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Abstract

This thesis considers aspects of nonlinear electromagnetism and the
effects of spin under the influence of extreme fields. Born-Infeld-like
theories are studied in the context of possible slow light experiments.
Maximum amplitude plasma waves are considered as a possible testing
ground for nonlinear electrodynamics with regards to electron energy
gain. Finally the effects of the coupling between the electromagnetic
field and the spin of a relativistic classical particle are considered
via a new derivation of the relativistic Stern-Gerlach and Thomas-
Bargmann-Michel-Telegdi equations. These equations are then paired
with the Nakano-Tulczyjew condition and, as the Stern-Gerlach-type
terms in the equations of motion are most prominent in a field with
a high field gradient, the impact of spin is investigated in the context

of a maximum amplitude plasma wave.
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Chapter 1

Introduction

A brief note on units and conventions: this thesis uses units where €y = g = ¢ =
1 unless otherwise stated (see Section 5.3.4), and the flat spacetime metric n has
signature {—, +,+,+}. The Einstein summation convention is used throughout:
Latin indices are summed over 0 to 3, i.e. XY, = XYy + XY, + X?Y, + X3Y;.
Notation {x,y, 2z} is used to denote a set containing elements x,y, z. Quantities
with indices will have these indices in italics, whereas quantities with labels will

be in normal text; for instance the electron current je.

The classical theory of electrodynamics is one of the most celebrated physical
theories in terms of its usefulness in physics and engineering. It is known, how-
ever, that classical Maxwell theory is not without its problems (see Ref. [2] for
discussion); since the Coulomb law is a key part of the theory, the electric field
of charged particles is ~ 1/, which diverges as one approaches the particle itself.
This leads to singular self-energy of classical charged particles. Quantum electro-
dynamics (QED) also has similar issues, and hence the theory requires methods
such as renormalisation and regularisation to avoid these singularities.

Maxwell theory is called a [linear theory of electromagnetism, since its La-

grangian density depends on the electromagnetic Lorentz invariants

X =FE*- B2 (1.1)
and Y =2E B, (1.2)
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in a linear fashion (in fact Ly = X/2). It is equivalent to say that the constitutive

relations are linear in X and Y since

D= 3_3 H=-—=, (1.3)
oF 0B
(and clearly with Ly, the linear relations D=F and H = B are retrieved).

Nonlinear electrodynamics originated in the early 20th century with the aim
of classically improving upon some of the failings of classical electrodynamics
by introducing a nonlinear dependence of the Lagrangian on X and Y. The
most famous of these theories developed in the last century is Born-Infeld theory
[3]. There are also nonlinear theories of electrodynamics arising from quantum
mechanical approaches,; such as Euler-Heisenberg theory [4], which arises from
one loop calculations of the quantum vacuum. With experiments such as the
Extreme Light Infrastructure (ELI) [5] and the European High Power laser Energy
Research facility (HiPER) [6] approaching completion, with anticipated laser field
strength approaching 10%> Wem ™2 [7], for the first time it may be possible to test
for any nonlinearity of electrodynamics outside of the predictions of QED through
effects such as photon-photon scattering [8]. For a review of QED and nonlinear
electrodynamics see Ref. [9)].

In the early 20th century, before the development of renormalised QED, Max
Born and Leopold Infeld attempted to fix the problem of the infinite self-energy
of the electron by extending Maxwell electrodynamics into nonlinearity. As previ-
ously stated, Maxwell theory can be written as the Lagrangian density Ly = X/2.
Born and Infeld decided to keep the theory manifestly Lorentz invariant and hence
wrote their theory in terms of the electromagnetic invariants X and Y, arriving

at the Lagrangian density

Lpr =b* (1 — \/— det (n + %)) (1.4)
:bQ<1—\/1—2(—2—4Y—;>. (1.5)

Here n is the flat spacetime metric, F' is the electromagnetic 2-form and the

constant b acts as a dimensional scale constant, determining the energy scale at
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which the non-linearities become significant (and serving to give a maximum to
the electric field). The main difference between this new theory of electromag-
netism and Maxwell theory was that electron now had a finite self energy due to
the limit on the maximum possible electric field EB! ~ b. Significant attention
was not given to Born-Infeld theory at the time however due to advances of QED,
which shifted the focus of the theoretical physics community away from classical
modifications of Maxwell theory and into the field quantisation of Maxwell-Dirac
theory.

Quantum electrodynamics is most often a perturbative theory! of the quantum
vacuum, using operator theory or functional path integrals to calculate probabil-
ity amplitudes. The specifics of QED are beyond the scope of this thesis, although
the successes of QED in predicting phenomena like the Lamb shift of electron or-
bitals and the anomalous magnetic moment of the electron? are an indicator that
any nonlinearity of the underlying classical electromagnetic Lagrangian must be
very small in such regimes. Thus the parameter b in the Born-Infeld Lagrangian
(1.5) must be such that the non-linearities only become significant at much higher
electric fields.

While quantum electrodynamics attempted to fully quantise Maxwell-Dirac
theory, Hans Euler and Werner Heisenberg used a semi-classical approach. By
incorporating the quantisation via operator theory and assuming that the elec-
tromagnetic fields were classical (for more detail, see (the translation of) the

original paper by Euler and Heisenberg [4]), resulting in an effective (one loop)

Lagrangian:
1 > ds 2 2
Ly = —; e e Z(ges)?X — 1
EH {72 0 83 ( (q )

V2
—l—(qes)—cot oS \/X—i—\/X?—i-— coth qe\/ X+\/X2+—

1Since the vast majority of non-perturbative problems in QED appear to be impossible to

solve analytically.
2First found by Schwinger in 1948 [10] and as of 1996 known analytically up to third order

in the fine structure constant ag [11].
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The Euler-Heisenberg Lagrangian describes the phenomenon of vacuum polarisa-
tion, which occurs when the electric field is almost large enough to separate the
virtual electron-positron pairs of the quantum vacuum. Euler-Heisenberg theory
has gained a considerable following and is still studied widely today (for more
details, see Ref. [12]).

To give some comparison of how this theory compares with Born-Infeld theory,

it is interesting to note that the weak-field approximations of the two Lagrangians

are
202 h3 7
Weak fs 2 2
= X =Y 1.
X 1
Weak __ 2 2
LBI = 5—0—@[)( +Y ] (1.8)

Firstly it is clear that while Born-Infeld includes the Maxwell Lagrangian X/2,
the Euler-Heisenberg Lagrangian does not. This is because the Euler-Heisenberg
Lagrangian is an additional contribution to the Maxwell Lagrangian while Born-
Infeld theory is a replacement, which becomes Maxwell theory in the limit b — co.
Secondly, the nonlinear contributions of (1.7) and (1.8) are not the same, so the
theories are distinct (seen via the different Y2 coefficients).

Indeed, it has been suggested [13] that a quantum Born-Infeld theory should
display the effects of Euler-Heisenberg theory, and hence the overall electromag-
netic Lagrangian should be L.g ~ Lg; + Lgy. This has implications for tests of
nonlinear electrodynamics; Ref. [13] has shown that background magnetic field
can be used to test vacuum birefringence, the absence of which only the Born-
Infeld Lagrangian (among regular nonlinear Lagrangians) is known to demon-
strate. The lack of birefringence in Born-Infeld theory is one of the properties
uncovered by Boillat [14] and Plebanski [15], whose study of the theory’s wave
propagation properties contributed to a resurgence of interest in Born-Infeld the-
ory in the 1970s. Their discovery that Born-Infeld theory alone among the class of
(non-singular) Lagrangians L(X,Y) ensured the absence of birefringence meant
that Born-Infeld theory demonstrates exceptional causal properties (single light
cones) and absence of shock waves (see Ref. [16] for more details).

Further interest developed as work in string/M theory showed that the low

energy dynamics of strings and branes share similarities with Born-Infeld theory
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[17], leading to more recent work (see for instance Refs. [18, 19]). This Born-
Infeld Lagrangian motivates the maximum electric field via replacing the Born-
Infeld constant b with « via b = £ in (1.5), where < ~ the string tension (of
unknown value). Hence the scales on which the nonlinearities become significant
are unknown. It is hoped, however, that performing experiments such as the slow
light experiment [1, 20, 21] (using strong magnetic fields in an optical cavity),
or by using the high field strengths of experiments such as at ELI [5], it will be
possible to determine the constant x and confirm that such classical phenomena
play a role alongside corrections expected from quantum effects.

This thesis investigates the uses of extreme fields to test the edges of known
physics, starting with Chapter 3!, which extends the slow light experiment [20, 21]
to explore the properties of Born-Infeld theory relative to a family of similar
nonlinear theories of electromagnetism. This chapter investigates the propagation
of plane waves through regions of constant magnetic fields in order to argue
that the experiment should be modified to have magnetic fields with nonzero
components parallel to the wave’s own magnetic field. Similarly experiments
involving plane waves propagating though regions of constant electric field are
recommended to include a component of electric field parallel to the wave’s own
electric field. The results are then considered in the context of the desirability of a
nonlinear theory to retain properties of Maxwell theory such as electric-magnetic
duality invariance [22].

Chapter 4 then moves to study the energy gained by a charged particle in an
electric field in the context of distinguishing nonlinear electromagnetic theories.
The context chosen for this investigation is that of electron energy gain in max-
imum amplitude plasma waves?; an extension of the work done in Ref. [23]. By
appealing to the stress balance law rather than the field equations method used in
Ref. [23], the electron energy gain in a maximum amplitude plasma wave is shown
to be dependent on only the mass of the particle and the speed of the plasma

wave. Though this appears to be independent of theory, Chapter 3 indicates

LChapter 3 is a more detailed account of the work presented in the publication in EPL, Ref.
[1].
2Note that the maximum field strength here is due to field-matter interaction, not due to

Born-Infeld etc. (see Chapter 4.)
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that this speed will depend on the background field and the theory of electro-
magnetism. Since repeating the calculation for Chapter 3 would require delving
into advanced numerics, this is left for future study and the thesis progresses to
investigate other areas open to analytical approaches.

The final part of this thesis focuses on the effects of spin on a classical charged
particle in an electromagnetic field. Both spin and radiation reaction (the force
on an accelerating charged particle due to its own emitted radiation) are consid-
ered to be small effects [24]. Radiation reaction forces are being considered at
present as the cumulative radiative contributions of accelerated electron bunches
are expected to play a role in future accelerators. The effects of Stern-Gerlach
forces on charged particles in high field situations such as those of maximum
amplitude plasma waves have not, however, received much attention.

Chapter 5 shows a new derivation (via de Rham currents and balance laws)
of the covariant Stern-Gerlach and Thomas-Bargmann-Michel-Telegdi (TBMT)
equations [25, 26] of motion for a relativistic spinning charged particle, and then
proceeds to investigate the motion of charged particles in the electromagnetic
field produced by the maximum amplitude plasma wave discussed in Chapter 4.
By perturbing around a known exact solution trajectory, the perturbative solu-
tions are found to be linearly unstable. Since the particular solution in question
is orthogonal to the motion of the plasma electrons and is unstable, the electrons
following such trajectories could cause undesirable properties in (for instance)
the bunching properties of electrons in laser wakefield accelerators. These tra-
jectories exist only when spin is taken into account and since the electrons are
non-accelerating, the radiation reaction forces are negligible; hence the Stern-

Gerlach forces are shown to be important.



Chapter 2

Introduction to Differential

Geometry

This chapter introduces the mathematical notation and machinery used through-
out this thesis. This chapter is not intended to be a rigorous introduction to
differential geometry and exterior calculus; the intention is simply to establish
the conventions required to follow the calculations in the proceeding chapters.

For a more expansive introduction to the relevant topics, see Refs. [27-31].

2.1 Introduction

Many of the calculations in this thesis are presented in the coordinate-free lan-
guage of differential forms. This chapter will introduce the basic framework and
concepts required to follow these calculations.

Spacetime is modelled as a smooth Lorentzian manifold; that is an n-dimensional
pseudo-Riemannian manifold M on which a metric of signature (1, (n —1)) is de-
fined. The signature of the metric can be thought of as the relative numbers of
negative and positive signs in the metric terms. This requirement on the met-
ric is imposed in order to distinguish the temporal coordinate from the spatial

coordinates.



2.1. Introduction

Coordinates z are sets of maps taking points in M to real numbers. In general
no one coordinate system can cover the entire manifold, though in the case of
Minkowski space this is not so, as is described later.

Vector fields (4-vector fields) are introduced as V' = V0,. Here the Einstein
summation convention is used, summing a from 0 to 3; J, is a basis vector,
pointing in the direction of increasing z*. In general, a set of basis vectors of a
space is called a frame and is written {X,}.

Vectors can be evaluated on scalar functions f and h, and obey the Leibniz

rule:
V(f) = V“gja, (2.1)
V(fh) = fV(h) + AV (). (2:2)

The metric g is a rank 2 tensor that takes two vectors and gives a real number

as an analogue of the standard vector dot product:
g(U, V) = gupU"V". (2.3)

Orthonormal frames satisfy g(X,, Xp) = 7ap, Where

—1 fora=5b=0,
N =< 1 fora=b=1,2,3, (2.4)
0  otherwise.

The metric is nondegenerate, f-linear and symmetric, that is for vectors U, V'

and functions f, h

g(fURV) = fhyg(U, V), (2.5)
g(U,V)=0 forall U then V =0. (2.6)

The metric allows the classification of three kinds of vector field:
e Timelike g(V, V) < 0,
e Spacelike g(V, V) > 0,

e Null (lightlike) g(V, V) = 0.



2.1. Introduction

If two vectors U and V satisfy g(U, V) = 0, they are said to be orthogonal.
The simplest example of a spacetime is Minkowski spacetime; this has one set
of coordinates covering the entire manifold, which are the standard coordinates
{t,z,y,z} with the straightforward metric g, = 1,. On Minkowski spacetime
the natural frame is {0, 0,, 0,,0.}. Special relativity is the study of physics in
Minkowski spacetime; there are no gravitational effects in this theory.
1-form fields take vectors and give real numbers; they are elements of the
dual space, which is a vector space. The object g(V,—) is an example of a 1-
form, called the metric dual of V' and is written V. Every 1-form can be written
as the dual of a vector and vice versa, since the metric is nondegenerate (2.6).
The square of the dual operation is the identity map and allows the definition of
the dual metric g, which acts on two 1-forms «, 3 via
glo.8) = g (a.5).

In inertial Cartesian coordinates {z®} on Minkowski spacetime, g, = 74 and

(2.7)

g = n where [n™] = [nap). Vectors and 1-forms can act upon each other via

aV)=g(@Vv)=3g (a, v) —V(@a). (2.8)

In general for every frame {X,} there is a naturally dual coframe e”, a basis
for 1-forms, where e*(X;) = 0y, where 6; is the Kronecker delta. The coframe
naturally dual to an orthonormal frame is called an orthonormal coframe. With
an orthonormal frame-coframe pair, )7@ = e, where e, = nge’ and so )70 = —¢Y,
X, =e!, Xy = €2, X3 = e3. On Minkowski spacetime, the natural orthonormal
frame is {0, 0., 0y, 0,} with naturally dual orthonormal coframe {dt, dz, dy, dz}.

There are also higher degree forms: the wedge product (also called the exterior
product) A combines two I-forms to make a 2-form; using notation where a(!

indicates a 1-form etc.
a® A 6(1) = w®, (2.9)

For scalar functions f, the wedge product satisfies

aN(Br+P2) =aA B+ aA P (2.10)
aNfB=fanp=flanpB), (2.11)
aM A BV = —gM A o) (2.12)



2.2. The Exterior Derivative, Internal Contraction and Hodge Map

and in particular, oV Ao = 0. Functions (scalar fields) are also called 0-forms,
though 0-forms can also have indices (for instance the components of a vector).
The basis of 2-forms is hence {dz® A dxb, for1<a<nanda<b< n}. For
instance on Minkowski spacetime, the basis of 2-forms can be written {dt A dz,
dt A dy, dt ANdz, de A dy, de A dz, dy A dz}. In order to avoid double counting,

2-forms a'? are written using the summation convention as
1 1
a? = §ozabdxa Adz = §ozabdx“b, (2.13)

where the last notation is used in this thesis when brevity is called for.
Higher degree forms can also be constructed using the wedge product. A p-
form is made by wedging together p 1-forms; the degree of a p-form is p, and

(2.12) is extended to higher degree forms via
a®) A B = (_1)pq5(q) Aa®), (2.14)

where the superscript label on a® simply indicates that « is a p-form, used when
the degree of the form is important. A general p-form is written in terms of the

appropriate basis

p 1-forms
w _ 1 o > _ 1 ab
al) =—a, pdr*A...dx" = —a, pdz. (2.15)
pl L2 p!

p indices
Note that due to the properties of the wedge product, an n-dimensional manifold
can only support forms of degree n or less. Forms of degree n on an n-dimensional
manifold are called top forms. Attempting to wedge a non-zero form to a top form
returns zero. For instance Minkowski spacetime can support 0-forms to 4-forms,

but not p-forms with p > 4.

2.2 The Exterior Derivative, Internal Contrac-

tion and Hodge Map

The exterior derivative d increases the degree of a form by one. On 0-forms f, d

acts via
_of
- Oxo

df dz®. (2.16)
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2.2. The Exterior Derivative, Internal Contraction and Hodge Map

The exterior derivative acts in general on a wedge product of a p-form a® and

any form S via
d(a® A B) = (da'P) A B+ (=1)Pa® A (dB). (2.17)

In particular, d> = 0. Any form which satisfies daw = 0 is called a closed form,
and applying d to a top form a™ results in da™ = 0.

The internal contraction operator iy reduces the degree of a form by 1 via
contraction on vector V. As should be expected, applying the internal contraction

to a 0-form gives 0. Applying iy to a 1-form « gives the contraction;
iva =V, (2.18)
and the internal contraction operator commutes with the wedge product via
iv (@@ A B) =iya® A B+ (=1)Pal?) Ay, (2.19)

where [ is of arbitrary degree. Hence iy, can be applied to any form. The internal

contraction obeys

ivaé = fika, (220)

iUivOé = —iviUOé, (221)
and the wedge product and internal contraction satisfy the identity
e Niy,a® = paP). (2.22)

The Hodge operator * maps p-forms to (n — p)-forms on n-dimensional man-

ifolds; it is distributive and obeys
w(fa) = fxa, (2.23)

for O-forms f. Applying the Hodge map twice to a p-form on an n-dimensional

manifold gives

xxa® = (_1)p(nfp)ma(p)’ (2.24)
|det(gas)|

11



2.2. The Exterior Derivative, Internal Contraction and Hodge Map

and in particular on Minkowski spacetime,

[ a  for deg(a) odd,
= { —a  for deg(a) even, (2.25)

so that = is almost self-inverse.
The object 1 is a special top form on a manifold as it defines the orientation
of the manifold. The object x1 is called the volume form, and for orthonormal

coframe {e}, it can be written
*xl=e A€ (2.26)
which on Minkowski spacetime with the natural orthonormal frame is simply
*1=dt Ndx Ndy N dz. (2.27)
The Hodge map is defined on p-forms inductively via

p=0: xf=/f=*1 (2.28)
p=1: xa=x(1Na)=1iz*1. (2.29)

Using the Hodge map, the dot product may be generalised to forms of equal degree

via
a- B =%t anxp), (2.30)

though it is sometimes helpful to use the component notation

1

o®) . 3P — Ham--npgmmnp‘ (2.31)

Note that for 1-forms, this can be rewritten as the more convenient metric product

a-B=+anxp) =iz =g(a,3) = a"B,. (2.32)

Two helpful identities involving the Hodge map x are
*(iya®) = (=1)P*'V A xa®), (2.33)
a®) A xBP) = g0 A 4P (2.34)

where the latter is known as the star-pivot.

12
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2.3 Differentiation on Manifolds: Lie Deriva-

tives and Connections
The Lie derivative £y, with respect to vector V' acts on vector U via
(LvU) f=VUf)=UVf), (2.35)

for some O-form f. The Lie derivative can be applied to differential forms « via
the Cartan identity

Lvoé = divOz + ideé, (236)
in particular on O-forms f
Lyf=iydf =Vf. (2.37)

A clear consequence of (2.36) is that the exterior derivative d commutes with the
Lie derivative: dLy = Lyvd.
The Lie derivative obeys

Ly (U +W) = LyU+ LyW, (2.38)
Lo (fU) = (Lv U + FLu T, (2.39)

and commutes with contractions via
LviUOé = iULVa -+ ’iLVUOé, (240)

for any p-form «. In particular, the Lie derivative acts on wedge and tensor

products by a Leibniz rule:

Ly(T®S)=(LyT)®S+T® (LyS), (2.41)
Lv<a A B) = (Lvoé) A B +aA (,Cvﬁ) (242)

For example the Lie derivative can be applied to a metric product:

Ly (g(UW)) = (Lyg)(U,W) + g(LyU, W) + g(U, Ly W). (2.43)

13



2.3. Differentiation on Manifolds: Lie Derivatives and Connections

Equation (2.43) also allows the definition of a Killing vector K:
Lxg=0. (2.44)

Killing vectors preserve the metric and indicate symmetries; each Killing vector
corresponds to a symmetry of the spacetime. In Minkowski spacetime for in-
stance, the Killing vectors {0}, 0, 0, 0, } (translations) correspond to energy and
momentum conservation respectively, while {z0, —y0,, y0, — 20,, ©0, — 20, } (ro-
tations) correspond to angular momentum conservation and {z0; +t0,, y0; +t0,,
20; + t0.} (boosts) correspond to another conserved quantity!. Killing vectors
also have the property that £xx = xL.

Connections Vy, allow differentiation along prescribed vector field V. There
are different kinds of connection and each one encodes information as to how the
vector being acted on is transported along the vector V'; whether it is rotated or
not for instance.

Connections are distributive in both arguments as well as obeying
Vu(fV) = Vu(f)V + fVu(V), (2.45)
Vio(V) = fVu(V), (2.46)

for O-forms f and vectors U and V' where

Vu(f)=Uf, (2.47)

and hence Vi f = Ly f.
The Levi-Civita connection is a particular kind of connection; for a prescribed
metric the Levi-Civita connection is uniquely defined as the only connection sat-

isfying metric compatibility and is torsion-free. In other words, V satisfies

VoV = VU =UV = VU = LV, (2.49)

!Since in relativistic mechanics two different observers may not agree on which is a Lorentz
boost and which is a rotation, the conserved quantity for both of these together is sometimes
considered to be conservation of 4-angular momentum, just as the translational Killing vectors
give conservation of energy and 3-momentum, hence 4-momentum. The quantity conserved in

a given frame by boosts is sometimes called “centre of energy” or “centre of momentum”.

14



2.4. The Tangent to a Curve

for all vectors U, V, W. Metric compatible connections preserve information about
lengths and angles under transport, while torsion induces additional rotation.
Metric compatible connections such as the Levi-Civita connection also commute
with the Hodge map, that is xVy = Vy*, since the Hodge map * depends only
on the metric.
On Minkowski spacetime, with the rectilinear inertial frame {9, } and coframe
{dz"}, the connection is defined on vectors U = U0, and 1-forms a = «a,dx* by
VyU =V (U%)0,, (2.50)
Vya =V(a,)dz?, (2.51)

and in particular Vydz® = 0. The connection commutes with contractions via
Vyipa =iyVya +iy,va, (2.52)
and the connection can be applied to wedge products via
Vv(aAB)=(Vva)AB+aA(Vyp). (2.53)

A parallel vector U satisfies Vi,U = 0 for all V', and hence iy Vy = Vyiy.

