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Preface

In this thesis we consider the implications of radiation reaction for the behaviour of electric and
electromagnetic waves propagating through a plasma. A plasma contains a very large number of
particles, and obtaining a description of the dynamical behaviour of each individual particle is
impractical. In Section 2 we detail how one can model such a plasma by treating the plasma as a
fluid, and rather than examining the individual particles we instead look at the bulk properties of
the fluid. Such a model is based upon the equation that describes the motion of a single particle,
hence we introduce this first in Section 1.

As such, Section 1 should be viewed as an introduction to the necessary background one needs
in order to understand the subsequent sections. We begin by reviewing the Lorentz force equation,
from which one can determine the motion of a charged point particle in the absence of radiation
reaction. Finding solutions to this equation, and plotting the particle’s subsequent trajectory not
only allows us to introduce notation that will be used throughout this thesis, but is also a point of
comparison that can be referred back to in the subsequent sections.

The concept of radiation reaction is first introduced in Section 1.1.2, where we learn that the
Lorentz Force Law does not describe the motion of a charged particle completely. It is here that we
describe the origin of radiation reaction, as well as introducing the Abraham-Lorentz-Dirac (ALD)
equation, the first covariant equation derived that determines the motion of a particle when the
effects of radiation reaction are included. Not only is this equation of great historical significance,
but it is used in the derivation of the equations of motion of Section 2.2, and hence is pivotal to
the work carried out within.

It is well known that not all solutions to the ALD equation are physically reasonable. Consid-
ering the importance of the ALD equation in this thesis, it is prudent to review this property, and
we do so in Section 1.1.2.

Many alternative models to the ALD equation have been proposed in an attempt to eliminate
these unwanted solutions. We must also attempt to eliminate such unwanted behaviours from our

solutions, and so Section 1.1.3 reviews the approach used to generate the Landau-Lifshitz (LL)
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equation. We carry out a similar procedure with our equations, and so a review of the LL equation
is called for.

This completes the necessary background in radiation reaction, however we still need to intro-
duce some fundamentals of a plasma. All of the work within this thesis is carried out within the
warm fluid approximation, which we detail in Section 2.2. This allows us to use a perturbative
approach when seeking solutions; we assume that the solution we seek is that of the cold fluid, plus
a small correction term. As such, it is necessary to first review the properties of a cold plasma. We
end the introductory section with an example of where experiments are currently taking place that
involve electromagnetic waves travelling through plasma.

Section 2 reviews the creation of the model we use in our description of a plasma. In Section
2.2 we build upon a recently developed kinetic model of a collection of charged point particles that
incorporates radiation reaction. From this model, we proceed to generate an infinite hierarchy of
moment equations that describes our system. We subsequently introduce a new closure mechanism
to this model, inspired by closure mechanisms associated with the warm fluid approximation, thus
obtaining a finite system of equations. Although this kinetic model has been used previously to
generate a system of moment equations, the method used to close them was ad hoc, and the
solutions predicted by the fluid model did not match up with that predicted by the kinetic model
itself. The closure mechanism we use is a simple extension of that of the warm fluid, and needs no
additional assumptions regarding the nature of the system. Additionally we show that the results
it predicts are identical to those derived directly from the kinetic theory upon which it is based.
Hence, the finite system of moment equations we derive is new work.

The remainder of Section 2 is focussed on using this model to determine the bulk properties of
such a fluid in equilibrium — solutions which we perturb around in subsequent sections — and also
represents entirely new work.

In Sections 3 and 4 we use what we have learned in the previous sections to model small
amplitude electric and electromagnetic waves propagating through the plasma. We examine the
dispersion relations of such waves, as well as — when possible — how such waves modify the bulk

properties of the plasma. Finally, in Section 5, we turn our attention to electric waves of arbitrarily



strong amplitude. Sections 3 - 5 represent entirely new work.

Aspects of this thesis have been published in reference [1].
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1 Preliminaries

1.1 The Motion of a Charged Particle
1.1.1 The Lorentz Force

In the mid to late nineteenth century, arguably one of the most fundamental laws of electromag-
netism was discovered[2]; how a charged particle moves when subjected to an applied field. There
is some debate as to who first derived the equation, but is has come to be known as the Lorentz

Force Law; for a particle of charge ¢ and mass m it is given by|[3]

7 = —%F“bx'b. (1)

In the above, and throughout this thesis, we have used the Einstein summation convention[4];
Latin indices range over 0,1,2,3 and Greek indices range over 1,2,3. Latin indices are raised and
lowered using the metric tensor [1,] = diag(—1,1,1,1) whilst Greek indices are raised and lowered
using the Kronecker delta. Overdots represent differentiation with respect to proper time A, and

the particle’s 4-velocity = obeys the normalisation condition
%, = —1. (2)

Additionally, Fy; is the component on the ath row and bth column of the matrix representation of

the electromagnetic tensor;




Using the metric tensor to raise indices, it is simple to show

and ) )
0 -E, —-E, —FE,
[Fab} _|Be 0 =B By )
E, B, 0 -B;
E. -B, B, 0

In addition to the matrix representation shown above, the electromagnetic tensor F' can be

expressed with use of the wedge product!. This is a product used in exterior algebra; it is associative,

(dex Ndy) Ndz =dzx A (dy Ndz), (6)
distributive
(dr+dy) Ndz =dx Ndz+dy N dz, (7)
and anti-commutative
dx N dy = —dy N dx. (8)

The wedge product can be used as an alternative to the matrix representation of the components

'For a more detailed examination of the properties of the wedge product, see reference [7].



of a rank 2 anti-symmetric tensor as follows;

1
F = §Fab dz® A dxb
= E,di’ Ada' + Eyds® A da? + B, d2® A da?

— B, da' Ada? — Byda® Adx' — By do* A da?, (9)

2=y and 2% = 2.

where 20 =t, 2l =z, o
Such notation is used throughout this thesis.
Given a prescribed set of sources, one can determine the behaviour of a charged particle in

any type of electromagnetic field by solving the Lorentz force equation along with Maxwell’s equa-

tions?[6]

D F = J°, (10)

Ba (eabchcd) ~0. (11)

In the above, J% = (p,j) is the 4-current with p and j the charge and current densities respec-

abed

tively, and € is the Levi-Civita alternating symbol with g123 = +1. Additionally we have used

Heaviside-Lorentz units — and will throughout this thesis — with ¢ = g9 = pug = 1.

A Solution to the Lorentz Force Equation
Consider the effect an electromagnetic plane wave propagating though vacuum has on a sin-
gle electron. If we choose our coordinate system such that the z-axis lies along the direction of

propagation of the wave, we can use (9) to write the electromagnetic tensor as

F = E,ds° Ada' — Byda® Ada! (12)
= FEcos(kz—wt)dt Nde — Bcos(kz —wt)dz Adx (13)
= [(Fdt— Bdz) cos(kz—wt)|] Adz, (14)

For the paper in which Maxwell’s equations were first published, the reader is referred to [5].



where E and B are the amplitudes of the electric and magnetic fields respectively.
Before attempting to obtain the behaviour of charged particles in such a field, it is useful to
first simplify (14). The frequency w and wavenumber k of an electromagnetic wave propagating

through vacuum are related by the dispersion relation|3]

w=k. (15)

Thus, (14) can be rewritten as
F = [(Edt— Bdz) cos(k(z—1t))] Adx (16)
= [(Edt— Bdz) cos(kv)] A dx, (17)

where we have used the substitution v = ¢ — z and the property of the cosine function cos(—a) =
cos(a).
Additionally, we can relate E and B with use of (10). In the absence of any sources J' = J! =

J? = J3 =0 and thus

O F' = —O,E,—08.B, (18)
= —Esin(kv) + Bsin(kv) (19)
- 0 (20)
= E=B (21)

Thus, we are able to further simplify (17);

F = [(E(dt—dz)) cos(kv)] Adx (22)
= [(Edv) cos(kv)] Adx (23)
= FEcos(kv)dv Adz. (24)

The above motivates us to introduce the coordinates (u,v,z,y), where u and v are related to



the Cartesian coordinates (t,z,y, z) by u = t+z and v = t — z. Note that in this coordinate system

the line element takes the form
ds® = —dudv + (dz)* + (dy)* . (25)
The electromagnetic tensor is given by
F = Ecos(v) dv A dxz, (26)

where E is the constant amplitude of the wave, and we have set k = 1 for simplicity.

Substituting (26) into (1) we find

v = 0, (27)
i = 2L B cosw, (28)
m
i = iEi)cosv, (29)
m
j = 0, (30)

and the normalisation condition (2) gives

—uv + &%+ y? = —1, (31)

where (25) has been used.
If we choose a frame in which the electron is at rest at the origin (x =0,y =0,z =0) at t =0,
we have the initial conditions v = 0, v = 0, £ = 0 and y = 0. Choosing the initial values of

and v is less intuitive, requiring use of the normalisation condition. Rearranging (31) for o, and

choosing (0) = 1, sets ©(0) = 1. Then, using the transformation z = “3*, it is simple to show
that a solution to the above system is
2(3) = 77 (1= cos(V)). (32)



A
b =13, (33)
1(]2E2

() = 4 m?2

(sin(2)) — 2)) . (34)

The linear term in (34) is an example of E x B drift[6]. If we transform to a frame which moves at
the velocity given by the drift term, the electron will undergo figure of eight motion in the z — &
plane, as seen in Figure® 1, which was generated using Maplesoft’s Maple*. We will encounter this

drift term again in Section 1.1.3.

-0.2 -0.1 0 0.1 02

£

Figure 1: The trajectory of an electron in the Z — & plane, predicted by the Lorentz force equation,
under the influence of an electromagnetic wave.

3In order to generate the above plot we have set ¢ = F = m = 1.
4Maple has been used extensively throughout this thesis, and has been used to generate all the plots within.



1.1.2 Introducing Radiation Reaction

Until the early 20th Century it was believed that (1) described the behaviour of a charged particle
completely. However note that when a charged particle is accelerated it emits electromagnetic
radiation[8]; this results in the particle losing some of its kinetic energy according to the Larmor
formula[6]

dE q>

E = 67@ Q. (35)

Thus a charged particle will accelerate less than one would expect from (1), leading to the conclusion
that there is a recoil force that acts back on the radiating particle. This force has come to be
known as the radiation reaction force. In order to take this recoil into account, the Lorentz force
equation must be modified. Such a modification was first carried out by Max Abraham in the
non-relativistic regime in 1903[9] and was later generalised to the relativistic regime by Paul Dirac
in 1938[10], leading to what is now known as the Abraham-Lorentz-Dirac (ALD) equation.

