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Abstract In 2005, Bob Connelly showed that a generic framework in R¢ is globally rigid if it
has a stress matrix of maximum possible rank, and that this sufficient condition for generic global
rigidity is preserved by the 1-extension operation. His results gave a key step in the characterisation
of generic global rigidity in the plane. We extend these results to frameworks on surfaces in R3.
For a framework on a family of concentric cylinders, cones or ellipsoids, we show that there is a
natural surface stress matrix arising from assigning edge and vertex weights to the framework, in
equilibrium at each vertex. In the case of cylinders and ellipsoids, we show that having a maximum
rank stress matrix is sufficient to guarantee generic global rigidity on the surface. We then show
that this sufficient condition for generic global rigidity is preserved under 1l-extension and use this
to make progress on the problem of characterising generic global rigidity on the cylinder.
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1 Introduction

A bar-joint framework (G, p) in d-dimensional Euclidean space R? is a realisation of a (simple) graph
G = (V,E), via amap p : V — R? with vertices considered as universal joints and edges as fixed
length bars. A framework (G, p) is rigid if the only continuous motions of the vertices in R¢ that
preserve the edge lengths, arise from isometries of R%. More strongly, (G, p) is globally rigid in R? if
every realisation (G, ¢) with the same edge lengths as (G, p) arises from an isometry of RY. We refer
the reader to [22] for more information on rigidity and its applications.

It is NP-hard to determine if an arbitrary framework is rigid [1] or globally rigid [20]. These
problems become more tractable if we restrict to generic frameworks, for which rigidity and global
rigidity can be determined in polynomial time when d = 1, 2. It remains a difficult open problem to
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characterise, in an efficient combinatorial way, when a 3-dimensional generic framework is rigid or
globally rigid.

Results have recently been obtained concerning the rigidity and global rigidity of frameworks
in R? that are constrained to lie on a fixed surface [15,18,19]. In this paper we obtain a natural
sufficient condition for such a framework to be globally rigid.

We first recall some fundamental results about the generic (global) rigidity of bar-joint frame-
works in Euclidean space. A graph G = (V, E) is (2, k)-sparse if for every subgraph G’ = (V', E’'),
with at least one edge, the inequality |E’| < 2|V’|—k holds. Moreover G is (2, k)-tight if |E| = 2|V |-k
and G is (2, k)-sparse. While the definitions of (2, k)-sparse and (2, k)-tight make sense for graphs
with multiple edges and loops, such edges are of no use when considering rigidity so we will restrict
our attention to simple graphs.

Theorem 1 ([11]) A generic framework (G, p) in R? is rigid if and only if G contains a spanning
(2, 3)-tight subgraph.

A framework (G, p) is said to be redundantly rigid if (G — e, p) is rigid for all edges e of G.

Theorem 2 ([7,12]) A generic framework (G, p) in R? is globally rigid if and only if G is a complete
graph on at most three vertices or (G, p) is redundantly rigid and G is 3-connected.

Hendrickson [10] had previously shown that (d + 1)-connectivity and redundant rigidity are
necessary conditions for generic global rigidity in R? for all d. Examples constructed by Connelly [6]
show that they are not sufficient to imply generic global rigidity when d > 3. Connelly also obtained
a different kind of sufficient condition for generic global rigidity in terms of ‘stress matrices’ (which
will be defined in Section 4).

Theorem 3 ([7]) Let (G,p) be a generic framework in R with n > d + 2 vertices. Suppose that
(G, p) has an equilibrium stress w whose associated stress matriz 2 has rank n —d — 1. Then (G, p)
is globally rigid in R?.

Gortler, Healy and Thurston [9] have shown that Connelly’s sufficient condition for generic
global rigidity is also a necessary condition. This characterization implies that generic global rigidity
depends only on the underlying graph (but does not give rise to a polynomial algorithm for deciding
which graphs are generically globally rigid in R?).

In this paper we develop natural analogues of an equilibrium stress and a stress matrix for
frameworks constrained to lie on a surface. Our main result is an analogue of Theorem 3, giving a
sufficient condition for generic frameworks on families of concentric cylinders and ellipsoids to be
globally rigid.

We conclude the introduction by giving a short outline of what follows. Section 2 recalls basic
definitions and results for frameworks on surfaces. We describe the rigidity map and rigidity matrix
for surfaces in Section 3. In Section 4 we develop basic properties of stresses, stress matrices and
energy functions for frameworks on surfaces. Section 5 contains our main result, Theorem 9, an
analogue of Theorem 3 for generic frameworks on cylinders and ellipsoids. We use this result in
Section 6 to show that the property of having a maximum rank surface stress matrix is preserved
by 1-extensions on these surfaces. We finish by applying our results to make some progress on the
problem of characterising generic global rigidity on the cylinder.
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2 Frameworks on Surfaces

It was shown in [18] that the rigidity of a generic framework on a surface depends crucially on the
number of continuous isometries of R® admitted by the surface, see Theorems 4, 5 and 7 below.
Since generic rigidity and global rigidity on the plane and sphere [8], the surfaces with 3-dimensional
isometry groups, are now well understood, we consider cylinders, cones and ellipsoids as natural
examples of surfaces with 2, 1 and 0-dimensional isometry groups, respectively.

Let r = (r1,72,...,7s) be a vector of (not necessarily distinct) positive real numbers. For 1 <
i < m,let Y = {(r,y,2) € R®: 22 +4y? = r;}, C; = {(v,9,2) € R® : 22 + 4% = r;2?} and
& ={(z,y,2) e R®: 2? + ay? + Bz = r;} for some fixed o, 3 € Q with 1 < w < B. Let Y = i, Vi,
C= U?:l Cz and £ = U;L:l (Sz

We will use S = [J;_, S; to denote one of the three surfaces Y,C,&, and ¢ for the dimension
of its space of infinitesimal isometries (so £ = 2,1 or 0 when S = Y,C or &, respectively). We will
occasionally use S(r) when we wish to specify a particular vector r and S(1) for the special case
when r; = ro = -+ = r,, (there is no loss in generality in assuming that r; = 1 forall 1 < i <mn
when the r; are all equal).

A framework on S is a pair (G,p) where G = (V, E) is a graph with V = {vy,v9,...,v,}, and
p: V — R? with p(v;) € S, for all 1 <i < n. Two frameworks (G,p) and (G,q) on S are equivalent
if [|p(vi) — p(v;)|| = [lg(vi) —q(v;)]| for all v;v; € E and congruent if ||p(v;) —p(v;)|| = |lg(vi) — q(v;)]|
for all v;,v; € V. The framework (G, p) is globally rigid on S if every framework (G, ¢) on S which
is equivalent to (G, p) is congruent to (G, p). We say that (G, p) is rigid on S if there exists an € > 0
such that every framework (G, ¢) on S which is equivalent to (G, p), and has ||p(v;) — q(v;)|| < € for
all 1 <4 < mn, is congruent to (G, p). (This is equivalent to saying that every continuous motion of
the vertices that stays on S and preserves equivalence also preserves congruence). If (G, p) is not
rigid on S then (G, p) is said to be flezible on S. The framework (G, p) is minimally rigid on S if it
is rigid and, for every edge e € E, (G — e, p) is flexible on S. It is redundantly rigid on S if (G — e, p)
is rigid on S for all e € E.

