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1.

Working Groups: Making Mathematics More Attractive

. The Aims

Introduction

In addressing the brief of making mathematics more attractive, the group specifically focussed on A-
and AS-level. To be more attractive, A- and AS-level mathematics courses must not be perceived iz
be ‘hard’, ‘boring’ or ‘pointless’. The group interpreted this as saying that A- and AS-level syllabus=s
must not contain too much material, thus allowing flexibility of teaching. However, to understand ho®
the words ‘hard’, ‘boring’ and ‘pointless’ may be used by post-GCSE students, we need to try to ook
at the world through their eyes. To get insight into their experience, and the nature of the foundatios=
provided by GCSE, we started by considering the aime and objectives of these syllabuses and ask=2
which we would wish to carry forward into A-level.
Having drawn up the list of aims, the group considered how these aims might be realised at A-level z=t
how, in this context, the question of making mathematics more attractive might be answered. Rataes
than producing a syllabus for A-level mathematics, the group concentrated on producing guidelines, o &
teaching syllabus, for a particular topic within A-level. These guidelines would consist of a route throzgs
the topic and would include methods of teaching, resources to be used and methods of assessment. Tae
topic selected was ‘calculus’ as it might best typify A-level. Even at its most unambitious level =
captures an essentially new aspect of mathematical development—whether as pure mathematics or ==
a tool in modelling and in other disciplines. Also, being aware of the role of mathematics as a serviz=
subject, we felt that, even in an A-level with reduced content Calculus will be a core subject.
Thus, after many excursions, the group arrived at a restricted, and we hope more meaningful, versios
of our brief:

o how should calculus be introduced and developed so as to appeal to post GCSE students.
and to extend the mathematical vocabulary (an enjoyment) of the average present A-level
pupil, while offering a stimulating view of more to come for the most able;

e how can mathematics 16-18 retain the interest of the pupils who thrived on the GCSE
approach, and at the same time encourage them to pursue mathematically related studies
beyond 18.

To enable students

(a) to develop their mathematical knowledge and oral, written and practical skills in a way =

encourages confidence and provides satisfaction and enjoyment; ]

(b) to read mathematics, and write and talk about the subject; _

{c) to apply mathematics in various situations and develop an understanding of the part which mais
ematics plays in the world around them; .

(d) to solve problems, present the solutions clearly, check and interpret the results;

(e) to develop an understanding of mathematical principles;

(f) to construct, analyse, interpret and, where necessary revise mathematical models;

(g) to use mathematics as a means of communication with emphasis on the use of clear expressiom

(h) to develop the abilities to reason logically, to classify, to particularise, to generalise and to prows

(i) to appreciate patterns and relationships in mathematics;

(j) to appreciate the interdependence of different branches of mathematics;

(k) to acquire a foundation appropriate to further study of mathematics and of other disciplines:

(1) to acquire relevant mathematical techniques and manipulative skills.

Our Approach to the Introduction of Calculus

As mentioned in the introductory section above, we found the task of writing a whole new A-i=
syllabus in the space of two days much too daunting and decided instead on the more restricted tass &

introducing calculus in an exciting and attractive way. We realise that when it comes to teaching e
in the context of an A-level, thought must be given to prerequisites (e.g. functions) and to the amm
of time that can be spent on the topic. It is likely that not all of the following suggestions couiz i :
included and those who construct the whole examination syllabus will have to make these decisions
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Working Groups: Making Mathematics More Attractive

with inverse functions (and associated problems) as they can with the functions themselves (and the
situations they model).

. Differentiation

Functions have to do with ‘change’; diflerentiation has to do with ‘rate of change’.

Travel graphs for example can be used to motivate a discussion on rates of change. Gradients of graphs
can be compared visually, and a discussion of evaluating the gradient as a point will lead to the ideas
of drawing tangents or evaluating

fe+h -1  fa+h)=fz-h
h 2h

Having found a method of calculating an approximate numerical value of the gradient at any point on

a curve the idea of the gradient function can be developed.

For example to find the gradient function (derivative) of f(z) = z? the following sequence could be

followed. By working in groups students can do this quite quickly.

(a) Draw an accurate graph of y = f(z) = z°.

(b) Draw tangents at a sequence of points on the graph and hence estimate the gradient at each point.
Plot the graph of the gradient function.

(c) Having discovered the inaccuracy of method (b) caleulate (f(z + h) — f(z))/h for a chosen small
value of h and a sequence of values of z. Plot the graph of (f(.r-i- k) — f(z))/h using these values.

(d) Discuss the effect of using different values of h

(¢) On a graphical calculator plot y = (f(z + h) — f(z))/h for a sequence of decreasing values of h.

(f) Guess a rule for the gradient function g(z). Superimpose the graph of y = g(z) on top of the graphs
drawn in (e). If they do not coincide when h is very small try a different form for g(z)

(g) Define
f'(z) = ;].'_r.’?; Mﬁ;ﬂ.ﬂ

and prove that in this case f'(z) = 2z.

