those in Fig. 4; the black dashed lines from
Fig. 4 are included for comparison. The horizontal solid blue
lines mark zero frequency shift with respect to the resonance
at low drives. The onset of the frequency shifts seems to be in-
dependent of temperature for either mode in the investigated
range. Examples of individual frequency sweeps taken at 20
mK are shown for comparison in Fig. 4 and corresponding
drag coefficients can later be found in Fig. 6. The red dot-
ted lines mark the estimated first deviation of the resonance
frequency (color online).

tribute to energy dissipation. Examining the results
shown above, it should be first noted that the frequency
shifts observed above wvf; or ve,1 cannot be explained by
any increase in dissipative forces, as dissipation stays ap-
proximately constant until vees Or veeo is reached, respec-
tively. Even for higher velocities, a simple estimate yields
that the observed frequency shift is roughly one order of
magnitude higher than that caused by the increased dis-
sipation. Hence, the resonance peaks are shifted mainly
due to a Duffing-like non-linearity, i.e., one related to
restoring or inertial forces acting on the fork.

As the elastic and geometric properties of the tuning
fork prong are hardly affected at the oscillation ampli-
tudes in question (c.f. vacuum data in Fig. 4), we are
left to surmise that it is the hydrodynamic added mass
that becomes amplitude-dependent at ver; or veo1. This
can be understood in terms of a thin layer of quantized
vortex loops “coating” the surface of the tuning fork as
suggested before??:39:31:46  Through pressure forces, vor-
tex tension, and Kelvin waves, the layer of vortex loops
affects the coupling between the oscillator and the fluid,
resulting in a gradually changing hydrodynamic added



mass as the oscillation peak velocity (and the number
of such vortex loops) is increased. The lack of increase
in the drag force suggests that the vortices stay mostly
attached to the surface of the fork and do not carry mo-
mentum away into the bulk superfluid. Recently, an ex-
periment on vortex pinning at a nearly-spherical protru-
sion has shown that such pinning can be stable at low
flow velocities”.

The drag coefficients versus velocity for the fundamen-
tal mode and the overtone of the 6.5 kHz tuning fork are
plotted in Fig. 6. To calculate the drag Cp = 2F/(Apv?)
from the dissipative force F', we have assumed that A
equals to the cross-sectional area of a tuning fork prong
WL, that the relevant fluid density is the total density
of “He and we use the tuning fork peak velocity for v.

As in many experiments with submerged oscillators at
very low temperatures, we are not able to observe the
nucleation of quantized vortices directly through means
such as second sound measurements or flow visualization.
As the well-established charged vortex ring technique*® is
not available (and would be difficult to use in the given
geometry), we have to rely on the drag force measure-
ments as the only indication of the dissipative phenom-
ena occurring in the flow. In practice, this means that
the production of quantized vortices becomes apparent
in the drag force measurements only when the drag force
from the vortices becomes comparable in magnitude to
the sum of all pre-existing dissipative forces (such as in-
trinsic damping, acoustic drag, phonon drag or viscos-
ity). Consequently, all drag force measurements have to
be treated with sufficient care, especially when trying to
determine critical parameters related to flow instabilities.
For example, any critical velocity value determined from
these measurements is prone to be overestimated — as we
do not necessarily observe the initial instability per se,
but only the ensuing change in the drag force, when it
affects the total of pre-existing drag forces noticeably.

Figures 6 and 7 demonstrate that the onset of non-
linear dissipation corresponds very well to the velocities
Verz and veo2 Obtained in our preliminary analysis. The
onset velocities again appear to be independent of tem-
perature (see esp. Fig. 7). However, the most important
and perhaps surprising result in Fig. 6 is the appearance
of a third critical velocity in the overtone drag coefficient,
which will be further discussed below. Whether such a
critical velocity exists for the fundamental mode cannot
be determined with the 6.5 kHz tuning fork, see caption
to Fig. 6.

Note that one might be tempted to interpret the bend-
ing in the higher temperature data for the fundamental
mode as a third critical velocity too. However, this event
simply corresponds to the temperature-independent non-
linear drag (c.f. Fig. 7) becoming comparable to the lin-
ear drag that increases with temperature. Alternatively,
flow instabilities occurring in the emerging normal com-
ponent may be involved as well.

Figure 7 shows the deduced non-linear drag contribu-
tion to the damping force, calculated as Fy,) = |F — \v|
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FIG. 6: Dimensionless drag coefficient as a function of peak
velocity for the 6.5 kHz tuning fork at various temperatures -
fundamental mode (bottom) and overtone (top). Each point
is obtained from a full frequency sweep at constant drive. The
green dash-dotted horizontal line highlights the value Cp = 1,
while the red dotted and black dashed vertical lines mark the
first two critical velocities, respectively, and correspond to the
same lines in Figs. 4 and 5. The blue solid line in the over-
tone drag coefficient (top) shows the value of a third hydro-
dynamical critical velocity veo3 = 1.5 ms™*. The existence of
such a third critical velocity for the fundamental mode (bot-
tom) remains unclear, as higher velocities cannot be attained
with this tuning fork using the fundamental resonance - the
displacement becomes comparable to the prong spacing and
at higher drive the two prongs start hitting each other at
~ 1.8 ms™! (color online).

as a function of velocity (the modulus is used to ascertain
positive values that can be easily plotted in log scales),
illustrating the observed critical velocities in more detail.

Combining the drag coefficient and non-linear force
data with our preliminary analysis, we can now deter-
mine the critical velocities with improved precision. The
corrected critical values for the 6.5 kHz fork and their
relative uncertainties are thus: vep = 0.020 ms™!, vepp =
0.060 ms_l, Veo1 = 0.034 ms~! and vepe = 0.12 ms_l,
all £25%; veo3 = 1.5 ms™! £35%. The uncertainties are
estimated from all the presented graphs, and do not ex-
plicitly include the fact that the obtained critical veloci-
ties are influenced by our minimum detectable non-linear
drag force ~1071° N (Fig. 7) and a minimum detectable
frequency shift ~0.5 ppm for the fundamental mode and
~0.2 ppm for the overtone of the 6.5 kHz fork (Fig. 5).

