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Testing and analysis of pultruded GFRP continuous beams for the deflection serviceability limit state

by

G.J. Turvey

Engineering Department, Lancaster University, Gillow Avenue, Lancaster, LAL14YN

Abstract

An investigation of the deformation response of an unequal two-span pultruded glass fibre reinforced polymer
(GFRP) wide flange (WF) beam up to the deflection serviceability limit is described. The beam was subjected to
vertical point loading at the centre of the longer span. Mid-span deflections, support rotations and outer surface
flange strains recorded during major- and minor-axis flexure tests on the beam are presented and shown to be
both repeatable and linear. New closed-form shear deformation equations are presented for the forces and
displacements of two-span continuous beams of arbitrary span ratio with the longer span subjected to a vertical
mid-span point load. The equations have been used to predict the mid-span deflections, support rotations and
surface strains recorded during the flexure tests. It is shown that the equations are able to predict the
experimental deflections accurately. Depending on the particular support, the rotations (particularly the minor-
axis rotations) are slightly under/over-estimated and, in general, the surface strains are over-estimated. It is
concluded that this investigation provides further confirmation of the utility of shear deformation continuous
beam equations for predicting the deformations of pultruded GFRP beams up to the deflection serviceability
limit.

Keywords: GFRP; multi-span beams; pultrusions; serviceability deformations; shear-deformation analysis;
testing

1. Introduction

Published research on the flexural analysis and testing of pultruded glass fibre reinforced polymer (GFRP)
beams dates from the late 1980s. A particular focus of some of this early research was on symmetric three/four-
point flexure tests of single-span simply supported beams in order to characterise the longitudinal elastic
flexural and shear moduli of their cross-sections (see, for example, [1] and [2]). Indeed, this type of
investigation has been continuing almost up to the present day with minor changes to the loading configurations
being proposed (see, for example, [3] and [4]). Perhaps the most effective new load test for the determination of
the longitudinal elastic flexural and shear moduli of pultruded GFRP beams is that given in [5].

Other early research on the static flexural analysis and testing of pultruded GFRP single-span beams has been
reported in [6] — [9]. Subsequently, analyses of symmetrically loaded single-span pultruded GFRP beams with
semi-rigid end connections (see, for example, [10] and [11]) have been reported, followed by analytical and
experimental studies of the flexural stiffening effects of carbon fibre reinforced polymer (CFRP) strips bonded
to the flanges of pultruded GFRP beams with semi-rigid end connections [12]. Hai et al [13] also carried out
four-point symmetric loading tests on simply supported single-span glass-carbon, i.e. hybrid fibre reinforced
polymer (HFRP), beams and used FE analysis to simulate their load — deflection responses and to identify the
near optimal carbon to glass ratios in the beams’ flanges. Most recently, Ascione et al. [14] reported failure
(ultimate limit state) tests on four very short (1.18 m) span simply supported pultruded GFRP I-beams as part of
an investigation to assess the benefits of fabricating such beams from an assembly of bonded pultruded GFRP
plates.

The studies cited above relate to flexural tests on single-span beams subjected to symmetric concentrated
loading with both ends, simply, semi-rigidly or rigidly supported. That said, analyses and tests have also been
reported on tip-loaded cantilevered pultruded GFRP beams with and without CFRP flange stiffening [15].

By contrast to the growing number of analytical and experimental investigations reported on single-span
pultruded GFRP and CFRP-stiffened/HFRP beams, the number of investigations reported on the flexural
response of pultruded GFRP continuous beams is scant. It appears that Keller and de Castro [16] were probably
the first to carry out such analysis and testing of pultruded GFRP beams. They tested equal two-span pultruded
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GFRP box-section beams to failure under patch loading applied symmetrically about the central support. More
recently, Turvey [17] reported deflection serviceability limit tests on equal two-span pultruded GFRP wide-
flange (WF) beams subjected to symmetric mid-span point loading and demonstrated that deflections, support
rotations and surface strains could be predicted reasonably accurately using exact shear-deformable beam
theory.

