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Abstract

This thesis, entitled Spectral Theory Using Linear Systems and Sampling from the Spectrum of
Hill’s Equation is submitted by Caroline Brett, Master of Science for the degree of Doctor of
Philosophy, September 2015. It uses linear systems to solve various problems connected with
Hill’s equation, —f” + qf = Af for ¢ € C?, real-valued and m-periodic. Introducing a new
operator, R, constructed from a linear system, (—A, B,C) allows us to solve Hill’s equation
and the inverse spectral problem. We use R, to construct a function, T'(x,y) that satisfies a
Gelfand-Levitan integral equation and then derive a PDE for T'(z, y). Solving this PDE recovers
g. Extending Hill’s work in [28], we show that there exist Hilbert-Schmidt operators, R, and R,
analogous to R, such that the roots of their Carleman determinants are elements of the periodic
spectrum of Hill’s equation.

The latter half concerns sampling from entire functions in Paley—Wiener space. From the
periodic spectrum of Hill’s equation we derive a sampling sequence, (t,)nez. Whittaker, Ko-
tel’'nikov and Shannon give a sampling result for (n),cz where samples occur at a constant rate.
Samples taken from the periodic spectrum do not occur at a constant rate, nevertheless we pro-
vide analogous results for this case. From (¢,,)n,ez we also construct Riesz bases for L?[0, 7] and
L?[—7, 7], the Fourier transform space of PW (7). In L?[0, 7] we construct the dual Riesz basis
using linear systems. Furthermore, we show that the determinant of the Gram matrix associated
with the Riesz basis is a Lipschitz continuous function of (¢, )nez-

Finally, we look at an integral, I, associated with Ramanujan and use it to create a basis for

PW (g) We conclude with an evaluation of various determinants associated with 1.
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Chapter 1

Introduction

One of the themes of this thesis is to calculate determinants. We therefore include a chapter
detailing the necessary general theory to allow us to calculate the various determinants. Of
particular interest will be the Carleman and Fredholm determinants defined for the Hilbert—
Schmidt and trace class operators acting on some Hilbert space, H. It is with these operators
that we pick up the story, stating various well-known results that will be required in subsequent
proofs throughout the thesis. After providing some light background material on the Hilbert—
Schmidt and trace class operators we then take a deeper look at their corresponding Carleman
and Fredholm determinants. Carleman determinants are defined for I 4+ T where T is a Hilbert—
Schmidt operator, while Fredholm determinants are defined for I + S where S is a trace class
operator. When giving results involving determinants in this thesis, we will often switch between
the Carleman and Fredholm determinants. This is because, although Fredholm determinants
appear to be a more natural choice, it is often easier to show that an operator is Hilbert—Schmidt
than trace class, hence we use Carleman determinants when this is the case.

Much of the work we do will be carried out in Hilbert spaces. Of particular relevance are
the Paley—Wiener spaces. Paley—Wiener spaces consist of band-limited functions and find uses
in areas such as sampling. Naturally, our work on sampling in Chapter 5 will be conducted in
Paley—Wiener spaces. In his papers McKean adopts the approach of constructing a space to
meet his requirements. For example, McKean introduces special spaces of entire functions that
depend upon the solutions of Hill’s equation, and thus on the potential of Hill’s equation. This
method of constructing spaces is not ideal for problems such as the inverse spectral problem.
We therefore choose to give results that work in standard spaces and the Paley—Wiener spaces
provide a suitable setting for this.

We conclude our chapter on general theory with a discussion about linear systems, another
theme of this thesis. One of our main ideas is to use linear systems to solve various problems via
the introduction of a new operator, R,. For example, we use linear systems to solve Gelfand—
Levitan integral equations and differential equations such as Hill’s equation. We also use linear
systems on Carleman and Fredholm determinants to give conditions which, when satisfied, pro-
duce the periodic spectrum of Hill’'s equation. Generally, the linear systems used will be of the
form (—A, B,C) where —A is the generator of a strongly continuous semigroup.

Given a differential equation, there are two problems that we can consider with respect to its



spectrum. The spectral problem is to find the spectra of the differential equation given that the
potential is known. The inverse spectral problem involves recovering a suitable potential from
the spectral data. In this thesis we use Hill’s equation as an example of a differential equation

and consider aspects of the two spectral problems. Hill’s equation takes the form
—f"+af =Af

where g is real-valued, m-periodic and twice continuously differentiable. The function ¢ is referred
to as the potential and \ an eigenvalue. We take a particular interest in the periodic spectrum of
Hill’s equation, that is, the eigenvalues whose corresponding eigenfunctions are 7 or 27-periodic.
Indeed, in Section 4.5 we see that the roots of the Carleman determinants of the Hilbert—Schmidt
operators, R, and R, are elements of the periodic spectrum of Hill’s equation. In order to consider
the inverse spectral problem we introduce a Gelfand—Levitan integral equation which is defined
using a scattering function, ¢. In this thesis we construct the scattering function from a known
linear system, (—A, B,C') and see that it arises as the inverse Laplace transform of the transfer
function associated with (— A, B, C'). The construction of the scattering function from (—A4, B, C)
allows us to solve problems such as the inverse spectral problem using linear systems.

As already mentioned, Hill’s equation, a linear, second order differential equation will be
central to this thesis. We seek to find the solutions of Hill’s equation, the periodic spectrum
and recover a potential of Hill’s equation using linear systems. The use of linear systems in this
context is a novel approach. Indeed we show that the linear system, (—A, B, C) that was used
to construct the function T'(x,y) where T satisfied the Gelfand—Levitan integral equation, can
also be used to construct a solution to Hill’s equation. Further, we seek to use linear systems
to characterise the periodic spectrum of Hill’s equation. The periodic spectrum consists of
eigenvalues relating to periodic solutions of period 7 or 27. Since the periodic spectrum is used
to create a sampling sequence in Chapter 5, it will be necessary to have a way of deriving the
periodic spectrum. This can be done using a modified system, (—A, B,C, M). We show that
the periodic spectrum of Hill’s equation consists of the roots of various Carleman and Fredholm
determinants of operators constructed from systems such as (—A, B,C, M).

In order to recover the potential of Hill’s equation we use a Gelfand-Levitan integral equation
and we suppose that the scattering function, ¢ is even and twice continuously differentiable on
the real line. If there exists a function T'(z,y) satisfying the Gelfand-Levitan integral equa-
tion then it can be shown that T'(z,y) satisfies a partial differential equation. Interestingly, the
resulting partial differential equation is dependent upon the potential of Hill’s equation. This
provides a way in which we can solve the inverse spectral problem. For, if the scattering function
is constructed from a linear system, (—A, B,C) then that same linear system can be used to
construct T'(x,y) providing T satisfies the Gelfand—Levitan integral equation. Since T satisfies
the Gelfand-Levitan integral equation it therefore satisfies a partial differential equation depen-
dent upon the potential of Hill’s equation, hence the potential can be recovered using the linear
system, (—A, B,C). The new approach in this thesis to use (—A, B, C') to construct an operator
R, of the form



and use R, to define the function T'(z,y).

We have touched upon Paley—Wiener spaces being the traditional setting for sampling theory.
Also, we noted that the periodic spectrum of Hill’s equation can be used to construct a sampling
sequence. If )\, is an element of the periodic spectrum of Hill’s equation then it can be shown by
Borg’s estimates that \,, is of order n? in size. By setting t,, = v/\,, we create a sequence, (t,, )nez
that we can compare with the sequence (n),ecz, showing that (¢, )nez is a sampling sequence.
The importance of sampling sequences is that for a Hilbert space, H of entire functions and
sampling sequence, (t,)ncz, we can reconstruct a function, f € H from the values (f(t))nez.
This idea is expressed in a theorem by Whittaker, Kotel’'nikov and Shannon. However, the
Whittaker—Kotel'nikov—Shannon Sampling Theorem is valid for sampling sequences where the
samples occur at a constant rate. Initially, the elements of the periodic spectrum of Hill’s equation
do not occur at regular intervals of some constant, set length, hence sampling from the periodic
spectrum cannot occur at a constant rate. We therefore seek to find a result analogous to the
Whittaker—Kotel’'nikov—Shannon Sampling Theorem that holds for a sampling sequence derived
from the periodic spectrum of Hill’s equation and such that the rate of sampling is not constant.

The problem of reconstructing functions naturally leads us to consider bases. It is well
known that the set {ei”’c}n&Z gives an orthonormal basis for L?[—m,7]. Given (t,)nez is a
sampling sequence derived from the periodic spectrum and that (¢,),cz behaves like (n)pez, it
is natural to ask whether {e"n*} _ also forms an orthonormal basis for L?[—m,7]. Tt turns
out that this is not the case, however, we can show that {e“"z}n ez forms a Riesz basis for
L?[—m, m]. Furthermore, we also find that the space L?[0, 7] has Riesz basis {cost,z },en where,
under certain circumstances, the dual Riesz basis can be constructed using the linear system,
(—A, B,C).

Furthering our discussion on sampling sequences, we also look for ways to calculate the
Gram matrix of a sequence. Since the Gram matrix of an orthonormal sequence is equal to the
identity matrix, this observation allows us to compare sequences with orthonormal sequences.

We construct the Gram matrix of the Riesz basis {e“"w} and show that the resulting Gram

nez
matrix is a Lipschitz function of the sequence (¢,)ncz. This is another main result of this
thesis. Furthermore, we show that the sampling sequence, (¢, )nez is associated with a Carleman
determinant which depends in a Lipschitz continuous way on (¢, )necz. This is a crucial technical
point that Blower, Brett and Doust present in their paper [7].

The final aim of this thesis is to evaluate some determinants associated with an integral

appearing in the work of Ramanujan. The integral, which we refer to as I, (t) takes the form

I.(t) :/2 (cos )2 2™ dx

3
and arises in sampling theory. The integral, I, is a Paley—Wiener function and we show that
{I2p }pen gives a basis for the even functions in the space PW (%) Following this we analyse
determinants with entries I,(t; — k) for j,k € Z. Although we prove that the results hold for
a general sequence, (t,)nez, they do in fact hold for the sampling sequence obtained from the
periodic spectrum of Hill’s equation. Of particular interest is the case in which ¢ € N and
t; = j. By Ramanujan’s formula, I,(t; — k) can be expressed in terms of Gamma functions.

Furthermore, for a € N and t; = j, the Gamma functions become factorial expressions and so



we can provide a formula for I,(¢t; — k) involving factorials. The resulting matrix with entries
I,(j — k) for a € N has a Toeplitz shape. As far as we are aware, there has not been a previous

attempt to construct such matrices and determinants.



Chapter 2

General Theory

This chapter is, as the title suggests, devoted to the general theory and background material that
will be necessary to create the foundations of this thesis. We start with a gentle introduction
to operators, focusing in particular on Hilbert—Schmidt and trace class operators. Dunford
and Schwartz provide a detailed analysis of Hilbert—Schmidt operators in [15]. A gentler and
somewhat basic approach is given by Young in [55]. Results that supplement the work of Young
can be found in [49]. Readers wanting an alternative construction of the Hilbert—-Schmidt and
trace class operators should consult Nikolski [39] (Section 2.1, page 211).

This is followed by a brief introduction to some properties of entire integral functions as given
by Titchmarsh in [54].

We then turn our attention to matrices and define the Vandermonde and Toeplitz matrices
since these will be used in Chapter 6. Further, we define various determinants that will be used
throughout the thesis. In particular, we define the Carleman determinant that is associated with
the Hilbert—Schmidt operators and the Fredholm determinant that is associated with the trace
class operators.

Next we show the reader how to construct the Paley—Wiener spaces. We recall the definition
of the L? Fourier transform and use this to define the band-limited functions, which in turn make
up the Paley—Wiener spaces. Most of our work on sampling in Chapter 5 will be conducted in
Paley—Wiener spaces.

Following this we introduce two Hilbert—Schmidt operators U and U* that are Fourier trans-
forms defined on a restricted range of integration. We use these operators to construct another
operator, S that has links with the Paley—Wiener spaces. Indeed we see that S is an integral
operator whose kernel gives a reproducing kernel for the Paley—Wiener spaces.

The chapter concludes with an introduction to linear systems. Following the style of Chen in
[8], we define a linear system, (—A, B,C, D) and show the form of a solution of the differential
equation associated with such a system. The solution requires a strongly continuous semigroup

generated by —A. The final task being to give a specific example of a linear system.



2.1 Operators

Throughout this thesis we will work in a specific type of space known as a Hilbert space. We
therefore begin by introducing Hilbert spaces and provide some basic definitions concerning
operators that act on these spaces. For completeness we provide definitions that the reader
should be familiar with such as linearity and boundedness, and we define what is meant by the
adjoint of an operator. This short section culminates with a proposition that demonstrates some
useful properties of the adjoint operation. These properties will be called upon in later proofs.

We first define an inner product space and use this to define a Hilbert space.

Definition 2.1.0.1 Let V' be a complex vector space and let the map, (-,-) : V. x V — C be such
that:

(i) (z,y) = (y, x);

(ii) (cx,y) = ({z,y);

(iii) (z +y,2) = (x,2) + (y, 2);

() (z,z) >0 for x #0,

forall z,y,z € V and c € C. We say that (-,-) is an inner product and the pair (V,(-,-)) is an

inner product space.

Definition 2.1.0.2 Let H be a complex vector space with inner product, (-,-). If H is a complete
melric space with respect to the metric induced by (-,-) then we say that (H,(-,-)) is a Hilbert

space.

Remark 2.1.0.3 [t should be noted that the reader is to assume that, unless otherwise stated,

all Hilbert spaces, (H,{-,-)) are complex and separable.

Next we turn our attention to operators. We briefly define linear and bounded operators

before restricting our attention to integral operators.

Definition 2.1.0.4 Let V and W be vector spaces over the same field, F. If a map, T :V — W

satisfies
T(A\v1 + pwe) = AT (v1) + pT(v2)
for all vi,vo € V and \,u € F, then we say that T is a linear operator.
Definition 2.1.0.5 Let T : V. — W be a linear operator with V,W normed spaces. If
[Tv]l < C vl

for some C' > 0 and for all v € V, then T is a bounded operator. We define the norm of the
operator T', | T|| ., to be the smallest such C for which T' is bounded.

We now define a particular type of operator known as the integral operator.

Definition 2.1.0.6 Let a,b,c,d € R. An integral operator, T : L?[a,b] — L?[c,d] is an operator
satisfying,

b
(TF)(t) = / k(t,2)f(z) de (2.1)



fore<t<d. Wecall k: [c,d] X [a,b] — C the kernel and take k(t,x) to be continuous for all t

and x.

Knowing that an operator is an integral operator can often simplify calculations. For example,
in Section 2.1.1 if we have an integral operator then we can easily show that it is Hilbert—Schmidt
by verifying that the kernel satisfies a given condition.

We conclude this section by defining the adjoint of an operator and stating some of its

properties.

Definition 2.1.0.7 Let Hy and Hy be complex Hilbert spaces and suppose that T : Hy — Ho is
a bounded linear operator. We define the adjoint of T to be the operator T* : Hy — H1 satisfying

the equation

<Tfag>H2 - <faT*g>H1' (22)

If T is an integral operator with kernel k(x,y) then the adjoint of k(x,y) is k(y,z). An operator,
T is said to be self-adjoint if T = T* or equivalently, k(x,y) = k(y,x).

Having an operator that is self-adjoint can simplify proofs greatly. In later sections we also
see that it provides information about the eigenvalues of an operator. The following proposition
provides a helpful list of properties that the adjoint satisfies. For a proof of the statement along

with more detailed information regarding adjoint operators, we refer the reader to [49] (Section

56, page 262 and Theorem A, page 265).

Proposition 2.1.0.8 Let T,T1 and Ty be operators with adjoint’s T*, Ty and Ty respectively.
Then the following properties hold:

(i) (Tt + Tp)" =T + T3

(ii) (\T)" = \T*;

(iti) (T\Ta)" = T5Ty;

(iv) T** =T,

W) 1Tl = IT]].

2.1.1 Hilbert—Schmidt Operators

In this section we focus on a particular class of operators known as the Hilbert—Schmidt operators.
We define what is meant by a Hilbert—Schmidt operator and state some of the basic properties.
In Section 2.3 we will return to define the corresponding Carleman determinants. Knowing
whether an operator is Hilbert—Schmidt will be crucial for our work on determinants in Section
4.5. There, we introduce for suitable systems of the form (—A, B,C, M), operators R, and R,
whose Carleman determinants have roots that are elements of the periodic spectrum of Hill’s
equation. This is one of the main new ideas of the thesis. More information regarding Hilbert—
Schmidt operators and the details of the proofs that have been omitted here can be found in [15]
(Section XI.6, page 1009).
First we introduce the Hilbert—Schmidt operators via the Hilbert—Schmidt norm.

10



Definition 2.1.1.1 Let Hy and Hs be Hilbert spaces and T : Hy — Hy a linear operator. Let
(en) € Hy be an orthonormal basis then the Hilbert-Schmidt norm, | T|| ;¢ of the operator T is
defined by
2 *
ITlgs =t (T°7)

> I Teal®

Remark 2.1.1.2 Note that the Hilbert-Schmidt norm is independent of the choice of basis. See
[15] (Lemma 2, page 1010).

Definition 2.1.1.3 If T : Hy — Hy is a bounded linear operator with finite Hilbert—Schmidt

norm then we say that T is a Hilbert—Schmidt operator.

Remark 2.1.1.4 We observe that Definition 2.1.1.3 can be used to show that an operator is
bounded. For if we can show that an operator is Hilbert—Schmidt then it follows from the definition

that it must also be bounded.

The following proposition shows that the set of Hilbert—Schmidt operators itself forms a
Hilbert space. It also justifies the definition of Hilbert—-Schmidt norm given in Definition 2.1.1.1.

Proposition 2.1.1.5 Let HS be the set of Hilbert—Schmidt operators on a Hilbert space, (H, (-, ))

with orthonormal basis, (e,). Then HS is itself a Hilbert space for the inner product given by
(T,S)ns = Y (Ten, Sey).

Proof. By Definition 2.1.0.2, (HS, (-,-)us) is a Hilbert space if it is a complete metric space.

We use the definition of a metric space as provided by Simmons in [49] (Section 9, page 51) to

verify that (HS, (-,-) gs ) is indeed a metric space. Suppose that HS has metric d given by,
d(T,8) = |IT = S us

where T',S € HS. First we check the positivity of d, this follows from the positivity of the norm,

hence

iT,S) = \/Z 1T = S)en?
0.

>

Further, d(T,S) = 0 if and only if 3>, [[(T' = S)e,||> = 0. Clearly, 3 |[(T — S)en || = 0 if and
only if ||[(T' — S)e, || = 0 for all n. It follows that d(T,S) = 0 if and only if T'— .S = 0 as required.

Next we check that d is symmetric. Now,

\/Z 1T - S)eal?
\/Z—1|2 1S = Thea

d(S,T)

(T, S)

proving the symmetry of d.

11



Finally we show that d satisfies the triangle inequality. Let R € HS then
d(T,8) = |IT -S|
= (T =R)+ (R~ 9l
= (T-R)+(R=25),(T - R)+(R—9))ns.
Since inner products are distributive with respect to addition we have
d(T,8)> = (I'-R,T—R)us +{T—R,R—S)us +(R—S,T - R)us +(R—S,R— S)us
= |7~ Rlfys + (T~ R,R~S)us + (R~ S.T ~ Ryus +|R ~ s
Now, by the Cauchy—Schwarz inequality we have

d(T, S)*

IN

IT = Rl%s + 1T = Rllus IR = Sllus + IR = Slus 1T = Rllus + IR = Sls
= (IT ~ Rllys + IR~ S| ys)*
= (d(T,R) +d(R,S))*.

Upon taking the square root of both sides we see that d satisfies the triangle inequality. We have
thus shown that (HS, (-, ) gs) is a metric space.
We finish the proof by showing that (HS, (-,-) gs) is complete. Let T' be a Hilbert—Schmidt

operator with matrix given by A = [(T’¢;, ¢;)]. . (see Definition 2.3.0.20). Then

4.7
2 *
1Ty = tr(A"A4)
2
= Z|<Tejvei>"
2

where the map ||||2HS : HS — /2(N x N) is an isometry. The space £?(N x N) is complete by
[55] (Theorem 3.2, page 21), therefore (HS, (-, ) gs ) is also complete. [

Definition 2.1.1.3 can sometimes be problematic to use in practice to show that a given
operator is Hilbert—Schmidt. In the case of an integral operator there exists an easier method to
determine whether an operator is Hilbert—Schmidt or not. The following result shows how this

can be done. For a proof we refer the reader to [55] (Theorem 8.8, page 93).

Proposition 2.1.1.6 Let T : L*[a,b] — L?[c,d] be an integral operator with kernel k as in (2.1).
Then T is a Hilbert-Schmidt operator if and only if,

d b
/ / k(t, 2)|? de dt < oo,

Staying with integral operators, the following proposition shows that the adjoint of a Hilbert—
Schmidt operator is also a Hilbert—Schmidt operator. The proposition also gives the form that

the adjoint takes.
Proposition 2.1.1.7 Let T : L*[a,b] — L?[c,d] be a Hilbert-Schmidt operator defined by
b
Tfa) = [ ke f) dy

Then the adjoint, T* : L*[c,d] — L?[a,b] is given by

d
T*g(y) = / Rz 9)o(c) de.

Furthermore, T™ is also a Hilbert-Schmidt operator.

12



Proof. Let T : L?*[a,b] — L?[c,d] be an integral Hilbert-Schmidt operator. Write T'f(z) =
f; k(x,y)f(y) dy then, by Definition 2.1.0.7 we have

(T r2ay = (Tf,9) L2 ca

d PR
[ Crars

Substituting in 7' f(z) and reversing the order of integration gives

d b
([, T*9) 1210 = /(/ k(x,y)f(y)dy>9(w)dw

Il
T~
o
N
c\
Qu
Bl
—~
&
s
i‘i‘
Q
5
~
~
—~~
s
QL
N

Il
T~
o
N
T~
Y
l
—
8
s
=8
&
Q
5
~_
~
—~~
s
QL
N

Hence,

d
Tg(y) = / k(z,y)g(x) dx

as required.
We finish by showing that 7™ is also a Hilbert—Schmidt operator. By Proposition 2.1.1.6,
2
since T is a Hilbert—Schmidt operator, f; fcd \k(z,y)|? dody < oco. Now, k(x,y)‘ = |k(z,9)|

2
k(z, y)‘ dz dy < oo. Thus T* is also Hilbert—Schmidt. [ |

and so it follows that f : fcd

It turns out that the above proposition holds for all Hilbert—Schmidt operators. That is to
say that given any Hilbert—Schmidt operator the adjoint is also a Hilbert—Schmidt operator.
This result is contained within the next proposition. It can be found, with proof in [15] (Lemma

2, page 1010).

Proposition 2.1.1.8 Suppose that T : Hy — Hs is a Hilbert-Schmidt operator and let T* :
Hy — Hy denote the adjoint of T. Then ||T| gs = |T* || g - Furthermore, T* is a Hilbert—

Schmidt operator.

Proof. Note that by Proposition 2.1.0.8, | T|| ;s = [|77|| s - Definition 2.1.1.3 then immediately
tells us that T is a Hilbert—Schmidt operator. [ |

We return to the case of a general Hilbert—Schmidt operator and provide some results that
will be called upon in later sections. First we see that the product of a bounded operator and a

Hilbert—Schmidt operator is a Hilbert—Schmidt operator.

Proposition 2.1.1.9 Suppose that we have operators R and S such that R is bounded and S is
Hilbert—Schmidt. Then RS and SR are Hilbert—Schmidt operators.

Proof. We show that the operators RS and SR are Hilbert—Schmidt by calculating their Hilbert—

Schmidt norms and showing that they are finite. First we calculate the norm of RS,

IRS|%s = > [IRSen|?.
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Since R is bounded it follows that [[RSe, || < [|R]|, [|Ses ||, thus,

2 2
HR”op Z ||S€nH
n

2 2
IR |op 151 s -

IRS 3

IN

Since S is Hilbert-Schmidt it follows that || RS|| ;44 is finite and therefore RS is Hilbert—Schmidt.
Next we show that SR is Hilbert—Schmidt by showing that its adjoint, R*S™* is Hilbert—
Schmidt. That is, we show that

* o (|12 * Qo 2
IR*S* s = DI R"S" e

is finite. Now, by Proposition 2.1.0.8 we have ||R*|| = || R||, therefore, given that R is bounded,
it follows that R* is also bounded. Thus, [[R*S"e,| < [[R*|,, [S*en|. Furthermore, by
Proposition 2.1.1.7, since S is Hilbert—Schmidt, its adjoint, S* is also Hilbert—Schmidt. Hence,

2 2
IR (% D1l enl
n

2 2
IR op 157 s

|R*S™ |34

IN

from which it follows that || R*S*|| ;g is finite. This shows that the operator R*S* is Hilbert—
Schmidt. Another application of Proposition 2.1.1.7 shows that the adjoint of R*S™*, which is
(R*S*)* = SR, is also Hilbert-Schmidt. This completes the proof. [ ]

Finally, we conclude this section with a result about the eigenvalues of a Hilbert—Schmidt

operator. The proof can be found in [15] (see proof of Theorem 25, page 1034).

Proposition 2.1.1.10 Let T be a Hilbert-Schmidt operator with eigenvalues {\,}°2 , listed ac-
cording to multiplicity. Then

oo

> Anl? < 0.

n=1
2.1.2 Trace Class Operators

As in the previous section we focus on a particular type of operator and provide some basic
results that will be called upon in later sections. Here we introduce trace class operators which
we define using the Hilbert—Schmidt operators. We return to trace class operators in Section 2.3

to define the corresponding Fredholm determinants.

Definition 2.1.2.1 Let T' = RS where R and S are Hilbert—Schmidt operators. Then we say

that T is a trace class operator.

In the following proposition we note that the sum of two trace class operators is again trace

class.

Proposition 2.1.2.2 Let T and W be trace class operators. Then T + W is also a trace class

operator.

14



Proof. Let T and W be trace class operators and suppose that T'= RS and W = UV where
R,S,U,V are Hilbert—Schmidt. Then

T+W = RS+UV

o] |f

T
where {R U} and {S V} are Hilbert—Schmidt since R,S,U and V are Hilbert—Schmidt.
Therefore, T'+ W is the product of two Hilbert—Schmidt operators and hence by Definition

2.1.2.1 is trace class. |
We continue by defining the norm of a trace class operator.

Definition 2.1.2.3 Let R and S be Hilbert—Schmidt operators so that T = RS is a trace class

operator. Then the trace class norm, ||T'|| p is given by
1T re = mf{[| Rl g 1S ps : T = RS}
The following lemma gives a condition under which a matrix is trace class.

Lemma 2.1.2.4 Let [ai;]; ; be a complex matriz such that
Z |aij\ < 00.
,J

i is trace class.

Then [aij]

Proof. Let [a;;]; ; be a complex matrix and let E;; be the matrix with 1 in the (i, )" position
and zeros everywhere else. We can write any complex matrix as a sum of matrices of the form

E;;, where the coefficient of E;; is given by the (i,7)*™ element of the original complex matrix.

¥R
We therefore have

laigl; ; = Y ai; Bij.
i

We want to calculate the trace class norm of [aij]ij and show that it is finite. First note that

since F;; = Fj; Fy; where Ey; and Ej; are Hilbert-Schmidt, it follows from Definition 2.1.2.3 that
[Eiillre < 1 Eiullus 1Bl gs - (2.3)
By Definition 2.1.1.1 we have
1B |5 = tr (E5Eq;)

and since E;; is real it follows that

* _ T
E; = Ej
= Ej.
Thus for any i, j € Z we have
1Bl s = tr (EjiEy)
= tr (Ej)
= 1.



It now follows from (2.3) that || E; < 1, hence,

jHTC

E aijEij
0,J

IN

> laij |1 Bijll o
i
< > lagl.

i

Since }_; . |asj| < oo by hypothesis, we conclude that [a;;]; ; is trace class. |

i,

TC

As with Hilbert—Schmidt operators, it can be shown that the adjoint of a trace class operator

is also trace class. We address this in the following proposition.

Proposition 2.1.2.5 Suppose that T is a trace class operator then the adjoint, T* is also trace

class.

Proof. Let T be a trace class operator then by Definition 2.1.2.1, T = RS for some Hilbert—
Schmidt operators, R and S. Now, using Proposition 2.1.0.8 we see that T* = S*R* where
S* and R* are Hilbert—Schmidt by Proposition 2.1.1.8. Therefore, T is the product of two

Hilbert—Schmidt operators and so T is trace class. [ |
We finish this section by noting that every trace class operator is a Hilbert—Schmidt operator.
Proposition 2.1.2.6 If T is a trace class operator then T is also a Hilbert—Schmidt operator.

Proof. Suppose that T is a trace class operator. By Definition 2.1.2.1 we have T' = RS where
R and S are Hilbert—Schmidt operators. It then follows from Definition 2.1.1.3 that R and S are
both bounded. Therefore, by Proposition 2.1.1.9, T is also Hilbert—Schmidt. [ ]

2.2 Entire Functions

The purpose of this section is to show that any entire function of order % has infinitely many
zeros and to show that the function can be written as a convergent infinite product. This result
will enable us to discover various properties of functions relating to Hill’s equation in Chapter 4.

Definitions and results contained within this section can be found in [54] (Chapter 8, page 246).

Definition 2.2.0.7 An entire function, f is said to be of order p > 0 if, for all ¢ > 0, there
exists some constant C such that

|£(=)] < Gl
for all z € C.

A function of finite order has associated with it a convergent infinite product known as the

canonical product. Before defining the canonical product we give two preliminary definitions.
Definition 2.2.0.8 Define the functions E(-,q) by

E(z,0) = 1-—u;

12 T
E(J?,q) = (1_$)€z+7+...+7’1

for g € N. We call the functions E(-,q) the primary factors.
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Definition 2.2.0.9 Let f be an entire function of finite order with zeros (z,)2,. The smallest

is convergent for all z € C is known as the genus.

non-negative integer, r for which

z
Zn
Remark 2.2.0.10 Note that since v > 0, the sum in Definition 2.2.0.9 is concerned only with

positive powers. Indeed we have r +1 > 1.

The following lemma can be found, with proof, in [54] (Section 8.22, page 249). It shows the

relationship between the order of a function and its genus.
Lemma 2.2.0.11 Let f be an entire function of order p and with zeros (z,). Then the series
> r
@
s convergent when a > p.

Combining Lemma 2.2.0.11 with Definition 2.2.0.9, we see that for a function with order p

and genus r we must have r + 1 > p. We now continue to define the canonical product.

Definition 2.2.0.12 Let f be an entire function of finite order with zeros (z,,)22, and suppose

that f has genus r. The canonical product is given by the convergent product
i z
H E [, 7} .
n=1 #n
The next proposition is known as Hadamard’s Factorisation Theorem. It appears with proof
in [54] (Section 8.24, page 250).

Proposition 2.2.0.13 Let [ be an entire function of order p such that f(0) # 0. Let f have

zeros (zp,)22, then

f(z) =) ﬁ E [;,r}
n=1 n

where P(z) is a polynomial of degree m such that m < p.

We now come to the main result of this section. It states that for a function of order %, the

function has infinitely many zeros and can be expressed as a convergent infinite product.

Proposition 2.2.0.14 Let f be an entire function of order . Then f has infinitely many zeros,

2
(2)92 1. Further, if £(0) # 0 then

£(2) _Cf[1 [1— ;n]

for some constant, C.
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Proof. Suppose that f is an entire function of order % and let f have zeros (z,)52 ;. By Lemma

2.2.0.11, the series

= 1
; |2 |*
is convergent for a > % Furthermore, by [54] (Section 8.26, page 252) the series is divergent for
a < % Since divergence occurs for a < % we must have an infinite series. Thus f has infinitely
many zeros.
Now suppose that f(0) # 0 and apply Hadamard’s Factorisation Theorem 2.2.0.13. Since
f has order % it follows from Definition 2.2.0.9 and Lemma 2.2.0.11 that the genus, r is the
smallest non-negative integer such that r > —%, hence r = 0. Given that f has zeros (z,)52 4, it

now follows from Proposition 2.2.0.13 that
ad z
— Q%) E|lZ.0
=9 I { }
1

where Q(z) is a polynomial of degree less than 5. Clearly we take Q(z) to be a constant
polynomial and so e?2(®*) = C for some constant, C. Finally, by Definition 2.2.0.8 we see that
E{i 0} =1- = andso

2Zn?

o-eifi-

n=1

as required. [ |

2.3 Matrices and Determinants

Here we introduce special types of matrices that will be used in later chapters. Specifically, we de-
fine the Vandermonde matrix and its determinant since this will be used explicitly in calculations
throughout Chapter 6. We also describe a Toeplitz matrix so that the reader can become familiar
with the shape. In Section 6.5 we show that matrices associated with Ramanujan’s integral are
Toeplitz. We also return to the subject of Hilbert—Schmidt and trace class operators, defining
the Carleman and Fredholm determinants and their traces. Carleman determinants are defined
for I + T where T is a Hilbert—Schmidt operator, while Fredholm determinants are defined for
I + S where S is a trace class operator. The Carleman determinant is useful since it is easier
to test whether an operator is Hilbert—Schmidt than to test if it is trace class. Carleman and
Fredholm determinants will be used in Section 4.5 to give results regarding the periodic spectrum
of Hill’'s equation. A detailed theory regarding the determinants and traces of Hilbert—Schmidt
and trace class operators can be found in [51].

We begin by looking at two types of matrices; the Toeplitz matrices and the Vandermonde

matrices.

Definition 2.3.0.15 A matriz, A = [a;;]{;_, is said to be a Toeplitz matrix if it has the form

18



A= [ai,j}ﬁjzl. That iS,

[ aq a_1 Aa—2 af(nfl)_
aq Qg a_1
A= ag aq Qg
a_z
a_1
_an,l az ai Qg ]

The elements of a Toeplitz matriz satisfy the relation

Qi = Qj41,5+1-

Remark 2.3.0.16 Note that the elements of a Toeplitz matrixz are constant along the leading

diagonals.

Definition 2.3.0.17 Let V' be an n X n matriz of the form

2 n—1

1 2z 27 - 2
2 n—1

1 20 25 -+ 2z

V =

2 n—1

1 oz, z; - 2z

where z; € C for j =1,...,n. Then V is known as a Vandermonde matrix. Furthermore, V

has Vandermonde determinant given by

detV = H (21 — 25).

1<j<k<n

The Toeplitz and Vandermonde matrices will be used in Chapter 6. Next we introduce
another form of matrix known as Hill’s type. As we shall see, a Hill’s type matrix is related to

a trace class operator.

Definition 2.3.0.18 Let
1 ifi=j
0 if i #j.
The matriz, [a;;l; ; is said to be of Hill’s type if
Z \aij — 57._]| < 0.
.
Remark 2.3.0.19 Note that if A is of Hill’s type then by Lemma 2.1.2.4, A — I is trace class.

Having defined some of the matrices that will appear in later chapters we now move on to
define the determinants that will be used. We have previously described Hilbert—Schmidt and
trace class operators and we now return to define their Carleman and Fredholm determinants
respectively. First, for completeness, we define the matrix of an operator and the standard

determinant.
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Definition 2.3.0.20 Let (H,(-,-)) be a Hilbert space with basis (e;) and let T : H — H be an
operator. For Te; € H we may write
Tej = Z <T6j, €i>ei- (24)

We define the matrix of T with respect to the basis (e;) to be

(Tej.enl,,

where i denotes the row and j denotes the column. The coefficients of the basis elements in (2.4)

form the j™* column of the matriz of T.

Definition 2.3.0.21 Let S,, denote the symmetric group on {1,...,n} and let A = [aij]?jzl be

an n x n complex matriz. We denote by det A the standard determinant as given by the formula,

det A= " sgn(o) [[aog,-
j=1

ocES,
Remark 2.3.0.22 If A has eigenvalues {A1,..., A\, } listed according to multiplicity then A has

determinant
n
j=1

Having defined a basic determinant we now turn our attention to Fredholm determinants
which arise in the presence of trace class operators. Note the similarity between the determinant
given in Remark 2.3.0.22 and the Fredholm determinant as defined by Definition 2.3.0.24. It
should be noted that the formula for a Fredholm determinant, which here we take as a definition,
has been proved as a result in [51] (Theorem 3.7, page 35). In order for our Fredholm determinant

to be well defined we shall first define the trace of a trace class matrix.

Definition 2.3.0.23 Let T be a trace class operator with eigenvalues {\,} counted with multi-

plicity. We define the trace of T to be the absolutely convergent series

tr(T) = An.

The formula for the trace of a trace class operator that appears in Definition 2.3.0.23 is a
result credited to Lidskii. It can be found in [51] (equation (3.2), page 32 and Theorem 3.7, page
35). We also note that since tr(7') is a convergent sum, the product appearing in Definition

2.3.0.24 is also convergent, hence the Fredholm determinant is well defined.

Definition 2.3.0.24 Let T' be a trace class operator on Hilbert space, H. Suppose that T has
eigenvalues {\,} counted with multiplicity. We define the Fredholm determinant of T' to be

det(T+T) =[] 11+ Anl.

n

Our next task will be to define the Carleman determinant for Hilbert—Schmidt operators.
We first take some time to define the trace of T2 where T is a Hilbert-Schmidt operator before
addressing the issue of Carleman determinants. Note that as well as defining the trace, Definition
2.3.0.25 shows that the eigenvalues of a Hilbert—Schmidt operator are square summable. Again,

the formula provided in Definition 2.3.0.25 can be found in [51] (equation (3.3), page 32).
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Definition 2.3.0.25 Let T' be a Hilbert-Schmidt operator with eigenvalues {\,} counted with

multiplicity. Then the trace of T? is given by the absolutely convergent sum
r (TQ) = Z /\Z.
n

Remark 2.3.0.26 Note that the formula for tr (TQ) follows directly from Definition 2.3.0.23,
for if T is Hilbert-Schmidt then T? is trace class by Definition 2.1.2.1.

We now state the definition of a Carleman determinant. First note that it follows from [15]
(Theorem 26, page 1036) that the product given in Definition 2.3.0.27 is convergent, hence well
defined.

Definition 2.3.0.27 Let T be a Hilbert-Schmidt operator on a Hilbert space, H and suppose
that T has eigenvalues {\,} counted with multiplicity. We define the Carleman determinant to
be

dety (I +T) = [ [1+ An]e .

n
The following proposition shows the relationship between the Carleman and Fredholm deter-
minants, it will be used in Section 4.5 to switch between the two. That is to say, if we find a
condition for one determinant then, assuming we have a trace class operator, the same condition

holds for the other determinant.
Proposition 2.3.0.28 Let T be a trace class operator then the following relation holds,
dety (I +T) = det(I +T)e "7,

Proof. We first note that since T is a trace class operator, det(I + T') is defined. Also, by
Proposition 2.1.2.6, T is Hilbert—Schmidt and therefore dety (I + T') is defined. By Definition
2.3.0.27 we have the convergent product

dety (I +7T) = [ [1+ An]e .

n

Rearranging the terms so that we collect all of the exponential terms together, we thus obtain

dety (I +T) = (H 1+ A,J) e X,

n

It now follows from Definition 2.3.0.23 and Definition 2.3.0.24 that
dety (I +T) = det(I +T)e™ "7
as required. [ |

The following result is a consequence of Proposition 2.3.0.28. Corollary 2.3.0.29 will be used in
Section 4.5 to show that the Carleman and Fredholm determinants can be used interchangeably,

in the sense that the determinants have the same zeros.
Corollary 2.3.0.29 Let T be a trace class operator. Then

deto(I4+T)=0 < det({ +7)=0.
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Proof. Let T be a trace class operator then by Proposition 2.1.2.6, T" is also Hilbert—Schmidt.
Therefore, dets (I +7T) is defined. Now suppose that dets (I +7) = 0. By Proposition 2.3.0.28,
this happens if and only if det(/ + T)e~ "7 = (0. Since the exponential term is never zero, we

conclude that dety (I +7) = 0 if and only if det(I +7T') = 0. [

Next we state and prove Sylvester’s Determinant Theorem. The result is commonly used
with determinants of the form det(I + AB), that is, it is defined for Fredholm determinants with
A, B Hilbert-Schmidt. Here we present the usual case and also show that the result holds for

Carleman determinants.
Proposition 2.3.0.30 Suppose that A and B are Hilbert—Schmidt operators then
det(I + AB) = det(I + BA).
Further,
dets (I + AB) = dety (I + BA).

Proof. We approximate the Hilbert—Schmidt operators by a sequence of finite rank operators.
Let A, be a finite rank operator corresponding to a matrix of size j, X k,. Similarly, let B, be
a finite rank operator corresponding to a matrix of size k, x j,. Let A, B be Hilbert—Schmidt

operators and suppose that 4, —+ A and B, — B as n — co. Then

I.jn +AnBn, —Ap I.jn 0 Ijn —Ap
0 Iy, B, I, B, I,
0 I —A,
_ In In (25)
B, Ikn 0 Ik'n + B, A,

Taking the determinant of both sides of (2.5) then gives

I, +A.B, —A, I, 0

det
0 I

I,
=det | 7" det | " . (2.6)
B, I

B, I 0 Ikn + B, A,

n

det

n n

Notice that each matrix in (2.6) is triangular and so it follows that
det(l;, + A, By,) det(Iy, ) det(I;, ) det(Iy, ) = det(I;,) det(I, ) det(1;, ) det(Iy, + B An).
Hence,
det(I;, + AnB,) = det(I, + BnAy). (2.7)
Taking the limits of both sides of (2.7) as n — oo now gives

det(I + AB) = det(I + BA)

completing the first part of the proof.

Now consider the Carleman determinant. By Proposition 2.3.0.28 we have

dety (I + AB) = det(I + AB)e™ 45,
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Now, since A, B are Hilbert—Schmidst, it follows from [15] (Lemma 14(b), page 1098) that tr AB =
tr BA. Using this together with the first part of the proposition we see that

dety (I + AB) det(I + BA)e~ B4

= dety (I + BA)
as required. [ |

Finally we present Andréief’s Identity. This identity, appearing in Lemma 2.3.0.31 will be
used in the evaluation of Ramanujan’s integral in Chapter 6. It also makes an appearance
in Section 5.4 to help with the evaluation of determinants of Gram matrices. For a proof of

Andréief’s Identity see [3] (Lemma 2.2.2(i), page 51).

Lemma 2.3.0.31 Let B be a bounded interval. For j € {1,...,n}, let f; and g; be continuous

complex functions defined on B. Then,

et | [ fiito) e

n

1 n n
- / / det [f; (@)]7 o, det [ (@) ey dor .. dan.
gk=1 "

2.4 The Construction of the Paley—Wiener Spaces

This section is devoted to the construction of the Paley—Wiener spaces. Paley—Wiener spaces
consist of functions whose Fourier transforms have compact support. If the support of the Fourier
transform is a fixed interval then the corresponding Paley—Wiener space consists of the band-
limited functions. We therefore construct the Paley—Wiener spaces by first defining Fourier
transforms and band-limited functions. Once we have defined a Paley—Wiener space we then
introduce the Paley~Wiener Theorem which states that any function, f € L?(R) that is entire

and of exponential type belongs to a Paley—Wiener space.

2.4.1 Fourier Transforms

We introduce the L? Fourier transform which is a type of integral operator. It can be shown
that the L? Fourier transform can be derived from the L! Fourier transform by taking the limit
in L2. Both the L' and L? Fourier transforms are in fact equivalent. Details of how to construct
the L? Fourier transform from the L! Fourier transform can be found in [46] (Chapter 9, page

178).
Definition 2.4.1.1 For f € L*(R), we define the Fourier transform of f to be,
1 R
where the limit exists in the L? sense.
Fourier transforms are invertible and we define the inverse Fourier transform as follows.
Definition 2.4.1.2 Given f € L?(R) we define the inverse Fourier transform to be,

1 R

where again the limit exists in the L? sense.
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We complete this short section by giving two results that will be used in later proofs. First
an intuitive result that shows that the inverse Fourier transform is indeed the inverse of the
Fourier transform. The result, often referred to as the L? Inversion Theorem, allows us to write
a function, f as the inverse Fourier transform of its Fourier transform. See [46] (Theorem 9.13

(d), page 186) for details.

Proposition 2.4.1.3 Let f € L?(R) and suppose that f has Fourier transform f Then

R L
r) = lim —— t)e"® dt
fla) = im —— [ f
where the limit exists in the L? sense.