Using the laws of vortex dynamics, it is possible to
derive that the critical velocity related to vortex motion
and self-reconnections leading to production of additional
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FIG. 7: Peak non-linear drag force (see text) as a function
of velocity for the 6.5 kHz tuning fork at the temperatures
indicated — fundamental mode (bottom) and overtone (top),
with outliers removed. The meaning of lines is the same as
in Fig. 6. Additionally, a slanted straight line is used as a
guide for the eye; its slope corresponds to a power law with
an exponent of approximately 2.3 (color online).

quantized vorticity should scale with the square root of
frequency??, which would correspond a ratio of ~2.5 be-
tween the critical velocities for the fundamental mode
and the overtone of the 6.5 kHz fork. The observed ra-
ti0S Veo1/Ver1 A 1.7 £ 0.6 and veoa/ver2 = 2.0 £ 0.7 (as-
suming uncorrelated errors of the individual velocities)
are in general agreement with this prediction, especially
considering the fact that the profile of the overtone flexu-
ral mode differs significantly from that of the fundamen-
tal resonance. As a result, the overtone mode introduces
larger velocity gradients at the same peak velocity, which
may affect the process of vortex self-reconnection. More-
over, as we discuss the meaning of the critical velocities
later, it becomes obvious that it is the second critical ve-
locity that is related to the onset of significant vorticity
production and thus the square root frequency depen-
dence ought to be expected primarily for vep and veoz-

B. Lancaster experiment

Recently, investigations of the frequency dependence
of critical velocities were carried out by the Lancaster
group'? using, among others, a custom-made tuning fork
from the same batch and with the same dimensions as
the 6.5 kHz fork presented here. It is therefore natu-
ral to compare and combine the results obtained in both

independent experiments and add the data obtained in
Lancaster with the 55.5 kHz fork as well. The drag coef-
ficients in Ref. 19 were obtained using amplitude sweeps
while tracking the resonance rather than performing full
frequency sweeps. A comparison of this measurement
technique with full frequency sweeps is presented in the
top panel of Fig. 8 for the fundamental mode of the
6.5 kHz fork. The results agree almost perfectly every-
where except near the onset of non-linear dissipation (sec-
ond critical velocity vcg), where the amplitude sweeps
display clear hysteresis, which cannot be detected reli-
ably using full frequency sweeps (see Appendix A).

On the other hand, using amplitude sweeps, the infor-
mation on frequency shifts of the order of ppm is often
lost due to imperfect tracking of the resonance, and thus
the very first instability at vee; or veo1 is harder to find.
The near-perfect agreement between the data obtained
in Prague and Lancaster means that the new generation
of tuning forks produced for the Lancaster group is in-
deed capable of providing systematic and reproducible
results, which has been one of the main shortcomings of
many prior works using oscillating tuning forks.

It should be noted that in the previous Lancaster
experiment!?, the third critical velocity has never been
observed with the 6.5 kHz tuning fork, because the data
acquired for the first overtone (c.f. Fig. 8 of Ref. 19) did
not extend to sufficiently high velocities above 1 ms—!.
However, the 55.5 kHz tuning fork presented here shows
the third critical velocity clearly at a value of approxi-
mately veps = 1.9 ms™!, see lower panel of Fig. 8. The
first two critical velocities were determined as ven —
0.021 ms~! 4+ 40%, and veps = 0.16 ms™! +25 % for the
55.5 kHz tuning fork in a fashion similar to the procedure
for the 6.5 kHz fork. The first critical velocity is, how-
ever, less accurate due to the properties of the frequency-
tracking algorithm used in the amplitude sweeps.

The first critical velocity appears to be virtually iden-
tical between the two different tuning forks here, but
our current precision is insufficient to support any claim
of frequency-independence, especially recalling the dif-
ferences between the first critical velocities for the fun-
damental mode and the overtone of the 6.5 kHz tuning
fork (Fig. 5). On the other hand, the square-root fre-
quency scaling for v.s predicts a ratio of ~2.9 between
the 55.5 kHz tuning fork, and the 6.5 kHz one, and the
experimental results yield a ratio of 2.740.9, in agree-
ment with the theory. Note also the hysteretic behaviour
found at wvepp for both forks with amplitude sweeps.

Hysteresis at the onset of non-linear dissipation was
seen in amplitude sweeps with other types of tuning
forks®”, wires2?:28 grids3%3! or spheres?® and is usually
associated with the stochastic onset of (massive) quan-
tized vorticity production. This can be seen as a confir-
mation that our second critical velocity is indeed related
to the production of quantized vortices in such quanti-
ties that the resulting drag force is comparable to the
intrinsic damping of the oscillator at the given tempera-
ture and velocity. The mechanism facilitating this vortex
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FIG. 8: Top: drag coefficient as a function of velocity mea-
sured by amplitude sweeps with resonance tracking in Lan-
caster and full frequency-sweeps in Prague for the 6.5 kHz tun-
ing fork. While the frequency sweeps are unable to measure
the hysteresis at the onset of non-linear dissipation and the
amplitude sweeps detect it clearly, the overall reproducibil-
ity of the data is surprisingly good, including the values of
the second critical velocity. Bottom: drag coefficient as a
function of velocity measured by amplitude sweeps with res-
onance tracking in Lancaster using a 55.5 kHz custom-made
tuning fork (dimensions 7', W, and D the same as the 6.5 kHz
fork, L=1.2 mm) displaying the third critical velocity in its
fundamental mode, veis = 1.9 ms™!, which again appears al-
most independent of temperature below 1 K. For this tuning
fork, the first two critical velocities were determined as ver1 =
0.021 msfl7 and vers = 0.16 ms™!. In both panels, the green
horizontal dash-dotted line marks the value of unity expected
for classical flows. Note that at higher temperatures close to
the lambda point, the drag coefficient approaches this value
at comparatively lower velocities. (color online).

production is likely related to self-reconnections of rem-
nant vortices pinned on the oscillator surface®4%:50, Tt
should be emphasized that what is required to observe
the non-linear increase in the drag is not just the pro-
duction of quantized vorticity per se, but that this vor-
ticity must actually escape into the bulk, carrying away
the momentum provided by the oscillator.

