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We consider the orbital effect of an in-plane magnetic field on electrons in bilayer graphene,
deriving linear-in-field contributions to the low-energy Hamiltonian arising from the presence of
either skew interlayer coupling or interlayer potential asymmetry, the latter being tunable by an
external metallic gate. To illustrate the relevance of such terms, we consider the ratchet effect in
which a dc current results from the application of an alternating electric field in the presence of an
in-plane magnetic field and inversion-symmetry breaking. By comparison with recent experimental
observations in monolayer graphene [C. Drexler et al, Nature Nanotech. 8, 104 (2013)], we estimate
that the effect in bilayer graphene can be two orders of magnitude greater than that in monolayer,
illustrating that the bilayer is an ideal material for the realization of optoelectronic effects that rely
on inversion-symmetry breaking.

I.

INTRODUCTION

The magnetic ratchet effect is a generic feature of
inversion-asymmetric two-dimensional systems [1–8]. It
consists of the production of a dc electric current in response to a steady in-plane magnetic field B and an alternating electric field E, in the presence of inversion asymmetry. It is illustrated in Fig. 1 for bilayer graphene
where the asymmetry is caused by a larger density of
impurities on the upper layer. For a given direction of
electric field (to the right as shown in the left side of
Fig. 1), electrons are driven downwards by the Lorentz
force towards the lower layer where, owing to an absence
of impurities, the mobility is relatively high. When the
electric field alternates to the opposite direction, electrons are driven upwards towards the upper layer where,
owing to the presence of impurities, the mobility is relatively low. Asymmetry in mobility depending on the
direction of electron motion leads to the presence of a
non-zero dc current [3, 5]. Recently, experimental observation of the magnetic ratchet effect has been reported in
monolayer graphene with symmetry broken by the presence of adatoms [5] or a superlattice [8] (for a review of
nonlinear optical and optoelectronic effects in graphene
see Ref. [9]).
Here, we contend that bilayer graphene is a natural
system in which inversion symmetry may be broken and,
thus, in which to observe the magnetic ratchet effect.
Bilayer graphene displays fascinating electronic properties including the presence of chiral quasiparticles [10–12]
and the possibility to tune a gap between the conduction and valence bands using potential asymmetry of the
layers [11]. Thus, we are able to describe two different
mechanisms to break symmetry leading to the ratchet effect: either a different density of impurities on the two
layers of the bilayer or interlayer-symmetry breaking due
to the presence of an external gate. By comparison with
the analysis of Ref. [5], we predict the ratchet effect to
be up to two orders of magnitude greater in bilayer than
in monolayer graphene.
In the presence of an alternating electric field with

FIG. 1: Schematic of bilayer graphene (blue circles) illustrating the ratchet effect in the presence of an in-plane magnetic
field B (out of the page), an alternating electric field E (to
the right or the left) and layer asymmetry illustrated by impurities (red circles) on the upper layer. Electrons are driven
towards the lower or upper layer by the Lorentz force, resulting in a relatively high or low mobility, depending on the
presence of impurities.

components Ex , Ey , and a steady in-plane magnetic field
with components Bx , By , the dc current density may be
expressed [3] as
h
i
2
2
Jx = M1 By (|Ex | − |Ey | ) − Bx (Ex Ey∗ + Ey Ex∗ )
2

Jy

+M2 By |E| + iM3 Bx (Ex Ey∗ − Ey Ex∗ ),
i
h
2
2
= M1 Bx (|Ex | − |Ey | ) + By (Ex Ey∗ + Ey Ex∗ )
2

−M2 Bx |E| + iM3 By (Ex Ey∗ − Ey Ex∗ ). (1)
Here, the coefficients M1 , M2 , M3 describe the current
response to different polarizations of light: M2 characterizes the effect of unpolarized light, M1 includes additional
terms that appear if the light is linearly polarized, M3 describes additional terms that occur for circular polarization with the sign of the current parallel to the magnetic
field dependent on the sense of rotation of the electric
field [5]. The coefficients M1 , M2 , M3 are zero in sys-
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tems with spatial inversion symmetry because current
density J and electric field E are odd with respect to
spatial inversion whereas the magnetic field B, being an
axial vector, is even (this is the case for the second order
non-linear susceptibility in general [13, 14]).