This phenomenon of radiation reaction is central to the work carried out within, and hence an
examination of it in the context of single particle motion is useful before proceeding further.

Before we introduce the ALD equation however, it is helpful if we first introduce the character-
istic time of the electron.

Consider the expression for the Coulomb field € of a point charge,

€<T) X T727

where r is the distance from the charge.

Such an expression becomes infinite at » = 0, which is clearly not a physical result. The reason is
that it is incorrectly describing the origin of the field. In addition to neglecting quantum mechanics,
it assumes that the particle is a classical point charge, when in reality such a particle must have
a finite size. Suppose instead that the particle can be modelled as a spherical region of charge,
with a radius determined by setting the Coulomb field of the particle equal to the rest mass of the

particle, and solving for the radius r.



Carrying out this procedure for an electron, one obtains the classical radius of the electron; the

time taken for light to cross this radius is known as the characteristic time 7 of the electron, where

¢ 23
= — ~ 107 *’s. 37
T 6mm S ( )

We can now introduce the ALD equation, which can be written in covariant form as

it = — L pabg, 4 A9, (38)
m

where A% = 0 4+ #°%,. Note that the above contains the term 7¢, therefore in order to find
solutions we must know not only the position and velocity of the electron at one instant of time,
but also its acceleration. Then the rate of change of acceleration can be found and the motion

determined.
The ALD equation has some peculiar consequences[11][12] and these consequences are the pri-
mary motivation for the approximation procedure we discuss in Section 1.1.3. For this reason we

will now examine these consequences in more detail.

Runaway Solutions
Let us look at the behaviour of the charged particle in the absence of an applied field. Then
(38) becomes

i — 7(F 4 i 7?) = 0. (39)

Clearly, a possible solution of the above is £* = (0. However this is not the only solution.

The normalisation condition demands

which can be differentiated once to give

%, =0, (41)



and a second time to give

R

(42)
Equation (42) allows us to rewrite (39) as

i 7 (a:a _ g‘:%"ftb) —0. (43)

If we choose a frame in which the initial velocity ©% and acceleration &% four-vectors lie in the x — ¢

plane, the subsequent motion must also lie in this plane. Equation (43) can then be written as

We can eliminate ¢ from (45) with use of (40) & (41) to give

o1 & 2
X

L ——
142

Dividing (46) through by & and integrating with respect to proper time results in

1.1
log i — —\ — - log(1 +i%) =C,

(47)
where C is a constant of integration. If we choose C = log 7, the above simplifies to
T 1 AT
= —e€ y 48
ival + :La2 T ( )
which can be integrated again to find the solution
% = sinh (e)‘/f n C’) , (49)

where C” is another constant of integration.

Note that as A — —oo the velocity tends to a constant value # = sinh(C"), however as \ increases



from —oo the velocity steadily increases, despite there being no applied force. This phenomenon is

known as a runaway solution.

Acausal Solutions

Methods exist to eliminate runaway solutions, however they are usually replaced by solutions
that exhibit another strange behaviour.

For the sake of simplicity, let us look at the above behaviour of an electron moving slowly
compared to the velocity of light®>. The motion of this electron is then governed by the non-
relativistic version[9] of (38);

F(x,t)=m%x—mrX, (50)

where x = (ml,x2,x3) and x = %'

Additionally, let us constrain this particle to move in only one dimension, along the z' = x
axis, and let it be acted upon by a force which is a function only of time t. Equation (50) then
reduces to

F(t)=mi—mrx. (51)

The above is a third order differential equation for x, but is first order for #. Setting & = a and

§(t) = ULy (51) becomes

m

a—T1a=75(t), (52)

the general solution to which is

a(t) = aer + 1/et NITFE) (53)

t

\]

where a is a constant. From inspection of (53), we see that the acceleration blows up as t — oo;
this is a runaway solution as we discussed above. Note however that you can prevent this by setting

a = 0. However, now the acceleration at time ¢ depends on the force at times ¢ > t. The future

®The reader is referred to reference [13] for an examination of runaway solutions in the relativistic regime.

10



values of the force affect the present behaviour of the electron. This is known as pre-acceleration®.

1.1.3 The Landau-Lifshitz Equation

As we have seen in Section 1.1.2, the ALD equation admits solutions which appear physically unrea-
sonable. This has led to a plethora of models including the Eliezer-Ford-O’Connell[14][15][16][17],
Mo-Papas[18], Bonnor[19] and Sokolov[20] equations’. Here we look at the model proposed by
Landau and Lifshitz[22]; it is used extensively in the literature and we will obtain a generalisation
of this approach in the context of fluid theory in Section 2. Moreover, it has been strongly argued
that the solutions to the Landau-Lifshitz equation are the correct subset of approximate solutions
to the ALD equation, from both physical and mathematical perspectives|23].

We begin with the ALD equation,

7 = —LP®g, 4 rA% TP, (54)
m

and note that ©® can be rewritten as %\b, with i’ appearing on the left-hand side of (54). This

allows us to carry out a process of iteration, whereby we can substitute (54) into itself, as follows;

e q d ab . a d ( qd be - ) 2
= _1F AY — [ —=F"g, @) 55
o m T D) m te) +O(77) (55)
d ab . q a o1 bc. -1 be - 2
= —=F — =T7A — T, F°°z.
A b< ol Let + F*%. | + O(17) (56)
4 ab q o (01 be 19 b d 2
= —=F e AY —z.a" — —F"F, ,
mo T e ( R . at® | +0(77) (57)

where (57) is obtained by substituting (54) into (56).
If we next assume that the recoil force is small in comparison to the Lorentz force due to the

applied field, we can discard terms O(72) in (57) while still keeping a high level of accuracy, thus

5This effect is sometimes said to be controlled, because the exponential e(t=t/7 rapidly decreases for times greater
than 7 into the future.
" An interesting review of these approaches can be found in Reference [21].

11



eliminating the @® term from the equation;

OF"*

70 = — Lpabg, — Lone <labcm'l - quCFCd:bd> . (58)
m m oz m

The above is known as the Landau-Lifshitz equation and is free of the pathologies® one finds in

the ALD equation. We will now use this equation to model the behaviour of an electron in a plane

electromagnetic wave.

A Solution to Landau Lifshitz
In order to be able to compare the resulting motion to that calculated in Section 1.1.1, let us

again choose a wave of the form

F = FEcos(v) dv A dz. (59)

Substituting (59) into (58) one can obtain the following equations of motion

il = % {255 cos(v) + 7 [qf (1—d%—9%) 0 cos(v)® — 20 sin(v)} } , (60)
U =— (f)z 703 cos(v)?, (61)
= % {1} cos(v) — T [qj v? i cos(v)? + 0 sin(v)ﬂ } , (62)
Jj=- <q£>2 792 cos(v)?, (63)
as well as the normalisation condition
—uv+ i+ ° = —1. (64)

As before, in Section 1.1.1, we choose the electron to be initially at rest at the origin of our

coordinate system, hence our initial conditions are u(0) = v(0) = z(0) = y(0) = #(0) = ¢(0) = 0.

8Due to the elimination of the %° term.

12



Additionally, we once again set %(0) = 1, and thus ©(0) = 1 from (64).

One can obtain analytic solutions to the above system[24][25], however here we will analyse
it numerically, and then plot the resulting solutions using Maple. Note however, that in order to
compare - with use of a plot - the motion of an electron when radiation reaction is neglected, and

when it is taken into account, we must artificially inflate the radiative term?

. Thus in Figure 2
below, we have set 7 = 0.01s;'°

08

08
06
X
b 04
x 02
04
0
U 5 ] s 20 25
02 e A
-04
0
0 5 10 15 20 25

}. -06

(a) (b)

Figure 2: The motion of an electron along Z in time. Plot 2(b) includes radiation reaction while
plot 2(a) neglects it.

In each case the electron is initially placed at the origin of the coordinate system, which corre-
sponds to the maximum of the wave. Neglecting effects of radiation reaction, placing the electron at
a node of the wave guarantees that there will be no net drift of the electron in the plane perpendic-
ular to the direction of propagation of the wave. We see however that this is not so when radiation
reaction is taken into account. In Figure 2(a) we see that neglecting radiation reaction the electron
simply oscillates along the xz-axis. However, in Figure 2(b) — which takes radiation reaction into
account — we see that there is a drift along the z-axis, in addition to amplitude growth. Surprisingly
however it is still possible to eliminate this additional drift by shifting the initial position of the
electron slightly to the left of the node of the wave, though the amplitude growth remains.

Another strange phenomena occurs if we examine the behaviour of the electron along the z

9Recall from Section 1.1.2 that 7 = 10723 s, thus the effect of the radiative correction is too small to be able to
see in a plot
OFor simplicity we have set g=m =E =1

13



axis. We saw in Section 1.1.1 that if we neglect radiation reaction the electron will drift along the
z axis. From (34) we see that this drift is comprised of a constant term, plus a sinusoidally varying
oscillation; hence while the particle has a net velocity along 2, it has no net acceleration. However
this changes when radiation reaction is taken into account; the electron will now experience a net
acceleration along 2. This is shown in Figure!! 3.

While the above behaviour is counterintuitive, an inspection of the results in reference [24]
confirms that such behaviour is consistent with analytic solutions to the Landau-Lifshitz equation.
However, the aforementioned paper does not emphasise this behaviour. More recent work[25]
focusses on the Landau-Lifshitz equation only in the specific case of an electromagnetic pulse, and

so — due to the short nature of the pulse — the effect is not seen as clearly as it is here.

15 15

(8]
(8]

0 1o 20 30 40 50 60 0 10 20 30 40 50 60

Figure 3: The motion of an electron along 2 in time. Plot 3(b) includes radiation reaction while
plot 3(a) neglects it.

"Note that we have again amplified the size of the radiative correction in order to better observe its effects

14



1.2 Plasmas

In Section 1.1 we discussed the behaviour of a single particle under the influence of an electro-
magnetic wave and saw some interesting results. However, direct comparison of such results with
experiment is not possible, since modern laser facilities accelerate not single electrons but electron
bunches containing ~ 10® particles[26]. As such, it is unlikely radiation reaction will be detected
for a single particle. A more appropriate focus then, may be on a collection of particles; such a
collection can be found in plasmas. In Section 2 we look at methods of modelling such a collection
of particles, by use of kinetic and fluid theories. Before we do this though, let us briefly review
some properties of plasmas that we will need in order to understand the later sections.