Finally we give another result from [46] (Theorem 9.13 (b), page 186) that states that if
f € L? then f has Fourier transform also in L? and such that their norms are equal. The
latter part of this result, that the norms of f and its Fourier transform are equal, is known as
Plancherel’s formula. We use Plancherel’s formula to prove the converse of the Paley—Wiener

Theorem in Section 2.4.3.

Proposition 2.4.1.4 Suppose that f € L*(R) and letf be the Fourier transform of f as defined
in Definition 2.4.1.1. Then f € L?(R) and

11z = | 7]

L2(R)
2.4.2 Band-limited Functions

The set of band-limited functions are defined by properties of their Fourier transforms. Specifi-
cally a band-limited function is one in which the density of its Fourier transform lies in a given
interval. Further information on band-limited functions can be found in [18] (Section 2.9, page

121).

Definition 2.4.2.1 Suppose that f € L?*(R) and let f denote its Fourier transform. We say
that f is a band-limited function if for some fixed b,

f(t)=0 for teR\[-b,0].

It is easily seen from Definition 2.4.2.1 that a function is band-limited if its Fourier transform
is supported on the interval [—b,b]. Note that by Proposition 2.4.1.4, since f € L?(R) we also
have f € L2(R), hence f is band-limited if f € L2[—b,b] for some fixed b.

The following proposition gives an alternative formulation for a band-limited function. It
makes clear the idea that band-limited functions are the functions of Paley—Wiener spaces as
will become apparent in Section 2.4.3. The proof is simple and relies on the inverse Fourier

transform.

Proposition 2.4.2.2 Let f € L?(R). Then f is a band-limited function if and only if
I :
fa) = <= [ atet (28)
for some g € L?[—b,b] where b > 0.
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Proof. Suppose that f € L(R) is band-limited so that f has support on [—b, b] for some fixed
b. By Proposition 2.4.1.3 we have

I AP

= lim — t)e'™" dt.
fla) = Jm == [ e
Choose R > b then, since f(t) = 0 for t ¢ [—b,b],

b
—b

/Zﬂt)emdt B /Rbf (B)e™ di + / ft)e™ dt + /b ’ fe)e=tat
= /_ bbf(t)e”“dt.

Thus f(z) = \/% ffb f(t)e“”1t dt.
Now suppose that f € L?(R) takes the form given by (2.8) for some g € L?[—b, b]. We extend
the function g to the whole real line by setting g(t) = 0 for ¢ € R\[—b, b]. By the uniqueness of

Fourier transforms, g(t) = f(t), thus f is band-limited. [ |

In practical applications, when determining whether a function is band-limited or not, it is

often useful to see if it can be written in the form of (2.8).

2.4.3 Paley—Wiener Spaces and the Paley—Wiener Theorem

Having laid the foundations we can now define a Paley—Wiener space. Sampling theory is tradi-
tionally carried out on Paley—Wiener space. McKean and Trubowitz have used special function
spaces to do sampling related to Hill’'s equation, so in this thesis we want to work in a more
standard context. We focus on defining a Paley—Wiener space using the concepts of Sections
2.4.1 and 2.4.2 and also find a reproducing kernel for a Paley—Wiener space over an interval
[—b,b]. We will return to the concept of reproducing kernels in Section 5.4 where we create a
sequence of reproducing kernels based on sampling points and then construct their Gram matrix.
Continuing with the current section, we introduce the Paley—Wiener Theorem which gives a set
of conditions which, once satisfied, will ensure that a given function lies in a specified Paley—
Wiener space. Should the reader wish to find more information regarding Paley—Wiener spaces

and the properties of Paley—Wiener functions, they should consult [41] (Section 7.1, page 204).

Definition 2.4.3.1 Let C C R be a compact set. The Paley—Wiener space, PW (C') is defined
to be

1 A ) .
PW(C) = {f € L*(R): f(t) = 7/ f(z)e™ dz, Vt €R, f € LQ(C)} :
Vor Jo
Remark 2.4.3.2 If b > 0 is real then we use the notation PW(b) to denote PW[—b,b].

The space PW(C) is therefore the space of functions whose Fourier transforms are supported
on C, that is, for f € PW(C), f(x) = 0 for x ¢ C. Paley-Wiener spaces thus consist of
band-limited functions.

In the following definition we define a reproducing kernel. A reproducing kernel for a Hilbert
space, H is a function which, when taken as an inner product with any f € H will evaluate
the function f at a desired point. More detailed information regarding reproducing kernels and

examples of reproducing kernels for various spaces can be found in [41] (Section 5.1, page 144).
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Definition 2.4.3.3 Let S be a non-empty set. Further, let H be a Hilbert space such that for
all f e H, f:S—C. A function, ks € H is a reproducing kernel for H, if for all f € H

f(s)={fks)m.
An example of a reproducing kernel can be found in the following proposition.

Proposition 2.4.3.4 Lett € R. The function

sinb(t — x)
7(t — x)

ke(x) =
is a reproducing kernel for PW (b).
Proof. Let f € PW(b) then by Definition 2.4.3.1 we have

1 ’ r itx
() = = / et do (2.9)

for all ¢ € R. Also, by Definition 2.4.1.1, the Fourier transform of f is given by

li L[ —iy g
f@) = Jim o= [ ey, (2.10)

Substituting equation (2.10) into (2.9) and reversing the order of integration we obtain

b R
0 = g oo [ [ ey

bJ—R
— : . i(t—y)x
ngnoo 27T /—R f(y) /—b € dx dy
Note that
b i(t— b
/ Git=vr gy [M]
—b Z(t - y) r=—>b
ei(tfy)b — efi(tfy)b
a it —y)
_ 2sin b(t —y) .
t—y
Thus,

R sinb(t — y)

ty = 1 d
f@) Jim _Rf(y) e
= (fik) o)
where k;(z) = Si::(bt(f;;” ). Hence k; is indeed a reproducing kernel for PW (b). [

We end this section by looking at the Paley—~Wiener Theorem. The theorem, which we label
here as a proposition, provides a way in which we can identify functions that belong to Paley—
Wiener spaces. It states that if a function is entire and of exponential type then it must be
band-limited, hence belongs to a Paley—Wiener space. The compact set over which the Paley—

Wiener space is defined is dependent upon the bound in the definition of exponential type.
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Definition 2.4.3.5 An entire function, [ is said to be of exponential type M if there exist
constants C, M such that,

|f(2)] < CeMV*]
for all z € C.

The following proposition is known as the Paley—Wiener Theorem. It can be found with proof

in [46] (Theorem 19.3, page 375) and [41] (Theorem 7.1.3, page 205).

Proposition 2.4.3.6 Suppose that f is an entire function of exponential type M. Further,
suppose that flg € L*(R) where f|g denotes the restriction of f to the real axis. Then there
exists a function g € L*(—M, M) such that

M
() = / g(B)e dt (2.11)

—M

for all z € C.

As previously stated, the Paley—Wiener Theorem is typically used to characterise band-limited
functions. It shows us that for an entire function, f of exponential type M, we can find a function
g such that g is the Fourier transform of f. Notice the similarity between (2.11) and Proposition
2.4.1.3. Moreover, g € L*(—M, M) so by Proposition 2.4.2.2, f is a band-limited function.
Alternatively, one can think of the Paley—Wiener Theorem as showing us that for a given entire
function f, of exponential type M, f is, up to a constant, the Fourier transform of the function

I—ar,a119- This is easily seen as follows,

M
fz) = / oty

R
= lim ]I[_M M] (t)g(t)eitz dt
R—oo J_R ’
R .
= lim [ s,y (—t)g(—t)] e~ "% dt. (2.12)
R— o0 —R ’

Comparison of (2.12) with Definition 2.4.1.1 now shows that f(z) is the Fourier transform of
V2rli_aran(—t)g(—1).

It should be noted that the converse of the Paley—Wiener Theorem is also true. It tells us
that a band-limited function is square integrable, entire and of exponential type. Alternatively,
it states that a function, f € PW (M) is entire and of exponential type M. We state the converse

of the Paley—Wiener theorem with proof in the following result.

Proposition 2.4.3.7 Suppose that a function f has the form,

M
£ = [ geta (2.13)

—M

for some g € L2(—M, M). Then f is entire, of exponential type M and f|g € L*(R) where f|g

denotes the restriction of f to the real axis.
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Proof. Let f be defined as in equation (2.13). We first show that f is entire. Clearly f is
differentiable at all points z € C with derivative
M .
f(z) = z/ tg(t)e' dt.
-M
It now follows that f is entire since e%** is entire.
To see that f|g € L?(R) it suffices to show that f|g has finite L? norm over the real line. Let

x be real and write f as follows,

R .

f(—il?) = hm H(—]\/LM) (t)g(t)eizmj dt
R

R—oo |

Clearly, f(—x) is the Fourier transform of v/27l_ s ar)(t)g(t), hence by Plancherel’s Formula,
2.4.1.4 we have,

1172w = Ianan®9®) | 7e

_ / T L aan g0 de

— 00

M
= [ et at

M
As g € L?>(—M, M) it follows that
M
[ ot de <o,
-M
hence || f|| 2 (g, is finite.

To prove that f is of exponential type, first set z = u + v for u,v € R then

f(2)] = [f(u+iv)
M .
= i/ g(t)e™ et dt
-M
M
< /_M|g(t)|]e | dt (2.14)

We now split into 3 cases. Case (i) in which v > 0; case (ii) in which v < 0; and case (iii) where
v=0.
Case (i) (v >0): For —M <t < M we have —M < —t < M and so

eva § eftv S eMv'
It now follows from (2.14) that
M
F@I< [ Mgt ae
-M

Using the Cauchy—Schwarz inequality and evaluating the first integral we see that

(/A;em”dtf (/A;g(t)ﬁ dt)é

If(2)] <
= V2MeMY ( / " lg(®)? dt) 2
—M
< CeMlzl
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[

where C' = (2M fi\/[M lg®)? dt)

Case (ii) (v < 0): For —M <t < M and v < 0 we now have Mv < —tv < —Mw, hence
eM’U < e—tv S e—]Wv.

Therefore, by (2.14) we now have

M
|f(2)] < /_Me*MU lg(t)| dt.

Again, applying the Cauchy—Schwarz inequality and evaluating the first integral gives,

M672Mv % M 2
(/M dt) (/MW” dt>

1
2

lf(z)] <
_ Ve M ( / R dt) 2
M
< Ce]bﬂz\

1
where C' = (2M fivfw lg(t))? dt) ‘)
Case (iii) (v = 0): Finally, let v = 0 then by (2.14),

M
|f(2)] s/ lg(t)| dt.

—M

In keeping with the previous calculations we apply the Cauchy—-Schwarz inequality, thus

(/_ledt>% (/_J\;|g(t)|2 dt)é

M 2
- m(/ |g<t>|2dt>

1 £(2)]

IN

-M
1
Clearly, taking C = (2M fivfw lg(t)? dt) * we have | f(z)| < CeMI=|. Therefore |f(z)] < CeMI=|
for all z. ]

2.5 The Operators U and U~

In this section we introduce two operators, U and U* that are related to the Fourier transform
and the inverse Fourier transform respectively. We show that the functions Uf and U* f are
band-limited while the operators U and U* are Hilbert—Schmidt. The operators will then be
used to construct a further operator, S. We see that S is a self-adjoint trace class operator and

an integral operator with kernel given by the reproducing kernel for PW (b).

Definition 2.5.0.8 Let t € R. Define the operator U : L?|—a,a] — L*[~b,b] to be such that

Uf(t) = \/% j F(@)e ™ da. (2.15)

Likewise, define the operator U* : L?>[—b,b] — L?[—a, a] to be such that

* _ 1 b itx
U f(t) = E/—b f(z)e™ du. (2.16)
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Remark 2.5.0.9 Note that equations (2.15) and (2.16) define Uf and U* f for t real. We can
easily extend this definition to the complex plane by taking

Uf(z) = \/% _a (x)e™ " da;

b
U* f(2) \/% /_ @yt de

for z € C.

We see that U f is actually the Fourier transform of f defined on a restricted range of integra-
tion. Also, the operator U acts on the band-limited functions. It is easy to see that f € L?[—a, a]
is band-limited since f = U has support on [—b,b]. Similarly, we see that U* f is the inverse
Fourier transform of f on a restricted range of integration. Notice also that U*f = f takes the
form of (2.8) and so f € L?[—a,a] is band-limited. Finally, the notation U* is appropriate since

U™ is the adjoint of U as the following proposition shows.

Proposition 2.5.0.10 The operator U as defined by equation (2.15) has adjoint U* as defined
by equation (2.16).

Proof. We use Definition 2.1.0.7 to find the adjoint of the operator U. Thus,

(LU 9 L2 —a = (Ufig)r2—bp)

b
/ Uf(t)g(t)dt.

—b

Using Definition 2.5.0.8 and then reversing the order of integration we see that

(LU 92 1—a = \é—ﬂ/i( C; f(f)eitIdiE)!J(t)dt
_ V%? [ @) [ bbg(t)em dt dx

_ \/% /_ i f(z) /_ bb g(t)eits dt da,

hence U*g(x) = \/% ffbg(t)em dt as required. [ ]

If we extend the definition of U f and U* f to the complex plane then we can apply Proposition
2.4.3.7 to show that Uf and U* f are entire and exponentially bounded. This is summarised in

the following proposition.

Proposition 2.5.0.11 Let Uf and U* f as given in Definition 2.5.0.8 be defined over the com-
plex plane as in Remark 2.5.0.9. Then the function Uf is entire, of exponential type a and

satisfies

/OO U2 dt < .

Similarly, the function U* f is entire, of exponential type b and satisfies

/OO \U* £())? dt < .
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Proof. First note that by Definition 2.5.0.8 and Remark 2.5.0.9, for x € R and z € C we have

Uf(—2) = ;%§ @) do

for f € L?[—a, a]. Hence U f satisfies the conditions of Proposition 2.4.3.7 and so we deduce that
Uf € L?(R) is entire and of exponential type a.
Similarly,

* _ L ’ 12T
U = o= [ 1w

also satisfies the conditions of Proposition 2.4.3.7 and so U* f € L?(R) is entire and of exponential

type b. [ |

Remark 2.5.0.12 Proposition 2.5.0.11 shows that the functions U f and U* f are band-limited.
Further, it shows that Uf € PW(a) and U*f € PW(b).

Next we turn our attention to proving some properties of U and U*. An important feature
of the operators U and U™ is that they are both Hilbert—Schmidt operators. We prove this in

the following lemma.

Lemma 2.5.0.13 The operators U and U* as stated in Definition 2.5.0.8 are Hilbert—Schmidt
for finite a and b.

Proof. The operator U has kernel e~ for z € [~a,a] and t € [—b,b]. Now,
b a g
/ / ’e*mj| dedt = / / ldxdt
—bJ—a —a
4ab.

Clearly, f_bb ffa ’e*i” |2 dx dt is finite when a and b are both finite. Therefore, for a,b < oo, it
follows from Proposition 2.1.1.6 that U is a Hilbert—Schmidt operator.
Similarly U* has kernel e** such that for a and b finite,

a b g
/ / e |" dedt = 4ab
—aJ—b

< Q.
So for a,b < oo, U* is also a Hilbert—Schmidt operator by Proposition 2.1.1.6. [ |

We close this section by using U and U* to define a new operator, S which is self-adjoint
and trace class. Recall from Proposition 2.1.2.6 that any trace class operator is also a Hilbert—
Schmidt operator and so S will also be Hilbert—Schmidt. Notice that in Definition 2.5.0.14, S
is defined as an integral operator with kernel, k(¢,z) = % Recalling Proposition 2.4.3.4,
the reproducing kernel for PW (b) is ki(x) = Si:(bfif;f). Therefore, S has kernel given by the
reproducing kernel for the space PW (b).

Definition 2.5.0.14 Let S : L?[—a,a] — L*[—a,a] be the operator defined by
1/ sinb(t — x
si0 == [ sw™ =

T J)_g t—x
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Remark 2.5.0.15 Given ki(z) = Si;’(bt(f;)a:) we know that k, € L*(R) since k; is a reproducing
kernel for PW (b). Thus,

Sf(t) = f(2)ke(z) dx
= <fa kt>L2[—a,a]
and so S'f is well defined.

In the following proposition we see that S = U*U where U and U* are given by Definition
2.5.0.8. This fact justifies the domain and codomain of S being as stated in Definition 2.5.0.14,
for U*U : L*[—a,a] — L*[—b,b] — L*[—a,a).

Proposition 2.5.0.16 Let U and U* be the operators given in Definition 2.5.0.8 and let S be
the operator defined in Definition 2.5.0.14. Then,

S=U"U.
Furthermore, S is self-adjoint and trace class.

Proof. Using Definition 2.5.0.8 we have
vuse) = o [ vswend
= — e
o |, Y Y

1 b a ) )
= ( flz)e™® dm) eV dy

2r /.,
- = /_ ] @ty

Changing the order of integration gives

a b
UUft) = %/_ f(x)/ e =Y dy da. (2.17)

Evaluating the inner integral in (2.17) we obtain,

b i(t—x)y b
/ et gy — {e]
—b it—2)],—y

ei(tfzz:)b _ e*i(tfz)b
i(t —x)
2Sin b(t — z) .
t—x

Therefore,

UUf(t) = - / )= ) gy

as required.

Next we prove that S is self-adjoint. Note that S is an integral operator with kernel S(t,z) =

sin b(t—x)
w(t—z) °

We check that the condition on the kernel given in Definition 2.1.0.7 holds. First note
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that for x,¢ and b real, the sine function is real and so S(t, x) is real. Furthermore, S(t, z) is an

even function, thus

S(x,b) = Si;l(lf:;)
~ sinb(z — 1)
T —t)
_ sinb(t — )
- r(t—ax)
= S(t,x).

It follows from Definition 2.1.0.7 that S is self-adjoint.

Finally we show that S is a trace class operator. By Lemma 2.5.0.13, the operators U and
U* are Hilbert—Schmidt. By the first part of the result S = U*U, so S is the product of two
Hilbert—Schmidt operators. It follows from Definition 2.1.2.1 that S is trace class. [ |

2.6 Linear Systems

This final section provides some background material relating to linear systems. Detailed con-
structions of linear systems can be found in [8] and [42]. Here we define a linear system,
(—A, B,C, D) by way of a generator, —A relating to a semigroup and we then proceed to demon-
strate the solution of such a linear system. Linear systems will appear in Chapter 3 where they
are used to solve the Gelfand—Levitan integral equation through the construction of the operator
R,. Finally we give an example of a linear system that will be used to prove numerous results
in Chapter 4.

We begin by constructing a strongly continuous semigroup. In order to create a strongly

continuous semigroup we first need to define a generator which we do via a translation operator.

Definition 2.6.0.17 Let E be an open or closed, finite or infinite interval of the real line. Let
f € L2(E) then for t € R we define the translation operator by

flx+t) forz+tekFE,

Tt xTr) =
f@) 0 for x+t ¢ E.

Definition 2.6.0.18 Suppose that t € R and let T; be the translation operator as defined in
Definition 2.6.0.17. Let E be a finite or infinite interval on the real line. We introduce the
generator, A defined by

—Af = lim L=t

lin —-= = (2.18)

where A has domain, Dp(A) = {f : f, f' € L*(E), f absolutely continuous}.

Remark 2.6.0.19 For the definition of an absolutely continuous function see [54] (Section 11.7,
page 364).

In the above definition we introduced Dg(A) and so we take this opportunity to define a

norm on Dg(A).
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Definition 2.6.0.20 Let Dg(A) = {f : f, f' € L*(E), f absolutely continuous} where E is some
interval of the real line. We define the norm on Dg(A) to be

2 2 2
1 10y = 1 2 cmy + 1 ey -

The terminology generator in Definition 2.6.0.18 may at first seem peculiar, however it is
fully justified as the reader will understand upon reaching Proposition 2.6.0.24. We also note
the similarity between (2.18) and the formal definition of a derivative. Indeed, the following

proposition shows that the action of the generator is equivalent to the operation of differentiation.

Proposition 2.6.0.21 Let A be a generator as in equation (2.18). Then —Af = f' for f €
Dr(A).

Proof. Let f € Dg(A) then by (2.18) we have

Tif(z) — f(=z)

The function f is defined on the interval E which may be some proper subset of the real line.

We therefore extend the definition of f to the real line as follows,

f(z) forxeE,

flx) =
0 forx¢FE.
Now suppose that x +t € E then by Definition 2.6.0.17 we have Ty f(z) = f(x + t). Therefore

t—0 t

= fl=)

where the final line follows from the definition of differentiation. Now suppose that  +¢ ¢ E so

that T; f(x) = 0. Then

By extension to the real line, f(z +t) = 0, and so

—Af@) = lim t
= fl(z)
as required. In both cases, —Af = f’. [ ]

The following proposition provides an alternative notation for the translation map. When
calculating various operators in Chapters 3 and 4 it will be more convenient to use the notation

of Proposition 2.6.0.22 which we credit to Lagrange.

Proposition 2.6.0.22 Let T; : Dp(A) — Dg(A) be the translation operator defined by Defini-
tion 2.6.0.17. Then Ty = et where A is the generator given by (2.18).

Proof. Let z +t € FE then, using Definition 2.6.0.17 and differentiating both sides of the

translation map with respect to ¢ gives
Tif(z) = f'(z +1).
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From Proposition 2.6.0.21 we know that —A is the differentiation operator, thus —Af(x +t) =
f/(z +t). Therefore

T/ f(z) = —Af(z+1)
—AT, f(x)

where the last line follows from Definition 2.6.0.17. Thus T} satisfies the first order differential

equation
T + AT, = 0. (2.19)

Now suppose that @ +t ¢ E then T} f(x) = 0. Further, T/ f(z) = 0 and so again T} satisfies the
A

)

first order differential equation, (2.19). It is clear that we can solve (2.19) by taking 7} = e~*

hence the result. [ |

Next we define a strongly continuous semigroup and show that the set of operators {7} }>0
does indeed form one. Should the reader require further information regarding semigroups they

should consult [12].

Definition 2.6.0.23 A strongly continuous semigroup is a set {T'(t) : t € RT} of bounded linear
operators on a Hilbert space, H satisfying:

(i) T(0) = I where I is the identity operator on H;

(ii) T(s+t) =T(s)T(t) for all s,t > 0;

(iii) For all h € H, ||T(t)h — h|| — 0 as t — 0T.

The following theorem shows that {T}};>0 = {e "4 };>0 forms a strongly continuous semi-
group. We also note that the use of the terminology generator in Definition 2.6.0.18 is now

justified since A generates the semigroup {e~*4};>.

Theorem 2.6.0.24 Let A be the generator defined by (2.18) and let t > 0. For T; operating on
L?(R), T; is bounded and satisfies ||T; || op < 1. Furthermore, the set {T;}1>0 = {e=t} 50 forms

a strongly continuous semigroup of operators on L*(E), where E is some interval of the real line.

Proof. Firstly we show that the T; are bounded. Given T} operates on L*(R) we have

1Ty = [ 1Tt @)P do

= [ Vet a

— 00

= [ i@ a

—0
= e -
This shows that T} is bounded with || 73|, < 1.
Now suppose that E' is some interval of the real line. We show that {T}};>¢ forms a strongly
continuous semigroup on L?(E) by checking that the conditions of Definition 2.6.0.23 are satisfied.
We know that the {7T;} are bounded so we start by showing that they are linear operators. Let

t > 0 then as T; denotes translation we can write
TN f + pgl(z) = [Af + pgl(z +1t)
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for z +t € E. Note that L?(E) is a vector space and so is distributive with respect to addition

and associative with respect to multiplication. Since T; operates on L?(E) we thus have

TN+ pgl(x) = (Af)(@+1t)+ (ug)(z +1t)

A(x+1t) + pg(z +1).

The elements in the final line above are translations and so it follows that,

Ti[\f + pgl(z) = ATy f(2) + pTig().
The case in which « +t ¢ E is trivial thus proving that 7} is linear.
We now check that conditions (i)-(iii) of Definition 2.6.0.23 are satisfied by T;. Firstly,
Ty = €° = I and so condition (i) is satisfied.
Next we note that for s,t > 0 and x + s +t € E we must have z + t € E and so
Torif(z) = flx+s+1)
= Tsf(x + t)
= Téth(x)
Now suppose that  + s+t ¢ E so that Tsy,f(x) = 0. We split into two cases: z +r € E
and x +r ¢ E where r = s,t. Without loss of generality, suppose that z +t € FE, then
T:f(x) = f(x +t). Thus,
Tsyef(z) = 0
= Tsth(I)

For the second case, again without loss of generality, suppose that = + ¢ ¢ E then T;f(z) = 0.

Hence,

Ts+tf(x) = 0
= Tsth(x)
This shows that condition (ii) is satisfied.
Finally we check condition (iii). For any f € L2?(E) we can approximate f by a simple

function, f,. Let E = J"_, E; where the F; are disjoint intervals, then we can approximate f
j=1+j J

by

fole) =3 el (@),

j=1
as in the construction of the Lebesgue integral of f. Therefore, given € > 0 we can choose f;
such that

1f = fsllp2my <€

Observe that we may use the triangle inequality to show that

1T~ Flposy = T —Tofi] & [T — £+ s — All o
< NG = f)ll 2y + 11 Tefs = Fsll o ey + 11 = Fsll 2y
< 20 = follpo ey T 11 Tefs = Foll Loy -
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The last line follows from the fact that 73 is bounded and || 7] ,, < 1. Now consider the term
IT:fs — szLQ(E). Suppose that x +t € I for all x € E, then

1T Loy = [ I~ @) o
= [ Ifle+0-f@F do

2
n

= / ch g, (z +t) —1g,(x)]| da. (2.20)
E |
Applying the Cauchy—Schwarz inequality to the sum in (2.20) gives
2
2 2
Y oci g (@+t) —Ig,@)]]| <D |l (Z lLg, (z +t) — g, (z)] ) :
Jj=1 j=1 k=1
Therefore,

2
||ths - f@ ||L2(E)

IN

[ () o)

k=1

Slel| 3 [ evte+0) - L, (o) da.
j=1 k=1"F
Suppose that Ejy, = (ag, by) then

2
/E |]IEk (x+1) - Ig, (1:)|2 dv = /E |H(ak_t,bk_t) (z) — H(ak;bk)(x)| dx

ag bk—t bk
= / |1|2dx+/ |1—1|2d9c+/ 0 —1)° dz
akft ap bkft

by

= [‘r]ZZ—t + [x]b,;—t

= 2t

Note that the same argument holds if Ej is a half-open or closed interval. It therefore follows

that

n n
2 2
||ths_szL2(E) < Z'cj‘ ZQt
=1 k=1

n
= 2tnz l¢; 2
j=1
— 0

as t — 07. Now suppose that some of the x + ¢ fall outside of the set E. Suppose also without

loss of generality that E = (a,b). In this case we may write
b
1T~ ey = [ NTfe = )@ do
b—t

b
- / |ﬂm+w—ﬁwwdmy/|nwwdw

a b—t
The same argument that was used to show || T3 fs — fs ||i2(E) —0ast— 0t forallz+teE,

can be used to show that

bt
/ |fo(z+1t) — fo(z)|* do— 0
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as t — 01, It is also clear that

b
/ o) dz =0
b

—t

as t — 0. Hence, in all cases
ITef = fllp2cs) — 0
ast — 0. [ |

Notice that when we defined the translation map, it was defined for all real . However, we

have only shown that {e~*4} is a semigroup for ¢ > 0. We can in fact also find a semigroup for

t < 0. Suppose that ¢t < 0 then we can write t = — |¢| where [t| > 0. By Definition 2.6.0.17 we
have
T, = flz+1)
= flz—[t])
where T}, = el*l4. This prompts the following theorem.

Theorem 2.6.0.25 Let A be the generator as in (2.18) and let t > 0. For T_; operating on
L%(R), T_; is bounded and satisfies |T-¢ll,, < 1. Furthermore, the set {T_;}i>0 = {et4}i>0
forms a strongly continuous semigroup of operators on L*(E), where E is some interval of the

real line.

Proof. The proof follows exactly the same method as that of Theorem 2.6.0.24. First we show
that T_; is bounded. Let T_; operate on L?(R) then

1Tl = [ 1@ do

- /jolf(x—t)Ide
- / £ (@) de
= 1fl72m-

This shows that 7", is bounded with [|T_.[ ,, < 1.

To show that {T_;};>0 forms a strongly continuous semigroup on L?(E), we again check that
the set {T_;},>0 satisfies Definition 2.6.0.23. We have already shown that T_; is bounded so it
remains to check linearity and that conditions (i)-(iii) hold. In order to ascertain linearity, we
first note that L?(E) is a vector space and hence is distributive with respect to addition and

associative with respect to multiplication. Thus for z — ¢t € F,

TN +pgl@) = M+ pgl(e — 1)
AN 1)+ (ug)(a — 1)
= M@ — )+ pgle — 1.

As T, represents translation it follows that
T_[Af + pgl(x) = NI f(z) + pT-1g(x).
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Again, the case in which x — ¢t ¢ F is trivial. This proves that 7"_; is linear.
Next we show that T_; satisfies conditions (i)-(iii) as stated in Definition 2.6.0.23. Clearly
we have Ty = €” = I and so condition (i) is satisfied.

Now let s,t > 0 and suppose that © — s —t € E we must have x —t € E and so

T ufs) = fla—s—1)
= T sf(x—1)
= T_ST_tf<.’I}).

Now suppose that x — s —t ¢ E so that T_s_;f(x) = 0 and split into two cases: z —r € E

and ¢ —r ¢ E where r = s,t. Without loss of generality, suppose that © — ¢ € E, then
T_:f(x) = f(x —t). Thus,

T_S_tf(l') = 0
= T  f(x—1)
= T_ST_tf(l').

For the second case, again without loss of generality, suppose that @ — ¢ ¢ E then T, f(z) = 0.

Hence,

T_S_tf(l') = 0
T_ST_tf(l').

This shows that condition (ii) is satisfied.
Lastly, for any f € L?(E) we can approximate f by a simple function, f,. Let E = U;;l E;

where the I; are disjoint intervals. Then, given € > 0 we can choose

fS(x) = chHEj (3;‘)

such that
If = fsll <e
Again, using the triangle inequality,
ITtf = Flleemy = NTof = S@OF]+ [Tsfs = fsl + [fs = M2y
< NT=e(f = f)lomy + 1 T=tfs = fsllpzgmy + ILf = fsll 2y
< 20 = Follpzqmy HIT=efs = Fsll L2y -

The last line being true since 7 is bounded with [|7_||,, < 1. Note that if + — ¢ € E for all

r € E we have

1Tosfe= £iliaey = [ 1Tshe = 2)@P da
[ 15 =0 fla) de
E

2

/E ch [Lg, (z = t) = Ig, (2)] | da.
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By the Cauchy—Schwarz inequality

2

Yoo g (@ —t) = Tg,@)]]| <D lel (Z g, (x —t) — I, ($)2> ;
Jj=1 j=1 k=1

therefore

n

/ > el <Z|HEk<:c—t>—HEk<x>2> da
E\j=1 k=1

IN

2
IT-tfs = fsllp2m)

2 2
Slel| 3 [ ete 0 - 1n, @)
j=1 k=1"E
Now suppose, without loss of generality, that Ej = (ak, bx). Then

ap+t by br+t
/|]IEk(x—t)—]IEk(as)\2 dr = / 12 dx+/ -1 dx—i—/ 12 da
E a a

k K+t br
2t.

It follows that

2 2
IT-efs = fllfomy < | Dolel® | D2t
j=1 k=1
= 2tn2\cj|2
j=1
— 0

as t — 0F. Now suppose that some of the & — ¢ fall outside of the set E. Suppose also without

loss of generality that E = (a,b). In this case we may write

b
1T~ ey = [ 10f = L)@ do
a+

t b
[ @R ars [ g0 - @

a a-+t

Again, the same argument that was used to show ||T_;fs — fs||2L2(E) — 0 as t — 0T for all

x —t € E, can be used to show that

b
/ (e —0) — fu(@) de = 0

+t

as t — 07. Also, we clearly have

a+t
| 1@F dr o

as t — 07. Hence in all cases,
\Toof = Fll s — 0

as t — 07 and we have satisfied condition (iii). [ |

Having constructed a strongly continuous semigroup we are now able to define a linear system.
First we give a broad definition of a linear system and state a theorem that shows the solutions
of such a system. We then close the section with an example of a linear system that will be used

in Section 4.5.
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Definition 2.6.0.26 Let E be an open or closed interval of the real line. Let the state space be
L?(E) and let the input and output spaces be C. For time t € (0,00), let U : (0,00) — C denote
the input, X : (0,00) — L2(E) the state and Y : (0,00) — C the output. Also let U, X,Y be
continuous. Take A to be the generator of the strongly continuous semigroup {T;}i>0 on L*(E),

where Ty = e ', Then define the following operators:

T, : L*(E) — L*(E),

B:C — L*(E),

C:Dg(A) — C,

D:C—C
where B,C and D are bounded linear operators. Then (—A,B,C,D) determines the linear,
time-invariant system
—X(t) = —-AX(t)+ BU(t) (2.21)

Y(t) = CX(t)+ DU(t). (2.22)

Remark 2.6.0.27 It will sometimes be necessary to restrict the codomain of the operator B. In

this case we will take B, : C — Dg(A) and speak of the linear system (—A, B,,C, D).

The reader should think of the linear system defined by Definition 2.6.0.26 as proposing
a problem. That is, given the equations (2.21) and (2.22), can we find a suitable system
(—A, B,C, D) such that (2.21) and (2.22) hold? In the case that X : (0,00) — Dg(A4), we
are able to construct a solution to the linear system. The following theorem presents such a

solution.

Theorem 2.6.0.28 Suppose that X : (0,00) — Dg(A) and B, : C — Dg(A). Then the linear
system as stated by Definition 2.6.0.26 and determined by (—A, B,.,C, D) has solution

X(t) = T,X(0)+ /tTt_SBTU(s)ds, (2.23)
0

¢
Y(t) = C’TtX(O)—F/ CT,_sB,U(s)ds + DU(t). (2.24)
0
Remark 2.6.0.29 The integrals in (2.23) and (2.24) are defined as Lebesque integrals. This
follows from [32] (Theorem 3.7.4, page 80).

Proof. First note that since 0 < s < ¢ in equations (2.23) and (2.24), we have t — s > 0 so
Ti_s = e =94 does indeed belong to the semigroup {e’tA}DO. Now let X (t) = T, X(0) +
fot T;_sB,U(s) ds and note that since Ty = e 74,

d d
7T — Il —tA
datt €
_ _Ae—tA
— AT,

A rigorous proof of this fact can be found in [14] (Lemma 7(b), page 619). It therefore follows
that
d

t
ZX() = —ALX(0)+ / —AT,_,B,U(s)ds + TyB,U(t)
0

= —AX(t) + ToB,U(1).
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Since {T}};>0 forms a strongly continuous semigroup, Ty = I and so

d

Now let Y(t) = CT; X (0) + fot CT:_sB,U(s)ds + DU(t). By [32] (Theorem 3.7.12, page 83)

we can write
t t
/ CTi_sB,U(s)ds = C/ T:— B U(s)ds
0 0
and so it follows that Y (¢) = CX () + DU(t). This completes the proof. [ |

We now proceed to create an example of a linear system. The following system will reappear

in Section 4.5 to enable us to calculate various operators.

Example 2.6.0.30
Let C be the input and output space and let L?[a, b] be the state space. Take the domain
of A to be Dy, 4)(A) where A is the generator of the semigroups {e Y50 and {e!};>0.

Define the operators
A D[a,b] (A) — L2 [a, b],
B:C — L?[a,b],
C : D[a,b] (A) — (C
by
A f(x) = —f'(2),
B: B py(x),
C: f s f(0)
where 1) € L?[a, ] is absolutely continuous. Then (—A, B, C) defines a linear system.

Remark 2.6.0.31 It will sometimes be necessary to restrict the codomain of the operator B.
In the case of Example 2.6 we take B, : C — Dy, 4)(A) where B, is given by  +— Bip(x) for
Y € Dia ) (A). We then refer to the linear system (—A, B, C).

By Definition 2.6.0.26, when defining a linear system (—A, B, ), we require that B and C
are bounded linear maps. The following lemma shows that the operators B and C' as defined by

Example 2.6 are bounded (we note that they are clearly linear).

Lemma 2.6.0.32 Suppose that a <0 < b where a and b are finite. Let (—A, B,C) be the linear
system defined in Example 2.6. Then the operators B and C are bounded.

Proof. We begin by showing that B is bounded. Note that

BBllr2japy = BYIL2py
IBHIYN 2oy -

Since ¢ € L?[a,b] it follows that ||%|| 2[a,p €Xists and is finite. Therefore, B is bounded with
bound [[9] 2[4 4)-
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Next we show that C' is bounded. This requires a little more work. Let f € Djq(A) where
a < 0 < b. By the Fundamental Theorem of Calculus we have

| 1@z = s~ o) (2.25)

for ¢ < b. Integrating both sides of (2.25) with respect to ¢ over the interval [a, b] gives

/ab/otf’(:c)dxdt = /abf(t)dt—/abf(())dt

b
— /f(t)dt—(b—a)f(o). (2.26)

Now, rearranging equation (2.26) we obtain the following formula,

= b% V:m) dt/ab /0 f'(x) dzdt} - (227)

We show that C'f = f(0) is bounded by showing that fab ft)d f fo x) dx dt is bounded.
For f € Dy, (A) the map f — fab f(t)dt is bounded since, by the CauchnychwarZ inequality,

/:f(t)dt2 (/ab|f(t)|2dt> (/abldt>

= (=) fl72y

which is finite. Also, the map f — fot f'(z) dx is bounded for t € [a,b]. Again, by the Cauchy—

IA

Schwarz inequality,

ey < </tf’(x)2 da:) </t1da:>
) b
< (L) (fo)
= (=) [ 7200 -
By the definition of Dy, 4)(A), f € L*[a,b] and so it follows that Hf’||2Lg[a y 1s finite. Hence
f— fo x)dx is bounded. Further, the map f + f fo x)dx dt is also bounded because,

again by the Cauchy—Schwarz inequality

(et

b
2
< (b-a) / (b= ) 11132y dt
= (b=l If [ 72pany

< OoQ.

1a [/bf(t)dt—/b/tf’(x)dazdt]

"(z) dz dt "(z) dw

Therefore, by (2.27) we have

ICfllc =

< (/f t)dt| + dxdt)

< o [0 @ 1 gy + 6= DF 1 o)
1

= \/ﬁ ||fHL2[a,b] + Vb—a”f/HL?[a)b]-
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As b—a > 0 it follows that

0l < (4 VI=) (g + 1 )

Vb—a
2(1+b—a) 2 2 5
< ﬁ (Hf”Lz[a,b] + 17 ”LQ[ayb])
2t+b-a)

\/m ||fHD[a’b](A) )
hence C is bounded.
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Chapter 3

The (Gelfand—Levitan Integral

Equation

Hill’s equation is the differential equation

~f"+af =M

where ¢ is real, twice continuously differentiable and 7-periodic. The spectral problem is to
find the spectra of this differential equation given g. In this thesis we deal with the periodic
spectrum and the Bloch spectrum, as discussed in Chapter 4. It is also interesting to find the
possible sequences that can occur as the periodic spectrum of such a Hill’s equation. This involves
recovering a suitable ¢ from the spectral data, and is known as the inverse spectral problem. An
important tool in the inverse spectral problem is the Gelfand-Levitan integral equation.

This chapter provides the necessary preliminary material for problems that we explore in
Chapter 4. In Chapter 4 we shall consider the problems of finding solutions to Hill’s equation
and reconstructing a potential of Hill’s equation given that a linear system, (—A, B, C) is known.
The key to both of these problems is to know the scattering function, ¢ which we introduce in
Section 3.1. We see that the scattering function can be constructed from a known linear system,
(—A, B,C), indeed its Laplace transform is the transfer function of (—A, B,C). Much of the
work throughout this thesis is concerned with even functions and so we modify the scattering
function so that it is even.

For the remainder of the chapter we follow the method of Blower in [2], however, we make
substantial changes to cover the periodic context. Once we have a known scattering function, ¢
we then introduce a twice continuously differentiable function, T'(xz,y) such that ¢ and T satisfy
a type of Gelfand—Levitan integral equation. In Section 3.3 we then see how the linear sys-
tem, (—A, B, C) is used to construct T'(z,y), thus solving the Gelfand-Levitan integral equation
through the use of linear systems. From the Gelfand-Levitan integral equation, a partial differ-
ential equation for T'(z,y) arises that produces a potential of Hill’s equation, ¢ from %T(m, x).
Thus in this chapter we construct T'(z, y) from the linear system, (—A, B, C) such that T satisfies
the Gelfand—Levitan integral equation and hence a partial differential equation dependent on q.

We then solve the partial differential equation to ultimately recover g. Indeed this is the subject
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of Section 4.6. Further to this, in Section 4.2 we will see that once T'(z,y) has been derived
from (—A, B, (), it can be used to construct a solution of Hill’s equation. The novel idea of this
chapter is an operator R, which is used to produce T from the linear system, (—A, B, C).

The following maps should make the route taken through this chapter clear,
(—A,B,C)—= ¢p— Ry —T —q

where ¢ — T via the Gelfand-Levitan integral equation and 7"+ ¢ via a partial differential

equation.

3.1 The Scattering Function

The purpose of this section is to introduce the scattering function which will be necessary for
our work throughout the current chapter. We do not concern ourselves with the intricacies of
the scattering function here for these can be found in [2]. We simply note that the purpose of
the scattering function is to recover the potential, ¢ of Hill’s equation. If the reader keeps this
in mind then he will see that the partial differential equation arising in Section 3.2 is linked to
the potential of Hill’s equation, ¢ appearing in Section 4.1.

This section therefore demonstrates that a scattering function can be obtained from a linear
system, (—A, B,.,C'). In fact we shall see that the transfer function of a linear system, (—A4, B,, C)

is the Laplace transform of a scattering function.

Definition 3.1.0.33 The Laplace transform, £ of a function, f is given by

L[f(t);s] = /Ooo f(t)e st dt.

Remark 3.1.0.34 The Laplace transform is linear.

Theorem 3.1.0.35 Let (—A, B,,C,D) be a linear system as in Definition 2.6.0.26 with so-
lutions given by Theorem 2.6.0.28. Suppose that X(0) = 0 and define the function, ¢ to be
p(t) = Ce *AB,. Then

Y(t) = /0 é(t — $)U(s)ds + DU(t).

oo
/ e—tAe—)\t dt
0

converges to (A + X)~! for Re()\) > 0. Hence, Y has Laplace transform

Further,

LY (t); Al = (L[e(t); A] + D) LIU(2); Al
where

L[p(t); N = C(A+\I)"'B,.

46



Proof. Recall that T,_, = e~ (*=%)4 and suppose that X (0) =0. By Theorem 2.6.0.28 we have
Y(it) = CT,X(0)+ /Ot CT,_sB,U(s)ds + DU(t)
= /O t Ce~=94B U(s)ds + DU(t).
Now let ¢(t) = Ce*AB,., then

/ 6(t — $)U(s) ds + DU(1),

proving the first part of the result.
Next we calculate the Laplace transform of Y. Since the Laplace transform is linear it follows

that Y has Laplace transform given by

cly U B(t — $)U(s) ds; )\} + DL[U®): A

Now, by Definition 3.1.0.33

U¢t—s ds)\} / Um—s ds]e”dt (3.1)
Reversing the order of integration in (3.1) we see that
[/¢t—s ds)\] / Uls U ot —”dt] ds
[t o

Lo(t); Al

Therefore,

as required.

Finally let Re (A) > 0 and note that

oo oo
‘ / e AN dtH < / ||eftAef)‘tH dt.
0 0

By Theorem 2.6.0.24, He_tAH <1 and so

H eftAef)\t ||

IN

le™]

e—Rc(A)t.