The Levi-Civita connection allows Killing’s equation to be written
9(U,VvK) +g(V,VyK) =0, (2.54)

for all vectors U and V; this is equivalent to (2.44), seen via (2.49) and (2.48).

2.4 The Tangent to a Curve

Curves C' in spacetime are used to denote (for instance) trajectories of particles.
At each point on the curve C(7) there is a tangent vector C(7) defined, where 7
is the curve parameter. In coordinate system {z} this can be written

Ci(r) = ac* o

. 2.55
dr 0x° c) ( )

As with the vector fields above, the metric can be used to classify curves. All

massive particle trajectories are timelike and have g(C’ , C) < 0 for all 7. Particles

15



2.4. The Tangent to a Curve

travelling at the speed of light have trajectories satisfying g(C , C’) = 0. Curves
satisfying g(C’, C) > 0 would represent particles travelling faster than the speed
of light and hence are non-physical trajectories.

A curve C' is an integral curve of a vector field V if at each point p on C,
C| = V,, as Figure 2.1 illustrates.

pIn order to model physical trajectories C' on differential manifolds, the nor-

malisation condition

is imposed in order to maintain the length of the time-like 4-vector C. For such
a normalisation, the curve parameter 7 is called the proper time.

Note that since the magnitude of C' is constant, the 4-acceleration ', which
on flat spacetime with global Lorentzian coordinates is given by

d . d*’C* 9
- EC T dr? 9xe

C : (2.57)

C(r)
must be orthogonal to the velocity C' since:
d . . .od .
—C,C|=—g|C,—C| =0 2.58
g (dT Y > g ( 7d7_ > Y ( )

and since the metric is symmetric. Note that for O-forms f, the connection V4

acts as a simple derivative along the curve via

Vef =Cf = %f. (2.59)

Metric compatible connections like the Levi-Civita connection also satisfy the

identity
ViV =ivdV, (2.60)

for normalised V', i.e. g(V, V) is constant.
Given any vector V, the parallel and orthogonal projection operators H'J/ and

IT{5 can be defined on 1-form o) as follows;

la® = —aMW)V, (2.61)
IHa® = a® — 11l oW, (2.62)

16



2.5. Integration

Figure 2.1: Illustration of C' (blue curve), an integral curve of a field represented

by a field of black arrows on manifold M.

Clearly the parallel projection operator H|‘|/ projects out the components of «
perpendicular to ‘7, whereas the orthogonal projection operator II{; projects out

the parallel part. In component notation these are given by
(H'J,) — _Vey, (2.63)
b

()", =, — (1) . (2.64)

2.5 Integration

On an n-dimensional manifold M with coordinate system z?, an n-form (top

form) o = fdax' A ... A dx™ can be integrated via

/Ma:/MfdxlA...Adx” (2.65)
:/.../f(xl...x")da:l...dx”. (2.66)

17



2.6. De Rham Currents

From here it is clear why %1 is known as the volume form; it is also important to
specify the volume form since, for instance with global Lorentzian coordinates,
the distinction between dt A dx A dy A dz and dx A dt A dy A dz is an overall sign
with regards to orientation of the volume. One of the most powerful results in

exterior differential calculus is the generalised Stokes’ theorem on (n — 1)-forms

/Mda:/aMa, (2.67)

where OM is the boundary of M. The generalised Stokes’ theorem (2.67) contains

both the usual Gauss’ divergence theorem and the usual Stokes’ theorem.

a

An example of integrating a form is as follows. Consider integrating a 1-form

a over a curve C(7) on the manifold; in this case the integral can be written

/C a= /O 1 (igax) dr, (2.68)

where the endpoints of the curve are z* = C*(t = 0) and 2% = C%(T = 1).

2.6 De Rham Currents

De Rham currents are a class of linear functional; they act on functions and
return numbers. De Rham currents act on test forms, which are differential
forms that are both smooth (infinitely differentiable) and have compact support
on the manifold in question'. Test functions are denoted f and test p-forms are
denoted ¢, There are two kinds of de Rham current: regular distributions and
submanifold distributions.

Regular distributions are associated with differential forms as follows: given

a smooth p-form o and a test form @@ the distribution ap associated with « is

5D ifg=n—
o1 SN if g=n—p,
aplp ]—{ 0 gt p (2.69)

where n is the dimension of the manifold M. Here ap has degree n — p.

!Functions with compact support are zero outside some finite region; hence at the bound-

aries of the manifold test functions must be zero.
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Submanifold distributions are also useful in physics; in particular on a space-

time manifold, the 3-current Cp acts on the test 1-form ¢ via

Cplept] = / P, (2.70)
C

All de Rham currents Tp satisfy the following identities

dTp[p] = —(=1)"Tpld¢], (2.71)

leading to the properties
ivTp[¢] = —(=1)PTplivel, (2.73)
(xTp)[@g] = (1" PTplxp], (2.74)

where p is the degree of T and n is the dimension of the manifold. For subman-

ifold distributions, there is one more property seen from (2.71):
Cpldd] = 0Cpl], (2.75)

where C' represents a curve over the the manifold.

2.7 Physics on Differential Manifolds

Physics uses the language of differential forms in order to represent quantities
such as the electromagnetic 2-form (also called the Faraday 2-form) F'. Given an

observer (', this 2-form can be written
F=EANC+x(BAC), (2.76)

where E is the 1-form F = E,dx+ E,dy+ E.dz, where the components F,, I, E,
are the components of the electric field 3-vector in the frame of the observer with
worldline C' (likewise for magnetic field B). E and B, the 1-forms representing
the electric and magnetic fields measured by the observer, are defined uniquely

in terms of I via

E= iC',F, B = —ic * F. (277)

19



2.7. Physics on Differential Manifolds

For instance in Minkowski spacetime in the lab frame i.e. C' = 9, F is written

F=FE,dt Ndx + E,dt Ndy + E.dt A\ dz
— Bydy AN dz — Bydz A\ dx — B,dx A dy. (2.78)

In order to manifestly satisfy the Maxwell equation dF' = 0, the Faraday 2-form
can be written as an exact form F' = dA, where A is the electromagnetic potential
1-form, related to the traditional electric and magnetic potentials ® and A via
A= (@, fT).

The electromagnetic invariants X and Y can also be written concisely in terms

of F', via

*(F AF), (2.79)

X
Y=x(FAF), (2.80)
which upon computation gives the standard results (1.1) and (1.2).

The stress-energy-momentum tensor (also simply called the stress tensor) T is
a rank 2 tensor containing information about energy density, momentum density
and stress of any event as measured by any observer in spacetime.

The stress-energy-momentum forms T, (also simply called the stress forms)

are related to the stress tensor via

T, = +(T(—, X,)). (2.81)
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Chapter 3

Properties of Born-Infeld-like
Theories in Strong Fields

3.1 Introduction

As mentioned in Chapter 1, Born-Infeld theory has been the focus of some inter-
est in recent years [13, 20, 21, 23, 32, 33] due to its uncommonly good physical
properties [14, 15] and the fact that string theory predicts Born-Infeld electro-
magnetism as an effective Lagrangian for low energy branes [17]. String theory
also, however, motivates a larger family of possible Lagrangians and this thesis

conjectures that “Born-Infeld-like” Lagrangians of the form
L=3(X +AY?), (3.1)

may be relevant, where F is a smooth function, X and Y are the electromagnetic
invariants (1.1) and (1.2) and A is a parameter of the theory. Hence it would be
desirable to know whether Born-Infeld theory can be set apart from the other
members of its family, (3.1), by some physical experiment.

It is already well known that when passing through a region of background
electromagnetic field, the speed of an electromagnetic wave changes in nonlinear
electrodynamics [14, 15, 20, 21]. In particular, Ref. [20] (and [21]) showed that in
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3.2. Born-Infeld Waves as Exact Solutions to the Field Equations

a constant magnetic field on flat spacetime, the phase speed of a plane Born-Infeld

1—rK2B?
=\ 1T e (3:2)

where k is the Born-Infeld constant, By, is the longitudinal component of the

wave is given by

background magnetic field and B? is the modulus squared of the background
field. Similarly for a background electric field, they showed that the phase speed

of an EM wave is

v=1/1-K2(E2 ~ ER). (3.3)

Since the Born-Infeld constant  (~ (string tension) ™) is a parameter of unknown
size, a measurement of a slow Born-Infeld wave could not only validate Born-Infeld
theory as the successor to Maxwell theory, but also help to pin down an elusive
unknown of string theory.

In this chapter the exact Born-Infeld solutions and slow light experiment of
Refs. [20, 21] are extended to investigate the properties of Born-Infeld theory
relative to its family (3.1) of similar theories. After studying various field con-
figurations, it is concluded that a more general configuration of electromagnetic
field than the slow light experiment proposed by Ref. [21] would provide a more
effective theory discriminant.

The work presented in Section 3.3 has been published in EPL - see [1].

3.2 Born-Infeld Waves as Exact Solutions to the

Field Equations

Firstly it is demonstrative to show that the Born-Infeld plane wave introduced
in [20, 21] is indeed a solution to the field equations. The vacuum Born-Infeld

equations are

dF =0, (3.4)
d * GBI = O, (35)

22



3.2. Born-Infeld Waves as Exact Solutions to the Field Equations

where F' is the electromagnetic 2-form and Gpj is the excitation 2-form given by

1 2y
G = <F - KT " F) , (3.6)
V1-R2X — 5y

since the Born-Infeld Lagrangian can be written

1 ) K,

As described in Chapter 2, the electromagnetic invariants X and Y can be

written in terms of the Faraday 2-form F:

X =*(F AxF), (2.79 revisited)
Y =%x(FAF). (2.80 revisited)

The exact Born-Infeld wave solution given in [21], an electromagnetic plane wave
propagating at constant speed v through a constant magnetic field B in flat

spacetime, is given by
F =E&(z —vt) (dz —vdt) ANdx — Bdy N dz. (3.8)

Now to show that this F' solves the field equations (3.4) and (3.5); the former is
satisfied automatically by lieu of the dependence of € on z — vt alone. The latter
equation is not so trivial.

The electromagnetic invariants for the Born-Infeld wave (3.8) are given by

X =8&0*-1)- B (3.9)
Y = —-2B¢&w. (3.10)
As % x F' = —F on Minkowski spacetime, xGg; can be written
1 2y

V1-R2X — 5y
Using the abbreviated notation dz® = dx® A da®, where dz° = dt, dx' = dux,
dz? = dy and d2® = dz, X, Y and F are substituted into *Gg;, resulting in
B[v?k%E% — 1] da® + Eda™ + k? Bve?dz' + &uv [1 + k?*B? dz®
VI + K2B2] + k282 (1 — v2[1 + Kk2B?))

*Gp = . (3.12)

23
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Since a solution of the Born-Infeld equation d x Gg; = 0 is sought, in order to
proceed a velocity v is chosen such that square root divisor is simply a constant.
Choosing to set the coefficient of €2 in the denominator equal to zero results in

the choice of phase velocity given in [21], i.e. v = leading to

1
Vitr2B?
1
VI + K2B2] 4+ k282 (1 — v2[1 + Kk2B?))

= . (3.13)

Thus *Ggy becomes
*Gpr = v (B [v*k°€* — 1] dz” + €da™ + k*Bv€?dz'® + Ev™'dz™) . (3.14)

Applying the exterior derivative d and noting that the only non-constant param-
eter is € = &(z — vt),

dxGpr = dE N [dZBQS + vdx? + (2&231}28) (dx13 + vd:vmﬂ . (3.15)
Now to consider d€ = d&(z — vt);

dE(z —vt) = 0,&(z — vt)dt + 0.E(z — vt)dz
= &' (da® — vda?) , (3.16)
where & = %(;) and £ = z — vt. Substituting this into (3.15), it is clear (due
to the fact that dz’ A dz' = 0) that (3.5) is satisfied. Hence the solution F =
E(z—wt) (dz — vdt) Ndx — Bdy A\ dz corresponding to a plane Born-Infeld wave in
a constant magnetic field B is indeed a solution to the field equations given that

the wave travels with constant velocity v = (1 + /{232)_%, confirming the prior

work of Refs. [20, 21].

3.3 Solving the Field Equations with Constant

Background Magnetic Fields

Having shown that the Born-Infeld plane wave is a solution to the Born-Infeld
field equations, a reasonable question to ask is the following: is Born-Infeld the

only theory whose nonlinear field equations possess exact plane wave solutions?
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The general electromagnetic field equations are

dF =0, (3.17)
dxG =0, (3.18)
where G is given by
oL oL
and
L=L(X,)Y) (3.20)

is the electromagnetic Lagrangian of the theory in question. The electromag-
netic Lagrangian is assumed to be dependent only on the electromagnetic field
invariants, X and Y, defined by (2.79) and (2.80).

3.3.1 Background Magnetic Field Parallel to the Wave’s
Electric Field

Firstly, consider the electromagnetic plane wave propagating at constant speed v
through a constant magnetic field B, oriented so as to be parallel to the wave’s
electric field (in this instance in the z-direction). Then F', X and Y remain as in

the previous section, i.e.

F =¢&(z —vt) (dz — vdt) AN dx — Bdy A dz, (3.21)
X=&(w-1)-5B, (3.22)
Y = —2Béw. (3.23)

Since using (3.21), (3.22) and (3.23) clearly restricts solutions to a subspace of
X and Y, it is prudent to use different notation to denote the restricted and

unrestricted Lagrangians. Hence the notation L for free Lagrangians and

L= Lix_g2(2-1)_p2 (3.24)
Y=—2B¢&v

and so on for the restrictions of L and its derivatives. The aim of this section is to

use the field equations in order to arrive at a partial differential equation (P.D.E.)
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3.3. Solving the Field Equations with Constant Background Magnetic Fields

for the Lagrangian L exclusively in terms of the electromagnetic invariants X and
Y and to solve the resulting P.D.E. for a theory of nonlinear electromagnetism.

Substituting F', xF" and d* F' into ld*G using abbreviated notation as before;

1 L& I oL oL
5d*G = oL 8d023 (Bda——vada—>/\dx01+eda—wx02

X ~? 0X oY 0X
oL 13 oL oL 93
Noting that g—f{ is a 0-form, then applying the exterior derivative d results in
8L oL «
0 e =0, a—Xd (3.26)

As L = L(X,Y), use of the chain rule results in
oL ( 0?L X 0*L 9Y ) “
= dx

d (3.27)

ax ~ \ox2az " 9X0Y 02
Thus in order to write the derivatives in the field equation (3.25) in terms of X
and Y alone, the derivatives 0, X and 0,Y are needed. As both X andY depend

only on the variable quantlty € = &(z — wt), it can immediately be seen that
aX 8Y 8X 8Y—O Noting that v =

is the Lorentz factor of

\/—71;2

the wave, the remaining derivatives are

— 2

0, Xdx® = ——g@ac‘ldaja, (3.28)

Y

8,Y da® = —20B0,Edx", (3.29)

leaving the € derivative
0,€dx" = 0,Edt + 0,Edz
= —v&'dt + &'dz = &'(dz — vdt). (3.30)

Combining this with (3.28) and (3.29) and inserting into (3.27) (and similarly for
the Y derivatives),

oL 3 82L 2L
d—aX = —2& ( 2 %2 B@X@Y) (dz — vdt), (3.31)
oL ., (& PL 52L
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3.3. Solving the Field Equations with Constant Background Magnetic Fields

Hence inserting (3.31) and (3.32) into (3.25) simplifies 5d x G to

L e d FL
§d*G—2BS (?GXQ—HJB@X@Y) dz

e (L 28 L 52
S92 T8 g9 h y pe 4. (3.
T (ax 2ox: VP gy T axay) T (3.33)

Hence the field equations are satisfied if two conditions are satisfied: assuming
B #0, & # 0 and v # ¢, the first condition (from the dz"** component of (3.33))

1S

802/2+ 5 L
2ox2 T "Caxay

0, (3.34)

and the second (from the dz"?* component of (3.33)) is

oL 28 L L L

— = — 20°B*y*—— — 4vB¢& = 0. 3.35

ax  ~zox: 0P T oy T M"Ptaxay (3:35)
The field equations are still not yet written in terms of X and Y alone, hence
the substitution & = —% is used to reduce these equations functions of (and

derivatives with respect to) X and Y. Making the assumption that this result can
be extended outside the solution subspace given by (3.24), the hats are removed.
Hence (3.34) and (3.35) become two conditions that the Lagrangian must meet

in order to satisfy the nonlinear field equations. These condition are:

0?L 0?L
Y —2?B*? ——— =0 3.36
ox2 U7 oxay T (3.36)
oL Y 0°L 0?L 0?L
— —— — 20°B%*y? 2Y = 0. 3.37
ox TuByox: VP v T oxay (3:37)
Integrating (3.36) with respect to X gives
oL oL
Y —— —20°B*y— =F(Y :

where F;(Y) is some (unknown) function of Y. Assuming that this is an integrable

function, with %Xﬂy) = F,(Y), this equation can be written
1
Iy (L —F(Y)) — 232—WY<9X (L —F3(Y)) =0, (3.39)
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3.3. Solving the Field Equations with Constant Background Magnetic Fields

and, by inspection, this is solved by
V2
L—-FY)=5; (X + m) . (3.40)
Inputting this solution into (3.37) restricts Fy further to a linear function of Y,
hence plane waves (3.21) solve the field equations of Lagrangians of the form
V2
L=0C+CY + T3 (X + m) ; (3.41)
where m is a constant, as are the (integration) constants C; and Cs.
Notice that this class of solutions contains the Born-Infeld field system (choos-

ing v = \/ﬁ as before), and the Maxwellian system in the limit that the

1
4321)272

of these cases also require €; and C3 to be zero. As Y x1 = —F A F is a closed

constant becomes zero; i.e. kK — 0 or v — 1 (7 — 00) as expected. Both
form, the CoY term in fact does not contribute to the Maxwell action regardless
of the value of Cs.

Hence, given the assumption that the solutions of equations (3.34) and (3.35)
on the (X,Y’) subspace described by (3.22) and (3.23) are also valid outside this
(X,Y) subset, it follows that all Lagrangians of the form

L=0C+CY + T3 (X +\V?), (3.42)

where ) is a constant of the theory, satisfy the field equations for the wave (3.21),
\/ﬁ. In other words all Born-Infeld-like theories, that
is theories with Lagrangians of the form (3.1), support the plane wave solution
(3.21).

It is important to note that this is not a complete set of all possible theories

with phase speed v =

to which (3.21) is an exact solution; there could be terms in the family (3.42)
which are zero when X and Y are given by (3.22) and (3.23) but are non-zero

outside this solution subspace.

3.3.2 Background Magnetic Field Orthogonal to the Wave’s
Magnetic Field with Transverse Electric Component

Now it is natural to ask if the result of the previous section remains true if the

magnetic field is extended to include a component parallel to the wave vector. In
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3.3. Solving the Field Equations with Constant Background Magnetic Fields

order to include this component of the magnetic field, it is necessary to include

an extra longitudinal electric field component:

F =¢&(z—wt)(dz —vdt) Ndx — B,dy N dz — B,dx A\ dy

+ 0 E(z — vt)dt A dz, (3.43)

where (; is a real constant. This extra term is present to allow for some interac-
tion of the wave with the background field as in Ref. [20]. As before, the first field
equation dF = 0 is automatically satisfied, leaving only the second field equation
to satisfy. By the definition of the excitation 2-form (3.19), the field equation

(3.18) becomes (on substitution of the 2-form (3.43))
1
3% G = — (B,OxL+ Evdy L) dt A dx + Ox LEdt A dy

— Oy L&dx Ndz+ (EvOx L — B,Oy L) dy A dz. (3.44)
Proceeding as before, the electromagnetic invariants in this case are

X=(Q—1?)&—(B2+ B2, (3.45)

Y =28 (B, —vB,), (3.46)

and as in the previous section, the restricted and unrestricted Lagrangians are
denoted by L and L respectively (but using (3.45) and (3.46) as the subspace

restriction). Substituting (3.45) and (3.46) into (3.44) and applying xd results
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3.3. Solving the Field Equations with Constant Background Magnetic Fields

the 1-form *xd x G:

P 71
&L
2 o —
HAE(B.(298 = 77%) = 0B, )5 |
8L 2.-2/0)2 -2 L L
B.., _ o 1. L
+8€E < 5 Dy 4+ uvB.(v "+ 291)) XY dx
' 9L 2L
| 2 -2 o _
+ & |-4B,E (9 — v )aX2 4B, (B: — vBs) 5ooer | dy
el oL ., 2L 02
FAE(BL(202 — 472) — uB, ) 7L dz. (3.47)
A5 e oxay ‘

In order to satisfy the field equation (3.18) (equivalently xdx G = 0), each of the
components of (3.47) must independently be equal to zero. Since the dt and dz
coeflicients are multiples of each other, this results in three independent equations

(again assuming &’ # 0):

—

oL 0L 2L
O —— +20,E%(QF — 42 2B.( B, —vB
iy FENE (N =) g 2B (B —v )aw
+2€(B.(293 —772) —vB,Q )82—L =0 (3.48)
e TVoxoy ‘
8L 0L 82L
283y 2(QF — 4~ 20B, (B, — vB
Tax (5 =7 gz + 208 (. —v Doy
B. 72 5 1, 2L B
4€ < 5 My +ovB,(y "+ 291)) XY 0, (3.49)
oL oL
2 -2 _ ok
B.& (9] —v )8X2 + B, (0 B. —vB,) axay = (3.50)
Since these equations still contain explicit € dependence, the substitution
Y
€= (3.51)

2 (B, — vB,)
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3.3. Solving the Field Equations with Constant Background Magnetic Fields

is made! with the assumption as before to extend outside the solution subspace
given by (3.45) and (3.46), resulting in the (final) P.D.E.s to solve:

oL 0 (02 —~72) 92L 02L
M= +Y? 1 2B.({4 B, —vB:) 5
ax T3 (4B, — vB,)? 0X2 2B B —vBe) s
(B.(20F —~v7%) —vB,) *L

Y 0B By axav - 692
0L (2 —~72)  92L 02L
2 4+Y? 1 20B, (1B, —vB,)——s
T ox Tt 292 (4 B, — vB,)” 0X? 205 (hB; —v I)aw

(B. Oy 2 +vB,(2y 2+ 03)) 9L
e = :
(Qle — UBx) 0XoY 0 <3 53)
Q2 —72) &L 9L
5 (Qle _ UBI) X2 + Ba: (Qle - va)

B.Y

Txoy =0 (359

The simplest approach to solving this system of equations is via (3.54): assuming

B, # 0 and integrating once with respect to X gives

2 A2
@97 OL (uB. —vB,) oL _ F,(Y), (3.55)

Y
2(B, — vB,) 0X Y

for some function &F;. This is clearly an analogue of (3.38), and the equation is

solved to give

L=F(Y)+5 (X 4 (4@?; :igm)z) Y2> . (3.56)

Inserting this into the other two components of xdx G (3.52) and (3.53) restricts

the family of Lagrangians to

L=0C1+CY +F; (X +AY?), (3.57)
B
ith O = —— .
wi 1= (3.58)
where
1+ 4\B?
2 +2AD; (3.59)

T IraNB B

Tt is also possible to replace the £2 terms with an X-like term, resulting in different P.D.E.s.

The above substitution is made for simplicity.
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3.3. Solving the Field Equations with Constant Background Magnetic Fields

Notice that if A\ = %2 = 4z, where £ = 1/b is the Born-Infeld constant, then
condition (3.59) agrees with equation (17) & (18) of Ref. [20].