An infinitesimal flex s of (G,p) on S is a map s : V — R3 such that s(v) is tangential to S
at p(v) for all v € V and (p(u) — p(v)) - (s(u) — s(v)) = 0 for all uv € E. The framework (G,p) is
infinitesimally rigid on S if every infinitesimal flex s of (G, p) satisfies (p(u) —p(v)) - (s(u) —s(v)) =0
for all u,v € V.

We consider a framework (G,p) on S = S(r) to be generic if td [Q(r,p) : Q(r)] = 2|V, where
td [Q(r,p) : Q(r)] denotes the transcendence degree of the field extension. Thus (G, p) is generic on
S if the coordinates of the vertices of G are as algebraically independent as possible. The following
results characterise when a generic framework on Y or C(1) is minimally rigid.

Theorem 4 ([18]) Let (G,p) be a generic framework on Y. Then (G,p) is minimally rigid if and
only if G is a complete graph on at most three vertices or G is (2,2)-tight.

Theorem 5 ([19]) Let (G,p) be a generic framework on C(1). Then (G,p) is minimally rigid if
and only if G is a complete graph on at most four vertices or G is (2,1)-tight.

Tt remains an open problem to characterise generic minimally rigid frameworks on €. (The natural
analogue of the above theorems is known to be false.)

The final result of this section gives necessary conditions for generic global rigidity of frameworks
on S which are analogous to Hendrickson’s conditions for RY.
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Theorem 6 ([15]) Suppose (G, p) is a generic globally rigid framework on S with n > 7—{ vertices.
Then (G, p) is redundantly rigid on S, and G is k-connected, where k = 2 if S € {Y,C} and k =1
ifS=¢.

We believe that these necessary conditions for generic global rigidity are also sufficient when
S € {Y,C}, see [15, Conjecture 9.1]. One motivation for the current paper is to try to verify this
conjecture by using the same proof technique as Theorem 2. We will return to this in Section 7.

3 The Rigidity Map

We assume henceforth that G = (V, E) is a graph with V' = {vy,v9,...,v,} and E = {e1,ea,...,em }.
The rigidity map F¢ : R® — R™ is defined by F%(p) = (|le1]|?, ..., [lem||?) where |le;||? = ||p(v;) —
p(vr)||?> when e; = vjug. Its differential at the point p is the map dFS : R — R™ defined by
dF(q) = 2R(G,p) - ¢ where R(G,p) is the |E| x 3|V| matrix with rows indexed by E and 3-tuples
of columns indexed by V' in which, for e = v;v; € F, the submatrices in row e and columns v; and
v; are p(v;) —p(v;) and p(v;) — p(v;), respectively, and all other entries are zero. We refer to R(G, p)
as the rigidity matriz for (G, p).
We next define a rigidity map and matrix for a framework (G, p) constrained to lie on our surface
S. Let ©9 : R — R™ be the map defined by ©°(p) = (h1(p(v1)),...,h.(p(v,))) where, for each
1<i<n,
22 4+ y? — 1y, it S=Y(ri,re,...,7m);
hi(z,y,2) = < 2% +y% — 122, it S=C(ri,ra,...,Tn); (3.1)
2?2+ ay? + B22 —ry, it S =E(a, Byr1,79, ).

Then the differential of ©° at the point p is the map d@g :R3" — R™ defined by d@g(q) =25(G,p)q
where

0 So ... 0
SGp)=1. . .|,
00...s,
s; = si(p(v;)) and
(z,9,0), if S =Y;
Si(x7 Y, Z) = (iC, Y, _Tiz)» if §= C7 (32)

(z,ay,Bz), ifS=E¢E.

It follows that rankd@g =nifpeW=5 x5 x...x 8, and p(v;) # (0,0,0) for all 1 <i < n.
Hence p € W is a regular point of ©F unless S = C and p(v;) = (0,0,0) for some 1 < i < n.
The S-rigidity map F&° : R3™ — R™" is defined by F&° = (F& 6%). The rigidity matriz

6. = [§(6.7)

for the framework (G, p) on S is (up to scaling) the Jacobian matrix of F¢* evaluated at the point
p. It is shown in [18] that the null space of Rg(G,p) is the space of infinitesimal flexes of (G, p) on
S. This allows us to characterise infinitesimal rigidity in terms of Rs(G, p).
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Theorem 7 ([18]) Let (G,p) be a framework on S. Then (G, p) is infinitesimally rigid on S if and
only if rank Rg(G,p) = 3n — £.

Theorem 7 implies that the (redundant) rigidity of a generic framework (G, p) on S depends only
on the graph G. Hence we say that G is (redundantly) rigid on S if some, or equivalently every,
generic realisation of G on S is (redundantly) rigid.

We close this section by pointing out that Theorem 4 implies that a graph which is (redundantly)
rigid on some family of concentric cylinders, is (redundantly) rigid on all families of concentric
cylinders irrespective of their radii. We do not know if analogous results hold for families of concentric
cones or ellipsoids.

4 Stresses and stress matrices

In this section we develop the notion of an equilibrium stress for a framework on our surface S and
show that if (G,p) is ‘fully realised’ on S and has a maximum rank positive semi-definite stress
matrix then every equivalent framework on S is an affine image of (G, p).

A stress for a framework (G, p) on S is a pair (w, A), where w : E — R and A: V — R. A stress
(w, A) is an equilibrium stress if it belongs to the cokernel of Rg(G,p). Thus (w, A) is an equilibrium
stress for (G,p) on S if and only if

Zwij(p(vi) —p(v;)) + Aisi(p(v;)) =0 for all 1 < i < n, (4.1)
j=1

where s;(p(v;)) is as defined in Equation (3.2), w;; is taken to be equal to w, if e = v;u; € E and to
be equal to 0 if v;v; € E. We can think of w as a weight function on the edges and A as a weight
function on the vertices. Note that, if the rows of Rg(G,p) are linearly independent, then the only
equilibrium stress for (G, p) is the all-zero equilibrium stress.

Given a stress (w, A) for a framework (G, p) on S we define: {2 = £2(w) to be the n x n symmetric
matrix with off-diagonal entries —w;; and diagonal entries Zj wij; A = A(X) to be the n xn diagonal
matrix with diagonal entries A1, Aa, ..., Ay; and A = A(\ r) to be the n X n diagonal matrix with
diagonal entries A17ri, Aara, ..., Anry. The stress matriz associated to (w,A) on S is the 3n x 3n
symmetric matrix

Q+A400
Qsw,N=| 0 To0
0 0X

where: '=02+ A Se{Y,Ctand ' =R +aAdif S=EX=01S=),Y=0-Aif S=C,
and X = 2+ A if § = £. Our next result, which follows immediately from the definition of an
equilibrium stress, tells us how we can use 2g(w, \) to determine if (w, A) is an equilibrium stress
for (G,p) on S.