A plasma is a gas in which the atoms have been ionised — resulting in a combination of free
electrons and positive ions moving independently — and whose properties are dominated by electric
and/or magnetic forces. A plasma is said to be quasi-neutral; overall it appears to be charge
neutral, but at smaller scales one may see charged regions and electric fields. Plasmas are excellent
conductors of electricity owing to the high mobility of their electrons, and hence any regions of
charge that develop are quickly neutralised.

Over 99% of the visible universe is in a plasma state[27][28][29], with relativistic plasmas likely
to exist in the early universe, active galactic nuclei and blackhole magnetospheres[30]. Whilst most
researchers choose to ignore the radiation reaction force when studying relativistic plasmas'?, this
assumption may not be valid in all astrophysical phenomena. For example, acceleration of plasma
by radiation pressure is a possible mechanism for the production of relativistic outflows (jets) in
active galactic nuclei and galactic black hole candidates[31], and radiation reaction is expected to

be significant in such extreme circumstances.

1.2.1 Plasma Oscillations

In this thesis, we are concerned primarily with the effect of radiation reaction on electromagnetic

waves propagating through warm plasmas, but let us first review such waves when radiation reaction

121t is assumed small compared to the Lorentz force and so not expected to significantly contribute to the plasma
dynamics.

15



is not taken into account.

Consider a singly ionised'®, unmagnetised plasma in equilibrium. If an electron within this
plasma is displaced slightly, electric fields will be generated that act in such a direction as to return
the electron to its initial position, thus restoring the neutrality of the plasma. However, due to its
inertia, the electron will overshoot and oscillate around its equilibrium position.

Consider a small amplitude, spatially harmonic perturbation to the equilibrium electron proper

number density n., directed along the z axis;
n = ne + on, (65)

with dn o< Re [nle(ik'Z*th)] and the complex amplitude n; a small correction term.
If one assumes the electrons of the plasma to be isothermal and that the ions are not affected
by any induced potentials, one can calculate the Bohm-Gross dispersion'? relation[32];

2 Te QZ §

W= +2u§hk2, (66)

where vy, = % is the electron thermal speed!.

We can see that the group velocity vy = g—‘;: is non-zero and hence perturbations of the form
(65) induce waves which propagate through the plasma. Such waves are known as Langmuir Waves,
and we will explore these further in Section 3.

In a cold plasma, defined as one in which the electron’s thermal speed vy, = 0, equation (66)

reduces to
o =2, (67)
where
wl = ”qu (68)

is known as the plasma frequency.

13 A plasma whose atoms are each stripped of only one electron.
14We will recover the Bohm-Gross dispersion relation later in this thesis.
5Note that the derivation of the Bohm-Gross dispersion relation assumes v, to be non-relativistic.
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1.2.2 Electromagnetic Waves

Consider an electromagnetic wave of the form

F = Re[(EydtAdx+ Eydt Ady+ E,dt A dz

—B.dz Ady — Bydz Adx — By dy A dz) ¢FFD | (69)

where E = (E,,E,, E;) and B = (B,, By, B,) are the complex amplitudes of the electric and
magnetic fields respectively.

The dispersion relation of such a wave propagating through vacuum takes the form
w? = k2. (70)

Clearly waves of any frequency can propagate through vacuum, however this is not the case for waves

travelling through an unmagnetised plasma. Such waves have the modified dispersion relation[32]
w? = w) + k. (71)

Waves which obey dispersion relations of the form (71) exhibit a phenomenon known as cutoff.
Consider a wave with frequency w, propagating through a plasma whose electron number density
ne gradually increases the farther inside it one travels. From (68) we see that this means that the
plasma frequency w), also increases. At the outer edges of the plasma n. and w, will be relatively
small. However as the wave propagates farther into the plasma, n. will increase until such time
that the frequency of the wave matches the plasma frequency; w = w,. The value of the density
at this point is called the critical density n.. From (68) and (71) we see that for ne > n., k? <0
and the corresponding frequencies cannot propagate. The value of the frequency at which n. = n.
is known as the cutoff frequency we,. Clearly in this case we, = wyp, however this is not always the
case when considering electromagnetic waves travelling through magnetised plasmas.

When considering a magnetised plasma, an electromagnetic wave of the form (69) has 4 possible

modes, determined by the orientation of the wave relative to the plasma’s magnetic field Bg. Two
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of the modes are parallel to the background magnetic field — the R and L modes — and two
perpendicular to this field — the O and X modes. The dispersion relations for these types of waves

travelling through cold plasmas are given[32] in Table 1 below:

Mode Properties Dispersion Relation
R k| B icht ci 1 k2 wg/uﬂ
|| Bo (right circ. pol.) b =1
: 2 2 2
L k || Bo (left circ. pol.) % —1_ %
2
O k 1By, E| By %Zl_%
2 2 2 2
X k1 By, ELBg %:1_%#52@

Table 1: Dispersion relations for the four possible modes of an electromagnetic electron wave
travelling through a magnetised plasma.

Note that k = (ky, ky, k;) is the wave vector associated with the wave. Additionally w. = @

is known as the cyclotron frequency!6.

1.2.3 Laser-Wakefield Accelerators

In addition to the astrophysical phenomena we spoke of earlier, there exist a number of laboratory
based relativistic plasmas in which radiation reaction may play a role in the future. One such
example is a laser-wakefield accelerator[33].

At present, many particle accelerators use radio frequency cavities to accelerate charged particles
to relativistic speeds. For example the Large Hadron Collider at CERN can give each proton an
energy of 7TeV[34]; this corresponds to a speed of merely 3m/s slower than that of light. However,
RF cavities can only sustain ~ 100 MeV per meter of beamline[35]; beyond this the electric fields
break down and may generate sufficient heat to melt parts of the accelerator. One solution to

this problem is to simply build larger beamlines, but this incurs extra cost. A more cost effective

16 An electron moving at a constant speed in a static, uniform magnetic field will undergo circular motion described
by (1); we is the angular frequency of this motion.
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solution can be to utilise laser-wakefield technology.

In a laser-wakefield accelerator[36], a single short (< 1ps) ultra-high intensity (> 10'® W /cm?)
laser is focussed into a gas, ionising the atoms within and creating a plasma. As the laser propagates
through underdense regions of the plasma, electrons are expelled from the region of the laser

pulse!”. This generates a plasma wave'®

, or wakefield, in the pulse’s wake, that has a phase velocity
approximately equal to the group velocity of the laser pulse. The component of the electric field
parallel to the direction of propagation of such waves can be extremely large, and hence additional

electrons can be injected into the wave, causing them to reach relativistic energies over a much

shorter distance than conventional accelerators would need[37].

'"This effect is due to the ponderomotive force associated with the laser pulse envelope[36].
18 A plasma wave consists of electrons, which oscillate with frequency w = w, while travelling along with the wave.
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2 The Fluid Model

In this section we begin by discussing some of the challenges one encounters when attempting to
model particle motion within plasmas. We will briefly review how one uses a kinetic approach in
such models, thus motivating our need for a fluid description. Finally we will use this new fluid

description to obtain information about a magnetised plasma in equilibrium.

2.1 A Kinetic Approach

In a plasma the electric and magnetic fields are not prescribed, but rather are determined by the
position and motion of the charges themselves. This is known as a self consistent problem — one
must find a set of particle trajectories and field lines such that the fields will be generated as the
particles move along these trajectories and the fields will cause the particles to move along those
exact trajectories. A typical plasma density is ~ 10'2 electron-ion pairs per cm®[32]. If one has
to solve for the motion of each of these particles in the above manner, predicting the behaviour of
all the particles within the plasma would take considerable computational resources. However, the
majority of observed plasma behaviour can be described by a simpler model; one that neglects the
identity of individual particles and takes only their statistical properties into account.

In order to introduce the methodology used in the generation of such a model, let us first review
how such a model can be obtained when the effects of radiation reaction are neglected. We then

move on, in Section 2.1.2, to state the form such a model takes when radiation reaction is included.

2.1.1 Derivation of the Vlasov Equation

To proceed, we follow a procedure outlined in [38] and define a relativistic microscopic distribution

function Fy of the sth plasma species as

Fo(x,v,t) = 0[x —xx(t)] 6 [v — vi(t)], (72)

where Ny is the number of particles of the sth species with charge ¢; and mass mg, x = (a:l, z2, m3)

and the relativistically covariant 4-velocity v® = (’y, vt 02, v3) = (v, v) with v*v, = —1.
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Phase-space conservation requires that

df s
dt

=0, (73)
expansion of which results in the relativistic Klimontovich equation[39],

8;S+u.st+:j(Em—i—ume)-Vv}_s:O, (74)

where u = v/~ is the 3-velocity, V, is the velocity space gradient operator and E,, and B, are
the electric and magnetic fields on microscopic scales.
Additionally, the charge and current densities p and j can be expressed in terms of the micro-

scopic distribution function Fy for each plasma species[40] as

p= qu/}"s(x,v,t)d3V, (75)
s %

3

d
j: ZQS/VIS()vit),va (76)
5oy

where [ Fs(x,v,t)d3v is the number density ns(x,t) of plasma species s, at the point x at time ¢
whose ;roper velocity v is in the region V in velocity space.

Combined with Maxwell’s equations (10,11) and the definitions of the charge and current den-
sities (75,76), the Klimontovich equation describes the orbits of the particles within the plasma
completely; however practical calculations can be troublesome. The distribution function Fjs is a
sum of Dirac delta functions, each following the detailed trajectory of a single particle, and the

electric and magnetic fields are complicated on microscopic scales. A more tractable equation can

be derived from (74) by using ensemble averaging. The ensemble average distribution function

fs =< fs > ensemble (77)

is smooth, as are the ensemble averaged electric and magnetic fields. However, since E and B
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are not statistically independent!® of F, it can be difficult to extract the ensemble average of the
non-linear acceleration term?” in (74) and severe approximation is often required[41].
It is possible to shift these difficulties into a single operator C,, known as the collision operator??,

allowing us to write the ensemble average of the non-linear acceleration term as

< s (Em +u X Bm) - VuFs >ensemble = % (E+u X B) : vvfs - Cs (fs) s (78)

S S

where E and B are the ensemble averages of E,, and B,, respectively.
Equation (78) allows the ensemble average of the Klimontovich equation to be written in the

form

Ofs . s R R
éf; +u-st—|—§L—S(E—|—u><B)-vas:C’S(fs). (79)

In general the collision operator is extremely complicated, and is very difficult to obtain and
use. A primary aim of kinetic theory is to express the collision operator in terms of just fs and
the average electric and magnetic fields. This can be a considerable undertaking however, and is
outside the scope of this thesis.