C. Third critical velocity

Before proceeding with the interpretation of the third
critical velocity, several issues need to be addressed.
First, measurement and processing artifacts ought to be
eliminated. The maximum error in determining the am-
plitude of a non-linear resonance with respect to a drive-
and frequency- dependent background can be estimated
to ~5%, less than the error of the electrical calibration
procedure of the tuning fork, and far below the observed
effect. Second, while the velocities are, in principle, high
enough to warrant risk of cavitation even in superfluid
helium??, no trace of such an event has been found in
the resonance curves of the 6.5 kHz tuning fork, nor in
the amplitude response of the 55.5 kHz one. In compari-
son with previous cavitation studies using tuning forks?°,
the effect on the resonance peak ought to have been even
more dramatic here, given the small dimensions of the
tuning forks used in this work.

Overheating of the vicinity of the tuning fork can be
ruled out as a cause too, as, for example, for the series
taken at 20 mK, the temperature in the immediate sur-
roundings of the fork would have to rise significantly to
~1400 mK to facilitate such an increase in the drag (see
Fig. 6). Given the superb thermal conductivity of su-
perfluid “He, only minimal thermal gradients ought to
be present within the fluid inside the Prague or Lan-
caster cells. While some heating was detected at the
mixing chamber stage at the highest tuning fork veloci-
ties, it was always around or below 10 mK — too low to
consider the experimental cell or parts of it being over-
heated by more than 1 K. Moreover, the third critical
velocity seems to be rather well-defined and almost inde-
pendent, of temperature between 20 mK and 1100 mK,
whereas any excessive heating would have to be a smooth
function of prong velocity (in contrast to a well-defined
critical value) and would become apparent sooner at low
temperatures. With all the information available, we are
thus led to conclude that the third critical velocity, veos,
is indeed of hydrodynamical origin.

With the 6.5 kHz fork, we have only observed the third
critical velocity using the overtone. One might therefore
ask whether it is related specifically to the shape of this
particular flexural mode. While it is true that unlike the
fundamental mode, the first overtone has two extrema in
the velocity profile along the prong length (one at the tip,
the other at roughly 45% of the prong length measured
from the base), the velocity amplitudes at these maxima
are of comparable magnitude'® as they differ only by a
factor of =~ 1.5. On the other hand, the observed critical
velocities differ by a factor of veo3/vco2 > 10, making any
direct connection between nucleation of vorticity at the
other velocity profile maximum and the observed third
critical velocity highly improbable.

The experimental fact that the third critical velocity
was also observed with the fundamental mode of the
55.5 kHz fork is of course, another, and much stronger
argument supporting the notion that the exact resonant



mode used is irrelevant to the observation of the third
critical velocity. Moreover, previous work'? indicates
that the critical velocities are governed mainly by the
tips of the tuning fork prongs and that they seem to
be largely insensitive to the velocity profile along the
prongs. In summary, the third critical velocity seems
to be temperature-independent, related to superfluid hy-
drodynamics and has been found independently and re-
producibly with two different carefully designed and pre-
pared tuning forks, in two different laboratories using two
different measurement techniques.

D. Comparison with previous experiments

Past experiments??:3° that observed two critical veloc-
ities with oscillators in superfluid *He were usually in-
terpreted in such a manner that the first critical velocity
corresponds to the formation of a layer of quantized vor-
ticity near the surface of the oscillator in question, with-
out dissipating much energy in the process. The second
critical velocity was then usually thought to correspond
to the spreading of quantized vortices into the bulk in the
form of emitted vortex loops and/or to the formation of a
partly polarized turbulent vortex tangle producing large
eddies at length scales exceeding the mean intervortex
spacing - the quantum length scale. Note in passing that
a similar scenario has been expected to work®® not only
in the zero temperature limit, but also in the two-fluid
regime at finite temperature above about 1 K.

1. Tuning forks

Of all the experimental results available today, we first
discuss the work in Ref. 22 with tuning forks in isotopi-
cally pure “He. These measurements have been taken
with several tuning forks placed in different enclosures
inside a large experimental cell mounted on the mixing
chamber of the dilution refrigerator. All of the forks have
clearly displayed significant acoustic emission, which was
lowest for the 32 kHz tuning fork labeled “F1” placed
inside its original capsule with only a tiny 0.4 mm open-
ing. This tuning fork displayed two critical velocities
with values of v.; = 0.006 ms™' and vee = 0.1 ms™!,
respectively.

In the cited work, veo is interpreted as a full-fledged
transition to quantum turbulence, while v.; is discussed
speculatively; a relation to the formation of a pseudo-
viscous flow in the vicinity of the oscillator is proposed.
Comparing the observed values with our critical veloc-
ities, we find that wv.o is close with our second critical
velocities (verp = 0.060 msfl; Veoz = 0.12 ms~! for our
6.5 kHz fork; ve, = 0.16 ms~! for our 55.5 kHz fork),
especially after taking into account the expected scaling
with the square root of frequency?’. We are therefore led
to believe that the flow instabilities occurring at all of
these velocities are of the same nature. We note that the

third critical velocity has not been observed in Ref. 22
despite having reached velocities close to 2 ms™! with
their 32 kHz fork labeled “f3”.

On the other hand, we have not observed any sign
of such effects as seen in Ref. 22 around their v.;, no-
tably the increase or suppression of the drag depending
on whether the original value of the drag was high or low
(as influenced by coupling to acoustic modes) with our
6.5 kHz tuning fork. As this fork was designed and cho-
sen with special considerations for minimizing its acous-
tic emission, it seems that the effects observed in Ref. 22
might be related to acoustics phenomena. Indeed, the
55.5 kHz fork that is expected to have a measurable
acoustic drag shows such an increase in the drag force
(Fig. 8).