By using the polar decomposition B, = Bsinf and B, = B cos for the angle
6 between the wavevector and the magnetic field, (3.58) and (3.59) become

cot 0 4\B?sin? 0
O = d v¥*=1--"F""——"— 3.60
P Y 1+ 4232 (3.60)

so it is clear that the background field has maximum effect on the wave when

0=7Z ie B,=Q; =0, and v2 = —L_ as before.
2 z 1 ) 1+4)B2

3.3.3 Background Magnetic Field in an Arbitrary Direc-
tion

Performing a similar calculation with all three components of the magnetic field
active proves to be much more difficult. Indeed no simple F' can be written such
that a family of Lagrangians can be derived from the field equations. However
Ref. [20] shows that a wave of the form

F = &(z —ovt) (dz — vdt) Ndx — Bydy N dz — Bydz A dx — B,dx A\ dy
+ Q&(z — vt)dt A dz, (3.61)

where s is a coupling constant, satisfies the Born-Infeld field equations (the
general field equations (3.17) and (3.18) with L = Lg;) with the constants

B.B
0, — i 3.62
2 vy?2 (Bg + BS) ( )
) | — 4B

and v (3.63)

T 144N (B2 B2+ BY)

In fact using these constants and a Lagrangian of the form found previously, i.e.
L =3F(X +\Y?) with A = £,

2
L=9F <X + %W) , (3.64)
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3.4. Solving the Field Equations with Constant Background Electric Fields

the dt and dz components of xd x G are zero immediately and the dr and dy
components are actually multiples of each other. The resulting condition on
(3.64) is then

(B + B} —7*B,¢)’
B? + By?

I'i2 I{2
2 <X + ZW) +2 g (X + ZYZ> =0. (3.65)

Now parametrising the argument of the function as A = X + %QYZ, then inserting

X and Y explicitly, € can be written in terms of A;

B B \[(B+ BB+ BY) — v (B2 + 0)

&= 78, (3.66)
Substituting either solution into the differential equation gives
—F () +2[v** (B + B)) — B2 — A] " (A) = 0, (3.67)
ie.  F(N) - % (1—&*A)F"(A) =0. (3.68)
The solution to this equation is simply
L=9A)=C + %m (3.69)
and choosing C = ﬁ and Cy = —%, the Born-Infeld Lagrangian emerges'. Hence

the Born-Infeld Lagrangian does indeed satisfy the field equations for a wave of the
form (3.61), and is the only Lagrangian of the form (3.64) whose field equations
are solved by the wave (3.61) with the constants (3.62) and (3.63).

3.4 Solving the Field Equations with Constant
Background Electric Fields

3.4.1 Background Electric Field Parallel to the Wave’s
Magnetic Field

Having considered a nonlinear wave in a constant magnetic field, it is natural to

ask if the presence of a constant background electric field instead of a magnetic

!For a more detailed method, see Section 3.4.3 for an in-depth analogous calculation.
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3.4. Solving the Field Equations with Constant Background Electric Fields

field! makes a difference to which theories have exact plane wave solutions that
satisfy the field equations (3.17) and (3.18). Hence using the same wave profile
as in the previous sections but using a constant electric field E,, the appropriate
Fis

F =& (dz —vdt) Ndx + E,dt A dy, (3.70)
with invariants
2 —202
XzEy—7 &, (3.71)
Y = -2E,¢E. (3.72)
As in the previous section, the four components of xd x G are written in terms
of X and Y by substituting the € terms for Y via (in this instance) & = —%.

The notation L is again used to show the restriction to the subspace where X
and Y are given by (3.71) and (3.72). Since the dt and dz components of xd x G

are zero, all that remains is

1 [ 1 0oL 2L 2L 0L
dxG = — 2 —4Y IV ER—— —2-_1|d
MrG= me ok Yavax T gy 8X] !
2L 52L
=2 2
+ 20 |—v Y8X2 +2E, <8Y8X>] dy. (3.73)

Field equation (3.17) is satisfied automatically once again, and field equation
(3.18) implies that the two coefficients in (3.73) must also be zero. Integration of
the dy component, with the same previous assumption of extension beyond the

subspace given by (3.71) and (3.72), gives

1 2
L=F(Y)+ % (X + 472E§Y ) , (3.74)

for smooth functions F; and Fs. Insertion into the equation corresponding to the

dx component restricts 7 gives the resultant Lagrangian as

L=0Ci+CY +%F (X+AY?), (3.75)

INote that it is not possible to use a duality transform to adapt the B-field case into the
constant F-field case. The duality transform entangles the varying € into all of the components,

so that constant components are impossible.
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3.4. Solving the Field Equations with Constant Background Electric Fields

where \ = in analogue to (3.42), or equivalently

2E27
v} =1—4)E}. (3.76)

Hence the larger the electric field parallel to the electromagnetic wave’s magnetic

component, the lower the phase speed of the wave.

3.4.2 Background Electric Field Orthogonal to the Wave’s
Electric Field with Transverse Electric Component

Extending the background F field to the y — z plane, F' is of the form
F =& (dz —vdt) Ndx + E,dt AN dy + E.dt N dz 4+ Q3Edt A dz, (3.77)

with constant €23 and invariants

X =E} +E+2E.Q38 + (05 —77%) €%, (3.78)
Y = —2E,€. (3.79)
Yy

Upon substituting & = —5 35, and as before extending beyond the subspace where
X and Y are given by (3.78) and (3.79), the field equations can be studied.
Consulting d+xG = 0, one of the four components is zero and the three remaining
linearly independent equations, corresponding to the dx, dy and dz components

of xd x G, are (assuming v # 0,&" # 0)

oL . 1 _ 0L 9’L
o a_X 2E2 (2E L Q3 (932 -7 2) Y) YaxQ 4Ey2ay2
_ 0L
—2(2E,E.Q3 — (95 —277%)Y) vax ~
(3.80)
_ 0L 0L
—2v (2E,E.Q3 — (2° +777)Y) X + E; vaox ~
(3.81)
oL _ 0L
—20E Q3 —— e E2 (2E,E. + YY) (2E,E.Q3 — (2° —772)Y) Ee
0L
+20 (2B, E. + QY) 5o = 0
(3.82)
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3.4. Solving the Field Equations with Constant Background Electric Fields

Integration of (3.81), the dy component of xd x G, results in

FE 02— ~72
L=7,(Y X+ =2Qy — 32 ' y? .
Fi( )+£¥2( +Ey 3 1B > (3.83)

for smooth functions F; and F,. As before, insertion into the equation corre-
sponding to the dx component restricts Fy, leading to the condition 23 = 0 and

a linear 7y, i.e.

L=0C+CY +F (X +AY?), (3.84)

Q%—’y*2
AE?

where A = — or equivalently

v’ =1—4\E}, (3.85)

identical to (3.76). Interestingly, note the lack of £, dependence here; no matter
the strength of the electric field parallel to the direction of propagation of the

wave, the speed of the wave is unchanged.

3.4.3 Background Electric Field in an Arbitrary Direction

Extending the background electric field to an arbitrary direction relative to the

wave, i.e. using the electromagnetic 2-form

F =& (dz —vdt) Ndx + E,dt Ndx + E,dt Ndy + E.dt \dz
+ Q€ (dt Ndz), (3.86)

as before, again results in difficulties. There is no simple dy component of xd x G
as in the previous cases, and hence there is no obvious way to proceed analytically.
Using Maple software it is possible to show that the three linearly independent

components of xd x G give the three solutions

E 1
Li=F [ X —0v=Y Y? 3.87
Ey
Ly =9, X+UE—Y , (3.88)
1 1
Ly=F3+F, ([ X+—(E.Q—vE,)Y — — (2 —~"2)YV?). 3.89
3 3+ 4( +Ey( 41— vEy) 4E§( 1= ) ( )

36



3.4. Solving the Field Equations with Constant Background Electric Fields

Each of these solutions however only satisfies one of the three necessary conditions
(one of the components of xd x G = 0) and hence it is necessary to plug each of
these into the remaining two equations in order to acquire solutions satisfying all
three equations.

In order for L, to satisfy the field equations, €24 = E, = 0, i.e. L; reverts to
the £, alone case, (see (3.75)). For Ly to satisfy the field equations, E, and E,
must be equal to zero, i.e. Ly = 0. L3 satisfies the field equations if F3 is linear
and either

a) B, =0 so that Ly = F5(Y) or

b) E, = Q4 = 0 so that

Ly =€+ CY + 34 (X + Y2) : (3.90)

42 B2

Hence there is no clear way to derive a family of theories supporting a wave
passing through a region of arbitrarily aligned electric field. However as per Ref.
[20], it is again possible to show that wave (3.86) is a solution to the Born-Infeld
equations as in the magnetic field case. Hence, given the constants (from Ref.
[20])

E.E
Yy=—>= 3.91
' B B 0
and v =1-r*(E2+ E;), (3.92)

it is possible to show that the Born-Infeld Lagrangian satisfies the field equations
via the following method.

Firstly, given the electromagnetic 2-form F' (3.86) with invariants

X=(0 77 & +2(uE. —vE,)E+ E:+ E} + E2, (3.93)
Y = —2E,€, (3.94)

the usual xd x G equations are derived. Then €, from (3.91) is inserted, and the
choice L = C; +CY +F (X + ’”‘TQY2> is made, where

9 1
. S— (3.95)
~? (E% + Ej)
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from (3.92). Here it becomes clear that the four equations (from the four compo-

nents of xd x ) are all linearly dependent hence the problem collapses to solving

oty X+12Y2 + aF" X+“—2Y2 =0 (3.96)
2 1 a 1 =0, .
where
2(E2 4+ E?2 4+ E2) — E?] [2E, (E? + E?) — E,4 %Y
a:[v(m—i_ y+ Z) Z:||:Uy( 93+ y) P)/ i| (397)

v2E2 (B2 + E2)°

The argument of F is then parametrised via X + "IZYQ = A, which via insertion
of X (3.93) and Y (3.94) enables € to be written in terms of A:

V(B L V(B2 + B2 —72A) (o2 (B2 + B} + E2) — E2)

= E, (v? (B2 + E2 + E2) — E2)

(3.98)

Inserting Y in terms of € and hence in terms of A into (3.96) (and (3.97))

simplifies the condition to

—iff’(A) +2(E24+ E; —7°A) F'(A) =0, (3.99)

2
and recalling that E2 + E? = k%772 via (3.95), the condition becomes
—F(A)+2 (k2= A)F'(A) = 0. (3.100)

This is simple to solve, and yields

1 2 1
?:egwu//\——:e3+e4\/x+’iy2——, (3.101)
K2 4 K2

which is simply the Born-Infeld Lagrangian using C3 = % and C4 = —i%.

Hence while the direct approach does not yield any Lagrangians whose field
equations are satisfied by the plane wave in an arbitrary configuration of a back-
ground electric field, it is possible to show that this wave does satisfy the Born-

Infeld field equations.
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3.5 Duality Transform Invariance

The previous sections have used a wave propagating through a region of constant
background electromagnetic field in order to test the properties of Born-Infeld-like

theories with Lagrangians of the form
L=Ci+CY +TF(X+A?). (3.42 revisited)

While it is argued that the presence of certain components of field (in the above
configuration, B, or E,) would aid in discriminating between these theories, it is
also possible that invoking other laws or invariances could be of assistance. This
section shows that the family of Lagrangians (3.42) can be reduced even down to
a single member of the family.

When extending Maxwell theory into nonlinearity, it is necessary to consider
which properties of linear Maxwell theory should be preserved. For instance by
writing Lagrangians in terms of the Lorentz invariants X and Y, overall Lorentz-
transform invariance can be preserved. Now consider electric-magnetic duality

transformations, i.e.

E — cos(V)E — sin(9)B, (3.102)
B — cos(¥)B + sin(V)E, (3.103)

for some real constant ¥ and the usual electric and magnetic field 3-vectors E and
B, under which vacuum Maxwell theory is invariant. This duality invariance can
be thought of as a consequence of special relativity (applying Lorentz transforma-
tions to electric fields results in magnetic fields etc.) and again also has interest
from string theory, since electric-magnetic duality is a 4 dimensional reduction of
S-duality, which switches the strong and weak string couplings (see page 374 of
Ref. [34]). This property may be maintained by elevating electric-magnetic dual-
ity invariance to a fundamental property of the electromagnetic field. Following
the work of Ref. [22], the covariant generalisation of the electric-magnetic duality

transforms can be written

Fy = cos(V)F + sin(9) * G, (3.104)
Gy = cos(V)G + sin(V) % F. (3.105)
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Hence

* (Fy N Fy) = % [(cos(V)F +sin(¥) * G) A (cos(9)F + sin(9) * G)]

= x [cos’(9)F A F — sin®(9)G A G + 2sin(d) cos(9) F A xG]
(3.106)

and similarly

* (Gy N\ Gy) = x[(cos(?)G + sin(F) * F) A (cos(9)G + sin(d) x F)]

= % [—sin®()F A F + cos®(9)G A G + 2sin(9) cos(9)F A xG] .
(3.107)

Subtracting (3.107) from (3.106):
w(Fy A Fy) — % (Gy A Gy) =+ (FAF) —x(GAG). (3.108)

Hence the quantity * (Fy A Fy) — x(Gy A Gy) is independent of ¥, and can be

written
* (Fg A Fy) — % (G,g N Gy) = C, (3.109)

where C is independent of ). Since this is true for any choice of ¥ and Maxwell
electrodynamics has the relationship F' = G, (3.109) is satisfied for € = 0 case.

To preserve this, € = 0 is assumed from this point. The condition
*(FNF)=%x(GANG) (3.110)

is known as the Gaillard-Zumino condition (first considered in [22], but first
used with € = 0 in [35], though more straightforward to see in [36]). Using the
definition of G (3.19), this condition becomes the P.D.E.

(%) - (&)

Now consider which members of the family (3.42) satisfy the proposed condi-

0L 0L

(3.111)

tion of electric-magnetic duality invariance; the assumption that C; = 0 results

in

Y (1=4(1 =40 (X +AY2)) (7 (X +2v?))°) =0, (3.112)
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which is solved algebraically to give

1
F(X+NY?) ==+ : (3.113)
V1I—4X (X +2Y?)
1
ie. F(X+AY?) = :Fﬁ\ﬂ — AN (X + AY2) + Cs. (3.114)

Choosing the negative sign here ensures that, in the weak field case, Maxwell
theory is retrieved from L. Choosing A\ = }152 and the integration constant

C3 = é, results in the Born-Infeld Lagrangian

1 Kk4Y?
L:F<1—\/1—R2X— - ) (3.115)

Hence the only member of the family F (X + A\Y?) that satisfies electric-

magnetic duality invariance (with the duality constant € = 0 as per the Gaillard-

Zumino condition) is the Born-Infeld Lagrangian.

3.6 Summary

This chapter has shown that a plane electromagnetic wave travelling through a
region of constant magnetic field (F' of the form (3.61)) is an exact solution of

the field equations of the family of theories with Lagrangians given by
L=Ci+CY +F(X+AY?), (3.42 revisited)

so long as B, (the component of the background field parallel to the wave’s
magnetic field) is zero. The same can be said for a plane EM wave travelling
through a region of constant electric field (F' of the form (3.86)) so long as E,
(the component of the background field parallel to the wave’s electric field) is zero.
The speed of the wave does not depend on the theory in question, and hence there
is no way to distinguish between theories of the form (3.42) using a slow-light
experiment such as those considered in Ref. [21] or [20] without imposing electric-
magnetic duality invariance. Insisting on electric-magnetic duality invariance

restricts this family to just Born-Infeld theory.
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3.6. Summary

Inclusion of a non-zero B, (or E,) component to the background field means
that (3.61) (or (3.86)) is no longer a solution to the field equations generated
by the family of theories (3.42). The only theory found whose equations these
waves solve was Born-Infeld theory. Hence if one aims to distinguish Born-Infeld
from the family (3.42), it is desirable to ensure that the background field includes
a magnetic component parallel to the wave’s own magnetic field or an electric
component parallel to the wave’s own electric field.

Sections 3.3 and 3.5 have been published in EPL in 2012 (see Ref. [1]). Section
3.4 is also original work, but has yet to be published.
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Chapter 4

Electron Energy Gain in a

Maximum Amplitude Plasma

Wave

4.1 Introduction

Since nonlinear electromagnetic theories such as Born-Infeld and Euler-Heisenberg
are not equivalent to Maxwell theory at high energy scales, it is important to
consider scenarios with the potential to distinguish between nonlinear theories.
Such a potential experiment is considering the energy gained by an electron in a
maximum amplitude plasma wave.

Sufficiently short, high-intensity laser pulses can form longitudinal waves within
the electrons of a plasma. Such oscillations in the plasma electrons travel with
speed comparable to the group speed of the laser pulse. Not all plasma electrons
form this wave, however; some of the free plasma electrons are caught up in the
wave and accelerated by its high fields. When large numbers of electrons are
accelerated the wave breaks due to damping. This wave breaking is fundamen-
tally nonlinear and hence is an ideal place to study extensions to Maxwell theory.

This chapter hence focuses on a plasma near to wave-breaking. Since upcoming
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4.2. Maximum Amplitude Plasma Waves

lasers [5, 6] are hoped to be powerful enough to investigate quantum phenomena,
it could also be possible to investigate whether the effects of nonlinear classical
theories need to be accounted for first.

Some preliminary work on the subject of electrons in maximum amplitude
plasma waves has already been done [23, 37] in the context of Born-Infeld theory,
though only an estimate for the electron energy gain was found. This chapter aims
to study this energy gain not only for Born-Infeld theory but for a general non-
linear theory with Lagrangian L(X,Y’), where X and Y are the electromagnetic
invariants, by appealing to the stress balance law (see Appendix A for motiva-

tion). Additionally, the presence of a background magnetic field is considered.

4.2 Maximum Amplitude Plasma Waves

4.2.1 Preliminaries

In order to find the energy gained by an electron in a half-wavelength of a max-
imum amplitude plasma wave, it is necessary to first set up several tools which
will be needed later. This chapter is inspired by Ref. [23], though uses a different
approach for the main calculation and the final result is more general.

Since this chapter is investigating the properties of a plasma wave propagating
along the z-direction with velocity v, it is helpful to use the orthonormal coframe
{vd¢,dz,dy,vd¢} where & = z — vt is the wave’s phase, ( = —t + vz and

v = \/11—T is the Lorentz factor of the plasma wave. This orthonormal coframe

is adapted to the wave frame! just as the coframe {dt, dz,dy, dz} is adapted to
the lab frame.

This chapter assumes a cold plasma, and since the scales involved are such
that the electron motion is much greater than that of the ions, the plasma ions
are considered to be a stationary background. As such the plasma ion worldlines

0

are the trajectories of Vi, = 7, and the plasma ion density njo, is a constant.

Tn the wave frame there is no time evolution of the wave.
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4.2. Maximum Amplitude Plasma Waves

The plasma electrons constituting the wave! have worldlines given by the tra-
jectories of the vector field V, with number density n.. Using the quasi-static

approximation, V, is supposed to have the form

Ve = v(§)d¢ + x(9)ds, (4.1)

for some smooth functions v and y. Insistence that V. be normalised according
to g(Ve, Vo) = —1 results in

Ve = vd¢ — \/v2 — 42d¢ (4.2)
= (—V + UM) dt + <Ul/ - \/m> dz. (4.3)

Note that v must be positive in order for V, to be future-pointing. Hence the
electrons move slower than the plasma wave except at the wave-breaking limit

when the electrons catch the wave (when v = 7).

4.2.2 Introducing the Plasma Wave

Consider a wave of plasma electrons with a background of plasma ions in a region
of constant magnetic field B = (B,, By, B,). Hence the Faraday 2-form of the

plasma wave is
F = FE(&)dt Ndz — Bydy N\ dz — Bydz N\ do — B,dx A dy, (4.4)
and the electromagnetic invariants are
X = E* — (B} + B: + BY), (4.5)
Y =2FEB,. (4.6)

The appropriate? field equations and the Lorentz-force equation are

dF — 0, (4.7)

dxG = —GeTe * ‘7;: — GionTlion * ‘Zona (48>

Vve‘7e = EZ’%F; (4‘9)
Me

'The free plasma electrons constituting the accelerated electrons which cause the wave-

breaking will not be modelled in this chapter.
2These are well established, but Appendix B shows the variation of a sample Lagrangian

to justify them.
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4.2. Maximum Amplitude Plasma Waves

where G is the excitation 2-form

oL oL .
G=2 (8_XF % *F) : (3.19 revisited)
Since g(V.,V.) = —1, it is possible to rewrite V.V, = iy.dV. and thus (4.9)
becomes
. i o Qe .
Zved% = —ZV;SF. (410)
m

e

Inserting (4.4) and (4.3) into (4.10) results in the four conditions

(—u + m/ﬂ) (EE - iu’) —0, (4.11)

me 7
e (vy — V- 72> B, =0, (4.12)
Me
e (Ul/ — /2 — 72) B, =0, (4.13)
me
. 1
<w/ — /12— 72> (q—E — —21//) =0, (4.14)
Me vy
which for a non-constant v result in B, = B, = 0 and
mel/
E = ) 4.15
gy’ (4.15)

It is also possible to relate the plasma electron number density n. to the
background ion density ni,, via (4.8). As F' (and hence G) depends on £ alone,
d x G must be of the form d¢ A ..., thus wedging d¢ to the source part of (4.8)

results in the condition:

dg A <Qene * ‘Z T GionMion * ‘Zon) = 0. (4.16)

Breaking d¢ into dz — vdt and inserting (4.3) and Ve, = 2 into (4.16) results in
Qene(vy -V v? — Vz)dz Nxdz — v <Qene(_V +uy V2 — 72) - qionnion> dt A xdt =0,

(4.17)

and since dz A xdz = %1 = —dt N\ xdt,

qene(_ V2 — 24 vy) +v (qene(—y + o/ V? — 72) - Qionnion> =0, (4'18>
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4.2. Maximum Amplitude Plasma Waves

Figure 4.1: Electric field (red) and v (blue) plotted along £ (not to scale). Since
the electron has a negative charge, (4.15) gives E ~ —1/. The points & and & are

also shown (adapted from Ref. [37]).

and solving for n, gives

2
V7" GionMion

e/ V= — 7

The overall sign on this term will be positive since the charge of the electron

¢. = —e, where e is the elementary charge!.
'Equation (4.19) can also be written in terms of the degree of ionisation, Z = — 2 thus:
_ v¥*Znion

e = T
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4.2. Maximum Amplitude Plasma Waves

4.2.3 Solving the Stress Balance Equation

To summarise the previous section, the information acquired so far is as follows:

F = Edt Ndz — B.dx N\ dy, (4.20)
E = me2 v, (4.15 revisited)
4e”
V, = <—u + vy/1V? — 72> dt + (vy — 2= 'y?> dz, (4.3 revisited)
U/yzqmnnion

(4.19 revisited)

T =

One more tool is necessary to proceed; the stress-energy-momentum 3-forms

for a cold plasma! in a nonlinear electromagnetic theory are given by
Ty =iy, F NG +ix, % L + meneix, Ve x Ve, (4.21)
which, on Killing frame X, given by {9}, d;, 9, 0.}, obey the balance law 2
AT = GonMiontvi,, ix, F * 1. (4.22)

Inserting F' (4.20) and V, (4.3) into the four stress form components 7, gives

To = F1(§)dx Ndy N dz + Fo(§)dt A dz A dy, (4.23)
Ty = Fs5(€)dt Ady A dz, (4.24)
Ty = F4(€)dt A dx A dz, (4.25)
Ty = F5(§)dt Ndx AN dy + Fg(&)dx A dy A dz, (4.26)

1See Appendix B for motivation of this via variation of a sample action.
2For justification, see Appendix B.5.
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4.2. Maximum Amplitude Plasma Waves

where
F1(§) = —2F (ES—)I; + Bzg—}L/) + L — mene <—l/ + v\ 12 — 72>2 , (4.27)
Fo(€) = —mene <—V +v\/V2 — 72> (vy — /2 — 72> , (4.28)
OL OL
OL OL
Fo(€) = —2B, (Ea—y _ Bza—X) L (4.30)
OL oL
Fo(€) = 2E <E8—X + Bza—y> — L — mene <UV R 72)2 , (4.31)
F6(§) = —mene (vy — /2 — 72) <—l/ +vy/v2 — 72> . (4.32)

Since the only variable quantity in any &, is £ = z — vt, dF,, = %dz — vaé%dt,
and thus

dTy = dF(§) Ndx ANdy ANdz + dFo(&) ANdt Adx A dy

= —%(vﬂ’l(ﬁ) + Fo(§)) * 1, (4.33)
dT, = dF3(§) Ndt ANdy Ndz = 0, (4.34)
dTy = dF4(§) Ndt Ndx AN dz =0, (4.35)

dTs = dF5(§) ANdt Ndx A dy + dFe(§) Adx A dy N dz
— 5t (B0 +15u(€) 1. (4.36)

The four components of the RHS of (4.22) with Vi, = % are

GionMion®V;,, i x, I x 1 = 0, (4.37)
GionMiontvi,, ix, % 1 =0, (4.38)
GionMiontvi,, tx, F'*x 1 =0, (4.39)
GionMion Vi, ix3 ' % 1 = —GionNion £ x 1. (4.40)
Hence the x and y components of (4.22) are immediately satisfied leaving the ¢

and z components:

150 = ~ 2 (W51(€) + (&) ¥ 1 =, (4.41)
d‘Ig = —% (?5(5) + U?ﬁ(f)) *x1= —qionnionE * 1. (442)
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4.2. Maximum Amplitude Plasma Waves

Since E = ey = me dv %> these equations can be written
qe”y gey? d§
0
0 Gion V
d‘Ig = 85 3'5(5) + 113"6(5) — Tmﬂlion?? *1=0. (444)

Inserting the functions &,, £ (4.15) and n. (4.19), it becomes clear that (4.43)
and (4.44) are multiples of one another; thus the stress balance law (4.22) reduces

to the single partial differential equation

0 ' \* 0L v o, 0L
— [2 (my2> _+2m_1/23 — —L— menmnq (V—U 1/2—fy2>] = 0.
de”y Qe

o0& qe”Y 0X )4
(4.45)
A brief aside: using X and Y given by (4.5) and (4.6), the factors in (4.45) in

front of the derivatives of the Lagrangian can be rewritten as;
d oL oL q
X BY) oo 4 Yoo = L= manion = (v = V7 =77) || =0, (446
dg[(+)8X+8Y Mettion™y =V ”VL’<)
where S is the subspace defined by X = E? — B2, Y = 2EB,. This equation is
consistent with the prior result in Ref. [37] though now with extra terms due to
the background magnetic field, though Ref. [37] used the field equations instead

of working from the stress balance law (4.22).