However, we can eliminate this difficulty by assuming that the plasma we wish to examine —
to a first approximation — is collisionless, and so we can set Cs = 0. This is not an unreasonable
assertion because many high temperature plasmas are to a first approximation collisionless; for
example in a stars corona the mean free path of the electrons can easily exceed the dimensions of
the plasmal42].

In this approximation, (79) reduces to

afs 2 qs ;o
py —i—u‘st—l—Hs(E—kuxB)'vas—O, (80)

9Because they are dependent on the particle trajectories.

20The coefficient of V., Fs.

2Tts name originates from the fact that the most important correlations result from close encounters between
particles.
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which can be written covariantly as

s by, OFs _
G A FWy S = 0. (81)

.0 Ofs

T

The above is known as the Vlasov equation, and while amenable in sufficiently simple geometry
it is still common to approach it from a fluid perspective when the influence of fs on E and B is
included. As we shall see, this has the advantage of involving only the 3 spatial degrees of freedom
instead of the 6 independent variables in the above. Additionally, many of the quantities that are
accessible to experiment correspond to several of the fluid variables - it is most difficult to measure
a distribution function accurately. Finally, a kinetic theory will in general contain more information

than we require in order to solve for the bulk motion of the particles.

2.1.2 A Modified Vlasov Equation Including Radiation Reaction

In the preceding derivation we have used a distribution function of the form f; = f, (x,v,t), which
neglects radiation reaction. In order to take this effect into account we must use a 10 dimensional
distribution function f; = fs(x,v,a,t) where a = ‘i—j\’. Note that from this point forward we will
represent the ions as a homogeneous background that will be included in the external source 4-
current [J%] = (p,j). This allows us to model the plasma as a single species (electron) plasma and
so we can now drop the species subscript from our distribution function.

Geometric considerations of the Vlasov equation (81) naturally lead to a Vlasov equation that

incorporates radiation reaction[43]. It can be shown that

3
Lf+2f =0, (82)
where
0 0 0
I _ ga i "
x@xa+a 6v“+a Oat
0 0 0 e 1 q . 0
_ a Iz a oy Z(ght+ ZFH 20| —
= I ama+a 8v“+[$ ZqU +7_(a +mFa:U )} S’ (83)
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is the Liouville operator??.
Splitting the 4-current into contributions from the plasma electron fluid pref = ¢N?® and that

from the applied fields Jext, Maxwell’s equations (10) & (11) become

0™ = gNb + Jb,. (84)
8af?bc + acha + acFab = 07 (85)

where 0, = 0/0z% and N is the number four-current of the plasma-electron fluid,;

dBvd3a

TV (86)

(@) = [ f(v.a)

The factor 1/(1+v?) in (86) and the second term in (82) together ensure that the number 4-current

of the plasma-electron fluid is conserved, i.e. ;N = 0.

2.2 A Fluid Approach

Kinetic theories, such as the one described in Section 2.1.2, are not always the most convenient

tools for an analytical investigation of the collective dynamics of charged matter. Additionally,

obtaining solutions to the integro-differential equations found in such systems usually requires

extensive computational resources. However, macroscopic fluid theories are typically more amenable

to analytical investigation and are less computationally demanding than their kinetic counterparts.

Thus, we will now construct a fluid model from the kinetic description outlined in Section 2.1.2.
Let us define the natural moments of the 1-particle distribution f as

dBod3a

sovaitea) = [t () T

(87)

Here we have used the notation first introduced in [43], in which the author defines a tensor S such
that indices associated with four-velocity are located to the left of the colon whilst those associated

with four-acceleration are located to the right of the colon — note that the sum [ + n is the rank of

22Note that a* is obtained by rearranging the ALD equation (38) for .
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the tensor. The symbol () is used when no index is present, as follows;

3,73
/fxvaciidw (88)
. dvda
at--ap:0 _ .a .a
sty = [am i . T (89)
dvda
0:by by, - b b,
Sho (x)—/xlx f(x,v,a)m. (90)

The above construction acts to encode the 1-particle distribution function f using a subset of its
velocity and acceleration moments, and so by construction a fluid theory will have less information
than is contained in the kinetic description upon which it is based. However, in practice f will
usually contain more information than is needed, and as we shall see in the rest of this thesis, we
are still able to obtain a large amount of information about the bulk properties of the plasma, as
well as the behaviour of electromagnetic waves which propagate through it.

Whilst some of the natural moments may be difficult to interpret from a physical standpoint,
a few have an immediate physical interpretation. The number 4-current N = S%? and the stress-
energy-momentum tensor of the plasma-electron fluid 7% = mS%?  The energy flux density is

Qb = %mSabczm. Additionally the scalar field S? is the relativistic enthalpy.

We may now cast the Vlasov equation as an infinite hierarchy of tensor equations?3:
9,5%? = 0, (91)
0,80 _ glb — (92)
. . 1 . .
9,87 — ghe 2 (SW’ v 9Lpt SC-@) —0, (93)
T m

aaSabc:(Z) N Sb:c o Sc:b =0, (94)

. . . 1 . .
aaSab.c _ S@.bc _ Sbc.dd _ ; (Sb.c + %ch de.@) =0, (95)

238ee Appendix A for a complete derivation of these equations.
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) . 1 . : :
aaSa.bc . Sb.cdd _ ; (2 S(Z).bc + %desd.c + %chsd.b) =0, (96)

......... (97)

The dots represent those equations whose derivative term 9, S @®t1bn satisfies [ +n > 3. The

identities 2%z, = 0 and %%, = —1 must be satisfied and lead to the following equations, called
constraints;

go i — g0 (98)

S*, =0, (99)

§eb 0 = g, (100)

se, b= g0, (101)

R (102)

S*.p =0, (103)

......... (104)

Again, the dots represent equations containing natural moments with rank greater than 3.
Although exact, an infinite set of equations is impractical for the purposes of extracting solu-
tions, hence a finite set must be chosen from the infinite systems (91) — (97) and (98) — (104). This

can be achieved by introduction of the bulk velocity U® and bulk acceleration A® defined as

a:)

e = SS@ (105)
0:a

Ao — SS@ (106)
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as well as the centred moments

Ral...al:bl‘..bn — / (:bal _ Ual) o (.fal _ Ual)

X (gebl . Abl) (gebn . Abn> x fQ, (107)

d3vdia
1402 -

where 2 =

We then make the assumption that all centred moments of a particular rank or greater are
negligible. Choosing which rank to assume to be negligible follows from the physical requirements
of the distribution f. However, the first order centred moments automatically vanish. From (105)

- (107) we see that

pad  _ /(i:a U 0

= /g‘c“fQ—U“/fQ

= 50 _yeg?

= 0, (108)
and similarly

RV — / (% — A%) fQ

= /i“fQ—Aa/fQ

= Sha— Aeg?

= 0, (109)

by definition??.

24 All centred moments can be written in terms of U, A, 5% and higher rank natural moments. For a complete list
of such expansions see Appendix B.
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2.2.1 Cold Fluid

If we choose to set all centred moments of second rank or greater to zero, the constraints (98) and

(99) reduce to
U, = -1,

and

U*A, =0,
with the rest being identically satisfied. The moment equations (91) - (93) become
0a (U8") =0,
0u (U°U"s") — 504" =0,
1
Ba (U“ Ab S@> _UtAcA S - S (Ab sP 4 Lpb e S@) —0,
T m

respectively, and the rest are satisfied identically.

(110)

(111)

(112)

(113)

(114)

Equation (113) allows us to rewrite the bulk acceleration A% in terms of the bulk velocity U®

as follows,

0, (U“UbS@> st = pto, (U“S@> +5'U0,U" — §0Ab = 0,
—_——
=0 from (112)

= AP =-U99,U".
This allows (114) to be written as
a b_ 49 b grc a f b\ _ rrbrrf crre
U9, = —LF U + 7 (vea. (UFo,0t) - Utvl ouUea.U, )
Now,
VU OUC DU, = UMU D, | UUT0,U, | - UMUeUa, (U7 0;U)

—_———
=0 from (111)
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hence (116) can be written
a b_ 49 b g a f b brrerra f
UduU" = —LF U + (U0, (UloU") + Utueuea, (Ufo;0) ) . (118)

Recalling equations (2) and (38) from Section 1, and comparing with the above, one realises that
equation (118) is simply the ALD equation for U b and (110) the corresponding normalisation
condition®. This is to be expected, since choosing to set all centred moments to zero imposes the
condition that the electron distribution has zero spread in velocity and acceleration, and hence the
plasma is said to be “cold”.

This is not the type of plasma we wish to examine in this thesis, yet neither do we wish to choose
a closure system that results in a system of moment equations that is too large and impractical to

solve with readily available computer hardware.

2.2.2 Warm Fluid

With this in mind, it can be helpful to follow, and extend, an approach analogous to that introduced
by Amendt[44]. We begin by introducing a scalar field ¢ = /1 + U%U, and hypothesize that
Rov-aibi-bn — (e””) with $9 = O (60) and U* = O (60) and A% = QO (60). We then choose to
set all terms O (63) to zero.

Such an approximation corresponds to a collection of electrons whose distribution has a small
but non-negligible spread about the bulk velocity and bulk acceleration, a situation known as a
warm fluid. The total number of independent components of (91) — (96) and (98) — (103) is equal to
the number of independent components of the variables S?, U®, A® R®:? Rab and RY indicating
that the field equations arising from such an approximation could be solvable.

It is important to note however that it is not always possible to find solutions to the resulting
field equations that also satisfy the constraints (98) — (103) with all O(e®) terms set to zero in
those constraints. Instead we impose only the weaker condition[45] that (98) — (103) need only be

satisfied to O(€3), which leads to

25The remaining constraint (111) is trivially satisfied, by differentiating (110).
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R+ 5% (14 UU,) = O(S),
R%, + S"UA, = O(%),
UPR%,0 = O(c3),
UR,” = O(e%),

URY, + AR = O(e%),

U'R% , + A,R%, = O(é%).

(119)
(120)
(121)
(122)
(123)

(124)

A warm fluid model including the radiative self force is then obtained by setting to zero all terms that

are O(e3) in (91) — (96), and solutions to the resulting PDEs are sought which satisfy (119) — (124).
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2.3 An Examination of a Magnetised Plasma in Equilibrium

In Section 1.2 we discussed some properties of unmagnetised plasmas. A magnetised plasma is one
in which the ambient magnetic field By is strong enough to significantly alter particle trajectories.
Unlike unmagnetised plasmas, magnetised plasmas are anisotropic; their properties in the direction
perpendicular to the field are different from those in the direction parallel to it.