The present paper seeks to extend the analytical work in [17] by presenting exact shear deformation equations
for unequal two-span continuous beams subjected to vertical point loading applied at the centre of the longer
span and to demonstrate their accuracy by comparison with tests on pultruded GFRP WF beams with respect to
both their major- and minor-axes of flexure.

By way of achieving the foregoing objectives, the Method of Influence Coefficients [18] - used to derive the
closed-form equations - is outlined briefly. Thereafter, the equations for the forces and displacements are
presented for the case of the longer span supporting a vertical mid-span point load.

The experimental part of the investigation begins with details of the pultruded GFRP WF beam’s cross-section
geometry and its longitudinal elastic and shear moduli. An explanation of the unequal two-span beam test setup
then follows and the instrumentation for recording deformations and forces is described. The loading procedure
for both major- and minor-axis tests is explained, followed by demonstrations of the repeatability of the beam’s
load — deformation responses. Comparisons are then presented of the predicted and observed responses of the
continuous beam and conclusions are drawn as to the accuracy and validity of the closed-form equations for
predicting the deflection serviceability limit response.

2. Outline derivation of the exact shear-deformable continuous beam equations

Figure 1 shows the geometry of a two-span continuous beam supporting a vertical point load at the centre of the
longer span L . The shorter, unloaded span is of length ,uL(,u < 1). The longitudinal elastic modulus and shear

modulus of the beam’s doubly symmetric cross-section are denoted by E and G, respectively. Likewise, the
area and second moment of area of the beam’s cross-section are denoted by Aand |, respectively. The beam
supports a vertical point load W at D, the centre of the longer span. Accordingly, the reactions R,, Ry and

R at the each of the simple supports, A, B and C, respectively act in the directions shown in Figure 1.

Clearly, the beam in Figure 1 is statically indeterminate to the first degree. The choice of redundant action,
which must be determined before the analysis can progress, is arbitrary. There is, however, benefit to be gained,
through analysis simplification, by selecting this action as the internal moment at the support C. Thus, the
procedure followed is to introduce a release (a pin joint) at support C. Two bending moment and shear force
sub-systems are then set up — one for the load W acting on the released structure and the other for equal and
opposite unit couples, acting at C, on the released structure. The bending moment (M) and shear force (S)

distributions corresponding to the first and second sub-systems are distinguished by the subscripts O and1,
respectively. It may be shown (see [18] for further details), that the equation for the two sub-systems, which
restores the displacement continuity (compatibility) at C in the original system can be expressed as:-

X, + f,=0 )
In Eq.(1) g4, is the load coefficient, f, is the influence coefficient and X is the internal moment at the

support C. The load and influence coefficients are determined by integrating the bending moment and shear
force distributions (divided by El and GA, respectively) over the entire span of the beam for each of the two

sub-systems. Thus, 24, and f,; may be expressed as:-

14 :J’“” _dx J' s —1dx ©

and
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RGOS m, (L S
f, __[O mladx+'[0 sl@dx 3

In Egs.(2) and (3) X is the co-ordinate along the beam’s centroidal axis and the integrals are evaluated stepwise
graphically over the entire length of the continuous beam. //,and f11 are then substituted into Eq.(1) to

determine the redundant action X (= Mc).

Once the redundant action X has been determined, the displacements at A to E may be determined by applying
Virtual Work (having set up bending moment and shear force diagrams on the released structure corresponding

to unit forces for each of the required displacements). Thus, for example, the equation for the deflection O
takes the following form:-

sl ng (1+p)L 35D
§D = J.O mEdX+J.O S GA dx 4)

where

m =m,+Xm; ;s =S, + XS, (5a - b)

and m 5 and S s, are the bending moment and shear force distributions (of the second sub-system) for the unit
vertical force applied at D.