Returning to (4.45), integration gives

me'\ > OL mev' . OL Gion
() B n 1 o)

qe”Y

(4.47)

for some integration constant € (to be found). As in [37], the square root in (4.45)
places a lower bound on v. For a maximum amplitude plasma wave, v attains
its lowest possible value (see Figure 4.1), which the square root term shows to be

= . With the assumption that v attains its lowest possible value some &, i.e.

v(&) =1y = and 1 = Z—g = 0, (4.47) can be evaluated to find € during a
E=&1
maximum amplitude oscillation. The first two terms vanish on turning points of
v, leaving
— menion%ﬂfy — Ly =C, (4.48)
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4.3. Relativistic Energy Gain

where Lo = L] or = L|y_ psy_oonS). Hence (4.47) becomes

v=",'=0 (

mev’ \> 0L meV  OL
4 B (L-L
(qe’y2) ax " gy oY ( 0)

— menion@ (1/ — v —v\/V? — 72> =0. (4.49)
't

e

It is now possible to use (4.49) to find the turning points of v, v and vy, in
the maximum amplitude oscillation. Since these are turning points of v, they
correspond to the zeroes of F and hence half a wavelength of the plasma wave.
In order to find these turning points, it is necessary to substitute v/ = 0 into
(4.49), resulting in

_menion@ <V_’V_U\/ V2_72> :Oa
Qe
ie. vy =9(1£0%). (4.50)
Hence the lower value is v; = v and the upper value is vi; = 73(1 + v?), and

v — v = 20273, (4.51)

4.3 Relativistic Energy Gain

Now it is possible to calculate the energy gained by the test electron in a maximum
amplitude plasma wave. The relativistic energy of a particle of mass m, and

charge ¢. with trajectory C in the inertial frame of observer U is defined by
Wy = —meg(U, C). (4.52)

In order to find the energy gained by a charged particle in an electromagnetic
field F', consider the following.
As seen in previously, the Lorentz force equation satisfied by the plasma elec-

trons is written

ViV = Ly F (4.9 revisited)
me
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4.3. Relativistic Energy Gain

where V, describes the motion of the electrons, F' the electromagnetic field of the
plasma wave and V is the Levi-Civita connection. A test electron inserted into

the system! then must obey the equation of motion

V.0 =%i.F (4.53)

Me

where C'(7) is the curve representing the trajectory of the test electron, satisfying
the normalisation condition g(C,C) = —1. Contracting (4.53) on a parallel?
unit timelike future pointing vector U and noting that the interior contraction is

antisymmetric gives:

Ve <g(u, O)) — —%icqu. (4.54)

e

Since 7 is defined along C, this can be rewritten

d
e (U,C) = m—zuch = —:i—zczuF (4.55)

By integrating over the interval 77, 771] and noting that for a 1-form «,

/ o= / i dr, (4.56)

(4.55) can be written

md G [ .
—g(U, Cydr = -—*= F. 4.57
| e cyar =t [ (157

From (4.52), this is simply

C

4.3.1 Energy Gain in a Maximum Amplitude Plasma Wave

The equation for the change in energy experienced by a charged particle in an
electromagnetic field described by F' requires an inertial observer to act as a

frame of reference. It is most convenient to choose the wave frame for U; as

IThe test electron’s effect on the overall system is assumed negligible.
2A parallel vector U satisfies VU = 0, and hence iy Vy = Vyiy.
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mentioned in Section 4.2.1, the orthonormal coframe {vd(, dx, dy,yd¢} is adapted
to an observer moving in the z-direction with speed v and is ideal for the wave
frame. Hence choosing U = ’yElZ and rewriting F' in the wave frame: F =
E~*dé A d¢ — B.dx A dy, (4.58) becomes

AW = QeW/ e (E72d§ Nd( — B.dx N\ dy) = qey/ Ed¢. (4.59)
c c

Since the form of E is already known from (4.15), the integral can be written

using the chain rule to give

Vi1 Me Me
AW = qev/ sdv = —(vn — ), (4.60)
u o 4o gl

for some 11 and vy
For a maximum amplitude plasma wave over a half-wavelength, the value of

vir — v is known (see (4.51)) and hence
AW = 2my*0? (4.61)

This value for the energy gained by the test electron was found in Ref. [37] as
an estimate of the energy gained for Born-Infeld theory in the background-field-
free case, but in the lab frame not in the wave frame as is the case here. It
can now be asserted that (4.61) is exact not only for Born-Infeld theory, but for
any electromagnetic theory with Lagrangian L(X,Y). Also, the presence of a
background magnetic field B, does not change the amount of energy gained by

the electron even though the background magnetic field affects the plasma wave.

4.4 Summary

This chapter has shown that the energy gained by a test electron in a maximum
amplitude plasma wave bathed in a constant longitudinal background field is
dependent only on the group speed of the plasma wave and the mass of the
electron.

This result was found by appealing to the stress balance law (4.22) and then
choosing the electric field £ and the plasma electron density n, such that the
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4.4. Summary

field equation (4.8) and the Lorentz-force equation (4.9) were satisfied. Finally,
by finding the value of v at the two zeroes of the electric field, 11 and vy, the
energy in the wave frame was calculated via (4.58).

Additional components of the background magnetic field perpendicular to the
propagation of the wave were found not to solve the equation of motion (4.9) and
hence inclusion of these components will require modification of the ansatz of the
plasma electron fluid (4.2).

Since the group speed of the driving laser pulse (and the subsequent speed of
the plasma wave) will depend on the background fields and the electromagnetic
theory in question (see Chapter 3), the energy gain of an electron in a maximum
amplitude is nonlinear theory dependent. Since, however, finding the dependence
of the group velocity of the laser pulse will almost certainly require extensive
numerical study, precisely how the energy gain of an electron in a maximum
amplitude plasma wave depends on the electromagnetic theory is left for future

study.
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Chapter 5

Relativistic Spinning Particles

5.1 Introduction

Alongside the effects of classical nonlinear electrodynamical theories, such as
Born-Infeld theory, there are other effects that must be taken into account when
considering strong fields such as ELI [5] and HiPER [6], or for instance when
accelerating over short distances, such as laser wakefield acceleration [38].

Two such effects are the Stern-Gerlach-type forces and radiation reaction. Ra-
diation reaction, the interaction of the radiation emitted when a charged particle
undergoes acceleration and the particle itself, has been taken into consideration
in various particle-in-cell (PIC) codes by studying the Landau-Lifshitz equation?
and is known [39] to become important when optical laser intensities exceed
5 x 1022 W ecm~2. However the impact of the quantum mechanical spin of par-
ticles in high field environments, such as maximum amplitude plasma waves, is
generally neglected despite the estimation that the Stern-Gerlach forces can be
of (and indeed above) the order of the radiation reaction terms (see Section 2 of
Ref. [24]).

The concept of attempting to model a quantum mechanical electron as an

analogue of a covariant classical spinning particle is not a new one. There have

!The inconsistencies of radiation reaction theory with regards to Lorentz-Abraham-Dirac

versus Landau-Lifshitz are not within the scope of this thesis.
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been various approaches from the work of Frenkel [40] and Thomas [41] in the
1920s through the work of Nakano [42], Tulczyjew [43], Dixon [44-46], Corben [47,
48], Suttorp and de Groot [49, 50] and Ellis [51] in the 1950-70s. The approaches
used to derive these equations are varied, but this chapter aims to contribute a
new method via an approach using de Rham currents and distributional methods.

After deriving the equations of motion, this Chapter also studies the particular
situation of the motion of a classical electron in a maximum amplitude plasma
wave. Using the equations of motion with the electric field used in Chapter 4,
solutions where the impact of spin is greater than the radiation reaction force are
explored. Such a case is pinpointed and found to have adverse consequences for
the size of electron bunches in proposed laser-plasma wakefield accelerators [38].

Since this chapter includes objects which have different aspects, the notation
will be made clear as follows: 3-vectors will be denoted with an arrow ‘7, 4-
vectors V' (with the appropriate metric dual 1-form as XN/) and distributions will

be written with a subscript Vp.

5.2 Deriving Equations of Motion for a Classical

Spinning Particle Using Distributions

This section contains a new derivation of the equations of motion for a relativistic
spinning charged particle via an approach using de Rham currents. In order to
begin, it is necessary to find the distributional analogues of physical quantities

(analogous to moving from a continuum to particle approach).

5.2.1 Writing Polarisation and Magnetisation as de Rham

Currents

Consider a system of a charged continuum with polarisation p and magnetisation

m 3-vectors given by
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where n is the particle number density and /i, and /i, are the electric and magnetic
dipole moments respectively. Using the fact that the excitation 2-form G can be

written G = F + 11, the polarisation 2-form II is introduced:
II=—V AP+ #mm. (5.3)

Here p and m are the 1-form metric duals of their vector equivalents and the #

notation is shorthand for
#a = +(V Aa), (5.4)

where V' is the 4-vector describing the motion of the fluid.

In order to move from the continuum model to a single-particle model, de
Rham currents! are introduced. Firstly, in order to establish the notation in
a simple setting?, it is assumed that the fluid is at rest and hence described by
V' = 0;. Then the distributional current associated with the worldline of a particle

is introduced via;

/an*1—>/cfdt, (5.5)

analogous to using the particle density as a Dirac delta function to only pick out
the integral over the particle worldline C' rather than integrating over the full
manifold M. Here C' is the curve representing the worldline of the particle with
constant x, y, z (due to the temporary choice of V') and f is a test form. Since the
aim of this method is to induce the equation of motion of a particle from a fluid
description, C' is assumed to be an integral curve of V. As in previous chapters,
spacetime is assumed to be flat, i.e. the metric is 74.

In order to find the appropriate distributions for the particle versions of the
magnetisation and polarisation, consider the following. Given a Killing 3-vector
K e {;,j,l;:'}, wherei-i=1,j-j=1k-k=1landi-j=i-k=j-k=0,itis

1See Section 2.6 for the essentials or [30] for detail.

2Tt is simple to extend this to any vector V, though it distracts from the point of the
method.

o7
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Distributions
natural to associate
(5-K), (=1~ [ i Rfar (5.6)
D c
(n%f?) [fﬂ]:/,zm-f?fdt, (5.7)
D c

where - represents the usual scalar product on 3-vectors and (ﬁ ‘K ) represents
D

the distribution associated with the scalar p - K. Expanding on the first of these

equations:
(5 %), =10 = [ - Riat
D c
= Chpljic - K fat]
. (,ze : f?) (dt A Cp) [f]. (5.8)
Stripping off the test function and noting that in this case C' = 9, and x*1 = —1:
<p~K)D:—(,ue~K>*<C/\CD). (5.9)

Introducing the 4-vector fte = ey Op 4 phey Oy + e 0., Where fie, is the z-component
of the vector fi, etc., (5.9) for A = {1,2,3} can be written

bp = (5 XA) da?
D
= (i¢: * Cp) fle, (5.10)
and similarly
mp = (ig * Cp) fim. (5.11)
Hence the polarisation distribution (analogous to (5.3)) can be written;
IIp = —I~/ApD+#mD (512)
= —C Nig*xCp A fie +*(C Nigx Cp A fim), (5.13)

since C is an integral curve of V. Since it is possible to simplify the above

expression using C' A i¢x x Cp = — % Cp, the polarisation distribution can be
written in the succinct form

HD :*CD/\,&;_*<*OD/\[E) (514)

=*Cp A fie — 1,,,Ch. (5.15)
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5.2.2 Writing Free and Bound Currents as de Rham Cur-
rents

The field equations for a continuum are given by

dF =0, (5.16)

dxF=dxG—d*II (5.17)

_ jfree _'_jbound7 (518)

where the current j°°"" encapsulates the information regarding the currents in-

side the particles. The currents can hence be written

je = dx G = —qn x Vi, (5.19)
gPound — _q « 11, (5.20)

for matter described by vector field V}, with number density n and charge q.
Currents (5.19) and (5.20) may be used as a basis for constructing the particle

distributions® jee and jheund using the general form of (5.5), i.e.

/fn*1—>—/f0:/ fdr, (5.21)
M C Tmin
since /oz(l) :/ iaVdr, (5.22)
C T

min

where 7 is the curve parameter, the proper time of the particle, running from

Tmin tO Tmax to define the whole curve C(7). Acting on a test 1-form @) using

jgee gives

R
M

_ / M (V) % 1,
M

IThe free current distribution corresponds to the usual motion of the particle, whereas
the bound current distribution indicates some kind of internal structure to the particle to

incorporate the moments p, and gy, .
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since 3 x Vi, = iy, @ x 1. Using (5.21), and noting that C' is an integral curve

of Vi, this becomes

A5 = - [ aigoC = [ a0, (5.23)
c c
since the integral projects out the C-orthogonal components of the integrand,
and hence
b = qCb. (5.24)
bound

As for the bound current j , it is helpful to first introduce a polarisation

2-form
2= —C Ao+ (C A ), (5.25)

analogous to the relationship between E and B and the Faraday 2-form. From

this, note that /i, = iX and i, = iz ¥ and hence j2°"™ can be written

joownd — _d 4 Tlp = —d % (xCp A fig — x(*Cp A fim))
=—dx(xCp NipX) —d(xCp Nig*X). (5.26)

5.2.3 The Stress Balance Law

There are several balance laws motivated via considering the invariances of a
general class of actions! that can nevertheless be independently considered for
systems without explicit actions. One of these balance laws is the stress balance

equation
AT = ixaF A j5° 4 ixa F A jPO0d, (5.27)

where T are the stress-energy-momentum 3-forms of the classical spinning charged
particle and {X“} represents a Killing frame. In order to adapt this law for use

on a single particle, consider the distributional analogue of (5.27):

AT =ixaF NGB +ixaF A G0, (5.28)

1See Appendix A for details.

60



5.2. Deriving Equations of Motion for a Classical Spinning Particle Using
Distributions

where T% (to be found) are the stress distributions associated with stress 3-forms
T? and the current distributions are defined as in the previous section. In order
to use this balance law, consider consider source terms individually. Acting on a

test function f, the free current component of (5.28) can be written

ixaF A jie[f] = / —qigixe F fdr, (5.29)

where jie¢ = ¢Cp has been used. The bound current term of (5.28) is not so

trivial however and requires more analysis. Acting on a test form f,

A A,

ixa A G ] = (dx (xCp NigX) AixaF + d (xCp Nig* X)) NixaF) [f].
(5.30)

Consider the first term of (5.30); using the properties of de Rham currents (see

Section 2.7), it is instructive to rewrite this in detail:
d* (xCp N ipX) Nixe F[f] = d* (xCp NigD) [fixaF]
= — % (*Cp A i) [d (szF)}
= — (+Cp AipY) [*d ( f@XGFﬂ
— —+Cp ieZ Axd ( fixeF)]
— Oy [* (2’02 A wd (szFm . (5.31)
Similarly, the second term can be rewritten;
d(*Cp Nig*x %) NixaF[f] = d (*Cp Nig + X) [ fixaF]
= — (xCp Nig + %) [d <szF)]
==+ Cp ligxsnd(fixeF)]
~=Cp [* <¢C-*2Ad<fz'xaF)>] (5.32)
Using (5.31) and (5.32), (5.30) becomes
ixa F A jhound[f] = /C {* (zcz A xd (szF>> . (ic Y Ad <szF>> }
_ /me {— “ <5 NigS A *d(fiXaF))

Tmin

_x (5 Nigx S Nd(fixeF)) }dr (5.33)
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Since CAigpY = CAfio and C Nigx X = x "% (C A im) = —*x#cfim, it is possible
to simplify (5.33) via star-pivoting the first term

uF A g f] / {— (dfixeF) nx (5 NieS))
(i) s (Eniens))bar
_ / - (A(fixeF) nxs) dr. (5.34)
Expanding out the exterior derivative using the Leibniz rule gives

ixaF A R0 f] = / {* (df AixaF A *2) F o (LxaF AY) f} dr, (5.35)

since dF = 0.
Consider now the df term of (5.35); this can be split into its C-parallel and

-orthogonal parts via

df =T.df +T5df, (5.36)
to give
/ N (df/\ ixoF /\*E) dr = / {* (Hgdf/\ ixeF /\*2>

+x (Hgdf AixaF A @) } dr, (5.37)

where the parallel and orthogonal parts of d f are given by
mlaf = —icdfC, (5.38)
Midf = df +igdfC. (5.39)
The C-parallel term corresponds to the components along the worldline, whereas
the C-orthogonal terms correspond to components off the worldline of the particle.

Note that since icdf = Z—Z, for curve parameter 7, the parallel part of (5.37) can

be written

_ / X (C NixaF A *z) ipdfdr = / ipd * (C NixaF A *Z) fdr,
. " (5.40)
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using integration by parts and the fact that f has compact support. Then since
tedh = V. h for O-form h and

K(C NixaF NAE) = i—gioE = (ixa F) i, (5.41)

where - represents the generalised scalar product on forms?!, (5.35) can be written

ixa A 0w f] :/ {*(Z/\*LXaF)f—l—iC-d*(C/\iXaF/\*E>f

Tmin

. (Hgdf NixaF A *2) } dr
_ / '“ (-2 @xeF) | = VollixeF) -ie5) f

5 (Mgdf nixaF nxx) }r. (5.42)

This can then be added to the free current term (5.29) to give

A A A,

dTH[f] = ixaF A GEC[f] +ixaF A G f]
_ / {—qu-iXaFf X (LxeF) f— Vel(ixeF) -ipX) f

. (Hgd F ANixaF A @) } dr. (5.43)

5.2.4 Choosing the Stress-Energy-Momentum Distribu-
tions
The stress-energy-momentum distributions are chosen? to be of the form

TH = —g(m, X*)Cp + ¢* A+Ch, (5.44)

where 7 is a candidate momentum 4-vector® and ¢¢ are 2-form coefficients to

the off-worldline components attached to xC'p. These coefficients are included in

Where o - B = x~1 (a A xf3) for forms a and 3 of equal degree.
2Note that this is simply a choice for the stress forms; it is possible that another choice for

the stress forms may lead to different equations of motion than those shown in the subsequent

sections.
3The physical meaning of this candidate momentum vector is expanded on in Section 5.2.7.
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order to absorb the IT:d f term of the bound current (see (5.43)). Applying the

exterior derivative to ¢* A xCp acting on a test function f gives

d(s* A+Cp) [f] = <@ AxCpldf] = —/ﬂm* (s ndf A 5) dr

Tmin

__ / x (Mgdf AT A C) dr. (5.45)

Tmin

Hence for this to absorb the d f term from (5.43), ¢* must satisfy
—II5df ATTECY A C =TI5df NixaF A%, (5.46)
which after contracting along C' and rearranging becomes
IT5df A [TTEe® — i (ixe F A%E)] = 0. (5.47)

The LHS of (5.47) is a 3-form in the C-orthogonal projection of the space of
3-forms. Since Héd f can be chosen to be any of the three members of a frame of

C-orthogonal forms, the condition on ¢* becomes
5" =g (ixaF AXY). (5.48)

Hence one example of a 2-form ¢“ satisfying this criterion is when ¢:¢* = 0 so

that Héga = ¢%, giving
¢ =g (ixaFF AxX) . (5.49)
Hence let the stress distributions be

T = —g(m, X)Cp +i¢ (ixa F A*X) A *Ch. (5.50)

5.2.5 Deriving the Equation of Motion for the Candidate
Momentum 7

Returning now to the stress balance equation (5.43), the choices for the stress-
energy-momentum distribution T, (5.50) are inserted, hence removing the Héd f

term from the integral through the careful choice of ¢* (5.49):

—dlg(m X)Co) ) = [ {aicixe F — £+ (xoF) = VollixeF) i)} fir
o (5.51)
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Noting that dCp = 0, the LHS of this equation can be written:
—d(g(m, X*)Cp)[f] = —dixaT A Cp|f]
c
- V i fdr, (5.52)

since ipsdh = V h for O-form h. The stress balance law (5.51) is now

Tmax

Vixa® fdr = / {—qigixaF =% (LxaF) = Vg ((ixaF) - ipX)} fdr,
o " (5.53)

and hence by stripping off the integral, the test function, and gathering up the

derivatives, the stress balance equation becomes

VC (Z‘Xa% + ('ZXaF) . ZCZ) = —qZCZXaF — E . (LX@F) . (554)

5.2.6 Deriving the Equation of Motion for the Spin 2-
Form Components S

To study the evolution of the spin of the particle, another balance law is invoked,

the spin balance law!

do® = = (dz® ANT® — dz® N T) (5.55)

N | —

for a Killing frame X given by {9,0,,d,,0,} and where 0% are the spin 3-
forms. As in the case of the stress balance law, the distributional analogue of this

equation is invoked, i.e.

ab __
dopy =

(da* ATy — da® ATE) . (5.56)

N | —

Since the stress distributions J% have been specified in the previous section, the

RHS can be analysed, whereas the spin distributions 0% are to be specified.