In order to obtain analytic solutions to (91 - 96) we use a perturbative approach, whereby we
perturb the system about its equilibrium state. Thus, it is first necessary to solve (91 - 96) for a
magnetised plasma in equilibrium.

If a plasma is in equilibrium we do not expect any of its properties to vary with time, hence to
model a plasma in equilibrium, set all derivatives to zero in (91-96). Then, rewriting the natural

moments in terms of centred moments we find,

A*S? — (125)
b pl:c L ——
PR, + —Lpt ues? <o, (126)
Ra:b — _Rb:a’ (127)
. . 1 . :
—R¥e — 30t R 4 = [R¥e 4 Lo (R4 utyis?)] =, (128)
T m
2R@:bc + i (Fb Rd:c + FC Rd:b =0 (]_29)
m d d -

The relativistic enthalpy S? cannot be zero, since f > 0 and f > 0 somewhere2®. Hence (125) tells

us that the bulk acceleration vanishes;

A =0, (130)
as expected in an equilibrium state.
Contracting (126) with U yields
. 1
U,UPRY, + —%UbF”C Ues? = o, (131)
T

26See (88).
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and noting that U, F®.U¢ = 0 due to symmetry we find

R — . (132)

C

Substitution of the above result into (126) yields
FbUc=o0. (133)

Equation (133) tells us that in the fluid frame the electric field vanishes, which is certainly expected
for a system in equilibrium since any electric fields would cause the electrons to accelerate?”. Making
use of the results (130), (132) and (133), the system of equations (125-129) can be reduced to the

equations

. 1 . -
Rbe + ZL <ch Rbd:(Z) _ de Rcd:@) =0, (135)
m
R@;bc + % (Rd:bFCd + Rd:Cde> — 0 (136)

Rearranging (135) and (136) into an expression for R¥¢ and R%% respectively, subsequent

substitution into (134), with appropriate rearrangement of indices, results in

. . . . 1 ) .
QL <7de Rde.erc o de Fde Rec.@ o Fbe Red.@FdC o Rbe.@Fed ch> _ (de Rdc.@ o Rbd.@FdC> )
m T

(137)
Defining the matrices
R = [R“b:@} : (138)
and
F=[F%], (139)

2"Note however that (133) provides no information about the magnetic field
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allows (137) to be written in the simpler form
A AFAF R} — 2 [F,R] =0 (140)
2m 9y 9y T ) - Y

where {A, B} = AB + BA denotes the anti-commutator and [A, B] = AB — B.A denotes the com-

mutator of the matrices A, B. Additionally AB = [A%] [B’] is the matrix product.

Obtaining a Solution

We wish to solve (140) to obtain an expression for R in terms of F. Direct rearrangement of
the equation is not possible however, so instead, let us choose a reasonable ansatz for R which
satisfies (140).

From inspection of (140) it would seem clear that R is some function of F, the identity matrix 1
and possibly xF = [%sabch Cd]. Additionally we know that R is symmetric by definition. This
implies that R%*? must be composed only of even powers of the (anti-symmetric) electromagnetic
field tensor F'%. Hence a viable solution to (140) could be an infinite series in F'%®, however such a
solution is not ideal. Fortunately, it is possible to truncate such a series with the help of the Cayley-
Hamilton Theorem[46], which implies that every square matrix over the real or complex numbers
satisfies its own characteristic equation. To proceed then, we must determine the characteristic
equation for F, given by

det (F — ¢I) =0, (141)

where det is the determinant, I is the identity matrix and ¢ is an eigenvalue of the matrix F.
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In a Cartesian coordinate system, (141) takes the form

—~¢ -E, —E, —E.

B, —-¢ -B. B
det (F — ¢I) = det ! -
~E, B. -¢ -B,

-FE, -By, B, —9¢

= ¢'+¢°(B}+ B, + B! - E, - E, - E2)
+E2B: + E;B; + EB? +2(E,E.B,B. + E,E,B,B, + E,E.B,B.)

= ¢t - (ﬁQ%Tr (F?) — det (F) = 0. (142)

If we now apply the Cayley-Hamilton theorem to (142), we are able to write any term of an even

power in F and O (]:4) or higher, in terms of F and F2. For example,

1
Fi= iﬂ(ﬂ)ﬂ + det(F), (143)

F6 _ F4 F?

1
= 5]—"4 Tr(F?) — F*det(F)

= % (;Tr(]ﬂ)]-“? — det(]—")) Tr(F?) — F2det(F)
— (ler (F?) — det (]—“)) F? - %det (F) Tr (F?), (144)

and similarly for xF.
The situation is simplified further by realising that the determinant of F is an electromagnetic
invariant;

det(F) = —% (*FabFC‘b>2 — (B-E). (145)

Recall from (133) that the electric field vanishes in the fluid frame and hence from (145) we see

that det (F) = 0 in this frame. Furthermore, since (145) is a Lorentz-invariant quantity, the result
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det(F) = 0 holds in any frame. Generalising (143) to any order in F we find,

n_
5—1

Fr = <;Tr (ﬁ)) F2, (146)

and

1 271
*F = (—QTr (J-“Q)) * F2, (147)

where n is any positive, even integer. Note the minus sign in (147) arises due to the identity
Tr (F?) = =Tr (xF?).

Additionally, one can show the following two identities:
1
FP+xFt = ST (F2) 1, (148)

FxF =*FF=0. (149)

All of the above suggest that we can write R as a linear superposition of the matrices

2F?
and
2
P = LFQ (151)
Tr (*]: )
From (146) - (149) it is clear that P and P are idempotent matrices:
PP =P, (152)
PP =P, (153)
and that they are orthogonal:
PP =PP =0, (154)
P+P=1T. (155)
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Finally we must ensure that any expression for R satisfies the constraints (119 - 124). Equation
(121) tells us that R must be orthogonal to the bulk velocity [U%] to O (¢3). While this is certainly
true of P - due to (133) - the same is not necessarily true of P.

This suggests the introduction of the idempotent

(156)

II = [63+U Ub],

U2

where |U| = v/—U®U,, which acts to project vectors into the space orthogonal to U®. It can be
seen IILF = FII = F since the electric field vanishes in the fluid frame. Hence natural idempotents
for constructing the solution to (140) are IIPII and ITPII.

Thus, a suitable ansatz for R is
R = 2pn 4+ P, (157)
m m

where p, and p are the pressures perpendicular and parallel to the magnetic field respectively.
Substituting this solution into the matrix equation (140) and using the identities (152) - (155),
the commutator term vanishes resulting in

Pliga (158)

m?2

Clearly, for the above to be satisfied - and still generate interesting results - we must set the pressure
term perpendicular to the field to zero, or demand that the magnetic field vanishes. Hence, if the

magnetic field is non-zero a suitable form for R isotropic around the magnetic field lines is
_Ppp
R = —IIPII, (159)
m

where p = p|| is the only component of the pressure.
The above result has a straightforward physical interpretation. In principle, an electron can have

a component of velocity parallel to, and a component perpendicular to, the background magnetic

36



field. Motion perpendicular to the field will cause the electron to spiral around the magnetic
field lines and emit cyclotron radiation, whereas there is no such emission from the component of
velocity along the magnetic field lines. Recall that at the beginning of this section, we chose to
perturb around a set of equilibrium solutions; (159) informs us that in this equilibrium state, motion
perpendicular to the field is not permitted and thus the electron’s velocity is directed parallel to
the magnetic field lines.

Armed with (157) we can now obtain an expression for the bulk velocity U®. Recall from (105)

that
Sa:@ Ne

U'="gr =3

(160)

where N is the number 4-current.
For a plasma in equilibrium the number 4-current is equal to that of the background ion’s

number 4-current; N® = N2

&0 = Nion 04 Where njo, is the proper number density of the ions, hence

U = ?g%ldg. (161)

5% can be found from the constraint (119) yielding

Raa:@
1+ U,
p a Ty d
- P qoepe,n, 162
m (1+ UUy) P (162)

sh =

where S? = O(e%), p = O(e?) and 1+ UU, = O(?).
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3 An Examination of Electric Waves

In this section we will use the fluid model that we built in Section 2 to investigate the properties
of an electric wave as it propagates through a plasma, as well as the effect such a wave has on the
bulk properties of the plasma. We will begin with the simpler case of an unmagnetised plasma,

before moving on to examine what effect an ambient magnetic field has on the system.

3.1 In an Unmagnetised Plasma

In the absence of a background magnetic field R must be isotropic and hence takes the form

R = II

P
m

@)
o O

, (163)

o o o o
o o 3
o 3k

o o o

3

instead of (159).
As we discussed in Section 1.2, a small amplitude, spatially harmonic, perturbation to the

equilibrium proper number density induces an electric wave that will propagate through the plasma.

We choose our coordinate system such that this electric wave propagates along the z = x> axis in
the rest frame of the ions. We denote ¢ = 2" and write the enthalpy as
0 0 0 (ikz—iwt
S0 = 5, + Re |80 elit=mn] | (164)

where S?O) is the enthalpy in equilibrium and S?1> is the complex amplitude of a small perturbation
to S?O). We introduce similar expressions for the other fields.

As there is no background magnetic field, and the applied field is purely electric, the electro-
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magnetic field tensor takes the form
F =Re |E,) e gt A dz| (165)

where E, ) is the complex amplitude of the perturbation. Note that there is no E,, term since in
the equilibrium state any electric fields - in the rest frame of the plasma - vanish.

A linearisation of (91 - 96), with respect to the perturbation then yields

1

S(@l) = _k‘ Ua S?O) ko ng (166)
a™ (o)
1
b _ ab:( a 771b
A(1> = Zka (S'@R(l) + U(O) U(1)> N (167)
(0)

1
. b (] b b 0: b: 0 7b q b
ikq (Rfl) + Sty U, A(l)) —Upy Ry e — 245, Ry [S’(O) Al + mF{(O) g (Cl)}] , (168)

RS + REY = ika (RN ULy + RO UL, + RO UE,) (169)
Rl = ik, (Rl{’}f,) ay + By Ut + R A(cl)) —2UG, A Ry (170)
L(ope | 4 bd:0
= (Ru(): + o Flo' R<1)}) ’

. 0:b : b b b d 0:
0 = ke (R UL, + RS AL + R AT, ) - 204 A% R,
1
d 0:b 0:b q b pd: d:b
—2UG) Afy Ry g — - [2 Ry + - (F{(o> 1 B+ Fro R(l)}>:| ; (171)

where k* = (w, k) is the wave’s 4-vector.