Thus

/00 eftAef)\t dt” < /OO efRe(/\)t dt.
0 —Jo

Given Re (A) >0

00 Re(A)t efRe()\)t
“ReMtgr —
/0 € Rinoo[—Re(A)L_o




Hence
> 1
—tA )t
dt|| < ——
‘/ o H—Rem’

and so [~ e e M dt is convergent for Re (A) > 0. Given ¢(t) = Ce "B, we observe that for
Re (X)) > 0,

Lp(t); \]

/ Ce ' B.e  dt
0

o0
/ Ce_t(A+)\I)BT dt
0

R
= lim [—Ce*t<A+”>(A+)\I)*1B,,}

R—o t=0

C(A+\)"'B,.
It now follows from [32] (Theorem 3.7.12, page 83) that
/OOO e~ e Mdt = (A+ )7L
|

Remark 3.1.0.36 In Theorem 3.1.0.35, the operator (A+ NI )~1 is called the resolvent and the

function,
C(A+AX)™'B,+D
is known as the transfer function.

The theorem above shows that the Laplace transform of a function, ¢ is the transfer function of
the linear system (—A, B,., C), hence ¢ can indeed be obtained from (—A, B,., C). The function ¢
is known as the scattering function, however, for the purposes of this thesis we require a modified

version.

Definition 3.1.0.37 Let (—A, B,,C) be a linear system as in Definition 2.6.0.26. Define the

scattering function to be
o(x)=C (eiIA + ezA) B,. (3.2)

Proposition 3.1.0.38 Given a linear system, (—A, B,.,C), let ¢ be the scattering function de-
fined in Definition 3.1.0.37. Then ¢ is continuously differentiable and bounded. Also, ¢ is an

—zA

even function which is periodic if e 1s periodic.

Proof. Let (—A, B,,C) be a linear system as given by Definition 2.6.0.26 and suppose that
o(x) =C (e*“’A + e“’A) B,.. By Definition 2.6.0.26, B, and C are bounded. Also, by Theorems
2.6.0.24 and 2.6.0.25, e ¥4 is bounded with He_tAHOp <1 for t € R. Therefore,

1€ (7 + ™) By |

IN

1€ 6p (e 1o + 1€ 1o ) 1B+l
20|C o 1Bl op

IN

showing that ¢ is bounded.
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We now consider the derivative of ¢. Thus,
¢/($) —C (767114 + erA) ABT

and the continuity of ¢’ now follows from the continuity of the exponential terms. Hence ¢ is
continuously differentiable.

Next we note that ¢ is an even function since
¢p(-z) = C (" +e ") B,
= ¢(=).

x

Finally, suppose that e=#4 is periodic with period p, then e~ (#+P)4 = ¢=#4_ go,

px+p = C (e—(w+p)A + e(z+p)A> B,
= C (e*“‘ + e“’A) B,
= oz).
Thus for e~ *4 periodic, ¢ is also periodic. |

Proposition 3.1.0.39 Let (—A, B,,C) be the linear system given in Example 2.6. Then the

scattering function, ¢ satisfies
o(z) = P(x) + ¢(—x)
where 1 € Dy, 4)(A) is absolutely continuous.

Proof. Let ¢ be the variable and let 8 € C. Using the linear system given in Example 2.6 we

have,
o(x)p = C (e_wA + e””A) B, g
= (e e ) Y1)
= COlplt+a)+4(t—a)]p
= [¥(@) +¢(=2)] 6.
Hence, ¢(x) = ¢ (z) + p(—x) as required. [ |

3.2 The Gelfand—Levitan Integral Equation and Derived
Partial Differential Equation

In this section we suppose that the scattering function, ¢ is known. Further, we suppose that ¢
is even and twice continuously differentiable on the real line. We also assume the existence of a
twice continuously differentiable function, T'(x,y). The scattering function, ¢ and the function,
T are then used to construct an equation known as a Gelfand-Levitan integral equation. From
the Gelfand—Levitan integral equation we will derive a partial differential equation for 7. Tt will
be seen in Chapter 4 that the partial differential equation resulting from the Gelfand-Levitan

integral equation can be used to reconstruct a potential of Hill’s equation.
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We begin by introducing the Gelfand-Levitan integral equation. Note that the form of the
Gelfand—Levitan integral equation proposed here differs from the standard form as presented by
Gelfand and Levitan in [24].

Definition 3.2.0.40 Suppose that the scattering function, ¢ is known. We define the function
G(z,y) to be,

x

G(z,y) = d(x +y) +o(x —y) + T (z,y) +u/ T(z,2)[p(z +y) + (2 — y)] dz

—XT

for some unknown function, T(x,y) satisfying —x <y < x and p € C. We call the equation
G(z,y) =0, (3.3)
the Gelfand—Levitan integral equation.

In the Gelfand-Levitan integral equation the function, T'(x,y) is unknown. We can find
T(z,y) by constructing a partial differential equation which we then solve for 7. The following
theorem shows how we can derive a partial differential equation for 7" from the Gelfand—Levitan

integral equation.

Remark 3.2.0.41 We note that the notation, a%T(sc,ix) means differentiate with respect to

the second variable.

Theorem 3.2.0.42 Suppose that ¢ is even and twice continuously differentiable on the real
line. Suppose further that T(x,y) is twice continuously differentiable with bounded first and
second partial derivatives for x > 0 and —x <y < z. If T satisfies the Gelfand-Levitan integral
equation, (3.3), then T also satisfies the partial differential equation

(5~ 5z ) Tle:0) = a0 TGy (3.4
where q(z) = 2u-L [T (z, ) + T(x, —x)].

Proof. The proof is completed in the following stages:

(1) Calculate the second derivative of (3.3) with respect to x;

(2) Calculate the second derivative of (3.3) with respect to y;

(3) Subtract the second derivative with respect to y from the second derivative with respect to
o

4) Multiply (3.3) by the function, ¢(x);

(
(

5) Equate the equations formed in stages (3) and (4) to obtain a partial differential equation.

In the first stage we calculate the second derivative of (3.3) with respect to z. Taking the

first derivative with respect to x of (3.3) we obtain,

0 = S Gn)
— et n ot + T i [ TG+ + o -] ds)
= Sty + e -y)+ o TE) +u/za% (@ 2)l6(= +9) + (= — )] dz

1T (z, 2)[p(x +y) + oz — y)] + pT (2, —2)[¢(=z + y) + ¢(—z — y)|.
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Calculating the second derivative of (3.3) with respect to z yields,
82
0 = @G(lﬂ y)

— g {oletn o=+ T +a [ TG4 + ol - )] a:
2 T 2

= ) D) b T b [ ST )+ o - )] de

0

+M8%T(x, D)z +y) + o —y)l + pgT(w, ~2)[p(~z +y) + (-2 — y)]
+h [;T(x, w)] [p(z +y) + b(x — y)] + puT(x,2)[¢ (x +y) + ¢ (x — y)]
i [diT(x, x)} [0(—z +y) + o~z — y)] — uT(z, —2)[¢' (—z + y) + ¢ (—z — y)].

As ¢ is even we can simplify the above, thus
2

1o}
0 = @G(%y)

= ¢"(z+y)+¢"(x—y)+

2

T 2
sl +n [ ST 2o+ 9) + o~ ) dz

+MB%T(x, z)[p(x +y) + oz —y)] + M%T(x, —0)[p(z —y) + oz + 1))
Th [CZCT(% 90)] bz +y) + oz — y)] + pT(z,2)[¢' (x +y) + ¢ (z — y)]

| T )| 8o~ ) + 6o+ )]+ T, )l 2 = )+ 0+ )
2

T 2
gl +n [ ST 2o+ 9) + ol — ) ds

= ¢"(z+y)+¢"(x—y)+

e (683: +3 > [T(2, ) + T(x, —2)] [p(x +y) + ¢(x — y)]

+p[T(x, ) + Tz, —2)] [¢'(z +y) + ¢'(z — )] (3.5)
Next, we calculate the first derivative of (3.3) with respect to y. This gives,

0

= et rn s T+ [ TN+ + oG-l ds)

= Sty -yt a%m,y) o (e, 2)[¢' (= + 9) — &z — y)) dz.

The second derivative of (3.3) with respect to y produces,

82
0 = 92 +5G(z,9)

2

_ (§y2{¢(m+y)+¢(m_y)_|_T(1-7y)—|—’u/ZT($,Z)[d)(Z+y)+¢(Z_y)]dz}

2

= Sty +de-y+gs

To)+ [ " e, )8 (= 4+ y) + ¢ (= — )] d=.

We want the above equation to resemble what we found for the second derivative with respect to

2 sT(x,2)[p(z + y) + ¢(z — y)] dz, whereas in

x. Notice that in the equation for x we have f v a2

the equation for y we have [* T(z,2)[¢" (2 +y) + ¢ (2 — y)] dz. We perform two integrations by
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parts on [* T(z,2)[¢" (2 +y) + ¢ (2 — y)] dz so that the integrand contains a partial derivative
of T'. Thus,

/ T, )¢ (2 4 y) + (e — )] dz

@A+ + 6=~ [ TR+ + 6 -l ds

— [T )(0 e 9) 4 0 = Dy~ | T 20+ 9) + 0~ )

[ T o4+ ol -l de
= T, 2 (2 + 1) + 6/ (@~ )] ~ Tl )6 (2 +1) + /(2 )]

— T8+ y) + 0 ~ )] + T, ~2)[B(—z +y) + d-z )]

xT 82
+ [ SET@ A0+ 9) + oz~ ) dz.
Again, using the fact that ¢ is even, we simplify the above to obtain
[ T@ e e+ o' -
=T(z,2)[¢'(x+y)+¢' (@ —y) + T(2,—2)[¢'(x —y) + ¢'(z + y)]

L0l +9) + 6o — )] + T, —)plw — ) + (e + )]

T 2
N L x %T(m, )6z +y) + 6z — y)) dz

= [T(z,2) + T(z, —2)|[¢'(z +y) + ¢'(z — )] — % [T(x,z) = T(z, —2)] [p(z + y) + oz — y)]

T 2
+ [ SET @0+ 9) + ol e

Therefore, the second derivative of (3.3) with respect to y is

82

0 = 872@(% y)
= )+ )+ o T) ) + T )] 6 ) + )
_”% (T(x,2) = T(x,—2)] [¢(x +y) + ¢(z — y)]
+1 /Z %T(a:, 2)o(z +y) + oz — y)] dz. (3.6)

Now we subtract equation (3.6) from equation (3.5). This gives,

0? 9?
0 = (3may) S

(o)t [ (- o) T 206l + )+ o - s

s (g + o ) Tloa) + Tl )] [0+ ) + ol — )]

+“% [T(x,x) = T(z,—2)] [¢(z + y) + d(z — y)]
= (881'2 - §y2> T(l',y) + //4/_3; ((96:E2 - (9822> T(.Z‘,z)[(b(z + y) + 925(2 _ y)] dz

2 [T, 2) + T, ~)] [0l + ) + 6z — ). (3.7)
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In the above, the last line follows since
0 0) + T, )] = S ([, 2) + T, —2) + o [T(a,2) — T(a, ~a)
o L,z ,~w)] = o [T(z,@ x,—x 5, L (@2 x,—x)].

The penultimate step in this process involves multiplying (3.3) by the function ¢, thus

x

0=q(2)[p(z+y) + oz —y)| +q(@)T(z,y) + u/ q(x)T(z,2)[p(2 +y) + ¢(2 —y)|dz. (3.8)

—x

Finally, we compare equations (3.7) and (3.8) and note that if we take

d
then the functions (% - aa—;) T(z,y) and g(x)T(x,y) satisfy the same integral equation. There-

fore, by uniqueness the two functions are equal and so we obtain the partial differential equation,
0? 0?
(&EQ - 8y2) T(z,y) = q(x)T(z,y)

where g(z) = 2p-L [T(z,2) + T(z, —2)]. [ |

The following theorem shows the equivalence of the functions G(x,y) and T'(z,y) in that they
both satisfy the same partial differential equation. The method of the proof is similar to that of
Theorem 3.2.0.42.

Theorem 3.2.0.43 Suppose that ¢ is even and twice continuously differentiable on the real line.
Suppose further thatT has bounded first and second partial derivatives for x > 0 and —x <y < x.
If T satisfies the partial differential equation

0? 0?
(6332 - ByQ) T(x,y) = q(x)T (x,y) (3.9)
where q(z) = 2u-L [T(x, ) + T(x, —x)], then G also satisfies (3.9).

Proof. The proof is completed in the following stages:
(1) Calculate the second derivative of G(x,y) with respect to x;
(2) Calculate the second derivative of G(z,y) with respect to y;
(3) Subtract the second derivative of G(z,y) with respect to y from the second derivative of
G(z,y) with respect to  to produce the desired partial differential equation.
Since the proof follows the same method as detailed in Theorem 3.2.0.42, we omit some of the
details in the following calculations.
In the first stage we calculate the second derivative of G(x,y) with respect to . First,
2 Gey)

x

> {ote )+ olo )+ T +a [

€Z —x

T, 2)6( + ) + 0z — v)] dz}

(26 ) + 0z ) dz

x
—x

)
0
—§aty)+ o)+ g Tay)u [

+puT(z,z)[p(z +y) + ¢(x — y)] + pT'(z, —2)[p(—z + y) + ¢(—x — y)].

593



The second derivative of G(z,y) with respect to x is therefore,

82

5.20@)
= a4 a0+ Tt [ T 6le ) 6 )] de
# (s + ) T2 + T~ (60 + ) + 60— )]
+ 3 [T(@,0) + T, —2)][¢' (@ + ) + 'z — ). (3.10)

Next, we calculate the second derivative of G(z,y) with respect to y. First,
0
—G
3y (z,y)
8 xr
ot =9+ 5 Twn)n [ T@d e+ ) - - )de

The second derivative of G(x,y) with respect to y is therefore,
32
y?

=¢"(xz+y)+¢"(x—y)+

G(x,y)

ay?

Twy)+u [ " (e, 2)[¢" (2 4 y) + 6"z — )] d.

Performing two integrations by parts on the latter integral we thus obtain

2

5,70 (@)
= @ 0) 4 0@ )+ T )+ (T ) + T, =) 6 4+ 6 )]
gy (o) = Tla, =) (9o + 3) + 0(a — )]
b [ T2 o+) + 0z - ) )

Now we subtract equation (3.11) from equation (3.10). This gives,
0? 0?
(57~ o) 6o
82 82 T 32 32
(o) T [ (o= ) T allote + ) + 60z - )
d
+2u— [T(z,2) + Tz, —2)] [$(e +y) + d(z —y)].

Since T satisfies the partial differential equation as specified by (3.9), it follows that
82 32
— 4(@)T(z.v) +u/ )T (@, 2)[6(= + ) + 6z — )] d= -+ () oL + 1) + 0z — y)]
= q(z)G(z,y),

hence G also satisfies the partial differential equation, (3.9). [ |
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3.3 The Use of Linear Systems in Solving Gelfand—Levitan
Integral Equations

This section shows how we can solve a Gelfand—Levitan integral equation using linear systems.
The first step is to assume that a scattering function, ¢ is known and that it arises from a linear
system, (—A, B, C'). We then introduce a new operator which we call R, and use it to construct
a solution, T to the Gelfand-Levitan integral equation (3.3). Since the operator, R, is defined
in terms of the linear system, (—A, B, ('), this in turn allows us to construct T from the same
linear system. We conclude this section by producing a simplified partial differential equation for
T. This simpler partial differential equation will reappear in Chapter 4 to allow us to calculate
the potential, g of Hill’s equation. We also note here that ¢ can be expressed in terms of the

logarithm of a determinant.

Definition 3.3.0.44 Let (—A, B,C) be a linear system as in Definition 2.6.0.26. Define the
operator R, : Dg(A) — L%(E) to be

R, = / (e 4 ) BO (¢ 4 ) de (3.12)

—x

Remark 3.3.0.45 Note that we can also define R, for the linear system (—A, By, C). In this
case Ry : Dp(A) — Dg(A).

Proposition 3.3.0.46 Let R, : Dp(A) — L?*(E) be as defined by definition 3.3.0.44. If the

operators
P = / (672‘4 + eZA) Bdz,

Q C (esz + 6zA)

are Hilbert—Schmidt then R, is trace class.

Proof. Clearly we have R, = PQ. If P and @ are Hilbert—Schmidt then R, is trace class by
Definition 2.1.2.1. [ |

Recall Remark 3.1.0.36, we noted that for a linear system, (—A, B,., C, D) the function C(A+
AM)71B, + D was a transfer function and (A + M )~! a resolvent. Now, if we are using a linear
system (—A, B,., C) then the transfer function becomes C' (A + AI)~!B,.. The reader should note
the similarity between this notation and the form of the function T'(z, y) in the following theorem.
In Definition 3.3.0.44 we have used the notation R, to suggest that (I + pR,)~! is a type of
resolvent. We note however that (I + puR,)~" is different from (A + AI)~! = [ e (AT gz,

Theorem 3.3.0.47 Given the linear system, (—A, B,.,C), let R, be the operator given by (3.12)

1 eqists. Further, let

and assume [I + pR,]
T(z,y)=—C (e " + ™) [I + pR,) ! (e7v +ev) B,. (3.13)

If ¢ is as given by Definition 3.1.0.37 then T satisfies the Gelfand-Levitan integral equation,

(3.3).
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Proof. Let T be given by
T(z,y) = —C (7" + ™) [ + uR,] " (e7¥4 +¥4) B,

where R, is as given by (3.12). Also, let ¢(z) = C (e=*4 4 e”4) B, as in Definition 3.1.0.37. We
check that the Gelfand-Levitan integral equation, (3.3) holds. First note that

dr+y) +ole—y) = C (e—<z+y>A n e<x+y>A) B, +C (e—(x—ym T e(z—y)A) B,
= C (efa:AefyA + eeryA) Br +C (ef:vAeyA + ea:AefyA) Br
= C (67114 + eIA) (efyA + eyA) B,.
A simple substitution then gives
G(x,y)
—C (e—a:A + eIA) (e—yA + eyA) Br _C (e—xA + ea:A) [I + /JzRg;]il (e—yA + eyA) Br
— ,u/ C (e*:”A + e””A) [+ ,uR$]71 (e*ZA + eZA) B, C (e*ZA + eZA) (e*yA + eyA) B, dz

= (e e ) {1 [T+ pR,]

—pull + pR,) ™ /

—X

x

(e—zA + ezA) B,C (e—zA + ezA) dZ} (e—yA + eyA) B7‘~
For the linear system, (—A, B,.,C) we have R, = ffw (e*ZA + eZA) B, C (e*ZA + eZA) dz and so

Ga,y) = C (™ 4 ) {1 = [+ pRo] ™ = pll + pRy] ™ Rof (74 + e¥4) B

Clearly,
I—[I+pR,) " = pll+pRe) ' Re = I—[I+pR,) " [I+ pR,]
= ()7
hence G(z,y) = 0 and so T satisfies the Gelfand—Levitan integral equation. |

The following corollary is a consequence of Theorems 3.2.0.42 and 3.3.0.47. It shows that if
T takes the form given in Theorem 3.3.0.47 then we can produce a simplified partial differential
equation for which T is a solution. In Chapter 4 we will see how the partial differential equation

stated in Corollary 3.3.0.48 can be used to reconstruct the potential of Hill’s equation.

Corollary 3.3.0.48 Given the linear system, (—A, B, C), let ¢ be as stated in Definition 3.1.0.37
and let R, be as in Definition 3.3.0.44. Let

T(x,y) =—-C (efrA + e [I+ pRe (efyA + eyA) B,
then T'(z,—y) = T(x,y). Furthermore, T satisfies the partial differential equation

((9(12 — 881/2> T(z,y) = q(z)T(z,y),

where q(z) = 4p-LT(z, x).
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Proof. Let T'(z,y) = —C (e7** + &™) [I + pRy (e7¥4 + e¥4) B, then clearly,

T(w,—y) = —C(e7™ +e) [ +pR] " (e +e74) By

T(z,y).

Now, by Theorem 3.3.0.47, T satisfies the Gelfand-Levitan integral equation, (3.3). Therefore,
by Theorem 3.2.0.42, T satisfies the partial differential equation
0? 02
(&EQ - ayg) T(z,y) = q(z)T(z,y)
where g(z) = 2u-L [T'(z,z) + T(z, —z)]. However, we have just shown that T'(z, —y) = T(z,y),

so in fact we have

d
(e) = 4 T(z,2)
as required. [ |

The final task in this section is to provide an alternative formula for ¢ in terms of the operator
R;. The formula will allow us to write the function ¢ in terms of the logarithm of a determinant.

First we state a lemma that will be called upon in the proof.

Lemma 3.3.0.49 Let S be a trace class operator depending on x so that x +— S(x) is a con-
tinuously differentiable function. Let S have eigenvalues {\;(z)} and assume that p # —5-.
Then

d
1

—S.
Kz

% log det(T + S) = tr [(1 +uS)

Proof. Suppose that S is a trace class operator with eigenvalues {);}. By Definition 2.3.0.24,

S has Fredholm determinant

det(I +pS) = [T (1 + pA)). (3.14)

J

Taking the logarithm of each side of (3.14) gives

logdet(I +pS) = log H(1+u)\j)

J

= Zlog(l + 11A;).

J

By Definition 2.3.0.23, the trace of a trace class operator is equal to the sum of its eigenvalues,

thus

tr [log(I + p8)] = 3 _log(1 + ),

J

hence

log det(I + pS) = tr [log(I + wS)].
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We now note that, in the style of Napier, we can define the logarithm of an operator in terms of

an integral. Observe that
/ {tI+ 1)~ = (I + T+ pS)~"'} dt
= Rh—r>no<> {[log(tI + I)]? — [log(tI + 1+ uS)]OR}
= I%iirlm {log(RI +I) —log(I) — log(RI + I 4+ uS) + log(I + nS)}
= log(I + pS).
Thus

dilogdet(f—l—,uS) = —tr [/ {#I+1)"" — (L +1+pS) l}dt}
X

= tr le/O {#I+D)~" = +1+pS)" "} dt]

where the last line follows since S is trace class. An application of [32] (Theorem 3.7.12, page

83) now gives

Llogdet(I +pS) = ir [/Om{di [t + 1) (tI+I+uS)_1]} dt]

tr [—/ODO {ddx(tl+1+u5)—1} dt} .

In order to differentiate (tI + I + pS)~!, first note that

I= @t +1+pS) Htl+ 1+ pS). (3.15)

Now differentiate both sides of (3.15) with respect to z, thus obtaining

0 d [(tI+I+MS) YL+ 1+ pS)]

d
[ (tI + 1+ uS)—l] (tI + T+ pS)+ (I +1+ MS)*%(U + I+ uS). (3.16)
Upon rearranging (3.16) and completing the differentiation we see that

d d
|:dx(tf+ I+ uS)l] = —(H+I+pS)! le(tl +1 +MS)] (tT + 1+ pS)™*

—(tI + 1+ pS)~! {uji} (tI + 1+ puS)™*

Therefore,

d o d
——logdet(I +uS) = tr U {(t1+1+u5)1u5(t1+1+u5)1} dt]
dx 0 dx

>~ d
tr U (tI+I+uS)’2,u—S dt]. (3.17)
0 dx

Here, the last line follows from [15] (Lemma 14(b), page 1098). Evaluating the integral in (3.17)

we see that

/ (tI+I+uS)_2,u%dt lim {[ ((I + 1+ pS)~ ]Ryds}
0

R—o0 dx

(I+pS)"

M@~
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Hence,

d dS
— log det (I = tr (] “u—
7, Jogdet(l + uS) = tr [( + 1) udx]
as required. |

The following theorem shows that if T satisfies the partial differential equation

0? 02
(axg - ayQ) T(z,y) = q(z)T(z,y)
then ¢ can be expressed as the logarithm of a determinant involving the operator R,. In Chapter

4 we will see that this means we can calculate the potential of Hill’s equation given that the linear

system, (—A, B,C) and the operator, R, are known.
Theorem 3.3.0.50 Given the linear system, (—A, B,.,C), let

/ (e_ZA + eZA) B, dz,

—

P

Q = C(e_ZA—FeZA)

be Hilbert—Schmidt operators. Suppose that T' takes the form given by equation (3.13). Then T
satisfies the partial differential equation (5.4) and
2
q(z) = —2@ logdet (I + uR;) .

Proof. Since T satisfies Theorem 3.3.0.47, it follows from Corollary 3.3.0.48 that

q(x) = 4M%T(x, x).

Suppose that e 4 4 e*4 and [I + ,uRmT1 are n X n matrices. Further, let C be a 1 X n row

vector and let B, be anx 1 column vector. Then T'(z, ) can be considered as a 1 x 1 matrix and
so we may take the trace of it. Since the trace operation is invariant under cyclic permutations,

it follows from (3.13) that
Taa) = tr[=C (e + e [+ R (4 4 e™) B,
= b [ N [ pR] T (e ) B,
= —tr [[I + R, (e7™A 4 e™) B,C (774 + e“fA)] ,

Now note that

%Rx -9 (67IA + eazA) BTC' (esz + emA) ,

therefore

1 4 d
T(w,x) = =5 tr |[[ +pRy] 1%&

By hypothesis, the operators P and @ are Hilbert—Schmidt, thus R, = PQ is trace class by
Proposition 3.3.0.46. It now follows from Lemma 3.3.0.49 that

1 d
T(x,z) = _ﬁﬁl% det(I + uRy,),
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and hence,

d] 1d
Ap— | ——-—log det(I + pR,
Ho 2Hd:coge(ﬂt )

2

d
_QE logdet (I + uRy) .

L)
—
8
~
I
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Chapter 4
Hill’s Equation

Hill’s equation, a linear, second order differential equation with m-periodic potential will be
central to this thesis in that it will provide the foundations for the remainder of our work.
Specifically, Chapters 5 and 6 suppose the existence of a sampling sequence that is derived from
the periodic spectrum of Hill’s equation. The novel approach in this thesis is to use linear
systems to deal with Hill’s equation. We show that some of the classical techniques such as Hill’s
discriminant fit naturally into the theory of linear systems. For a concise source of background
information relating to Hill’s equation see Magnus and Winkler [35].

In this chapter we introduce Hill’s equation with a particular focus on the solutions of Hill’s
equation and the periodic spectrum. In Section 4.2 we see that we can construct a solution to
Hill’s equation using the function T'(x,y) found in Chapter 3. As found in Chapter 3, the func-
tion T'(x,y) satisfies the partial differential equation (66722 - ;—:2) T(x,y) = q(x)T(z,y), where
q(x) = 4/¢%T($, x) is the potential of Hill’'s equation. We used the linear system, (—A, B, C) to
construct an operator R, that allowed us to write T'(z,y) in terms of (—A, B, C). In the current
chapter we see that the same function, T'(z, y) can be used to create one of the fundamental solu-
tions to Hill’s equation. Therefore, we show that solutions of Hill’s equation can be constructed
via linear systems.

Given a modified version of Hill’s equation, whose potential has period %, we are also able
to show that when A = 0 is an eigenvalue, the corresponding eigenfunctions are the spheroidal
wave functions. Furthermore, we show that the spheroidal wave functions are also eigenfunctions
of the operator S given in Definition 2.5.0.14.

The remainder of this chapter focuses on the spectrum, in particular, the periodic spectrum
and how we can characterise it through determinants. We define the periodic spectrum by way
of the monodromy operator, M, showing that Hill’s discriminant, A arises as the trace of M.
Hence, we define the periodic spectrum by stating that an eigenvalue, A\ of Hill’s equation belongs
to the periodic spectrum if and only if A?(\)—4 = 0. This condition on Hill’s discriminant allows
us to interpret Floquet’s Theorem and shows that eigenvalues in the periodic spectrum correspond
to solutions of Hill’s equation that are periodic with period 7 or 27. Using this information we
follow the approach of Hill in [28] in search of a condition based upon determinants that will
yield elements of the periodic spectrum. Roughly, we find that if an eigenvalue is a root of a

particular Carleman or Fredholm determinant then it belongs to the periodic spectrum. Further,
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we extend Hill’s method to include extra conditions based on the Carleman determinants of the
operators, R, and R. that we express in terms of a linear system. That is to say, we use linear
systems to create determinants whose roots belong to the periodic spectrum.

We conclude the chapter with a method for reconstructing a potential of Hill’s equation given
that the linear system, (—A, B, C) is known. We use the results of Chapter 3 which show that
given a known linear system and scattering function, there exists a function T'(z,y) satisfying
the partial differential equation (68722 - g—;) T(z,y) = q(z)T(z,y) where q(z) = 4p-LT(z,z) is
the potential of Hill’s equation. Our method is then to construct T'(z,y) from the linear system

(—A, B,C) and thus recover g.

4.1 Introduction to Hill’s Equation

Here we define Hill’s equation and its fundamental solutions. Also, we show that under certain
conditions Hill’s equation forms a Sturm—Liouville system. For more information on Sturm-—

Liouville systems see [55] (Chapter 9, page 105).

Definition 4.1.0.51 Let q be a real-valued, w-periodic and twice continuously differentiable func-

tion. The linear second order differential equation

—f"(x) + q(@)f(x) = Af(x) (4.1)
is known as Hill’s equation. We call q the potential and refer to A as an eigenvalue.

Remark 4.1.0.52 We can also write Hill’s equation in the homogeneous form

f'(@) + [N =q@)]f(x) =0. (4.2)

As equation (4.1) is a second order differential equation it has two linearly independent
solutions. We call these solutions the fundamental solutions. It is often helpful to write the
fundamental solutions in matrix form. The following definition gives conditions under which a

pair of solutions are fundamental and introduces their matrix notation.

Definition 4.1.0.53 Let f1 and fa be two continuously differentiable and linearly independent
solutions of Hill’s equation, (4.1) satisfying

i fo 10
0) = . (4.3)
s ( 0 1

Then f1 and fo are known as the first and second fundamental solutions respectively. Further-

more, the matrix

fi fa
i fs

18 known as the fundamental solution matrix.

Remark 4.1.0.54 The fundamental solution matriz is an entire function of . See [30].
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Hill’s equation with some additional boundary conditions forms a Sturm-Liouville system. In
the following definition we sate what is meant by a Sturm—Liouville system. Proposition 4.1.0.57
then imposes some boundary conditions on Hill’s equation in order that it may form such a

system.

Definition 4.1.0.55 Let u, v, w be continuous real-valued functions on the finite interval [a,b] C

R, with u,w > 0. Suppose that u' exists and is continuous on [a,b]. Then the differential equation

oo w5 + Dote) + 0] ) =0

defined on [a,b], together with one or both boundary conditions

0 = af(a)+Bfa)
0 = Yf(b)+65 (),

is known as a Sturm-Liouville system. We exclude the trivial boundary conditions from this

definition.

Remark 4.1.0.56 If the differential equation has both boundary conditions then the system is

called a regular Sturm—Liouville system.

Proposition 4.1.0.57 Suppose that Hill’s equation is defined on the interval, [0,7]. Then (4.2)

together with the boundary conditions, f'(0) =0 = f'(7) forms a reqular Sturm-—Liouville system.

Proof. Take Hill’s equation to be in the form of (4.2) for « € [0, c0]. In the notation of Definition
4.1.0.55, take u(r) = 1, w(z) = 1 and v(z) = —¢(x). Now, u and w are obviously continuous,
real-valued and positive. Further, u’ exists and is continuous. Also, v = —¢q is continuous and
real-valued by Definition 4.1.0.51. Equation (4.2) is therefore in the form required by Definition
4.1.0.55. Hence, given the boundary conditions f'(0) = 0 = f’(), Hill’s equation gives a Sturm-—

Liouville system. |

Sturm—Liouville systems are interesting since it can be shown that their eigenvalues are real,
see [55] (Theorem 9.8, page 114). Further, in the case of Hill’s equation, the eigenfunctions form
an orthogonal sequence. This latter statement is known as the Sturm-Liouville Theorem and it
can be found with proof in [55] (Theorem 11.1, page 131). We return to the subject of eigenvalues

in Section 4.4.

4.2 The Solutions of Hill’s Equation

When considering differential equations, the most obvious question to ask is, can we find a
solution? Further, can we find all solutions? This section is concerned with answering those
questions. It is known that if we are able to find two linearly independent solutions to a second
order, homogeneous differential equation, then the general solution (hence all solutions) will be
a linear combination of the two linearly independent solutions. Therefore, if we can find two
linearly independent solutions of Hill’s equation, (4.2), i.e. if we find the fundamental solutions,

then indeed we will have the general solution to Hill’s equation. It turns out that finding
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two fundamental solutions is not such an easy task. We can however find a candidate for the
first fundamental solution using linear systems. In Chapter 3 we saw that the linear system
(—A, B,C) can be used to construct a function T'(z,y) satisfying the partial differential equation
(8‘9—; - 8%22) T(x,y) = q(x)T(x,y), where ¢ is the potential of Hill’s equation. In this section we
see that the same function, T'(z,y) can be used to create a solution to Hill’s equation.

First, we state a simple lemma that will be used in several proofs.

Lemma 4.2.0.58 Suppose that f(x) is a solution of Hill’s equation, (4.1). Then f(x + m) is

also a solution.
Proof. This is obvious since ¢ is m-periodic. [ |

The following theorem provides a solution to Hill’s equation. Further, we propose that for a
linear system, (—A, B, C') such that T(0,0) = 0 then the solution provided is in fact one of the
fundamental solutions. The form of the solution given in Theorem 4.2.0.59 appears in [35] (page
47). A simplified version, appearing in Proposition 4.2.0.60 can also be found in [24] (equation

(4), page 254).

Theorem 4.2.0.59 Suppose that ¢ is even and twice continuously differentiable on the real
line. Also suppose that T(x,—y) = T(x,y) where T'(z,y) is twice continuously differentiable with
bounded first and second partial derivatives for x > 0 and —x < y < x. Further, suppose that
the Gelfand-Levitan integral equation, (3.3) holds with = 1. Then

x

filz) = cosx\ﬂ—i—/ T(x,y)eiy\r’\ dy

—x

is a solution of Hill’s equation, (4.1). Moreover, if there exists a linear system such that T'(0,0) =

0 then f1 is one of the fundamental solutions.

Proof. The proof simply involves verifying that f; satisfies the differential equation (4.2) and
then checking that the conditions from (4.3) hold given 7/(0,0) = 0. Let fi(z) = coszv/A +
ffr T(zx, y)eiyﬁ dy. Differentiating f; with respect to x and noting that T'(z, —y) = T(x,y), we

obtain

fi(x)

—VAsinavA + / %T(l’, y)eiyﬁ dy + T (, x)emﬁ +T'(z, —J:)e_“”ﬁ

—VsinzVA+ / gT(x, y)e"V X dy + T(x, z) (e”ﬁ + e*”ﬁ> :
€Z

—x
We differentiate again to find the second derivative of f; with respect to . Thus,

€T

T 92 ; 0 ; 0 ;
" _ iyv/x izv/X et VA
() Acos 2V + » axQT(x,y)e dy + axT(ac,x)e + axT(x, x)e

+ [CZCT(L x)] (e”ﬁ + e—m\ﬁ\) + VAT (2, z) <emﬁ — e‘mﬁ) .
Now note that 7" meets the conditions of Theorem 3.2.0.42, therefore T satisfies the partial

differential equation, (3.4). Substituting this into the above and using the fact that T'(x, —y) =
T(z,y), we obtain

171 _ iyv A iz VA —izvV A
Mx) = —AcoszVA+ /_:C {83/2 + q(x)} T(x,y)e dy + —amT(ﬂc,x) (e +e )
+ iT(x x) (e”ﬁ + e‘irﬁ> + iV AT (z, ) (e”ﬁ - e‘”ﬁ) . (4.4)
dm ) )
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Next we perform integration by parts twice on f { 52 -1 (z, y)} iyVA dy, thus

[ || ey

R @
— |eivV2 L
{e 9y (z, y)} .

_ [ wvr 0
D T

y=—=z

) 1o sy
_ Y iy

iV » [81/ (x,y)] e
—ivA [e”’ﬁT(w,y)r —A/ ()Y dy
y=—x

—xT

= e”ﬁ%T(x, x) — eiixﬁ%T(ﬂj, —x) — iﬁeizﬁT(m, x) + iﬁeiixﬁT(aj, —)

f)\/ T(x,y)eiyﬁdy.

—x

Again, using the fact that T'(x, —y) = T'(x,y) we see that

/ {8822 (z, y)] eV dy

= %T(m,x) (emﬁ + e‘ixﬁ) — VAT (2, 2) (em\ﬁ\ e‘”‘f )\/ T(x,y)e WYX gy,

Putting this into our equation for f{’, (4.4) and noting that LT (% —) x,x), we

obtain

1 (x)

~AcoszVA + §T<x, @) (VA 4 e VYY)~ iAT (2, 3) (VX - i)
Y

- /w T(:c,y)eiyﬁ dy + q(x)/

—T —x

" [ijT(x,x)] (eimﬁ 4 e—mﬁ) + VAT (z, 2) (eizﬁ _ efiz\/x>

T
= —)\cosx\f)\—)\/ T(x,y)eiyﬁdy—i—q(x)/ T(w,y)eiyﬁdy

—T —x

+2 {ij(x,x)] (e”ﬁ + e‘”ﬁ) .

x

T(xa y)elyﬁ dy + gT(SE, QE) (emﬁ + e*iw\/X)
X

Now, as cosz = 1 (e + =) it follows that

1 (2)
= —AcoszVA — )\/w T(%y)eiyﬁ dy + q(x)/

—x —T

x

T(x, y)eiyﬁ dy + 4 [ddT(x, :U)] cos V.
T

Finally, by Corollary 3.3.0.48 we note that for 4 = 1 we have g(z) = 44-T(z, ), hence

x

(x) = f)\cosx\f)\f)\/ T(z,y)eiyﬁdy+q(x)/ T(z,y)eiyﬁdy+q(x)cos:c\[\

—x —x

= la(@) = Al f1 ().

Therefore, f1 is a solution of Hill’s equation.
Now suppose that there exists some linear system, (—A, B, C) such that 7(0,0) = 0. If f;

satisfies one of the conditions given by (4.3) then f; is one of the fundamental solutions. Clearly,

f1(0) = cos0
= 1
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Also, given T(0,0) =0,

1(0) = —vVAsin0+7(0,0) (e” + ¢°)
= 2T7(0,0)
= 0
and so fi is indeed one of the fundamental solutions. |

We have therefore managed to show that f; as given by Theorem 4.2.0.59 is the first funda-
mental solution. As T'(z,—y) = T(x,y) we can use this fact to simplify the solution found in

Theorem 4.2.0.59. This simplification is presented in the following proposition.

Proposition 4.2.0.60 Suppose that ¢ is even and twice continuously differentiable on the real
line. Also suppose that T(x, —y) = T(x,y) where T(x,y) is twice continuously differentiable with
bounded first and second partial derivatives for x > 0 and —x <y < x. Further, suppose that
the Gelfand-Levitan integral equation, (3.3) holds with p = 1. Let f1 be the solution to Hill’s
equation found in Theorem 4.2.0.59, then

fi(x) = coszVA+ 2 /093 T(z,y) cosyV A dy.
Further, suppose that for a linear system, (—A, B,C) we have
T(z,y) = —C (e ™ + ™) [I + R, 7! (e7¥* + e¥?) B.
Then
fi(x) = coszVA —2 /Ox C (e*“‘ + eIA) I+ R,)™* (e*yA + eyA) B cosyVAdy.
Proof. By Theorem 4.2.0.59 we know that f; is a solution of Hill’s equation where

fi(x) = cos VA + /m T(x, y)eiy‘a dy.

—x

Given e = cosz + isinx we may write

fi(z)
= cosaV A+ /_f T(x,y) [cos yV\ +isin y\[\} dy

0 x
= cos a:ﬁ-i—/ T(z,y) [cos yﬁ+isiny\[\} dy +/ T(z,y) [cosy\ﬁd—isinyﬁ} dy

0

= coszV + /Ox T(z, —y) [cos yVX — isin yﬁ} dy + /OI T(z,y) [cos yVA + isin yxf)\] dy
= coszVA + /096 [T(x,y) + T(x, —y)] cosyVAdy + i /O$ [T(z,y) — T(z, —y)] sinyvAdy.
Since T'(x, —y) = T(x,y) it follows that
filx) = cos VA + Q/ZT(x,y) cos yV A dy

0
as required.

Now let T(z,y) = —C (e=** + ) [I + R,] ™! (e 7¥" + €¥) B. Then clearly,

fi(z) = coszvVA — 2/” C (e_”A + eI+ Ryt (e v + eyA) BcosyvVAdy.
0
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Having found the first fundamental solution to Hill’s equation, we would like to find the
second fundamental solution. Knowing both the first and second fundamental solutions would
enable us to find the general solution. Unfortunately, finding the second fundamental solution,
or indeed a second solution is not an easy task. The difficulty of this task in the case that the
potential is a cosine function has already been proved by Ince. Let a, A be complex constants.

The second order differential equation,
d2
ﬁf—i— [A—2acos2z] f =0

is known as Mathieu’s equation. For a # 0, Ince proved that the general solution of Mathieu’s
equation is never periodic. This implies that if one periodic solution to Mathieu’s equation exists
then the second solution will not be periodic. More details of this fact can be found in [21] (page
119). Given that the potential for Hill’s equation can be a great deal more complicated than a

cosine function, the chances of finding a second solution to Hill’s equation are slim.

4.3 Spheroidal Wave Functions Arising as Solutions of Hill’s
Equation

Spheroidal wave functions arise as solutions of the differential equation

AT I NPV P .

where ¢ # 0. In particular, since (4.5) is a second order differential equation it will have two
linearly independent solutions from which we can construct the general solution. Solutions
of (4.5) are classified as either spheroidal wave functions of the first kind or spheroidal wave
functions of the second kind. Spheroidal wave functions of the first kind are those that are finite at
the points z = +1. Spheroidal wave functions of the second kind have logarithmic singularities at
z = £1. Detailed information about the history, construction and applications of the spheroidal
wave functions can be found in [22]. For more information regarding the difference between the
functions see [22] (Section 2.3, page 12). In this section we are concerned with solving a particular
case of Hill’s equation, (4.1). We do this by taking a particular differential equation, of the form
(4.5), whose solutions are known (they will be spheroidal wave functions) and transforming it
into an equation that resembles Hill’s equation. The resulting Hill’s equation will, under certain

conditions, have solutions that are spheroidal wave functions.

Definition 4.3.0.61 Define the differential operator K, to be

d d

Kz _ 2 .2\ 2 7b2 2 )
/ dz [(a &) dzf] =f

We are going to consider the equation —K, f = A\f. Comparing this with (4.5), the similarities

are apparent for we have set z = %w, u = 0 and ¢ = ab. It then follows that —K,f = Af

has eigenfunctions that are spheroidal wave functions. In the following theorem we transform

—K.f = Af into an equation of Hill’s type. This then provides a way in which we can find

solutions to certain types of Hill’s equations.
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Theorem 4.3.0.62 Suppose that —K, f = \f where f is a spheroidal wave function. Then f is

also a solution of the equation,
d2
_ﬁf + [a'V? tanh? ua sech 2ua — Aa? sech ual f = 0. (4.6)
u

Remark 4.3.0.63 Note that equation (4.6) has the general form of Hill’s equation. The poten-

tial,
q(u) = a*b? tanh? ua sech ua — Aa? sech ua

has period % and the spheroidal wave functions are eigenfunctions associated with the eigenvalue

ZEero.

Proof. Let f be a spheroidal wave function and suppose that f satisfies, — K, f = Af. Consider

the change of variables given by z = a tanh ua. Note that

d
£ = a*sech?ua (4.7
= ad? (1 — tanh? ua)
= g2 2
Thus,
d dz d
2 _ .2y %, _ 0z d
(a N ) dzf du dzf
d
= %f

by the chain rule. Also by the chain rule we have

dd,
dz du’ ~ dz du?’’

The equation, —K, f = \f therefore becomes

A= @) | e
= _%%f+b222f
= —Z—Z;l—;f—i—bQZQf
= 76052#;%f + a2b? tanh? ua f, (4.8)

where the last line follows from (4.7). Multiplying equation (4.8) through by a?sech?ua then
produces
d2
Aa? sech %ua f = _ﬁf + a*b? tanh? ua sech 2ua f.
u
Thus the spheroidal wave function, f is also a solution of the equation

d
——f+ [a4b2 tanh? ua sech ua — \a? sech 2ua] f=0,
U

as required. ™
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4.3.1 Spheroidal Wave Functions as Eigenfunctions of the Operator S

In this section we show that the operator S as defined in Definition 2.5.0.14 has eigenfunctions
that are spheroidal wave functions. We achieve this by showing that the eigenfunctions of S are
the same as those of K, defined in the previous section. In order to do this we will need to show

that the operators S and K, commute.

Proposition 4.3.1.1 Let x,t € R and let S and K, for z = x,t be operators as defined in
Definition 2.5.0.14 and (4.6) respectively. Then SK, = K;S.