account, the electronic Hamiltonian in the vicinity of the
Brillouin zone corners (the K points) may be written, in
a basis of A1, B1, A2, B2 sites, as


U1
vπ1† −v4 π † v3 π
 vπ1 U1 + δ
γ1
−v4 π † 
.
H=
 −v4 π
γ1
U2 + δ vπ2† 
v3 π † −v4 π
vπ2
U2


II.
A.

METHODOLOGY

Bilayer graphene in the presence of an in-plane
magnetic field
1.

Full four-component bilayer model

√
Here v = 3aγ0 /(2~) characterises the strength of inplane nearest-neighbour A1-B1, A2-B2 hopping, a is the
lattice√constant, γ1 describes vertical interlayer coupling,
v3 = 3aγ3 /(2~) characterizes the
√ strength of skew interlayer A1-B2 hopping, and v4 = 3aγ4 /(2~) characterizes
the strength of skew interlayer A1-A2, B1-B2 hopping.
Parameters U1 , U2 are the on-site energies of the two
layers and δ describes an energy difference between sites
which have neighboring atoms directly above or below
them (dimer sites) and those sites which do not [12, 16–
19]. For in-plane momentum p = (px , py , 0), the complex
momentum operators are π1 for the lower layer, π2 for the
upper layer and π for skew interlayer hopping:

FIG. 2: Schematic of the unit cell of bilayer graphene with
atoms A1, B1 on the lower layer, A2, B2 on the upper layer.
Straight lines indicate intralayer coupling γ0 , vertical interlayer coupling γ1 and skew interlayer couplings γ3 , γ4 . Parameters U1 , U2 , δ indicate different on-site energies, as described
in the main text.

We consider bilayer graphene with atomic sites A1, B1
on the lower layer, A2, B2 on the upper layer, and we
take into account one pz orbital per site. Sites B1 and
A2 lie directly above or below each other, and their orbitals are relatively-strongly coupled, parameterized by
interlayer coupling γ1 . As a result, B1 and A2 are referred to as ‘dimer’ sites. The tight-binding model of
bilayer graphene has been studied previously [11, 15, 16]
(for a review see Ref. [12]), here we add the effect of
an in-plane magnetic field, B = (Bx , By , 0), with corresponding vector potential A = z(By , −Bx , 0), chosen
to preserve translation symmetry in the graphene plane.
Here z is the Cartesian coordinate perpendicular to the
graphene, the lower layer is located at z = −d/2, the
upper layer at z = d/2, d is the interlayer spacing. The
in-plane field enters as a phase given by a path integral
of the vector potential. For example, the matrix element
describing in-plane hopping between an A atom and three
nearest-neighbour B atoms is given by
!
Z
3
X
ip
ie RA
HAB = −γ0
exp
. (RBj − RA ) −
A.d` ,
~
~ RBj
j=1
where γ0 is a tight-binding parameter. Taking such a
modification of the tight-binding matrix elements into

(2)

π = ξpx + ipy ,
π1 = ξ(px − by ) + i(py + bx ) ,
π2 = ξ(px + by ) + i(py − bx ) ,

where bx = edBx /2, by = edBy /2, and ξ = ±1 is an
index for the two non-equivalent valleys at wave vectors
ξ(4π/3a, 0).

2.

Two-component reduced low-energy Hamiltonian

As there are four orbitals in the unit cell, Hamiltonian (2) describes four electronic bands. Due to the
relatively-strong interlayer coupling γ1 between the B1
and A2 dimer sites, the bands associated with their orbitals are split away from zero energy by ±γ1 , while two
bands related to the orbitals on the A1 and B2 sites touch
at zero energy and are approximately quadratic with energy  = v 2 p2 /γ1 [11, 12]. In order to describe electronic
behavior at low energy (lower than |γ1 |), it is possible
to consider a two-component Hamiltonian based on the
orbitals on sites A1 and B2, obtained by eliminating the
components related to the dimer sites B1 and A2. To do
this, we follow the procedure detailed previously [11, 12]
taking into account the presence of the in-plane magnetic
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field. Thus, in a basis of A1, B2 sites, we find:
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#
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2vv4 p
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+
,
(3)
0 1
γ1