1See Appendix A for details.
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Substituting the stress distributions (5.50) into one of the terms of (5.56)

acting on a test function f gives
da® ATY[f] = — (7°dx® A Cp) [f] — xCpldz® Nig (ixo F AxX) f],  (5.57)
which can be written in integral form as

Az A T[] = / [(7°€2) +iex (o Nig (ixeF Ax)] fdr. (5.58)

The second term in this expression can be simplified by using the properties of

the Hodge map and internal contraction to give

i (dz® Nigs (ixp P A*E)) = —(igsins F) (igrixaS) + igria % [*(2 AC)A z’XbF] ,
(5.59)

and with more manipulation, it is possible to write
i ixa * [*(2 AC) A z'XbF] = —(ixaigE)(igixsF) + C%lixs F) - i3
+ (ixp F) - ixaX. (5.60)
Substituting this back into (5.59) gives
ik (dz® Nig (ixp F AxE)) = Cixe F) -2 + (ixp F) - ixe®
= (ixF) - [CGC%XCZ + iva]
— (ixo F) - [O“CC + n“} i3, (5.61)
The object in the square brackets is the projection operator (Hé)ac, and hence
ieox (da® Nig (ixo F A*E)) = (ixo F) - [(I15) " ix, 2] . (5.62)

Substituting (5.62) into (5.58) gives

dz? A Th[f] = / o (7°C7) + (i F) - [(ME) 0.5 | far,  (5.63)

hence the the balance law (5.56) can be written
1 Tmax . ac
doy = 3 / (wa“ + (ixeF) - [(1Ig) ™ ix. 2]

Tmin

—79CP — (ixaF) - [(Hé)be iXCED drf, (5.64)
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or equivalently

r Tnlax 1 . . . . .
doBy[f] = / 3 [O“ (7 + (ixo F) - ipX) + (ixoF) - ixaS

Tmin

— OV (7% + (ixeF) - igX) — (ixaF) -ixoX| fdr.  (5.65)

Analogous to (5.21) (and indeed (5.24)), suppose that 0% are of the form

o = %S“bC'D where the 0-forms S® represent the components of the spin 2-

form. Then do? acting on a test form can be written

A1) = 55" Cpldf] = / Lsdf (5.66)

c
which can be rewritten
abr £ Tma 1 ab }

dot[f] = — / Ve far (5.67)

using integration by parts and since the boundary terms vanish because f has

compact support. Hence the spin balance law (5.64) becomes

Tmax 1 . Trnaxl .
[T Vegstiar = [ [0 @ 4 x0B)i6%) 4 (o) ixe8

min Tmin

— OV (n 4 (ixaF) i) — (ixe F) - @sz} fdr. (5.68)
Stripping off the integrals and test forms, the resulting equation for S is

VeS® = =0 (7° + (ixe F) - i¢3) — (ixeF) - ixa®
+ CP (7% + (ixeF) - %) + (ixa F) - ixs X, (5.69)

5.2.7 Relating Momenta w and P

The two equations of motion for a classical spinning charged particle are given
by (5.54) and (5.69), i.e.

VC (iXa% + (ZXaF) . 'ZCE) = — qZCZXaF - (LXaF) s (554 reViSited)
VeS® == C(n + (ixo F) - (ieX)) — (ixp F) - (ixaX)
)

te
+ C (7 4 (ixa F) - (ie%)) 4 (ixe F) - (ixpX).
(5.69 revisited)
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The component forms of (5.54) and (5.69) given by

Ve (wa . F“beCCC> = —qF"C, — 550", (5.70)
Vcsab _ _Cva <7Tb . FbCEchd> + Cb (7‘(“ . Facz@[éd) + Fbczca . Faczcb.
(5.71)

These equations agree with those derived by Suttorp and de Groot, i.e. equations
(38) and (39) in Ref. [49] with a simple matching of symbols', given that the

momenta satisfy the condition

pe
7% = P 4 Fy,, ( — + CC> , (5.72)
CyPd

where P are the components of the momentum used by Suttorp and de Groot.
As to what is behind this relationship between m and P, note that the defini-
tion of the momentum P used by Suttorp and de Groot [49] (and similarly used

in the Nakano-Tulczyjew condition (see Section 5.2.8)) is
P*(\) = — / TN, N, (5.73)
PN

where T% is the stress-energy-momentum tensor and ¥, is a family of spacelike

hyperplanes for different values of A along C' (see Figure 5.1) with unit normal

!The equations given in Suttorp and de Groot [49] are

AP* ds = (e/ )P (X)Us + 5 {0 P} My, + (d/ds)(F*F (X) My, P [UP"),
ds*?jds = F*V(X)M., — FP(X)M,* + P*UP — PPU“—

— FYY(X)M, . PUP /U PS¢ 4+ FP(X)M, . PU* U P°.

The above equations are written as presented in Ref. [49] and hence the notation in this footnote
is independent of the notation in the rest of this thesis. The relations between these quantities
and those in the rest of the thesis are as follows: particle velocity U® corresponds to C*, dipole
components M,g correspond to X4, spin components S8 correspond to S?. The momentum
P« is related to the candidate momentum 7% as is shown in (5.72). Also important to note is
that the electromagnetic field tensor used in Ref. [49] is of the opposite sign to that used in
this thesis, i.e. F*?(X) corresponds to —F.
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N = Pl P| Since the stress-energy-momentum tensor 7% is related to the stress-

energy-momentum forms T* via T* = % (T(X*?, —)), note that for test 0-form

~

f
/‘I“ANf / NANF, (5.74)
which via a star-pivot and a manipulation of the interior operator gives
/MiTaANf: —/M(T(X“,N))*lf. (5.75)

The vector N is normalised as g(/N, N) = —1, so the volume form can be written
x1 = —N A +N and hence

/‘IaAﬁf:/ (T(X*,N))N AxN . (5.76)
M M

Since N = —1d d)\| the integral can be split into a piece along the worldline C'

and another over the hyperplane X, via

/tramvf:—/ﬂ TN, « N f
M

c [dAl Js,
/ Pa% (5.77)
and stripping off the test forms yields the relation
T4AN = —P*Cp AN (5.78)
with N¢ = %.

Hence given the stress tensor J%, the momentum 4-vector components P¢
crossing the leaves of a local spacetime foliation with unit future-pointing timelike

normal 4-vector n are given by
THAn=—=PCp An, (5.79)

the relationship between P and 7 begins to clear. Suttorp and de Groot [49] (as
well as Nakano [42] and Tulczyjew [43]) chose the foliation such that the normal

N restricted to C' pointed in the direction of the particle’s 4-momentum. In this
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Figure 5.1: Illustrating multiple possible foliations with normals N, N. N here is
parallel to C, similar to the foliation which gave % rather than P®. Several such

slices along the worldline are shown, each with a corresponding constant .
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chapter, the foliation was chosen such that the normal points in the direction of
the worldline C. Indeed, examination of (5.79) using n = P and T} given by
(5.50) yields

TYANP =—P*Cp AP (5.80)
(—g(m, XICp + i, (ixe ' A%X) AxCp) A P = —P°Cp A P, (5.81)

which after expanding and star-pivoting the second term on the LHS becomes

—g(r, X)COp AP — Cp Ax (iC (ixaF A *Z) A 15) = —PCpAP.  (5.82)

Since Cp Aa = —Cp A (& . C’) C for 1-forms «, the distributions can be stripped
from (5.82) leaving

7 (P C) e (ic(ixeF AxS) N P) = P2 (P-C). (5.83)

The second term of (5.83) can be simplified as follows:
. (z'é (ixeF A*Z) A ﬁ) =gk ig <¢XaF AXD A Héﬁ) (5.84)
—icwie (SAx(ixF ATILP)) (5.85)
=ip X iy (—im,inépz* 1) , (5.86)

using a star-pivot and properties of the internal contraction. Since i——iyLp2 is
lxaF HCP

a 0-form and xx C' = C, (5.86) is simply

i—pinps = F (IIEP)" S, (5.87)
which substituting back into (5.83) gives
7 (P C) + F (IEP) Sy = P (P C). (5.88)
Noting that
(MEP)* = e+ (P-C) C, (5.89)

equation (5.88) can be rewritten to become

PC

)

7% = P — FP%, +C°, (5.90)
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which is nothing more than relationship (5.72) after an adjustment of indices.

Having confirmed that these equations match those found in the literature, a
choice remains as to which momentum to use. Since the momentum P is pre-
ferred by the form of the Nakano-Tulczyjew condition, henceforth the equations

of motion will be stated in terms of P, rather than .

5.2.8 Spin Conditions and Relating the Magnetic Dipole

Moment to Quantum Mechanical Spin

e equations of motion in terms of momentum and spin are given in
Th t f mot t f tum P* and Sab

component form by

d F%,, Pe .
— [P+ — =) = —gF%C, — =20, 5.91
dr ( " CiPy ) ! b2 ' ( )
d : FYy,PY Foey 4 P?

5 = —C" (Pb + ) +C (P“ + ) + Frex ® — Foeg b,

dt CeP, eP,

(5.92)

These equations are not, however, a complete system. A relationship between
P and S is required, as well as a relationship between P* and C¢, and ad-
ditional information about £%. The relationship between P® and S has been
considered before and two main choices have come to light; firstly the Frenkel
condition [40] i35S = 0 = C*Sy, and then the Nakano-Tulczyjew [42, 43] condi-
tion ipS = 0 = P*S,,. The Frenkel condition, whilst being simple and intuitive,
has been found to have issues when modelled fully; for instance particles have
helical solutions in field-free systems (sometimes called Zittebewegung) [47, 48]
and hence the Nakano-Tulczyjew condition is preferred (see for instance Dixon

[44-46] and Suttorp and de Groot [49]).

A particle with quantum mechanical spin has a magnetic dipole moment re-
lated to the spin by the gyromagnetic ratio 297"0. Hence it is supposed that the
electric dipole moment s of the particle is zero and hence %% = ﬁs b where g
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is the so-called g-factor of the particle. The system of equations is now

d 9q F*Sy,.P° b 90
<L pe I 2l ) o _gpave, — 2L gbegapy 5.93
dr ( T30, Cin, 45T M, ' (5.93)
d ' gq F*S.4P? . aq FS.P?
Lgab— _ga(pby 8L T Pedl ) o pa .
e ( Yo cep )T o0, Cep,

gq be a gq ac b

B9 prega_ 94 p 94

o Se 2M, Se (5.94)

PS., = 0. (5.95)

Using the Nakano-Tulczyjew condition (5.95), the system simplifies somewhat:

d - 99

_Pa — Flab be aFc )

dr q Cb 4MOS 8 bes (5 96)
d - 99 99

— 8% = Pt 4 Ctpr 4 2L g e 2L pacg b 5.97
dr + 2M, ¢ 2M, ( )
PSSy, = 0. (5.95 revisited)

The Nakano-Tulczyjew condition (5.95) can also be differentiated in order to
find the relationship between P and C' (as per the method in [49]):

d ., . d B
EP Sab + P E ab — 07 (598)

and inserting (5.96) and (5.97) gives

9q

— qF*C.S, 0" Frq) SSay — P*CoPy + CyP*P, — = P°F,°S = 0.
q b— 4Mo ( d) b b+ Cy oM, a Pcb
(5.99)
Dividing through by P¢C. results in the condition that P must satisfy:
FoeC,S, 0°Fq) S,  CyPP, P°F.°S,
P, = —q b 99 ( a) b b 99 a Pcb (5.100)

PeC, 4 M PeC, PeC, 2My  PeC.

The P®P, term can be replaced as follows: by multiplying (5.99) by C® and noting
that C°C, = —1, P*P, is found to be of the form

(aa )Scdsabcb ( aC«a)Q gq pe cSchb-

PP, = —qF*(C.S,,C" —
1 b o’
(5.101)

4M0
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Inserting this into the momentum condition (5.100) and rearranging gives:

(sab + sadc'*d(jb) (

ary o ac 94 cd 99 croa
P, =—-P'C,Cy — . FeC, + 29"F.4S —— P°F,
’ ’ PeC., A 4 M 2M0 )
(5.102)
Hence the full system of equations of a particle with spin is
4 pa_ —qFatc, — 29 ghegap, (5.96 revisited)
dr 4M0
d ~ aq .
L5 = —apt 4 Py S pteg e - 8T peeg b, 5.97 ted
ar + 5 Mo 50 ( revisited)
PS,, =0, (5.95 revisited)
by <Sba i deCdCa) be b ged
P*=-P°C,C* — . FC. 2y S + PCF
’ PeC, (q " 4M0 2M0 )

(5.102 revisited)

Note that the first term of (5.96) on the RHS corresponds to the usual Lorentz
force, while the second term corresponds to a Stern-Gerlach field-spin interaction,
particularly evident in electromagnetic fields with high field gradients. The equa-
tion (5.97) is a generalisation of the Thomas-Bargmann-Michel-Telegdi (TBMT)
equation (see Ref. [25] or p561-565 of Ref. [26]).

5.2.9 Linearising the Equations of Motion for an Electron

Consider now the motion of a classical electron with charge ¢ = ¢., rest mass

My = m, and g = 2. The equations of motion are hence

d . q

— P = —q F*C, — —=-5"9°F,, 5.103

dr q b o, bes ( )

d . . o o

L gab = _Gapbychpay Loprega Ao pacg b (5.104)

dr Me Me

PeS,, — 0, (5.105)

P* = —P'C,C — : (qu”CCC + = 9"F45° + = P°F, b) .
PeC, me MmMe

(5.106)
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These equations of motion do not explicitly give P in terms of C*, since (5.106)
is merely a condition that P* must satisfy. In order to negate this problem,
the equations of motion are linearised. There are two options for linearisation;
linearise the equations in F'® similar to the approach used in Ref. [49] or linearise
in S%, since spin is inherently such a small quantity. Since the F%-linearised
equations of motion are already considered in Ref. [49], this chapter is concerned
with linearising in S.

Firstly consider that in the spin-free case, the equations of motion are

d .

— P = —qF*C, 5.107
dr . q ‘ by ( )
0=—-C"P° 4 C"P?, (5.108)
P = —P"C,C* = m.C". (5.109)

So with the ansatz P* = m.C® 4+ P*(S) 4+ O(S?), where P%(S) contains terms
of first order in S consider the P* condition (5.106). This yields
Pe = P*C,C + O(S?) (5.110)

and hence to first order in S, P* must be parallel to C*. Hence the ansatz

becomes
P = (me + M(S)) C?, (5.111)

where M(S) = —PC, is first order in S®. M can be found explicitly since

me + M(S) = —PC, (5.112)

and noting that the rest mass m, is constant, i.e. % =0,

dM(S) dP* . dc,
=— - pr—=
dr dr Ca dr ‘
= CoF™Cr + 2§90 Fy — (me + M(S))C“% (5.113)
GeLyq b 2me a be e dT . .

The first term here is zero since F® is antisymmetric and the last term is zero

since the 4-velocity C* and 4-acceleration C* of the particle are orthogonal. For

the remaining term, noting that C’aﬁa = %,
SbcC' 8an = Sbcin = i (SbCFb ) — Fb iSbC (5 114)
a C d’]’ C d’]’ C ch 9 .
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and substituting (5.104) with (5.111) gives
be a be € cdg b
F.=— F) —2—F.F . 11
"ol Fye = —— (5" Fi) e FoeF 05, (5.115)
Since Fp.Fd is symmetric, Fy F Cdeb = 0; hence
- d
S¥C0"Fye = e (S™Fy.) (5.116)
T
so mass M(S) can be written
Qe Gbe 2
M(S) = — S5 Fy. + O(S57). 5.117
(5) = S-S+ (5" (5117
The ansatz for P? to first order in S% is thus
j (me n iSbCFbC) o, (5.118)
2me.
Inserting (5.118) into (5.104) gives
b gar _ G (peg o _ poeg by 4 0(52), (5.119)
dr Me ‘ ¢

In order to find the analogous equation for P%, note that applying % to (5.118)

gives
d ge d b : Qe b d .
— pe — el c g . a . < g ) a
dr 2me dT (S b)C * (m +2meS b dTC
. . . d .
= L gecacua By + (me + SR, ) S0, (5.120)
2Me 2Me dr

using (5.118). Substituting (5.120) into (5.103) and rearranging gives

d - 1 . q q L.
a __ eFab e be aFC © be Ha ch .
dTC Mme + 5 Sty [ ¢ Co 2meS Ok 2meS CACad"F

(5.121)

Noting that S*0F;, + SteCeC, 9l Fy,, = Sbe (Hé)a’d OqFye, linearising (5.121) re-
sults in

d - e C e ab e C a
= (1 =507 F> PGy — o8 (I1E) 0B + O(S).
(5.122)

e
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5.3. Motion of an Electron with Spin in a Plasma Wave

To first order in S%, the system of equations governing the motion of a classical

electron with spin are hence

d . e C e ab e C ad
(= - (1 - #sb Fbc) i—F bC, — #Sb () OaFoe,  (5.123)
d

Lgob = b (prega_ paeg by, (5.124)

dr Me

with momentum and spin satisfying the conditions

Pt = (me + 2qe Schbc> ce, (5.118 revisited)

e

P*Sy = 0. (5.95 revisited)

Interestingly, since to first order in S% the momentum is parallel to the velocity,
satisfying the Nakano-Tulczyjew condition also satisfies the Frenkel condition
C®Sap = 0.

Hence in order for the Stern-Gerlach terms of (5.123) to be noticeable, a

physical situation with high field gradient is required.

5.3 Motion of an Electron with Spin in a Plasma

Wave

Since the electric field generated by a plasma wave near wave breaking has very
large gradients, the behaviour of the equations of motion due to the spin terms
should be noticeable in this context. This section hence applies the equations
of motion (5.123) and (5.124) to a system of a plasma wave moving in the z-
direction as in Section 4.2. Note that since the equation for the plasma wave
from Chapter 4 is used, the spin effects of the particles that make up the wave
itself are neglected.

Hence the system contains plasma wave electrons with 4-velocity 1-form

V., = v(€)d¢ — /v(€)? — ~2de, (4.2 revisited)

where v is the Lorentz factor of the wave, v is a dimensionless quantity akin to the

electric potential, and ¢ = z—wvt, ( = —t+vz are coordinates for the plasma wave
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5.3. Motion of an Electron with Spin in a Plasma Wave

frame moving in the z direction with speed v. The electric field of the plasma
wave is F, = Q—WEQU’ (&) where v satisfies the equation (4.49). Despite the fact that
Chapter 4 considers a nonlinear electrodynamical theory, this chapter uses only
the linear Maxwell Lagrangian L = Ly; = X/2. By neglecting the higher order
terms that arise from nonlinear electrodynamics, it is possible to focus solely on
the effects of the Stern-Gerlach-like terms in the equations of motion. Thus (4.49)

for Maxwell electrodynamics is simply

2

Te 2 MeZNion (v\/ V2= v+ 7) =0, (5.125)

2¢2~*

for a maximum amplitude wave, where Z = —%o = o jg the degree of ionisa-

Qe €

tion of the plasma. For a system where the only nonzero electromagnetic field

component is

78 (4.15 revisited)
ie.
F03 = —F30 = Ez and Fab =0 otherwise, (5126)

the components {C°, C',C? C3} ie. {t,z,y, 2z} of the equation of motion (5.123)
become

60—~ (1= s oy = 5 (0 €0 (¢ - o0)) By,

e e

(5.127)
C1 = =201 (€7 =) FS™, (5.128)
€ = =250 (E7 =) Fs™, (5.129)

e

éB — (1 _ %5031?03) :TGFOSCO — % (1 + 8 <C3 - vCO>> F.8% (5.130)

(S} e

since %C = (C and

Cd@dFog = Ooa()Fog + 0383F03
- (03 - UOO> .. (5.131)
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5.3. Motion of an Electron with Spin in a Plasma Wave

Interestingly the Sp3 component is the only spin component that appears
in these equations and hence the only component of (5.124) it is necessary to

consider is the Sp3 one. For completeness, however, all components of the spin

equation of motion are

o pmgn gt g 5.152)
me Me
g2 — e posg2 g U posg 2 (5.133)
me Me
5% =, S12 =, (5.134)
the solutions to which are found to be
S = —@5cosh X — €, sinh X, S13 = @4 cosh X + C3sinh X, (5.135)
S§92 = @5 cosh X — G4 sinh X, 5% = @4 cosh X + G5 sinh X, (5.136)
S% =@, S12 = @,, (5.137)
where X = —2= [ F%dr = 712, J Z—‘ng and cach G, is simply an integration con-

stant. Since, however, the equations of motion depend only on S%, the main fact
of importance is that S% is constant. The other components are irrelevant so
long as the constants €, are chosen to satisfy the Frenkel condition C,S% = 0.
Henceforth it is assumed that S% and S'? are arbitrary and that the constants
Cs3, C4, Cs, G have been chosen to satisfy these conditions. Choosing S% to be
a non-zero constant, the spin equations can hence be neglected, condensing the
system of equations to (5.127), (5.128), (5.129) and (5.130). Converting these
into the wave frame presents some simplification. The wave-frame coordinates
are {v(,x,y,y¢} for a plasma wave travelling at speed v in the z direction, where
( = —t+wvzand £ = z — vt. Hence writing C¢ = C® —vC? and C¢ = —C° +0vC?
the equations of motion (5.127), (5.128), (5.129) and (5.130) become

G0 — (1 _ %5031?03) Je pos¢s _ de (v + C*Oo'f> Fl.S%,  (5.138)
m2 Me m2

. qe . .

Cl = —wclchggsOS, (5.139)

&2 = —%OQCSF()SSO?', (5.140)

8= _ (1 _ q—625’03F03> e posco _ q—2 (1 + 03(;*5) F,8%, (5.141)
m2 Me m?
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5.3. Motion of an Electron with Spin in a Plasma Wave

3 —vC% and C€ =

and since C¢ =

. eSO3 o
& :< . Fog) e posce
me me
1 0S5 cacepy
me
. GS% .. .
02 - —m—CQCSFé?),

e
_gS”

¢ —
me

F03) e FO3c0< —
Me

—C% 4 v(C3, these equations can be written

7S

E—CCCEF, (5.142)
(5.143)

(5.144)

%7553 (7*2 + (C’f)2> Fl,. (5.145)

e

Substituting in (4.15), the equations of motion for a classical electron with spin

in the electric field of a maximum amplitude plasma wave are

. 503 v
¢ — ! s _
b (1 ) e
C«l _ SOS C«lcg //
mefy
C«Q — 503 0205 //
me’V
. G03 , V.
Cé = — (1 — me'y2y) ?CC -

S CCYY, (5.146)
me’y
(5.147)
(5.148)
03
-2 62 "
— ( +(C8) )1/ (5.149)

where v satisfies (5.125), and to distinguish the derivatives, dots represent proper

time derivatives and dashes represent derivatives with respect to &.

5.3.1 A Particular Solution to the Equations of Motion

for a Plasma

In order to simplify notation, note that on the worldline C of the particle, C! = x,

C? = y etc. Since the equations of motion of a particle must be restricted only

to its worldline, the equations of motion (5.146)-(5.149) are written

E=—(1-5V) %
i=—Si&,
g = —Syéy”’

. = V. _ B
g:—(1—sy)¥g—s(y

£~ 5¢ev”,

9
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5.3. Motion of an Electron with Spin in a Plasma Wave

503

Me”y

where S = 5.