Proof. First note that
d? d
(2o e 22y
Eif = (0 =) o f =2 [ =00 f
Then

suan = - f i f) 22X g,

_a t—x

- L @) ] 2 - 2 [ o | 2 g

a0 —a —a

_523 /a fo(x)w dz.

T J)_q t—x
We want to perform integration by parts on the expression for SK;f. In order to simplify the
calculation, we first note that

. - b
sinb(t —x) _ 1 / ¢ist=2) g, (4.9)
t—ux 2/

Substituting equation (4.9) into the expression for SK;f we see that

S(Kf)(t)
_ i ¢ 2 _ .2 ’ is(t—x) d72 _ l /a /b is(t—x) i
=5 /. l(a x )/_be ds def(x)dx = x _be ds dxf(a:)dx
b2 a b )
- — fo(x)/ (=) ds dx. (4.10)
27 —a —b

69



We now perform integration by parts twice on the first integral of (4.10). So,

/2 l(az — 2?) /bb eislt=a) ds] j—; (z) dzx

(- [ i) ]

- [ a lm« [ bb =) ds — i (a® — 2?) [ bb sets(t=2) ds] % f(x)dx
b b

= - K—m« /_be“(f—@ ds — i (a® — 2°) /_bseisﬁ—f) ds) f(x)]

/. : !
b b
=2a ( [ be“(t*a) ds> f(a)+2a ( [ bei5<t+a> ds> f(=a)

o

a

r=—a

—b

—b —b —b

Similarly, we perform one integration by parts on the second integral of (4.10), giving

a b
/_a [x /_b ets(t=o) ds] %f(m) dx
b a
is(t—x) d
(foeres)]

b b
=a </b ets(t=a) ds) fla)+a (/b eis(tta) ds) f(=a)
a b b
_ is(t—x) . is(t—x)
/_a [/_be ds m/_bse ds] f(z)dx.

Hence,

1 [ b i 1 b -
S(K:f)(t) = ;/ ix/b set (=) gg — 3 (a2 — ;1;2) /b s2eis(t=2) gg

—a
b2 b

——xQ/ et ds| f(z) dx.
2 —b

After relabelling by switching the roles of & and ¢, equation (4.11) then becomes

a b b
S = © / [it / s gy — L (a2 — 1) / gis(o—t) g

—a —b —b

62 b
75152/ @t ds| f(t)dt.

—b

Now observe that by (4.9) we have

L
2
d2<sinb(3:—t)) _ 1
2

dt? T —t
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b b b
72/ e=) ds + 4ix/ st g5 — (a® — 2?) / s2eis(t=o) ds} f(x)dx

b b b
—2/ =) ds + 4iz/ st g5 — (a® — 2?) / s2eis(t=o) ds] f(x)dx.

a b b
- / [/ est=) s — lx/ sets(t=z) ds} f(x)dx
—a —b —b

(4.11)

(4.12)



Thus,

swnw = [ [-ag (D) 4@ - < (o)

T J_, T —t T —t

sinb(z —t)
—bztzx_t} f(t)dt

L [0 e

T J_, 4

Since % is even it follows that K Sinz(ft_t) = K, Si“fﬁ;’”). Hence

S )(2)
ISy PRI P
(R SRV P
= (@) T (sp) - 2L (550 - ()0
~ K
as required. .

An immediate consequence of Proposition 4.3.1.1 is that the eigenfunctions of S and K; are
the same. In Section 4.3 we saw that the eigenfunctions of the operator K; are the spheroidal
wave functions. Theorem 4.3.1.3 shows that S also admits spheroidal wave functions as its
eigenfunctions. First we give a preliminary lemma that shows that zero is not an eigenvalue of

the operator S.

Lemma 4.3.1.2 Let S be the operator defined in Definition 2.5.0.14. Then zero is not an

eigenvalue of S.

Proof. Suppose that zero is an eigenvalue of S. Since S = U*U by Proposition 2.5.0.16 we have
U*Uf = 0 for some eigenfunction, f # 0. Now, U*Uf = 0 implies (U*U f, f) = 0, hence by
Definition 2.1.0.7, [[Uf]*> = 0 and so Uf = 0. Recall Definition 2.5.0.8, since U : L2[—a,a] —
L?[—b,b] it shows that U f = 0 implies U f(t) = 0 for —b < t < b. By Proposition 2.5.0.11, U f is
entire over the real line, hence has isolated zeros. We conclude that U f(t) = 0 for all ¢ € R and

Uf(t) = f(t). Now, using Proposition 2.4.1.3 we see that

flz) = lim — / f)e't dt

Therefore, Sf = 0 implies that f = 0 everywhere, a contradiction. Hence zero cannot be an

eigenvalue of S. [ |

Theorem 4.3.1.3 Let S and K be as defined in Definition 2.5.0.14 and (4.6) respectively. Sup-
pose that f is an eigenfunction of K associated with the eigenvalue A. Furthermore, suppose that

f s a spheroidal wave function of the first kind. Then f is also an eigenfunction of S.
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Proof. Let f be an eigenfunction of K corresponding to the eigenvalue A, then K f = Af. Note
that

SKf=MASf,
and since S and K commute by Proposition 4.3.1.1, we have
KSf=MASf

where S'f is twice continuously differentiable. By Lemma 4.3.1.2, zero is not an eigenvalue of
S, hence Sf # 0. It follows that Sf is an eigenfunction of K corresponding to the eigenvalue
A. Therefore, we must have Sf = g where g is some linear combination of spheroidal wave
functions of the first and second kind. Now note that S f is continuous by an application of the
Dominated Convergence Theorem, hence Sf is finite at the points z = £1. Therefore S f must
be a spheroidal wave function of the first kind. Since K f = Af where f is the spheroidal wave
function of the first kind corresponding to the eigenvalue A, and Sf is also an eigenfunction of

K corresponding to the eigenvalue A, it follows that

Sf=nf

for some scalar, u. Thus f is also an eigenfunction of S. |

4.4 The Spectrum of Hill’s Equation

A spectrum, defined for an operator, contains the eigenvalues of the operator together with any
limit points. In this section we seek to define the spectrum of Hill’s equation by first writing (4.1)
in operator form. We then introduce the monodromy operator, M, and show how the spectrum
of Hill’s equation can be obtained from it. We finish by calculating the characteristic equation
of the monodromy operator in preparation for Floquet’s Theorem which we introduce in Section
4.4.2.

As previously stated, the definition of a spectrum is given in terms of operators. Therefore we
first write (4.1) in operator form. The reader should also note that, unless otherwise specified,

we take the space Hp, to be as given in Definition 4.4.0.4.

Definition 4.4.0.4 Let H, = {f € L*(R) : f” € L*(R)}. Define Hill's operator, L : H; —
L?(R) to be such that
2

da?

Lf(x) = f(@) +q(2) f ().

Remark 4.4.0.5 With Hill’s operator, L given by the above definition, Hill’s equation, (4.1)

becomes

Lf(z) = Af(z). (4.13)

Having an operator form of Hill’s equation, as in (4.13) allows us to define the spectrum of
the operator, L. That is, we are able to define the spectrum of Hill’s equation. We start this

process by defining the spectrum of a general operator.
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Definition 4.4.0.6 Let H be a Hilbert space and T : H — H be an operator. The spectrum of
T, denoted o(T) is defined to be

o(T)={X € C: A —T is not invertible}.

It is clear from the definition of a spectrum that ¢(7") must contain all of the eigenvalues
of T. If X\ is an eigenvalue of T' then AI — T fails to be one-to-one, hence is not bijective and
therefore is not invertible. If an operator acts on a finite dimensional space then its spectrum
consists precisely of its eigenvalues. If however, an operator acts on an infinite dimensional space
then its spectrum may contain elements other than the eigenvalues. We summarise this in the

following proposition.

Proposition 4.4.0.7 Suppose that T : H — H. If H is finite dimensional then
o(T)={X € C: X is an eigenvalue of T}.

If H is infinite dimensional then
{N € C: X\ is an eigenvalue of T} C o(T).

In a finite dimensional Hilbert space, in order to find the spectrum of an operator, 7" we can
consider its characteristic equation. The roots of the characteristic equation of T" are precisely

the eigenvalues of T

Definition 4.4.0.8 Let H be a finite dimensional Hilbert space and let T : H — H be an

operator. We define the characteristic equation of T' to be
det(A\I —T) = 0.

Remark 4.4.0.9 When T is a trace class operator we can consider the equation
det(I — \T) = 0.

The roots of this equation are the reciprocals of the eigenvalues of T .

In Theorem 4.4.0.19 we calculate the characteristic equation of the monodromy operator. It
is this characteristic equation that is associated with Hill’s equation. The proof of the theorem
depends upon having Hill’s equation in matrix form. We give a definition that introduces this

matrix notation and then present some preliminary results.

Definition 4.4.0.10 Let Hp = {f € L*(R) : f” € L?(R)} and suppose that f1, fo € Hy are the
two fundamental solutions of Hill’s equation. Set g; = f! fori=1,2 and let ¥ = [¥1, U3] where
U, = [fi,gi" fori=1,2. Also let

0 1
D(z) = . (4.14)
q(z)=A 0
In matriz form, Hill’s equation, (4.1) becomes
¥ = DU, (4.15)

Also, since f1 and fo are fundamental solutions, the condition given by (4.3) is equivalent to

W(0) = 1.
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The following lemma shows that we can post multiply solutions to Hill’s equation by scalar

matrices to produce another solution.

Lemma 4.4.0.11 Let ® be a solution of Hill’s equation so that ® = D® where D is as given by
(4.14). Suppose that W is a scalar valued matriz, then ®W is also a solution of Hill’s equation.

Proof. The proof simply involves checking that ®WW satisfies (4.15). Let ® be a solution of

(4.15) and W a scalar valued matrix then
(W) ='W + oW’

As W is a constant matrix its derivative with respect to z is zero. Also, since ® is a solution of

Hill’s equation it satisfies ® = D®. Thus
(®W) = DOW,
and so O is also a solution of Hill’s equation. [ |

We now begin to introduce the monodromy operator, M. In Definition 4.4.0.16 we take M,
to be a matrix similar to W(7) where ¥ denotes the fundamental solution matrix. The following

Lemma is presented solely as a precursor to the proof of Proposition 4.4.0.14.

Lemma 4.4.0.12 Let ¥ denote the 2x2 fundamental solution matriz. Also let ® be any solution
of ® = D® where D is given by (4.14). Then ® satisfies

Proof. Let ¥ be the 2 x 2 fundamental solution matrix, then ¥ satisfies Hill’'s equation, so
U’ = DW¥. Consider then ¥(z)®(0). By Lemma 4.4.0.11, U(x)®(0) is also a solution of Hill’s

equation, hence

Therefore, at = 0, U(x)®(0) has derivative given by D(0)¥(0)®(0) = D(0)®(0). That is, the
derivatives of ¥(z)®(0) and ®(x), and the functions themselves are equal at the point z = 0.

Hence, by uniqueness,

So,

as required. [ |

Recall that in Lemma 4.2.0.58 we saw that if f(z) is a solution of Hill’s equation then f(z4)
is also a solution. The following lemma shows that we can write f(xz+) as a linear combination

of the fundamental solutions.
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Lemma 4.4.0.13 Let ¥ denote the 2 X 2 fundamental solution matriz then
U(z+7m) = U(x)¥(m).
Proof. Since V¥ is the 2 x 2 fundamental solution matrix we have

U(x+m) = ft ff (x + ).
fi fa
Now, as fi(z) and fa(z) are solutions of Hill’s equation, it follows from Lemma 4.2.0.58 that

fi(x +m) and fo(x + ) are also solutions of Hill’s equation. Therefore, we may write fi(x + )

and fo(x + ) as linear combinations of f;(z) and fa(x). Let

fHilz+7m) = afi(x)+bfa(x),
flz+m) = chi(z)+df2(x)

for some constants a, b, ¢, d. Then

\I/(x_i,_ﬂ-) _ af1+bf2 Cf1+df2 (x)
afi +b53 cfi + dfs
_ |k (@) a c
o) d
a c
= v . 4.16
(2) . (4.16)

Given that ¥ is a fundamental solution matrix and satisfies U(0) = I, we use this to find a, b, ¢, d.

So, taking x = 0 in (4.16) we have

a
Tm) = b d
Therefore,
V(x4 m) = U(x)P(m)
as required. m

The following proposition is presented as motivation for the definition of the monodromy

operator as appears in Definition 4.4.0.16.
Proposition 4.4.0.14 Let ® be any solution of ® = D® such that ®(0) is invertible. Then
(x4 m) = (x) [©(0)"U(m)P(0)]

Proof. Let ¥ be the fundamental solution matrix and suppose that ® is any solution of ®' = D®
such that ®(0) is invertible. Then by the proof of Lemma 4.4.0.12 we have ®(z) = ¥(x)®(0) for

all z. In particular,
O(x+7) =V(z+ m)P(0).

(0]



By Lemma 4.4.0.13 we have ¥(x + 7) = ¥(z)¥(7) and therefore
Oz 4+ m) = U(x)T(m)P(0).
Finally, if ®(z) = ¥(2)®(0) and ®(0) is invertible then ¥(z) = ®(2)®(0)~!. Hence,

Oz +7) = &(x)®(0) 1T (7)D(0).

Remark 4.4.0.15 Note that the matriz ®(0)~ W (7)®(0) is similar to V().

In the above proposition we saw that the matrix W(7w) plays a special role. We saw that
shifting any solution of Hill’s equation by 7 results in post multiplication of the solution by

®(0)~*W(m)®(0). This observation prompts the following definition.

Definition 4.4.0.16 Let Hyr = {® : &' = D®} where D is as given by (4.14) and let ¥ denote
the fundamental solution matrixz. We define the monodromy operator, M, : Hyy — Hys to be

such that
O(x) — O(x+m)
where M, is given by post multiplying by ®(0)~1 ¥ (r)®(0).

The monodromy operator, M, is important since it is used to define Hill’s discriminant. It
is Hill’s discriminant that gives the spectrum of Hill’s equation. In Section 4.4.1 we will see how
placing certain conditions upon Hill’s discriminant allows us to calculate the periodic spectrum
of Hill’s equation. The relationship between Hill’s discriminant and the monodromy operator is

shown in the following definition.

Definition 4.4.0.17 Let Hy; be as given in Definition 4.4.0.16 and let M, : Hyy — Hyy be the

monodromy operator. Then Hill’s discriminant, A is given by
A(N) = tr M.
Remark 4.4.0.18 The above definition implies that Hill’s discriminant takes the form

AN = fa(m) + f3(m),
where fi1 and fo are the fundamental solutions of Hill’s equation.

As previously mentioned, Hill’s discriminant gives the spectrum of Hill’s equation. Therefore,
by Remark 4.4.0.18, if we can find both fundamental solutions of Hill’s equation we can calculate
the spectrum.

The final task in this section is to calculate the characteristic equation of the monodromy
operator. The roots of such a characteristic equation can be used to determine the type of
solutions to Hill’'s equation that we can expect to find. This idea will be demonstrated in

Proposition 4.4.2.2.
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Theorem 4.4.0.19 Let Hyy = {V : V' = DU} where D is as given by (4.14) and let M, :

Hyr — Hyy be the monodromy operator. Then the characteristic equation of M, is
p? — (tr M) p+ det M, = 0
where det M, = 1.

Proof. The monodromy operator is represented by a 2 x 2 matrix, say

where tr M, = a11 + ase and det M, = aj1a22 — ajsa91. The characteristic equation of M, is

given by

0 = det[ul — M,;]
—a —a
— dot 1Y 11 12
—a21 W — G22
= (/J - an)(u - Cl22) — 012G21

2
= p° — (a11 + ag2)p + ar1a22 — arpan

= p? — (tr My) p+ det M.

It remains to show that det M; = 1. Let ¥ denote the fundamental solution matrix then by

Definition 4.4.0.16, M, = ®(0)~1¥(7)®(0) where ® is a solution of Hill’s equation. So,
det M; = det [®(0)"¥(m)®(0)]
= det ¥(m).
It therefore suffices to consider ¥(7) and show that det U(7w) = 1. Let W denote the Wronskian

of the fundamental solutions, f; and f. Then W (z) = det U(z). Differentiating the Wronskian

with respect to z we see that

! /
iW(:r:) = det i J2 (x) + det ho 2 ().
a 5oR v
Clearly we have
! !/
det ho f (z) = 0.
fl 12

Also, as f1 and fy are solutions of Hill’s equation we have, by (4.1)

fi'(@) = la(z) = Alfi(x)

for i = 1,2. Thus,
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This implies that the Wronskian, W (x) is constant for all z. In particular, W (0) = W (r). Thus,
det¥(m) = Wi(m)

W (0)

det U(0).

Since ¥ is a fundamental solution matrix, it follows from Definition 4.4.0.10 that ¥ (0) = I, hence

det U(m) = 1. [

In the case that the monodromy operator has distinct eigenvalues p; and po, M is diagonable
and hence is similar to the matrix diag (11, pt2). Theorem 4.4.0.19 then shows that 1 = det M, =

w1p2. This observation provides motivation for the following definition.

Definition 4.4.0.20 Let p1 and po be the roots of the characteristic equation of the monodromy
operator, M. Then there exists some & = a+ bi € C such that a,b € [0,2) and

o= ei§7r

Lo = e—iEﬂ.

We call £ a characteristic exponent.

Remark 4.4.0.21 It will sometimes be convenient to use the notation p;(m) fori=1,2.

4.4.1 The Periodic Spectrum

In the case that Hill’s equation has periodic solutions of period 7 or 27, the associated eigenvalues
lie in the periodic spectrum. This section defines the periodic spectrum of Hill’'s equation and
shows how it can be calculated from Hill’s discriminant. The remaining chapters of this thesis
are dependent upon knowing the periodic spectrum of Hill’s equation since we will sample from
it. We show how the periodic spectrum can be split into two sets; the principal series relating
to m-periodic solutions and the complementary series relating to 2m-periodic solutions. Further,
we state a result known as the Oscillation Theorem that demonstrates the connection between

the principal series and the complementary series.
Definition 4.4.1.1 We define the periodic spectrum of Hill’s equation to be,
op(L) = {A € C: A%(\) —4 =0}
where A is Hill’s discriminant.
The periodic spectrum of Hill’s equation is an infinite set as the following proposition shows.
Proposition 4.4.1.2 Let A(\) denote Hill’s discriminant then the function
A%(\) —4

has infinitely many zeros, (M\,)%q. Further, if A%(0) # 4 then

AQ()\)—4:Cﬁ {1—/\1]



Proof. Hill’s discriminant, A has order 3 by [35] (Theorem 2.2, page 20). The remainder of the

statement now follows from Proposition 2.2.0.14. [ |

Proposition 4.4.1.2 also shows us that if 0 & 0,(L) then we can write the function A%(\) —4
as a convergent product.

Let 0,,(L) = {An}nen, where the A, denote elements of the periodic spectrum. We can divide
the set 0, (L) into two further sets that form sequences known as the principal and complementary

series. The use of the term series is traditional in this context and does not imply summation.

Definition 4.4.1.3 Suppose that A belongs to the periodic spectrum. We say that X\ lies in the

principal series if it satisfies the equation
A(N) —2=0.

Similarly we say that X\ lies in the complementary series if it satisfies the equation,
AN +2=0.

The following theorem is due to Liapounoff and Haupt and is known as the Oscillation
Theorem. The theorem shows the relationship between the roots of A(\) —2 = 0 and those of
A(X) +2 = 0. That is, it shows the relationship between eigenvalues in the principal series and
those in the complementary series. Further, it shows what type of solutions to Hill’s equation we
can expect if a given eigenvalue is in either the principal or complementary series. The Oscillation

Theorem, stated next, is presented in [35] (Theorem 2.1, page 11) along with a proof.

Proposition 4.4.1.4 Hill’s equation, (4.1) has a monotonically increasing infinite sequence of

real numbers, (A\,)22, such that A, — 00 as n — oo and the following inequalities hold,
—00 < A< AL < A< A3 < < A< A< A< g < ... (417)

Furthermore, Hill’s equation has a mw-periodic solution if and only if A, belongs to the principal

series, and a 2mw-periodic solution if and only if A, belongs to the complementary series.

The sequence (\,)%, is derived from the solutions to the equation A%(\) —4 = 0 and
is monotonically increasing. By Definition 4.4.1.3 we see that each A, belongs to either the
principal series or the complementary series. In [35] (Lemma 2.6, page 19) it was shown that Ao
is a simple root of A%(\) —4 = 0 with A’(\g) < 0. Further, Ay always lies in the principal series.
The inequality A\g < A; together with the fact that A’(Ag) < 0 then tells us that A\; lies in the
complementary series. The next element in the sequence, Ay will again lie in the complementary
series. If A’(A\1) < 0 then Ay # \; and we say that both A\ and Ay are simple roots. Also, A\; and
A2 will be separated by what we shall later refer to as an interval of instability. If A’(A;) = 0 then
A2 = A1 and we have a double root. This accounts for the inequality Ay < Ao. The next inequality
given in the Oscillation Theorem is A2 < A3 and this occurs since A3 lies in the principal series.
Following this we have A3 < A4 denoting the fact that A3 and A4 can be either simple or double
roots with A4 also in the principal series. This pattern of alternating between the principal

series and complementary series repeats. The inequalities given in the Oscillation Theorem are

79



structured such that for n € N, if Ay, belongs to the principal series then A5, also belongs to
the principal series. Similarly, if A2, _1 belongs to the complementary series then A5, also belongs
to the complementary series. As we have already briefly mentioned, the inequalities stated in
(4.17) also define the intervals of stability and instability. These intervals are used to tell us
whether or not our solutions to Hill’s equation are bounded. Intervals of stability correspond
to bounded solutions, whereas intervals of instability correspond to unbounded solutions. We
will give more explanation of this concept in Section 4.4.2 but for now it suffices to note that
an interval of stability is given by A%(\) —4 < 0 (if X is a double root we also include the case
AZ%()\) —4 = 0) and an interval of instability is anything outside of this. The following diagram
plotting the function A makes the ideas just outlined more precise. Note that the scale on the

y-axis refers only to the function A; the eigenvalues can take any real value.
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Remark 4.4.1.5 From the diagram it is now easy to see that the principal series is given by
{Ams Aamas :m € No}.
Similarly, the complementary series is given by
{Admi1, Aamaz :m € Ngb.

The final proposition in this section explains the oscillatory nature of the function A(\) that

is evident in the diagram. It shows that we can express A(\) in terms of the cosine function.
Proposition 4.4.1.6 Let A denote Hill’s discriminant. Then
A(N) =2cosém
where & is the characteristic exponent.
Proof. By Theorem 4.4.0.19, the monodromy operator has characteristic equation
0=p?—AN\)p+ 1. (4.18)
Let pq1 and po be the roots of the characteristic equation then

0

(1= 1) (p = pa2)
= p® = (u1 + p2)p + pape. (4.19)

By comparing (4.18) with (4.19) we see that
A(X) = p + po.
Finally, by Definition 4.4.0.20 we see that
AN) = BT pe T
= 2cosém

as required. ™

4.4.2 Floquet’s Theorem

The aim of this section is to state, without proof, Floquet’s Theorem. Floquet’s Theorem uses
the roots of the characteristic equation of the monodromy operator to determine the nature of
the solutions of Hill’s equation. In particular, we see that when these roots are equal there exist
periodic solutions to Hill’s equation, of period 7 or 27. As a consequence of Floquet’s Theorem
we are also able to determine when the solutions to Hill’s equation are bounded.

Let the monodromy operator have eigenvalues p; and po. The following theorem gives a
condition that Hill’s discriminant must satisfy in order for p; and ps to be equal. It also shows

that if g3 = po then X\ belongs to the periodic spectrum.

Theorem 4.4.2.1 Let M, denote the monodromy operator with eigenvalues 1 and ps. Then

w1 = peo if and only if Hill’s discriminant satisfies

A%(N\) —4=0.

82



Proof. By Theorem 4.4.0.19 and Definition 4.4.0.17, the characteristic equation of M is
p? = ANp+1=0.

The roots of the characteristic equation of M, are the eigenvalues of M, by definition. We use

the quadratic formula to find the roots 1 and po. This gives

A /AT -4
_ . 7

7

from which it is clear that p; = po if and only if A%2(\) —4 = 0. [

The following theorem is called Floguet’s Theorem and it can be found with proof in [35]

(page 4). Briefly, it tells us what type of solutions to Hill’s equation we can expect to find.

Proposition 4.4.2.2 Let py(x) = €% and ps(x) = e where & is a characteristic exponent.
Suppose that the characteristic equation of the monodromy operator, My has roots py(m) and
po(m). If pi(mw) # po(w) then Hill’s equation has two linearly independent solutions, y1 and yo
such that

yi(z) = wm(x)p(z),
y2(x) = pa(x)p2(z)
for mw-periodic functions py,pe. If p1(w) = po(mw) = 1 then Hill’s equation has a non-trivial

m-periodic solution, pr. Suppose y is also a solution of Hill’s equation and that y and p, are

linearly independent. Then
y(@ +7) = y(x) + cpa(x)

for some constant, c. If ui(w) = po(m) = —1 then Hill’s equation has a non-trivial 27-periodic
solution, par. Suppose y is also a solution of Hill’s equation and that y and por are linearly

independent. Then

y(x +m) = —y(v) + cp2- ()

for some constant, c. If ¢ =0 then we have

Remark 4.4.2.3 We refer to the case in which pi(m) = pua(w) = 1 as the periodic case. The

case in which pq(m) = po(mw) = —1 is referred to as the antiperiodic case.

Floquet’s Theorem tells us the nature of the solutions of Hill’s equation based on the roots
of the characteristic polynomial of the monodromy operator. It tells us that when those roots
are equal and take the value 1, there exists a m-periodic solution to Hill’s equation; when they
take the value —1 there exists a 2m-periodic solution to Hill’'s equation. Notice also that when

the roots are equal and ¢ = 0 there exist two linearly independent periodic solutions. This
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corresponds to having a double root. Furthermore, when the roots are distinct there exist two
linearly independent solutions that are products of a m-periodic function and some other function
that is dependent upon the root.

The following corollary is a consequence of Floquet’s theorem. It describes the conditions

under which the solutions of Hill’s equation are bounded.

Corollary 4.4.2.4 Let ¢ denote the characteristic exponent. If A?(\) —4 < 0 then £ is real and
all solutions of Hill’s equation, (4.1) are bounded. If A%2(\) —4 > 0 then all solutions of Hill’s
equation are unbounded. Finally, if A%(\) = 4 then Hill’s equation has a periodic solution of

period T or 2.

Proof. We consider each case in turn. First suppose that A%(\) — 4 < 0. By Definition 4.4.1.1
we are not in the periodic spectrum and so we must have p1 # po, where py and po are the roots
of the characteristic equation of the monodromy operator. Hence, by Floquet’s Theorem 4.4.2.2

there exist two linearly independent solutions of Hill’s equation,
yi(z) = mx)p(z),
ya(z) = pa(z)p2(z).
It follows that any solution of Hill’s equation has the form
y(z) = ayi(z) + By2().

We show that y is bounded. Given A%(A\) —4 < 0, or more simply, —2 < A(\) < 2, this is
equivalent to —1 < cos&m < 1 where £ is a characteristic exponent by 4.4.1.6. Since £ = a + bi

for a,b € [0,2) it follows that we must have a # 0 and b = 0 so that £ # 0 and real. Therefore,
@) = |etior]
= 1
for x € R and ¢ = 1,2. Hence,
ly@)| = |opa(z)p1(x) + Buz(z)pa(z)]
lal[pr(@)| + |8 p2(z)] .

IN

By Definition 4.1.0.53, y; and yo are continuous. Since uq(z) and us(z) are continuous it follows
that the functions p; and p, must also be continuous. Further, by Floquet’s Theorem 4.4.2.2
p1 and ps are m-periodic and so are bounded on an interval of length w. It follows from the
periodicity of p; and p, that they are both bounded on R. Hence y is bounded.

Now suppose that A%(\) —4 > 0. Again, we are not in the periodic spectrum and so by

Floquet’s Theorem 4.4.2.2; any solution of Hill’'s equation has the form

y(r) = ayi(v) + Bya(z)

where yi(z) = pi(2)pi(z) and yo(z) = pa(z)pa(x). Now, A%(A) —4 > 0 is equivalent to
|[cos&m| > 1. Clearly this only happens when & = a + bi for b # 0. Now,

ly(@)| = [ap(z)p1(2) + Bua(2)pa(2)|

> el lpm(@)]|p1(@)] = [=Bp2(2)] |p2(2)]

V
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where

i(@)| = [etetine

6:&(71))1

for € R and ¢ = 1,2. Consider now the cases in which z — £o00. Suppose z — oo then
lp2(z)| = € — oo. If z — —oo then |y (x)| = e7*® — oo. In both cases the result is that y
unbounded.

Finally, the existence of periodic solutions of period 7 or 27 when A%(\) = 4 follows directly

from Floquet’s Theorem, 4.4.2.2. [ |
The following definition provides some standard terminology.

Definition 4.4.2.5 If A € R is such that A2(\) —4 < 0, or A%2(\) —4 = 0 and X is a double
root, then we say that X belongs to an interval of stability. If A2(A\) —4 >0, or A2(\) —4=0

and X is a simple root then we say that \ belongs to an interval of instability.

We see from Corollary 4.4.2.4 and Definition 4.4.2.5 that the intervals of stability relate to
bounded solutions of Hill’'s equation, whereas the intervals of instability relate to unbounded

solutions.

4.4.3 The Bloch Spectrum

Traditionally, the Bloch spectrum is used by physicists and is defined to be the set of eigenvalues
for which all solutions of an equation are bounded on the real line. This is an analytic approach.
Here we define the Bloch spectrum in terms of Hill’s discriminant, A which is derived from the

monodromy operator, a geometrical quantity.

Definition 4.4.3.1 Let L denote Hill’s operator. We define the Bloch spectrum of Hill’s equa-

tion to be
op(L) ={N€R:A*(\) —4<0}U{NeR:A*(\) —4=0 and )\ is a double root}.

The Bloch spectrum is therefore the set of eigenvalues that belong to intervals of stability.

That is, A € og(L) if every solution of

—f"(x) + q(2) f(z) = Af(x)
is bounded. We show this in the following lemma.

Lemma 4.4.3.2 Suppose that \ belongs to the Bloch spectrum, og(L). Let fx denote a solution

to Hill’s equation corresponding to the eigenvalue, A. Then fy is bounded.

Proof. Let A € op(L) then either A?(A\) —4 < 0 or A*(\) —4 = 0 and X is a double root.
We denote by f the eigenfunction associated with the eigenvalue, A. If A%(\) —4 < 0 then by
Corollary 4.4.2.4, fy is a bounded solution of Hill’s equation. If A%(\) —4 = 0 then again by
Corollary 4.4.2.4, Hill’'s equation has a continuous, periodic solution, fy. Since f) is continuous

and periodic it is therefore bounded, completing the result. [ |
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The following proposition shows that the Bloch spectrum of Hill’s equation is indeed a subset
of the spectrum of Hill’s equation, for if A\I — L is not invertible then A € o(L) by Definition
4.4.0.6.

Proposition 4.4.3.3 Let L denote Hill’s operator. Suppose that X lies in the Bloch spectrum,
op(L). Then A — L is not invertible.

Proof. Let A € op(L) then by Lemma 4.4.3.2, there exists a bounded function, fy associated
with A and such that
I3 (@) +a(@)fx = Ma.

Suppose that f) € L?(R) then by Definition 4.4.0.4,

Lfx=Afa

where L denotes Hill’s operator. Therefore, A is an eigenvalue with eigenfunction fy. By Proposi-
tion 4.4.0.7, A belongs to the spectrum of L, hence, by Definition 4.4.0.6, A\I — L is not invertible.

Now suppose that A € op(L) and f\ ¢ L?(R). We construct an approximate eigenfunction
so that AI — L is not invertible. Take T' > 0 large and let ¢ : R — [0, 1] be even, infinitely
differentiable and such that

0 for z<-T-1,
er(z) =<1 for —T<z<T,
0 for a>T+1.

We take @ to be decreasing on (0,00) and note that the families {¢/7 }r>o and {¢/}}r>o are

uniformly bounded on R. Also,

0 for < -T-1,
orfalxz) =19 fulx) for T <ax<T,
0 for x>T4+ 1.

Since f) satisfies Hill’s equation it follows that op fy satisfies Hill’'s equation on the set
S =(—00,-T-1)U(-T,T)J (T +1,00).

Note that for € (—oo,—T — 1) U (T + 1,00) we have the trivial solution. Therefore, writing

Hill’s equation in terms of Hill’s operator we see that the equation

(AL =L)(erfa) =0 (4.20)

holds on the set S. Now, since f) is differentiable on R it follows that it is continuous on R.
Thus @7 fyn € L*(R) since it is continuous and has support on (=7, 7). It then follows from
(4.20) that

[(AL = L) (‘PTfA)”L?(R) = |[(AL = L) (¢r fx) HL2(R\S) :

On the set R\ S we have

(M = L) (prfa) (@) = AMerfr) (@) + (erfr)" (@) = a(z) (or fr) (2)
= (e7) (@) +2(erf3) (@) + (erf3) (@) + X = q(@)] (o1 fr) (2)-
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It therefore follows from the triangle inequality that

[(AL = L) (br )l 22y

"

< ||S0Tf>\||L2(R\s) +2 ||901Tf;\HL2(]R\S) + ||80Tf§\1||L2(1R\S) + A= q”LOO(R\S) ||S0Tf>\||L2(1R\s) ‘

We show that each term in the above inequality is bounded. First note that for any = € R we

have |7 | < 1, hence

, -T , T+1 ,
lerllems)y = . 1|<PT(35)| dx + . lor(x)|” dz

-T T+1
/ ldx + / ldx
-T-1 T

= 2.

IN

Also, since ¢/, and ¢/ are uniformly bounded, we can choose constants C’,C” > 0 such that

|| < C7 and |¢f| < C”. By the same reasoning used to calculate ||¢r ||iz(R\S), we see that

IN

2

||90/T||L2(R\S) 2(0')27
2

lerlle@ms) < 2(C")%

We also note that since ¢ is continuous and periodic it is bounded and so we may take
[A—q(@)] <@ (4.21)
for all z € R and some constant () > 0. Furthermore, since A € og(L), fy is bounded, say
[fa(z)| < M (4.22)

for x € R and some constant M > 0. Thus

=T T+1
Il = [ Ih@Fdes [ IR@F da

—-T—-1 T

IN

-7 T+1
/ M?dx + M? dz
—T-1 T
= 2M%
Also, since fy satisfies Hill’s equation we may write,
A =la(z) = A] fa
and so by (4.21) and (4.22) we have

(@) < QM

for all x € R. Thus, as above

-T T+1
2 2 2
1Klws = [ 8@ [ g

-T-1 T

IN

/ QM) dr s / oM

—-T-1 T

2QM)2.
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In order to show that f} is bounded we split into two cases. First suppose that A%(\) —4 < 0
then by Proposition 4.4.2.2,

fa(z) = e p(x)
where p is a 7-periodic function. Now,

[fi(@)] = [Fige™ " p(x) + e ()

e | [pla)] + ]| 1 (2)]

IN

Since f) and the exponential function are continuous, it follows that p must also be continuous.
Since p is a continuous, periodic function, it follows that p is bounded on R. Also, since fy is
a solution of Hill’s equation, it must be continuously differentiable, hence p’ is continuous and
periodic and therefore bounded on R. We thus take |p(z)| < P and |p/(z)| < P’ for all z € R
and constants P, P’ > 0. Furthermore, since A%(\) —4 < 0 we have £ € R by Corollary 4.4.2.4
and so |eii§z| < 1. Thus,

|fi(z)| <P+ P

Now suppose that A%(\) —4 = 0 and X is a double root. Then f is a bounded, periodic,
continuously differentiable solution of Hill’s equation. It therefore follows that f} is continuous

and periodic, hence bounded and so
()] <D

for all # € R and some constant D > 0. Let M’ = max{{P + P’, D} then in both cases we have

=T T+1
15l ms = [ 1B@F e [ IR@F

—-T—-1 T
=T T+1

< / (M’)Qdac—l—/ (M")? dz
—-T—-1 T

= 2(M')%

It now follows that

IO =) (prf)ll @y < 2C"M+4C'M' +2QM +2QM
= 2[C"M +2C'M' +2QM].

Let C =2[C"M +2C"M’ 4+ 2QM] then we have

I = L) (prfa)ll oy < €

where C' > 0 is some constant, independent of T'. Finally we calculate |7 fx[lp2(r). First note

that

2 2 2
lerfalliewy = lerfillzes) + lerfallizgs)

2 2
= A2y T lerfallzz@mys) -

We have assumed that fy ¢ L?(R) and so we may take
1Al 2 -y = 00
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as T'— oo. Hence, |07 fallp2r) = 00 as T — oo. It follows that

. [(AL = L)(er )l 22wy
1m =

T—o0 lor fallpz )

0,
so we can choose Cr such that

||(>\I — L) (@Tf)\)HL%]R) <Cr ||90Tf>\HL2(]R)

where Cr — 0 as T' — oo. Hence as T' — o0, |Al — L|[;2z) — 0 and so we cannot invert
A — L. ]

4.5 Characterisation of the Periodic Spectrum in Terms of

Hill’s Determinants

The purpose of this section is to find criteria, not dependent upon solving Hill’s equation, for
an eigenvalue to be in the periodic spectrum. By following the approach of Hill in [28], we
write the solutions and the potential of Hill’s equation in terms of Fourier series from which we
can construct another matrix representation of Hill’'s equation. Hill then continued to calculate
various determinants associated with the resulting matrix. In a similar fashion we also construct
determinants whose roots are elements of the periodic spectrum. We do this by constructing
separate determinants for the principal series and the complementary series. Our method of
construction has the advantage of using holomorphic functions instead of meromorphic functions
as seen in [35] (page 32). We then proceed to extend Hill’s method by writing the resulting
determinants in terms of linear systems. This is done via a convolution operation.

Let ¢ be the potential of Hill’s equation, (4.1). Throughout this section we take ¢ to be as in

the following definition.

Definition 4.5.0.4 Let ¢ € L?[0, 7| be w-periodic and twice continuously differentiable. Suppose

that q has Fourier series given by

at) = Y et

j=—o00

for Fourier coefficients, 0; € C.

Lemma 4.5.0.5 Let g be as in Definition 4.5.0.4, then q satisfies

2 2
||Q||L2[0,7r] = Z 101

j=—c0

< oQ.

Furthermore,

2 . 2
g 220, = 4D 4% 16; 1"
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Proof. First note that since ¢ € L?[0, 7], it has finite norm. Given 6; € C we have,

1 s
lallisom = 5 [ la®F a

™

2
1 [ & -
S / S 02| ar
™

0 |, =%

_ l/w i ejezijt (i erzikt> dt
0

& j=—00 k=—oc0
1 ) 9] Y
- Y Y eE [ e
7Tj:—ook:—oo 0
Note that

/7r Q2GR gy — )T for k= j,
0 0 for k # j,

therefore,

oo

lal2opm = S 162

j=—o00

as required.

Next we calculate Hq/HQL?[o,n]- First we differentiate ¢ term-by-term giving

oo
q(t)= > 2ijo;e*".

j=—00
Now, as before with 0; € C we have
2 1 [" 2
410 = 5 [ A OF @
2
T [eS)
= l/ > 2ij6;e*t| dt
s 0 .= J
j=—00
1/7T N~ o 20 - A 2k
= — 2156t —2ikOe 2% | dt
TJo j:z—:oo ’ k:z—:oo

1 [ee] o'e} s T N
= = > ) 4jko;0, / 2= gy
™ 0

j=—00 k=—o00

= > 476

j=—oc0

as required. [ |

The following proposition is the starting point that Hill used in his paper [28]. It provides

equations which, once solved, give solutions of Hill’'s equation whose corresponding eigenvalues

lie in the periodic spectrum.

Proposition 4.5.0.6 Let A be an eigenvalue of Hill’s equation. Then \ belongs to the principal

series if and only if there exists a sequence (bj);ez € (* satisfying

b Do Oi—kbe (A= 1)b;
J 452 — 1 452 -1
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for all 7 € Z. Similarly, X\ belongs to the complementary series if and only if there exists a

sequence (bj)jez € (* satisfying

b Dhe oo Oi-kbE b
J (1+25)2 (1+25)2

forall j € Z.

Proof. By the Oscillation Theorem 4.4.1.4, X\ belongs to the principal series if and only if there
exists a periodic solution, f, to Hill’s equation of period 7. Since f is periodic it therefore has a

Fourier series,

£(t) = i be2it,

j=—00

Hill’s equation, (4.1) then becomes

A i bje2ijt _ i 4i2j2bj62ijt+ ( i ekeQik:t) i bj€2ijt

j=—00 j=—00 k=—c0 j=—00
= 4> et Y ( > ej_kbk> 2idt, (4.23)
j=—00 j=—00 \k=—o00
If we compare the coefficients of €2 in (4.23) we see that
Abj = 45%b; + > 0. (4.24)
k=—o0

We would like to divide (4.24) by 452, however this leads to division by zero in the case that
j = 0. In order to avoid dividing by zero we first subtract a b; from either side of (4.24) and
then divide by 452 — 1. We obtain,

by 4 e bimibe _ (3~ D,

452 — 1 452 -1

as required.
The case in which A\ belongs to the complementary series is shown similarly. First note that
by the Oscillation Theorem 4.4.1.4, A lies in the complementary series if and only if there exists

a 2m-periodic solution to Hill’s equation. Let f denote such a solution, then f has Fourier series

ft) = Z b;el(1+2)t,

j=—o0

Substituting this into Hill’'s equation then gives

A Z bj6¢(1+2j)t _ Z (1+ 2j)2bjei(1+2j)t + Z ( Z 9j—kbk> pi(1+24)t (4.25)
j=—00 j=—00 j=—00 \k=-—o00
Comparing the coefficients of e!(!*29)t in (4.25) and dividing by (1 + 2j)? we obtain
b 4 koo lickbe 2,
/ (14 25)? (1+25)?
completing the proof. [ |
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The following lemma is used to show that the matrices

0; [ a-1 0; i , A
{43'2—1} diag [43'2—1] and {(1+2j)2} diag {(HW]

appearing in Proposition 4.5.0.8, are trace class. Once we know that these matrices are trace

class we are then able to use the Fredholm and Carleman determinants interchangeably (see

Corollary 2.3.0.29).

Lemma 4.5.0.7 The matrices

. A—11% O, 17 . A o O 17
diag { } ,{ - } , diag [ ] and [J - }
42 =1, 142 =1 e (T+25)%],- (L4202 = o
are trace class. Hence,
Hj_k :|OO . |: A—1 ]Oo
- — diag | ——— ,
|:4321 jk=—o0 43271 j=—o0
) e [
— — diag | —————
|:(1+2j)2 koo (1+25) jm—oo

are trace class.

Proof. Let A = diag [4?2%11} ‘ and let B = {4;2 kl} I . We use Lemma 2.1.2.4 to show
j=—00 =—00

that both A and B are trace class. To see that the matn;( A is trace class we note that

I\ — 1\2 < o0

j_fC)O
by comparison with >°° = oo ]% Now consider the matrix B. We have
‘9.7 k“ - 1 -
= — 0kl
pDIPSINCEINES S e
j=—o00 k=—00 Jj=—00 k=—oc0

Now, Y70 60—kl is convergent by Lemma 4.5.0.5 and >~

j=—00 m is convergent by com-

parison with Y77

0 1 .
. Hence ZJ__OO Zk__oo ‘|4]?2_"1‘| and so B is indeed trace class.

j=—00 ]
oo (oo}

A similar argument can be used to show that the matrices diag [ﬁ] P and [(&7;;)2] o
are trace class. It now follows from Proposition 2.1.2.2 that the sum of trace class matrices is

also trace class, thus

K e

_dik — & AN

(1 + 23)2 jk=—o00 (1 + 2])2 j=—o00

are also trace class. [ |

The following proposition gives several criteria for an eigenvalue of Hill’s equation to lie in
the periodic spectrum. Note that the conditions do not require that we solve Hill’s equation,

they only require that we know the Fourier coefficients of the potential.

Proposition 4.5.0.8 Let A be an eigenvalue of Hill’s equation. Then X lies in the principal

series if and only if the Fredholm determinant

-1 -
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Equivalently, \ lies in the principal series if and only if the Carleman determinant

deto (I — diag [4;2__11] + [419;_161}) =0.