where β = bx + iξby , β † = bx − iξby and p = |p|. Here,
we neglect terms that are quadratic or higher in the magnetic field, cubic or higher in vp/γ1 and cubic or higher
in other small parameters v4 /v, δ/γ1 , U1 /γ1 and U2 /γ1 .
The first term in Eq. (3) describes chiral quasiparticles
in bilayer graphene [10, 11] with the direction of pseudospin in (A1, B2) space lying in the graphene plane and
related to that of the electronic momentum, and this term
accounts for a quadratic dispersion  ≈ v 2 p2 /γ1 . In the
following, we assume the other terms are a small perturbation with respect to this dominant one. The second
term describes different on-site energies U1 , U2 on the
A1 and B2 sites, and the third term accounts for trigonal
warping due to the presence of skew interlayer coupling
γ3 between the A1 and B2 sites. Including parameter γ3
doesn’t produce magnetic field dependent terms in the
Hamiltonian, although it will produce small cross terms
in the scattering probability. These will not affect our
main results qualitatively so, for simplicity, we will neglect γ3 . Instead, magnetic field terms appear due to the
inclusion of skew interlayer coupling γ4 between A1-A2
or B1-B2 orbitals (fourth term) or due to different onsite energies (fifth term) and there is a cross term, too
(sixth term). The last two terms in Eq. (3) are not field
dependent but are quadratic in momentum and lead to
small corrections to the dispersion.

may be simplified as

2 
v2
0 π†
H = −
γ1 π 2
0



2 2
2v p
∆
1 0
1−
+
0 −1
2
γ12




2
2v v4
δ
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−
+
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0 −1
γ1 v
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†
†
vv4 ∆
0
iπ β
− 2
,
−iπβ
0
γ1

(4)

where we denote interlayer asymmetry by ∆ = U1 − U2 .
The first magnetic field term takes the form of the
Lorentz force and the matrix σz in the (A1, B2) space
causes the pseudospin to acquire a small component perpendicular to the graphene plane. The prefactors of this
term (v4 and δ) are intrinsic parameters of the lattice
and are thus symmetric with respect to spatial inversion
P [(x, y, z) → (−x, −y, −z)] and time inversion T so that
P
T
H(p, b) −
→ H(−p, b) and H(p, b) −
→ H(−p, −b) as expected (note that b is an axial vector so does not change
sign under spatial inversion). The other magnetic field
term (containing β) is off-diagonal in the (A1, B2) space
and it creates a small perturbation of the pseudospin direction within the graphene plane. Its prefactor contains
∆ = U1 − U2 which is explicitly odd with respect to spaP
tial inversion so that H(p, b, ∆) −
→ H(−p, b, −∆) and
T
H(p, b, ∆) −
→ H(−p, −b, ∆). In the next Section, we
use Hamiltonian (4) to determine the correction to the
scattering rate caused by the in-plane field.

B.

Electron scattering in the presence of an
in-plane magnetic field

Eigenstates |pi of the two component Hamiltonian (4)
are used to calculate the scattering rate Wp0 p from state
|pi to |p0 i in the presence of impurities, keeping up to
linear-in-magnetic field terms. In the presence of a scattering potential δH, Fermi’s golden rule gives
Wp0 p =

2π
2
|hp0 |δH| pi| δ(p − p0 ) .
~

(5)