Having, set up in turn the bending moment and shear force diagrams for unit values of the forces corresponding
to each of the displacements, oy, O, 8,, 05 and 6. and evaluating integrals similar to those in Eq.(4) using

expressions similar to those in Egs.(5a - b), the required closed-form formulae for the two deflections and three
support rotations may be established.

The force and displacement equations accounting for shear deformation for the continuous beam shown in
Figure 1 are:-

w {{,u(5+8,u)+24(1+,u)0{}} W [(3+8u)+24a]

" 16 (1+ ) (1 +3) 16 (u+3a)
3w 1 M
R = —_— = c 6 'd
T {(1+y)(,u+3a)} L (6a-9)
WL | (7 +164)+48a (1+ u)(1+4u+12a) —3wWLE u°
Op = ;O = (7a-b)
768EI (1+ u)(u+3a) 256E1 | (1+ p)(p+3a)
WL (1+24)(u+6a) wz (4 +3a) we (4 -6a)
= ;0. = Oy = (8a-c)

*T32El (L+u)(u+3a) " C 16El (1+u)(u+3a) > 32El (1+u)(u+3a)

El
In Egs. (6 - 8) the parameter & [z mj is the dimensionless shear-flexibility of the pultruded GFRP beam.

A shear correction factor K can readily be included in the denominator of the expression for ¢ , if required.
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3. Major- and minor-axis flexure tests on an unequal two-span continuous pultruded GFRP WF beam

In order to check the validity/utility of the closed-form equations presented in Section 2, load - deformation tests
should be carried out on beams loaded in accordance with Figure 1. An EXTREN® 500 Series pultruded GFRP
WF beam manufactured by Strongwell [19] was selected for these tests. The beam incorporates E-glass
reinforcement in two forms: (1) rovings (bundles of parallel fibres) form the longitudinal reinforcement and (2)
continuous filament mat (CFM) forms the transverse reinforcement. The roving and CFM layers alternate
through the thickness of the flanges and the web with the CFM forming the outer layers. The outer surfaces of
the flanges and web are formed by surface veils (lightweight CFM layers) which promote resin rich surfaces and
facilitate safe manual handling of the profiles. The resinous matrix which encapsulates and, when cured,
rigidizes the glass fibres is a mixture of isophthalic polyester resin and inert filler (kaolin or calcium carbonate).
The volume percentages of glass fibre, resin and filler in the EXTREN® 500 series beams are typically of the
order of 50, 40 and 10%, respectively Details of the beam’s cross-section geometry, together with its
longitudinal elastic and shear moduli, which are required for the present one-dimensional deflection
serviceability limit state analysis are given in Table 1. Additional material properties, e.g. the longitudinal
tensile and flexural strengths etc., which would be needed for an ultimate limit state analysis, may be found in
[19]. However, it should be appreciated that the material property values given in the latter document are
minimum values and that the actual values measured in tests may be considerably higher.

The experimental setup for the serviceability load — deflection tests was selected such that the lengths of the
longer and shorter spans were 3m and 2 m, respectively, as shown in Figure 2.

The beam was instrumented with a vertical dial gauge in contact with its soffit at each of the mid-span positions,
D and E. Each dial gauge had a 50 mm travel and a displacement resolution of 0.01 mm. An image of a dial
gauge in contact with the beam’s soffit at a mid-span position is shown in Figure 3(a). In addition, a clinometer
was fastened to one face of the beam’s web at the mid-depth position above each of the roller supports at A, B
and C. Likewise, an image of a clinometer attached to the beam’s web at one of the simply supported ends is
shown in Figure 3(b). The clinometers had a rotation resolution of 0.001° over the first few degrees of their
rotation range. Furthermore, three sets of strain gauges were bonded to the outer surfaces of the beam’s flanges.
An image of a pair of strain gauges bonded near to the outer edges of the top flange of the beam is shown in
Figure 3(c). Because the continuous beam had been tested previously with equal 2.5 m spans under symmetric
mid-span point loading, the strain gauge layouts did not coincide with the cross-sections at D, C and E for the
load - deformation tests. The locations and distributions of the gauges are shown in Figure 4 for the major-axis
flexure tests. All of the strain gauges were uniaxial with 10 mm gauge lengths and 120 Q2 internal resistances.
The sensitive axes of the gauges were parallel to beam’s longitudinal axis and were inset 10 mm from the free
edges of the flanges to minimise the effects of any internal wrinkling of the fibre architecture close to the edges.