Since a general solution to these equations is not apparent, a particular solu-
tion is sought in order to investigate the impact of spin on the path of a particle.
Clearly a particular solution can be found for constant & = &c. These solutions

correspond to particles moving at the same speed as the plasma wave in the z-

me dv

1 g

direction so the particle experiences a constant electric field Ec =
This section is hence concerned with the stability of this particular solution.

Firstly, the particular solution for constant & (equal to &), is given by solving
the equations (5.150)-(5.153) with £ = £ = 0:

(=0, (5.154)
=0, (5.155)
y =0, (5.156)
_ ]// . —
0=—(1-251) 7—‘;( — Sy, (5.157)
where v = j—g and so on. Integrating these equations gives
§=¢c
S Ve
= ———=——T + Co, 5.158
R T AT AR (5158)
x(T) = ToT + o, (5.159)
y(1) = Yo7 + Yo, (5.160)
£ =&c, (5.161)

where (y, xg, Yo, To and 7y are also constants. It is possible to substitute one of

To, Yo for the other since the particular solution is normalised, i.e.

_ 2
S iz 2 2
-] +z5+y; =—1. 5.162
((1_57/6) Véj) L Yo ( )

Note that it is impossible to satisfy the normalisation condition with S = 0;
i.e. this normalisable trajectory does not exist for a spinless particle. Similarly
the derivatives v and v/ must be nonzero. In order to simplify notation it is

assumed that o and 7o have been chosen to satisfy (5.162). Since the equations
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5.3. Motion of an Electron with Spin in a Plasma Wave

New
trajectories

Figure 5.2: Illustration of several trajectories C1, Co, Cs given by different choices
of £c. Whilst the plasma electrons travel along £, these solutions travel transverse

to the wave’s velocity, “surfing” along the wave.

of motion depend on the velocity and not position of the particles (other than

&c), the particular solution considered henceforth is

S v
o =—————7 5.163
o) =~ gy o (5.163)
Tsol(T) = ToT, (5.164)
ysol<T) = yOTa (5165)
fsol = fC- (5166)

This solution corresponds to a particle travelling in the z-direction with speed
v but with the transverse motion given by xy and yp; in essence such a particle
would “surf” along the wave. Three sample trajectories are shown in Figure 5.2.
Note that due to the normalisation condition (5.162), the transverse trajectories
cannot exist for all £¢: the minima and maxima of the wave correspond to zeroes
of v, for instance. These choices of v/, lead to no solutions of the normalisation

condition and are hence invalid.
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5.3. Motion of an Electron with Spin in a Plasma Wave

5.3.2 Perturbing around the Particular Solution

In order to perturb around these solutions, consider

() = Gl + 2 (r) =~ + 2C(7). (5.167)
x(7) = T501(T) + eAx(T) = 0T + eAx(T), (5.168)
Y(T) = Ysol(7) + Ay(T) = Go7 + Ay(7), (5.169)
E(T) = &o1 +eAE(T) = &c + eAE(T), (5.170)

where ¢ is a small constant and the A terms correspond to perturbations. Sub-

stituting (5.170) into v and its derivatives and taking Taylor series gives:

v(€c +eAE) = vo + e AL+ O(e?), (5.171)
V (Ec + eAE) = v + eV AE + O(e7), (5.172)
V' (Ec + eAE) = V) + eVl AE + O(2). (5.173)

Hence inserting the perturbed solutions (5.167)-(5.170) along with v and its
derivatives (5.171)-(5.173) into the equations of motion (5.150)-(5.153) can be
simplified to

/ Q2 Y2
eAC = {— (1-5u) % + 15—5% (ng) } eAE + O(2), (5.174)
eAx = [—Sior] eAE + 0(e?), (5.175)
Ay = (- yoz/c] eAE + 0(e?), (5.176)
eAE = — Svg) ve eAC + L 25vc 5(1/6)2 — Syg eAE + O(e?).
c) ~2 1 - gy’c Y2 ~2
(5.177)

Equation (5.174) can be integrated to give
s (w
1—Svy v

AC = {— (1—Sug) :—é? + ] A&+ 0O(e), (5.178)

and hence (5.177) can be written

eAE = [ (1-— syc)y—é] [ (1 — Sv) 7—3 + _S;VC (’;/;)2] eAE
{(11__2520) /] eAE + O(2). (5.179)
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5.3. Motion of an Electron with Spin in a Plasma Wave

Collecting like terms, this can be written

cAE = {(1 _ g%y%)Q N (1 —Svg S ) Swe)?® SV@] AL+ O(),

4 vy 1-Sv,) A2 ~2
(5.180)
hence the equations of motion to first order in ¢ are
. B I// 5«2 (V”)2 .
AC=|—-(1-5v) L+ ——2C|A 181
¢= |- %+ T M 4 (5.181)
Az = [-Sig] A€, (5.182)
Ny = [-Sjort] A€, (5.183)
. -~ /\2 1— Sl// Sv §<V//)2 _ym
Ae = |(1— /2 (V6) c _ ¢ _ghC | A (5184
3 [( Sve)* i 7 ) Sz A (5184)
Clearly these equations can be written in the form
AC = A A€, (5.185)
Az = A, AE, (5.186)
Ay = AsAE, (5.187)
AE = ALAE, (5.188)
where the constants A,, are given by
_ v 5«2 (V”)Q
— — (1= Su.) =< _ C 1
A =— (1 - 5g) s AR (5.189)
Ay = — S, (5.190)
Az = — Syovd, (5.191)
_ /\2 1 — S«V/ S« S(VII)Q _y
Ay =(1 — G2l o___ 2 o g% (5192
4 ( VC) 74 + V,C 1— SV& 72 72 ( )

Since these A, are constant for a given choice of &¢, the equations of motion
prove simple to integrate. Clearly Ay = A;AE + €1, Az = A,AE + €, and
Ay = A3AE + @3 for some integration constants €, and

AE = CueVMT 4 @pe VAT, (5.193)
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5.3. Motion of an Electron with Spin in a Plasma Wave

The full set of perturbed solutions are hence

64 85 —
AC=A VAT L f e VT 5.194
C 1 \/_A_46 1 \/‘A_46 ( )
Cy Cs _
Az = Ag———eVMT L )2 VAT 5.195
X 2 A46 2\/./4._46 ( )
64 VAL 85 A
Ay =A AT Ao 4T 5.196
y 3\/.A_46 3m6 ( )
A€ = CueVMT 4 Cre VAT (5.197)

where the A, are defined (5.189)-(5.192) and the €, are integration constants.
In general the perturbations also contain a linear component in 7, though these

are omitted here for brevity.

5.3.3 Stability of the Perturbed Solutions

The stability of the system thus depends on the sign of Ay, that is (5.192). If Ay
is positive, the perturbations will diverge exponentially (unless the integration
constant C4 is zero); if A, is negative, the perturbations will oscillate. Hence A,

must be studied more closely;

_ /\2 1— SV’ Sr S«(V//)2 _y
A, =(1—-8 ! 2(7/0) c _ C _ grc
4 ( VC) 74 + Vé 1 — Sl/é 72 72 ’

(5.192 revisited)

however attempting to find the overall sign of this quantity is not a simple task.

In order to simplify matters, (5.192) is written

Ul 2 ! 2 ! 2 ! SI// B
e () () ) o o
C Y C v

and then it is assumed that that O(5?) can be neglected! since S is assumed to

be small. As the square root of (5.192) is given by

/ 1 o/ "\ 2 /0 2 M\ _
VA = ‘Vc’_{__ Ve ((”_C) _2(E> _V_C>5’_1_O(52)7 (5.199)

o2 2l \ e g Vo

!The validity of this assumption is tested in the next section.
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5.3. Motion of an Electron with Spin in a Plasma Wave

the first exponential of (5.197) is
’V’ ‘ 1/ ! 2 Ul 2 ! B B
e | (B g ((57) —2(2) — i) svoe)s
v 2wl \ \g ot v
A / "\ 2 7\ 2 1n B
2 g 7 o v

Since S is considered to be a small parameter, exp [(‘)(52)] ~ 1 and

x 25" (5.200)

lv¢|
5T

eVhir x (14 NeSt)e? 7, (5.201)

— / /! 2 / 2 "
to first order in S, where No = 1% <(V—C> -2 <V—C) — IV/—‘,J) Hence the &

2 \V(’j\ l/éj

perturbation (5.197) to first order in S is

_laeBc|

T+ C5 (1= NeSt)e me . (5.202)

Ec|

A€ = €, (1 + Nofr) e

Hence the perturbation A¢ is unstable (to first order in Sy3) as the first expo-
nential will diverge as 7 increases, unless €4 = 0. Since the other three perturba-

tions are closely linked to A&, the complete perturbation is also divergent (unless
C4=0).

5.3.4 Consistency Check

To confirm that the assumption made in the previous section is valid, this section
confirms the relative sizes of the O(S?) terms of A, relative to the zeroth and
first order terms.

Hence consider the O(S?) part of Ay, given by subtracting the zeroth and first
order terms (5.198) from the full expression (5.192) and dropping the C subscripts
for notational simplicity:

52 B (V')4

Ay(S?) = S5 (1—Sv) o (2-SV)(V")? . (5.203)

Since the assumption was made that the second order and above terms were much
smaller than the first and zeroth order, dividing (5.203) by (5.198) gives the size

of the second order terms relative to the first and zeroth order. The relative size

86



5.3. Motion of an Electron with Spin in a Plasma Wave

R of the second order and higher terms compared to the first and zeroth order
terms of A4 can hence be written

521// (V’)4 _ 272(1///)2 + 5’1/ (72(1///)2 _ (I//)4)
(1 _ 51/) (V/)s + 8 (72@//)2 _ 2(,//)4 _ ,YQV///V/)

Analytical investigation of (5.204) is not a simple task, however, and in order to

R= (5.204)

progress numerical methods must be used. In order to find appropriate values for
the quantities involved, the v/ terms can be replaced with electric field E terms,
and similarly " and v can be replaced via the plasma wave equation (5.125)

and its derivatives. Consulting equation (5.125) constraining v,
2

%V’Q — MeZNion (v\/ﬂ -2 —v+ 7) =0, (5.125 revisited)
q.”
differentiation yields the relationships
2,4
" 4.7 ZMion v
- -1, 5.205
Y Me (U VE—72 ) ( )
2.6 /
"o _Qe’}/ Uznion v
— e =7y (5.206)
Solving (5.125) algebraically for v in terms of v/ gives
v == (k () = 7) £ 720y ()2 = 7)* = 1. (5.207)
where k; = ZqQ'yT—Zn Hence the system of equations depends on the quantities
S9 = —Sp3 = —Sp, Me, U, o, Z, Nion, 2. However, scaling & via the substitution
€ = €S so that % = %d%, and so on for the higher derivatives, allows (5.204) to
be written

VA/ (VA/)4 o 272(&//)2 + I/Al (720;//)2 o (VA/)4>
(1 _ 7;/) (VA/)3 + 72(,)//)2 _ 2(,}/)4 _ V2V7//VA/

R= (5.208)

where 1/ = d%u(f). Thus v and its higher derivatives become

v=—9° (kQ(z;’)z - 7) + 72v\/<k2(ﬁ’)2 - 7)2 — 1=y, (5.209)

A 1 v

J/— — — 1 5.210
L ( . ) (5210)

. v

(5.211)
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where ky = % Hence R now depends on the three parameters

v -, (5.212)
c
- de qe
3 % 4
hy = — e TeC %0 (5.214)

_> )
G2 Z Nion SE, G2 ZNion SE,

where the final expressions are given in SI units via restoration of the speed of light

2.3
mgc

¢ and the permittivity of free space ¢y. Introducing the Schwinger limit Fg = o

2(y—1)me Zn;
e 101{17 the

and the maximum electric field! for a cold plasma, Fo.x = ¢ <

free parameters can then be written

v 2, (5.212 revisited)
c
~ E Stz
Dt 21
v — B R (5.215)
Es \>( h\°
ko — —1). 5.216
o () (5) 0= (5.216)
Writing ks = ,  and its derivatives are given by
—1 - 1. 2
v=— (=P =) £ [ (=02 =) -1, (5217)
kg k3
~ 1k
- . S (5.218)
2’}/ -1 y2 — 'YZ
1 kg 2 !

(5.219)

IThe idea of a wavebreaking limit is well known (see Ref. [52]). The wave-breaking limit
may be obtained from (5.125) by integrating from &, the minimum of v and hence a zero of E,
to &1, the maximum of E and turning point of /. Since v; = v (from (5.125)) and vy = >

(from the derivative of (5.125)), the result follows.
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which along with (5.208) form a system dependent on the parameters

v
v— -
C

: (5.212 revisited)

X E S,
v — _stt’ (5.220)

Emax ? Stz ?
k — ] . 221
2 ( Lg ) ( h ) (5:221)

Then since F << Fs, Fh.x < Es and S;, ~ h, —1 < vV <1and 0 < ks < 1.

It should be noted that the square root in (5.217) is real and non-zero since

(71;31@2_7)2:((7_1)%_ )2, (5.222)

leaving the condition

V>, (5.223)

in order to keep the square root in (5.218) and (5.219) real and non-zero'.

Figures 5.3 and 5.4 show that there are indeed regions for which the second
order terms are smaller than the first and zeroth order; in particular the regions
in Figure 5.3(b,d,e) and Figure 5.4(b,d,e) coloured from blue to green are ideal?.
While the assumption that the second and higher order terms is clearly not valid
for all values of v, k3 and v/, it is not difficult to find parameters such that the

expansion, and hence the conclusions of Section 5.3.3, are valid.

!The case v < —v is neglected since v > 0 in order to keep the 4-velocity of the plasma

electrons future-pointing.
It is important to note that some of the regions where |R| in these plots becomes very

large (red) may be artefacts of numerical error. However, the presence and relative abundance

of |R| < 1 is all that is required for this consistency check.
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—1 v 1

Figure 5.3: (a,c,e): The size of R with v = v across a range of the free parameters

- 2

Vo= —E%S;f and ks = (EEL;") (S}%z)2 over a range of speeds v: 0.1c (a), 0.5¢
(c) and 0.9¢ (e). (b,d,f): Heat charts showing detail of (a,c,e). The black region
where |R| becomes imaginary is excluded by F < Epax. (g): Key for (b,d,f).
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7
0
D,
o)
v
I
7 7

Figure 5.4: (a,c,e): The size of R with v = v_ across a range of the free parameters

over a range of speeds v: 0.1c (a), 0.5¢

(b,d,f): Heat charts showing detail of (a,c,e). The black region

(c) and 0.9¢ (e).

where |R| becomes imaginary is excluded by F < Epax. (g): Key for (b,d,f).
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5.4 Summary

This chapter has shown an alternative derivation of the covariant Stern-Gerlach
and TBMT equations governing the motion of a classical particle with spin under
the influence of electromagnetic fields. By using de Rham currents a pair of
covariant equations of motion were derived using the stress and spin balance
laws. By comparison with known equations in Ref. [49], the equations of motion
found were seen to be equivalent to that found in the literature up to choice of
4-momentum. The pair of equations were then converted to use the momentum
P used in the wider literature and in particular used in the Nakano-Tulczyjew
condition (5.95), which was added to complete the system. By linearising the
equations of motion in the spin components S, equations for %C“ and %Sab
were obtained.

Using the maximum amplitude plasma wave from Chapter 4, a solution of the
equations of motion was sought such that the spin of a particle was significant.
Such a solution was found for a trajectory moving transverse to the motion of the
plasma electrons; the spinning particle moved with constant speed and hence it is
suggested that radiation reaction will not play a significant role. This particular
solution was investigated and found to be linearly unstable; a fact which could
(for instance) affect the quality of electron bunches for proposed laser-plasma
wakefield accelerators (see [38] for an outline of laser wakefield acceleration),
since electrons can move in and out of these trajectories once they have reached
speed equal to the phase speed of the wave. Since these trajectories are linearly
unstable it is likely that these solutions will only contribute on large timescales,

causing electron bunches to spread out in the transverse directions.
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Chapter 6

Conclusion

This thesis has explored several aspects of electrodynamics in extreme situations;
both at high electromagnetic field strength and at high electromagnetic field
gradient. A new derivation of the relativistic equations of motion for a spinning
charged particle in a background electromagnetic field (the relativistic Stern-
Gerlach and TBMT equations) has also been presented.

Through studying the properties of plane waves in constant background fields,
Chapter 4 sought to discriminate between the members of the family of Born-
Infeld-like theories, that is nonlinear electrodynamical theories whose Lagrangians

are of the form
L=3(X+\Y?). (3.1 revisited)

It was shown that plane electromagnetic waves in constant background magnetic
fields, solutions that satisfy the nonlinear field equations of Born-Infeld theory,
also satisfy the nonlinear field equations of all Born-Infeld-like theories (3.1),
unless the background magnetic field had a nonzero component parallel to the
electromagnetic wave’s own magnetic field. Similarly with a plane wave in a con-
stant background electric field, the Born-Infeld-like family’s field equations are
satisfied unless the background field includes a nonzero component parallel to
the wave’s own electric field, in which case only the Born-Infeld field equations
are known to be solved. It is therefore recommended that these components of

field be active in any slow light experiment seeking to distinguish members of
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6 Conclusion

the family (3.1) from one another. It is also noted that the only member of the
family of nonlinear theories (3.1) that satisfies electric-magnetic duality invari-
ance, i.e. the Gaillard-Zumino condition, is the Born-Infeld Lagrangian. Hence
Born-Infeld theory is the only duality invariant nonlinear electromagnetic theory
whose field equations are solved by plane electromagnetic waves in background
fields of arbitrary direction.

Chapter 4 studied the phenomenon of maximum amplitude plasma waves in
order to find the energy gained by an electron in half a wavelength of such a
wave. By doing so, it was hoped that the result would prove to be a theory
discriminant, with different energy gain in different theories. While the result in

the wave frame was found to be strikingly simple, i.e. energy gain W is
AW = 2mv*y?, (4.61 revisited)

where 7 is the Lorentz factor of the plasma wave with speed v, the relationship
between the plasma wave speed v and the nonlinear theories (and background
fields) is not known in the context of a plasma. Indeed such an investigation is
likely to involve significant numerical machinery and is hence left for future study.

Chapter 5 returned to areas of promising analytic study by investigating the
equations of motion for a charged classical particle with spin in a background
electromagnetic field. Firstly, however, the equations of motion were derived
using a new approach involving de Rham currents and the balance laws for the

stress-energy-momentum J¢ and spin 0® 3-forms:
AT = ixaF A §7° +ixa A PO, (5.28 revisited)
1
do™ = 5 (dz® AT — da® A T?). (5.55 revisited)

Upon comparison with existing equations in Suttorp and de Groot [49], the newly
derived equations of motion were found to be consistent up to choice of momen-
tum.

Using the gyromagnetic ratio to relate the quantum mechanical spin to the
classical dipole moment, the equations of motion for a classical electron with spin
were acquired. For ease of use the equations were linearised in the spin 2-form
components S% and the Nakano-Tulczyjew condition was used to complete the

system.
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6 Conclusion

In order to demonstrate a situation in which the Stern-Gerlach-like terms in
the equations of motion would play a significant role (more so than for instance
the effects of radiation reaction terms) the maximum amplitude plasma wave
studied in Chapter 4 was considered once again. A particular solution of the
equations of motion were found where the test electron propagated in a direction
transverse to the motion of the plasma wave; a solution which exists only for
non-zero spin. Since this particular solution has constant speed, the impact of
radiation reaction should be negligible and hence the effects of the spin could

prove important in situations where only longitudinal electron motion is desired.
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Appendix A

Noether Identities

A.1 Noether Identities from an Action

Noether identities can be regarded as balance laws obtained from local invariances
of an action. This appendix shows how U(1), SO(1,3) and local diffeomorphism
invariance for an extended particle leads to balance laws used in chapters 4 and
5.

For any infinitesimal transformation d,, the action can be written [53, 54]

duSle,w, A, @] = / [‘J’a A Sue” + 0, A Suw® + je A S A+ EA (5UCI>} , (A.1)
M

where T, are the stress 3-forms, e is the coframe, o’

are the spin 3-forms, w%
are the connection 1-forms corresponding to the metric compatible connection V,
Je is the electric current, A is the electromagnetic potential 1-form and E is the
Euler-Lagrange equation of @, the matter field of the extended particle. Since the
connection V is metric compatible, it can be shown that the connection 1-forms

are antisymmetric.

A.1.1 U(1) Invariance

Consider the U(1) gauge invariance of the electromagnetic field A — A + df.

Introduce a 1-parameter family A. = A+edy1)A where dy(1)A = df is some small

96



A.1. Noether Identities from an Action

variation with compact support on M. The action variation dy(;)8 is defined as

, (A.2)

e=0

d
du)d = ES [e, w, A+edyn)4, <I>}

which can be expanded using (A.1) to give

o = [ oA S A
M

=AkA#
:Af%’ (A.3)

where the last step uses integration by parts and the fact that f has compact
support on M. Requiring dy(1)8 = 0 then gives (since (A.3) holds for any f with

compact support) the conservation of electric current: dj, = 0.

A.1.2 SO(1,3) Invariance

A.1.2.1 Variations dso(1,3)e* and dso(1,3)w?

Consider the SO(1,3) Lorentz group invariance of the spacetime metric. Lorentz

transforms A% are given by

where W4 transform the frame/coframe such that the metric product g(X,, Xp)
is unchanged. Consider the infinitesimal SO(1,3) transformation e® — ¢®+eW%e®
and introduce a 1-parameter family e = e + dgo(1,3)€* where dgo(1,3)e” = W‘zeb
is some variation with compact support on M. Since the metric is invariant under

frame transformations, W must satisfy dso1,39 = 0, i.e.

650(1,3)9 = 050(1,3)Mab€” @ €* + Napdso1,3)€”* @ €* + Nape® @ ds0(1,3)€"
= NapW%e ® e’ + Nape” & T/VbceC
= (Wha + Wap) e* @ €, (A.5)

and thus in order to satisfy dgo(1,3y9 = 0, W9 must be antisymmetric, that is
Wba = —VWab-
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A.1. Noether Identities from an Action

The transformation dgo(1,3 X, can be found by insisting that the condition
e(Xyp) = 6%, where 6% is the Kronecker delta, is invariant under the infinitesimal
SO(1,3) transformation. Thus

a4
de

d
= _5ab

A.
= (A.0)

e=0

(e2(Xz))

e=

where ef = e® + edso(1,3)€, Xep = Xy + €050(1,3)Xp and dso(1,3)¢" = Waeb. Ex-

panding (A.6) results in the condition
e*(9s0(1,3)Xp) + dso,3)e” (Xp) = 0, (A.7)
which noting that dgo(1 3)e® = W el results in
S0, Xe = —Wo X, = W, X, (A.8)

since Wy, is antisymmetric.