We consider static impurities
δH =

Ni
X

Ŷ u(r − Rj ) ,

j=1

In the following we neglect terms that are proportional
to the unit matrix in (A1, B2) space. Although they have
a small effect on the dispersion relation (parameters v4
and δ both produce electron-hole asymmetry due to the
p2 terms), they do not influence electronic scattering. In
addition, we neglect the small quadratic corrections to
the first term in Eq. (3) because they do not feature in
the results for the scattering rate. Then, the Hamiltonian

where Ni is the number of impurities, u(r − Rj ) describes the spatial dependence of the impurity potential,
Ŷ is a dimensionless matrix describing structure with respect to the A1, B2 lattice degrees of freedom. As representative examples, we consider disorder that is symmetric, Ŷ = Iˆ where Iˆ is the unit matrix, with equal
amounts of scattering on the two layers, and we consider
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asymmetric disorder, Ŷ = (Iˆ + ζ σ̂z )/2, with scattering
limited to the lower (ζ = 1) or upper (ζ = −1) layer.
ˆ we find
For symmetric disorder Ŷ = I,
(s)

δWp0 p =

2π ni
2
|ũ(p0 − p)| δ(p − p0 )
~L2
×

1
2

(6)

(1 + cos[2(φ0 − φ)])

v4 ∆
sin[2(φ0 − φ)](p0 − p) · b
2γ1 vp2




∆γ1 v4
δ
2v 2 p2
−
+
1
−
2v 2 p4 v
γ1
γ12
+

× (1 − cos[2(φ0 − φ)])[(p0 + p) × b]z


.

where the density of impurities is ni = Ni /L2 , and we
keep terms up to linear in magnetic field and linear in
∆ = U1 − U2 . We neglect interference between different
impurities and use the Fourier transform of the impurity
potential
Z
ũ(q) = d2 r u(r) e−iq.r/~ .

For symmetric disorder, symmetry must be broken by
interlayer asymmetry ∆ = U1 − U2 in order to produce
magnetic-field-dependent terms in the scattering rate.
The term proportional to (p0 − p) · b in the scattering
rate, Eq. (6), arises directly from the off-diagonal term in
the Hamiltonian [the final term in Eq. (4)], whereas the
term proportional to [(p0 + p) × b]z arises from the interplay of the Lorentz-force-term and the field-independent
∆ term [the second and third terms in Eq. (4)]. By contrast, for asymmetric disorder, interlayer asymmetry is
not essential and, in fact, the leading term in the scattering rate, Eq. (7), arises from the Lorentz-force-term
in the Hamiltonian which does not contain ∆ [the third
term in Eq. (4)].
C.

The Boltzmann equation for the rachet current
in a two-dimensional material

Ratchet current can be induced by an in-plane magnetic field in any two-dimensional electron system with
z → −z asymmetry and an arbitrary isotropic dispersion
p . We use a degeneracy factor g (g = 4 for spin and
valley in graphene), group velocity

For asymmetric disorder Ŷ = (Iˆ + ζ σ̂z )/2, we find
2π ni
2
(a)
|ũ(p0 − p)| δ(p − p0 )
(7)
δWp0 p =
2
~
L



2v 2 p2
1 sζ∆γ1
+
1
−
×
4
4v 2 p2
γ12




v4
δ
∆γ1 [(p0 + p) × b]z
∆
−
+
+ 2 2
sζ −
,
v
γ1
γ1
2v p
2p2
where s = +1 (s = −1) for states in the conduction
(valence) band.
The linear-in-field parts of the scattering rates
Eqs. (6,7), which are relevant for the magnetic ratchet
effect, may be written in a general form as
1
2
δWp0 p = 2 |ũ(p0 − p)| δ(p − p0 )
(8)
L




× (Ω − Ωc cos[2(φ0 − φ)]) Bx p0y + py − By (p0x + px )



+ Ωs sin[2(φ0 − φ)] Bx (p0x − px ) + By p0y − py
,
where the angle-independent factors Ω, Ωc , Ωs are:



πedni ∆γ1 γ4
δ
2v 2 p2
(s)
(s)
Ωc = Ω
=
+
1−
,
2~v 2 p4
γ0
γ1
γ12
πedni ∆γ4
Ω(s)
=
,
s
2~p2 γ1 γ0
for symmetric disorder, and for asymmetric disorder:



πedni γ4
δ
∆
∆γ1
Ω(a) =
+
sζ
−
+
,
2~p2 γ0
γ1
γ1
2v 2 p2
(a)
Ω(a)
= 0.
c = Ωs

vg =

d
,
dp

and density of states per spin and per valley, per unit
area, Γ = p/(2π~2 vg ). For a spatially homogeneous sample, we consider the Boltzmann equation
−eEk .∇p f (p, t) +