It seems very likely that the resonant frequency of the
forks used in Ref. 22 has shifted slightly, as for our forks
above the first critical velocity. This may be caused by
formation of a thin vortical layer near the tuning fork,
as the authors discuss in their work. This shift in fre-
quency would have affected the tuning to/detuning from
the acoustic resonances of the surrounding volume. We
contacted Deepak Garg, the principal author of Ref. 22,
who sent us a sample of resonant frequency data. These
data show a gradual downward frequency shift starting
around their v.; and going down by 2.5 ppm before reach-
ing vcs, although it might also be affected by the fre-
quency drifting due to acoustic coupling. We are there-
fore left to surmise that the change in drag at ve; ob-
served in Ref. 22 and also with our 55.5 kHz fork is likely
due to a change in the acoustic dissipation.

2. Tuning forks and microwires

Next, we compare our data with those of Bradley and
co-workers obtained in superfluid *He at mK tempera-
tures with oscillating wires®® and forks®'. With both
types of devices, they observed a velocity, vonset, above
which extra turbulent drag is detected. For each device,
this velocity was irreproducible from one sweep to the
next and behaved stochastically. Therefore, for each de-
vice, the authors clearly defined a critical velocity vcy
by extrapolating to zero turbulent drag. This velocity
was reproducible between sweeps and corresponded to
the minimum velocity needed to produce and sustain the
vortex lines that create drag forces.

Additionally, for each device, the authors identified
another reproducible critical velocity wv.o above which
the drag rises much more steeply. The magnitudes of
the two characteristic velocities obtained for the 32 kHz
tuning fork were very close?': v =~ 0.053 ms~! and
Ve2 ~ 0.056 ms~!. For the wires resonating at ~1 kHz,
values ve; =~ 0.035 ms™!, and vee ~ 0.060 ms~! or
Vea & 0.075 ms~! were found??, depending on the ex-
act wire and frequency used. Again, the higher critical
velocity is tentatively linked to the massive production of
quantized vortices resulting in developed quantum turbu-



lence, while the lower one is considered a limiting value
above which drag-inducing quantized vortices can only
be sustained.

These results differ from ours in the sense that the
first critical velocity already marks some (albeit small)
increase of dissipation, whereas in our case the flow con-
tinues to be dissipationless (within our resolution) in the
narrow range of velocities between our first and second
critical velocity (although a weak increase in dissipation
could be argued for the data taken at 20 mK, see Fig. 7).
Frequency shifts have been observed in Refs. 20, 21 above
their first critical velocity, too. It is also important that
the values of the drag coefficient near and above the ob-
served critical velocities were very low in Refs. 20, 21, one
to two orders of magnitude below unity. The observed
turbulent drag therefore does not resemble classical tur-
bulent drag.

8. Grids

Similar experiments with grids oscillating at ~1 kHz
in *He have shown comparable results®®, and again, two
critical velocities have been observed, this time with val-
ues vg1 =~ 0.003 ms~! and vg2 ~ 0.03 ms~!. The first
critical velocity for the grid was accompanied with a pro-
nounced frequency shift (no increase in drag), interpreted
as extra hydrodynamical added mass due to a bound-
ary layer of quantized vortices, while the second clearly
marked the onset of extra dissipation. This seems con-
sistent with Refs. 20-22 and our work, and highlights the
frequency shift needed to observe the change in acoustic
damping in Ref. 22 or with our 55.5 kHz tuning fork.

As far as the actual values of the first critical velocity
are concerned, assuming that it is indeed related to a for-
mation of a vortical layer on the surface of the oscillator
which affects the hydrodynamic added mass, one might
expect the critical velocity to depend on the surface qual-
ity of the oscillator in question. The grid has relatively
large micron-scale (=20 pm bar width and ~127 um
mesh size) features everywhere, so the formation of the
boundary layer might be the easiest — observed at the
lowest velocity. While we have no direct measure of the
surface quality of the tuning fork “F1” in Ref. 22 or the
fork in Ref. 21, these are commercially produced devices,
which typically have surface roughness of order 10 pm
or even higher?®. Our custom-made tuning forks have
a significantly better surface quality (<2 pm), and the
surface roughness of the micron-sized wires is probably
below 1 pm. This might explain why the tuning forks and
wires detect no frequency shift due to vortices pinned on
the surface at such low velocities as vg1 &~ 0.003 ms™!,
but instead at velocities roughly one order of magnitude
higher.

10
4. Ezxperiments with oscillators - summary

Collecting evidence from all the above-mentioned ex-
periments, we are led to believe that the first (lowest)
critical velocity observed in all the experiments is of hy-
drodynamic origin and is indeed related to the formation
of a vortical boundary layer which can be expedited by
larger surface features on the device used. The second
critical velocities from Refs. 22,30 correspond to our sec-
ond critical velocity too, and can be linked reliably to
significant production of quantized vorticity which then
propagates away from the surface of the oscillator, as it
always features a rapid increase in the drag force and
hysteresis (if measured using amplitude-sweeps)!9-22.

After exceeding the second critical velocity, the val-
ues of the drag coefficient are typically of the order 10~2
or 107! across our work and the referred experiments.
This suggests that flow patterns significantly different
from classical turbulence are present. In classical os-
cillatory flows, drag coefficients of order unity are ex-
pected for cylinders or tuning forks'”'8:2% at sufficiently
high Reynolds number (or Keulegan-Carpenter number),
where the pressure drag is dominant. Thus, we believe
that no large flow structures resembling the classical wake
exist in the superflow above the second critical veloc-
ity yet, and that our newly observed third critical veloc-
ity, above which the drag coefficient starts rising towards
unity, may be related to a distinct change in the flow
pattern, in which the superfluid develops larger polarized
structures and starts to mimic the behavior of classical
turbulent flows. This scenario is also supported by order-
of-magnitude estimates of vortex line density provided in
Appendix B.