The connection 1-forms are defined via the connection V acting on frame X,
VXaXb == wcb(Xa)Xc. (Ag)
Hence by applying the SO(1,3) variation to both sides of (A.9),

VissonnXa X + Vx,050(1,3)Xp = 0s0(1,3)0%(Xa) Xe + w(ds0(1,3)Xa) Xe
+ w%(Xa)dso1,3)Xe, (A.10)

and since Vyx, = fVyx,, using (A.9) a common term is found and removed:
Vx.050(1,3)Xs = 0s0(1,3)w%(Xa) Xe + w3 (Xa)ds0(1,3)Xe- (A.11)
Using (A.8), this is
V., (W, Xe) = 8s0(1,3w% (Xa) Xe + 0 (X)W, Xy, (A12)
and applying the Leibniz rule to the LHS:

Vx, (W, Xe) = (Vx, W}, %) X + W, (Vix, X)
= X, W, X, + W, “w (X,) X (A.13)
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Hence (A.12) is rearranged to give
8500185 (Xa) Xe = XgW, Xo 4+ W, wh(Xa) Xg — w0 (X)W, Xy, (A14)
Inspecting the components of (A.14) gives

Ssoaw"y(Xa) = XaW," + W, W' (X,) — w(Xa)W, " (A.15)

C

Since V f = df (V'), wedging with e gives

Ssoazpwhy = dW," + W, W, — W, W, " (A.16)
Introducing the covariant exterior derivative D, which acts on a®®, , via
Dot =da®t  twiatt bt
Cwtatt et (A.17)
it is clear that
dsoa 3w = DW,* = —DW. (A.18)
A.1.2.2 The Spin Noether Identity
The action variation dgo(1,3)8 is defined as
050(1,3)8 = d%S [e + edsoqzpe, w+ edsoasw, A, P - (A.19)
e=
which can be expanded using (A.1) to give
ds0(1,3)8 = /M [Ta A bsoaze” + 0, Adsoa,sw?] - (A.20)
Then (A.20) can be written in terms of W¢:
0s0(1,3)S = /M [To AWSe® — o, ADWS] (A.21)
since W, ¢ = —W¢ because Wy, is antisymmetric. Then, since
/ o NDW4 = / D(o W) + / W% Do, (A.22)
M M M
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where

| pewy) = [ bwy) = (A.23)

M M
and the final step follows because W has compact support on M. So
/ o) NDW4 = / W Do’ (A.24)
M M

and hence

050(1,3)S = / [To A€® — Da,l] W5, (A.25)

M

Since W¢ is antisymmetric, the symmetric part of [‘J’a Ael — Daab} is projected

out, leaving the antisymmetric part:

1
0so(13)8 = 5 / [Ta A€’ — Dol —T° Nea + Do’ | W6
M
1
=3 / [‘Ta ANe’ —2Dot — TP A ea] we, (A.26)
M
where the last step uses the fact that the spin 3-forms satisfy o,, = —0p,. Insisting

that dso(1,3)8 = 0 then gives the identity

1
Dol = 3 (Tane =T Aey), (A.27)

A.1.3 Local Diffeomorphism Invariance

Diffeomorphisms are isomorphisms on smooth manifolds. Lie derivatives cor-
respond to infinitesimal diffeomorphisms; hence considering an action invariant
under local diffeomorphisms is equivalent to considering an action invariant under
the Lie derivative Ly, where the components of W have compact support on M.

Hence using (A.1),
(SDiﬁ(M)S = / [(.Ta A Lwea + Uab VAN waab + je N LwA + EA LW(I)} . (A28>
M

Using Cartan’s identity,

LywA = diwA + iwdA
= diwA + iwF
= 5U(1)A + iwkF, (A29>
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since diwA = d(iwA), analogous to df. Introducing the structure equations [27]

defining the torsion 2-forms 7 and curvature 2-forms R%,
de® =T —w’ Ne (A.30)
dwab - Rab - (JJaC /\ wcb, (Agl)
consider the expression
[Jwea = diwea + iwdea
= diwe® + iw (T“ —wh A eb)
= diwe“ + ina — iwwabi + w“biweb
= Diwe® + iwT* — iwwabeb. (A32)

Since iyww? is an element of the algebra so(1,3) (as the connection 1-forms wgy
are antisymmetric) and since the components of X have compact support on M,
(A.32) can be written

Lwe® = Diywe® + iwT* — (530(173)€a, (A.33)
where dgo(1,3)e" = iww?eb. Finally the connection 1-form term:
= dlwwab + ZW (Rab - wac A wcb)
= Diww“b + inab
= iw R — dso(1,3)W", (A.34)

where dso(1,3w% = —Diww?, (see (A.18)).
Inserting (A.29), (A.33) and (A.34) into the variation of the action under local
diffeomorphisms (A.28) gives

5Diff(M)8 = / [‘Ta A Diwe® + T, N iwT* + Jab VAN inab 4+ jo NiwE + EA Lyy®
M
—‘Ia A 530(1’3)6(1 — 0'ab VAN (550(173)(,«}% + je VAN 5U(1)A:| . (A35)
The gauge invariances in the previous sections remove the last three terms:

(SDiff(M)S = / [(J'a N D’iw@a + Ta A ina + Uab AN inab + je A ’LwF +EA ,CWCI)} .
M
(A.36)
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Since vector components W = iywe® have compact support on M, the covariant
exterior derivative D can be shifted to the stress tensor via integration by parts

and Stokes’ theorem:

5Diﬁ‘(jv[)s = / [DTaWa + Ta A\ ina + O'ab VAN inab + je A pr + EA LW(I)} ,
M
(A.37)

and stripping the components from W gives

(SDjff(M)S = / [D‘:Ta + Tb A\ iXaTb + O'bc AN iXaRbc + je AN iXaF + E A LXa(I)] Wa.
M
(A.38)

Hence requiring dpig)S = 0 gives the balance law

DT, = =Ty Niw,T" — 0,° N, R°, — jo N iy, F — E A Ly, ®. (A.39)

A.1.4 In Lorentz Coordinates on Minkowski Spacetime

Since this thesis deals with flat spacetime, the three balance laws (A.27) and
(A.39) are significantly simplified. Choosing the Levi-Civita connection gives
T* = 0 since the Levi-Civita connection is torsion-free. Minkowski spacetime
has no curvature, so R% = 0, and choosing the orthonormal coframe {e¢* = dx®}
where {2} are inertial cartesian coordinates, the connection 1-forms w® are also
zero. Finally, since E correspond to the Euler-Lagrange equation for ®, E = 0.

The balance laws hence take the simple form

1
do,t = 3 (Tane’ =T Neg), (A.40)

dT, = —jJe Nix, F. (A.41)
Note that the balance law used in Chapter 4 uses a fluid model instead of
the extended particle model above, and also has non-background electromagnetic

fields to consider. The stress tensor in this section does not include electromag-

netic stress terms (see Section B.4.4 and B.5 for details).
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Appendix B

Action variation for Nonlinear

Electrodynamics

A sample action § for a cold plasma is given by

Sl evd] = [ (SLOGY) w1t s/ Todon 1 @A N e oA A ) (B-D)
M

where the first term encapsulates the electromagnetic field theory, the second
the mass energies of the electrons, the third coupling of the electrons and the
electromagnetic field and the final term couples the electromagnetic field to a
background of ions. The arguments of the action are A, the electromagnetic
potential 1-form, e the coframe and ¢, a map between the spacetime manifold
M and a body manifold B. The map ¢ is an example of a matter field ® from
the previous appendix. The electromagnetic part of the Lagrangian is written in

terms of the invariants

X = *(F AF), (B.2)

Y =%x(FAF), (B.3)

where F' = dA is the electromagnetic 2-form defined on the 4-dimensional space-
time manifold M. By using variational principles, several quantities of physical

importance can be found, including the field equations, the stress tensor and the

Lorentz equation. Note that in this appendix lower case Latin indices indicate an
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Einstein sum over 0 to 3 associated with coordinates on M, whereas upper case

Latin indices are summed 1 to 3 associated with coordinates on B.

B.1 Preliminaries

B.1.1 Pullbacks

Consider two manifolds M and N (of different dimension) with a mapping v
between them such that ¢ maps a point p in M to a point ¢ in N:

WM =N, (B.4)
p—q=v(p). (B.5)

Each manifold also has associated with it a set of coordinates z* and * respec-
tively, which are injective maps taking points in their manifold to a set of real
numbers. For instance on m-dimensional manifold M there are m coordinate

maps T

B M — R™ (B.6)
p— {zy} = {2"(p)}- (B.7)

There are also a set of @ maps @@“ which relate the two sets of coordinates, defined
by

¥ R™ - R (B.8)
{o"} = {y'} = (P ({="})}. (B.9)

Given this structure, the pullback of f € N is defined as

Le. p € M = (6" 1)(p) = F(()), (B.11)

so-called as the map ¥* f now maps from M to R instead of from N to R, so the
pullback map pulls objects from N back onto M. The pullback can be generalised
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to forms by using the properties

Yrdf = d(y* f), (B.12)
Y*(hdf) = ¢*h P*df, (B.13)
U (o + B) = vra + 7B, (B.14)
Y (@A B) = Yra AgrB, (B.15)
V(S ®T) = ¢S @ ¢*T. (B.16)

B.1.2 Defining j. and ¢

The electron current j. and the map ¢ of (B.1) are defined as follows. Given
that M is a 4-dimensional flat spacetime manifold over which the normalised
vector field V, (i.e. g(Vi,Ve) = —1) representing the worldlines of electrons is
defined, let B be a 3-dimensional manifold such that each integral curve of V,
in M is mapped to a point in B (see Figure B.1). For more on body manifolds
(also called “material” manifolds), see Ref. [55], though the concept was first
introduced by Maugin [56].

Now consider the map ¢ defined between the two manifolds M and B to be a

submersion, i.e.

p:M—B (B.17)
p— ¢(p) (B.18)
2" =y = ¢4 (p), (B.19)

where % and y# are the coordinates on M and B respectively, and d¢? is non-
vanishing by definition!. From the relationship between B and M, it is clear that
the map ¢ contains information about the vector field V..

Now define a 3-form © on B:

1
©= 5@,430( y)dy® A dyP A dy©. (B.20)

ISince ¢ is a submersion.
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Figure B.1: Illustration of the relationship between the integral curves of vector
field V' on manifold M to points in the body manifold B. Each integral curve of V'
(represented by a different colour) is mapped to a point in B. For instance integral
curve C is mapped to point pc, in B. The pullback map ¢* encodes the vector

field V in the way the points and curves are related.

Since © is a top form on B, it follows that d© = 0. Introduce a 3-form j, on M
derived by pulling back ©:

Je =00 (B.21)
1
=3 (©apc © @) do™ Nde® A dg©. (B.22)
Noting that ¢*dy? = d¢?, which implies that Vo¢? = 0 as V.9 = d¢A(Ve) and
¢4 is constant along the integral curves of V,

1

3 (©aBc 0 @) dd™ A dpP A d¢0) =0, (B.23)

iv, (¢"©) =iy, (

i.e. iy,7. = 0. However since j, is a 3-form, i.e. the Hodge dual of a 1-form, say

a7
i, x = % <a A 178) — 0, (B.24)

and applying the inverse Hodge map to both sides, it is clear that o A YZ =0, ie.

o= ne‘z for some O-form n,. The 3-form j, can hence be written
o = N * V. (B.25)

Interpreting n. as the proper number density of the electron fluid, n, > 0 is

required and is satisfied by choosing © and ¢ appropriately.
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Since the dot product between two 2-forms is defined as

a-B =+ aAxp), (B.26)
using (B.25),
JoJo = mZx"! (*‘Z A 17) . (B.27)
Consider now the expression
iv, (*MXZ) = (iy, x 1) A Vo + %1 A iy, Vi (B.28)

The LHS of this equation is identically zero (since %1 is a top form), and on the

RHS, iy, Ve = g(Ve, Vo) = —1. Hence

(iv, 1) AV = #1, (B.29)

and therefore ne = v/Je * Jo-

B.2 The Field Equations

In order to find the field equations, the action (B.1) is varied with respect to the
electromagnetic potential 1-form A. Introduce a 1-parameter family of 1-forms
A., i.e. for every value of € in a range (for example € € (—1,1)) there exists a

1-form associated with this value. A, is chosen to be
A, = A+ edA, (B.30)

where 0 A is the variation of A. Variational methods aim to find the stationary

‘points’ (in fact 1-forms) of the action 8:

d
A Aa‘a 5 = U. B.31
i~ (B.31)

For brevity, the quantity in (B.31) is named 48, where 8§ is the action B.1. As
X(A.) = X. and Y(A.) =Yz, where X and Y are given by (B.2) and (B.3) with
F = dA, the first step is to apply the chain rule on the electromagnetic term.

The purely matter term contains no A dependence and hence the variation yields
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no result and the variation of the coupling of the potential A with the electron

and ion currents is trivial;

oL oL . .
(SAS = /J‘V[ (— |ia_XdAX + a—YdAY * 1+ A N <Qe]e + Cﬁon]ion)) . (B32)

Simplifying d4.X:

IaX 1 =04(X*1) =04+ X =da(x* (F AXF)), (B.33)
and noting
detgab —
ko = ——2 (—1)(nDay, B.34
|detgab|( ) (B.34)

where « is a ¢-form on an n-dimensional manifold M (n = 4 in this thesis),
54X 1 =04(xx (F A*F)) = —64(F A*F), (B.35)

and similarly

5AY*1:—5A(F/\F). (B36)

Hence (B.32) can be rewritten

oL oL
5AS = / (|:—(SA(F A *F) + _5A<F A F):| + 0A N (qeje + Qionjion))
M

0X oY
(B.37)
Expanding the wedge products:
d
da(F NxF) = d—e(d(Ae) A *d(A.))
e=0

d
= E(dA A *dA + dA N *eddA + eddA N *dA + eddA N xedd A)

e=0

d
= (dANKdA+ (dA N dSA + dSA N *dA) + e°dSA N *dJA)

e=0

= (dAN*dSA + d6A N*dA + 2eddA NxdSA)|,_,
= dAN*dSA + dSA N xdA
= 2d6A A xdA, (B-38)

where the final step comes about using the star-pivot, that is for forms « and g

of equal degree, a A x8 = 8 A . Similarly

Sa(F A F)=2d6A A dA, (B.39)
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so that (B.37) is now

0 oL
048 = —dOAN*xdA+ —ddANdA| + A A (@efe + GonJion
A /([aX *dA+ o0 ]+ (qj+q3))
(B.40)
The key method in variational calculations is to separate the d A term from the
other terms. The two terms in the square brackets in the above expression can

be written as

6)—LdéA/\ *dA = d(g—)I;(SA/\*dA) d(aL)/\éA/\*dA

0X 0X
oL
+ a—XéA AdxdA, (B.41)
and
oL 0 oL oL 9
a—YdéA/\dA d(a—ydA/\dA) d<8Y> A(SA/\dA—i—a—Y(SA/\d A.
(B.42)

Hence choosing 0 A with compact support so that it vanishes on the boundary
of the manifold, two terms can be removed from the action integral (by using

Stokes’ theorem on forms), leaving

oL oL oL
5,48—/}/[(2 [_d<8X) NOA N * dA+a—5A/\d *dA — d(ay)/\cSA/\dA
oL

+o0AN dzA} + qu) : (B.43)

where for brevity the charge-current term dA A (geje + GionJion) is relabelled L;.
Permuting the wedge products using a® A B0 = (=1)P13@D) A o(P)

oL oL oL oL
6A8—/M(—2{d(aX)/\ *dA+ o x dA+d(aY)AdA+a—YdA}/\5A

+Lgj) . (B.44)
Then, as

CIch 5"4 A (ere + Q1onj10n>
_(ere + Qion]ion) A\ 5A, (B45)
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and as the variation 0 A can be any smooth variation of A with compact support,

2 (d (8—L) AxF + a—Ld*F—i—d <8—L> NF + a_LdF> + (ere+Qionjion) =0.

0X 0X )% oy
(B.46)
This can be written
oL oL . ,
d*2 (8_XF — 8_Y * F) + (ere + Qion]ion) = 0. (B47>
Hence (as F' = dA) the nonlinear generalisation of the Maxwell equations are
given by;
dF = 0, dxG = _qeje - Qionjiona (B48>
where oL B
=2 zF —=+F|. B4
¢ (aX ay * ) (B.49)

B.3 The Lorentz Force Equation

To find the Lorentz force equation, the action (B.1) is varied with respect to the
map ¢ between M and the body manifold B (effectively varying the structure of
Ve whilst maintaining the normalisation condition ¢g(V;,V;) = —1). As only the

current j, is not invariant under variation of ¢,

5,8[A, 6, ¢] = /

[ [Bolmer/Teiex 1)+ dulaeA A )] (B.50)

and using the chain rule,

(&ﬁje)'je .
58A,gz5,e:/ {me ——— x 1 + gcA N dpJe| - B.51
Shod= | Vi ’ (B.51)

Since the dot product is defined on forms of equal degree by a-8x 1 = a A %03,

[me 5¢je A %je

Vje']e
/{ A *Je ]/\5 ' (B.52)
- e A — Me—F———= Je- .
M V' Je'Je ¢

+ qu VAN 6¢je:|

sustaonel = [

M
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Note that the current is defined in (B.22) as the pullback of a top form © on B,
where coordinates in B are denoted with upper case Latin letters running from

1 to 3. Focussing ' on d,Je:

Spde = 0 (% (©apc 0 @) dp™ A dp® A d¢c)

- % (8(3;‘50 o ¢> SdPdo™ N deP A deC + % (©4apc 0 @) ddd™ A dp® A deC.
(B.53)
This is equivalent to the statement
dpje = iwdje + diwje, (B.54)
where V,(W) = 0. To see this, consider
iwdje + divije = 66w, dje + 0 iw 4 e, (B.55)
where the frame {V,, W4} is naturally dual to coframe {—‘76, do?}, ie.
dp*(Wp) = 65, (B.56)
V.(W,) = 0. (B.57)

Since the current j. is the pullback of a top form from the body manifold B,
djo = 0. It is instructive, however, to deconstruct this term in order to show the
relation (B.54) from (B.53). The first term of (B.55) is

1
ST iw,dje = 5¢Tiw,d [g (©apc 0 @) dp™ A dpB A dgbc]

1
= 0¢"iw, bd (©apc 0 @) Adp™ A dpP A dqbc] : (B.58)
Applying d to (©apc o ¢) gives
00 o
A(Oapc o) = 224900 gyr (8.59)
O
and hence
100
60" i, dje = 5¢F§%0¢% [do” A do™ A dp®P A dgC] (B.60)
IN.b. Used in this calculation is the fact that ©@ spc = —Opac is totally antisymmetric.
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where
iw (do)PAPC = 07 (dp)*PC — 67(de) P + 67 (dp) A — 65(dg) P, (B.61)

and (d¢)?P¢ is shorthand for d¢? A dp? A dg®. Tt follows

1 0©4pc o ¢

5o i, dje = 60 TR [62(dp)*BC — 5 (dg)”PC

+07 (dg) A — 0 (dg) PP (B.62)

By the fact that © is totally antisymmetric, (B.62) can be rewritten

1904pco¢ 199apco¢
31 0P 2 0P

Now the second term of (B.55):

06" iwpdje = 36" (dg) AP — 3¢ (do)"PC. (B.63)

dogiwgjo = <5¢ (©apF 0 ¢) (d¢)AB>

1 00 sF o @

0% (dp®4B).  (B.64)

= dép" Ao (@ABF 0 ¢) (dp)*” + d¢" 51

Hence by relabelling and permuting indices,

L o 1 /00 1
i+ divie = 51 (2508 0.6 ) 667 (00" + 1 (Oanc 0 0) b0 (46,
(B.65)
and therefore
5¢je - inje + dZW,]e (B66>

Since j, = ¢*0O, clearly dj. = d¢p*© = ¢*dO = 0 as O is a top form on B. Hence
from (B.66), clearly d,j. = diwje. Using this fact, the variation of the action,
(B.52), becomes

*Je
04S[A, ¢, e :/ {qu Me——— }/\dz Je- B.67
St o= | Viege) (B.67)

To proceed, consider the integral

*je . . *je . -
d| [geA —me—7= .}M Je)z/d{qefl—meflmwje
[v[ ([ VJe'Je W M Ve Je
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B.3. The Lorentz Force Equation

By Stokes’ theorem, however, the LHS of this equation is zero as the components

WA are chosen to have compact support on M. Thus (B.67) becomes
548 = / <meiwje A (d(qu) g2l )) . (B.69)
M VietJe
Since j, = ne * Vo and VeJe = Ne,
558 = | (wion (dlat) = meaf?))
= [ (39w n (i) = midF2) ) (B.70)

Now, requiring (as per usual in variational calculus) that 6,8 = 0 for suitable

variations of d¢* results in the condition
iw,je A d (qu - mef/e> ~ 0. (B.71)
Substituting in j, = ne * v, gives
iviynex Ve Ad (g = me ) =0
so dw,iv, xLAd (qu - me\7e> ~ 0. (B.72)
Now consider
iw v <*1 Ad (qu _ mf/)) — i iy x 1A d (qu _ me17e>
ol A, ived (qu - me\Z) . (B.73)
and as the LHS (%1 is a top form) (B.72) can be rewritten
w1 Ay iv.d (qu - mex7e> —0, (B.74)
and star-pivoting gives
iw iv.d (qu _ mel7e> —0. (B.75)
Now consider the 1-form a = iy,d (qu — mJZ). Two things become apparent;

firstly iy, = 0 as iy,4y, = 0 and secondly from (B.75), iw,a = 0. However since

{Ve, Wy, Wy, W3} forms a frame! on M then o must be zero and hence

iv.d (qu — mef?e) =0, (B.76)

1Since W4 span the V-orthogonal subspace of the tangent space of M by (B.56), (B.57) .
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and since dA = F,

ivdV, = 24, F (B.77)

e

Using the identity d = e* A Vy,, it can be shown that z'%dve = VVJZ for Levi-
Civita V:

Z'Ved"?e = i% <€a A V)QJZ)

= (z'veea) VX(LV:e — e“ (i\/eVXa‘Z>

= (V) I, Ve — e (Vi) (Vo). (B.78)

Now note two things; firstly as (V;)* is a O-form it can moved into the first

argument of the connection via fVy, = Vyy,. Secondly since A(B) = g(A, B)

and V is metric compatible, rewrite Vx V., = Vx, V.. Hence
i dVe = Viyox, Ve — 9 (Vx, Ve, Vo). (B.79)
The metric compatibility of V gives
Va(g(B,C))=¢g(VaB,C)+g(B,VaC), (B.80)
and hence
Vi, (9(Ve, Vo)) = 29 (Vx, Ve, Ve) - (B.81)
Using this, (B.79) can be rewritten as
Ve = Vi T~ 2"V, (9(Ve, V). (B.52)

and since ¢g(V;, V) = —1, the second term is zero, leaving ivedve = VVQ\Z. Thus
(B.77) becomes
VoV =VyVe= L4, F (B.83)
m

e

the covariant Lorentz force equation for an electron fluid.

114



B.4. The Stress 3-Forms

B.4 The Stress 3-Forms

In order to find the stress-energy momentum 3-forms, note that as per Appendix

A, varying the Action with respect to the orthonormal coframe e results in

d
= —8[A
(568 ng[ 7657(;5]

e=0

:/ To A 0€?, (B.84)
M

since action (B.1) does not depend on the connection 1-forms w?. The stress
form in Appendix A does not include electromagnetic stress components since
the Lagrangian used in that appendix only has a background electromagnetic
field and the kinetic term L(X,Y) x 1 for A is not included. This appendix will
derive the expression for the stress form (including electromagnetic components)
for action (B.1).
Since only terms involving the Hodge map * in the action (B.1) are not in-
variant under orthonormal coframe variation,
5.8[A, e, 6] = /M(Se(—L* 14 mer/Jogo s 1). (B.85)

Expanding this using the fact that the variation operator has properties of a

derivative gives

.54 e.0) = |

M

[—56(1;) w1 — Lo, (x1) + med, (\/ﬁ) w1+ me\/ﬂae(ﬂ)}

_ /M {_ (g—)L(MX) + §—§5G<Y)) o1 Lo (x1)

Fmed, (\/ﬁ) w14 me\/H@(ﬂ)} . (B.86)

Now the variations of X, Y and +/j.-j. With respect to the coframe can be con-

sidered separately.