Lemma 1 Let (G,p) be a framework on S with p(v;) = (x4, yi, z;) and let

1 ..., 0 ... 0 0 ... 0
I=10...0y ...y 0 ... 0
0... 00...02...2,

Then (w, ) is an equilibrium stress for (G,p) on S if and only if IT 25 = 0.
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We next define the configuration matriz Cs(G, p) for a framework (G, p) on S by modifying the
above matrix IT as follows:

1 ...2, 0 ... 0 0 ... 0

0O... 0yr ...y 0... 0

0... 00...0 ee. Zn .
Cs(@p) =, Ty 0 00| M=,

0 0 z1 zn 0 ... 0

0 00 0 1...1

Ty ..., 0 ... 0 0 ... 0
0...0wy1 ...y, 0... 0
Cs(Gip)=10 ... 0 0 ... 0 21... 2| M=C,
Yyr -~ Yyn 0 ... 0 0 ... O
0... 0xy... 2,0 ... 0

and Cg(G,p) = IT if M = £. We can use the configuration matrix to obtain an upper bound on the
rank of a stress matrix.

Lemma 2 Let (w,\) be an equilibrium stress for a framework (G,p) on S. Then each row of
Cs(G,p) belongs to the cokernel of 2¢(w, ), rank 2g(w,A) < 3n — rank Cs(G,p) and, if equal-
ity holds, then the rows of Cs(G,p) span the cokernel of 2g(w, ).

Proof Equation (4.1) and the definitions of 2g(w, \) and Cg(G, p) imply that
Cs(G,p) 2s(w,A) = 0.

Thus each row of Cs(G, p) belongs to the cokernel of 2¢(w, A). Hence dim coker 25(w, A) > rank Cs(G, p)
and we have rank £2g(w, A) = 3n— dim coker 25 (w, A) < 3n—rank Cs(G, p). Furthermore, if equality
holds, then coker 25(w, A) is equal to the row space of Cs(G, p). O

We next use Lemma 2 to show that, if a framework (G, p) on S has an equilibrium stress (w, A)
whose associated stress matrix has maximum rank, then every framework (G,q) on S which has
(w, A) as an equilibrium stress can be obtained from (G, p) by an affine transformation.

Lemma 3 Let (G,p) and (G,q) be frameworks on S and let (w,\) be an equilibrium stress for
both (G,p) and (G,q). Suppose that rank 2g(w,\) = 3n — rank Cs(G,p). Then, for some fized
a,b,c,d,e, f € R, we have

abl 0
q(v;)) = |cd0]| plv;))+ |0 foralll <i<n, (4.2)
00e f

where f=04fS e {C,E} andb=c=0if S=E.

Proof Lemma 2 implies that the rows of Cs(G,p) span the cokernel of £2¢(w, A), and that each row
of C5(G,q) belongs to the cokernel of 2g(w, ). It follows that each row of Cg(G,q) is a linear
combination of the rows of Cs(G,p). The lemma now follows from the structure of the matrices
Cs(G,p) and Cs(G, q). O



Stress matrices and global rigidity of frameworks on surfaces 7

We will say that (G, q) is an S-affine image of (G,p) if it satisfies the conclusion of Lemma 3.
Our next result gives a converse to Lemma 3.

Lemma 4 Let (G,p) and (G, q) be frameworks on S such that (G, q) is an S-affine image of (G, p).
Then every equilibrium stress (w, X) for (G,p) is an equilibrium stress for (G,q).

Proof Since (G, q) is an S-affine image of (G, p), we have q(v;) = Ap(v;) + ¢ for some fixed A, ¢
satisfying the conclusion of Lemma 3, and all 1 < i < n. Hence

Zwij(Q(Uz‘) —q(v3)) + Aisi(q(vi)) = ZwijA(p(Ui) —p(vy)) + Aisi(Ap(vi) +1)

=A Zwij(p(vi) —p(v;)) + Aisi(p(vi)) |
J
since s;(Ap(v;) +t) = As;(p(v;)) by the definitions of s;, A,t. The lemma now follows by applying
Equation (4.1). O

A framework (G, p) on S is fully realised on S if the rows of its configuration matrix are linearly
independent i.e. we have rank Cg(G, p) = p where

6 if S=);
p=<5 if §=¢; (4.3)
3 ifS=¢.

It can be seen that (G,p) is fully realised on S if and only if its points do not all lie on: a plane
containing or perpendicular to the z-axis when S = ); a plane containing the z-axis when S = C;
one of the planes z =0, y =0 or 2 =0 when S = £.

We will next use a similar argument to that used by Connelly in [5] to show that, if (G,p) has a
positive semi-definite stress matrix of maximum rank then any equivalent framework is an S-affine
image of (G, p).

The energy function associated to a stress (w, \) for a framework (G, ¢) and a family of concentric
surfaces S is defined as

Boxs(@= Y, wila)—q@)I*+ > Xik(g(v:))
1<i<j<n i=1
where
22 + 92 if S=Y;
k(x,y,2) = 22 +y? — r;z? if S =0¢; (4.4)
22 oy +B22 fS=E.
Then the differential of E,, x s(¢) at a point ¢ with g(v;) = (2, ¥4, 2;) for all 1 < ¢ < n is given by
dEw,)\,S|q = 2($17 ey Ty Yly e e Yny 21 - 7Z’n)QS (w7 )‘) (45)

Hence, when (G, ¢) is a framework on S, ¢ is a critical point of E,, g if and only if (w,\) is an
equilibrium stress for (G, ¢) on S.



8 B. Jackson, A. Nixon

Lemma 5 Suppose g € R3". If q is a critical point of E,, x5 then E, x s(q) = 0. In addition, when
Ng(w, ) is positive semi-definite and (G, q) lies on S, we have E,, » s(q) = 0 if and only if q is a
critical point of E, x 5.

Proof Suppose ¢ is a critical point of E,, x s. Then the differential of E,, x s(¢) in the direction of ¢
is zero. This implies that E,, x g(tq) is constant for all ¢ € R. We can now take ¢ = 0 to deduce that
Euxs5(q) = Euas(0) =0.
Observe that, if q(v;) = (zi,yi, 2;) for all 1 <4 <n, then
Euns(q) = (@1, Ty Yy e ooy Uns 215+ -+ 20) 25 (W, NV (T1, ooy Ty YLy oy Yy 2155 Zn)
Thus, when 2s(w, \) is positive semi-definite, we have E,, x s(q) > 0 for all ¢ € R3". Hence ¢ is a
critical point of E,, s if Ey x,s(q) = 0. m]

We can now deduce that equivalent frameworks with maximum rank positive semi-definite stress
matrices are linked by affine transformations.

Theorem 8 Let (G,p) be a framework which is fully realised on S and let (w,\) be an equilibrium
stress for (G,p). Suppose that 2g(w, \) is positive semi-definite and rank Q2g(w,\) = 3n — u. Let
(G, q) be a framework on S which is equivalent to (G,p). Then (w,A) is an equilibrium stress for

(G,q), and (G, q) is an S-affine image of (G,p).

Proof Since (w, A) is an equilibrium stress for (G, p) we have E,, » s(p) = 0. Then
Euns(q) = Eunrs(@) = Euxs(p) =Y Nilk(q(vi) — k(p(v:))] = 0
i=1

since (G, p) and (G, q) are equivalent and both lie on S. Lemma 5 now implies that ¢ is a critical
point of E, » s and hence (w, A) is an equilibrium stress for (G, ¢). The last part of the theorem now
follows from Lemma 3. a

We close this section by showing that any two equivalent generic frameworks on S which are
linked by an S-affine map, are in fact congruent.