The beam was loaded by means of a manually operated 50 kN capacity hydraulic jack bolted to a steel reaction
frame. The load was monitored via the readout from a 10 kN capacity load cell located between the end of the
jack’s ram and a steel ball joint bonded to the middle of the beam’s top flange at the centre of the longer span
(location D in Figure 2). Images of the point load arrangement on the top flange and the jack with the load cell
attached to the end of its ram are shown in Figures 5(a) and 5(b), respectively.

The beam was tested first in major-axis flexure under load control. The load was applied in 0.2 kN increments
and after each increment the deflections at D and E and the rotations at A, C and B were recorded. When the
load reached 3 kN, the deflection at D was approximately 15 mm (corresponding to a serviceability deflection
limit of 1/200™ of the longer span). The beam was then unloaded in 0.2 kN decrements. This load — unload test
sequence was repeated three times. During the first, second and third load — unload tests only the strains of
gauges G1 — G4, G7 — G10 and G5 — G6, respectively were recorded. Consequently, only the repeatability of
deflections and rotations could be established during these tests.

After the major-axis tests had been completed, the beam was rotated through 90° about its longitudinal axis, so
that it could be prepared for testing with respect to its minor-axis. Several minor modifications had to be made
so that the beam could be loaded through the top edges of its flanges and the clinometers and dial gauges had to
be re-positioned. Figure 6 shows the locations and orientations of the strain gauges for the minor-axis flexural
tests. Again, the beam was subjected to three load — unload tests. The load increments/decrements and the
maximum load were reduced to 0.1 KN and 1 kN, respectively. During each test deflections and rotations were
again recorded after each load increment/decrement up to a maximum deflection at D of approximately 15 mm.
The strain gauge readings were recorded following the same sequence as in the major-axis tests.
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4. Repeatability of major- and minor-axis load - deformation responses

The load versus deflection responses for the mid-spans of the longer and shorter spans of the beam tested in
major- and minor-axis flexure are shown in Figures 7(a) and 7(b) respectively. It is evident that the repeatability
of the mid-span deflections is excellent for the major-axis tests. For the minor-axis tests the repeatability of the
deflection at the mid-span of the longer span is not quite as good for the lower loads, but is excellent for the
mid-span of the shorter span.

The repeatability of the support rotations for major- and minor-axis flexure are shown in Figures 8(a) and 8(b)
respectively. Again, it is evident that the rotations for both major- and minor-axis flexure are consistent and
repeatable. It should be appreciated that the magnitudes of the rotations shown in Figures 8(a) and 8(b) for the
corresponding supports are very similar. This is not altogether surprising because the beam was loaded up to the
same maximum deflection (approximately 15 mm) at the centre of the longer span for both the major- and
minor-axis flexure tests. However, to achieve this, the maximum load applied in the major-axis tests was three
times that in the minor-axis tests.

5. Comparison of the experimental and theoretical deformations and strains

The theoretical deformations have been determined from Egs. 7(a-b) and 8(a-c) using the following values from
Table 1:-

E =21.4GPa,G =3GPa, A, =1.845x10°mm’, I, =3.30x10° mm*, 1 ; =1.10x10° mm*,

' " maj
L=3m and 2 =0.667.

min

In addition, the values of the dimensionless shear flexibility parameter ¢« for the major- and minor-axis

bending calculations were determined as 1.40x107 and 6.71x107*, respectively. Since the theoretical
deformations are linear functions of the applied load, it was only necessary to use the maximum loads applied in
the major- and minor-axis flexure tests, namely 3 kN and 1 kN respectively, in order to define the dashed
straight lines in Figures 9 and 10.