∂f (p, t)
= S{f },
∂t

(9)

where the electron distribution f (p, t) is a function of
momentum p and time t, the in-plane ac field is Ek (t) =
Ek e−iωt + E∗k eiωt , and the electronic charge is −e, e > 0.
The collision integral S{f } is given by
X
S{f } =
[Wpp0 f (p0 , t) − Wp0 p f (p, t)] ,
(10)
p0

where Wp0 p is the scattering rate Eq. (8). In the scattering rate, we perform an harmonic expansion of the
impurity potential,
X
0
2
|ũ(p0 − p)| =
νm eim(φ −φ) ,
m

where φ is the polar angle of momentum. The expansion
has the constraint that ν−m = νm as it is an even function
of (φ0 − φ).
The Boltzmann equation Eq. (9) is written in terms of
polar coordinates (p, φ) for momentum and the distribution function is expanded in terms of φ and t harmonics
(n)
with coefficients fm :
X
(n) imφ−inωt
f (p, t) =
fm
e
,
(11)
n,m

5
(`)

where m, n are integers. Multiplying the Boltzmann
equation by a factor exp(−ijφ + i`ωt), where j, ` are
integers, and integrating over a period 2π of angle φ and
a period of time t, leads to coupled equations between
different harmonic coefficients:


(`)
(`−1)
(`−1)
−1
fj τ|j|
− i`ω = αj−1 fj−1 + ηj+1 fj+1
(12)
(`+1)

(`+1)

equations (12) for the harmonics fj of the distribution
function are used to express δf in terms of the equilibrium
(0)
distribution f0 and, assuming a degenerate electron gas,
we find the current density has the form (1) with

ge3
1
4Λ1 p2 τ 2 τ2 + vg p3 τ (Λ1 τ τ2 )0 ,
2
4
2
2
16π ~ 1 + ω τ


ge3 Λ1 p2 τ 2 τ2 1 − ω 2 τ τ2
vg pτ 0
0
1
−
pv
,
M2 =
−
g
16π 2 ~4 (1 + ω 2 τ 2 ) (1 + ω 2 τ22 )
τ


Λ1 p2 τ 2 τ2 ω (τ + τ2 )
vg pτ 0
ge3
0
1
−
pv
−
,
M3 = −
g
16π 2 ~4 (1 + ω 2 τ 2 ) (1 + ω 2 τ22 )
τ
(16)

M1 = −

(`)

+α̃j−1 fj−1 + η̃j+1 fj+1 + δSj ,
where the scattering rate (in the absence of magnetic
field) is defined as
−1
τ|j|
=

2π X 0
2
|hp |δH|pi| δ(p − p0 )
~ 0
p

where (. . .)0 ≡ ∂(. . .)/∂ and all parameters are evaluated
on the Fermi surface. These equations, which generalize those in Refs. [3, 5], describe the ratchet effect in a
two-dimensional material with isotropic dispersion. Parameters such as the scattering times τ , τ2 , Eq. (13), and
Λ1 , Eq. (14), describing the effect of in-plane magnetic
field will be specific to the given material, in this case
bilayer graphene. The frequency dependence of the Mi
coefficients is plotted in Fig. 3(a) for the case τ2 = τ .

× [1 − cos (j [φ0 − φ])] . (13)
In the following we write τ1 = τ for simplicity. Operators
arising from the electric field in Eq. (9) are


j
∂
e (Ex − iEy )
− +
,
αj =
2
p ∂p


e Ex∗ − iEy∗
j
∂
α̃j =
− +
,
2
p ∂p


∂
e (Ex + iEy ) j
+
,
ηj =
2
p ∂p



e Ex∗ + iEy∗
j
∂
+
.
η̃j =
2
p ∂p
(`)

Factors δSj in Eq. (12) describe the correction to scattering caused by the magnetic field, the relevant ones
have small values of j:
(`)