Also, X\ lies in the complementary series if and only if the Fredholm determinant

w1 ] 5] -

Equivalently, \ lies in the complementary series if and only if the Carleman determinant

tets (1= dins |72 | + [ 3] ) =0

Proof. Let A be an eigenvalue of Hill’s equation then, by Proposition 4.5.0.6, A belongs to the

principal series if and only if there exists (b;);cz € €% such that the equation

Dohe—oo Oi—kbr (A =1)b;
. = 4.2
bt T T 452 — 1 (4.26)

holds for all j € Z. Let B=1[...,b_1,by,b1,...]" # 0 then, in matrix form, (4.26) becomes

. A—1 0: 1
I — J B=0.
( diag [47’2 —1} - [43‘2—1]) 0

Now, since B # 0 we must have (I — diag [ 4;,‘;_11} + {4@7‘2—_’1}) not invertible, hence

A—1 9,
det (I diag sz_ J + Llj;—klb —0.

Finally, by Lemma 4.5.0.7, the matrix [ 46;.’21’“1
from Corollary 2.3.0.29 that

—1 .
dets (I— diag [4?2_1] + ng_’“ID —0.

Similarly, using Proposition 4.5.0.6, A belongs to the complementary series if and only if there

— diag | 27| is trace class and so it then follows
452—1

exists (b;)jez € ¢ such that the equation

b koo lickbe 2,
! (1+25)2 (1+ 2j)2

holds for all j € Z. In matrix form this becomes

A 0i_p
I — di — + I B=0
( lag{uwﬁ [(1+23)2H>
where B =1...,b_1,bp, b1, .. .]T # 0. Again, since B # 0 it follows that
. A 0;—k _
et (1 aing [+ |1 o)) =

By Lemma 4.5.0.7, the matrix {(&75;)2} — diag { A } is trace class, hence by Corollary
2.3.0.29,

aes (1 - diog | (75 + | ]| ) =°
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Remark 4.5.0.9 In [35], Magnus and Winkler consider

det (I ’ [MD

where & is a characteristic exponent. This determinant is meromorphic with respect to A and has

poles when A = (€ + 25)2.

The following proposition shows how the determinant conditions found in Proposition 4.5.0.8
can be simplified in the case of zero potential. We see that when ¢ = 0, the periodic spectrum is

given by {n?:n € No}.

Proposition 4.5.0.10 Let q be the potential of Hill’s equation. Given ¢ = 0, \ belongs to the

principal series if and only if

H( 45° —11> -

Similarly, X belongs to the complementary series if and only if
=) A 2

I [1 - 12} =0

o (1+2j5)

Further, the periodic spectrum is given by {n?:n € Z}.

Proof. Suppose that Hill’s equation has zero potential, then §; = 0 for all j € Z. Therefore, by

Proposition 4.5.0.8, A lies in the principal series if and only if A is a root of

1
0 = det (1— diag [4?2—1D

oo

I (=)

j=—00
oo )\_1 2

= A 1—— . 4.2
(- 575) (421)

Clearly (4.27) has roots when A = 452, thus the principal series is given by

{45% . j € 7}. (4.28)

Similarly, if ¢ = 0, it follows from Proposition 4.5.0.8 that A lies in the complementary series if

and only if A is a root of

= aa it [ ])
I [ e

j=—o0

ﬁ {1 - (14?2])2] 2. (4.29)

=0

Clearly (4.29) has roots when A = (1 + 25)? thus giving the complementary series

{(1+29)2:5€z). (4.30)
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2 2
We note that the products [];2, (1 - 43\2;_11> and []72, [1 - ﬁ} are convergent and there-

fore not always zero. First, [[;Z, (1 - ﬁ) is convergent if >377, ‘i

171 1s convergent.

2
Clearly this holds by comparison with Z;’il %2 Hence H;’il (1 — 4]/\2%11) is convergent. Since

2 2
12, <1 - 43\2;_11) is convergent, it follows that the zeros of A}, (1 - 4;‘2;_11) are exactly

2
those as given by A = 452. A similar argument shows that H;io [1 — ﬁ} is convergent and
thus has zeros that are exactly those as given by A = (1 + 25)2.
Finally we recall that the periodic spectrum is given by the union of the principal series and

the complementary series, thus by (4.28) and (4.30), the periodic spectrum is given by
{452 jezZyu{(1+2))?:j €2} ={n*:ncZ}
| ]

The following example shows the reader why functions of order % have zeros that grow like
5.
Example 4.5.0.11
The function % has zeros when z = 722,

In order to show that this statement is true we use the following formula that was proved

by Euler:

ntrey =TT (1 2).

i=1 J

Write /z = ”‘/g, then by the above formula we have

sinyz = sin|r (L))

I
7 N

N
N——
fem LN

—

|

/N
<8

SN—

[\v]

o0
VA1l (1 - vr;ﬁ)'
j=1
The result follows immediately.

The remainder of this section shows how we can extend Hill’s method to include determinant
conditions that involve the use of linear systems. We shall introduce linear systems via the
convolution operation. The idea is to write Hill’s equation in terms of convolutions and then,
using a known linear system, we can rewrite the equation of convolutions in terms of operators
that are specified by the linear system. The result is a condition for A being in the periodic

spectrum based on linear systems.

Definition 4.5.0.12 Let p, be the continuous, w-periodic function defined by
o2idt

pp(t) = Z o1

j=—o0
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Similarly, let p. be the continuous, 2m-periodic function defined by
0 i(14+2))t

pe(t) = A+

j=—o00

Remark 4.5.0.13 Note that the functions p, and p. are even since

o0 2ijt | —2ijt
pp(t) = 71+Z 452 -1
J=1
® = 00 Gi(142))t 4 o—i(1+24)t
pelt) = (1+2))?

j=0
Definition 4.5.0.14 For o continuous, we define the convolution operation for the function p,

to be

sty =2 [ pult = s)ats) ds.

Likewise, for o continuous, we define the convolution operation for the function p. to be

27
pesalt)= 5= [ pult = s)as)ds

The following proposition gives conditions based on the convolution operation, for an eigen-

value to belong to the periodic spectrum.

Proposition 4.5.0.15 Let A be an eigenvalue of Hill’s equation. Then X\ lies in the principal

series if and only if A satisfies

frep*(af) =OA—1)(pp* f), (4.31)

for some f € L%[0,7]. Similarly, X lies in the complementary series if and only if X satisfies

fpex(af) = Ape* [) (4.32)
for some f € L?0,2m].

Proof. By Proposition 4.5.0.6, A belongs to the principal series if and only if

koo O5=kbE (A= 1)b;

b =
it 452 — 1 452 -1

(4.33)

for all j € Z. The proof therefore reduces to showing the equivalence of (4.31) and (4.33).
. . . 0o 2ijt

We begin by evaluating the convolutions separately. Recall that p,(t) = 3 =m0 46].2—71 and

ft) =3272 . bje**, thus

MMW)=IIMFW@®

m
L [" o e2(t=s) - 2iks
- . / D o) | 2 e ds
0 Jj=—00 k=—00
D EE e
™ Jo o0 koo 4']2 -1
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Note that e24(t=s)+2iks — ¢2ijte2i(k=J)s therefore

oo

b . )
oo 1) = / > > T o0 g
J——ook——oo
e bkeQ'LJt ™ eQi(k—j)s
= Z Z / ds.
452 — 1 m

j=—00 k=—o00

Consider the sum

2 ppe2idt [T g2i(k—j)s
S o / ds,
J 0 T

k=—o0
we have
T g2i(k—j)s 0 when k # j,
/ T g =
0 m 1 when k = j,
and so
i bye2idt /rr p2i(k—j)s e bjeQijt |
Rt 452 — 1 T 452 —1
Hence,
Z j 2zjt.
j=—o0 4% -
Similarly,
1 ™
lop * (aNI(®) = — ; pp(t = s)(af)(s)ds
S (2 8 aeme) o
= = K—tbie® S
TJo Jj=—00 4] -1 k=—oc0 l=—00
S S,
j=—00 k=—o0 4'] -1
Z Z S Op—ibie®? /Tr eith=i)s d
= S
j=—00 k=—o0 4‘7 -1 0 g
_ Z Dm0 Uil p2iit
= o .
P 45 1
Therefore,

f(@) +lop * (@f)]() = (A =1)(pp * [)(2)
_ Z be2zgt+ Z Zl——oo J— lbl o2t _ (A—1) i bj p2iit
, 452 — 1

j=—00 j=—00 J=—0°

and the equivalence now follows from Proposition 4.5.0.6.

Now suppose that A lies in the complementary series. By Proposition 4.5.0.6, A belongs to

the complementary series if and only if

bt dohe oo Oj—kbi Ny
/ (1+25)2 (1+ 25)2
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for all j € Z. Again the proof entails showing the equivalence of (4.32) and (4.34). As before,
we evaluate the convolutions separately. Recall that since A lies in the complementary series,
f) =350 be!1+20t Now,

]:
2m

[pe * f1(t) pe(t —s)f(s)ds

2

0
1 27 0 z(1+27 )(t—s)
- - b i(142k)s d
o /0 j:Z 1+2))? Z ¢ s

— 00

1 [ i bke (1+25)t .
— e2ik=j)s 4
o / ZMZ 1+ 25)2 y

J

e o brel i(14-25)t 2w e2i(k—j)s
- / s
(14+25)% Jo 2m

—0o0 k=
Since
2T 2i(k=i)s 0 when k # j,
/ T =
0 2m 1 when k = j,
it follows that
oi(142))t
lpe x S8 Z (1+ 2] '
Similarly,
1 271‘
[pe x (@f)I(t) = 5 pe(t —5)(qf)(s)ds
™ Jo

1 e <><> (i(142)(t—5) © 4
- i(142k)s
21 ) (1+ 2]) Z Z On—ibue ds

=—00 k=—o0l=—

— Z Z S o Okt 2t /2’T e2i(k—j)s e
1+2]) 0 2

j=—00 k=—o00

_ i Zl— o0 Bi—1b1 ei(1+29)t
P (14 25)2
Hence,
F(@) =+ [pe * (af)I(E) — Alpe * f)(t)
oo Ol , > b ; )
J_Z;OO bje T Z = (1+ 2,; - )\j;m (1 +]2j)2 e
and the equivalence now follows from Proposition 4.5.0.6. [ |

We now have two forms of Hill’s equation in terms of convolutions that will determine whether
or not an eigenvalue lies in the periodic spectrum. We use these equations to give conditions

involving linear systems. First, we write the convolutions as integrals as in the next lemma.

Lemma 4.5.0.16 Let A\ be an eigenvalue of Hill’s equation. Then X lies in the principal series

if and only if A satisfies the equation

fs)+ 1 / " pls — Dlalt) + 1 - A f(t)di =0 (4.35)

™
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for some f € L?[0, 7). Likewise, X lies in the complementary series if and only if \ satisfies the

equation

27
£6)+ 52 [ pels = 0la() = N dt =0 (4.36)

for some f € L?[0,2m].
Proof. By Proposition 4.5.0.15, X lies in the principal series if and only if the equation
F(s) +lop  (af)](s) = (A= 1)lpp * f(s) = 0 (4.37)

holds for some f € L2[0,7]. We use Definition 4.5.0.14 to show the equivalence of (4.35) and
(4.37). Thus we have,

™

oy # Fl(s) = - /Oﬂ pol(s — D) f(2) dt.

o * (af))(s) = = / " pls — )(af) () dr.

™

Therefore,

o
I

F6) + [ * (af))(5) — (A= Doy = 7165
£6)+ 7 [ ols—0an®de - =17 [ ps - s de
0 0

)+ 2 / " pls — Blalt) + 1 - N (t)dt

™

as required.

Now let A lie in the complementary series. By Proposition 4.5.0.15

F(s) + [pe * (a))(s) = Alpe * f1(s) = 0 (4.38)

for some f € L?[0,27]. Again we must show the equivalence of (4.36) and (4.38). Note that

e @Dl = 5 [ s = Dian Ot
1 27
pex A1) = 5= [ s = trp(e) .
and so
0 = £(5)+ [pe % (@N]s) — Alpe * F)(5)
27 27
= g [ e —nan®a =g [ - a
= 164 ge [ pels = 0la) A d
completing the proof. |

The convolution equations give several different operations which we can separately express
in terms of a linear system. We therefore define two linear systems, one for the principal series
and one for the complementary series, and write equations (4.31) and (4.32) in terms of these
linear systems. First we define the system that we shall use when working with the principal

series.
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Definition 4.5.0.17 Let C be the input space and output space and let L*[0, 7] be the state space.
Take —A be the generator of the strongly continuous semigroup {T}}i>o where T; = et We
introduce a new system, (—A, By, C, M,) given by the linear system (—A, B, C) together with
an additional operator, M,. Thus we define the operators
T, : L*[0,7] — L?[0,7]
B, : C— L*0,7]
C N ID[Oyﬂ—] (A) — (C
M, : L*0,7] — L?[0,n]
to be such that

Tif(z) = flz+1)

Bpyb = pp(z)b
Cf(x) = f(0)
Mpf(x) = [q(z)+1=Af(z).

Likewise, we define a system for use with the complementary series.

Definition 4.5.0.18 Let C be the input space and output space and let L?[0,27] be the state

space. Take —A be the generator of the strongly continuous semigroup {T}},>0 where T = e A,

We introduce a new system, (—A, B, C, M.) given by the linear system (—A, B, C) together with
an additional operator, M.. Thus we define the operators
T, : L?[0,27] — L?[0,27]
B, : C— L*0,2n]
C D[O,27‘r] (A) — C
M, : L?[0,27] — L?0,27]
to be such that
Tif(z) = flz+1)
B = pe(z)d
Cf(x) = f(0)
Mcf(z) = [q(z) = Alf().
In the following definition we define the operators whose Carleman determinants have zeros
belonging to either the principal series or the complementary series.
Definition 4.5.0.19 Given the system, (—A, By, C, M,,), define the operator Ry, : Dig »)(A) —
L?[0,7] to be
1 s
R, ==~ / e B,Ce! M, dt.
™ Jo
Similarly, given the system, (—A, B.,C, M.), define the operator R. : D 2x)(A) — L?[0,27] to

be
1 27

R.= — e A B.Cet M, dt.
27T 0
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Note the similarity between the operators R, and R. defined above and the operator R, that
appeared in Chapter 3.

Defining the systems (—A, By, C, M,) and (—A, B., C, M,) enables us to write R, f and R.f
as integrals. Since R, and R. are operators defined by linear systems, having R,f and R.f in
the form of an integral provides the link between linear systems and the convolution equations
(4.31) and (4.32). The following theorem shows that the operators R, and R, can be used to
give suitable conditions which, when satisfied, tells us that an eigenvalue of Hill’s equation lies

in the periodic spectrum.

Theorem 4.5.0.20 Let the operators R, and R. be as defined by Definition 4.5.0.19 and let A
be an eigenvalue of Hill’s equation. Then X\ belongs to the principal series if and only if there

exists a non-zero f € L?[0, 7] such that
1+ Ryl f(x) =0,
where
Rf@) =+ [ ool = latt) + 1= Nft) .

Also, \ belongs to the complementary series if and only if there exists a non-zero f € L?[0,27]

such that

where

27
Rof(z) = — / pel — D)lqt) — N f(t) d.

T or
Proof. Our first task is to write R,f as an integral. Let x be the active variable and let

R, =1 [ e B,Ce'* M, dt. We evaluate Ry, f(x) by applying each operator in turn. Thus

T

R,f(z) = % /OTr e " B,Ce M, f () dt
_ ! /Tr e B, Ce M g(x) + 1 — N f(x)dt
T Jo
= %/0 e “B,Clg(x —t) +1 =N f(z —t)dt

1

= = /Tr e MBylg(—t) + 1 — N f(—t) dt
T Jo

_ l/ﬂ e (@)a(—t) + 1 — N f(—t)dt

T Jo

-2 / Pl + Dla(—t) + 1 — A f(—t) dt.
0

™

We can further simplify R, f by noting that p,,q and f are m-periodic. Hence,

Rof@) =% [ ol = Olatt) + 1= Nf0) .

Now, by Lemma 4.5.0.16, A lies in the principal series if and only if

0 = s+ 1 [ oot +1- NSO s

™

f(z) + Ry f(x)
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completing the first part of the proof.

Following the same method we write R.f as an integral. Let x be the active variable and let

R. =+ Ozﬂ e MAB.Ce!A M, dt. We evaluate R, f(z) by applying each operator in turn. Thus
1 2m
R.f(x) = o e B Ce M M, f () dt
0

LT 4 tA

= 5 ; e ' B.Ce" q(x) — N f(x) dt
| R

= 5 ; e "' B.Clg(x —t) — N f(x —t)dt
|

— o [ B0 - s -0
LT 4

= ), pe(x)lg(=t) = Alf (=) dt
1 2m

= o pe(x +t)la(=t) — A[f(—t) dt.

As before, we can further simplify R.f. Note that p. and f are 2m-periodic and ¢ is m-periodic

we have
1 2
Ref(@) =5 [ bl = 0la() - N (0) .
T Jo
Now, by Lemma 4.5.0.16, X lies in the complementary series if and only if
1 2
0 = f@)h g [ pde-0la) - Ao
0
as required. ™

Remark 4.5.0.21 Theorem 4.5.0.20 shows the dependence of R, and R. upon .

We have therefore found conditions that tell us whether or not an eigenvalue lies in the
periodic spectrum without having to solve Hill's equation. However, depending on the potential,
q, the conditions given in Theorem 4.5.0.20 may not be so easy to calculate since the integrals
R, f(z) and R.f(x) may be rather complicated. We therefore seek to simplify these conditions
by first writing R, and R, as the product of two operators.

Definition 4.5.0.22 Let * denote the adjoint. Define the operators P, : L*[0,7] — Do - (A)
and P, : L?[0,27] — Djg 2. (A) by

2

- * _tA* ix
Pof = 5o | MOS0 dn

1 T * tA™ vx
P,f = ;/0 Myett C* f(t) dt,
1

Also, define the operators Q, : L*[0,7] — L?[0,7] and Q. : L?[0,27] — L?[0,27] by

Qf = 1 [ B0
2m
Qef = % o eitABcf(t)dt'
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Proposition 4.5.0.23 Let P,, P.,Q, and Q. be as in Definition 4.5.0.22. Then
Rp = QpP;7

PQ,

1 ™

~Ce* M, / e "B, dt,
m 0

where Py : Do x(A) — L?[0,7] is given by

Prf=CeM,f.

Also,
Rc = QCPC*7
1 27
PrQ. = —Ce**M, / e " B.dt,
271— 0

where P} : Djg 25 (A) — L?[0, 2] is given by
Prf = CetAM.,f.

Proof. We first calculate P;. By Definition 2.1.0.7 we know that if T': H; — Hs is an operator
then T" and its adjoint, 7 must satisfy the equation

Now, given P, f = L [T M*e!A"C* f(t) dt we have

(f,Prg)

<pr7g>

1 " * tA™ %
= <7T/0 Mye' C’f(t)dt,g>

= L[ ager e sw.gar
0

T
By (4.39) we can write
(Myet C (1), 9) = (f(t), Ce Myg),
where Ce! M, : Dy, (A) — C. Since both f(t) and CetAM,g are scalar-valued, it follows that
P L t)CetAM,g dt
(. Prg) = — ; f()CetA Mg dt.

Hence, Pyg = C’etAMpg. Now observe that

1 T
QP =— / e AB,Ce M M, dt
T Jo
which agrees with Definition 4.5.0.19, thus @, P, = R,. Similarly,
* sA 1 " —tA
P;Q,=Ce Mp; | e " Bpdt

as required.
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In a similar fashion, we calculate P;. Given P.f = ;- fo% M} et C* f(t) dt we again have

(f.Prg) = (P.f.9)

L[ .
— - M* tA *
(5 | s cnsyang)

[P .
= o (Mzet™ C*f(t), g) dt
™
1
= 5 f() CetAM, g dt.
™

Hence, P’g = Cet4M.,g. Finally we observe that
1 27

7 et B.CetA M, dt

QcP; =
which agrees with Definition 4.5.0.19, thus Q.P* = R.. Similarly,
1 2
PrQ. = Ce* M, — / e 4B, dt
27T 0
completing the proof. [ |

We would like to find determinant expressions for R, and R. which we will then simplify
by relating them to Py@Q, and P Q. respectively. However, we first need to be sure that such

determinants exist. This is the purpose of the following two lemmas.

Lemma 4.5.0.24 The operators R, = QpFP;, R. = Q.P;, PyQ, and P:Q. are Hilbert-
Schmidt.

Proof. We use Proposition 2.1.1.9 to show first that the operators Q, P, and P;Q),, are Hilbert—
Schmidt. In order to do this we use the system (—A, B,,C, M,) to write the operator @, in

integral form. Let x be the active variable then,

of = o[ B
= 2 [ enwira

™

1 us
= 7/0 pp(x + 1) f(2) dt.

™

As @, is now in the form of an integral operator with kernel p,(z +t), we can apply Proposition
2.1.1.6 to show that @, is Hilbert—Schmidt. Thus,

2

™ ™ °° 2zj(w+t)
r+ 1) dtdr = dt dx
| op( )|
0 0 1

dtdz.
/ / - 1| ’
L we find that Z j=—oo W is convergent and so it follows

that [ [; |pp(x + t)|* dt dz is finite. Hence Q, is Hilbert-Schmidt. Next we show that Py is
bounded. In Lemma 2.6.0.32 we saw that C is bounded and in Theorem 2.6.0.25 we saw that

IN

By comparison with $°7

Jj=—00j

e!4 is bounded. Therefore, both operators have an upper bound given by their operator norm.
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Also, the operator M, is bounded. To see this first note that by Definition 4.5.0.4, ¢ is twice
continuously differentiable and m-periodic, therefore ¢ is bounded on [0, 7]. Let |¢| < C’ for some

constant C’. Then, using the triangle inequality

||Mpf||iz[0,7r] / llg(z) +1—A ]f($)|2 dx
< /Ooq( D)+ 11— A)? ()]
< <o’+\1—x|>2/0 F@)? de

2
= (C/+‘1_)\|) Hf||2L2[0,7r]

Hence M, is bounded. It now follows that

127

Pf||L2[O,7T] HcetAMprm[o,w]

11 op 1€ ] oy 18l 17112000

IN

and so P is bounded. Hence, by Proposition 2.1.1.9, both @, P, and P;Q, are Hilbert-Schmidt.
In the same manner we show that Q.P} and P}(). are Hilbert-Schmidt. Given the linear
system (—A, B.,C, M) we write (). as an integral operator. Let x be the active variable, then

1 27T

Qef = e MAB.f(t)dt

27 0

1 2

— c t)f(t)dt
o XCERE
and Q. has kernel p.(z +t). Now,

2

2r  p2m ) 21 2w 00 i(1427) (z+1)
o+t dtde = / / dtdz
A ] - ST

2 27 1
/ / g dt dx
— (1+2j)2

IN

<

since > o7 j——o0 W is convergent by comparison with > °° . Thus Q. is Hilbert—Schmidt.

It remains to show that P} is bounded. First note that since g is twice continuously differentiable

Jj=—00 J

and m-periodic, it is bounded on [0, 7] and hence on [0, 27]. Let |¢| < C’ for some constant C’.

Again, by the triangle inequality

27
M.f|%, - DY 2d
A / llg(z) — N (@) da

2
(O + IAD* 1 Wz p0,20

IN

thus M. is bounded. So it follows that

1P fllepon = [1CEMef|| fapg
1C T op 1€ oy 10Mell op 11 £ 1l 210,20

IN

hence P} is bounded. Finally, by Proposition 2.1.1.9, Q. P} and P;(). are Hilbert-Schmidt. |
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Since the operators R, and R, are Hilbert-Schmidt, we now know that the Carleman de-
terminants, dets (I + R,) and dety (I + R.) exist. The following theorem provides alternative
formulae for dety (I+R),) and dety (I +R.) that are somewhat easier to evaluate. It also provides

further conditions that determine if an eigenvalue belongs to the periodic spectrum.

Theorem 4.5.0.25 Let P,, P.,Q, and Q. be as given in Definition 4.5.0.22 and R, and R, as
in Definition 4.5.0.19. Then

dety (I +Ry) = dety(I+PrQ,),
dets (I 4+ R.) dets (I + P/Qc).

Furthermore, if X is an eigenvalue of Hill’s equation then A belongs to the principal series if
and only if deta (I + R,) = 0. Likewise, A belongs to the complementary series if and only if
deto (I + RC) =0.

Proof. By Proposition 4.5.0.23 we have R, = Q, P, and since R, is Hilbert-Schmidt,
dety (I + Ry) = deta (I +QpP).
It follows from Sylvester’s Determinant Theorem 2.3.0.30 that
dety (I +QpPy) = deta (I + P;Qp),

proving the first part of the result for the principal series. Similarly for the complementary series,

we find that since R, = Q.P; is Hilbert-Schmidt,
dete (I + R.) = deta (I + Q.F)).
Sylvester’s Determinant Theorem 2.3.0.30 now gives
dety (I + Q.PF) = dety (I + PXQ.).
The second part of the theorem follows immediately from Theorem 4.5.0.20. ]

In the following corollary we use the systems (—A, B, C, M,,) and (—A, B.,C, M,.) to write
PrQyf and PrQ.f, respectively, as integrals. This should make it clear that the conditions
found in Theorem 4.5.0.25 are much easier to evaluate than the conditions found in Theorem

4.5.0.20.

Proposition 4.5.0.26 Let P,, P.,Q, and Q. be as defined in Definition 4.5.0.22 and let R, and
R, be as defined in Definition 4.5.0.19. Then

B = 29 +1-3 [ - 00,
QS = gl = AL [ pls-oswae

Proof. Let x be the active variable. In the proof of Lemma 4.5.0.24 we saw that

Qpf = %/0 pp(z + 1) f(t)dt.
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We continue from this point, thus

™

1 ™
= ;CeSAMp/O pp(x +1t)f(t)dt

PrQ,f :<@3/W%u+wﬂwm
0

s

= 20 a@) 1= [ e+ 010

C’[q(a:s)Jrl)\]/Oﬂpp(z5+t)f(t)dt

S 3= 3

[q(=s)+1 =) /W pp(t — 8)f(t) dt.

0
By Remark 4.5.0.13, p, is even and so p,(t —s) = p,(s —t). The first part of the result now
follows.

Similarly, given z is the active variable we have
1 27
ch = 27/ pc(m + t)f(t) dt
T Jo
by the proof of Lemma 4.5.0.24. Thus,
1 2m
PQuf = By [ pdar s
0

27
_ icesAMc/ po(z+ D) F (1) dt
0

2
1 A 2
= 5 CeMale) =N [ gl s ds
™ 0
1 21
— 5:Clile—s) =N [ pla—s+0f@ds
2 0
1 2
= gl -N [ pe=oswa
The result now follows from Remark 4.5.0.13 since p,. is even. |

From the previous proposition it can be seen that it is easier to evaluate P, Q,f and PrQ.f
since in both cases, the potential lies outside the integral and the integrand contains only two
functions. This is in contrast to R,f and R.f whose integrands contain three functions, one of

which is the potential.
Definition 4.5.0.27 Let My and My be multiplication operators such that

My = q(x)

In the case of the principal series we constructed the multiplication operator, M, = ¢(x) +
1 — A. Using Definition 4.5.0.27 we can write M, = M; — AI. Similarly, in the case of the
complementary series we have the multiplication operator, M, = ¢(x) — A which we may write
as M. = My — M. These observations allow us to create some further identities based on

dety (I + Rp,) and dets (I + R..).
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Definition 4.5.0.28 Let * denote the adjoint. Define the operators Py : L?[0,71] — Dio,x(A)
and Sy : L*[0, 7] — Do »)(A) by

1 [ »

P = —/ M; et C* dt;
T Jo
1 (™ 4

S, = 7/ AT e dt.
T Jo

Similarly, define the operators Py : L*[0, 2] — Dip,2)(A) and S, : L?[0,27] — Dig,2x)(A) by

1 [P .
P = — Mg etA C* dt;
2T 0
1 [% 4
SC = _— etA C* dt.
2 0

Lemma 4.5.0.29 Let Py, Py, S, and S. be as given in Definition 4.5.0.28. Then

Pp = Pl—j\Sp;
A

where Py = CetAM, and Sy = CetA. Similarly,

Pc = PQ - E\SC,
P = Pj—\S;
where Py = Ce My and S} = Ce'4.
Proof. By Definition 4.5.0.22 we have
1 [7 .
P, = 7/ Mye! C™ dt,
T Jo

where M, = M; — XAI. We calculate the adjoint of M, using Proposition 2.1.0.8, thus

My = [My— ¥
= M; M.
It follows that
1 [ . 1T
p, = f/ Mjett C*dtf)\f/ e e dt
™ Jo ™ Jo
= P —)\S,

as required. Applying Proposition 2.1.0.8 again to P, now gives

P*

p [P — AS,)*

Py —\S;.
We calculate the adjoint’s of P, and S}, using Definition 2.1.0.7. Thus,

(f,Plg) = (Pf,9)
<71r/0 Ml*etA*c*f(t)dt,g>
1

= "M O (1), g) dt.
0

™
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Using Definition 2.1.0.7 again we can write
(M C™ f(t), ) = (f(1), Ce" Mug),
where CetA M, : Dy, (A) = C. Since both f(t) and Ce'* Mg are scalar-valued, it follows that
1 [7 —_—
(P9 = [ e gt
0
Hence Pfg = Ce'*Myg as required. Similarly, given S, f = £ [* etA"C* f(t) dt we have

— <71T/0 e“‘*c*f(t)dt,g>

1 [7 .
= - [ @ e
™ Jo
1 s
— = [ vo.cetgyar
™ Jo
1 [7 —
= 7/ F(t)CetAgdt.
™ Jo
Hence Sjg = Ce'#g as required.
Likewise, by Definition 4.5.0.22
1 27 N
Pe=o— [ Mz Cdt,
27T 0
where M. = My — AI. We therefore have
MF = M; — N
and so
1 27 . 1 27 .
P, = — retd C*dt—)\—/ O dt
2'/T 0 27T 0
= Py—AS..
Furthermore,

Py =Py — \S;
where the adjoint’s of Py and S, are calculated using Definition 2.1.0.7. First we have

1 27

_ * LA™ ik
= 5r ) (MEENCS).g)ar

1 2m

= o= f(t)CetA Mog dt,
2T 0

giving Pyg = Cet4Myg as required. Lastly, as before, given S.f = % OQF et O f(t) dt we have

(f,Sz9) = (Scf.9)

1 2
= — f(®)CetAgdt.
2T 0

Hence, S}g = Cet?g as required. [ ]
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Remark 4.5.0.30 Note that if A = 0 then M, = M. Further, if ¢ = 0 then M; denotes
multiplication by 1, hence, P, = S,.

The final theorem of this section provides yet more conditions involving determinants for

which an eigenvalue of Hill’'s equation will belong to the periodic spectrum.

Theorem 4.5.0.31 Let R, and R. be as given in Definition 4.5.0.19 and let Q, and Q. be as
defined in Definition 4.5.0.22. Also let Py, Py, S, and S be as defined in Lemma 4.5.0.29. Then

R, = QP(Pl*_)‘S;)§
R. = Q.(Py—A\S)).

Furthermore, an eigenvalue, A of Hill’s equation belongs to the principal series if and only if
dety (I 4+ PfQ,— )\S;Qp) =0.

Similarly, \ belongs to the complementary series if and only if
dety (I + PjQ. — AS:Q.) = 0.

Proof. By Proposition 4.5.0.23 we have R, = @, P, and R. = Q.FP;. Also, by Lemma 4.5.0.29,
Py =P —\S; and P! = Fy — AS;. Therefore,
R, = QP(PF*AS;%

Rc QC(P(;F_/\S:)

giving the first part of the result.

To see the second part, note that by Theorem 4.5.0.25, A belongs to the principal series if
and only if dety (I + Rp,) = 0. So, by the first part of this theorem and Sylvester’s Determinant
Theorem 2.3.0.30, A lies in the principal series if and only if

0 = dety [I+@Q, (P —A\S;)]
= dety (I +PrQ, — )\S;Qp) .
The same argument shows that A belongs to the complementary series if and only if

0 = dets(I+R,)
= dety [ + Q. (P5 — AS})]
= dety (I + PiQ.—\S7Q.).

4.6 The Construction of the Potential

The inverse spectral problem is concerned with reconstructing the potential given that the spec-
trum is known. In this section we consider a problem similar to that of the inverse spectral
problem in that we ultimately want to reconstruct the potential. We shall look at how to con-

struct the potential given that a linear system, (—A, B,C') and the scattering function, ¢ are
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known. By Corollary 3.3.0.48, we know that given a linear system, (—A, B,.,C') and scattering
function, ¢(z) = C (e=* + %) B,, if

T(z,y) = —C (e ™ + ™) [T+ 1Ry (ev4 +ev) B,

then T satisfies the partial differential equation

2 2
(88962 - (;;2) T(x,y) = q(x)T(x,y)

d
dz

where ¢(x) = 4p-=T(z,z). This information provides a way in which we can calculate the
potential. If the linear system, (—A, B,,C) and the scattering function, ¢ are known then we
can calculate T'(z,y) and hence ¢(x).

The calculation of the potential, ¢ depends on calculating the operator T, given a specific
linear system, (—A, B, C). However, the calculation of T'(x, y) depends on R, therefore we first
evaluate R,.

For the calculations that follow, we ask the reader to recall that when using the linear system

(—A, B,,C) as defined by Example 2.6, the scattering function, ¢ satisfies the relation

¢(x) = P(z) + ¢ ()

where ¢ € D, 3(A) is absolutely continuous. This formula was given in Proposition 3.1.0.39.
It should now be clear where the function %, that appears in the following calculations, comes

from.

Proposition 4.6.0.32 Let (—A, B,.,C) be the linear system defined in Example 2.6 and let ¢
be the scattering function in Definition 3.1.0.37. Then, the operator R, defined by Definition
3.8.0.44 has the form

xT

lﬁﬂﬂ=2/ Rt + 2) + (t — 2)] F(2) d.

—x

Proof. Let ¢ be the scattering function defined by Definition 3.1.0.37 and let
R, = /x (e*4 +e*) B,.C (e * + &™) dz.
—
We apply the linear system, (—A, B,.,C') to a function, f. Let ¢ be the variable then
R.f(t) = /z (e_ZA + eZA) B,C (e** + eZA) f(t)dz=

—T

_ / (€7 + ) BLO[f(t + 2) + f(t — )] d=

—T

= [ e e B + s

—x

- /I@ﬁA+fﬂwmuw+feawz

—T

/x [(t+ 2) + 1t — 2)][f(2) + f(—2)] d=.

—T

Finally we note that the above simplifies to give

x

Iﬁﬂﬂ:2/ Wt + 2) + 9t — 2)] F(2) dz

—x

as required. [ |
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Proposition 4.6.0.33 Suppose that x € [—2m,2x]. The operator R, : L*[—2m, 2n] — L?|—2m,27]

is Hilbert—Schmidt and therefore has a Carleman determinant.

Proof. We use Definition 2.1.0.6 to rewrite R, as an integral operator with a kernel. It is then

straightforward to apply Proposition 2.1.1.6 to show that R, is Hilbert—Schmidt. Now,

2 [ Wi+ 2)+ vt - 2 1) d

—X

R. f(t)

27
= 2 [ L@ ol - 2] £ d,

—2m

so by Definition 2.1.0.6, R, has kernel k(t,z) = 2[(_, ,y(2)[¥(t + 2) + ¥(t — 2)]. Thus, by
Proposition 2.1.1.6,

// 2 dzdt // |20 0y (2)[W(E + 2) + 9(t — 2)]|° dzdt

/L Wt + 2) + vt — 2)[2 dzdt.

Observe that

Wt +2) + ot —2)F = [$(t+2)P +2Re (bl + 2P0 —2)) + (e - 2)°

< W+ 2) P+ 20+ 2) ||t —2)| + |t — 2) [
= ([t +2)+ ot —2)])?
< 4(lve+a)P v -2)F).
Therefore,
/ / 2dedt < 16/ / 1p(t + 2)[2 +|1/J(t—z)|)dzdt
—x
5 2m
< Bl [ 1
= 1287|9724 am)
< o0,
hence R, is Hilbert—Schmidt. By Definition 2.3.0.27 R, has a Carleman determinant. [ |

So far we have calculated R, f but the operator T involves the term [/ +pR,] ™. We therefore
proceed to find [I + puR,]~1f. Note that if we expand [I + uR,]~! we have

[ +pR,) ' =1—pRy + p*R2 — PR3+ ... (4.40)
This suggests that we should calculate R} forn=1,2,....

Theorem 4.6.0.34 Let (—A, B,.,C) be the linear system given in Example 2.6 and let ¢ be the
scattering function defined in Definition 3.1.0.37. Let R, be as in Definition 3.3.0.44 then,

Rn / / t+:c1 Jri/) t—:z:l H I] +l‘j+1 +1/J( *l'j+1)}

flxy)day ... dx,.
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Furthermore,
[+ uR]7H() =

70
DS o [ [ ) 4l — )

(1:[ [W(z; +xjp1) + (z; — l‘j+1)]) flzp)dzy ... day,

j=1

defines a convergent series for |u|||Rz| < 1.

Proof. Given, the linear system (—A, B,.,C) and scattering function, ¢, it follows from Propo-

sition 4.6.0.32 that

x

R, f(t) = 2 / WOt + 2) + (t — 2)] f(2) d=.

—x

Therefore,

rio - 2 "t 4 2) ol — 2)] Rof(2) da
2 | "t ) 4ot - 2) / "0 )+ 9 — w)]f(w) dwdz

—x —x

92 /_x /_l [t + 2) + Yt — 2)][Y(z +w) + bz — w)]f(w) dwdz.

It is then easily seen that

/ / t+$1 +1/} t—$1 (H JL‘j +1‘j+1 +’(ﬂ( —.Z‘j_;_l)})

flay)dey ... do,.
Substituting this information into (4.40) we obtain
I +pR) () = f(O+D (~n)"R
n=1
= f(

e>o [ o [ e oo

n—1
(H (xj +zj11) +Y(z; xj_,_l)]) flay)dzy ... day,

Jj=1

as required. |
We can now provide a formula for the function T'(z,y) in terms of a linear system.

Lemma 4.6.0.35 Let (—A, B,,C) be the linear system as stated in Example 2.6 and let ¢ be
the scattering function defined in Definition 3.1.0.37. If

T(x,y) = -C (67“"‘4 + eIA) I+ ,uRw}_l (6*914 + eyA) B,
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then

T(x,y) = [w(x+y)+w(fv— )+¢( r+y) +(—x —y)]
-9 (x4 x1) + Y —xq) +P(—x + 21) + (=2 — 1))

Proof. Let (—A, B,, C) be the linear system as stated in Example 2.6 and let ¢ be the scattering
function defined in Definition 3.1.0.37. Given T'(z,y), we apply the linear system (—A, B,.,C)
directly to obtain a formula for T'(z,y). Let ¢ be the variable and b a scalar, then

T = () LR (o) B
= -C (e—mA + emA) [I‘i‘ﬂRL]_l (e—yA + eyA) ¢(t)b
= —C(e7™ &™) [+ pR) " [W(t+y) + 0t — y)b.

We use Lemma 4.6.0.34 to evaluate [I + uRg] ™" [1b(t +y) + ¥ (t — y)]b, thus,

T(xz,y)b
= —C (e ) {[(t + ) + lt— )b

+) (—2p) / / (t+ 1) + Pt — 21)] (H V(xj +ajp1) +(x; —xj+1)]>

[w(mn + 3/) + w(xn - y)]bda}l s dmn}
=-C{(t+z+y) +¥Et+z—y)b

—i—z:: —2u)" /_T /_T t+x+r1) +P(t+ o — 1)

n—1

H V(x4 xj41) + U(x; %‘+1)]) [(@n +y) +(@n —y)lbday ... day

+t—z+y) +Yit—z—y) b+z 2u/ / Yt—x+x)+ Pt —x—x1)]

(H [(x; + 1) + (x5 — x.j+1)]) [W(@n +y) + ¢(zn —y)lbda ... d:cn} :

j=1
Before continuing with our calculation, we simplify the above line. This gives

T(x,y)b
=-C{{Yt+tao+y) +vt+az—y) +YE-—a+y) +P{t—z-y)b

Z —2u)" / / Yt+r+az)+v(t+r—a)+Y(t—ax+a) +U(t—x —a1)]

n=1

_:13

W’(% +xj1) +(a; — %H)]) [(zn +y) + (zn —y)]bday ... dxn} )

j=1

114



Finally, applying the operator C' completes the calculation. We thus have,
T(x,y)b = —[p(z+y) +v(@—y)+d(-z+y)+d(-z-y)b
Sz [ [ e ) 4 e = ) + (o ) + b - o)
n=1 -z -z

(1:[ [W(z; + 2j41) + (25 — xj+1)]) [(zn +y) +U(z, — y)]bdey ... da,.

j=1

The result now follows. [ |

We now have all the ingredients necessary to calculate the potential, ¢q. The following theorem

shows how to calculate the potential if the linear system, (—A, B,., C') is known.

Theorem 4.6.0.36 Let (—A, B,.,C) be the linear system specified by Example 2.6 and let ¢ be
the scattering function given in Definition 3.1.0.37. Also let

T(z,y) = —C (7" + ™) [ + uR,] " (e7¥4 + ¢¥4) B,
where Ry is as defined by Definition 3.3.0.44. Then the potential, q has the form,
a) = —8[(20) — o/ (—20)
A3 (o [ W) v - ) = ) - )

|
A

n

—

[z + zj1) + (2 — 2j00)] | [P(@n +2) + (2 — )] dy ... day

8?

—4 2# [ [ I+SC1)+1/1(1’75E1)+7,/1( :Z:+x1)+f¢)( Ile)]

=1

|
—

n

—

[(zj + zj41) +P(z5 — $j+1)]) [ (2n + 2) — U (2 — @)] day ... dayy

[

8T‘v

—4> (2" Z/_ / Bla + 21) + (@ — 21) + (=2 + 21) + Y~ — 21)]

=1

n—l

.:1

V(@ + 1) + () — xj00)] | [B(@n +2) + (2, —2)]

J=1

dry ... dxg—1dxpsq ... dTple, =

—42 (—2M)"Z/j /j [z + 1) +(x —21) + (=2 + 21) + (=2 — 21)]

(H (zj +xj41) + (25 — $j+1)]) [W(xn + ) + V(xn — )]
dry ... deg_1degi ... day|p,——a.

Proof. Given scattering function ¢(z) = C (e’“‘ + eIA) B, and operator

xr
R, = / (e_ZA + eZA) B, C (e_ZA + eZA) dz,
—x

the function T'(x,y) satisfies the Gelfand-Levitan integral equation (3.3) by Theorem 3.3.0.47.
Therefore, by Corollary 3.3.0.48 we know that ¢(z) = 4%T(x, x) and so we begin by calculating
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T(x,x). By Proposition 4.6.0.35,

T(z,z) = —[¢(2$)+2¢() Y(—27)]
- -9 (x+ 1) +(x—21) +p(—2 +21) + V(=2 — 21)]
S [ [
1:[ [V(zj + xjp1) + (25 — zj40)] | [P(2n +2) + (20 — @) dry .. dayy

The next step is to differentiate T'(x,x) which we do term-by-term. The fact that T'(z,z) is
sufficiently well behaved to allow term-by-term differentiation follows from [1] (Theorem 13-
14, page 403). Since the expression for T'(x,z) is somewhat complicated, we first describe the
process of differentiation. Differentiating the first term of T'(x,z) is obvious. The remaining
part of T'(x, z) involves a sum of integrals where each integral contains a product of terms. We
proceed to differentiate the sum term-by-term, differentiating each integrand using the product
rule; first differentiating the term ¥(z + x1) + ¥(x — x1) + ¢¥(—z + 1) + ¥(—x — 1) and then
differentiating the term ¢ (x,, + x) + ¥ (x, — x), finally addressing the limits. Therefore,

d
q(z) = 4de(x x)

~8[y(2r) ¥ (~22)]
Y [ [ Wlete) v - o) - vca ) - (oo )

n—1

H [(x; + 1) + P — 2j41)] | (20 +2) + (20 — )] d21 ... dayy
,42 —2u)" [ [ V(@ +z)+(@—o) + (- +21) + V(—2 — 21)]

[W(x; +zj1) + Uz — )] | [ (20 +2) — U (2 — )] day ... dy

—

=

87‘-

43 2 Z/_l [ Wt )+ (e ) + vl ) + vl )

Y(@j + zj101) + (25 — 240)] | [W(2n +2) + P(2) — 2)]

||:j|

dxl coodrp_1 ATy . AT —a

—42 (—2u)"2/j /j Wz + 1) +(x —21) + (=2 + 21) + (=2 — 21)]

ﬁ g+ 2en) + 05 — 2] | Bo(an + @) + b — )]

dxl coodrp_1dagyy . ATy | s ——g-
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4.6.1 Finding (I + R,)!