The results for the mid-span deflections obtained from Test 3 of the major- and minor-axis beam tests are
compared in Figures 9(a) and 9(b) respectively with the theoretical deflections obtained from Eqgs. 7(a) and 7(b)
using the data given above. It is evident, as shown in Figure 9(a), that the theoretical mid-span deflections
slightly over-predict the deflections obtained from the third major-axis flexure test at the highest loads. On the
other hand, for the minor-axis flexure tests shown in Figure 9(b), the agreement between the Test 3 mid-span
deflections and the theoretical deflections is excellent.

Comparisons of the experimental and predicted rotations at the supports A, B and C are shown in Figure 10(a)
and 10(b) for major- and minor-axis flexure, respectively. It is evident that the support rotations predicted using
Egs. 8(a —c) agree more closely with the rotations measured in the third major-axis beam test than those
measured in the minor-axis beam test. More specifically, it appears that the experimental rotations are: (1)
under-estimated at support A for both major- and minor-axis flexure, (2) over- and under-estimated for major-
and minor-axis flexure, respectively, at support B and (3) in very good agreement for major-axis flexure and
under-estimated for minor-axis flexure at support C.

The theoretical flexural strains & on the surfaces of the beam’s flanges at the locations in the longer and shorter
spans (see Figures 4 and 6) were calculated using simple bending theory,

My
IE

c=1

©)

In Eq. (9) the bending moment M at each location was evaluated according to the following:-

M :1.25RA[Nm] (strain gauges G1 - G4)



©CO~NOOOTA~AWNPE

Exact shear-deformation analysis and serviceability testing etc rev9.doc

M = %(5RA —2W )[Nm] (strain gauges G5 and G6)

M =1.25R; [Nm] (strain gauges G7 — G10)

In addition, the second moments of area | and distances Yy from the neutral axis to the centre lines of the strain
gauges were evaluated as:-

| = Imaj [m“] and Yy = %[m] (major-axis flexure)

I =1 [m“] and y = %(d —0.02)[m] (minor-axis flexure)

The experimental and theoretical strains recorded by gauges G1 — G4 are shown in Figures 11(a) and 11(b) for
major- and minor-axis flexure, respectively. It is evident that the agreement between the compressive strains is
not quite as good as that between the tensile strains for both major- and minor-axis flexure. Furthermore, the
theoretical strains are greater than the experimental strains for major-axis flexure, but much less so for minor-
axis flexure.

The comparison between experimental and theoretical strains for gauges G5 and G6 is shown in Figures 12(a)
and 12(b) for major- and minor-axis flexure, respectively. During the major-axis test strain gauge G5 mal-
functioned and, therefore, only the strains recorded by strain gauge G6 are compared with the theoretical strains
in Figure 12(a). Given that the tensile strains are quite small, the theoretical strains agree well with the
corresponding experimental values for major-axis flexure, though small under- and over-predictions of the
experimental strains are evident at lower and higher loads respectively.

On the other hand, for minor-axis flexure, both gauges, G5 and G6, functioned satisfactorily and it is clear from
Figure 12(b) that the theoretical strains slightly over-predict both the experimental compressive and tensile
strains.

The theoretical — experimental strain correlations for strain gauges G7 — G10 (in the unloaded span) for major-
and minor-axis flexure are shown in Figures 13(a) and 13(b), respectively. Again, it is evident for major-axis
flexure that the tensile strains are in slightly better agreement than the compressive strains. Furthermore, the
theoretical strains over-predict the experimental strains.

For minor-axis flexure, there is good agreement between the tensile strains, recorded by gauges G8 and G10,
and the compressive strains, recorded by gauges G7 and G9. Furthermore, the theoretical tensile strains are in
excellent agreement with the experimental tensile strains and the theoretical compressive strains only slightly
over-predict the experimental compressive strains at the higher loads.