It should be noted that at higher temperatures ap-
proaching T, = 2.17 K, the drag coeflicients obtained
with our tuning forks approach unity at velocities notably
below wvees (c.f. Fig. 8). This suggests that larger vorti-
cal structures present in the (transitional or turbulent)
flow of the normal component affect the drag consider-
ably, and perhaps also induce the superfluid component
to mimic classical behaviour already at lower velocities,
via the action of the mutual friction force as suggested
in Ref. 25. Mutual friction is directly related to the den-
sity of quantized vortices and is thus expected to arise
already above the second critical velocity, which is in our
case roughly one order of magnitude lower.

If our scenario is correct, the possibility to observe the
third critical velocity would likely depend on the exact
geometry of the flow, specifically on the range of length-
scales at which the flow is driven. Experiments with
floppy grids?® or large commercial tuning forks?*(tine
length 3.9 mm, cross-section 0.39 mm by 0.28 mm) that
show drag coefficients of order unity in the zero tempera-
ture limit without any explicit cross-over from the “ultra-
quantum” to the “quasi-classical” regime are in fact good
examples of flows driven at large scales (grid or fork di-
mensions) and small scales (mesh size, surface roughness)
at the same time. On the other hand, drag coefficients



significantly below unity are found in experiments where
the flow is driven predominantly at small scales, e.g. with
the much smaller tuning forks custom-made for the Lan-
caster group'® that are used in this work too, vibrating
wires?®, or the oscillating grid3-!. The electrostatically
driven grid is included in this group because it does not
move translationally or act as a solid bluff body; it thus
drives the flow mainly at the scales of the mesh size or
bar width.

The last group of experiments , using relatively
large commercial tuning forks, but not observing drag
coefficients of order unity can very likely be under-
stood as simply having an insufficient maximum veloc-
ity (~0.8 ms~! for fork “F1” in Ref. 22, and ~0.5 ms™!
for the forks in Ref. 21) for the classical-like flow pattern
to emerge or to manifest in the drag coefficient. In the
end, whether all three critical velocities are observed dis-
tinctly or whether they coincide seems to be determined
by the surface quality of the given oscillator and by the
length scales at which the flow is driven. We believe that
this is the reason why it has been extremely difficult to
find significant common ground between the numerous
experiments with submerged oscillators performed in the
last two decades.

21,22

V. CONCLUSIONS

We have investigated instabilities in oscillatory flow
due to tuning forks in isotopically pure superfluid helium,
focusing on the zero temperature limit. We have ana-
lyzed linear damping at low drives and ascertained that
acoustic radiation into the fluid can be neglected for the
6.5 kHz tuning fork operated at its fundamental and first
overtone modes, while it is measurable for the 55.5 kHz
tuning fork. Apart from the two critical velocities known
from earlier work, we have observed a previously un-
known third hydrodynamic critical velocity, which we
associate with the predominantly “ultra-quantum” tur-
bulence (characterized by the quantum length scale —
the mean intervortex distance) developing larger coherent
structures and starting to mimic the behavior of classical
fluids. For the tuning forks used, this behaviour was most
clearly expressed at the lowest attainable temperature of
20 mK.

Here, we propose a tentative explanation linking all the
observations of oscillatory flow in zero temperature limit
into a single framework. Specifically, we suggest that
the first critical velocity, connected mostly to frequency
shifts rather than changes in the drag force, is associated
with the formation of a number of quantized vortex loops
near the surface of the oscillator, possibly forming a thin
layer, which affects the coupling to the fluid and thus the
hydrodynamic added mass. We believe that the value
of this first critical velocity is strongly dependent on the
surface quality of the given oscillator; smoother surfaces
are likely to result in a higher value, as one might expect
from considerations of ideal flow enhancement past sharp
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corners. The second critical velocity is then related to the
quantized vorticity propagating into the bulk of the su-
perfluid, either in the form of emitted vortex loops or,
eventually, as a turbulent tangle. It is always accompa-
nied by a marked increase in the drag force and usually
hysteresis (detectable with amplitude sweeps). The third
and highest critical velocity, above which the drag coef-
ficient starts to grow towards unity, was found to be hy-
drodynamic in origin. We propose that it is linked to a
qualitative change in the pattern of quantized vorticity,
during which the vortex tangle becomes partly polarized,
developing larger structures, and on scales exceeding the
quantum length scale starts to mimic classical turbulence
generated by oscillating objects in viscous fluids.

We note that at higher temperatures in the two-fluid
regime, the situation is far more complex due to the possi-
bility of the superfluid and normal component flows be-
coming unstable independently and due to the mutual
friction force coupling their velocity fields. This repre-
sents a significant challenge for future research and we
hope that our work will provide a useful stepping-stone
for such an endeavour.
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APPENDIX A: MEASUREMENT TECHNIQUES

Experimentalists working with sensitive high-Q res-
onators at mK temperatures often have to deal with the
extremely long times it takes for such oscillators to stabi-
lize at a given drive level and frequency. For example, for
the 6.5 kHz fork, the vacuum linewidth, A f; was about
8 mHz, meaning that the relaxation time 7 = 1/Af
amounts to 125 s. For example, if the waiting between
individual points on a frequency sweep is set to roughly
three times the relaxation time (375 s), the entire f-sweep,
comprising of 100 points, would take over 10 hours. For
these reasons it is often impractical to use frequency
sweeps for the studies of the transition to quantum tur-
bulence, as each force-velocity curve for a given setting
of the driving voltage would take a considerable amount
of time, at least until turbulence is produced and the
linewidth increases significantly.

There are, however, some aspects of the resonance
that cannot be found without performing full frequency
sweeps (and optimizing for speed wherever possible). In



T T T T T
102 F ® 20 mK frequency sweeps Vv © 1
—0O— 23 mK amplitude sweep CF2 OoO
O
®)
@) [ ]
° -
o)
- O .
3 e .
Qo & .
k5 & =
o (@)
o S =
o }O\O o
§ ~a
[ ]
10° O—o__ n i
~0O—
~O
—~O0— O
0—§
1 1 1 1 1
0.02 0.04 0.06 0.08 0.1 0.120.14

Peak velocity (m s™)

FIG. 9: Comparison of the low temperature drag coefficient
velocity-dependence of the fundamental mode of the 6.5 kHz
tuning fork measured by amplitude sweeps and a series of
frequency-sweeps. The second critical velocity is indicated by
the vertical dashed line. Note that the data measured using
the amplitude sweeps show hysteresis (color online).