Terms with a subscript (0) represent solutions to the equilibrium state found in Section 2.3,
while those with a subscript (1) represent the first order corrections resulting from the perturbation.
Additionally, the notation

Ay Bayy = A Ba) + Aq) B, (172)
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has been used.
Substitution of our equilibrium solutions from Section 2.3 into (166 - 171), and combined with
Maxwell’s equations®® (85,84), results in a system of 22 equations for 22 unknowns. We can rewrite

this system as a single matrix equation of the form

Matrix
of VI i=1]0], (173)

Coefficients

where the column vector V contains all of the field variables and the right-hand side is simply the
zero column vector.

Rather than solving directly for the fields, we can instead obtain a relation between the coeffi-
cients of the field variables. We do this by taking the determinant of the matrix on the left-hand
side, and demanding that this be zero. The result is a dispersion relation of the form

0 = 402 (w2 —wﬁ) +6 (10w§w2 +4w§ k? — 16 w? k:2) + T (42w5 — 38w3w12,)

+i76 (38w’ wy — 168 w® k* + 63w’ + 30w w) k) + O(72,6%), (174)

where the normalised equilibrium temperature @ is given by?°

(175)

and wy, is the plasma frequency.
We seek a solution of (174) such that in the limit 7 — 0, # — 0 the solution collapses to that
of the cold non-radiating® fluid w = wp, discussed in Section 1.2.1. Thus we choose the angular

frequency to be of the form

w(k) = wp + a(k)d +itB(k) +iT0((k) + O (72,6%) (176)

28Note these must also be linearised with respect to the perturbation.
2%Note that since p is @ (62), 0is O (62) also.
3By a non-radiating fluid we mean a fluid in which the effects of radiation reaction are not considered.
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where a(k), 5(k), ((k) are as yet undetermined functions.

Substituting (176) into (174) and equating the resulting coefficients of 6, 7 and 76 to zero,
one can solve for the unknown functions «a(k), 5(k), (k). Substitution of these solutions into the
ansatz (176) then yields

w=uwp+ <Zf}i - iwp> 60— %— [wg - (2]4:2 —i—wf)) 6] + 0 (7’2,92) . (177)
In the limit 7 — 0, (177) reduces to Clemmow and Wilson’s relativistic generalisation of the
Bohm-Gross dispersion relation[47].

Due to the nature of the perturbation e***=«%) the real part of the perturbation to wp will act
only to shift the frequency of the wave, whilst the imaginary part of w will be the cause of the
damping. We can see that for non-radiating plasmas, where 7 = 0, the imaginary part vanishes and
w is real, hence, as expected, damping only occurs when radiation reaction is taken into account.

The first damping term, —% Tw?, is a long standing result[48] that frequently appears in kinetic

D
theories that include radiation reaction. The second damping term, % T0 (2 k2 + wf,), is dependent
on temperature and can be shown to agree[l] with recent results presented elsewhere[26].

Note that the damping term is larger as k increases, hence the higher frequency modes will
experience a greater amount of damping than the low frequency modes.

Armed with (177) and the equilibrium solutions we can solve (166 - 171) for all of the fields in
terms of the complex amplitude S?l) of the perturbation to the enthalpy.

Up to this point, we have not discarded any terms in our equations. However recall from Section

2.2 that in order to generate a finite set of equations, we applied the warm fluid approximation,

p
NionMM

discarding terms of O(€®). Since § = from (175), and p is O (€*) we see that to remain within
this approximation, terms O(6?) must be discarded. Additionally, we saw in Section 1.1.3 that the
ALD equation — upon which this model is based — contains undesirable solutions, and we went on
to review an approximation scheme derived by Landau and Lifshitz. This approximation scheme

eliminates these unwanted solutions by performing a series expansion in 7, and then truncating the

series by discarding all terms above a certain order in 7. We must also do the same here, and we
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choose to discard terms O (7'2), since they will be negligible in comparison to the terms O(6?).

Discarding any terms of O (7‘2, 92) in the above solutions, we find

2
o _ 4 0 .
U(l) = WS(1)0(1+1TWP), (178)
3 ¢ ) 2 2 2 3 3 2

Uy = 74mwgk: St {4wp +0 (11wp +6k ) —iT [pr +0 (2wp —4k wp)]} , (179)

0 q2 0
A% =Lrosh, (180)

7
Al =~ Trmas S (e + 161w, 0+ 7 [4e) +6 (13w +64%)] (181)
p
R3O = (3+2iTw,) 05", (182)
RV = —% 95(@1) (—2+iTwy), (183)
R =980, (184)
RE =050, (185)
2
. w _

R(si? = _?pes(@n (i +7wp), (186)
R =708 w2, (187)

q . .
EZ<1):_ﬁS?1) (2i4+5i0 —270wy). (188)

All other field variables vanish. Additionally, one can show that the set of solutions (178-188)
satisfy the constraints (119-124).

At this point, one might wonder why we chose to take moments of a kinetic theory based upon
the ALD equation, when, in order to obtain solutions, we still need to apply the approximation
procedure used to obtain the Landau-Lifshitz (LL) equation. We could have chosen a kinetic
description based upon the LL equation, and taken moments of this description to derive a set of
fluid equations; thus removing the need to eliminate terms O(72) in our resulting expressions.

While in principle such a model would be equivalent, the fluid equations (91 - 96) would not
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take on as compact a form as they do here, and the complexity of the analysis would be greatly
increased from the outset. From this perspective, it is perhaps not surprising that the dispersion

relations obtained later in this thesis are new results.
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3.2 In a Magnetised Plasma

We next consider the case of a plasma with a background magnetic field running through it. If we

choose the z = z*

axis to lie parallel to the magnetic field lines in the rest frame of the ions, and
perturb the equilibrium proper number density as we did in the previous section, we again generate
an electric wave, this time travelling along the magnetic field lines of the plasma. Such a wave is

of the form

F = —Byda Ady + Re | By e gy o dz] , (189)

where By is the amplitude of the background magnetic field and E.;, is the complex amplitude of
the perturbation.

Due to the addition of a background magnetic field, R is no longer isotropic. In Section 2.3 we
found that in such a field any pressure terms perpendicular to the background field must vanish

and hence R now takes the form

R = Lopn
m
000 0
000 0
— (190)
000 0
000 2

The linearised system is once more composed of (166) - (171); if we again substitute the above
and the other equilibrium solutions into our system of equations, and combine with Maxwell’s

equations, we can obtain the dispersion relation

0 = 4w? (w2 fwzz,) + (4w4 +4k2w12, —16wW%k? +2w2w3) 0+ 1 (30w5 — 26w3w12)) T

it0 (18wwy k* — 120k* w® + 45w°) + O(72,6%). (191)

Again seeking a solution to the above of the form w(k) = w, + a(k)8 + it5(k) + it0((k) +
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@) (7'2, 92), we find

3k 3 iT 9 o 9 2
w:wp+<2wp4wp>92[wp(2k‘ +wp)9]+(’)(7',0). (192)

Note that in the limit 7 — 0, the above does not reduce to (177), the dispersion relation in
the unmagnetised plasma, taken to the same limit. The difference is the numerical factor % in the
relativistic correction to the frequency shift; this is due to the anisotropy of R%¥ in equilibrium.
The coefficient of 7 however is the same in both the magnetised and non-magnetised cases. Hence
the presence of a background magnetic field in the plasma simply acts to further shift the frequency
of the electric waves, but has no effect on the radiative damping.

Once again, using (192) and the equilibrium solutions found in Section 2.3, one can calculate

the field variables to be

2 b
5 _ S0 2 =2 2 ~ 3 3 2
(1)_W{4("’10"’_9(‘)“]17""6]?)_ZT[2"“)197‘9(("’1)4_2]€ wp) ]} (193)
2
My =T (hiwy i 0T [1E 40 B2 0R)]), (19)
4kmuwy,
Ez<1>=—%5?1> (2i+3i0—270w,), (195)

with all other field variables being equal to those found in the previous section. Note that in
the above solutions we have highlighted in red the terms which are changed by the introduction of
a background magnetic field.

Once again, it can be shown that all of the above solutions satisfy the constraints (119-124).
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4 An Examination of Electromagnetic Waves

We now turn our attention to a small amplitude electromagnetic wave propagating along the

magnetic field lines of a plasma. Such a wave can be written as

F=—-BydxNdy — Re[(BgxdyANdz+ Exdx ANdt+ Bydz Adz

+ EydyAdt+ B,dz Ady + E,dz Adt) eFFD | (196)

where By is the strength of the background field of the plasma, directed along 2z, and E =
(Ex,Ey,E,) and B = (By, By, B,) are the complex amplitudes of the electric and magnetic fields
of the wave respectively.

Using the method of Section 3.2 we once again rewrite the system as a matrix equation, generate
a matrix of coefficients, and demand that its determinant is zero. However, this expression is much
more complicated than that generated by the electric wave of the previous section; we are now
dealing with a 47th order polynomial in w and 20th order polynomial®! in k . Solving the equation
directly for w generates 47 possible roots, but determining which roots represent real waves is
problematic. The unphysical roots do not exist in the limit 7,6, By — 0. Thus, we factor the
determinant into products of terms, examine these terms in the limit 7,6, By — 0 and solve each

of them for k(w). We then seek out the ones which collapse to (71);
w? = w) + k> (197)

There are two terms that collapse to the above; these correspond to the L and R modes of the
electromagnetic wave3? .
Armed with the knowledge of which terms provide the solutions we are interested in, we now

simply isolate both of these terms in turn and set them to zero. The resulting expressions, which

can be found in Sections 4.1 & 4.2, are used as the starting points in our analysis of the L & R

31Note that (191) was merely 5th order in w and quadratic in k.
32In order to determine which term corresponds to the R mode, and which to the L mode, it is useful to set
7 =0 =0, solve for k? and then compare with Table 1.
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modes of the wave.

An electromagnetic field tensor of the form (196) does not generate O and X modes. As we can

see from Table 1 in Section 1.2, these modes arise only when the wave is propagating along an axis

perpendicular to the direction of the background magnetic field. Hence, to explore the properties

of these modes one must begin with an electromagnetic field of the form

F =ByderNdz — Re[(BxdyNdz+ Exdx ANdt+ Bydx Adz

+ EydyANdt+ B,dr ANdy+ E,dz A dt) gilkz—wt) |

(198)

One then follows a procedure identical to that detailed above, but now the two solutions which

collapse to (197) in the limit 7,6, By — 0 correspond to the O and X modes of the wave. These

solutions can be found in Sections 4.3 & 4.4.