We say that a framework (G, p) on S is quasi-generic if it is congruent to a generic framework
on S. The framework (G,p) is said to be in standard position on S if p(v1) = (x1,y1,21) and:
p(v1) = (0,91,0) when S = Y; p(v1) = (0,91, 21) when S = C. All frameworks on £ are taken to be
in standard position. Two frameworks on S are S-congruent if there is an isometry of S which maps
one on to the other. We use K to denote the algebraic closure of a field K.

We will need the following result, [15, Lemma 8.

Lemma 6 Suppose (G,p) and (G,po) are S-congruent frameworks on S and (G, pg) is in standard
position on S. Then (G,p) is quasi-generic if and only if td [Q(r,po) : Q(r)] = 2n — L.

Lemma 7 Let (G,p) be a generic framework on S with n > 5 wvertices. Suppose that (G,q) is
an equivalent framework to (G,p) on S which is also an S-affine image of (G,p). Then (G,q) is
congruent to (G,p)
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Proof We may use the isometries of S to move (G, p) and (G, q) to two frameworks (G, po) and (G, qo)
in standard position on S. Then (G, qo) will be an S-affine image of (G, po). Let po(v;) = (4, yi, 2:)
and qo(v;) = (&, Ui, 2;). We will analyse each choice of S in turn.

Case 1: S = ). We have

ab0 0
qgo(v;) = |cd 0| -po(v;)+ |0 foralll<i<n. (4.6)
00e f

Applying Equation (4.6) with go(v1) = (0,41,0) = po(v1) (§1 = y1 since (G,p) and (G, q) are on S)
reveals that b=0= f and d = 1. For i = 2,3,...,n, Equation (4.6) now gives

Z; a00] [z az;
Ui| =qo(vi) = |c 10| |yi| = |cxi +yi
2 00el| |2 ez;

Using the fact go(v;) and pg(v;) are on ); we deduce that
(a® =1+ c*)z? + 2cay; = 0. (4.7)

Suppose ¢ # 0. Then we have
(1—a%—c?)r;

W=

and
(1—a?—c?)%a?
4¢? '

These equations imply that z;,y; € Q(r, a,c). We may now deduce that

td [Q(r, po) : Q(r)] < td [Q(r, 22,23, - .-, 2n,a,¢) : Q(r)] < n+ 2.

Since n > 5, this contradicts the fact that td [Q(r, po) : Q(r)] = 2n — 2 by Lemma 6. Hence ¢ = 0.
Equation (4.7) and the fact that ¢ = 0 implies a = £1. It remains to show that e = £1. We may
assume, without loss of generality, that viv, € E. Then

2 2 2
ry =2ty =+

I I

23+ (1 —y2)? + 25 = [|(0,41,0) — (22,92, 22)[|> = lIpo(v1) — po(v2)
= llao(v1) — qo(w2)II* = 1/(0,y1,0) — (22, G2, 22)
= [[(0,41,0) — A(x2, y2, 22)|* = [|(0,91,0) — (£2,2, e22)|1?
=22 4 (y1 — y2)* + 222,

I?

Hence 23 = €223 and e = +1.

We have shown that, if go # po, then (G, qo) is a reflection of (G, pg) in a plane which contains
(0,41,0) and either contains, or is perpendicular to, the z-axis or a composition thereof. Hence
(G,po) and (G, qo) are congruent. This implies that (G, p) and (G, ¢) are congruent.

Case 2: S = (C. We have

ab0
qo(v;) = |cd 0] -po(v;) for all 1 < i <mn. (4.8)
00e
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Since po(v1) = (0,41,21), qo(v1) = (0,91,21), y7 = 127 and §7 = 127 applying Equation (4.8)
shows that b =0 and d = e. For i = 2,3,...,n, we have

Z; a00] [z ax;
Ui| =qo(vi) = |cdO| |yi| = |ca; + dy;

Using the fact go(v;) and po(v;) are on C; we deduce that
(a® =1+ cA)a? + 2cdayy; + (d* — 1)y? — ri(d®> —1)22 = 0. (4.9)
Suppose d? # 1. Then

o (> =1+ A)a? + 2edryyi + (& — Dy}

i ri(d®>—1) .

Since 2 2\, .2 2 2
T e

this implies z;, z; € Q(r, a, ¢, d, y;). We may now deduce that

td [Q(Tapo) : Q(T)] S td [Q(rv Y1,Y2,Y3,- -+, Yn, a, C, d) : Q(T)] S n+ 3.

Since n > 5, this contradicts the fact that td [Q(r, po) : Q(r)] = 2n — 1, by Lemma 6. Hence d? = 1.
Substituting d? = 1 into Equation (4.9) gives

(a? = 14 )ax? + 2cdyy; = 0. (4.10)

Similar arguments to those used in Case 1 can now be applied to deduce ¢ =0 and a = £1.

We have shown that, if g9 # po, then (G,qo) is a reflection of (G,pg) in the plane containing
(0,91, 21) and the z-axis, or a rotation by 7 around the z-axis, or a composition thereof. Hence
(G,po) and (G, qo) are congruent. This implies that (G, p) and (G, ¢) are congruent.

Case 3: S = &. We have

a00
qgo(v;)) = 10d 0| -po(v;) for all 1 < i < n. (4.11)
00e

Since po(v;) and go(v;) both lie on &;, we have 22 + ay? + 822 = r; and a?2? + ad?y? + Be?2? = r;.
We can eliminate 27 from these equations to obtain

ri(a® — 1) + ay?(d® — a?) + Bz2(e* — a®) = 0. (4.12)
Hence, if d® — a? # 0, then z;,y; € Q(r,a,d, e, z;). This would imply that
2n = td[Q(r,po) : Q(r)] < td[Q(r,a,d, e, 21,22, ...,2n) : Q(r)] < n+3,

a contradiction since n > 5. Hence d? = a%. We can deduce similarly, from Equation (4.12), that
a? = e%. Equation (4.12) now implies that a? = 1.

We have shown that (G, qo) is a reflection of (G, po) in either the plane x =0,y =0 or z =0 or
a composition thereof. Hence (G, pg) and (G, qo) are congruent. This implies that (G, p) and (G, q)
are congruent. O
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Theorem 8 and Lemma 7 immediately imply that a generic framework on S with a maximum
rank positive semi-definite stress matrix is globally rigid. We believe that the same conclusion holds
without the hypothesis that there is a positive semi-definite stress matrix.

Congecture 1 Suppose that (G,p) is generic on S and that (w, A) is an equilibrium stress for (G, p)
with rank 2¢(w, A\) = 3n — p. Then (G, p) is globally rigid on S.

5 A sufficient condition for global rigidity on families of cylinders and ellipsoids

We will show that Conjecture 1 holds when S € {),£} and the parameters r1,7s,...,7, are alge-
braically independent over Q. To do this we need to change our viewpoint from the surface S C R3
to a point p € R3".

Given a map p : V — R3" there is a unique family of concentric surfaces S with p(v;) € S; for
each S € {¥,C,E}, as long as p(v;) does not lie on the z-axis for all 1 <i <n when S € {¥,C} and
p(v;) # (0,0,0) for all 1 <4 < n when S = E. We will refer to S as the surface induced by p and
denote it by SP.