In this section we propose an alternative method to find (I + uR,)~!. By Proposition 4.6.0.32
we know that

€T

(I WR)F®) = F(0) 420 [ [(e+2) + 000 - 2 ()

—XT
Let

x

Mﬂ=ﬂ0+w/’wu+a+wu—ﬁﬂaw, (4.41)

then (I + puR,)f(t) = h(t) and so f(t) = (I + pRy) " h(t). This shows another way in which we
can calculate (I + uR,)™!.

The inspiration for the following proposition comes from the work done with the operator,
T. Note that the Gelfand-Levitan integral equation that appears in the following proposition
has the same form as that in Definition 3.2.0.40. Also, in Proposition 4.2.0.60 we saw that if T
satisfies a Gelfand Levitan integral equation then cos zv/\ + 2 fox T(x,y) cosyv/Ady is a solution
of Hill’'s equation. This observation provides the motivation for defining the function f in the

following proposition.

Proposition 4.6.1.1 Let ¥ satisfy the Gelfand-Levitan integral equation

U2, t) + (t+2) + Gt — ) + 20 / Uz, )+ w) + ot —w)dw =0,  (4.42)

—X

and let

F(t) = h(t) + 21 / " W(e t)h(z) de.

—

Then f satisfies equation (4.41).

Proof. Suppose that U satisfies (4.42). Multiply both sides of (4.42) by 2uh(z) and then

integrate with respect to z over the interval [—z, z]. We obtain

0 = 2u/r (2, 1)h(2) dz+2u/x [(t + 2) + (¢ — 2)]h(z) dz

—x

4 [ [ U(z,w) [y (t + w) + ¢t — w)]h(z) dw dz.

Note that we can rewite [* [* W(z,w)[¢(t+ w) + 1 (t — w)]h(z) dwdz by first changing the

order of integration and then relabelling (using the same variables), thus

[ wtestotes vt oins ave

U(z,w

t+w) + Yt —w)lh(z) dz dw

(2, w)[(
U(w, 2)[P(t+ z) + ¥t — 2)]h(w) dw dz.

[
i
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So,
0 = 2 /_x U(z, )h(z) dz + 2u /_w [b(t + 2) + (¢t — 2)]h(z) dz
a2 / / W(w, 2) [t + 2) + (- 2)h(w) dwdz
" /_ U(z, D)h(z) dz
s [ {w 240t =) + 2 [ Wi+ )+ (e 2lhw) dw} @z
. 2“/_2 U(z, )h(z) d=
tou /_ z [W(t+ 2) + (¢ — )] {h(z) Y /_ x ¥ (w, 2)h(w) dw} dz. (4.43)
Given f(t) = h(t) +2u [*, (2, t)h(z) dz we see that (4.43) becomes
0= £~ h(0)+ 2 [ [0le-+2) 4 6t - D))

that is, f satisfies equation 4.41 as required. [ |
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Chapter 5

Sampling Sequences and their

Applications

In this chapter we look at sampling sequences related to Paley—Wiener spaces and some of their
applications. The periodic spectrum of Hill’s equation is a sequence, (\,)52, where A, is of

2 in size. To analyse the behaviour in detail, we first take square roots and introduce

order n
t, where t,, is of order n. Then we compare the sequence (t,)ncz in detail with (n),cz and
show that (¢, )nez is a sampling sequence. First we see how the sequence (¢, )nez can be used
to reconstruct a function given that the function is known at the sampling points, ¢,,. This then
leads us to consider the question of bases. The sequence {ei”‘”}n ¢z 8ives an orthonormal basis
for L?[—m, 7], so it is therefore natural to consider if the sequence {e“‘””}n ez also gives a basis.
Usually this will not be an orthonormal basis, but we can formulate conditions under which it
is a frame or a Riesz basis. Since the space L?[—, 7] and the Paley—Wiener space, PW (r) are
naturally isomorphic via the Fourier transform, we often express the results of this chapter in
terms of Paley—Wiener space.

One of the main new results of this thesis is that the sampling sequence, (¢, )nez is associated
with a Carleman determinant which depends in a Lipschitz continuous way on (t,)nez. This is

a crucial technical point that Blower, Brett and Doust present in their paper [7].

5.1 A Sampling Sequence Derived from the Spectrum of
Hill’s Equation

The aim of this section is to construct a sampling sequence from the periodic spectrum of Hill’s
equation. We define the notion of a sampling sequence and pick points from the periodic spectrum
of Hill’s equation that will be used to form a sequence, (¢, )nez. Using Borg’s estimates we are

able to show that (¢, )nez is indeed a sampling sequence.

Definition 5.1.0.2 Let (t,,)nez be a sequence satisfying the following conditions,
i) tn < tpg1 for all n;

ii) t, — £00 as n — +oo;
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i11) there exists some constant 6 > 0 such that t,11 —t, <0 for all n.

Then we say that (t,)nez is a sampling sequence.

Remark 5.1.0.3 Conditions (i)-(iii) in Definition 5.1.0.2 are known as the sampling condi-

tions.

We now use the periodic spectrum of Hill’s equation to construct a sequence of sampling
points, (tn)nez. Let (An)S2, denote the periodic spectrum of Hill’s equation. We begin the
construction of our sampling sequence by removing the points Ay, for m € Ny. We therefore
consider only the sequence (Agp41)nen,. This is equivalent to choosing the left-hand endpoint of
each interval of instability that occurs after A\g. Where the interval of instability disappears we
take the left-hand endpoint of the double root. Note that A is in the complementary series, while
Az is in the principal series. The Ay, 11’s then continue to alternate between the complementary

series and the principal series. We summarise this in the following remark.

Remark 5.1.0.4 If n € Ng is odd then Aany1 belongs to the principal series. If n € Ny is even

then Aop41 belongs to the complementary series.
We are now ready to define our sampling sequence.

Definition 5.1.0.5 Let (\,)22, denote the periodic spectrum of Hill’s equation. Define the

sequence, (t,)nez as follows,
—VA@nt1) for n < -1
ln = 0 for n=0 (5.1)
\/Aon_1 for n>1.

Remark 5.1.0.6 Note thatt_,, = —t,.

Having constructed a sequence, we check that it is indeed a sampling sequence. In order to
do this we first need to introduce some estimates that will enable us to check that the sampling
conditions from Definition 5.1.0.2 hold. Proposition 5.1.0.7 presents Borg’s estimates and can
be found in [35] (Theorem 2.11, page 39). First we ask the reader to recall Remark 4.4.1.5 as
this should help with the understanding of the following estimates.

Proposition 5.1.0.7 Let q be the potential in Hill’s equation and suppose that q is w-periodic

/07T q(z)dx = 0.
1

[ @) as=c

s

and satisfies

Also let

for some constant, C'. Given Agp,—1 and Mgy, belong to the principal series then, for any n € Ny

such that n > % we have

C
’\/)\47171—2”’ < o’
C
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Given Ayn—3 and Ayn—o belong to the complementary series then, for any n € Ng such that n > %

we have,
Vo] = 1Sy
een] < 4o,

Borg’s estimates are used to show how close the square root of an element in the periodic
spectrum is to its nearest integer. Estimates are given for all elements in the periodic spectrum.
However, for our work it is not necessary to have a complete set of estimates since we are
only working with the set {Aa,11}nen,. We therefore reformulate Proposition 5.1.0.7 to provide

suitable estimates for use with our sampling sequence, (t,)ncz.

Corollary 5.1.0.8 Let q be the potential in Hill’s equation and suppose that q is w-periodic and

/07T q(z)dx = 0.
1

B 1
f/ |q(x)|dac<§.
0

™

satisfies
Further, suppose that

Then for alln € N,

’ V )\4n—1 - 277/‘ < 8777/’
1

’\//\47,,_3—(277,—1)‘ < 84

Remark 5.1.0.9 Note that in both cases, the estimates in Corollary 5.1.0.8 have the form,

1
)\/)\mel —m‘ < .

for all m € N.
Proof. Both estimates follow directly from Proposition 5.1.0.7. [ |
We can now show that the sequence, (¢, )nez is indeed a sampling sequence.

Theorem 5.1.0.10 Suppose that Hill’s equation has m-periodic potential, q such that

and

1 [ 1
— dr < -.
~ [ et an <

Then the sequence (t,)nez as defined in Definition 5.1.0.5 is real and satisfies
tn =l <
n—n|<-.
4

Furthermore, (t,)nez i a sampling sequence such that t,41 — t, < %
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Proof. We first show that [t, —n| < ;. Note that since t_,, = —t,, by Remark 5.1.0.6, it follows
that

[t —(=n)| = [~tn+n]|
= |t,—nl.

It therefore suffices to consider the case n > 1 since the case n = 0 is trivial. Now, by Definition

5.1.0.5, t,, = \/Aon_1 for n > 1, hence, by Remark 5.1.0.9,

ta=nl = |VAze1 -1
< L
4n
The result now follows since n > 1.

Next we show that ¢, € R for all n € Z. The sequence (t,)necz will be real if the Ag,,_1 are
real and positive for all n € N. By the Oscillation Theorem 4.4.1.4 the Ay, are all real. Also,
since the A, satisfy the inequalities, (4.17) and are therefore monotonically increasing, it suffices
to show that A1 > 0 in order to prove that the Ay, _; are positive. We prove the positivity of A\;
by contradiction. Suppose that A\; < 0 then A\ = —|\1| where |\;| > 0. Taking the square root

of both sides gives

VL= Fi/[A].

Next we subtract 1 from both sides of the above equation and then take the modulus, finishing

by squaring both sides. This gives,

2 2
‘\/)\1—1‘ - ‘ii\/|)\1|—1‘
= [M[+1

> 1,

which implies that |\/)\1 — 1| > 1. However, since [t, —n| < % for all n € Z,

‘\/)Tl—l‘ = [t1—1]
< L
4
This is a contradiction and so we conclude that Ay > 0. Therefore, A,, > 0 for all n € N and so
we have proved that the sequence (t,,)nez is indeed real.

It remains to prove that (¢,)ncz is a sampling sequence. First we note that since the Ay, 1
satisfy the inequalities (4.17), then ¢,, < t,,+1 for all n. Also, by the Oscillation Theorem 4.4.1.4,
the \g,,_1 form a monotonically increasing sequence tending to infinity. Thus, ¢, — co as n — oo
and t_, — —o0 as n — —oo. The final sampling condition requires that the distance between

any two adjacent sampling points is strictly less than % Given |t, —n| < i for all n € Z, it is

easily seen that

[tnt1 —tal = |ftht1 — (n+1)] = [tn —n] + 1]
< Jtsr — (4 1)+ [ty —n| +1
- 3
2
as required. This completes the proof. [ |
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5.2 Sampling Theorems

This section aims to reconstruct a function given that the value of the function is known at a
set of sampling points. Whittaker, Kotel’'nikov and Shannon have shown that a function can be
reconstructed if its value is known at points that are equally spaced along the real line. The
crucial point here is that the samples are equally spaced and so sampling occurs at a constant
rate. In what follows we discover what happens when the samples do not occur at a constant
rate, but instead are shifted within a small region around an integer.

Before stating the Whittaker—Kotel’'nikov—Shannon Sampling Theorem we introduce a new

function known as the sinc function that will appear in an application of the theorem.
Definition 5.2.0.11 Define the sinc function to be

sin T Zf T # O,

T

1 if ©=0.

sincx =

The following lemma provides some obvious but useful facts concerning the sinc function.
Lemma 5.2.0.12 Let m,n € Z. Then

0 if n#m,

sinc (m —n) =
1 ifn=m

Proof. Let m,n € Z and suppose that n # m. Then,
sinw(m —n)

sinc (m —n) = w(m —n)

= 0
since sin km = 0 for k € Z. The case n = m follows directly from Definition 5.2.0.11. ]

The following theorem is known as the Whittaker—Kotel nikov—Shannon Sampling Theorem

and appears in [41] (Theorem 7.2.2, page 209).

Proposition 5.2.0.13 For f € PW(b) we can recover f from the samples {f ("—b’r)} using

nez
the convergent (in the L?(R) norm) formula

T%f (mr) smz)( 3”)

Example 5.2.0.14
Let f € PW(m) then by Proposition 5.2.0.13,

Z f(n) sinm(t —n)

f@t)

= w(t—n)
= Z f(n)sinc (t —n).
neL

This shows that {sinc (¢t —n)},ez is a spanning sequence for PW ().
In the case that we are working in the space PW (), the Whittaker—Kotel'nikov—Shannon
Sampling Theorem 5.2.0.13 tells us that every f € PW (x) can be written as a linear combination
of the elements { sinc (¢t — n)}nez. In fact, {sinc (¢ — n)},ez is actually an orthonormal basis as

justified by the following proposition.
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Proposition 5.2.0.15 The set {sinc (t — n)}nez forms an orthonormal basis for PW (r).

Proof. Recall Proposition 2.4.3.4, we saw that k;(z) = %

PW (b). Therefore, k,(t) = sinc (t — x) is a reproducing kernel for PW (r). Let f € PW (x) then

is a reproducing kernel for

in particular,

f(n) = (f, sinc(- = n)).

Thus, by the Whittaker—Kotel'nikov—Shannon Sampling Theorem 5.2.0.13, if f € PW () then

1t = 3 fmysine(t—n)
neZ
= Z (f, sinc (- — n)) sinc (t — n).
nez

Furthermore, (sinc (- —n), sinc (- — m)) = sinc (m — n), again since sinc (¢t — x) is a reproducing

kernel for PW (7). It now follows from Lemma 5.2.0.12 that for m,n € Z,

0 if m#mn,

(sinc (- — n), sinc (- —m)) = T

This completes the proof that {sinc (t — n)},cz is an orthonormal basis for PW (7). [

We now ask if we can reconstruct a function given that the sampling does not occur at a
constant rate. It turns out that we can gain some insight into this if we use a sampling sequence
whose rate of sampling is bounded. The following result can be found, with proof, in [41]

(Corollary 7.3.7, page 222).

Lemma 5.2.0.16 Let (t,) be a sampling sequence such that t,, 1 —t, < 5 for alln. Then there
exist constants Cy,Co > 0 such that

CullFI* < D 1F ) (tnr — ta1) < Co | £
neZ

for all f € PW(b).

Theorem 5.2.0.17 Suppose that Hill’s equation has m-periodic potential, q such that

and

1 [m 1
= [ e do < 5,
0

™

Let (tp)nez be the sampling sequence defined by Definition 5.1.0.5. Then there exist constants
C1,Cy > 0 such that

CUFIP < D1 )P < Co |l fIP

nez

for all f € PW(2).
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Proof. By Theorem 5.1.0.10, (¢,)nez is a sampling sequence such that t,, 11 — ¢, < % < 5. By
Lemma 5.2.0.16, it follows that for all f € PW(2),

AP < D1 ) (tnr = 1) < BIIFII? (5:2)

nez

for some constants A, B > 0. By Theorem 5.1.0.10 we have [t, —n| < i for all n. From this

ot 4t
" 4 " 1

estimate it follows that

thy1 —tho1 2>

| w /N

Similarly,

1 1
it < () (m1-2)
5
2

Since % <tpp1 —th—o1 < g we can simplify (5.2), thus
2 2 2
CLFIP <D 1) < Ca| £
neEZ

for some constants C1,Co > 0, proving the result. [ |

5.3 Frames and Riesz Bases

In this section we introduce the concepts of frames and Riesz bases with the aim being to use our
sampling sequence, (t,)nez to construct a Riesz basis. Analogous to the example of {e!"*},, <7
being an orthonormal basis for L2[—7, 7], we see that {e‘"®}, .7 is a Riesz basis for L*[—x,7].
We prove this using Borg’s estimates from Section 5.1 and Kadec’s Quarter Theorem. Further
information on the topics contained within this section can be found in [9], [27] and [40] (Section

4.1, page 300).
Definition 5.3.0.18 Let H be a Hilbert space. A set {fn}nez € H is a frame if there ewist
constants C1,Cy > 0 such that,

CLlFIP < S AP < CallfIP

nez
forall f e H.

The following proposition gives an example of a frame for a specific Paley-Wiener space.

Note that the frame is constructed using the sampling sequence, (¢, )nez found in Section 5.1.

Proposition 5.3.0.19 Let
sin 2(t — x)
k =
() w(t — x)
be the reproducing kernel for the space, PW(2). Further, let (t,,)necz be the sampling sequence
defined in Definition 5.1.0.5. Then,
sin 2(t,, — x)
k _ e 7 )
tn () m(t, — x)

is a frame for PW(2).
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Proof. Let (t,)nez be the sampling sequence as given in Definition 5.1.0.5. Then, by Theorem
5.2.0.17, there exist constants C,Cs > 0 such that for all f € PW(2),

CfIP < I P < G £ (5.3)

nez
By Proposition 2.4.3.4 we know that

sin2(t — z)
ko(z) = S22l =)
(@) ===
is a reproducing kernel for the space PW (2). Therefore, for all f € PW(2), k; satisfies (f, k) =

f(t). In particular, f(t,) = (f, kt,). It now follows from (5.3) that

LA < DI ke P < Ca L £IP

neZ

Hence, by Definition 5.3.0.18, {k:, }nez is a frame for PW(2). [ |

In linear algebra we have the notion of a spanning sequence which we can refine to a basis.
If we liken a frame to a spanning sequence then we can ask, is it possible to refine a frame to
a basis? It turns out that in some, but not all cases we can refine a frame to a particular type
of basis known as a Riesz basis. Again, as in linear algebra, just as a basis is still a spanning

sequence, every Riesz basis is a frame. We use the definition of a Riesz basis as given in [9].

Definition 5.3.0.20 Let {e,, }nez be an orthonormal basis for a Hilbert space, H. Suppose that
F : H— H is a bounded bijective operator and let r,, = Fe,. Then {r,}nez is a Riesz basis for
H.

In the following proposition we present a criterion for a set, {r, },»cz to be a Riesz basis. Note
how the condition is similar to that given for a frame. The result with its proof can be found in

[41] (Proposition 2.5.7, page 73).

Proposition 5.3.0.21 The set {r,}ncz is a Riesz basis if and only if there exist constants
C1,C5 > 0 such that

2
S CQZ ‘an|27

nez

Cl Z|an‘2 S

neZ

E anTn

neZ

for all square summable sequences, (ay,).

In practise, Riesz bases are often hard to find. An easier route to finding a Riesz basis
of the form {e**"*}, 7 is by applying Kadec’s Quarter Theorem. We state Kadec’s theorem
in Proposition 5.3.0.22, without proof and note that the value of i is best possible. More
information regarding conditions for {e?*"?},.c7 to be a Riesz basis can be found in [27] (page

78).

Proposition 5.3.0.22 Let (s,)nez be a real sequence and suppose that

1
[sp —n| < T

Then the set {€**"*},cz forms a Riesz basis for L*|—m, x].
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We can apply Kadec’s Quarter Theorem to construct a Riesz basis from our sampling se-

quence, (t,)nez-

Theorem 5.3.0.23 Suppose that Hill’s equation has m-periodic potential, q such that

and

1 [T 1
f/ lq(z)] do < ~.
s 0 2

Let (tn)nez be the sampling sequence defined by Definition 5.1.0.5. Then {e®"*},cz forms a

Riesz basis for L*[—m, ).

Proof. Let (t,)nez be the sampling sequence as in Definition 5.1.0.5. By Theorem 5.1.0.10,

(tn)nez is a real sequence and
tn—nl < 5
n— "N n
4
for all n € Z. It now follows from Kadec’s Quarter Theorem 5.3.0.22 that the set {e""®},cz

forms a Riesz basis for L?[—m, 7). [ |

5.3.1 Dual Riesz Bases

To each Riesz basis, {r,} there corresponds a sequence, {7} such that {r*} is also a Riesz basis.
Further, {r,} and {r}} are biorthogonal. Here we define the sequence {r}}, known as the dual
Riesz basis and then, using a specific example, we look at how we may construct a dual Riesz
basis. The idea behind this section is to construct a Riesz basis for L?[0, 7] from the sampling
sequence, (t,)nez and then use the linear system, (—A, B, C) to calculate the dual Riesz basis.

We begin by defining biorthogonal sequences and then we introduce the notion of a dual Riesz

basis.

Definition 5.3.1.1 Let {e,}nez and {fn}nez be sequences in H. We say that {e,}nez and
{fn}nez are biorthogonal if,

1 for m=n,

(€ns f) i = 0 for m #n.

Definition 5.3.1.2 Let {r,}necz be a Riesz basis such that
Fe, =r,

for some orthonormal basis, {entnez and some bounded, bijective operator, F. We define the

dual Riesz basis of {ry}nez to be {r} }nez where

and (F’l)* is the adjoint of the operator F~1.

Remark 5.3.1.3 The dual Riesz basis is also referred to as the biorthogonal basis.
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Lemma 5.3.1.4 Let {r,}nez be a Riesz basis in H and let {r}},cz be its dual Riesz basis. Then

{rntnez and {r}}nez are biorthogonal.

Proof. Let {r,}.cz be a Riesz basis in H and suppose that r,, = Fe, for some bounded,
bijective operator, F' and an orthonormal basis, {e, },ecz. Also suppose that {7}, cz is the dual
Riesz basis corresponding to {ry, }nez and that r% = (F‘l)* en. Using Definition 2.1.0.7 we see
that

<Tnvr;kn> = <F6n7 ( )*6m>
= < 1F€n7 ern>
= (en,em)
B 1 for m=mn,
0 for m #n.
This shows that a Riesz basis and its dual are indeed biorthogonal. [ |

It is natural to ask whether the dual Riesz basis is in fact a Riesz basis. It turns out that this
is the case. Further, we can use a Riesz basis for a space, H together with its dual Riesz basis
to write an element of H as a linear combination of the Riesz basis. The following proposition

summarises these ideas. It can be found, with proof, in [9] (Theorem 3.6.3, page 64).

Proposition 5.3.1.5 Let {r,}nez be a Riesz basis for a Hilbert space, H and let {r}},cz be its

dual Riesz basis. Then {r’}ncz is the unique sequence such that

F=Y (fr)rm

nez

for all f € H. Further, {r}}nez is a Riesz basis.

Remark 5.3.1.6 It can be seen from the Banach Isomorphism Theorem that F~' is bounded

since F' is a bounded, bijective operator. This shows that {1} },cz is a Riesz basis.

We are aiming to calculate the dual Riesz basis for a particular Riesz basis. In the next
proposition we give the form of the Riesz basis that we will work with. Again, it is derived from
the sampling sequence, (t,)nez. Since we are changing the Riesz basis we also need to change
the space in which we are working. First we state a lemma that will make clear the new space
in which we will work, as well as providing some insight into how to prove that a given sequence

is a Riesz basis for our space.
Lemma 5.3.1.7 The space of functions,

{fel?l-mn]: f(-x) = f(x)}
is canonically, unitarily equivalent to the space L*[0, 7.

Proof. First we note that f € L?[—n, 7] if and only if

| @ dr <.

—Tr
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This condition is equivalent to
/OW F(—a) 2 da + /Oﬂ F@)[? d < oo,
Now, given f(—xz) = f(z), we see that f € {f € L*[-m, 7] : f(—a) = f(x)} if and only if
[P de < .
that is, f € L?[0, 7. [ ]

The previous lemma shows that we can prove a Riesz basis exists for L?[0, 7] by proving that

it exists for the even functions in L?[—r, 7).

Theorem 5.3.1.8 Suppose that Hill’s equation has w-periodic potential, q such that

/ q(z)dx =0,
0
1

& 1
f/ |q(x)|dx<§.
0

™

and

Let (tp)nez be the sampling sequence defined by Definition 5.1.0.5. Then {cost,x},en forms a
Riesz basis for L?[0, 7).

Proof. We use Lemma 5.3.1.7 and begin by considering the space, L?*[—x,7]. By Theorem
5.3.0.23, the set {e'n*}, ¢z is a Riesz basis for L?[—, 7], where (%, )nez is the sampling sequence

of Definition 5.1.0.5. Further, by Proposition 5.3.1.5, for f € L?|—x, 7] we have
f(l‘) = Z a”eitnz.

Now suppose that f is an even function so that 0 = f(z) — f(—=) for all z. Then

0 = Z an (eitnz _ efitnac)

nez
= Z ay, sint,r
nez
—1 o)
= [ Z an sint,x + ag sintgx + Z ay, sin tnx]
n=-—00 n=1

oo oo
27 [Z A_psint_,x + agsintor + Z a,, sin tnx] .

n=1 n=1

By Remark 5.1.0.6 we have t_,, = —t,, and so

o0
0=2i lao sintox + Z (an —a_y)sin tna:] )

n=1
Since the above must hold for all z, we conclude that f € L?[—x, 7] is even if and only if ag = 0

and a_,, = a,. Therefore, an even function, f € L?[—n, 7] has the form

f(.%‘) Z an (e—itn:c + eit,,,ac)
n=1

(o)
2 Z G COS T T (5.4)
n=1
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This shows that {cost,z},en is a basis for the even functions in L?[—, 7]. By Lemma 5.3.1.7,
{cost,z}nen is therefore a basis for L]0, w]. To see that {cost,x},ecn is a Riesz basis we observe
the following: given {e"»*}, ¢z is a Riesz basis for L?[—m, 7] we have, for f(z) =Y, ., ane’™® €
L?[—m, 7,
C1Y_lan* < IfIP < Co Y lanl
nez nez

by Proposition 5.3.0.21. The above inequality holds for all f so in particular it holds for even f.
Thus, for f € L?[—7, 7] even such that f takes the form of equation (5.4), we have

2
oo

Clz|an\2 < Zancostnx < CQZ|Q7L|2
n=1

nez neZ
for some constants, C1, Cy > 0. Therefore {cos t,x},ecn is a Riesz basis by Proposition 5.3.0.21. B

For the remainder of this section we use Hill’s equation in the form

— [+ afa=tofn

where ¢ is a constant potential and the t,, are as described in Definition 5.1.0.5. Let (\,,)22,
denote the elements of the periodic spectrum then, since ¢ is constant, it follows from [35]
(Theorem 7.12, page 112) that each A, for n > 1 is a double root. That is, when ¢ is a constant,
with the exception of (—oo, ), there are no intervals of instability. Thus every solution of
Hill’s equation corresponding to an eigenvalue in the interval (Ag, 00) is bounded. Recall that by

Proposition 4.2.0.60, a solution of Hill’s equation, f,, has the form,

fn(x) = costpx + 2/ T(z,y) cost,y dy.
0

Lemma 5.3.1.9 Suppose that Hill’s equation has potential q(x) = 0 for all x. Furthermore,
suppose that T'(0,0) = 0. The set {fn}nez where

fn(x) = costpx + 2/ T(z,y) cost,y dy.
0
forms an orthonormal basis in L?[0, 7.

Proof. Suppose that 7'(0,0) = 0 then by Theorem 4.2.0.59, f, is a fundamental solution

satisfying the boundary conditions
fa0)=1 and  f,(0)=0.

Also, since ¢(x) = 0 for all , it follows from [35] (Theorem 7.12, page 112) that the sequence,
(An)nen is a sequence of double roots. Thus, by Floquet’s Theorem 4.4.2.2, we also have the

boundary condition
fu(m) =0.

It follows from Proposition 4.1.0.57 that Hill’s equation together with the solutions, {f,}nez
forms a regular Sturm-Liouville system. Therefore, {f,}necz forms an orthonormal basis in

L?[0, 7] by the Sturm-Liouville Theorem, see [55] (Theorem 11.1, page 131). [ |
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We now show how the linear system, (—A, B, C') can be used to find the dual Riesz basis of

{cost,x}nen.

Theorem 5.3.1.10 Suppose that Hill’s equation has potential q(x) = 0 for all x and that
T(0,0) = 0. Let (t,)nez be the sampling sequence defined in Definition 5.1.0.5 and let

Vola) =2 [ T(@0)als) dy.
0
Then the Riesz basis {ry }nen where rp(x) = cost,x has dual Riesz basis {r}}nen where
rr =T+ VI +V)r,.

Proof. Let t, belong to the sampling sequence described in Definition 5.1.0.5 and suppose that

fn is the solution of Hill’s equation corresponding to the eigenvalue ¢2, where
xr
fn(x) = costpx + 2/ T(z,y) cost,y dy.
0

By Lemma 5.3.1.9, {f,}nez forms an orthonormal basis for L?[0, 7] and by Theorem 5.3.1.8,
{cost,x}nez forms a Riesz basis for L?[0,n]. Let r,(z) = cost,z, then by Definition 5.3.0.20

there exists some bounded, bijective operator, F' such that

Ff,=nr,.
This implies that
fo=F 1y, (5.5)
that is
F~lcost,z = cost,x + 2 /01' T(z,y) cost,ydy. (5.6)

Now let V be the operator
Vola) =2 [ T(.0)(w)d.
0

It follows from (5.6) that F~! = I + V. In order to calculate the dual Riesz basis, Definition
5.3.1.2 requires that we calculate (F’l)*. Thus,

(F) = vy
= I+V"
Hence, by Definition 5.3.1.2, the dual Riesz basis is given by
o= (F7) f
— UV

Now, using the fact that F~ = I + V it follows from (5.5) that

fo = Flr,
= (I+V)r,.
Hence,
rr=IT+V I+ V)r,
as required. [ |
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Remark 5.3.1.11 In [38] (Section 2, page 220), McKean and van Moerbeke consider the auz-
iliary spectrum and show that the corresponding solutions of Hill’s equation satisfy boundary
conditions at both 0 and w. The auxiliary spectrum is obtained by taking points that lie in in-
tervals of instability and in the case that this interval disappears, we take the double root. A
sampling sequence (Sp)nez can then be constructed from the auziliary spectrum in exactly the
same way as we created (tp)nez from the periodic spectrum. It then follows that {cos $px}nen
will also be a Riesz basis. Furthermore, the solutions, g, of Hill’s equation corresponding to the
sampling points s, will satisfy the boundary conditions g,(0) = 0 = g,(7), and hence will form
a Sturm-—Liouville system. It follows then that the set {gn}nez is an orthonormal basis. We
can then follow exactly the same method as demonstrated in Theorem 5.53.1.10 to derive the dual
Riesz basis for {cos spx}nen. This shows that we can calculate the dual Riesz basis using linear

systems, without the assumption of having zero potential.

Suppose that the function, T'(x,y) can be written in terms of the linear system, (—A, B, C).
Theorem 5.3.1.10 therefore shows that we can write the operator V' in terms of (—A4, B, C) and
hence calculate the dual Riesz basis corresponding to {cost,z}nen. The following corollary

makes precise the form of the dual Riesz basis.

Corollary 5.3.1.12 Suppose that Hill’s equation has potential q(x) = 0 for all x and that
T(0,0) = 0. Let {r*}nen be the dual Riesz basis found in Theorem 5.58.1.10. Then

T

ri(z) = costnx—|—2/ T(z,y) costnydy+2/ T(y,x) cost,ydy
0 T
—|—4/ costny/ T(z,2)T(z,y) dz dy.
0 max{z,y}

Proof. From Theorem 5.3.1.10 we know that

ri(x) = (I+V*)(I+V)costyz

(I+V4+V"+V*V)costyx (5.7)

where Vg(z) =2 foz T(x,y)g(y) dy. We proceed by calculating V*. By Definition 2.1.0.7 we have
(VR 2fnm = (Vg h)p2[—nm

= /Tr Vghdx

= /:2/; T(x,y)9(y) dy h(w) dz

-2/

Now, reversing the order of integration we obtain

T(z,y)g(y)h(z) dy dz.

S—

0.V B = 2 /;T@,y)g(y)h(x)dxdy
/

Therefore,




It follows from (5.7) that the dual Riesz basis, {r}},cz is given by

()

s

costnx—i—?/ T(x,y) costnydy—l—Q/ T(z,x)costyzdz
0 T

™ z
—|—2/ T(z,:z:)2/ T(z,y) cost,ydy dz
T 0

T

= costnx—|—2/ T(;v,y)costnydy+2/ T(y,x) cost,y dy
0 T

+4/ / T(z,2)T(z,y) costpy dy dz
T 0

T

= costnx+2/ T(x,y)costnyderQ/ T(y,x) cost,ydy
0 T

+4/ / T(z,2)T(z,y) cost,ydz dy
0 Jmax{z,y}

s

= costnx+2/ T(a:,y)costnydy—i—Q/ T(y,x)cost,ydy
0 T

—|—4/ costny/ T(z,2)T(z,y) dz dy.
0 I

nax{z,y}

5.4 Gram Matrices

Here we define the notion of a Gram matrix for a given sequence and look at a way to calculate
the determinant of such a matrix. We see that by definition, the Gram matrix of an orthonormal
sequence is the identity matrix. Therefore, by calculating Gram matrices we are able to compare
sequences with orthonormal sequences. We use the sampling sequence, (¢, )nez obtained from
the periodic spectrum of Hill’s equation to create a sequence of reproducing kernels for the space
PW (m). It is this sequence of reproducing kernels that we calculate the Gram matrix and its
determinant for. It will be seen that the Gram matrix for the sequence of reproducing kernels

in PW () is equivalent to the Gram matrix of the Riesz basis {e”"w}nez in L[—m, 7).

Definition 5.4.0.13 Let {x,} be a sequence in an inner product space. The Gram matrix for

the sequence {x,} is given by

G = [<xn,xm>]nm

Remark 5.4.0.14 If the sequence {x,} is orthonormal then the Gram matriz is the identity

matrix.

Recall from Proposition 2.4.3.4 that the function

sinb(t — x)
7(t — x)

kf(I) =

is a reproducing kernel for PW (b). Therefore, by Definition 5.2.0.11, k:(z) = sinc(t — z) is a
reproducing kernel for PW (7).

Proposition 5.4.0.15 Let (t,)nez be the sampling sequence given in Definition 5.1.0.5. Then

the sequence of reproducing kernels, { sinc (t,, — x) }nez has Gram matriz

G = [sinc (tp, — tm)]

n,me”z "
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Proof. By Definition 5.4.0.13, the Gram matrix of the sequence, {sinc (¢, — x)},ecz has entries

given by
(sinc (¢, — x), sinc (t,, — x)).
Since ki, = sinc (¢, — x) is a reproducing kernel for PW (7), it follows from Definition 2.4.3.3
that
(sinc (t, — x), sinc (t,, — x)) = sinc (t, — tm).
Hence the result. ]

The following lemma provides an alternative way of expressing the Gram matrix of { sinc (¢, —
x)}nez. It allows us to calculate the determinant of the Gram matrix via Andréief’s Identity
2.3.0.31. Furthermore, it also shows that the Gram matrix of {sinc (¢, — z)}nez is equal to the
Gram matrix of {e""*}, s since

4 . 1 /7.
(it eitm) / piltn—tm)T g0

L2[_7r77r] - %

Lemma 5.4.0.16 Let (t,)nez be the sampling sequence given in Definition 5.1.0.5. Also, let

{sinc (t, — ) }nez be a sequence of reproducing kernels in PW (w) with Gram matriz, G. Then,

G = [1 /7T giltn—tm)z dx} .
2 - n,mez

Proof. By Proposition 5.4.0.15, the sequence, {sinc (¢, — x) }nez has Gram matrix
G = [sinc (t, — 7,‘,,1)]%1%EZ )

Now,

1 L 1 [eiltn—tm)z]™
o B
i (ta—tm) _ g=im(tn—tm)
2mi(ty, — tim)
sin(t, — tm)
(L — tm)
= sinc(t, — tm),

—T

giving the result. [ |

Given a sampling sequence, (t,)ncz obtained from the periodic spectrum of Hill’s equation,
we can create a sequence of reproducing kernels, { sinc (¢, — ) },ez for the space PW (7). In the
event that the sequence of reproducing kernels is finite, the following theorem shows how we can

calculate the determinant of the corresponding Gram matrix.

Theorem 5.4.0.17 Suppose that j, k € {1,...,n} where n < oo and let {sinc (t, — x)}7_, be
a sequence of reproducing kernels in PW (). Let G,, denote the Gram matriz of the sequence

{sinc (tp — x)}}_,, then G, has determinant given by

1 i g itz 1M itz ™ dl’l dl‘n
deth:ﬁ/_ﬂ/_ﬂdet [e 7 k]j,k:ldet [e ! k]l,k=1 ? ?
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Proof. It follows from Lemma 5.4.0.16 that the determinant of the Gram matrix corresponding

to the sequence {sinc (tx — z)}7_, is

1 . n

det Gn = det |:/ el(tj—tk)x d$:|
2T o
Ji.k=1

—T

Hence, by Andréief’s Identity 2.3.0.31,

1
detG,, = —

s s
] / det [e”jx’“];kzl det [e‘mm’“]n dzy dzn

Lk=1 9r 2r

—Tr —T

as required. |

Since the Gram matrix for the Riesz basis {e“”x} is equal to the Gram matrix for the

nez

reproducing kernels { sinc (¢, — )}z, Theorem 5.4.0.17 also holds for {e"n*} .

5.4.1 The Operator [ + ¢,

Let n € N and recall that {ei”}n is an orthonormal basis and {e”"“’}nez is a Riesz basis for

€z
the space L?[—m, 7). We introduce the operator I + ®,, to allow us to compare {eit"“’}nez with
an orthonormal sequence. In this section we define an operator I+ ®,, acting on the orthonormal
basis {e™*} _ such that e* i ¢'% for |j| < n and e”* — e"* otherwise. We then seek to
calculate the matrix associated with the operator I + ®,, so that we may ultimately calculate its

determinant. If {e“”x} is orthonormal then the matrix associated with I + ®,, will be the

nez
identity matrix and it will have determinant equal to 1.

Definition 5.4.1.1 Define the operator I + ®,, : L?|—m, 7| — L*[—7, 7| to be such that

et for [j| <m,

(I+®,)e7" =
et for |j| > n.

Remark 5.4.1.2 We note that when t; = j for all j then ®, = 0.

We wish to construct the matrix of the operator I + ®,, with respect to the basis {eim}nez.
Note that by Definition 2.3.0.20, the matrix of I + &, with respect to the basis {eim}nez is
given by
w0
[<(I + D,,)e™ elﬂ>L2[_”’”]L‘,k .

Proposition 5.4.1.3 The operator I + ®,, acting on L?|—m, x| has block matriz

I [sinc (tk = j)lj<—n,kj<n O
R(I-‘r‘I’n)elkxael]I>L2[*7r,ﬂ'ij =10 [Sinc (tk _j)]\jMHS” "
0

[sinc (te = 3)jsn,ki<n I

with respect to the basis {eijx}jez.

Proof. We must calculate the inner products, <(I + ®,)eth eijI> for all j and k. From

L2[—7,m]

Definition 5.4.1.1 we have,

<€itkw7 eijx>

L2[~mm] — <€ikm,eijfc>

L2[—mom] for |k| < mn,

I+ q)n eika:’eij:z:
(( )

L2[—m] for |k| > n.
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Since {eij’”}jez is an orthonormal basis for L?[—m, 7], we know that

) g 0 for j#k,
<elkx’emac> i _ 6krj — J #
L2[=m.m] 1 for j=k.
Also,
<eitkm eijrc> _ i " tte=0) g,
’ L2[—m,7] 2 o
eim(th—i) _ p—im(ty—j)
- 27T’i(t}<; - j)
= sinc (g — j).
Therefore,

(I + @)™, &) sinc (t —j) for [k| <mn,

L2[—mx] Okj for |k| > n.
It follows that I + ®,, has matrix
I [sinc (tk = J)lj<—n,|k<n
[<(I+ (I)n)elkxaewz>L2[*7r,ﬂ']:|jk =0 [sinc(tk =i iki<n O
0 [sinc (tk — J)lj>n,|kl<n

where j denotes the row and k the column.

Note the shape of the block matrix in Proposition 5.4.1.3. The central element is a finite,

square (2n + 1) x (2n + 1) matrix. Above and below the central element are infinite matrices

with 2n + 1 columns and an infinite number of rows. We progress to calculate the determinant

of the operator I + ®,,.

Proposition 5.4.1.4 The operator ®,, is trace class. Furthermore, I + ®, has determinant

given by
1

det(I + ®,,) = 7/ S det[eitkm]z det[e—ijmz]ﬂl dr_y, d.%‘n.

Cn+1) ) . ), l=—n Jl==n"or o
Proof. From Proposition 5.4.1.3 we know that I + ®,, has matrix
[sinc (tk _j)]j<7n,\k|§n 0

I
0 [sinc(ty = f)]jjlki<n O
0

[sinc (tx = 7)) jsniki<n 1

[<(I + @, )eh?, eijm>L2[_ﬂ,7r]L’k

0 [sinc(ty — §)ljcnikj<n O
= I+ |0 [sinc(tk — ) — &iljj)ni<n O

0 [sine (tx — J)]j>n,|k|<n 0

Therefore the matrix associated with ®,, is

0 [sinc(ty — j)j<—n,kj<n O
0 [sinc(tx —j) =kl ) kj<n O
0

[sinc (tk — )] j>n,|k|<n 0
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Now, the rank of ®,, is equal to the column rank of the matrix given by (5.8). Hence, rank ®,, <

2n + 1 which means that ®,, has finite rank. By [51] (Corollary 2.3, page 17), every finite rank

operator is a trace class operator. So it follows that ®,, is trace class and thus det(I + ®,,) is

defined. We proceed to calculate this determinant. Let

A = [sinc(te — J)|j<—n,|k|<n>
B = [sinc(tx — §)]j| k<ns
C = [SinC(tk*j)]j>n,|k\§n'
Then
I [sinc(tx — j)]jc—n,k|<n O 1 A 0]
0 [sinc(tx — )l kj<n 0| = |0 B (5.9)
0 [sinc(tx —j)ljsn, kj<n I 0 ¢ I
(7 0 o] [1 4 o]
= 0 B 0 I
0o ¢ 1]|o 0 I
(1 0 ol [1 1[r a o
= |0 B 0 0 I 0 (5.10)
0o o 1ffo c1]lo o 1

Taking the determinant of both sides of (5.10) and noting that each matrix is triangular, we

obtain
I 0 0 I 0 0 I A 0
det(/+®,) = det|0 B 0|det|0 I 0|det{0o I 0
0 0 I 0 C I 0 0 I
= detB
= det[sinc (tx — )]} k=—pn-
Given that

. . I .
sinc (tp — j) = o /_ﬂe (te=9)2 g
it follows that

1 T ) ) n
det(I + ®,,) = det { / elte=i)e dx}
2m -7 Jk=—n

Finally, applying Andréief’s Identity 2.3.0.31 produces the desired result,

1 i T , oy dr_, dx,
det(I + ®,,) = m/ / det[e”"’“]ﬁ,l:,n det[e le]?,lzfn SRR v

Note the similarity between the determinant given in Proposition 5.4.1.4 and the determinant

of the Gram matrix appearing in Theorem 5.4.0.17. We return to look at determinants of the

type given in Proposition 5.4.1.4, in Chapter 6.
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5.5 Lipschitz Dependence of the Sampling Sequence on the
Potential

This section covers one of the main new results of this thesis, it can also be found in [7]. Let
®, : L?[—m, 7] — L*[—m, 7] be the linear operator defined by ®; > a,e® = 3" a, e where
{en®}, <7 is a Riesz basis for L?[—, 7]. Note that by Proposition 5.3.0.22, {e‘*"*}, <7 is a Riesz
basis if |t, —n| < 1. Also, since {e"""*},cz is a Riesz basis it follows that ®, is well defined
and bounded. Now, ®; : e™® — e therefore the Gram matrix associated with the operator
® is equal to the Gram matrix given by the sequence (e”"'t)n cz- 1D this section we see that

the Gram matrix of (e”"I) is a Lipschitz function of the sequence (t,,)necz. The results of

new
this section have been shown to hold for any sequence (¢, ),ez such that {e“”w}nez is a Riesz

basis. Hence all results found here will certainly hold for the sampling sequence derived from the
periodic spectrum of Hill’s equation as defined in Definition 5.1.0.5. The structure of the periodic

spectrum of Hill’s equation as a set of points is therefore linked to the sequence (e”"“’)” <z in

Hilbert space.