Once students are familiar with the use of a graphical calculator the derivatives of other functions can
be found by starting at step (¢) and omitting drawing graphs and measuring gradients of tangents.
It is then a very quick and effective method of arriving at the derivative of a function by numerical
and graphical processes before doing so analytically. In particular it distinguishes clearly between the
derivatives of, for instance, sinz with z in both degrees and radians and provides a good introduction
to the derivative of a® and a definition of e.

By approaching differentiation in this way students should develop a much clearer understanding of the
limiting process of differentiation and should also be able to tackle the problem of finding the derivative
of any new function in a systematic way.

It will continue to be important for students to be able to differentiate standard functions accurately
and quickly and to know and be able to use the rules for differentiating sums, products, quotients and
functions of functions.

The applications of differentiation should always be stressed, including realistic maximising problems
and related rates of change.

The inverse problem to finding derivatives, i.e. solving (simple) differential equations could be considered
next. The following forms could readily be discussed:

B e R
ok dt_kt' .

—the last of these could be solved by numerical and graphical methods.
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Integration

Integration has to do with ‘accumulation due to change’. Visually this can be represented by the area
under a curve and is readily amenable to graphical and numerical approaches.

Following Tall’s approach [1], numerical investigation can be used to explore successively the mid-
ordinate rule and the trapezium rule and these can be taken to a suitable degree of accuracy. The
early introduction of Simpson’s rule may cause confusion, but it could also be given as a more efficient
algorithm (without details of its derivation) after students are familiar with the earlier ideas. Successive
refinements of the intervals to spot patterns for standard functional form (i.e. simple powers) can
precede introduction of standard notations and tabulation of results.

An approximation to the area function A(z) = j: f(t) dt can be drawn on a graphical calculator using
the programming facility to evaluate A(z) by rectangular approximation for a sequence of values of z
and, once it has been drawn, its analytical form can be guessed and checked as was done for the gradient
function. This provides a very convincing demonstration of the fundamental theorem of calculus. (See
Tall [1)).

Again, travel graphs are a useful motivation for finding the area under a curve and volumes of revolution
strengthen the concept of integration as a summation rather than the reverse of differentiation.
Techniques of integration can be confined to manipulation of standard forms. [We accept the omission of
substitution, partial fractions and integration by parts. In the near future symbolic calculators will allow
integrals to be done.] The omission of further techniques of integrating need not inhibit the study of
models leading to ordinary differential equations with separable variables, since the necessary standard
integrals can be given.

Assessment

We envisage including a number of different forms of assessment in order to give students every oppor-
tunity to demonstrate what they can do, and to encourage a variety of mathematical activities in the
classroom. It is our view that existing Advanced Level examinations are too difficult; we would wish
to reduce the difficulty to the point where any candidate who passes will have demonstrated confidence
and competence across a broad area of the syllabus. We believe that this can be achieved without
diminishing the discrimination of the assessment.

In detail we suggest the following components of the assessment.

(1) Coursework

This would take the form of four projects, one major and three minor. It is expected that stu-
dents will do other coursework throughout the course but that only four pieces would be assessed.
Coursework would represent about 25% of the whole assessment. The major project would attract
15% of the marks and the minor projects together 10% of the marks.

The three minor projects would be supervised and administered by the teacher. The topic for the
major project would be chosen from a list provided by the examining board and based on topics
within the syllabus. The length of the project would not normally exceed about 10 sides of A4
paper. There should be an oral examination on the project, conducted by an external examiner,
and the mark for the major project would be based both on the written report and on the oral
examination. A project forming part of the Northern Ireland Further Mathematics Mode 2 A-level
[2] was based on the item on Drug Therapy appearing in Applying Mathematics [3]. We refer to
this as an example of a project, but point out that, as part of a Further Mathematics course, it is
of a higher standard than that expected for Mathematics A-level.

In order to gain a passing grade at A-level, candidates must submit a major project and obtain a
threshold mark.

(2) Written Examinations

We suggest two 3 hour papers so that students have time to think and to show what they know.
The questions should be more straightforward than those currently appearing in A-level papers.

The questions in both papers should be graded: increasing in length and difficulty, with the less
structured questions at the end. The easier elements of the papers should themselves cover the
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whole syllabus and candidates should be able to obtain a pass by answering only these elements of
the paper. Full marks would be awarded to candidates answering correctly all the questions on the
papers.

One of the papers should include a comprehension question, expected to take one hour, based on
an article given to the candidates about a month before the examination. No ‘hard questions’
should be included on the paper that contains the comprehension question. An example of a
comprehension question used in the Northern Ireland Further Mathematics Mode 2 A-level is given
in the Appendix. We are grateful to NISEC for permission to reproduce it.

8. Conclusions

We see this course in calculus as contributing to the achievement of many of the aims listed in the first
two sections above. Students will have developed their mathematical knowledge, etc, and by attempting
problems such as those described in the section on assessment, will have read, written and talked about
mathematics. They will have applied mathematics to various situations in the world around them and
will have solved problems with suitable checks. They will have developed an understanding of calculus
and will have engaged to some extent in mathematical modelling. They will have produced extended
arguments using mathematics to express ideas. They will have found patterns and relationships and
will see calculus as a whole. They will have developed manipulation skills and mathematical techniques,
and all of this should have whetted their appetite for more.
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