With this restriction we can use the following result, due to Connelly [7], to obtain the special
case of Conjecture 1.

Proposition 1 ([7]) Suppose that f : R® — R® is a function, where each coordinate is a polynomial
with integer coefficients, p € R is generic, and f(p) = f(q), for some ¢ € R*. Then there are (open)
neighbourhoods N, of p and Ny of ¢ in R® and a diffeomorphism g : Ny — N, such that for all

z € Ny, f(9(x)) = f(x), and g(q) = p.

Theorem 9 Suppose p is a generic point in R3™ and let S = SP for some S € {V,E}. Let (w, ) be
an equilibrium stress for (G,p) on S and let (G,q) be equivalent to (G,p) on S. Then (w,\) is an
equilibrium stress for (G,q) on S. Furthermore, if rank 2g(w, ) = 3n — p, then (G,p) is globally
rigid on S.

Proof Let I : R3" — R™*™ be the modified surface rigidity map defined by F(p) = (F%(p), 65 (p)
where FC is the rigidity map for G, ©5(p) = (k(p(v1), ..., k(p(vn)), k(x,y,z) = 22 +y* when S = C
and k(z,y, z) = 2% + ay? + 2% when S = €. By Proposition 1 there exist open neighbourhoods N,
of p and N, of ¢ in R®" and a diffeomorphism g : N, — N,, such that g(¢) = p and, for all ¢ € N,
flg(q)) = f(g). Taking differentials at ¢, and using the fact that the Jacobian matrix of F evaluated
at p is 2Rg(G, p), we obtain Rs(G, q) = Rs(G,p) D where D is the Jacobian matrix of g at ¢. Since
(w, ) is an equilibrium stress for (G,p) we have (w,\) Rs(G,q) = (w,\) Rs(G,p)D = 0D = 0.
Hence (w, A) is an equilibrium stress of (G, q).

Since (G, p) is generic, it is fully realised on S. We can now use Lemma 3 and the hypothesis
that rank 2g(w, A) = 3n — p to deduce that (G, q) is an S-affine image of (G, p). Lemma 7 now tells
us that (G, q) is congruent to (G, p). Hence (G, p) is globally rigid. O

The above proof works for families of cylinders and ellipsoids because we can eliminate the
parameters r; from their defining equations without changing their Jacobian matrix. This is not
possible for families of cones. We will discuss this further in Section 8.
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6 1-extensions and global rigidity

Given a graph G, the 1-extension operation constructs a new graph by first deleting an edge v1v, and
then adding a new vertex vy and three new edges vgv1, vgv2, Vgvs for some vertex vs distinct from
v1, V2. Our aim is to show that the property of having a maximum rank stress matrix is preserved
by the 1-extension operation.

Lemma 8 Suppose (G,p) is a generic framework on S with n > 3. Let G' = (V',E’) be a 1-
extension of G, obtained by deleting an edge e = vivo and adding a new vertex vy and new edges
VU1, VoU2, Vov3. Then there exists a map q : V' — R such that rank Rgq(G’, q) = rank Rs(G, p) + 3.
Furthermore, if (w, ) is an equilibrium stress for (G,p) on S and w. # 0, then there ezists an
equilibrium stress (W', X') for (G',q) on S? such that rank 2gq (W', \') = rankQ2s(w, A) + 3.

Proof Define (G, q) by putting q(v) = p(v) for all v € V and q(vo) = 3p(v1) + 3p(vs). Let S7 be
the surface induced by q.

We first consider the framework (G’ + v1ve — voue,q) on S?. Its rigidity matrix R can be con-
structed from Rg(G,p) by adding 3 new columns indexed by vy, and 3 new rows indexed by vy,
vov1 and vous, respectively. Since (p(vy1),p(ve), p(vs)) is a generic point on S(r1) x S(re) x S(r3),
the 3 x 3 submatrix M of R with rows indexed by wvg,vgv1,v9v3 and columns indexed by vg is non-
singular.! The fact that the new columns contain zeros everywhere except in the new rows now gives
rank R = rank Rg(G, p) + 3. Since q(vg), q(v1) and g(vs) are collinear, the rows in Rgq (G’ + v1v2, q)
corresponding to vgvi, vgvUa, v1vs are a minimal linearly dependent set. Thus

rank Rgq(G', q) = rank Rgq (G’ + vive,q) = rank R = rank Rs(G, p) + 3.

Let (w',\") be the stress for (G’,q) on S9 defined by putting w} = wy forall f € E—e,
W' (V1vg) = 2we, W' (V209) = 2we, N (v) = A(v) for all v € V and N (vg) = 0. It is straightforward to
verify that (w’, \') is an equilibrium stress for (G', q) on S9. Let w;; be the ij-th entry of £2(w’) for
i # j and A; be the ii-th entry of A(N).

We first consider 2(w’) + A()\). We have

4W12 72&)12 72&112 0 e 0
—2w12 Zj wij +wiz + A 0 —W13 ... —Win
W)+ AN) = —2w12 0 Zj woj +wi2 + Ay —waz ... —Wap
0 —Ww1s3 —Wwa23 cee . —Wsp

By adding 1/2 times the first row to the second and third rows, respectively, this reduces to

4w12 —20.)12 —20J12 0 e 0
0 E]» wij + A1 —W129 —W13 ... —Win
0 —W19 Ej waj + Ao —Wo3 ... —Wap

1 We can consider det M as a polynomial in the coordinates of (p(v1),p(v2), p(vs)). If det M = 0, then genericness
would imply that this polynomial evaluates to 0 at all points in S(r1) x S(rz) x S(r3). It is straightforward to show
that this is not the case by finding points (p1,p2,p3) € S(r1) X S(r2) x S(r3) at which the polynomial is nonzero.
When S = Y(r), we can take p1 = (1/71,0,0), p2 = (0,/72,0) and p3 = (1/73,0,1); when S = C(r), we can
take p1 = (1/71,0,1), p2 = (y/72,0,—1) and p3 = (0,,/73,1); and when S = £(r), we can take p1 = (y/71,0,0),

_ VT2 _ VT3
p2 = (0, \/a,()) and p3 = (0,0, 5).
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Now adding 1/2 times the first column to the second and third columns, respectively, gives

4&)12 0 0 0 N 0 40.)12 0 ce 0
0 Zj wij + M —w12 —W13 ... —Wip 0
0 —w12 Zj Waj + Ay —wa3 ... —Way : 0(w) + AN
) . 0

Since wya # 0, we have rank 2(w’) + A(N') = rank 2(w) + A(X) + 1.

Since X (vg) = 0, we can repeat the above argument for 2(w’) when S = Y, for 2(w’) — A(N)
when S = C, and for both 2(w') + aA(N) and 2(w') + BA(N) when S = &, to deduce that
rank 2gq (w’, \') = rank 2g(w, A) + 3. ]

We do not know whether we can find a framework (G’,q) which satisfies the conclusions of
Lemma 8 and in addition has S9 = 5.2 Lacking such a result, we are forced to consider frameworks
on ‘generic surfaces’ i.e. surfaces S? induced by some generic ¢ € R3".