Definition 5.5.0.5 Let Hy and Hy be Hilbert spaces. We say that ® : Hy — Hsy is Lipschitz
with constant L if there exists L > 0 such that

[®(@) = W) lln, < Lz = yllu,
for all x,y € Hy.

Theorem 5.5.0.6 Suppose that t,, € R for all n and that {e""*},cz forms a Riesz basis for
L?[—m,m]. Sett = (t,) and suppose that (t, —n) € (2. Let ®; : L?[—n, 7] — L*[—7, 7| be the

linear operator

o E ane* = E ane’".

Then,
1) ®; — I is Hilbert-Schmidt;
2) the map (t, —n) v+ ®, — I is Lipschitz £> — HS.

Proof. Given {€™*} _is an orthonormal basis for L?[—m, 7], let ®; (¢"*) = ¢'*»*. Then

neZ

o= Il5s = Do 1@ = DE™) oy
itpx inx |2

ZHet —¢ ||L2[77r,7r]

Z % /Tr ’eitnx o em’”’2 da

ol
2 J_ .

n
Using the fact that |z|> = 2% for complex z we have

[ei(tn—n)ac o 1:| |:e—i(tn—n)w _ 1j|

- 9_ ei(tnfn)w _ efi(tnfn)w

‘ 2
giltn—n)z _ 1’ dx.

ei(tn—n)ac 1

‘ 2

= 2—2cos(t, —n)z.
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The double angle formulae then gives
1
2 — 2cos(t, — n)x = 4sin® §(tn —n)x,
thus,
@y — I3, = Zi " 4sin? 1(t —n)zdx
t HS - o7 . D) n .
Given [sinz| < z for all > 0 we have the following inequality,

1 1
sin? = (t,, —n)x < i |t —nl|* 22,

2
Hence,
1 T 1 1 T
o 4sin2§(tn—n)wdx < Py tn — n|? 2% d
T J T
= e [2]
o " 31 .
— i‘ —n)? 2
2r " 3
2
7T 2
= _— tn
Therefore

2
7
10— T < 5 Y It —
n
Since (t, —n) € £2 it follows that
2 2
1) = ()lz2 = D [tn — ]

is convergent, hence
2
2 s
@ — I]|7g < 3 I

(tn) = ()72

proving that ®; — I is Hilbert—Schmidt.

We now prove, using the same method, that the map (¢, — n) — ®; — I is Lipschitz. First
note that (&; —I) — (s —I) = &, — P, and so the proof reduces to showing that @, satisfies the
Lipschitz condition. By the first part of the theorem, ®; — I is Hilbert—Schmidt thus the map
(tn, —n) = ®; — I takes the space /2 to HS. Now,

2 inay [|2
H(I)t_(I)SHHS = ZH(q)t _‘I)S)(e )HLQ[fﬂ',T(]
Z Heitnm _ eisnm

1 T itpx iSpT 2
S [ e — e s
n —T
Yo/
" 2r J_
Again we use |z|? = 2z followed by the double angle formulae to simplify the above giving,

1 ™
Hq)t_q)s”?{s = Z%/ 2 — 2cos(t, — sp)x dx
n —T

1 [7 1
= Z — 4sin? ~(t, — sp)z d.
- 2 J_ 2

2
‘L2[77r,7r]

, 2
giltn—sn)z _ 1’ dx.
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Since [sinx| < x for all x > 0 it follows that

o1 1
sin? é(tn —$p)x < i tn — sn|” 22,

hence
1 (7 1 1 (7
o 4 sin? itn —sp)rdr < o [t, — sn|2 2% dx
™ J)_n T™J—xm
1 31"
= —|tn—sal’ r
2 31 .
1 5 [273
= —|th — Sn e
2m | nl { 3 ]
2

™ 2

o tn — °on .

= [t sl
Therefore

2 w2 2
[Pr — Psllys < Z? |t — sl
n
2
™ 2
= 5 Ita) = (sn)llee

and so the map (t, — n) — ®; — I is Lipschitz /2 — HS. [

The following corollary shows that the determinant of the Gram matrix associated with the

sequence {ettn® is a Lipschitz continuous function of (¢,,),ecz.
a ne”Z P ne

Corollary 5.5.0.7 The map t — dety ®; is continuous (> — C. Further, when t = (n),
det2 (pn =1.

Proof. Let T be a Hilbert-Schmidt operator then the map T+ dety (I + T') is continuous by
[15] (Lemma 22(b), page 1106). By Theorem 5.5.0.6, ®; — I is Hilbert—Schmidt and so

b, — I — deto P,

is continuous. Finally, we note that when ¢ = (n) we have ®,, = I and so dety ®,, = 1. [ |
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Chapter 6

Determinants Associated with an

Integral of Ramanujan

The integral I,(t) arises in several contexts, examples being sampling theory and orthogonal
polynomials. The main aim of this chapter is to systematically analyse determinants with entries

I,(t; — k) where

3 .
I.(t) :/ (cosx)*2e"™ du,

2
is an integral associated with Ramanujan. Ramanujan is credited with proving an identity for
I,(t) in terms of the Gamma function. Of particular interest is the case in which a € N and
t; = j since then I, (t; — k) can be given a factorial expression, via the Gamma function, which
leads to a Toeplitz type matrix.

We also show that {I,} gives a basis for the even functions in the Paley—Wiener space,
PW (g) Further, this basis is related to the reproducing kernel for the same Paley—Wiener
space.

We finish this chapter with a short section on Chebyshev polynomials and show how the

function I, can be used to evaluate some integrals involving Chebyshev polynomials.

6.1 Unitary Groups and the Weyl Denominator Formula

This brief section is intended to introduce the Weyl Denominator Formula as defined for the
unitary group. We note the formula in order to make comparisons with calculations carried out
within this chapter.

We begin by defining the unitary group.

Definition 6.1.0.8 Given n € N, we denote by GL(n,C) the set of all invertible n x n complex
matrices. We call GL(n,C) the general linear group. The group operation of GL(n,C) is matriz
multiplication. The unitary group, U(n,C) is defined to be

U(n,C)={Ae€GL(n,C): A"A=1}.
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Also, we define the special unitary group, SU(n,C) to be
SU(n,C)={A e GL(n,C): A"A=1,det A=1}.

The following proposition shows that a unitary matrix has complex eigenvalues that lie on
the unit circle. Further, the sum of the arguments of the eigenvalues of a special unitary matrix

is a multiple of 2.

Proposition 6.1.0.9 Suppose that A € U(n,C). Then A has eigenvalues, {6191, .. .,ew"}.
Further, if A € SU(n,C) with eigenvalues {ewl, ..., et }, then

Zgj = 21k
j=1
fork e Z.

Proof. Let A € U(n,C) and suppose that A is an eigenvalue of A. Then Az = Ax where z is

the eigenvector corresponding to A. Now,

A (z,z) = Az, Az)
= (Az, Az)
= (A"Azx,z)

where the last line follows from Definition 2.1.0.7. Since A € U(n,C), A*A = I and so
AP (z,2) = (2, @).

Therefore we must have |A| = 1. That is, the eigenvalues lie on the unit circle.
Now let A € SU(n,C) and suppose that A has eigenvalues {ewl?...,ew"}. Then A is
similar to the matrix, D = diag (ewl,. . ei‘g“). Also, since A € SU(n,C), det D = det A = 1.

Therefore,

1 = det diag (eml, e ew”)

n

Jj=1

el 2i=1 03, (6.1)

It is now easily seen that in order for (6.1) to hold we must have Z?:l 0; = 2rk for some k € Z. B

Proposition 6.1.0.9 provides some insight into the motivation behind the Weyl Denominator
Formula 6.1.0.10. Indeed the formula is defined for the unitary group which, as we have just
seen has complex eigenvalues that lie on the unit circle. In the definition that follows we view

{eieﬂ'} as eigenvalues of a unitary matrix.

Definition 6.1.0.10 The Weyl denominator for the group SU(n,C) is given by the product

H {ezm‘(ejfok) _ 1]

i<k
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6.2 The Integral I,

We introduce the function, I,, an integral associated with Ramanujan. In Section 6.4 we will see
that Ramanujan evaluated the integral I, using Gamma functions. Ramanujan’s formula will be
used in Section 6.5 where we evaluate determinants of I, at points, t,. Also in this section we

show that, under certain conditions, the function I, lies in a Paley—Wiener space.

Definition 6.2.0.11 Let a € R. Fort € R define the function I, to be

I,(t) :/2 (cos ) 2e™™ du.

jus
2

In the following lemma we show that I, is an even function. This fact will be used in various

proofs throughout the remaining sections.
Lemma 6.2.0.12 Let I, be as defined in Definition 6.2.0.11. Then I, is an even function.

Proof. We follow the standard method of proving that a function is even by showing I,(t) =
I,(—t). Thus,

[ME]

L(-t) =

/
= /_ [cos(—z)]?2e (=) dg

(cosz)? 2e e dy;

RS

NERVE

= (cos z)* 2™ dy;

|
w3

as required. [ |

Under certain conditions, the function I, is a Paley—Wiener function. The following propo-

sition shows that for a > %, 1, belongs to a Paley—-Wiener space.
Proposition 6.2.0.13 Let I, be as given in Definition 6.2.0.11. If a > % then 1, € PW (%)

Proof. First note that I,(t) takes the form specified by the converse of the Paley—Wiener

Theorem 2.4.3.7. We show that (cosz)*~% € L? [-%, 3] for a > 3 by showing that the inequality,

/7 |(cosac)“_2|2 dx < 0o

us
2

is satisfied. We note that, on the interval [—g, %] we have |cosx| = cosx since 0 < cosz < 1.

Therefore, we need to show that

/ * (cos )2 da < oo, (6.2)

z
For a > 2, (6.2) is easily satisfied since

/2 (cos )2t dx / ldx

us
2

IN
(SE

[ME]

143



which is clearly finite. Now take g’ < a < 2. This means that 2a — 4 is negative. Write
2a — 4 = —(4 — 2a) where 4 — 2q is positive, then

H 2a—4 3. H 1
/_ (cosx)“® dm_/_g = dx.

I
2

Next we make the substitution x = ¢ — 7. This yields

? 2a—4 _ /Tr 1
cos T der = dt
J e o )"

.
o
= ——_dt
/0 (sin £)4—2

where, in the last line we have used the fact that cosz = sin (ac + %) From the symmetry of the

1
graph —— we have

4 1 z 1
——dt =2 — dt.
/0 (sint)d—2a /0 (sint)d—2a

To finish the calculation we find a bound on W We achieve this by showing that the

function “%ﬁ is decreasing on the interval [0, g] and then use this fact to find a lower bound for
1 t . . 1 1 t . . T .
==, thus giving an upper bound for <. Now, 5= is decreasing for 0 <t < 7 since
d (sint _ lcost —sint
dt t 12
_ cost(t —tant)
= —
< 0.

In the above the last line follows as on the interval [O, g}, we have t? non-negative, 0 < cost < 1
and ¢t —tant < 0. To see that ¢ — tant is negative we note that it is decreasing on the interval

[O, %} since

1

cos?t

%(t —tant) =

< 0

because 0 < cost < 1. Therefore, t — tant attains its highest bound on the interval [O, g] at the
point 0 and so ¢t — tant < 0. This shows that the function “tﬂ is decreasing on [O, %], meaning
that % has a lower bound at the point 5. Thus,

sint sin 5
= 3
t 2
2
—

The desired bound for the function W is therefore

1 - 77)4—2(1
= < ()
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Continuing now to show that (cosz)*~2 € L? [—%, g], we see that we have

3 3 1
2a—4 — 2 /
/_ (cosx) dx . i dt

jus
2

71_4—211 [ 1 :|2
237204 (2(1 _ 3)t372a 0

71_4—2a 23—2a
~ 932 [(Qa _ 3)7T32a]
T
2a -3
< 0

2
Paley—Wiener Theorem that I,(t) € L?(R) and is entire.

It remains to show that fa crL? [—%, g] Note that we can write

as required. Hence, for a > 2, (cosz)*"% € L? [—g, g] It then follows from the converse of the

I(t) = /2 (cos ) 2™ dx

us
2

= lim

1
R—o00 /27

This shows that I, is the inverse Fourier transform of \/ﬂ}l(fi 1)(x)(cos x)%72. Tt follows then
272
that

/R Vorl, (z)(cos )" 2™ da.

~
272

fa(ﬂ?) = \/%]I(_

2) (z)(cos )2

[ME)

from which it is easily seen (by the first calculation of this proof) that I, € L2 [-Z,Z]. [

6.3 Using [, to Find a Basis for PWW (%)

In the case that a € N, the formula for I, can be greatly simplified. In fact, when a € N, I, can
be written as a sum of sinc functions. We use this observation to ultimately show that the set
{I2p }pen gives a basis for the even functions in the space PW (g) On the way to proving this
we note that the sinc functions arising as reproducing kernels of the space PW (g) can be used
to construct an orthonormal basis for PW (g)

The first task is to write I, in terms of sinc functions. The following proposition shows that

when a € N, the function I, can be expressed as a sum of sinc functions.

Proposition 6.3.0.14 Suppose that a € N. Then,

L(t) = 2:12 i (“ N 2) Sinc%[t—i— a—2(j +1)].
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We use the binomial theorem to expand (cosz)*~2 as follows

. . sa—2 —
e +e _ ila—j—2)x —ijz
[ = R (e

=0
-2

_ 1 a—'2 pila=2j-2)z
20,72 — j

g m

Therefore,
1 7S a2
Ia(t) — T / Z (a’ ) i(a—2j—2)x 1tz dx
-z =0 j
T a—2
1 /2 (a - 2) ilt+a=2i-2)z 4.
2@—2 i j
~% j=0
a—2 iy
28 =0 J -7
Now,
z pilt+a—2j—2)z B
/2 pilt+a—2j-2)z .. _ { ( 2 ]
_z i(t+a—2j—2) ——z
e 15 (t+a—25—-2) _ e 15 (t+a—25-2)
N i(t+a—2j—2)
2sin 3 (t +a—2j —2)
t+a—25—-2
1
= Wsinci(t+a—2j—2).
Hence,

( , )sinc;[t+a—2(j+1)]

7=0

as required.

Remark 6.3.0.15 Notice that if a is even so that a = 2b for some b € N then

2b—2

L(t) = 22b 2 Z (2bj )smc;[t+2(b j—1)

Similarly if a = 2b+ 1 for some b € N so that a is odd then

2b—1

12b+1( ) 2217 1 Z (2bj_ )blHC;[t—Fz(b .]) - 1}

The remainder of this section is devoted to finding a basis based on the functions I,, for

the even functions in the space PW (%) We first seek to show that the reproducing kernels for
PW (g) form an orthonormal basis for the space.

Proposition 6.3.0.16 Let ky,(t) = & sinc &

5 1(t — 2n) be a reproducing kernel for PW(%). Then

the set {\/ikgn}nez forms an orthonormal basis for PW ().
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Proof. Let f € PW(3) then by the Whittaker-Kotel'nikov—Shannon Sampling Theorem
5.2.0.13,

0 = Y senTEE
= Z f(2n) sinc %(t —2n).

By Proposition 2.4.3.4, the space PW (%) has reproducing kernel
1 1
ks(t) = 5 sinc i(t —s),
thus
1
sinc §(t —2n) = 2k, (1).
Further, as ko, is a reproducing kernel we have

f(2n) = (f, kan)-

Therefore,

oo

F@) = 2 > (fikankan(t)

n=—oo
[ee]

= Z (f, \@kzn>ﬁk2n(t)'

n—=—oo

Finally we note that

(V2hom, V2kan) = 2kam(2n)

= sinc(n —m).

Thus, by Lemma 5.2.0.12

. 7
(VBh Vo) = {0 L
if n=m.

It now follows that {\/ékzn}n ez forms an orthonormal basis for PW (g) [ |

Remark 6.3.0.17 Notice that the sinc term in I, for a = 2b takes the form
sine L[t 4 2(b — j — 1)] = 2k (1)
where n = —(b— j — 1) is an integer. Similarly, when a = 2b+ 1 we have
sinc %[t +2(b—j) — 1] = 2k _o—5)(1).

In Proposition 6.3.0.14 we saw that the function I, could be expressed in terms of sinc
functions. Remark 6.3.0.17 shows that we can express these sinc functions in terms of the repro-
ducing kernel for PW (g) That is, we can use the orthonormal basis, {? sinc %(t — 271)}nEZ
to construct I,. Tt is therefore natural to ask whether {1, },cz, or at least {Ia;}pez, forms a basis

for PW (g) We proceed to answer this question.
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Lemma 6.3.0.18 Let a be even so that a = 2b for some b € N. Then Iy, is an even function

and
202

Loy(t) = 2% - Z <26 >{sinc;[t+2(bj1)]+ sinc;[t2(bj1)]}.

Proof. Let b € N and set a = 2b. By Proposition 6.3.0.14 we have

2b—2

Iut) = g Z (Qb‘ )sinc;[t—i—Q(b—j—l)}. (6.3)

If we run the summation 'backwards’, that is, sum from the (2b — 2)*¢ term to the zeroth term

then I, becomes

2—2
Ip(t) = 221} 5 Z ( ) ) sinc — {t—l— 2b—(2b—j5—2)—1]}
22
- 22b 2 Z (%j_ ) sinc %[t —2(b—j—1). (6.4)
Adding (6.3) and (6.4) produces

2b—2

215 (t 22b 3 Z <2b_ >{Sinc;[t+2(b—j—l)]+ sincé[t—?(b—j—l)]}

as required.

Finally we note that Iy, is even by Lemma 6.2.0.12. ]

The following proposition gives a basis for the even functions in PW (g) Again, the basis

is constructed using reproducing kernels for PW (%).

Proposition 6.3.0.19 The set

V2 1 Lr.o 1 1
BE—{251n02t U{Z {sch(t—i—Qn)—l—Smcz(t—2n)]}

forms an orthonormal basis for the even functions in the space PW (g)

o0

n=1

Proof. By Proposition 6.3.0.16, we know that {‘[ sinc 5 (t - Qn)} ; forms an orthonormal
ne
basis for PW (5) and so, for f € PW (5)7 we may write

2 — 1
= % Z ay, sinc i(t —2n) (6.5)

where a,, = <f, sinc 3 (s 2n)> for n € Z. Note that we can reformulate (6.5) so that the

summation runs over Ny as follows,

V2 VS ! !
ft) = a0 sinc it + - ; [an sinc i(t —2n) + a_y, sinc §(t + 2n)} .
Further, if f is even then f must satisfy f(t) = f(—t). So, f € PW (%) is even if and only if
0 = f@t)—f(=1)
2 1 2 — 1 1 2 1
= %ao sinc §t + g z:: {an sinc i(t —2n) + a_, sinc §(t + 2n)] - gao sinc 5(—1&)

V2 1 1
2Z{ansmc2( t—2n)+a_nsmc2( t+2n)}

n=1
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Since the sinc function is even, we may simplify the above to obtain

2

ol

- 1 1
Z [an sinc §(t —2n) 4+ a_y, sinc §(t + 2n)}

n=1
- 1 1
_g Z [an sinc §(t +2n) 4+ a_, sinc §(t - Qn)]

=1

2 Z (an — a—n) [sinc %(t —2n) — sinc %(t + 2n)} . (6.6)
n=1

ol

Now, if (6.6) is true for all ¢ then we must have a,, — a_, = 0. It follows that f € PW (3) is
even if and only if a, = a_,,. Hence for even f € PW (g) we have
V2 o VR 1 1
fie)y = 5 @osinc it + > Z {an sinc Q(t —2n) 4+ a_y, sinc i(t + 2n)]

n=

V2 V2 1 1
= 7aosmc§t+72an 51nc§(t—2n)+smc§(t—|—2n) .

n=1

It is now clear that the set Bg = {g sinc %t} U {2 [sinc (¢t + 2n) + sinc 3(¢t — 2n)] }:11 does
indeed form a basis for the even functions in the space PW (%) It remains to show that the

basis B is orthonormal. Observe that since a,, = a_,,, we have

2a, = ap,+a_,

— <f, gsinc%(s — 2n)> + <f,\fsinc;(s+2n)>

= <f\f {sinc 1(3—2n) + sinc;(s+2n)}>.

2
Hence,
fity = ﬁ <f7 Q sinc s> sinc —t
2 2
+§ g <f, g [Sinc %(s —2n) + sinc = (s + 2n)} > [sinc —(t —2n)
+ sinc %(t + 2n)}

1 1 1
= 3 <f, sinc 2s> sinc it
—&—1 i <f7 sinc 1(s —2n) + sinc 1(s + 2n)> {sinc 1(t —2n) + sinc 1(t +2n)|,
4~ 2 2 2 2
showing that for f € PW (5) even, f can be wriiten as a linear combination of the elements
of Bgp. We conclude by showing that the elements of By are orthonormal. First recall that
kon(t) = % sinc %(t—2n) is a reproducing kernel for PW (%) In order to simplify the notation and

exploit the properties of a reproducing kernel, we rewrite the set Bp in terms of the reproducing

kernel. Thus

By = {ﬁko} U {Foan + Fan} 2,
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where

1 1
ko(t) = 3 sinc it’
1. 1 .1
k_on(t) + kon(t) = 7 | sine 5(7? + 2n) + sinc 5(7,‘ —2n)| .

We now check that the elements of Bp are orthogonal. Let n € N then, given ks, is a reproducing

kernel,

<k—2n + k2na \/§k0>

\/§<k—2n7 k0> + \/§<k2n’ \/§k0>
= V2k_50,(0) + V2ks,(0).

By Lemma 5.2.0.12 we have k_o,,(0) = 0 = k2, (0), hence (k_g, +kon, v/2ko) = 0. Now let m € N

and suppose that m # n. Again, since k is a reproducing kernel we have
<k—2m + k2m7 k—2n + k2n> = <k—2m; k—2n> + <k—2ma k2n> + <k2m7 k—2n> + <k2m7 k2n>
= k,gm(—Qn) + k:,gm(Qn) + I{ng(—Qn) + kgm(2n).

Lemma 5.2.0.12 now gives (k_o,,(t) + kom(t), k—on(t) + kon(t)) = 0 for m # n. We have thus
shown that the set Bg is orthogonal and it remains to show that the elements are normalised.

Now, again using the fact that k is a reproducing kernel we see that

(V2ko, V'2ko)

2(ko, ko)
2ko(0)

= sinc0.

It then follows from Lemma 5.2.0.12 that (v/2kg, v/2ko) = 1. Similarly, using Lemma 5.2.0.12,

<k72n + ana k*Zn + k2n> = <k72na k72n> + <k72n7 k2n> + <k2n7 k72n> + <k2n7 k2n>
= 1.
Thus Bpg is indeed an orthonormal basis for the even functions in the space PW (%) |

As a point of interest we show that we can also find a basis for the odd functions in PW (g)

Proposition 6.3.0.20 The set

o0

By — {; [sinc;(t—Qn) _ sincé(t+2n)}}

n=1

forms an orthonormal basis for the odd functions in the space PW (g)

Proof. Again, by Proposition 6.3.0.16, {g sinc %(t — Qn)} ; forms an orthonormal basis for
ne
PW (g) For f € PW (g) we have

2 — 1
fit)y = g Z ay, sinc §(t —2n)
n=—oo
2 1 2 — 1 1
= gao sinc §t + g Z {an sinc i(t —2n) + a_y, sinc §(t + 2n)

n=1
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where a,, = <f, sinc = (s — 2n)> for n € Ny. Further, if f is odd then f must satisfy f(t) =
—f(=t). Therefore, f € PW (%) is odd if and only if

0 = fO+f(=1)

1 2 — 1 1 2 1
§t + g ; {an sinc §(t —2n) + a_, sinc §<t + 2n)] + gao sinc 5(—t)

2 .
= ——apsinc

2

2 — 1 1
+§ Z {an sinc 5(—t —2n) + a_, sinc 5(—t + 2n)} .

n=1

Since the sinc function is even, we may simplify the above to obtain
1 2 1 1
0 = +2agsinc §t + % Z [an sinc §(t —2n) + a_, sinc §(t + Qn)}

n=

(o)
1
g z:: [ smc (t + 2n) + a_, sinc i(t - 2n)}

1 V2 1 1
= V/2apsinc §t + 5 ; (a—n + an) [smc §(t —2n) + sinc §(t + Qn)} . (6.7)

Notice that if (6.7) is true for all ¢ then we must have ap = 0 and a_,, + a,, = 0. It follows that
fepPw (g) is odd if and only if ag = 0 and a_,, = —a,,. Hence for odd f € PW (%) we have

2 1 2 — 1 1
@) = %ao sinc it + g ,;1 [an sinc §(t —2n) 4+ a_, sinc §(t + 2n)]

1
= 72_: Ll:blIlC t—2n)—sinc§(t—|—2n).

Again we have shown that the set Bo = {3 [sinc (¢t — 2n) — sinc 3(t + 2n)]} , forms a basis
for the odd functions in PW (%). We finish by showing that Bo is an orthonormal basis. Note

that since a_,, = —a,,, we have

20, = ap—a_,

<f, gsinc%(s — 2n)> <f7 \[smc ;(S+2n)>

_ <f, g {sincé(s ~2n)  sinc g (5 + 2n)} > .

£t = *fi< g [sinc;(s—2n)— Sinc;(s+2n)}> [sinc;(t—2n)— Sinc;(t—&-Qn)}

pM»—‘

n=1
S 1 1 1 1
Z < sinc — 5 (s —2n) — sinc = 5 (s + 2n)> [slnc 5 (t — 2n) — sinc = 5 (t+ 2n)}

showing that the set Bo is a spanning sequence for the odd functions in the space PW (1) We
conclude by showing that the elements of B are orthonormal. Recall that ks, (t) = 3 sinc 3 (t —
2n) is a reproducing kernel for PW (%) and rewrite the set Bp in terms of this reproducing

kernel. Thus
BO = {an - k—2n}zc:1 .
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We now check that the elements of Bp are orthonormal. Let n,m € N and suppose that m # n

then, given k is a reproducing kernel,

<k2m - k—2m7 k2n - k—2n> = <k2m7 k2n> - <k2m7 k—2n> - <k—2m7 k2n> + <k—2m7 k—2n>
kzm(2n) — kgm(—2n> — k,gm(Zn) =+ k‘,zm(—2n).

It now follows from Lemma 5.2.0.12 that (ka,, — k—om, ko, — k—2y,) = 0 for m # n. Finally, and

again using Lemma 5.2.0.12,

<k2n - k72n> k2n - k72n> = <k2n7 k2n> - <k2nu k72n> - <k72n7 k2n> + <k72n7 k72n>
= kgn(QTL) — an(—Qn) — k,gn(2n) + k72n(—2’n)
= 1.
Thus B is indeed an orthonormal basis for the odd functions in the space PW (%). [ ]

When considering operators we are able to construct the matrix of an operator with respect
to a given basis. In the following theorem we construct the matrix of I, with respect to the
basis Br. That is, we construct a matrix, T whose n*® column is given by the coefficients of
I>,, when expressed as a linear combination of the basis, Bg. Furthermore, we show that the

functions {5 }pen form a basis for the even Paley~Wiener functions over the interval (=%, %).

Theorem 6.3.0.21 Let X denote the matriz of I, with respect to the basis Br. Then the b

column of X is given by

s RCS) ) () ) 00 ]

The matrix X is an upper triangular matriz with strictly positive entries on and above the leading

diagonal and takes the form

V2 10 (%)

QO HOOND WO

O o~~~ —
e [ m‘%
—_— — — Yl
N————

1

0
0
X=x|0
0

Furthermore, the set {Iap}pen gives a basis for the even functions in the space PW (g)

Proof. We first express I, as a linear combination of the basis, Bg. The coefficients of I5, with
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respect to B then form the b*® column of the required matrix. By Lemma 6.3.0.18,
2b—2
2b — .1 _ 1 .
Ip(t) = 22b : Z ( ) {smc §[t—|— 2(b—j —1)] + sinc 5[25 —2(b—j— 1)]}

_ 22b7T—1K2b()_ >{smc;[HQ(b—l)Hsmc;[t—g(b—m}
(2b >{smc; [t +2(b — )]+sinc;[t2(b2)]}+

2b—2 1 1
(b >{blIlC (t +2) + sinc - (t—Q)}
2 2
2b—2 1 1 20— 2 .1 o1
(b_1>{51n02t+smc2t}+< b ){51nc2(t—2)+51n02(t—|—2)}

- (;Z_?) {sincé[t—?(b—@]—i— smc2[t+2(b 2)]}

+@Z:;> {sinc;[t—2(b— D]+ sinc%[t+2(b— 1)]H .

Upon expanding the above summation we note that we can pair off the terms, thus

Ly(t) = # [2 <2bb__12> sinc %H— {<2bb__22> + <2bb_ 2)} {sinc;(t —2) + sinc%(zH— 2)}
I {(%1_2) + @Z:g)} {sinc;[t—Q(b—Z)] 4 sinc;[t+2(b—2)]}
+{(2b0_2> + (;;T;)} {sinc;[t—2(b— )] + sinc%[t—&—Q(b— 1)]” .

Since

it follows that
T 262\ . 1 2b—2 ne » inc =
Ly(t) = 2%1[2<b_1>s1n02t+2(b_2){smc2(t—2)—|—SlnCQ(t+2)}+...
2b — 2 1 L
+2( bl ){Sinc2[t—2(b_2)]+Sincg[t+2(b_2)]}
D

Finally we adjust each term so that it corresponds to an element of Bg. We therefore have

Ly(t) = 22b - lzf <2bb_ 12) [*2[ sinc ;t +4<2bb__22> {; [Sinc;(t —2)+ sinc%(t—i— 2)”

+...+4<2b1‘2> {; {sinc;[t—Q(b—Z)] + sinc;[tm(b—z)]ﬂ

+4<2b02> {; {sinc;[t%b 1]+ sinc%[t+2(b— 1)]} H .

Hence the b column of the matrix of Iy, with respect to the basis B is

22113 {g(ib:lz) (zbb:;) (2bf2) (2b62) 0 0 }T
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Substituting in values for b then produces the matrix

V2 10 (2) 10 (F) 10 (H) '

o QB O O

o0 0@ O
X—r|0 0 0 0 ()

0 0 0 0

In order to see that the set {Ia;}pen forms a basis for the even functions in PW (g), we
simply need to show that each element of Bg can be expressed as a linear combination of the
elements {Io;}pen. Let X7 denote the transpose of the matrix X. Notice that X is upper
triangular with non-zero, positive entries on the leading diagonal. Each upper left n x n block
has non-zero determinant and is therefore invertible. It follows that X and consequently X7 are

invertible. Let Z denote the column vector
T
7 = |:[2 14 IG .. :|
and let Y denote the column vector

Y = [@ sincit 1 [sinci(t+2)+ sinci(t—2)] L [sinci(t+4)+ sinc(t—4)] ] .

By the first part of the theorem we have
Z=X"Y.
The invertibility of X7 then allows us to write
Yy = (x7)" 2,

thus expressing the basis elements, Bp in terms of the functions, {Isp}sen. This completes the

proof. [ |

6.4 A Formula by Ramanujan: The Integral /, in Terms of

the Gamma Function

In this section we introduce the Gamma function, I' along with some relations satisfied by
I'. We then state and prove a result known to Ramanujan that expresses the integral I, as
defined in Definition 6.2.0.11 in terms of the Gamma function. Further, we see that I, arises
as the characteristic function of a probability density function. Also, in Section 6.3 we found
expressions for I, given that a € Z, we continue with this here. Noting that when n € N we can
express the Gamma function in terms of factorials, we use this idea to further simplify I,,.

We begin with a brief introduction to the Gamma function. A detailed construction of the

definition of the Gamma function can be found in [31] (Section 8.8, page 229).
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Definition 6.4.0.22 For ¢t € C such that Re(t) > 0 we define the Gamma function to be,

Remark 6.4.0.23 The Gamma function as defined in Definition 6.4.0.22 is holomorphic on the
half-plane Re(t) > 0. See [31] (page 230).

In the next set of definitions we introduce some well-known identities that will be used

throughout subsequent calculations.
Definition 6.4.0.24 For Re(t) > 0, the Gamma function satisfies the identity,
T@t)=({t—1I(t-1). (6.8)
Further, ift =n € N then
I'(n)=(n—-1)L (6.9)

Remark 6.4.0.25 In [31] (page 230), it can be seen that the identity, (6.8) can be used to extend
the definition of the Gamma function to include those values of t for which Re(t) < 0. In fact,
the identity

I(t+n)
tt+1)...(t+n—-1)
holds for Re(t) > —n. Furthermore, by Remark 6.4.0.23, T'(t + n) is holomorphic when Re(t) >

T(t) = (6.10)

—n. It now follows from (6.10) that I'(t) is a meromorphic function with poles at the points

t=0,—1,...,—n+ 1. This shows that % is an entire function.

Definition 6.4.0.26 The Gamma function satisfies the relation

1 sin 7t
= = tsinct. 11
ONED R Sne (6.11)

The final identity that we will make use of in this section is the Legendre duplication formula.
This is stated in the following proposition. A proof of the Legendre duplication formula can be

found in [54] (Section 1.86, page 55).

Proposition 6.4.0.27 For any z € C we have

I(22) = zj;lr(z)r <z + ;) .

The next proposition that we will give is due to Ramanujan. The proof depends upon
integration around a suitable contour in the complex plane and the use of Beta functions to
evaluate the integrals. We fist define a Beta function and give a useful relation between the Beta

function and the Gamma function.

Definition 6.4.0.28 The Beta function is defined by

1
B(a,b) = / e R Loy
0

and it satisfies the relation



We now present Ramanujan’s formula for the integral, I,. Here we state the result and give
a full proof for completeness. The idea behind the method for the proof has been taken from
[53] (Section 7.6, page 186).

Proposition 6.4.0.29 Let I, be as defined in Definition 6.2.0.11. Then for a > 1,

L) m'(a—1)

T (T ()

Proof. We prove that the identity holds for 1 < a < 2 and ¢t + a — 2 > 0, then use an analytic
continuation argument to show that the identity holds for @ > 1 and ¢t € R. Let 0 < ¢ < 1.

Define a contour, v as follows:

where 7; is the unit semicircle in the right half plane and 7, denotes the semicircle centre 0,
radius 4, traced clockwise in the right half plane. Consider the function

Z4 21\
f(z)= 1 < + ) 2

i 2

Now, f is holomorphic on and inside the contour -, therefore, by Cauchy’s theorem,

—1\ a—2
0 = /1<Z+Z ) 1 gy
y T 2
—1\ @a—2
1
/+/ +/ +/ {(z+z ) Zt'}dzl (6.12)
gt [,0i]  Jo [—8i,—i] 2 iz

We want to write the integral in polar form so we make the substitution z = re*®, where r > 0

denotes the radius and —7 < z < 7 denotes the angle between z and the real axis. Now, v is
the unit semicircle in the right half plane, therefore we take r = 1 and —5 < 2z < 7. The first

integral then becomes

— a—2 s i —q a—2 . G
[ () e = () @
- 2 1z _ 2 e

= / (cos z)* 2™ dx.

]

[SETN

e

Similarly, for the third integral we have r = ¢ and —5 < 2 < 5 for 72 which is traced in a

clockwise direction. Thus,

2

z+ Z_l a=2 p dZ % 56” + 56% “ i\t 'LéelT
/72< 2 ) © iz _/_g< 2 (6e)i(5eix)dx

1 % i 1 ot izt
_2(12/_72r (5@‘ +5eix) ((56 ) dx.

We treat the second and fourth integrals a little differently. Considering the second integral

we see that

_ . a—2
z 4271 GQt@ e W+ R
z = - (Zy) ) Yy
(4,54] 2 1z 1 2 2%y
1 .




1

i
e'2

a—2 a—2
yei% + L = e'? Y+ 1,
yez% yewr
jla=2)w 1\
= ¢ 2 Y + i :
ye

;T s ..
We can remove a factor of €'z from ye'z + giving
y

Noting that e’™ = —1 we therefore have
/ S o z % = 41 /1 e’ S Y+ ! o ytilei e dy
[i,61] 2 1z 20-2 Js yeir

_ 76“1’“;*1)” 1 +e’“f o -1y
= g | vty Y dy.

_ a—2
Our aim is to write f[z. 5] (Lzl> 2t % as a Beta integral as this will allow us to evaluate

2
the integral in terms of Gamma functions; we come to this later. For now we note that

A R 2 i) =2 1
(y+ ) yt— — (y +e—m) yt—a+

" (1)

—  (i2-a)r (1 . y2>a*2 yt—a+1

o iam (1 . y2)a*2 yt—a+1

27

where the last line follows since e“™ = 1. Hence

(ttatl)w
g 2

_ a—2 (tatl)m 1
z+271 ¢ dz e —ian 2\0=2 a1
[ () =5 = S [ ae T
(—atlm g
e a—2 —a
= —W/é (1-9*)" "y .

We use the same approach to evaluate the fourth integral. First,

/ z4 271\ ,dz
e ot 22
[~ 6i,—i] 2 iz

|
o\
_
VRS
L
<
|+
|
-
<
N——
—
1!
<
=
s
—
|/—\
= |
N <
—
I
<

—g —g .« e
Next remove a factor of e~ %2 from ye 2 + —L— oivin
7 Pl )
ye

a—2
(ye_’2 + _iﬂ)
ye "2

I
| — |
o
L
[ME]
N
<
+
N
)
|| =

-

3
~~_
_ 1

7
[ V]

Using this together with the fact that ™ = —1 we have

—1\ a—2 d 1 1 (a—2)m i\ a—2 i1y
[ ()t o e e
[—&4,—i] 2 1z 2 ) Y

_ i (ttatDw 1 . a—2
e 172 e’Lﬂ' B
- )
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_ a—2
Eventually we will write f[7 5i—i] (”5 1) z* 92 as a Beta integral so for now we note that

(y + em>a—2 gl = (yZ * eiﬂ>a_2 y' !
Y Y
a—2
= |:ei7r (1_212)} yt=1
Yy

— ila=2)m (1 . yz)a—2 yt7a+1

. (1 _ yz)a—Q yt=atl,

Thus,

(t+a+1)w

_ a—2 . (trat)m 1

z4+ 21 . dz e— 1% / . oz

s — —_ = - amT 1— a+ d

/[—61',—1‘] ( 2 ) ‘ iz 2a—2 s ¢ ( Y ) Y Y

o—i (tfa;l)‘lr 1 )
- "“75;:5“’/[ (1=y*)" "y dy,
é

Putting this information together we see that equation (6.12) now becomes

(t—at1)w
g 2

s 1
2 a—2 itz € a=2 i g
0 = / (cosz)? 2™ da — 217_2/5 (1 — y2) ytetl dy

i
2

1 .4 1 a—2 . e_iw 1 )
_ 5 i : 5 iz dr — 1— 2\a— t—a+1 du.
2(172 /_72r ( e” + 567,26) ( € ) x 20,72 /5 ( Y ) Y Y

Rearranging and simplifying the above gives

I,(t) = / (cos ) 2™ dx

us
2
7

. (t— a+l)7r +e_i(t—a2+l)7r 1 ,
_ 2\a— t—a+1
- < 9a—2 > /6 (1 -y ) Yy dy

jus a—2
1 2 T 1 iz\t
+2a_2 /_1 (5@ + 5eix> (6e'*)" da
2

|

2cos Z(t—a+1) [1 a—2 1 E] : 1\,
2 2 t—a+1 T T
e [ =) dy+2a_2/ﬂ<5e +5em> (667)" de.
%
Note that
cosZ(t—a+1) = sin|[2(t—a)+n]
LT
= 51n§(t—a)cos7r
= —sing(t—a)

using the double angle formulae. Also, as sin is an odd function we have —sin Z(t — a) =
sin § (a—t). Definition 6.4.0.26 then allows us to write sin 5 (a —t) in terms of Gamma functions,

thus

cosg(t—zﬂ—l) =

It follows that

a 2

yt a+1 dy

(6¢%)" da. (6.13)




We finish the calculation by taking the limit as § — 07 of (6.13). First, recall that we wanted

to write f; (1- y2)a_2 y! =%t dy as a Beta integral; we proceed to do this via a substitution.
Let u = y? then

L oNa—2 t_gq41 . ! a— t—a+1 du
/6(1—3/) y ot dy = /62(1—u) ? (V) NG
1 ' a—2 t—a
= 5/52 (1—-w)*?(Vu) " du

1 t—a
-B l,a—1
— 5 < 5 + 1L,a >

as 6 — 0F. By the relation stated in Definition 6.4.0.28 it follows that

1 t—at2
; _,2\972 t—atl g [ (=§2)C(a—1)
s f o Q=v) Ty = = e

Finally we consider f_i (6™ + <4 )a_2 (6eil)t dz. Let 1 < a < 2, then
2

6eim
El
< ¢ /

z . 1 a—2 o
‘/—g (66”“ + 5e”> (6e")" dx ;

We note that
2
(%3 1 —ix 1
“GB+MJGG*WWJ

52 +6225L’ +672m: 4 672

1 a—2

5eim

Je' + dx.

561'13 4

5eia:

1
= 624 2cos2x + 52

1
2
< P2t

2 2
1
< - .
< <a+ 5)
% 1 a—2 . g 1 a—2
T T < §t - )
‘/_ (56 + 56%) (56 ) dz| <0 /_ <5—|— 5) dz

us
2

Since § > 0 and real, it follows that

5e'® 4

5eiw
Thus,

[SE]

Now observe that

5 (641 Tl (g
)

— 0

as 0 — 07 whenever t —a+2 > 0. Since 1 < a < 2 we have t —a + 2 > 0 whenever ¢ > 0. Thus

fort >0
5 ) 1 a—2 s
|/72r (56 + 56”) (56 ) dx

—0
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as & — 0F. We conclude that for 1 < a < 2 and ¢ > 0,

1
_ . o2\072 a4l
Ia(t) B 613& {2a21’* (a—t) T (1 _ a;) /6 (1 Yy ) Yy dy

20720 (o31) T (44)
Since I, is an even function it is clear that the above identity also holds for ¢ < 0. It remains to

show that the identity holds when ¢ = 0. Let ¢ = 0 then by [26] (3.621(5) and 8.384(1)),

1,(0) = /2 (cosx)* 2 dx

= 2 (sinz)®(cos )" 2 dx

)T ()

r(s)

Note that I' (3) = /7 then by the Legendre duplication formula 6.4.0.27 we have

T(a—1)= 25/_;1‘ (‘?) r (g)

Therefore
(e — 1)
L(0) == 2
20727 (3)
as expected.
To complete the proof and show that the identity holds for a > 1 we first note that the map
a — I,(t) is holomorphic on Re (a) > 1. Also, the map

m'(a—1)

7 (o) T (%)

1

is holomorphic on Re (a) > 1 since HE3RED) is entire and I'(a—1) is holomorphic on Re (a) >
2

2
1. Since

B ml(a—1)
= 3 (5T (o)

Ia(t) (6.14)

for 1 <a < 2andt€R, it follows from the Identity Theorem [43] (Section 15.8, page 180) that
(6.14) holds for ¢ > 1 and t € R. [ |

In the proof of the following proposition we see that the integral, I, arises as the characteristic
function of a probability density function. Further, we can evaluate the characteristic function
using Proposition 6.4.0.29.

Proposition 6.4.0.30 Let a > 1. For —3 <x < 7, the function
vl (5)

pal(z) = ﬁ%l) (cosx)* 2
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s a probability density function with characteristic function

r(s)°

e

Proof. Let a > 1. The fact that p, is a probability density function is easily seen for if

1,(0) = /_’5 (cosx)* 2 d,

then

By Proposition 6.4.0.29,

mT(a—1)
I,(0) = ————.
2or ()

We use the Legendre duplication formula 6.4.0.27 to write
2072 (a—1 a
Ta—1)==——T r(s)
(a=1)=—= ( 2 ) 2

Loy YA ()

r(s)

and it is now easily seen that p, is a probability density function.