Table 1 is referred to often in this section, and hence for the convenience of the reader, we

replicate it below.

Mode Properties Dispersion Relation
. . k2 w2 /w?
R k || Bo (right circ. pol.) 2=l
. 2 2 2
L k || Bo (left circ. pol.) % =1- fjif’bf/w
2 2
0 k LBy, E|[Bg b =1-2
2 22
X k1By,ELBy |5 —1-%"5%,

Table 2: Dispersion relations for the four possible modes of an electromagnetic electron wave
travelling through a magnetised plasma.
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4.1 R Mode

The R Mode is right hand circularly polarised, its dispersion relation is of the form
0 = —(w—we) (wek?® —wew? +w® — k2w—w§w)
1
+6 <w2wg — szwZ — k%ﬁ + k2w +ww k? -k —wng —i—ww}%wc —w3wc)

—T [(chk2 —2wcw2+2w3—2k2w—w2w) w? —9(—2wck2w2+w5+w§k2w

P

=3k w? 4+ 2k'w + 2w k)] + O (0%, 77) . (199)
Note that in order to obtain the above, we have used the substitution By = % where w, is the
cyclotron frequency, and 6 = —£—.

In Section 3 we sought a solution of the form (176);
w(k) = wp + (k)0 +iTB(k) +iT0C(k) + O (72,6%). (200)

Finding w(k) is much more difficult when modelling electromagnetic waves; as we can see from
Table 2, the unperturbed dispersion relations (i.e. for 7,6 — 0 ) are considerably less complicated
when written as k(w) rather than w(k). The difficulty arises from the fact that the results in Table
2 have more than one root for w and one must take care to choose the correct root. This becomes
even more difficult when working in the warm plasma approximation and taking radiation reaction
into account?3.

Thus, a more successful approach is to seek a solution to (199) of the form
k(w) = ko(w) + fw)0+iTg(w)+iT0h(w)+ O (02, 7'2) ) (201)

where ko (w) is the wave number in the limit 7,6 — 0 and f(w), g(w) and h(w) are as yet undetermined

functions. Substituting (201) into (199) and equating coefficients of 6, 7, 76 etc to zero, one can

33In this case, conventional root finding techniques employed in computer software such as Maple are unable to
generate possible roots, probably a result of the polynomial in w being of too high an order for such techniques to be
employed.
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solve for f(w), g(w), and h(w). Subsequent substitution of these solutions back into (201) yields the

dispersion relation

k2 wwc—w2+w§ 0 (w3+3wwg—4w2wc—l—2wcw§)w§
w? w(we — w) 3 w(we — w)4
) wwg wcw§9(4wwg+w3+wwf,—5w2wc+3wcw§)
T w2 —2ww, + w? (We —w)5
+0 (62,7%). (202)

In order to plot the above dispersion relation we must define some range of w. Note however that
the right-hand side of the above expression appears complex, yet we know that k& must be real,
hence w must be complex; this makes determining the domain of w difficult. In order to carry out
such an analysis it is fruitful to rewrite both k and w parametrically as functions of wq, the angular
frequency in the case of a magnetised, cold, non-radiating plasma. The advantage of this approach
is that we only consider values of wy that are real*.

For the sake of clarity, let us introduce some new notation before proceeding. Let us assume
that both @ and 7 are order y where Y is some small parameter. Thus 76, 72 and 62 are order x?.
35 i

One can then write k£ as a power series X

k2 = f(w) + h(w) + 9(w) + O (), (203)

with f(w) = O(x?), h(w) = O(x}), g(w) = O(x?) and where

w(wwc—w2+wg)

— 204
/@) i 28 (204)
0 (w? +3ww? —4w?w, + 2w, w?2) ww? w3 w2
h(w) = 4 < ° Wp) Wy +iT P , (205)
2 (we — w)? w? —2ww, + w?

34Note that values of wo below the cutoff frequency are imaginary, but since we are only interested in the frequencies
of physical waves, we can neglect these frequencies when choosing which range to take wo over.
35Note that f(w) below has no relation to the 1-particle distribution function f used in previous sections.
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and

W wew2 071 (dww? +w +ww? —bw? we + 3w, w?)

= 206
9() ot , (206)
can be seen from inspection of (202).
With use of Table 2, we can recast k in terms of wg to give
wo (wWo we — w? + w?
g2 = @0 (e 0t %), (207)
We — Wo
Combining (207) and (203) we see that
fwo) = f(w) +h(w)+g(w)+0(x?). (208)
Next, assume that w is of the form
w = wo + a(wo) + B(wo) + O(P), (209)

with a(wg) = O(x!) and B(wo) = O(x?).
Substituting (209) into (208), expanding the result as a power series in Yy, collecting together
coefficients of like orders of x, and setting each of these terms to zero in turn, leads to equations

for the functions o and § in terms of the functions f, h and g. This allows (209) to be rewritten as

21/ (wo)h(wo)
f!(wo)

hwo) 1 1 (f”(wO)h(w0)2+29(wO)_

— wn — _ 3
fi) = o il Jro().  w)

where [’ = %.

The dispersion relation can then be obtained by substitution of (204 - 206) into the above. Note
however that in order to remain within the warm fluid approximation, we must discard any terms
of order O (02). Additionally, terms of O (72) should also be discarded, since in practice they will
be negligible in comparison to the O (92) terms. The dispersion relation for the R mode is long,

hence we do not include it here. In the following section we examine each part of it in turn, but

for reference it can be seen in its complete form in Appendix C, as can the dispersion relations for
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the L, O and X modes.

4.1.1 Analysis of the Dispersion Relation

Frequency Shift

Note that once again due to the nature of the perturbation, ¢~ the real part of w will act only
to shift the frequency of the wave, whilst the imaginary part of w is expected to cause damping.
We can see from inspection of the expression for w(wp) that this shift is composed of two parts; the
shift that would be seen in a cold non-radiating plasma, plus a correction term due to the warm
fluid approximation. The parameter 7 is absent from the real part of w(wp) and hence inclusion of
radiation reaction has no effect on the frequency shift. This holds true for all modes, as we will see
in the following sections.

The correction to the frequency shift of the R mode predicted by the warm fluid model is

0 (3wgwo+2wcwgf4wcw8+w8) wgwo

—— . 211
2 (wc—w0)2 (2w2w0+wcwg—4wcw§+2w8) (211)
Dominant Damping
Note that the imaginary part of (210) is of the form
Im[w] = {7+ 0,70, (212)

to first order in 7 and €. Since this work is valid only in the warm fluid approximation, 6 << 1

and the strength of the damping will be primarily due to (., hence we refer to (, as the dominant

term, and to o, as the subdominant term3°.

The dominant damping term for the R mode is of the form

¢ < ¢ (213)
" 2wow? —4w3wc+wcw£+2w8'

36The imaginary part of w(wo) is of this form for all modes, hence we will use this form throughout the following
sections with (;, (o, ¢+ and oy, 0,, 0, representing the dominant and subdominant terms for the L, O and X modes
respectively.
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Insight can be gained from looking at (213) when wy is close to, and far from, the cutoff frequency

weo- Recall from Section 1.2.2 our discussion of the cutoff frequency; for the R mode, w¢, < wg < 00

1
weo = 5 (, Jw? + 402 +wc> . (214)

When wy >> weo, (- takes the form

where3”

w2
Gr D @15)

and is independent of w.. Hence irrespective of the strength of the background field, all frequencies
much larger than the cutoff frequency will experience an equal amount of damping due to this term.

This is not the case for frequencies near the cutoff. In this regime, (213) takes the form

2
2
1 (wc+w/wg+4w2> w
VA (216)

G~ =

2 (we =y fu +402) Jo2 + 402

When the background field is sufficiently low, such that w. << wp, (216) reduces to (215).

However if the field is sufficiently strong such that w. >> w,

G~ —w? (217)

C

Hence the strength of the magnetic field has a strong influence on those waves whose frequency
is close to cutoff.

This behaviour can be seen more clearly in Figure 4, which parametrically plots k(wq) vs ¢ (wo)
for varying values of the cyclotron frequency (and hence magnetic field strength). As can be seen, as
the magnitude of the cyclotron frequency becomes large compared to that of the plasma frequency,
¢, takes on a form similar to that of a step function, strongly damping those frequencies that are

close to cutoff, while having relatively little effect on higher frequencies.

3"Note that we will suppress the mode label on the cutoff frequency for convenience, though it is important to keep
in mind that each mode has a different cutoff frequency.
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Subdominant Damping

The remaining term, o, 76, contains a product of 7 and 6; thus while having an effect on
the amplitude of the wave it will not be as strong an effect as seen above. In the absence of a
background field the term vanishes, but has an interesting behaviour as w. approaches and exceeds

wp. This is shown in Figure 5 below.
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Figure 5: Plots of the subdominant damping term o, (wy) vs k(wp) for a) o=
z—;:l.landd) e =3,

Wp

For background magnetic field strengths sufficiently low such that 0 < g—; < 1, inspection of

Figures 5(a) and 5(b) reveal the subdominant damping term to be positive for all frequencies, and
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hence o, will act to counter the damping from the dominant term. The greatest effect will be felt
by the lowest frequency waves. Additionally, note that unlike (., o, contains a turning point. This
maximum increases as the background field is increased.

Interesting behaviour occurs just after w. exceeds wp, as seen in Figure 5(c). Past this point,
o develops a second turning point, and additionally becomes negative for certain frequencies, en-
hancing the damping due to (.. We can see from Figure 5(d) that the range of frequencies over

which this enhancement occurs grows larger, the stronger the background field becomes.

Examination of the turning points

While obtaining the exact values of wy that correspond to the turning points of o, would be

ideal, ggg is a twelfth order polynomial in wy,

d
dUT = 136w wy, w0—344w7w0+112w w wo 496w6w§w§+712w2w8+42w§wgw0
Wo

—245w5w Wi + 452w w wp — 632o.z‘r’wg—|—6cué1 —40w? w wi — 45w Wy 4 s

—|—420w4w w4+ 40w? w0—59w3w6w8+440w w wg — 1O4Ow3w wd + 376 W W
+75w? w Wy — 280w2w4w8—|—664w W, 208 —296w? w, O—lSwaGwO 27wcw4wg

—124 wew) wi + 88wewp' + 45w§w8 — 12w) wy” — 8wy® + 64w wg. (218)

Obtaining analytical information about the roots of such a polynomial is difficult. However,
we can still obtain some information by examining o, in the limit w. << wy,. In Figure 5 we
parametrically plotted o, (wg) vs k(wp); however for the purposes of examining the turning point
it is convenient to plot o(wp) vs wp. Figure 6 below, is such a plot, taken over a small range of wy

about the turning point, for w. = 0.01 and w, = 1.
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Figure 6: A closer examination of the first turning point of o, (wp), with L‘j—; = 0.01.