Lemma 9 Suppose (G,p) is an infinitesimally rigid framework on some surface S. Then (G,q) is
infinitesimally rigid on S? for all generic g € R3™.

Proof Choose q : V — R? such that q(v;) does not lie on the z-axis for all 1 <i < n when S € {),C}
and ¢(v;) # (0,0,0) for all 1 <i <n when S = &. Since ¢q(v;) € S? for all 1 < i < n, the S%rigidity

matrix for (G, g) has the form Rgq(G,q) = [?ég’gﬂ where R(G, q) is the ordinary rigidity matrix
of (G, q),

S1 0...0

0 S9 ... 0

SGa=|. . .|

00...s,

and
(mi7yia0)> if Sq:yq;
8i = (xi7yia_x?:;yf)7 if 57 :Cq7 (61)

(@i, i, Bzi), if 59 = &9.

The expression for s; when S9 = CY is obtained by substituting r; = (2? + y?)/2? into Equation
(3.2). Since the entries in Rgq(G, q) are rational functions of g, its rank will be maximised when ¢
is a generic point in R3". O

The analogous result for frameworks with a maximum rank stress matrix is not true in general.
It becomes true, however, if we restrict our attention to infinitesimally rigid frameworks.

Lemma 10 Suppose (G,p) is an infinitesimally rigid framework on S and rank 2g(w,\) = 3n — pu
for some equilibrium stress (w, ) of (G,p). Then (G, q) has an equilibrium stress (W', \') on ST with
rank Qg4 (W', N') = 3n — p for all generic ¢ € R3™. In addition, if S € {V,E}, then (W', \') can be
chosen so that w, # 0 for alle € E.

2 Partial results are known for particular surfaces: there exists a framework (G,q) with rank Rgq(G’,q) =
rank Rg(G,p) + 3 and S = S when S = Y [18], and when S = C(1) or S = £(1) [19].
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Proof We adapt the proof technique of Connelly and Whiteley [8, Theorem 5]. Choose ¢q : V — R3"
such that (G, ¢q) is infinitesimally rigid on S?. We saw in the proof of Lemma 9 that the entries in
Rgq(G, q) are rational functions of g. Since the space of equilibrium stresses of (G, q) is the cokernel
of Rsq(G,q), each equilibrium stress of (G,q) can be expressed as a pair of rational functions
(w(g,t), A(g,t)) of ¢ and t, where t is a vector of m — 2n + ¢ indeterminates. This implies that the
entries in the corresponding stress matrix £2gq¢(w(g, t), A(q,t)) will also be rational functions of ¢ and
t. Hence the rank of 254 (w(q,t), A(g,t)) will be maximised whenever g, t is algebraically independent
over Q. In particular, for any generic ¢ € R3", (G, q) is infinitesimally rigid on S? by Lemma 9, and
we can choose t € R™~27+¢ guch that rank g4 (w(q,t), \M(g,t)) = 3n — p. O

Now suppose that S € {), €} and that (w’, \') has been chosen such that the number of edges
e € E with w, = 0 is as small as possible. We may assume that w, = 0 for some e € E. Then
(W'|g—c,N') is an equilibrium stress for (G — e,p) on S? and rank 2¢¢(w'|g—e, A') = 3n — p. By
Theorem 9, (G — e,p) is globally rigid on S?. In particular (G — e,p) is rigid on S?. Since p is
generic, (G — e, p) is infinitesimally rigid on S?. This implies that the row of Rgq(G,p) indexed by e
is contained in a minimal linearly dependent set of rows of Rgq«(G,p). This gives us an equilibrium
stress (@, A) for (G, p) on S9 with &, # 0. Then (w”, \') = (W', X') + ¢(@, \) is an equilibrium stress
for (G,p) on S7 for any ¢ € R. We can now choose a small ¢ > 0 so that rank 2gq¢ (w”, \") = 3n — y,
and wY # 0 for all f € E with w) # 0. This contradicts the choice of (w’, \'). O

We can now obtain our result on generic 1-extensions.

Theorem 10 Suppose (G,p) is an infinitesimally rigid framework on S, for some S € {Y,€}, and
(w,\) is an equilibrium stress for (G,p) with rank Qg(w,\) = 3n — u. Let G' = (V' E’) be a 1-
extension of G and q : V' — R3 such that q is generic in R3 1) Then (G, q) is infinitesimally
rigid on S and has an equilibrium stress (W', \") with rank 2gq(w’, N') = 3(n + 1) — p.

Proof We may assume that p is a generic point in R3” and that w, # 0 for all e € E by Lemmas
9 and 10. We can now use Lemma 8 to deduce that there exists a map p* : V' — R3 such that
(G,p*) is infinitesimally rigid on SP* with an equilibrium stress (w*, \*) for (G’,p*) on SP" such
that rank 2g,+ (w*, \*) = 3(n + 1) + 3. The theorem now follows by another application of Lemmas
9 and 10. 0

7 Global rigidity on concentric cylinders

In this section we apply our results to make progress on the conjectured characterisation of global
rigidity on concentric cylinders given in [15, Conjecture 9.1], see also [17, Conjecture 5.7].

Congecture 2 Suppose (G, p) is a generic framework on a family of concentric cylinders ). Then (G, p)
is globally rigid if and only if G is a complete graph on at most four vertices, or G is 2-connected
and redundantly rigid on ).

We have seen that the redundant rigidity of G on )Y is independent of the radii of the cylinders in
Y. Thus Conjecture 2 would imply that the global rigidity of a generic realisation of G on a family
of concentric cylinders is also independent of the radii of the cylinders.

Theorem 6 shows that the combinatorial conditions given in Conjecture 2 are necessary for global
rigidity. We could try to demonstrate sufficiency using a similar proof technique to that of Theorem
2. This would involve two steps: (i) a graph theoretic step obtaining a recursive construction for
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2-connected, redundantly rigid graphs; (ii) a geometric step showing that each operation used in the
recursive construction preserves global rigidity. Part (i) would be resolved by the following conjecture
(which uses the base graphs K5—e, H1, Hy and the operations of 1-, 2- and 3-join illustrated in Figures
1 and 2).

Conjecture 8 Suppose G is a 2-connected graph which is redundantly rigid on some (or equivalently
every) family of concentric cylinders. Then G can be obtained from either K5 — e, H; or Hy by
recursively applying the operations of edge addition, 1-extension, and 1-, 2- and 3-join.

The results of [17] verify the special case of this conjecture when |E| = 2|V|—1i.e. E is a circuit
in the generic rigidity matroid for the cylinder.

v2 v3
v1 v2 V2
U1 v3

v1 v7

V5 v3 >
5

Vg V6 V4
V4 U5 Ve

(a) (b) (c)

Fig. 1 The graphs K5 — e, H; and Ha.

V1 v2

Fig. 2 The 1-, 2- and 3-join operations. The 1- and 2-join operations form the graphs in the centre by merging a;
and a2 into a, and by and by into b.



16 B. Jackson, A. Nixon

We close by showing that all graphs constructed from our base graphs using the edge addition
and l-extension operations are generically globally rigid on concentric cylinders with algebraically
independent radii.