So,

To calculate the characteristic function, p of p,, first note that by definition we have

o) = [ pawer i
\/EF (2) E a—2 itx
7r1“(“;21)/g (cosx)* e dg.

s

Note that I,(t) = [2, (cosx)* 2e"® dz, thus, by Proposition 6.4.0.29 we have
2

VA (8)T(a— 1)

A = S () T T ()

Finally, we apply the Legendre duplication formula 6.4.0.27 to obtain

Tla—1)= W\;r (‘?) r(3)

giving

202 VAT (3)T (251)T (3)

202 AT (55 T (1) T (25)
r(s)’

DT (5

In the case that a € N we can use Proposition 6.4.0.29 to evaluate I,(t) and produce some

useful relations. To do this, we must consider the cases of a odd and even separately. Following

this we see that we can use our relations to evaluate I, (t) when a is any integer. Before considering

a to be a general integer we first look at the case that a = 2 as in that case, the function I, is

simplified greatly.
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Lemma 6.4.0.31 Suppose that a = 2 then
1
I>(t; — k) = wsinc i(tj — k).

Furthermore,
T
t;—k ti—k\

Proof. Let a = 2 then by Definition 6.2.0.11 it is clear that

L(t; — k) =

5
Ity — k) = / et =R gy,

INE

Calculating this integral directly we obtain
L(t;—k) = / L=k gy

This completes the first part of the lemma.

To find I(t; — k) in terms of Gamma functions, we use Proposition 6.4.0.29. Thus,
w['(1)
tj*k tj*k} ’
F(HT )F(k - )

By Definition 6.4.0.24, (1) = T and I' (1+ 272 ) = (472) 1 (132) and so

L(t; — k) =

() ()0 (=)

Note that this value does agree with that found in the first part of the lemma, for by Definition
6.4.0.26,

L(t; — k) =

ey () e

hence

ti—k\ .
7r( 5 ) sinc (t; — k)
t;—k
Lok

Iz(tj — k’) =

1
= 7msinc §(tj — k).
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Next we turn our attention to the case that a € Z. As in Lemma 6.4.0.31, we use Definition
6.4.0.24 and 6.4.0.26 to simplify the function I,. The proofs of the following two lemmas contain
calculations that are elementary and standard. However, we give them in detail so as to make
clear the precise features of the formulae. We begin by considering the case that a = 2n for some

n € N, showing how to evaluate Iz, (t).
Lemma 6.4.0.32 Let C(t) be the field of rational functions in the variable t. Adjoin the tran-
scendental function sin 5t to form the algebra C(t) [sin gt] Then forn € Z,

m(2n — 2)!'sinc 1¢

222 [T (0= 5+ (4)°]

I, (t) =

50 I (t) € C(t) [sin 5t].

Proof. Let a = 2n for some n € N then

7l'(2n — 1)
T (25 T (25
7l(2n — 1)

P+ )T (0= 5)

IZn(t)

By equation (6.9) we have I'(2n — 1) = (2n — 2)!. Furthermore, we can repeatedly apply (6.8) to

R B
el
g ) (0
- [

Similarly we find that

Il

7N /3\/_\
I
—_

I
~+ N | ~
N———
N
S
|
[N}
|
|
N———
=
N
3
I
[\

I

| =+
N———

Il
1
3
—
—
N
3
|
[
|
N | o+
S~
=
7 N
—
|
N |
N~

Therefore,
(2n — 2)!

Ly(t) = [Hg;ll (n—k— %)} rE)ra-15)




Finally, equation (6.11) allows us to write

Hence,

on —2)IL

Ln(t) = :r( n—1 ke . )2

22n—22 Hj:l {(n -7+ (5) }

m(2n — 2)!'sinc 1¢
_ n—1 . 27"
22n—2 Hj:l [(n —J)?+ (%) }

To finish, we note that I, (t) is a rational function of ¢ multiplied by sin 7¢. Therefore

Iy, (t) € C(t) [sin 5t]. [ ]

|
sinc 575

In the next lemma we consider the case that a = 2n + 1 for n € Z. Our calculations provide

a relation between Io,11(t) and I, (t). We also include a relation for I, o(t) and Ia,(t).

Lemma 6.4.0.33 Let C(t) be the field of rational functions in the variable t. Adjoin the tran-
scendental function cos 5t to form the algebra C(t) [Cos gt} Then, for n € N the following
relations hold:

27 (2n — 1)!(2n — 2)!'sinct 1

fonialt) = 7 (20— )2 — 2] Lealt)’
2n(2n — 1)
Ipnya(t) = mbn(t)a

where Ion(t) has a rational coefficient in the formula for Isnio(t). Furthermore, Io,i1(t) €
C(t) [cos 5t].

Proof. Let a = 2n + 1 then
w['(2n)
22n—17" <2n+21+t) T (2n+217t)
m['(2n)

N N )

Ippia(t)

We use the Legendre duplication formula 6.4.0.27 to write

r 2n+t 1\ Val(2n +t)
2 +§ 92n+t-1T (22£L)’

F(2n—t 1> _ Jar@n-1)

2 T2) T ()

Thus

_ 2D (B5H) ()
Lnia(t) = 22n=17T(2n + t)['(2n — t)
T (25) T (25
F'2n+t)I'(2n —1)
221r@2n)l (n+ )T (n— %)
T'2n+t)I'(2n —t)

We recognise T’ (n + %) r (n — %) since this appeared in Lemma 6.4.0.32. The lemma therefore

r<n+;>F<n—;>:m’
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hence,

920177 (20)0(2n — 1)
2227 (2n + t)I'(2n — t)[o,(t)

27T (2n)T'(2n — 1)
T(2n+6)I'(2n — t)Ion(t)”

Ion11(2)

We use the same technique as in the proof of Lemma 6.4.0.32 to deduce that

_2n

r@2n+t) = |[[[@n—j+6)|T();
:2n71

ren—t) = |J] @n—j—t)|TA-1).

Thus,
1 _ 1
T(2n + ) (2n —1) [T @n—j+0)] [T @ - - 0] rra -0
1
I e - ) - 2] T - 1)

sinct

52 (2 = )2 — 2]
where the last line follows from (6.11). So we have
27 (2n)T'(2n — 1) sinc ¢
{52 12— )2 = £} Lu(t)
27(2n — 1)!(2n — 2)!'sinct

(TG (en - )2 = 21} u(t)

Inya (1)

Notice that Io,11(t)I2,,(t) € C(t)[sin7t] and I5,(t) € C(t) [sin Zt], therefore, Io,11(t) is a

sin 7t

rational function multiplied by ZM%%. From the double angle formulae we note that
2

S111 Nt — 2 S111 7t COS *t
aIld SO lt f()H()WS tllat 121’L+ (t) (S (C(t) COS 21’: .

Now let a = 2n + 2 then, using (6.8) we have

wl'(2n + 1)
92nT (2E2E0) T (2nE2T)
7['(2n + 1)
22T (n4+1+5)T(n+1-1%)
m'(2n + 1)
2r(nty)(n-3)T(n+3)(n-3)

Lo 12(1)

Again, we recognise I' (n + ) Tr (n — %) and so following Lemma 6.4.0.32 we obtain

t
2

r<n+;>r<n—;>:m.
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Hence,

12n+2 (t) = 1 1 ))

Remark 6.4.0.34 The relations stated in the previous lemmas allow us to work out I,(t) for
a € {2,3,...}. However, we can also run these relations backwards to obtain I,(t) for a €
{...,—=1,0,1}. These relations can therefore be used to extend Ramanujan’s formula to cover the

cases when a is an integer.

6.5 Determinants Associated with Ramanujan’s Integral,

I,

We have thus arrived at the main section of this chapter. The previous sections have been
designed so that they lead up to the calculation of determinants associated with the function
I,. Given a sequence, (t;)7__, we calculate the determinant of the matrix [/, (t; — k:)];kz_n
using Andréief’s Identity 2.3.0.31. In the case that ¢; = j we can use Ramanujan’s formula
6.4.0.29 to write the I,(t; — k) in terms of factorials. This allows us to give the matrix form of
[Ia(t; — k:)];lk:_n In fact we see that [I,(j — )]} ,— _,, is a Toeplitz matrix. In previous sections
we found different formulae for I, depending on whether a was odd or even. It should come as
no surprise then that the matrix [I,(j — k)]? w—_p differs with @ odd or even, although in both
cases it takes the Toeplitz form.

Throughout this section we give results for a sequence, (t,)nez. Although the results stated
hold for a general sequence, the reader should note that in particular they hold for the sampling
sequence found in Chapter 5. Therefore, we can evaluate determinants with entries based on
Ramanujan’s integral, I, at sampling points corresponding to the periodic spectrum of Hill’s
equation.

The following lemma shows the relationship between two points on the unit circle. We use it

to explain the terms appearing in the formulae stated in Theorem 6.5.0.36.

Lemma 6.5.0.35 Let z1 and zo be points on the unit circle, with angles x1 and x4 respectively,

in relation to the real axis. The distance between the points z1 and zo is given by,

1
|21 — 22| =2 sini(xl — x9)

Proof. Let z; and 2 be points on the unit circle. Then, in polar form z; = ¢! and zp, = 2.
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Let |21 — 22| denote the distance between the points z; and z5 then,

21— 2? = (21— 22) (21 — 22)
— (eiibl _ eimg) (efizl _ e*’ixg)

— 9 _ pilmi—m) _ —i(wi—w2)
= 2[1—cos(z1 — z2)].
Using the double angle formulae to evaluate 1 — cos(z1 — x2) we therefore obtain
|21 — z|* = 4sin? %(xl — ).

Taking the square root of both sides now produces the desired result. [ |

™

In the following theorem we regard x; as points distributed on the interval [ 55

] according
to the probability density function p, described in Proposition 6.4.0.30. The reader should also
note the interaction term
1
I[ 4siv® 5@k — ) (6.15)
—n<j<k<n
arising from the (Vandermonde) product, [, o 4<, et — eiox ®. Lemma 6.5.0.35 shows
that (6.15) is the product of squared distances between points on the unit circle. Note also that
the product (6.15) is analogous to the Weyl denominator formula. By Definition 6.1.0.10, for
—n < j,k < n, the modulus of the Weyl denominator is given by
H ‘€2m‘(zj—zk) _ 1‘ H |e2m‘zj _ p2mizk ’

—n<j<k<n —n<j<k<n

= H 2|sinm(z; — )|

—n<j<k<n

where the last line follows from Lemma 6.5.0.35.

Theorem 6.5.0.36 Let n € N then

det lIalf‘fk:
L =5

n

Jk=—n

o 1M - dx_ dz
itjx —ikx a—2 n n
2n 1 / / det [e""5"1] ,7l=_n det [e L]l,k=—n | | (cosz;) —

% j=—n
(6.16)
Suppose further that t; = j for j € Z then
1 n
det [ (G- /4;)]
T Jk=—n
1 s dr_,  dz,
2n—|— / / 4511125(” —xj) H (cosz;)* 2 a; %

7n<j<k:<n j=-n

1 (3 . "’
det [/2 (cos )2 2!t —R)2 dx]
™ J_

jus
2 Jk=—n

1 (3 . !
det [/ ei®(cos ) 2o dx]
™ J_

us
2

Proof. From Definition 6.2.0.11 we have

n

det [1 ot — k)}

Jik=—n

jk=—n
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Applying Andréief’s Identity, 2.3.0.31 to the above then yields

n

det [;Ia(tj - k)]

jk=—n

1 5 5 P 02 ik 1T do_, dz,,
:m/ﬂ “'/wdet et o], det [(cosay)* e ] L
2

’ s s

2

. . . — —3 n
We use elementary row operations to simplify [(cos 7)" e “”’]l e
a—2 _ —ikx

element in row [ of the matrix [(cosx;)* 2e }716:7” contains a factor of (cosz;)¢2. We can

,,- First note that every

remove each of these factors and place it into an elementary matrix that premultiplies the matrix

[e—ikxl] Zk:_n

(cosz;)*~2. Thus, we have

. The resulting elementary matrix will be diagonal with the (4,7)™ entry being

a—2 —ikx; 1™

[(cosz)" % ]Lk:_n = diag [(cos xl)“_Q];l:_n [e_“””]n

lk=—n"’

from which we obtain

n

det [(cos ;)" 2 ’”””’L e = l H (cos xz)‘lZ] det [e’ik””"];szin.
l=—n
Hence,

n

det [i[a(tj - k)}

J,k=—n

n

R dz_ dz
it —ik n 2 n n
2n+ / /z det [e"5"1] J,l:ﬂl det [e~ wl]l,szn | | (cosx;)* TR
2

Jj=—n

This completes the proof of the first part of the result.
For the second part of the theorem, suppose that ¢; = j for j € Z. Then, from (6.16) we have

1 n
dm[zaqkﬁ
& jik=—n

e 1M dx_ dx
ijx —ikx a—2 n n
2n 1 / /E det [e"7"1] .,l:_n det [e l]l,k:—n | I (cosx;) —

j=—n

In order to evaluate the determinants of [eiqu?l:,n and [e~Fot]" _we first write them as

s

Vandermonde matrices. Notice that

(eo=n)™" oo ()T (eten) "

[eijIl]T,L = 1 1 1 ,

Jil=—n

(ei‘”;”)" (em.-o)n (emjn)"

so, if we remove a factor of (6”1)771 from the I'" column for each | € {—n,...,n}, then the
resulting matrix will be a Vandermonde matrix. The matrix [eij “]?lz_n is therefore equivalent

to post multiplying a Vandermonde matrix by a diagonal elementary matrix. Thus,

ijz )™ _ iW(j—1)x; . —inz; 1™
[e } e = [e G-1) } ‘ diag [e ]l:_n
7> 1<j<2n+1,—n<I<n g
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Now, [6i(j_1)”’l] 1<j<on41,—n<l<n is a Vandermonde matrix but before we can evaluate its deter-

minant we need to relabel the x; so that 1 < [ < 2n + 1, that is, & and [ run over the same

indices. It is easy to see that the map [ — [ + n + 1 produces the desired index. It follows that

. 2n+1
ija ™ _ i Dxi—p— : —inz; 1"
[6 l]j,lzfn - |:6 l 1:|j,l=1 dlag [6 l]l:*'n
Taking the determinant and using Definition 2.3.0.17 produces
2
det [eijml]ﬁ _ = det ([ei(j_l)zlnl} e diag [e_mml]n, )
Jil=—n Gl=1 l=—n
—  det |:ei(j_1)ﬁfl—nfli| et det (diag [e—inxl]" )
ji=1 f=mn
n
_ H (eiajlfnfl elaig—n—l) [ H elnwz‘|
| 1<i<i<2n+1 =n
i n
_ H (eizl _ eia:j) [ H einxl] )
_7n§j<l§n l=—n

Similarly we find that
det [eiikml];ﬁk:—n — [ ﬁ emwl‘| H (efmk — eiil’z)
l=—n —n<I<k<n

Therefore,

@tﬁ@@fJﬂ

n

jk=—n
- 1/5 /E I (e —e™) [I (e
| - P
(2TL+ 1) -z —2 | —n<j<i<n —n<I<k<n

ﬁ (cosw;)*? @on  Gon
;

s s

J n

1 B b i i 12 wo| dz_p dz,,
:(271_’_1)'/;‘/72r H ’e kE_ e J| H(coszj) 2 = 2

—n<j<k<n j=—n

Note that |e”k - e””f’ is the distance between two points on the unit circle. It follows that

H*n§j<kﬁﬂ ‘e“”“ — e }2 is a product of squared distances thus, by Lemma 6.5.0.35 we have,

H }e”’“ i |2 — H 4 sin? %(ﬂik - xj)-

—n<j<k<n —n<j<k<n

Hence,

det Llrla(j - k)}

n

jk=—n

B 1 H .91 weso| dx_p dzx,
— (2n+1)!/_g /—g I 4sin 5 (@ — ;) IT (cosz;) — =

—n<j<k<n j=—n

[NE]

as required. ™

We want to make the determinants given in Theorem 6.5.0.36 more explicit. Under certain
circumstances this can be done. We look closely at cases when a € N and ¢; € Z and evaluate the
resulting determinants. Before doing this we look at the case a = 2 and t; € R as this produces

a simple result.
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Proposition 6.5.0.37 Let a = 2 then the determinant of the matriz [+ 15(t; — k)];sz

to

n n

Y A A P

Jik=—n Jik=—n

Proof. Let a = 2 then by Lemma 6.4.0.31
1 .1
;Ig(tj — k) = sinc i(tj — k).

Hence,

n n

1 1
det |:Ig(tj — k:)} = det [sinc i(tj — k)]
T J,k=—n j.k=—n

as required.

reduces
n

The following corollary is placed here merely to check the constants of Theorem 6.5.0.36. Its

proof makes use of the preceding proposition.

Corollary 6.5.0.38 Suppose that n = 1 and a = 2. Let t; = j then the determinant of the

matric

1

Llrfz(j - k)}

jk=—1

satisfies Theorem 6.5.0.36.

Proof. Set n =1 and a = 2 and let ¢; = j. By Proposition 6.5.0.37 we have,

1 1

det {112(3' - k)} = det [sinc }(] - k)]
™ jk=—1 2 Jk=-1
[ sinc (0) sinc (—3) sinc(-1)
= det |sinc (3)  sinc(0)  sinc (—
| sinc (1) sinc (3) sinc (0
[ sinc (0) sinc () sinc(1)
= det |sinc (3) sinc(0) sinc ()],
sinc (1) sinc (3)  sinc(0)

where the last line holds as the sinc function is an even function. Given that sinc(0) = 1,

sinc (1) = 0 and sinc (§) = 2, it follows that

2
. 1 2 0
1
det {IQ(j—k)} = det |2 1 2
" = 0 2 1
1oz o 2
= det T ——det |7
2 1| 7 0
5=
- 1—-(2) - (2
s m
8
= 1-—.
T2
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We now check the value of det [£ I5(j — k)] '

=1 38 stated by Theorem 6.5.0.36. We use the
full matrix notation to make our calculations clear, thus
1 1
det |:Ig(j - k)}
& Jik=—1
1 El B B ii 1 ik 1 d:r,l d{L‘O d(El
_ j ik hustd U
-1 /_1 / [ denfer]den ety EELEOE
2 2
z 1 ikt 1
o e () o
573
—zx 1 e—iwo e—izl eiaz,l eiwo eiwl
3/ / / det 1 1 1 1 1 1 dr_1dxgdxy.
1:1?_1 eZ:E() ele 6711_1 efZiE[) 672&71

Note that the two matrices in the above expression are row equivalent and so

1 1
det [12(]' - k)]
Q Gk=—1
2
0 0 1 err-1 eiro e
1 (5 3 %
= @\/ / / det 0 1 O 1 1 1 dx_l dﬂfo dl’l
e 10 0] [e#r emimo emim
2
wc,1 eiarg eix1
6773/ / / det 1 1 1 dr_q dzodry
2z 729: 1 efia:o efizl
za: 1 ezwo ezll
67‘(3/ / / 1 1 dx,ldxodxl.
2 711 1 efi:rg efixl
Expanding the determinant gives
eia?71 eil“[) 6i{131
det 1 1 1
e—i.’r_l e—i.’ro e—iml
ei$0 eill 67;$71 eiwl 67;2171 eia}o
= —det ] , + det ] ] — det
e—l.’EO e—zml

e—z.r_l e—zrl e—i.’r_l e—imo
— _ei((L‘o—(L‘l) + e—i(l‘o—l'l) + ei(.’L'fl—fIl) _ e_i(l'fl_wl) _ e’i(lfl—.'lio) + e—i((L‘fl—.'L'o)

= —2isin(xg — x1) + 2isin(zr_1 — x1) — 2isin(x_1 — x9)
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A further expansion of the terms inside the brackets then produces

1

det [112(]' - k)]

jk—fl

5
=5 3/ / { 2isin(zg — 1) + 2isin(x_1 — x1) — 2isin(z_1 — 20)}> do_1 dzo day
7 -
2

ks
2

LGl NH

1 [% (3%
:76—3/ / { —4sin?(zg — 1) + 8sin(z_1 — x1) sin(xg — 1) — 4sin*(x_; — 21)
™ _x J_x J_
2 2

s
2

—8sin(z_1 — xo) sin(xg — 1) + 8sin(z_; — zo)sin(z_y — 1) — 4sin*(z_; — o)}
d$_1 dl‘o d.%‘l.
We then use the double angle formulae to further simplify the integrand so that we may easily

evaluate it. Hence,
1 1
det [12(3' - k:)}
jk_fl
=53 / / /E{—2+2c082(x0—x1)—|—4cos(a:,1 —x9) —4cos(x_q1 + a0 — 221) — 2
2

+2cos2(x_y1 —x1) —4cos(x_q1 — 2x9 +x1) + 4cos(x_1 — x1) + 4 cos(xy — xp)

—4cos(2x_1 —x0 — 1) — 2+ 2cos2(x_1 — x0)} dr_1 dxodry

= / / / {—6+4cos(xg — 1) +2cos2(xg — 1) +4cos(zr_1 — xo)

+4cos(x_1 —x1) +2cos2(x_1 —x0) +2cos2(x_q —x1) —4cos(x_1 + xo — 221)

—4 COS(I_l — 21’0 -+ 1‘1) — 4COS(2£U_1 — To — Il)} dl’_l dd?o dl‘l.
We evaluate the inner integral as follows,

I, = /i {=6+4cos(zg — 1) +2cos2(xg — x1) + 4cos(v_1 — xg) +4cos(x_1 — 1)
—7—2 cos2(x_1 —xg) +2cos2(x_1 —x1) — 4cos(z_1 + xo — 221)
—4cos(x—1 —2xo+ 1) —4dcos(2x_1 —x0 — 1)} dr_4
= [{-6+4+4cos(xg—x1)+2cos2(xg —x1)}x_1 +4sin(r_1 — x0) +4sin(z_1 — 1)
+sin2(x_; —xo) +sin2(x_y —x1) — 4sin(x_1 + xg — 2x1) — 4sin(z_1 — 220 + 1)

~2sin(20_1 — 30— 71)]2

(SE

= 7[-6+4cos(zg —x1) + 2cos2(xg — x1)] + 4sin (5 — 1:0) — 4sin (fg - xo)
+4sin (5 - xl) — 4sin (—g — x1> + sin(m — 2x¢) — sin(—n — 2x) + sin(7 — 221)
—sin(—m — 2z1) — 4sin (g + x9 — 2961) + 4 sin (—g + x9 — 2961)
—4sin (g — 220 + xl) + 4sin (—g — 220 + xl) — 2sin(m — xg — 1)
+2sin(—m — xg — 7).
Using the double angle formulae we can simplify the integral above to obtain,

Iy, = 7[—6+4cos(xg—x1)+2cos2(xg — x1)] + 8cos(xg) + 8cos(x1) — 8cos(xg — 221)

—8cos(2xg — x1).
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Therefore,
1

det [112(]‘ - k)}
™ Jk=—1

1 T [T
=53 / / {—6m + 8cos(x1) + 8cos(xg) + 4w cos(xg — x1) — 8cos(zg — 221)
—5/-3

—8cos(2xg — 1) + 2w cos 2(xg — 1)} dxodxy.
Again, evaluating the inner integral, i.e. the integral with respect to zg, we see that

z
Iy, = / {=6m + 8cos(x1) + 8cos(xg) + 4w cos(xg — x1) — 8cos(zg — 2x1) — 8cos(2xg — 1)
-3

+27 cos 2(xg — 1)} dxg
= [{—6m 4+ 8cos(x1)} g + 8sin(zg) + 4msin(zg — x1) — 8sin(xg — 221) — 4sin(2z9 — 1)

+7sin2(zg — 131)]50:_%

™

= 7 [—67 + 8cos(x1)] + 8sin (g) — 8sin (—g) + 4msin (5 — xl) — 47 sin (—g - ml)
—8sin (g - 2951) + 8sin (—g - 2351) —4sin(m — 1) + 4sin(—7 — x1)
+rsin(m — 2x1) — wsin(—7 — 2x1)

= m[—6m + 8cos(x1)] + 16 + 8w cos(z1) — 16 cos(2x1).

Finally, we evaluate the remaining integral. Thus,

1

1
det [12(]' - k;)]
T dik=—1

1 3
=-¢3 {16 — 6% + 167 cos(z1) — 16 cos(2z1)} day
v _m
2
1 2 . . 5
=53 [(16 — 67%) 21 + 167 sin(z1) — 851n(2x1)]51:_%
- [w (16 — 672) + 167 sin (f) 167 sin (—f) — 8sin(r) + 8sin(—7r)}
673 2 2
1
=—-— [4871' — 67r3]
T
8
as required. ™

Theorem 6.5.0.36 focuses on evaluating the integral expression of I,. However, we can also
use Ramanujan’s formula 6.4.0.29 to evaluate det [I,(t; — k’)]zkz_". Recall that for n € N,
I'(n) = (n —1)l. We investigate the cases where 3 (a +¢; — k) and % (a —t; + k) are positive
integers to see how the general formula for I, (¢; — k) reduces to an expression involving factorials.
Firstly, we must set ¢; = j where j € Z. Now, 1 (a+j — k) and 1 (a — j + k) are positive integers
if a+j—k and a — j + k are even numbers. This can occur in two ways. Firstly, if a is even
then j — k must also be even. Secondly, if a is odd then j — k must also be odd. We consider

cases with a € N and take n € N throughout. The following lemma show what happens to the

function I, when a is even.
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Lemma 6.5.0.39 Suppose that a = 2b for some b € N. If j — k is even so that % € Z then

| (26— 2)!
Loy(j = k) = 92b—2 <b+j;’:1>!(bj;kl)!

forj —k <a—2. Otherwise, Io;(j — k) = 0.

Proof. Let a = 2b for some b € N and suppose that 2 divides 7 — k . Then, following on from
Ramanujan’s formula 6.4.0.29, for 2b > 1 we have
al'(2b—1)
92b—2 <2b+jfk> r <2b7j+k:) ’
2

Ip(j — k) =

2

Note that 2b is an even integer that is strictly bigger than 1, therefore 2b > 2. Clearly we can
write T'(2b — 1) = (2b — 2)!. In order to write T’ (W) as a factorial, a necessary condition is
that

2+j—k

1.
9 2

This is clearly true in the case that j — k is positive. Similarly, if we assume that j — k is positive

then in order to write I (W) as a factorial we must have

2b—j+k
>

1.

This is equivalent to the condition j — k < 2b — 2. It suffices to show that the factorials exist in

the case j — k positive because o, is an even function. Hence, for j — k < a — 2

) - (20 — 2)!
Lon(5 — k) = 2-2(p 1 I=k _ \i(p— ik _ )1
220=2(p + 1= — 1)Y( — —1)!

Note that for j — k > 2b — 2, w will be a negative integer. Now, the Gamma function has
poles at the negative integers, therefore, % has roots at the negative integers. It follows that
1
—F——— =0,
r <2b— 23+k>
hence Igy(j — k) =0 for j — k > 2b— 2. [

We continue with an analogous lemma for the case a odd.

Lemma 6.5.0.40 Suppose that a is an odd integer so that a = 2b+ 1 for some b € N. If j — k
is odd then

(20 —1)!
221 (b4 5211 (b — ==L 1),

for j —k < a—2. Otherwise, Ip41(j — k) = 0.

Ipr(j — k) =

Proof. Let a = 20+ 1 for b € N. Suppose that j — k is odd, then j — k = 1 is even, hence
# € Z. By Ramanujan’s formula 6.4.0.29,

Lpp(j—Fk) = ml(20) )

2b—1 20+14+5—k 2b+1—j5+k
2 F( . )r( .

7['(2b)
92b-1T (b n #) r (b . f—’;—l) '
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Since b e N, 2b—1 > 1 and so I'(2b) = (20 — 1)! is well defined. We wish to write T’ (b 4 i= k+1)
and I’ (b — #) as factorial expressions. As in the previous lemma, it suffices to show that
this can be done in the case j — k positive as Iyp41 is an even function. Thus take j —k > 0

then, since b € N we certainly have

| — k
b+gzl
2
Also,
j—k—-1
b—F——72>1
5 =

if and only if j — k <2b—1, that is j — k < a — 2. Hence, for j — k < a — 2 we have

. w(20 — 1)!
Iy (j— k) = S j—k+1( ' ) 1 '
221 (b4 =5 1)1 (b 5= - )
B m(2b — 1)!
B — j—k—1 j—k—1
926-1 <b+ %)! (b— izh=l 1)!
as required. Finally we note that if 7 — k > 2b— 1 then b — % < 1 and so ﬁ has a root at
z=0b-— j_g_l, completing the proof. [ |

Since a > 1 can take any value and j, k € Z, the case in which a +j — k and a — j + k are
odd integers can also occur. Now, in order for this to happen, if a is even then j — k must be
odd. Similarly, if a is odd then j — k must be even. We summarise what happens in these cases

in the following two lemmas.

Lemma 6.5.0.41 Suppose that a is an even integer so that a = 2b for some b € N. Let j —k be
odd then

22 (b- 55— 1) (@2t (b+ S5 1)1 (b 5= - 1))

v(j = k) = @b+j—k—2)(2—j+ k)

for j —k < a—1. Otherwise, Io,(j — k) = 0.

Proof. Let a = 2b for some b € N. Suppose for simplicity that j — k = 2p + 1 for some p € N.
Note that we may assume p € N since Iy, is an even function. We have

7'(2b — 1)
2220 (b+p+ )L (b—p—3)

Ip(j — k) =

Now, using the Legendre duplication formula 6.4.0.27 we see that

1\ JaT(2b+2p)
: (”“” 2) T PB4 p)

Similarly,
1 (b +
r (b —p— ) - g) pp 2)

fl“(%—?p)
220=20=1(b—p — $)L(b—p)’
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Therefore,

m'(2b—1)

92b—2 (_/7L(2b+42p) V7L (2b—2p)
220+2p—1T(b+p) 22b—2p—1(b_p_%)1—\(b_p)

20727 (b—p— 1) (26— I (b+ p)T'(b — p)
226=271(2b + 2p)T'(20 — 2p)
220 (h—p— 1) T(2b — )T (b + p)T'(b — p)

- T(2b+ 2p)0(2b — 2p) ' (6.17)

Inp(j—k) =

Now, since b € N it is clear that 2b—2 > 0, hence I'(2b—1) = (2b—2)! is well defined. We consider
if the other terms involving I' can be easily converted into factorial expressions. As b,p € N it is
also apparent that I'(b + p) and I'(2b 4 2p) can be expressed as factorials. It therefore remains
to check that T'(b — p) and I'(2b — 2p) have factorial expressions. Now, I'(b — p) can be written
as a factorial if b — p > 1. This is equivalent to the condition 2p +1<2b—1,0r j —k <a— 1.
Similarly, we see that 2b — 2p > 1 if and only if 2p + 1 < 2b and so I'(2b — 2p) can be written as
a factorial if j — k < a. Hence,

2 (0—p—3) (2020 +p—DIb—p—1)
(g = k) = (2b2+ 2p— 1)I(2b—2p—1)!

for j —k < a—1. Returning to our original notation involving j and k we have, for j —k < a—1,
92b (m%ﬁ) (Qbfz)!(m%q)!(bf#q)!
20+j—k—=1-1DI(2b—j+k+1-1)!
92b (b—%q) (2b—2)!(b+%—1)!(b—%—1)!
26445 —k—=2)(20 —j + k)! '

Ip(j— k) =

Finally, using (6.17), we note that if j —k =2p+ 1 > a then 2b — 2p < 1 and so ﬁ has a zero
at z = 2b — 2p. Therefore, Iy, (j — k) = 0 for j — k > a. In the case that j — k = a = 2b we

observe that

1 j-k—1 1
bmp=g5 = bmTH 3
20—1 1
= b—i—f
2 2
= 0.
Hence, Iop(j — k) =0 for j — k > a. [ |

Lemma 6.5.0.42 Suppose that a is an odd integer so that a = 2b+ 1 for some be N. If j — k

is even then

220=1(2b — 1)1 (b+ L5 — 1)1 (b— L5 — 1)
2 2
(2b+j—k—1)1(2b—j +k—1)!

Ips1(j — k) =
forj —k <a—3. Otherwise, Iop11(j — k) = 0.

Proof. Let a = 2b+ 1 for some b € N and suppose for simplicity that j —k = 2p for some p € N.
Then

wI'(2b)

v = k) = 22710 (b+p+ )T (b—p+3)
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Using the Legendre duplication formula 6.4.0.27 we see that

1\ al(2b+2p)
(r+9+3) = pmorg i
and
1 VrD(2b — 2p)
T(b—p+=-)= .
(-43) = 5 T
Therefore,

7w['(2b)
V7L (2b+2p) /mL(2b—2p) )

Ippi1(j — k)

2427 (26)['(b + p)L' (b — p)
220—17°(2h + 2p)['(2b — 2p)
Now, a =2b+ 1 > 1 so clearly 2b+ 1 > 3, that is b > 1. Using this, together with the fact that
p € Nsop > 1, it is obvious that T'(2b), T'(b+ p) and I'(2b + 2p) can be written as factorials. As
before, we check the conditions under which b —p > 1 and 2b — 2p > 1. First, b — p > 1 if and

(6.18)

only if 2p < 2b — 2. This is equivalent to j — k < a — 3. Similarly, 2b — 2p > 1 if and only if
2p < 2b — 1, which is equivalent to j — k < a — 2. Thus,

. 2212 — Db+ p—1)I(b—p—1)!
Lava G = k) = =55, — i@ —2p = 1)1

for j — k < a — 3. Again, returning to the original notation yields

22712~ 1)1 (b4 155~ 1)1 (b= 52 - 1))

Ip1(j— k) = (2b+j—k—1D120—j+k—1)! ’

for j — k < a — 3. Finally, from (6.18) we see that for j — k > a — 2 we have Iy, 1(j — k) =0

since m will have a zero, completing the proof. [ |

With these lemmas in place, we are now ready to construct the matrices [I,(j — k)]? R

in the cases of a odd and a even. We show the results in separate theorems.

Theorem 6.5.0.43 Let n € N. Suppose that a is even so that a has the form a = 2b for
some b € N. Then [I,(j — k)] =,
Furthermore, let I = I, then [I,(j —

is a real symmetric Toeplitz matriz with entries in Q[n].

k)| =, has the form
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1(0) I(1) 1(2) I(2b—2) I(2b—1) 0 0

(1) 1(0) (1) I(2b—2) I(2b—1)

1(2) (1) 1(0) 1(2b—2) 0
I(2b—1)
1(2b—2)

1(2b —2)
I(26—1) I(2b—2)
0 I(2b—1) I(2b—2) 10y I(1)  I(2)
1y 10y I(1)
0 0 I(26—1) I(2b—2) I2)  I1(1)  I(0)




where
w(2b — 2)!
_ i—k i—k
222 (b4 155 — 1)1 (b - 555~ 1)

Iy (j — k) =

if j —k <2b—2 is even and

22 (b— 15 —1) (2 - 2)t (b4 A= — 1)1 (b - 522 1),
@b+ —k—2)1(2b—j + k)!

Ioy(j — k) =
if j —k <2b—1 is odd.

Remark 6.5.0.44 Note that for j — k even, I (j — k) is a rational multiple of ™ whereas for
Jj—k odd, Iy(j — k) is rational.

Proof. Let n € N and suppose that a = 2b for some b € N. It is then clear that

_IQb(O) _[Qb(—l) Igb(—2) Igb(—QTL)_

I5(1) Iop(0)  Igp(—1)
Lol =B e = | 16(2)  Inp(1)  I2(0)

| T26(2n) e In(0) |

[ Lop(0)  Iop(1) Iop(2) Iy (2n)]

Iop(1)  Ipp(0)  Iop(1)
= Ip(2)  Inp(1) 125(0)

| 125(2n) e Iy(0)

since the function I, is even. The desired entries for the matrix follow from Lemmas 6.5.0.39

and 6.5.0.41, completing the proof. [ |

Note the banded nature of the matrix in Theorem 6.5.0.43. The following example gives an ap-

plication of Theorem 6.5.0.43 and helps the reader to see the shape of the matrix [I2;(j — k)]

?,k:—n'
Example 6.5.0.45

Set n = 1 so that we are working with a 3 x 3 matrix. Let a = 4 then

14(0)  I4(1) 14(2)
LG =R ey = |Lu(1) I4(0) Ii(1)
I14(2) 14(1) 14(0)

We use the theorem to evaluate each entry in turn. In the style of Theorem 6.5.0.43, we

have a = 2(2) giving b = 2. First we look at the cases of j — k even. When j — k = 0 we

have
m(4 —2)!
I —
{0 = e onie=T o)
_
-z
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Similarly, when j — k = 2 we have

m(4 —2)!
L® = smarromie—zo
_ 2T
= o
- s
=7

Now, when j — k is odd, that is j — k = 1 we have
222-3-1)@-212+FH -1 (2-F 1)

I(1 2
4(1) (4+1-2)(4—1)!
_ 2G)@)
(3)?
4
= 5
Hence,
T 4 oz
2 9 4
. 1 T
[a(j — k)]j,szl % 2 %
T~ 4 7
i 9 2
The following theorem shows what happens to [I,(j — )]} .- _,, in the case that a is odd. It

is analogous to Theorem 6.5.0.43. Again, note the banded nature of the matrix.

Theorem 6.5.0.46 Let n € N. Suppose that a is odd so that a = 2b+ 1 for some b € N.

Then [Io(j — k)] 1=, is a real symmetric Toeplitz matriz with entries in Q[x]. Furthermore,

let I =1, then the matriz [I,(j — k)]} ,__, has the form
[ 1(0) I(1) 1(2) I(2b—2) I(2b—1) 0 0

I(1) 1(0) I(1) I(2b—2) I(2b—1)

1(2) I(1) 1(0) I(26—2) . 0
I(2b—1)
1(2b—2)

I(2b—2)
I(2b—1) I(2b—2)
0 I(2b—1) I(2b—2) 10)  I(1) 12
(1) I1(0)  I(1)
0 0 I(2b—1) I(2b—2) 12  I(1)  I(0)
where

220=1(2b — 1)1 (b+ L5 — 1)1 (b— L5 — 1)
2 2
(2b+j—k—1)1(2b—j +k —1)!

Lopyr(j— k) =

if j — k is even and
(20 — 1)!

Loy (G = k) = 92b—1 <b+ %)' (b— % — 1)!

if j — k is odd.
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Remark 6.5.0.47 Note that for j — k even, Ispi1(j — k) is rational whereas for j — k odd,

Iopr1(j — k) is a rational multiple of 7.

Proof. Let n € N and suppose that a = 2b+ 1 for some b € N. As I9, 11 is an even function we

clearly have the symmetric matrix

Inp41(0)  Iopy1(1)  Iopt1(2) Inpt1(2n)
Ipr1(1)  Iopt1(0)  Iopia(1)

Lop+1(5 = B)j he o = | T2p41(2)  T2p1(1)  T211(0)

| Top+1(2n) o Ia(0)

The entries for the matrix follows from Lemmas 6.5.0.40 and 6.5.0.42, completing the proof. ®

We close this section with an example to illustrate Theorem 6.5.0.46.

Example 6.5.0.48

Again let n = 1 so that we are working with a 3 x 3 matrix. Set a = 5 then

I5(0) Is(1) I5(2)
[I5(j — k)]gl‘,k:q = |Is(1) I5(0) I5(1)
I5(2) Is(1) I5(0)
Now, using Theorem 6.5.0.46 we evaluate I5(j — k) in the cases that j —k is odd and even.
If a = 2b+ 1 we take b = 2. Taking j — k = 0 we have
24—+ -1)!(2-5-1)!

I:(0) = A—Dld—1)!

233!

(31)?
4

g.
Similarly, taking j — k = 2 we see that
274 -2+32-1)!(2-3-1)!

I5(2) =
5(2) (A+2-1)(4—-2—-1)!
B 2331(2)
- 51
4
5
Finally, letting 7 — k = 1 we have
m(4—1)!
I5(1) = - -
3o+ ) 2 - 5 - D)
73!
- 2(2)
o
-8
Hence,
4 3m 4
3 8 5
[Is(j — k)]j,k:—l % % %
4  3r 4
5 8 3
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6.6 The Evaluation of I, Using Jacobi Polynomials

In this section we show that the function I, can be used to give a value for various integrals that
arise in the theory of Jacobi polynomials. Specifically we are able to show that I, represents the
integral of a Chebyshev polynomial whose weight function corresponds to the weight function of
the Jacobi polynomials. We refer the reader to [52] for background information on the Chebyshev
and Jacobi polynomials, both of which are orthogonal polynomials.

We begin by defining orthogonal polynomials and then we define the Jacobi polynomials. We
adopt this approach since the Jacobi polynomials are defined with a weight function. Therefore,
upon seeing that I, is the integral of a Chebyshev polynomial with a weight function, the reader

will understand where this weight function comes from.

Definition 6.6.0.49 Let w(x) > 0 be a weight such that

b
0< / w(z)dr < co.

Suppose that

b
/ |z|" w(z) dz < 0o
a

for all n > 0. If we orthogonalise the set {1,xz,... 2™, ...} we obtain a set of polynomials

{po(x),p1(x),...,pn(x),... }

uniquely determined by the following conditions:

i) pn(x) has degree n with the coefficient of x™ being positive;

ii) the system, {pn(x)}22, is orthonormal so that f: pr(2)ps(x) dm(x) = 0ps.
We call {p,(x)}22, the orthogonal polynomials.

As previously mentioned, the Jacobi polynomials are orthogonal polynomials. We define the

Jacobi polynomials next and use them to derive the Chebyshev polynomials.

Definition 6.6.0.50 Suppose that o, f > —1. Let {p,}32, be orthogonal polynomials associated
with the weight

w(z) = (1 -2)*(1 +2)°
on the interval [—1,1]. We define the Jacobi polynomials, pLA) (x) to be such that

PO () o p(x)

n+a) )

n

with normalisation given by P,ga’ﬁ)(l) = (
11
Definition 6.6.0.51 Let P,(l 2 2)(:1:) be the Jacobi polynomial with corresponding weight func-
1
tion (1 — mz) *. Then

_13.(2n—1)

(~1-1)
P’I’L 2 2
(@) 2.4, 2n

T ()
where T, (x) is a Chebyshev polynomial of the first kind. If x = cosf then

T, (z) = cosnb.
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In the following two propositions we demonstrate how we can use I, to evaluate two different

functions involving Chebyshev polynomials.

Proposition 6.6.0.52 Let T}, be a Chebyshev polynomial whose order, k is even. Then

1 a—2
LK) = 1 / (VI+a) Tk( 1+9:> e

(VT :
where Ty, ( HT””) is a Chebyshev polynomial of order g

Proof. First we observe that

w3

I.(k) = / (cost)*2et*t at

-/

Since (cost)? 2 sinat is odd we have

RENVH

(cost)* 2 cos ktdt + i / ’ (cost)*? sin kt dt.

us
2

[NE]

i
/ (cost)* Zsinktdt = 0,

x
2
therefore
.
5

Ia(k:):/ (cost)*™? cos kt dt.

s
2

Also, as (cost)®~2 cosxt is even we may write

3 3
/ (cost)* % cos kt dt = 2 / (cost)® % cos kt dt.

5 0

Noting that cos kt = Ty (cost) it follows that

i

Bl
I.(k) = 2/ (cost)® *Ty(cost) dt.
0
We now make the substitution = cos 2¢. Using the double angle formulae we see that

cos 2t = 2cos’t — 1,

[cos2t + 1
cost = —

which rearranges to give

- z+1
= 5
We also note that dz = —2sin 2t dt. Furthermore, using sin? # + cos? # = 1 we see that
1—2® = 1—cos®2t
= sin? 2t,

giving
sin2t = /1 — x2.
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Thus, with a change of limits, [0, %] — [1,—1] we arrive at

S e s11)  (~1)
cor = o () () g
1 P (W) el
Rl T’“( ’ >d$
as required. |

Next we present a more general version of the above result in the sense that it holds for a
Chebyshev polynomial of any order. The proof follows the same method as Proposition 6.6.0.52.

The only alteration is a different choice of substitution.

Proposition 6.6.0.53 Let T}, denote a Chebyshev polynomial of order k then

I,(k) = 2/0 \/%Tk(x) dx.

Proof. As in the proof of Proposition 6.6.0.52 we may write

i

I.(k) = 2/05 (cost)* *Ty(cost) dt.

However, this time we make the substitution x = cost. We note that dx = —sintdt and use

sin? 6 + cos? 6 = 1 to obtain

sint = /1 —cos?t
= 1—22.

A final note of the change of limits tells us that [O, g} — [1, 0], hence

O f—
I.(k) = 2/1 xaQTk(:z:)\/(l_ixde

1 Ia72
2 —T d
/O e Ti(a) do

as required. ™
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