Fig. 9 we present a direct comparison of the results ob-
tained near v.g on the 6.5 kHz tuning fork using ampli-
tude sweeps with resonance tracking and full frequency
sweeps. While using the amplitude sweeps helps uncover
the hysteresis at the transition (which is inaccessible with
frequency sweeps, as the tuning fork velocity varies dur-
ing each sweep), the non-linear resonance will only be
revealed when using full frequency sweeps, as the tiny
shifts in resonance frequency are difficult to detect with
a resonance-tracking amplitude sweep algorithm.

Recently, a new technique has been tested for the mea-
surement of resonant responses that promises to become
a powerful combination of both approaches — the multi-
frequency lock-in technique® . Significant improvements
in acquisition times have been demonstrated in the linear
mode of tuning forks at room temperature (Q =~ 3000)
and first measurements have been made in superfluid *He
above 1.4 K with promising results. The performance of
this technique at mK temperatures is yet to be tested
carefully, especially bearing in mind the extremely good
quality factors of order 10° or 10% and the various types of
non-linearities present in the flow past oscillating bodies
in superfluid helium.

APPENDIX B: ESTIMATES RELATED TO
CRITICAL VELOCITIES

Here we estimate the effects due to quantized vortices
(QVs) near the second and third critical velocities ob-
tained with the 6.5 kHz and 55.5 kHz tuning forks. We
begin by estimating the superfluid mass effectively cou-
pled to the resonators near the second critical velocity
from the measured frequency shifts. For the 6.5 kHz tun-
ing fork, we have shifts of 1.5 ppm at v¢o and 0.8 ppm
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at veoo; for the 55.5 kHz fork we have 1.1 ppm at vcgs.
This leads to absolute effective mass enhancements of
order 10~ kg, corresponding to a layer of superfluid he-
lium near the surface of the fork, of thickness ~2 A. This
amount of helium is coupled to the oscillator through the
action of QVs and Kelvin waves (KWs), in excess of the
fluid already coupled due to potential flow past the fork.
This thickness is in fact very close to the vortex core
size®? (likely a numerical coincidence) and it shows that
any additional coupling of the oscillator to the surround-
ing superfluid due to QVs is very weak.

Estimating the radius of a vortex loop, r, satisfying the
fundamental resonance condition for KW excitations®® at
the given frequencies yields values of order 10~7 m. A
very crude estimate of a semi-circular QV loop effective
hydrodynamic mass can be made based on the momen-
tum of a free vortex ring®*, p = pgk7r?, and the induced
superfluid velocity in its center, vs = k/(2r). Such a sim-
ple estimate leads to numbers of vortex loops pinned on
the surface of the fork between approximately 50 (6.5 kHz
fork) and 1000 (55.5 kHz fork), just below the second crit-
ical velocity. The mean distance between pinned loops
exceeds r by almost two orders of magnitude, hence in-
teractions between loops should be statistically insignifi-
cant. These estimates are in general agreement with our
tentative interpretation that relatively few QVs are at-
tached to the surface and that they likely do not extend
far into the surrounding superfluid.

Next, we proceed to estimate the vortex line density
needed to dissipate the power input into the fluid by the
resonator near the third critical velocity. We will use
two different approaches: one based on the dissipation of
unpolarized (unstructured) vortex line density as given
by the Vinen equation; the other following a classical
description of turbulent flow. In a stationary case, the
total power dissipated by the flow must be equal to the
power supplied to the tuning fork, given by ¢ = IV/2 =
Fv, see Section II. If our interpretation is correct, at the
third critical velocity the dissipation due to classical-like
(structured) flow, P should become comparable to the
one dissipated through the ultra-quantum (unstructured)
vorticity, Pq. For the sake of the argument, we will use
Pc = Pq =q/2.

To convert the supplied power to energy dissipation per
unit volume, we need to know an effective volume wherein
this power is dissipated. Using the size of a container
or an experimental cell would clearly lead to unphysical
results, unless its dimensions were comparable to those
of the tuning fork. Instead, we choose two physically
relevant volumes for comparison. The first choice, V7,
is determined by the tuning fork dimensions, as these
are relevant to the velocity field of ideal flow past the
fork. We thus define an elliptical cylinder encapsulating
the tuning fork, with lateral dimensions 2a = 3W, 2b =
D + 4T and height h = L, and subtract the volume of
the fork itself. The second option, V5, is chosen as a thin
layer near the surface of the fork with its thickness given
by the radius of vortex loops r. We consider these to be



the extreme cases, in reality the volumes differ by three
orders of magnitude and the actual dissipating volume
will likely be in between.

For an unpolarized bundle, the dissipation of vortex
line density is given by the Vinen equation (see Ref. 55,
Eq. 30) as dL/dt = —kL?/(27), ignoring the factor x»
of order unity. The energy of unpolarized vortices can be
estimated as the sum of individual vortex energies and
is given in Ref. 56, Eq. (29). Using these two relations
and equating the energy dissipation per unit volume to
Pq/Vi, the unpolarized vortex line density can be esti-
mated as Ly ~ 2.5x10'' m~2 and 3.3 x 10! m~2, for the
6.5 kHz and 55.5 kHz forks, respectively. Using Pq/Va,
we get Ly ~ 5.5 x 1012 m~2 and 9.4 x 102 m~2.