Theorem 11 Suppose G is a graph on n vertices which can be constructed from K5 —e, Hy, or Hy
by a sequence of 1-extensions and edge additions. Then (G,p) is globally rigid on VP for all generic
p € R3",

Proof We use induction on n to show that (G, p) is infinitesimally rigid on Y* and has an equilibrium
stress (w, A) with rank £2y» (w, A) = 3n — 6. The result will then follow from Theorem 9. The base
case of the induction is when G € {K5 — e, Hy, Hy}. We construct a particular realisation (G, p)
for each such G which is infinitesimally rigid on Y? and has an equilibrium stress with a full rank
stress matrix in Appendix A. We may deduce that the same properties hold for all generic p by
applying Lemmas 9 and 10. To complete the induction we need to show that the 1l-extension and
edge addition operations preserve the properties of infinitesimal rigidity and having a maximum rank
stress matrix. This is trivially true for edge addition. It holds for 1-extension by Theorem 10. g

We conjecture that Theorem 11 can be strengthened to show that, if G can be constructed as in
Theorem 11 and (G, p) is a generic framework on any family of concentric cylinders Y, then (G, p)
is globally rigid on Y.

8 Closing Remarks

1. We would like to show that Theorem 9 holds for all of our surfaces S rather than just surfaces
induced by generic points in R3. This would follow from Conjecture 1, which would in turn follow
from Lemma 3 if we could show that equivalent generic frameworks on S must have the same
equilibrium stresses. To date we have only been able to prove the following partial result.

Theorem 12 Let (G, pg) be a generic framework on S and (w, A) be an equilibrium stress for (G, po).
Let (G, qo) be equivalent to (G, po). Then (w, N') is an equilibrium stress for (G, qo) for some X' € R™.

The proof of Theorem 12 is given in Appendix B.

2. Tt follows from [7] and [9] that a generic framework in R? with n > d+2 vertices is globally rigid if
and only if it has a stress matrix of rank n —d — 1. It is conceivable that the stress matrix condition
given in Theorem 9 provides a necessary, as well as a sufficient, condition for the global rigidity of a
generic framework on S whenever the framework has at least 7 — £ vertices. The following examples
indicate why we need this lower bound on n.

The smallest redundantly rigid graph on the cone is K5, but no framework (Kj5,p) on C can
have a stress matrix with the maximum possible rank of 3n — p = 10. To see this consider a generic
p € R, Since every equilibrium stress for (Ks,p) in R? is an equilibrium stress for (K3, p) on CP,
and since the spaces of equilibrium stresses for (Ks,p) in R3 and on CP are both 1-dimensional,
these spaces are the same. This implies that every equilibrium stress (w, A) for (Ks5,p) has A = 0
and rank 2(w) < 3. Hence rank £2c» (w, A) < 9. On the other hand, (K5, p) is globally rigid on C? for
all p.

Similarly, the smallest redundantly rigid graph on the ellipsoid is K¢ — {e, f} for two nonadja-
cent edges e, f, but no framework (Kg — {e, f},p) on € can have a stress matrix with the maximum
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possible rank of 3n — = 15. (We do not know whether every generic framework (K¢ — {e, f},p) on
EP is globally rigid.)
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Appendix A: Base graphs

We define a framework (G, p) for G € {K5 — e, Hy, Ho} which is infinitesimally rigid on J? and has
a self-stress (w, A) on YP with maximum rank stress matrix. We will use the labeling of the vertices
given in Figure 1 and adopt the convention that w;; is the weight on the edge v;v; in w and A; is
the weight on the vertex v; in \.
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Case 1: G =K5—e¢

Let (va) and (w7>‘) be defined by p(’U1) = (0,1,0),]9(02) = (17171)11?(“3) = (_17_27_1)7P(U4) =
(2,3,4),p(v5) = (5,1, 1),

(w12, w13, W14, W15, W23, Wad, Was, W3s, Was) = (—369,192,153,51, —96, —279, —138, 32, 45)
and
(A1, A2, Az, A\g, As) = (—270,—270, —192, 54, —6)).

It is straightforward to check that rank Ry»(G,p) = 13, that (w,\) - Ry»(G,p) = 0 and that
rank 2yp (w, A) = 9.

Case 2: G = H,
Let (G,p) and (w, ) be defined by p(v1) = (0,1,0),p(v2) = (3,1,0),p(vs) = (1,4,1),p(vs) =
(15272)7])(1)5) = (27273)ap(vﬁ) = (67072)a

(w127 w13, W15, W23, Wa4, Was, W26, W35, W36, W45, Wsﬁ)
= (41, —246, 369, —123, 30, 48, 60, 50, —40, 492, 56)

and
(A1, A2, Az, Ag, As, Ae) = (—123, -39, 30,123, —102, 28).

It is straightforward to check that rank Ry»(G,p) = 16, that (w,A) - Ry»(G,p) = 0 and that
rank Qye (w, A) = 12.

Case 3: G = H,
Let (Gap) and (W,A) be defined by p(Ul) = (07130),]9(1)2) = (3,1,0),]7(1)3) = (1ﬂ4’1)7p(v4) =
(1,2,2),}7(@5) = (272»3)7]7(“6) = (6>072)7P('U7 = (3747 )1

(w12, w13, W15, W23, W24, W25, W35, W36, W37, W45, W56, W57, wﬁ?)
= (—587 348, —522, —108, —24, —40, 14, 21, —696, 56, 588, —42)

and
(A, A2, A3, Mg, As, A, A7) = (=174, —6,24,174,372, —28, —252).

It is straightforward to check that rank Ry»(G,p) = 19, that (w,\) - Ry»(G,p) = 0 and that
rank 2y» (w, A) = 15.
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Appendix B: Proof of Theorem 12

First we recall some basic concepts from differential and algebraic geometry, and prove a key technical
result, Proposition 2, which extends Proposition 1 to the case when the domain of f is an algebraic
set.

Let M be a smooth manifold and f : M — R™ be a smooth map. Then x € M is a regular point
of f if df|, has maximum rank, and f(z) is a regular value of f if, for all y € f~1(f(z)), y is a
regular point of f.

Lemma 11 Fori = 1,2, let M; be an open subset of R", p; € M;, and f; : M; — R™ be a smooth
map with rank df;|,, = m and fi1(p1) = fa(p2). Then there exist open neighbourhoods N1 of p1, No
of p2, and a diffeomorphism g : Ny — N3 such that f2(g(z)) = f1(x) for all x € Ny.

Proof We first consider the case when m = n. By the Inverse Function Theorem there exist neigh-
bourhoods N; C M; of p; such that fi maps N; diffeomorphically onto f,»(Ni) for ¢+ = 1,2. Let
W = f1(N1) N f2(N2) and then let N; = f;7 (W) for i = 1,2. We have f1(N1) = W = fo(Na). Thus
we may choose g = f5 ' o fi and find fo(g(2)) = fo(fs *(f1(2))) = fi(z) for all z € Ny.