δS0

= 0,

(`)
δS1
(`)
δS−1

=

1
2 p Γ() (By

− iBx ) Λ1 f2 ,

=

1
2 p Γ() (By
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=

1
2 p Γ()

h

δS−2 =

1
2 p Γ()

h

(`)

δS2

(`)

(`)
(`)

(`)

(`)

i

(By + iBx ) Λ1 f1 + (By − iBx ) Λ2 f3

i
(`)
(`)
(By − iBx ) Λ1 f−1 + (By + iBx ) Λ2 f−3 ,

,

where

FIG. 3: (a) frequency dependence of the coefficients Mi ,
Eq. (16), characterizing the polarization dependence of the
ratchet current Eq. (1). For simplicity, we set τ2 = τ . (b)
and (c) illustrate the direction of the ratchet current J in the
graphene (x-y) plane for linear polarization (and M1 > 0) in
(b) the x direction, and (c) at 45◦ to the x-axis.

Λ1 = Ω(ν0 − ν2 ) + 12 Ωc (ν0 − 2ν2 + ν4 )
+ 12 Ωs (ν0 − 2ν1 + 2ν3 − ν4 ) ,
Λ2 = Ω(ν0 + ν1 − ν2 − ν3 ) +
− 12 Ωs (ν0

1
2 Ωc (ν0

(14)

− 2ν2 − ν3 + ν4 + ν5 )

− ν3 − ν4 + ν5 ) .

(15)

The dc current density is given by
g X
J=− 2
evg δf,
L p
(0)

(0)

where δf = f1 eiφ + f−1 e−iφ is the only part of the
time-independent distribution that gives a non-zero contribution after integrating over all angles φ. The coupled

III.

RATCHET EFFECT IN BILAYER
GRAPHENE

In the following, we assume that the dispersion of bilayer graphene is quadratic  = v 2 p2 /γ1 so that vg =
2v 2 p/γ1 (note that vg 6= v where v is the group velocity of monolayer graphene). In this case, the factor
1 − pvg0 − vg pτ 0 /τ simplifies to −vg pτ 0 /τ , with the result
that the existence of non-zero M2 and M3 relies on the
energy dependence of the scattering rate τ , irrespective
of the effect of the in-plane field.
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In bilayer graphene, overscreened Coulomb impurities
act like short-range scatterers [20]:
u(r − Rj ) = u0 δ(r − Rj ) ,
in which case ũ(p0 − p) = u0 and the scattering rate
Eq. (13) simplifies as
ni u20 γ1
,
4~3 v 2
ni u20 γ1
=
.
8~3 v 2

symmetric disorder : τ −1 = 2τ2−1 =
asymmetric disorder :

τ −1 = τ2−1

Furthermore, if u0 is independent of energy, then so is
τ and M2 = M3 = 0. As the potential is isotropic,
ν0 = u20 is the only non-zero harmonic and parameter Λ1
simplifies as Λ1 = u20 [Ω + (Ωc + Ωs )/2]. For symmetric
disorder, Eq. (6), we find


e4 dτ 2
∆
γ4
δ
(s)
M1 =
5
+
6
,
(17)
2π~2 m(1 + ω 2 τ 2 ) γ1
γ0
γ1
where the mass m = γ1 /2v 2 . For asymmetric disorder,
Eq. (7), we find