On the other hand, Kolmogorov’s treatment of classical
turbulence estimates the kinetic energy flux per unit vol-
ume as pu?/(2d), with u being the characteristic velocity
of large, energetic eddies and d their dimension. Based
on the visualization of oscillatory flow of superfluid *He
past a rectangular cylinder in Ref. 57, Fig. 3, we choose
d = W/2. Equating the energy dissipation to Pc/V;
gives eddy velocities of 47 mms~! and 57 mms~! for the
6.5 kHz and 55.5 kHz tuning fork, respectively. Assuming
solid body rotation of the large eddy and full polarization
of QVs, the corresponding vortex line density is given by
Ly = 4u/(kd). This leads to values L ~ 8.5 x 10! m~2
and 1.0 x 10" m~2, for the 6.5 kHz and 55.5 kHz forks,
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respectively. Using Pc/Va, we get Ly ~ 6.3 x 10" m~2

and 8.9x 10" m~2. It is remarkable that if we attempt to
estimate the Kolmogorov length scale as n = (k3 /€)%,
with € = u3/d, and compare it to the mean inter-vortex
distances obtained using both approaches, 6, =1/ \/E
and 6 = 1/,/Ly, we always find that dx <7 < ) and
for a given choice of the effective volume, all the values
fall within a factor of three.

In all cases, a larger density is found for unpolarized
vortices: Lx > L, as might be expected, but the values
are within one order of magnitude. We stress that this is
not universal behaviour of the model and depends on the
total amount of energy dissipated per unit volume. The
actual values of L are somewhat higher than measured in
a steady flow of superfluid *He at 1.6 K with a mean flow
velocity of ~1 ms~' in Ref. 56, which states a value of
L = 6x10'° m~2. This can be expected, as our case dif-
fers in three important aspects: (i) lower temperatures
and little or no dissipation due to mutual friction, (ii)
oscillatory flow, where the body moves through its wake
and interacts with vortices, and (iii) higher characteristic
velocity (1.5 and 1.9 ms—!). While these rough estimates
are of speculative nature, it seems that the third critical
velocity may indeed be related to a situation where po-
larized, classical-like vortex structures start to manifest
in a predominantly quantum flow.

1 W. F. Vinen, in Progress in Low Temperature Physics, vol.
III, p. 1, edited by Gorter, C. J., North-Holland Publica-
tions, Amsterdam (1961).

2 C. F. Barenghi, R. J. Donnelly, W. F. Vinen (editors),
Quantized Vortexr Dynamics and Superfluid Turbulence,
LNP 571, Springer-Verlag Berlin Heidelberg, 2001.

3 M. La Mantia, L. Skrbek, Europhys. Lett. 105, 46002
(2014).

* E. Varga, S. Babuin, L. Skrbek, Phys. Fluids 27, 065101
(2015).

® S. Babuin, E. Varga, L. Skrbek, E. Lévéque, P.-E. Roche,
Eur. Phys. Lett. 106, 24006 (2014).

6 P. M. Walmsley, A. I. Golov, H. E. Hall, A. A. Levchenko,
W. F. Vinen, Phys. Rev. Lett. 99, 265302 (2007).

" D. E. Zmeev, P. M. Walmsley, A. I. Golov, P. V. E. Mec-
Clintock, S. N. Fisher, W. F. Vinen, Phys. Rev. Lett. 115,
155303 (2015).

8 L. K. Sherwin-Robson, C. F. Barenghi, A. W. Baggaley,
Phys. Rev. B 91, 104517 (2015).

9 A. W. Baggaley, V. Tsepelin, C. F. Barenghi, S. N. Fisher,
G. R. Pickett, Y. A. Sergeev, N. Suramlishvili, Phys. Rev.
Lett. 115, 015302 (2015).

10 W. F. Vinen, Phys. Rev. B 61, 1410 (2000).

' A. W. Baggaley, C. F. Barenghi, A. Shukurov,
Y. A. Sergeev, Euro. Phys. Lett. 98, 26002 (2012).

12 C. F. Barenghi, L. Skrbek, K. R. Sreenivasan, Proc. Natl.
Acad. Sci. U.S.A. 111, suppl. 1, 4647-4652 (2014).

13 W.F. Vinen, L. Skrbek, Proc. Natl. Acad. Sci. U.S.A. 111,
suppl. 1, 4699-4706 (2014).

4 W. Guo, M. La Mantia, D. P. Lathrop, S. W. Van Sciver,

Proc. Natl. Acad. Sci. U.S.A. 111, suppl. 1, 4653-4658
(2014).

15 P, Walmsley, D. Zmeev, F. Pakpour, A. Golov, Proc. Natl.
Acad. Sci. U.S.A. 111, suppl. 1, 4691-4698 (2014).

16 1., Skrbek, W. F. Vinen, The use of vibrating structures in
the study of quantum turbulence, in Progress in Low Temp.
Phys., edited by M. Tsubota and W. P. Halperin (Elsevier,
Amsterdam, 2009), Vol. XVI, Chap. 4.

" P. W. Bearman, M. J. Downie, J. M. R. Graham,
E. D. Obasaju, J. Fluid Mech. 154, 337-356 (1985).

18 7. Sarpkaya, J. Fluid Mech. 165, 61 (1986).

198, L. Ahlstrom, D. I. Bradley, M. Cvllove(:ko7 S. N. Fisher,
A. M. Guénault, E. A. Guise, R. P. Haley, O. Kolosov,
P. V. E. McClintock, G. R. Pickett, M. Poole, V. Tsepelin,
A. J. Woods, Phys. Rev. B 89, 014515 (2014).

20 D. I. Bradley, S. N. Fisher, A. M. Guénault, R. P. Haley,
V. Tsepelin, G. R. Pickett, K. L. Zaki, J. Low Temp. Phys.
154, 97 (2009).

2 D. I. Bradley, M. J. Fear, S. N. Fisher, A. M. Gué-
nault, R. P. Haley, C. R. Lawson, P. V. E. McClintock,
G. R. Pickett, R. Schanen, V. Tsepelin, L. A. Wheatland,
J. Low Temp. Phys. 156, 116-131 (2009).