We next consider the case when m < n. Let F; : M; — R™ x R"™™ be defined by F;(z) =
(fi(x), Tmt1, Tmt2, - - -, Tpn). Then rank dF;|,, = n. By the Inverse Function Theorem there exist
neighbourhoods N; C M; of p; such that F; is a diffeomorphism from N; to FZ(]\NQ) C R™ x R*—™,
Let Fl(NZ) = U; x V; where U; C R™ and V; C R"™"™. Then V} is diffeomorphic to R"~" for i = 1,2
so we can choose a diffeomorphism & : V; — V4 such that h(p;) = Dy, where p; is the projection of p;
onto its last n—m coordinates. Let ¢ be the identity map on U; and let H = (¢, h) : Uy x Vi — Uy X Va.
Let F{ = H o Fy. Then we have F{(p1) = (fi(p1), h(P1)) = (f2(p2),Pa) = Fa(p2). By the previous
paragraph there exist neighbourhoods N; € N; of p; and a diffeomorphism g : Ny — Ny € R" such
that Fy(g(x)) = Fy(z) for all x € Ny. Since F|(z) = (f1(x),h(T)) and Fa(g(z)) = (f2(g(z)), g(z))
we have fi(x) = fa(g(x)) for all z € N. O

Let K be a field such that Q C K C R. A set W C R"™ is an algebraic set defined over K
W ={zeR": P(x) =0foralll < i < n} where P, € K[Xq,...,X,,] for 1 <4i < m. An
algebraic set W is irreducible if it cannot be expressed as the union of two algebraic proper subsets
defined over R. The dimension of W, dim W, is the largest integer ¢ for which W has an open subset
homeomorphic to Rf. A point p € W is generic over K if every h € K[X] satisfying h(p) = 0 has
h(z) =0 for all z € W.

Lemma 12 ([15]) Let K be a field with Q CK C R, W C R" be an algebraic set defined over K and
p € W. Then dimW > td [K(p) : K]. Furthermore, if W is irreducible and dim W = td [K(p) : K],
then p is a generic point of W.

Note that, if (G, p) is a generic framework on S, then Lemma 12 implies that p is a generic point
of the irreducible algebraic set S; x Sz x ... x S,, defined over Q(r) in R3".

A set A C R" is a semi-algebraic set defined over K if it can be expressed as a finite union of
sets of the form

{r eR": P(z)=0for 1 <i<sand Q;(x)>0for1<j<t},

where P;,Q; € K[Xy,...,X,] for 1 <i < sand 1 < j <t Itis easy to see that the family of
semi-algebraic sets defined over K is closed under union and intersection. A deeper result is that if
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A C R"™ is a semi-algebraic set defined over K and f : A — R™ is a map in which each coordinate is
a polynomial with coefficients in K, then f(A) is a semi-algebraic set defined over K. Another result
we shall need is that a semi-algebraic set A can be partitioned into a finite number of semi-algebraic
subsets C1,Cy, ...y, called cells, such that, for all 1 < i < ¢, C; is diffeomorphic to R™: for some
integer m; > 0 (where R is taken to be a single point). The dimension of A is the largest integer ¢
for which A has an open subset homeomorphic to R?. The Zariski closure, A*, of A is the smallest
algebraic set defined over R which contains A. It is known that A* is an algebraic set defined over
L, for some finite field extension L of K, and that dim A = dim A*. We refer the reader to [2,3] for
more information on semi-algebraic sets.
We can now obtain our desired extension of Proposition 1.

Proposition 2 Let K be a field with Q C K C R, W C R® be an irreducible algebraic set defined
over K of dimension n, and f : W — R® be a function where each coordinate is a polynomial with
coefficients in K. Suppose that the mazximum rank of the differential of f is m, and that po € W
with td [K(po) : K] = n. Then rank df|,, = m. Furthermore, if go € W and f(po) = f(qo), then there
exist open neighbourhoods Ny, of po and Ny, of qo in W and a diffeomorphism g : Ng, — Np, such

that g(qo) = po and, for all ¢ € Ng,, f(9(q)) = f(q).

Proof We first show that rankdf|,, = m = rankdf|,,, and that there exist open neighbourhoods
My, of po and My, of qo in W such that f(M,,) = f(M,,) and f(M,,) is diffeomorphic to R™. We
then complete the proof by applying Lemma 11.

By Lemma 12, pg is a generic point of W. We can now use [9, Lemma 2.7 and Proposition 2.32]
to deduce that f(po) is a regular value of f. In particular, we have rank df|,, = m = rank df|,,. The
Constant Rank Theorem (see, for example, [21, Theorem 9]) now implies that we can choose disjoint
open balls B(py,€) and B(gq1,d) in R® such that: pg € B(p1,€) NW; qo € B(q1,0) N W; p1,q1 € Q%
€,0 € Q; both B(p1,e) N W and B(q1,6) N W are diffeomorphic to R™; both f(B(p1,e) N W) and
f(B(q1,0) N W) are diffeomorphic to R™.

Let Up, = B(p1,€)NW and Uy, = B(q1,€)NW. Since U,,, and Uy, are both semi-algebraic defined
over K, f(Up,) and f(Uy,,) are both semi-algebraic defined over K, and hence T' = f(Up,,) N f(Uy,)
is semi-algebraic defined over K. The facts that f is a polynomial map, td[K(pg) : K] = n and
rankdf|,, = m < n imply that td[K(f(po)) : K] = m, see for example [13, Lemma 3.1]. Let
C1,Cq,...,C be a cell decomposition of T' with f(pg) € C1, and let CT be the Zariski closure of
Ci. Then C7} is an algebraic set defined over some finite field extension L of K. Since f(po) € Cf,
Lemma 12 gives

dim Cy = dim C] > td[L(f(po)) : L] = td[K(f(po)) : K] = m.

Since C1 C f(U,,) and f(Up,) is diffeomorphic to R™, we must have dim C; = m. We can now
take M,, = f~1(Cy) NUp,, and My, = f~1(C1) N Uy,. Then f(M,,) = C1 = f(M,,) and C; is
diffeomorphic to R™.

The proposition now follows from Lemma 11 by choosing M7 = M,,, My = M, and f; = f|um;,
fori=1,2. a

Proof of Theorem 12 Let F = F5 W = S; x Sy x ... S, and put f = F|,y. By Proposition 2
there exist open neighbourhoods N, of py and IV, of ¢p in W and a diffeomorphism g : Ny, — Np,
such that g(go) = po and, for all ¢ € Ny, f(9(q)) = f(¢g). Taking differentials at go we obtain
dfqge (@) = dfp, (dgg, (q)) for all ¢ in the tangent space TW,,. Since the Jacobian matrix of F' evaluated
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at pis 2Rg(G, p) and df,(z) = dF,(z) for all p € W and all z € TW,,, we can rewrite this equation as
RS(G7 qo) q= RS(G’pO) dg!ZO (Q) Thus (wr >‘) RS(G7 QO) q= (w’ )‘) RS(GaPO) dg% (Q) Since (wv )‘) is an
equilibrium stress for (G,pg) we have (w, ) Rs(G, q) ¢ = (w,A) Rs(G, po) dgq,(¢) = 0dgg,(q) =0
for all ¢ € TW,,. Hence (w, ) Rs(G,qo) € TW;{;, the orthogonal complement of TW,, in R3".
Since a vector z € R3" belongs to TWqJ(-] if and only if x = §S(G, qo) for some § € R™, we have
(w,A) Rs(G, q0) = (0,6)Rs(G, qo). Therefore (w, \') is an equilibrium stress of (G, o) for ' = A —4.

]