Concluding remarks

Major- and minor-axis flexure tests have been carried out on unequal two-span continuous pultruded GFRP
beams with the longer span subjected to a vertical point load at its centre. The beams were loaded up to the
serviceability deflection limit (approximately 15 mm for the longer 3 m span) and during the tests mid-span
deflections and support rotations were recorded, together with longitudinal surface strains on the outer faces of
the flanges. It has been shown that the deflections and rotations are repeatable and vary linearly with load.

The Influence Coefficient Method has been used to derive exact shear deformable equations for the forces
(RA, R Re, I\/IC) and displacements (5D,§E,HA,HB,0C) for an unequal two-span beam of arbitrary span

ratio (,u) when the longer span (L) is subjected to a vertical point load (W) at mid-span. The equations

have been used to compute the mid-span deflections, support rotations and outer surface flange strains observed
in the major- and minor-axis pultruded GFRP beam tests.
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Comparisons of the experimental and theoretical deflections, support rotations and flange strains has shown
reasonably good agreement for both major- and minor-axis flexure up to the serviceability deflection limit for
the longer span.

The present investigation has, therefore, provided evidence, additional to that reported in [17], that elastic shear
deformation beam theory is able to be used to predict the deformation response of pultruded GFRP beams with
reasonable accuracy.
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Table 1

Geometry and elastic material properties of the pultruded GFRP WF beam used in the load — deformation tests

Cross-section Cross-sectional Second Moment Average Minimum Elastic
Dimensions Area of Area Elastic Elastic Shear
bxd x (A) (| ) Longitudinal | Longitudinal Modulus

# i i i i Modulus Modulus
{tf (: t, )} Gross | Web | Major-axis | Minor-axis (E) (E) (G)
[mm] (A) | ( A\NZ) (1) (! min4) [GPa] [GPa] [GPa]
[mm? | [mm] [mm*] [mm’]
120 x120 x 6.4 | 1845 568 | 3.30x10° | 1.11x10° 21.4* 17.2%* 2.93**

*Average of four longitudinal coupon tests

** Manufacturer’s minimum values

#b,d,t, and t,, are the breadth, depth, flange thickness and web thickness respectively
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An unequal two-span continuous beam loaded at the centre of the longer span.

Test setup for the serviceability load tests.

Dial gauge used to record the mid-span deflection of the beam’s soffit.

Electronic clinometer attached to the beam’s web to record the rotation at the simple support.
A pair of uniaxial strain gauges bonded to the beam’s top flange to record its axial strain.

Positions of the uniaxial strain gauges along the beam loaded in major-axis flexure: (a) 1.25 m
from A, (b) 2.5 m from A and (c) 1.25 m from B.

Steel ball joint bonded to the beam’s upper flange at the mid-span loading point.
Load cell attached to the end of the jack’s ram above the steel ball joint.

Positions of the uniaxial strain gauges along the beam loaded in minor-axis flexure: (a) 1.25 m
from A, (b) 2.5m from A and (c) 1.25 m from B.

Repeatability of mid-span deflections: (a) major-axis tests and (b) minor-axis tests.
Repeatability of support rotations: (a) major-axis tests and (b) minor-axis tests.

Comparison of experimental and theoretical mid-span deflections: (a) major-axis flexure and
(b) minor-axis flexure.

Comparison of experimental and theoretical support rotations: (a) major-axis flexure and (b)
minor-axis flexure.

Comparison of experimental and theoretical surface strains for gauges 1 — 4. (a) major-axis
flexure and (b) minor-axis flexure.

Comparison of experimental and theoretical surface strains for gauges 5 and 6: (a) major-axis
flexure and (b) minor-axis flexure.

Comparison of experimental and theoretical surface strains for gauges 7 — 10: (a) major-axis
flexure and (b) minor-axis flexure.
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