γ4
δ
∆
e4 dτ 2
(a)
+
sζ
−
. (18)
M1 = − 2
π~ m(1 + ω 2 τ 2 ) γ0
γ1
γ1
These expressions are independent of Fermi level other
than through the factor s = ±1 for conduction/valence
bands. Linear dependence on gate-induced interlayer
asymmetry ∆/γ1 occurs for symmetric disorder because
interlayer asymmetry is required to break symmetry in
this case, whereas interlayer asymmetry ∆/γ1 is a small
correction for asymmetric disorder (as ∆/γ1  1 in general). Note that for linear polarization Ex = E0 cos θ,
Ey = E0 sin θ where E0 is real, and M2 = M3 = 0, then
the expression for the ratchet current (1) simplifies as
Jx = M1 E02 (By cos 2θ − Bx sin 2θ) ,
Jy = M1 E02 (Bx cos 2θ + By sin 2θ) .
This indicates that the direction of the ratchet current
is given by a rotation of the magnetic field direction by
an amount determined by the polarization angle θ, as
illustrated in Fig. 3(b) and (c).
To estimate the magnitude of the ratchet current,
we use parameter values determined by infrared spectroscopy [18] (similar values were measured by Ref. [21],
too) which include γ0 = 3.0 eV, γ1 = 0.4 eV, γ4 =
0.015 eV, δ = 0.018 eV, and we also use interlayer spacing
d ≈ 3.3 Å and mass m ≈ 0.05me where me is the free electron mass. Assuming a typical value τ = 0.15 ps of the
scattering time in bilayer graphene [22] and using parameters |E| = 10 kV cm−1 , |B| = 7 T, ω = 2.1 × 1013 rad s−1
from the experiment of Ref. [5], we estimate that the
ratchet current density for asymmetric disorder Eq. (18)
(a)
is of the order of |J| ∼ |M1 ||B||E|2 ∼ 1 mA cm−1 .

(a)

Additionally, we compare the magnitude of M1
for asymmetric disorder Eq. (18) with the theoretical prediction of Ref. [5] for π-σ orbital hybridiza(mon)
tion in hydrogenated monolayer graphene M1
=
4
2
2
2 2
12e zπσ F τ /[π~ me πσ (1 + ω τ )] (Eq.(7) in Ref. [5])
where zπσ ≈ 0.15 Å is the distance between π-σ orbitals, πσ ≈ 10 eV is the energy between π-σ orbitals, F ≈ 150 meV is the Fermi level. Assuming
the scattering times τ in bilayer and monolayer are
(a)
(mon)
the same order of magnitude, we find |M1 /M1
|∼
(d/zπσ )(me /m)(γ4 /γ0 + δ/γ1 )/(12F /πσ ) ∼ 20 × 20/4 ∼
100, indicating that the magnitude of the ratchet effect
in bilayer graphene should be substantial.
Here, we have compared symmetry breaking due to
either disorder or an external gate voltage. In principle, the presence of a substrate could also break symmetry by introducing a stronger electrostatic potential
in one layer of the bilayer than the other. Such an effect could be accounted for by parameter ∆ in Hamiltonian (4) and subsequent results including Eqs. (17,18).
To estimate its magnitude, the value of ∆ should be compared with γ1 = 0.4 eV [18, 21] [as in Eq. (17), for example]. Substrate-induced ∆ could be significant in certain circumstances: for example, it has been estimated
to be 30 meV for rippled graphene on SiO2 [23] and for
graphene on hexagonal boron nitride at a small misalignment angle [24–26].

IV.

CONCLUSIONS

We have considered the orbital effect of an in-plane
magnetic field on electrons in bilayer graphene. Previously the orbital effect of an in-plane magnetic field
on the electronic spectrum was modeled [27–29] using
the so-called minimal tight-binding model which includes
only intralayer and vertical interlayer coupling, accounting for quadratic in magnetic field terms in the lowenergy Hamiltonian. At low energy, these terms have
a similar effect as homogeneous lateral strain in producing a change in topology of the band structure [30–34],
although, owing to the small interlayer distance, a huge
magnetic field of magnitude ∼ 100 T would be required
to observe this. Here, we derived linear-in-field terms
in the Hamiltonian Eq. (4) arising from skew interlayer
coupling and non-uniform on-site energies. We found two
types of term, the first has the form of the Lorentz force
and it causes the pseudospin (the relative amplitude of
the wave function on the two layers) to acquire a small
component perpendicular to the graphene plane, the second term is off-diagonal in the layer-space and it creates
a small perturbation of the pseudospin direction within
the graphene plane. We modeled the influence of these
terms on electronic scattering and their manifestation in
the magnetic ratchet effect. We estimate that the effect
should be substantial, two orders of magnitude greater
than that in monolayer graphene [5], as well as being
sensitive to the nature of disorder and tunable by gate

7
voltage.
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