22 D. Garg, V. B. Efimov, M. Giltrow, P. V. E. McClintock,
L. Skrbek, W. F. Vinen, Phys. Rev. B 85, 144518 (2012).

23 D. I. Bradley, S. N. Fisher, A. M. Guénault, R. P. Haley,
M. Kumar, C. R. Lawson, R. Schanen, P. V. E. McClin-
tock, L. Munday, G. R. Pickett, M. Poole, V. Tsepelin,
P. Williams, Phys. Rev. B 85, 224533 (2012).

24 G. A. Sheshin, A. A. Zadorozhko, E. Ya. Rudavskii,
V. K. Chagovets, Low Temp. Phys. 34, 875 (2008).



25

26

27

28

29

30

31

33

34

35

36

37

38

39

40

M. Blazkova, D. Schmoranzer, L. Skrbek, W.F. Vinen,
Phys. Rev. B 79, 054522 (2009).

J. Jéager, B. Schuderer, W. Schoepe, Phys. Rev. Lett. 74,
566 (1995).

D. I. Bradley, M. J. Fear, S. N. Fisher, A. M. Guénault,
R. P. Haley, C. R. Lawson, G. R. Pickett, R. Schanen,
V. Tsepelin, L. A. Wheatland, J. Low Temp. Phys. 175,
379-384 (2014).

H. Yano, T. Ogawa, A. Mori, Y. Miura, Y. Nago, K. Obara,
O. Ishikawa, T. Hata, J. Low Temp. Phys. 156, 132 (2009).
D. I. Bradley, A. M. Guénault, S. N. Fisher, R. P. Haley,
M. J. Jackson, D. Nye, K. O’Shea, G. R. Pickett, V. Tse-
pelin, J. Low Temp. Phys. 162, (2011) 375.

H. A. Nichol, L. Skrbek, P. C. Hendry, P. V. E. McClintock,
Phys. Rev. E 70, 056307 (2004).

H. A. Nichol, L. Skrbek, P. C. Hendry, P. V. E. McClintock,
Phys. Rev. Lett. 92, 244501 (2004).

V. Strouhal, Annalen der Physik und Chemie, 3rd series,
5(10), 216 (1878).

M. Blazkova, D. Schmoranzer, L. Skrbek, Phys. Rev. E 75,
025302 (2007).

R. Blaauwgeers, M. Blazkova, M. Cloveéko, V. B. Eltsov,
R. de Graaf, J. J. Hosio, M. Krusius, D. Schmoranzer,
W. Schoepe, L. Skrbek, P. Skyba, R.E. Solntsev,
D.E. Zmeev, J. Low Temp. Phys. 146, 537 (2007).

M. Blazkova, T. V. Chagovets, M. Rotter, D. Schmoranzer,
L. Skrbek, J. Low Temp. Phys. 150, 194 (2008)

M. Blazkova, D. Schmoranzer, L. Skrbek, Low Temp.
Phys. 34, 298-307 (2008).

D. Schmoranzer, M. La Mantia, G. Sheshin, I. Gritsenko,
A. Zadorozhko, M. Rotter, L. Skrbek, J. Low Temp.
Phys. 163, 317-344 (2011)

D. I. Bradley, M. Clovecko, S. N. Fisher, D. Garg, E. Guise,
R. P. Haley, O. Kolosov, G. R. Pickett, V. Tsepelin,
D. Schmoranzer, L. Skrbek, Phys. Rev. B 85, 014501
(2012).

D. Schmoranzer, M. Kralova, V. Pilcova, W. F. Vinen and
L. Skrbek, Phys. Rev. E 81, 066316 (2010)

R. Hanninen, W. Schoepe, J. Low Temp. Phys. 158, 410-

41

42
43

44

45

46
47

48

49

50

51

52

53
54

55
56

57

58

14

414 (2010).

P. C. Hendry, P. V. E. McClintock, Cryogenics 27, 131
(1987).

S. Holt, P. Skyba, Rev. Sci. Instrum. 83, 064703 (2012).
D. I. Bradley, P. Crookston, M. J. Fear, S. N. Fisher,
G. Foulds, D. Garg, A. M. Guénault, E. Guise, R. P. Haley,
O. Kolosov, P. V. E. McClintock, G. R. Pickett, R. Scha-
nen, V. Tsepelin, J. Low Temp. Phys. 161, 536-547 (2010).
J. Guckenheimer, P. Holmes, Nonlinear Oscillations,
Dynamical Systems, and Bifurcations of Vector Fields,
Springer-Verlag, 1983.

E. Collin, Yu. M. Bunkov, H. Godfrin, Phys. Rev. B 82,
235416 (2010).

F. V. Kusmartsev, Phys. Rev. Lett. 76, 1880 (1996).

I. H. Neumann, R. J. Zieve, Phys. Rev. B 89, 104521
(2014).

P. M. Walmsley, A. A. Levchenko, S. E. May, A. I. Golov,
J. Low Temp. Phys. 146, 511-523 (2007).

W. F. Vinen, L. Skrbek, H. A. Nichol, J. Low Temp.
Phys. 135, 423 (2004).

W. F. Vinen, L. Skrbek, Proc. Natl. Acad. Sci. U.S.A. 111,
4699 (2014).

D. I. Bradley, R. P. Haley, S. Kafanov, M. T. Noble,
G. R. Pickett, V. Tsepelin, J. Vonka, T. Wilcox, J. Low
Temp. Phys. 186, 1080-1091 (2016).

G. Ortiz, D. M. Ceperley, Phys. Rev. Lett. 75, 4642-4645
(1995).

R. J. Donnelly, Annu. Rev. Fluid Mech. 25, 325-371 (1993).
P. H. Roberts, J. Grant, J. Phys. A: General Physics 4,
55 (1971).

W. F. Vinen, Proc. Roy. Soc. Series A 242, 493-515 (1957).
P.-E. Roche, C. F. Barenghi, Europhys. Lett. 81, 36002
(2008).

D. Duda, P. Svanéara, M. La Mantia, M. Rotter, L. Skrbek,
Phys. Rev. B 92, 064519 (2015).

Statek Corporation, 512, N. Main Street, Orange, CA
92868, USA.