B.4.1 The Variation 6.X

Consider the orthonormal coframe variation of X:

5. X = 6, (x(F N +F)). (B.87)
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Rewriting F' in terms of the coframe F' = %Fabe“b ;

1 1
(SeX = (Se (* <§Fab€ab VAN *§ch66d>)

1
= 70 (FuFoax (e A xe)), (B.88)
and using the differential nature of the variation operator,

1 1 1
5eX = Z_L Cd*(eab/\*GCd)(se(Fab)—|—ZFab*(eab/\*em)(se(FCd)+1chFab5e(*(6ab/\*€Cd)).
(B.89)
Consider now the second term in (B.89). Relabelling indices (a <> ¢ and b <> d):

1
o Fea (el A xe®)5.(Fop), (B.90)

which is identical to the first term in (B.89), seen by using the star-pivot;
1 cd ab 1 ab cd
Z_l cd‘k(e N *e )56(Fa ) = Zch*(e N *e )56(Fab)> (B91)

hence (B.89) simplifies to

1 1
5. X = > Fea x (€% A %€ 6, (F ) + Zz«ﬂcdz«}d,(se(*(e“” A xe“4)). (B.92)

abed

In order to proceed, the Levi-Civita alternating symbol €**“* is introduced, where

1 if abed is an even permutation of 0123,
€abed = & —1 1if abed is an odd permutation of 0123, (B.93)
0  if abed is not a permutation of 0123 .

The Levi-Civita alternating symbol is necessary to write the Hodge map in terms
of the orthonormal coframe; the volume element x1 is written

1 1
%] = Eeabcdea A eb AeS A €d = EEabcdeadeu (B94)

for instance. Contracting x1 on vector Xy,

. 1 .
ZXf *1 = gefbcdeb d. (B95)

Since
ix, %1 =%X}, (B.96)
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and
Xy = nape®e”(Xy) = 1ape”. (B.97)

Hence xe® is simply
a 1 af bed 1 a bed
*e = 11" €ppeae™ = 1€%eac™™. (B.98)

ab

Similarly, xe®” can also be written in terms of the Levi-Civita alternating symbol:

1
*eab — _Eab

o€ eae™ (B.99)

Considering the final term in (B.92),
ab cd ab 1 cd gh
Je(*¥(e” N *e“)) =G [ * | € A 7€ gne

56 <%€Cdgh * (eabgh)>

1
=4, <§ecdgheabgh) , (B.100)

which is zero, as the alternating symbols € are invariant with respect to changes

of orthonormal coframe. Thus
1
0cX = S Feax (e® A xeD) 5 (Fyp). (B.101)

As 0.(Fyp) is just a scalar, it can be taken inside the Hodge map:
1
0eX = SFeax (6c(Fup)e™ A xe ). (B.102)
In order to proceed further, consider
1 ab 1 ab 1 ab
5e(F) = §5B(Fab€ ) = §5Q(Fab)e + §Fab58(6 ) (B]_O?))
By expanding the final term of this equation, as well as permuting indices,
1
e (F) = §5G(Fab)e“b + Fpde® Aeb. (B.104)

Since F' is independent of coframe, d.(F') is zero, hence

Se(Fyp)e®™ = —2F,6¢e% A e’ (B.105)
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Substituting (B.105) into (B.102) gives
6. X = —FpFogx (0 A e® A xed). (B.106)
The placement of 6.X in the action equation (B.86) allows for further simplifica-
tion;
6e(X) %1 = —FyFoq* (5e® A e’ Axed) 1. (B.107)
Because x(6e® A e® A xe“d) is a 0-form, it can be buried in x1. This results in a

double Hodge map, which for a 4-form on a 4-dimensional manifold is just given

by the expression

* ko= —a, (B.108)
hence
6e(X) % 1 = FyFog0e® Aeb A xe
= 2F0¢* A e’ AxF. (B.109)
B.4.2 The Variation 6.Y
Consider the orthonormal coframe variation of Y:
0Y =0 (x(FAF)). (B.110)

As in the previous section, rewrite F' in terms of the orthonormal coframe;

1 1
5.Y =6, <* (§Fabe“b A §che“l))

= 0. (FupFrg » (e*)) (B.111)

and using the differential nature of the variation operator,
Y = P (€ )5u(Fa) + 3 Fo (€5 (Fo) + 7 FeaFoad (). (B.112)
Similar to the working in the previous section, the second term in (B.112) is equal
to the first term and the third term is identically zero due to the invariance of

the Levi-Civita symbols € under orthonormal coframe variation. Thus
1

5.Y = 5ch * ()5 (Fyp) (B.113)
1
= 5 ed * <5e(Fab)eade>- (B114)
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From the previous section, substitute in (B.105), that is

Se(Fup)e™ = —2F6e* A €, (B.115)

hence (B.114) becomes
6Y = —FF.q % (6e® A ) (B.116)
= —2F, % (0e“ N’ A F). (B.117)

The placement of 6.Y in the action equation (B.86) allows for further simplifica-
tion:
6e(Y)x1=—Fyx(de? ANe® A F) 1. (B.118)

Again, since x(6e? A €® A F) is a O-form, it can be buried in the *1:

6(Y)x1=2F0e* N’ A F. (B.119)

B.4.3 The Variation §. (v/Je'jo)

Consider the orthonormal coframe variation of ne = v/Je"Je:

5 V je ]e \/: ]e ]e)

1
— 5 (5 G A %)) B.12
a0 (<7 o A %)) (B.120)
As jo A xje is a 4-form,
5ene = 2711656 (_ * (je A *je)) . (B121>

Rewriting je in terms of the orthonormal coframe jo = 57(Je)ance™:

1 1 y aoc .
56”6 - 277/6%66 <_ * ((]e)abce b A\ *(]e)dfgedfg))
11 y y abc d
=~ 5 3% (UJaselGe)ara * (e A 5e¥)) (B.122)
and using the differential nature of the variation operator,
L ] ; abc . . abe
Octte = _Qn % [56 ((]e)abc) (]e)dfg * (6 b VAN *edfg) + (]e)abcée ((]e)dfg) * (6 b A *edfg)

+(je)abc(je)dfg(se (*(eabc A\ *edfg)” . (B123)
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Relabelling indices and star-pivoting the second term gives the first term. The

third term gives no contribution, similar to in the 6.X and ¢.Y cases. Hence

1 1
— 2ne 1_866 (jabc) jdef * (eabc A *€d€f>, (B124)

5ene =

and bringing the variation part into the Hodge dual gives

11

OcNe = — T E(je)dfg * (0e ((Jo)abe) ee A *edfg). (B.125)
Now consider d(Je):
. 1 . abc 1 . abc
6e(je> = 556 ((]e)abc) € + Q(]e)abcae (6 ) =0
Le. O ((Je)abe) € = —(Je)abcOe (€*) . (B.126)
Applying this to (B.125) results in
SeNe = Li(j )arg * ((Je)avede (€7°°) N *e¥9)
elle 271,318 e)dfg e)abcVe
11 . . a c
= 2—m§(3e)dfg * ((Jeo)abcde™ A €™ A *e¥9)
1
=5 ((Je)abede® A € A xje) . (B.127)
Ne

The placement of d.n, in the action equation (B.86) allows for further simplifica-

tion;

She * 1 = * ((Jo)avede® A € A xje) 1. (B.128)

Because % ((je)abc56“ A e’ A *je) is a O-form, it can be buried in x1. This results
in a double Hodge map, which for a 4-form on a 4 dimensional manifold is just

given by the expression

* ko= —a, (B.129)

hence

1
0N * 1 = e/ Jo Jo*x 1 = — (Je)apede™ A €% A K. (B.130)

2N,
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B.4.4 Finding the Stress Tensor

Returning to (B.86) and inserting (B.109), (B.119) and (B.130),

oL oL
5682/3\{{ 8X2Fab56 A el /\*F—a—YQFache ANe’ AN F — L6, (%1)

—;”e (je)apede® A €% A %o + menede(x1)] . (B.131)
Ne

The terms involving the variation of x1 are substituted via
Je(x1) = de® A *eq, (B.132)
so that

L L
0.8 = /M 5e® A {—S—XzFabeb A*F — g—yﬁabeb ANF —Lxe,

m . .
 (Je)abe€™ A *je + Mene * eal

2N,

oL oL
:/M(Sea/\l 8XZX“F/\*F_28YZX“F/\F Lxe,

1
+me (ne *x€q — —ix,Je N *je>] ) (B.133)
ne
Rewriting the matter piece of the action in terms of the vector field V, using
je = Ne * ‘Za
r. . . . =~ =
Me (ne*ea — —ix,Je N\ *]e> = M, (nezxa *1 —neix, x Vo A **%)
Te
= Mene (ixa w1 —ix, % Vi A 176) . (B.134)

The first term of (B.134) can be rewritten using n? = j.-jo. From this, note

1 .. 1 . .
*x1 = n_g * (]e']e) = n_g]e N *Je
=xVoAV,, (B.135)
and thus

1 SO
Me (ne*ea——ixaje/\*je) = MeNe (Zxa( V V)—ixa*‘/e/\%>
n

B )

= —meneiy, Vo A *Ve. (B.136)
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Hence (B.133) can be written

oL oL -~
(568 = /M(Sea VAN |:_28_XZXO’F AxF — QWZXaF NF — L*ea — meneiXaV;*Ve}

oL oL ~ -~
= /M {QWiXaF/\*F—I—Za—yz’XaF/\F—f—L*ea—l—meneiXaVe*V;} A de?,
(B.137)

and by (B.84), the stress 3-forms T, can be written in terms of the coframe

variation as
0.8 = / T N 0e?, (B.138)
M

and comparing with (B.137), the stress forms are clealry

oL | oL . ST
T, = Qa—XzXaF A *EF + 28—YzXaF ANF+ Lxe,+ meneix, Ve x Ve. (B.139)

Since the excitation 2-form G is

oL OL

the stress 3-forms can be written more simply:
T, = ix,F AxG +ix, * L+ meneix, Vo x Vo, (B.141)

where (B.141) the electromagnetic components and the purely matter contribu-
tion, TMatter — m n.g(Ve, Xo) * V..

B.5 Stress Balance Equation of Chapter 4

This section obtains the stress balance equation used in Chapter 4 satisfied by
the nonlinear stress forms (see Section B.4.4) for a plasma with background ions.
The stress tensor associated with Killing vector K for a nonlinear theory with

Lagrangian of the form L(X,Y) is given by

T =i FA*G +ig x L+ mengig Ve« V.
— ixF A%G 4 i % L+ 22 (i Vo), (B.142)
q

e
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where
oL oL
with the field equations
d* G = —qeje — Qionjion- (B]_44>

Taking the exterior derivative of the stress forms (B.142) gives

ATk = d(ix F) A+G — igF Ad*G +d(ixg+ L) +d (%(iKv;) je) . (B.145)

e

Since Cartan’s identity gives diga = Lxa — ixda and as both dF = 0 and
dx L =0, (B.145) can be written

AT = LxF A+G —igF Ad+ G+ Ly« L+d <%(z‘KVe)je)

e

:LKFA*G—iKFAd*G+*LKL+d (%(i}(%)je) , (B146)

e

where the final step uses the fact that for Killing K, L xx = xL . The expression
(B.146) is to be analysed term by term. Firstly consider the Lie derivative on the

Lagrangian
*LKL = % (axLLKX + 8YLLKY) s (B147)

which after substituting X and Y in terms of F' and recalling that xL = Lx*

gives

*LL =% (OxLLg x (FAN*F)+ 0y LLg x (F A F))
:*(axL*LK(F/\*F)+ayL*LK(F/\F))
:—8XLLK(F/\*F)—6yLLK(F/\F). (B.148)

Expanding the Lie derivative in the first term in (B.148),

Lx(FAXF) = (LxFYA*F + F A (Lg* F) = (LxF) AxF + F A (5L F)
(B.149)
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and upon a star-pivot these terms are clearly identical (similarly for the other
term in (B.148)), hence

LK *x L = *inL = —28)(LLK<F> AxF — ayLﬁK(F) A F
= —LxF A (20xL* F + 20y LF)
= —LF NG, (B.150)

This term cancels with the first term in (B.146). Hence

d‘IK = —ZKF/\ d*G—i— d( (’LKV) ) (B151)

Qe

Recalling that the electron current is closed (that is dj, = 0), the final term of
(B.146) can be written

d (”; (i V)] ) - %d (ZK?) A Je
= Mmened <2K‘7> Ay, * 1. (B.152)

Now exploiting properties of the interior derivative,

iv. (d (ZKT/» Axl—d (sz7> Ny, * 1= iy, (mened (ZKV) A *1) —0,

(B.153)
to rewrite (B.152) further:
(20T ) = maiv (4 (172) ) A1
= MeneVy, (ZKI7> A xl. (B.154)
Since Killing’s equation is
9(X,VyK) + g(V, VxK) = 0, (B.155)

for all vectors X and Y, clearly ¢g(V., Vy.K) = 0. Then, by (2.52), V%Z'K‘Z =
ix Vv, Ve for Killing vectors K. Thus (B.154) is

d (Z’; (i V) ) = Meneig Vy, Vo * 1. (B.156)
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Substituting in the covariant Lorentz force equation (B.83) into (B.156) gives

d <%(z‘KI~/e)je) - meneiK(%z'Ve F)x1=—gene(ivixF)x1,  (B.157)
and substituting this back into (B.151) results in
dTx = —ig F Nd* G — gene (iv,ig F) * 1. (B.158)

Since d* G = —qene*f/e — qionnion*‘ffi\;, the third term of (B.151) can be written;

i N dx G = —igF' A <Qene * ‘Z + GionMion * ‘/ion>
= _QeneiKF A *‘Z - QionnioniKF A ;‘71;1
= —qene(iveiKF) *1— qionnion(ivioniKF) * 1. (B159)
The electron piece here cancels with a term from (B.158), leaving

d(.TK = qimnionivioniKF* 1, (B160)

as required.

125



References

1]

S. P. Flood and D. A. Burton, “Testing Vacuum Electrodynamics using Slow
Light Experiments,” EPL (Europhysics Letters), vol. 100, no. 6, p. 60005,
2012.

M. Ribari¢ and L. Sustersi¢, “The Basic Open Question of Classical Electro-
dynamics,” arXiv preprint arXiv:1005.3943, 2010.

M. Born and L. Infeld, “Foundations of the New Field Theory,” Proceedings
of the Royal Society of London. Series A, vol. 144, no. 852, pp. 425-451,
1934.

W. Heisenberg and H. Euler, “Folgerungen aus der Diracschen Theorie des
Positrons,” Zeitschrift fir Physik, vol. 98, no. 11-12, pp. 714-732, 1936. En-
glish translation can be found http://arxiv.org/abs/physics/0605038.

“ELI - extreme light infrastructure.” http://www.eli-laser.eu/, 2014.
[Online; accessed 27-08-2014].

“HiPER: Laser energy for the future.” http://www.hiper-laser.org/,
2013. [Online; accessed 27-08-2014].

M. Marklund and J. Lundin, “Quantum Vacuum Experiments using High
Intensity Lasers,” The European Physical Journal D, vol. 55, no. 2, pp. 319—
326, 2009.

K. Homma, D. Habs, G. Mourou, H. Ruhl, and T. Tajima, “Opportuni-
ties of Fundamental Physics with High-Intensity Laser Fields,” Progress of
Theoretical Physics Supplement, vol. 193, pp. 224-229, 2012.

126



References

[9]

[10]

[11]

[12]

[13]

[14]

[16]

[17]

[18]

[19]

[20]

[21]

D. Delphenich, “Nonlinear Electrodynamics and QED,” arXiv preprint hep-
th/0309108, 2003.

J. Schwinger, “On Quantum-Electrodynamics and the Magnetic Moment of
the Electron,” Physical Review, vol. 73, no. 4, pp. 416-417, 1948.

S. Laporta and E. Remiddi, “The Analytical Value of the Electron (g — 2)
at Order o in QED,” Physics Letters B, vol. 379, no. 1, pp. 283-291, 1996.

G. V. Dunne, “The Heisenberg—FEuler Effective Action: 75 Years On,” In-
ternational Journal of Modern Physics A, vol. 27, no. 15, p. 1260004, 2012.

2

S. Kruglov, “On Generalized Born—Infeld Electrodynamics,” Journal of

Physics A: Mathematical and Theoretical, vol. 43, no. 37, p. 375402, 2010.

G. Boillat, “Nonlinear Electrodynamics: Lagrangians and Equations of Mo-
tion,” Journal of Mathematical Physics, vol. 11, no. 3, 1970.

J. Plebanski, “Lectures on Non-Linear Electrodynamics,” Nordita, Copen-
hagen, 1968.

I. Bialynicki-Birula, “Quantum Theory of Particles and Fields,” 1983.

E. Fradkin and A. A. Tseytlin, “Non-Linear Electrodynamics from Quan-
tized Strings,” Physics Letters B, vol. 163, no. 1, pp. 123-130, 1985.

R. Kerner, A. L. Barbosa, and D. V. Gal’'Tsov, “Topics in Born-infeld Elec-
trodynamics,” arXiv preprint hep-th/0108026, 2001.

G. Gibbons, “Aspects of Born-Infeld Theory in String/M-Theory,” Revista
Mexicana de Fisica, vol. 49-1, pp. 19-29, 2003.

M. Aiello, G. Bengochea, and R. Ferraro, “Anisotropic Effects of Background
Fields on Born-Infeld Electromagnetic Waves,” Phys. Let. A, vol. 361, pp. 9
12, 2007.

T. Dereli and R. Tucker, “Charged Fluids and Non-Linear Electrodyanmics,”
EPL, vol. 29, 2010.

127



References

[22]

23]

[24]

[25]

[20]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

G. Gibbons and D. Rasheed, “Electric-Magnetic Duality Rotations in Non-
Linear Electrodynamics,” Nuc. Phys. B, vol. 454, pp. 185-206, 1995.

D. A. Burton and H. Wen, “Non-linear Electrostatic Waves in Born-Infeld
Plasmas,” AIP Conference Proceedings, vol. 1360, no. 1, pp. 87-92, 2011.

M. Tamburini, F. Pegoraro, A. Di Piazza, C. H. Keitel, and A. Macchi, “Ra-
diation Reaction Effects on Radiation Pressure Acceleration,” New Journal
of Physics, vol. 12, no. 12, p. 123005, 2010.

V. Bargmann, L. Michel, and V. Telegdi, “Precession of the Polarization
of Particles Moving in a Homogeneous Electromagnetic Field,” Phys. Rev.
Lett., vol. 2, 1959.

J. Jackson, Classical Electrodynamics (3rd Edition). Wiley, 1999.

D. A. Burton, “A Primer on Exterior Differential Calculus,” Theoretical and
Applied Mechanics, no. 30, pp. 85-162, 2003.

I. M. Benn and R. W. Tucker, An Introduction to Spinors and Geometry
with Applications in Physics. A. Hilger Bristol, England, 1987.

W. L. Burke, Applied Differential Geometry. Cambridge University Press,
1985.

G. de Rham, Differentiable Manifolds: Forms, Currents, Harmonic Forms.

Grundlehren der mathematischen Wissenschaften, Springer-Verlag, 1984.

M. Muger, “An Introduction to Differential Topology, de Rham Theory and
Morse Theory,” 2005.

D. Burton, T. Dereli, and R. Tucker, “Born-Infeld Axion-Dilaton Electrody-
namics and Electromagnetic Confinement,” Phys. Lett. B, vol. 703, p. 530,
2011.

V. 1. Denisov, “New Effect in Nonlinear Born-Infeld Electrodynamics,” Phys.
Rev. D, vol. 61, 2000.

128



References

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

C. V. Johnson, D-branes. Cambridge university press, 2006.

M. Gaillard and B. Zumino, “Self-Duality in Non-linear Electromagnetism,
in Supersymmetry and Quantum Field Theory, Eds. J. Wess and VP
Akulov,” 1998.

M. K. Gaillard and B. Zumino, “Self-Duality in Nonlinear Electromag-
netism,” arXiv preprint hep-th/9705226, 1997.

D. Burton, R. Trines, T. Walton, and H.Wen, “Exploring Born-Infeld Elec-
todynamics Using Plasmas,” J. Phys. A, vol. 44, no. 095501, 2011.

V. Malka, J. Faure, Y. Glinec, and A. Lifschitz, “Laser-Plasma Wakefield
Acceleration: Concepts, Tests and Premises,” Proceedings of EPAC 2006.

A. Zhidkov, J. Koga, A. Sasaki, and M. Uesaka, “Radiation Damping Effects
on the Interaction of Ultraintense Laser Pulses with an Overdense Plasma,”
Phys. Rev. Lett., vol. 88.

J. Frenkel, “Die Elektrodynamik des Rotierenden Elektrons,” Zeitschrift fir
Physik, vol. 37, no. 4-5, pp. 243-262, 1926.

L. H. Thomas, “The Kinematics of an Electron with an Axis,” The London,
Edinburgh, and Dublin Philosophical Magazine and Journal of Science, vol. 3,
no. 13, pp. 1-22, 1927.

T. Nakano, “A Relativistic Field Theory of an Extended Particle,” Progress
of Theoretical Physics, vol. 15, no. 4, pp. 333-368, 1956.

W. Tulezyjew, “Motion of Multipole Particles in General Relativity Theory,”
Acta Phys. Pol, vol. 18, p. 393, 1959.

W. Dixon, “A Covariant Multipole Formalism for Extended Test Bodies in
General Relativity,” Il Nuovo Cimento, vol. 34, no. 2, pp. 317-339, 1964.

W. Dixon, “Classical Theory of Charged Particles with Spin and the Classical
Limit of the Dirac Equation,” Il Nuovo Cimento Series 10, vol. 38, no. 4,
pp. 1616-1643, 1965.

129



References

[46]

[47]

[48]

[52]

[53]

[54]

[56]

W. Dixon, “Description of Extended Bodies by Multipole Moments in Special
Relativity,” Journal of Mathematical Physics, vol. 8, no. 8, pp. 1591-1605,
1967.

H. Corben, “Spin Precession in Classical Relativistic Mechanics,” Il Nuovo
Cimento Series 10, vol. 20, no. 3, pp. 529-541, 1961.

H. Corben, “Spin in Classical and Quantum Theory,” Physical Review,
vol. 121, no. 6, p. 1833, 1961.

L. Suttorp and S. De Groot, “Covariant Equations of Motion, for a Charged
Particle with a Magnetic Dipole Moment,” Il Nuovo Cimento A Series 10,
vol. 65, no. 1, pp. 245-274, 1970.

S. R. De Groot and L. G. Suttorp, Foundations of Electrodynamics. North-
Holland Publishing Company, 1972.

J. Ellis, “Motion of a Classical Particle with Spin,” in Mathematical Proceed-
ings of the Cambridge Philosophical Society, vol. 78, pp. 145-156, Cambridge
Univ Press, 1975.

J. M. Dawson, “Nonlinear Electron Oscillations in a Cold Plasma,” Physical
Review, vol. 113, no. 2, p. 383, 1959.

I. Benn, “Conservation Laws in Arbitrary Spacetimes,” Ann. Inst. Poincar,
vol. 37, p. 67, 1982.

R. Tucker, “Classical Field-Particle Dynamics in Space-time Geometries,”
Proc. R. Soc. Lond. A, vol. 460, p. 2819, 2004.

J. Kijowski and G. Magli, “Unconstrained Hamiltonian Formulation of
General Relativity with Thermo-Elastic Sources,” Class. Quantum. Grav.,

vol. 15, p. 3891, 1998.

G. A. Maugin, “On the Covariant Equations of the Relativistic Electrody-
namics of Continua III. Elastic Solids,” J. Math. Phys., vol. 19, p. 1212,
1978.

130