From inspection of this plot, we can see that the turning point occurs close to the point at

which wg ~ w,. This suggests the introduction of

'f‘: ) 219
X =g (219)
and
We
.= — 22
vy = (220)

Recasting ggg in terms of x, and v, and discarding terms O(1,) and higher, one obtains the quartic

equation

8x +12x%2 —45 = 0. (221)

This can then be solved, informing us that the turning point occurs at

wo = 1.32w,. (222)

The second turning point does not exist when w. << wp; however from inspection of Figure 5,
one might conclude that the second turning point remains in the limit w. >> w,, and hence an

analysis in this limit is called for.
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1

We—wo *

However, note that o, contains a factor of Hence we encounter a singularity when wg
is equal to the cyclotron frequency. An inspection of (214) reveals that this can occur in the limit
we >> wp, in fact it occurs precisely at the cutoff frequency. Hence it is inadvisable to work in such
a limit.

Note that this is not an effect of radiation reaction, or a result of working in the warm fluid

model, but rather a known feature of the R mode. This can clearly be seen by inspection of Table

2.
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4.2 L Mode

The L mode is left hand circularly polarised. Using the same method as Section 4.1 one can show

the L mode satisfies a dispersion relation of the form

k2 wwc—i—wz—wg 0 (w3+3ww§+4w2wc—2wcw§)w§
w? w(w + we) 2 w (we + w)?
ir ww? wew? 0 (Aww? +w® + ww? +5w?we — 3wew?)
(W + we)? (we + w)®
We again express k in terms of wg, but this time with
wo (wowe + wg — w?

We + wo
Continuing the procedure of the previous section, one can obtain an expression for w, which can

be found in Appendix C, and is examined below.

4.2.1 Analysis of the Dispersion Relation

Frequency Shift
As with the R mode, the real part of w acts only to shift the frequency of the wave, and once again
this shift has no dependence on 7. The warm fluid correction to the frequency shift of the L mode
is

0 (3w2w0—2wcw§—|—4wcw%—l—wg’) w2 wp

—— 5 P . (224)
2 (we 4+ wo)” (2w2wp — wew? + dwewd + 2wd)

Dominant Damping
The imaginary part of w is again of the form (; 7 4+ 07 760, and so again the damping effect will be

dominated by the (; term. In the case of the L. mode,

2,3
w,, Wy

G = (225)

2wow? + 4wi we — wew? 4+ 2wf
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The L mode has a cutoff frequency

1
Weo = 3 (1 Jw+4w2 — wc> . (226)

As was the case with the R mode, for wp much larger than the cutoff frequency

(227)

and so all frequencies in this region will experience the same amount of damping. Additionally the
strength of this damping will have no dependence on the strength of the background field.
However, for frequencies close to weo, (; takes the form

2
/2 2 2
1 (wc— w +4w> w
G~ S (228)

2 (wc + \/wg —|—4w§) \/wg —|—4w12)

If the background field is sufficiently strong such that w. >> w,, then

G~ 0. (229)

Hence, in a strongly magnetised plasma, frequencies close to we, will experience negligible damping.
If, on the other hand, w. << wp,

1
G~ —iwg. (230)

Thus, just as was the case with the R mode, the strength of the background field will affect those
waves with frequency close to cutoff.

This can be seen more clearly from an examination of Figure 7 below.
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Figure 7: Plots of the dominant damping term (;(wg) vs k(wp) for a) %; =0, b) Z—; =1 and ¢)
e = 10. Note that the horizontal scale differs from that of Figure 4.
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Subdominant Damping

The subdominant damping term close to, and far from, cutoff has a simple behaviour. Repeating
the procedure we performed when studying o, reveals that o; vanishes for frequencies close to, and
far from, cutoff, irrespective of the strength of the background field.

However, we once again see interesting behaviour between these limits, as shown in Figure 8:
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Figure 8: Plots of the subdominant damping term o;(wp) vs k(wp) for a) o“j—; =0, b) 5—; =3 and c)

Zj—; = 10. Plot d) shows the behaviour far from cutoff. Note that the horizontal scale differs from
that of Figure 5.

As can be seen, o; is negative for all frequencies, irrespective of the strength of a background
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field3®. Thus this term acts to enhance the damping caused by the radiation reaction term ¢;. Note

also that unless there is no background magnetic field, this term contains a turning point which

corresponds to maximal damping. We examine this turning point in more detail below.

Examination of the turning point

Repeating the procedure we used to examine the turning points of ¢, in the previous section,

we once again obtain a twelfth order polynomial in wy;

do,
d(.do

136w7w wi + 344wl wd + 1128 w Wi — 496w6w wg + 712w8 W — 42w w wo
+245 w2 w wi — 452(»}5(4)200(5]—l—632wgwg—f—6ouzL —40w?! w wi —45wiw wé
+42Ow4w2w8+40w 5+ 59w w wi — 440w3w4w8+1040w w Wl — 376 w3 Wy
+75w wp w0—280w2w w0+664w wy, w0—296w wg —|—18wcwgw8+27wcwz‘wg

+124wcw Wi — 88wewp! + 45 w;‘ w8 — 12 wg wi? = 8wd? + 64w wy. (231)

While not able to solve this expression analytically, we are once again able to study the turning

point in the limits * << 1 and 7¢ >> 1. Figure 9 examines the turning point in more detail.
p P

38Unless the field is zero, in which case this term vanishes.
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Figure 9: A closer examination of the turning point of o;(wp). In plot a) w, = 0.01 and w, = 1,
while in plot b) w. = 100 and w, = 1.

From inspection of Figure 9(a), we see that when Z—; << 1, the turning point occurs somewhere
close to the point wy = wy,. Introducing x; = Z—g and Y; = %=, we again recast f}% in terms of x;

wp?

and ;. Then, expanding as a series in ¢; and discarding terms of O(%)) and higher we find
wo = 1.32w,. (232)

Interestingly, the above result is identical to (222), the location of the turning point in the case of
the R mode, though we must keep in mind that the above is simply an approximation.
Similarly, from inspection of Figure 9(b), we see that when :’—; >> 1, the turning point occurs

doy

— we again recast g’k in

somewhere close to the point wy = w.. Introducing x; = o and 1&1 = f]—i,
terms of x; and 121;. Then, expanding as a series in 1[)1 and discarding terms of O(lﬂ) and higher we
find

wo = 1.27 we. (233)

Recall from the previous section that the turning point for ¢, occurred at wg = 1.32 w.
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4.3 O Mode

The O mode is plane polarised, with the electric field parallel to the background magnetic field. In
the cold, non-radiating plasma its dispersion relation is that of an electromagnetic wave in vacuum.

In a warm, radiating plasma it takes the form

k2 w27w12) wa, (3w27w272w§) .wf)
- = = +1—T
w? w? 2 (We — w) (We + w) w? w
L9y 2,2 2,2
1w (w, —3wiw’ +2w; w
- b (e 2 £ )79. (234)

(we — w)2 (we + w)2 w

Following the same procedure of the previous sections, we once again express k in terms of wy,
but this time with

k= w§ — w?. (235)

Once again, the full expression for w(wp) can be obtained, and is included in Appendix C.

4.3.1 Analysis of the Dispersion Relation

Frequency Shift

The warm fluid correction to the frequency shift of the O mode is

_g (3 w? — 2w]2) — w%) wz (236)
4 wy (we —wp) (we +wp)

Note the presence of (w. —wyp) in the denominator; we once again find singularities should wy = w,
just as we did when examining the R mode in Section 4.1. To see if the singularity will occur for

physical waves, we must again look to the cutoff frequency. For the O mode

Weo = Wp, (237)

hence provided w, > w, the singularity will not occur for any physical wave.
Note that once again this limitation is not related to the warm fluid correction, or to radiation

reaction, but to the cold, non-radiating dispersion relation the O mode obeys, as can be seen from
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Table 2.

Dominant Damping
In contrast to the modes that we have studied so far, the dominant damping term (, for the O
mode takes the very simple form

(238)

Unlike in the cases of the L & R modes, this damping has no dependence on either the frequency

of the wave or on the magnitude of the background magnetic field.

Subdominant Damping

The subdominant damping term o, is given by

2 2,2 1 4 4 2,2
p — 3w Wi + W — wy, + 2wy wh

(we + wo)? (we — wp)? (239)

Note that once again we encounter a singularity when wg = w., and hence must ensure that at no
point does w, exceed wy. This term is plotted in Figure 10, and exhibits some familiar behaviour.

As we increase the strength of the magnetic field, o, develops a turning point. We saw this same
behaviour occur in Figure 5 in Section 4.1, when studying the R mode. Due to the complicated
nature of .., we were unable to obtain an analytic expression for the location of this turning point.
However, o is significantly simpler, and hence a study of it may prove insightful.

Differentiating (239) with respect to wy we find

do, gwo (wﬁ‘—4w2w§+3w2w8+2w§—2w§w8) (240)
dwo (we — wp)? (we + wp)? .

Setting the above to zero, and solving for wg allows us to obtain an expression for the location of

the turning point,

\/(4w§w§ —wi—2uw})

\/3w? —2w2

wo = (241)
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By definition, wyg is real and positive, hence the turning point will only exist when the right-hand

side of (241) is real and positive. This can be shown to hold true when

w2, (242)

Thus, for magnetic fields such that w. lies outside of this range, o, will always be positive and
will act to counter the effect of {,. However, for w. within this range, o, will act to enhance the

damping of (, for some frequencies.
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4.4 X Mode

The X mode is partly transverse, and partly parallel to the background magnetic field. It can be

shown to satisfy a dispersion relation of the form

2 2.2 .4 2. 2 4 2 (2.2 4 _ o, 2 2 4
k ww’ —wp +2wpw’ —wt fwy (W2w? +w) — 2wl w? +w?)

w2 w? (w2 + w2 —w?) 2 w2 —w? +wg)2 w2

(W2w? + wp — 2w2w? + wh) w2 +0w§w§ (Buwt = 3wl w? +w) + wlw?)

i
. (wg—w2+w§)2w (w]%—w2+w§)3w

.(243)

To proceed, we once again carry out the procedure outlined in Section 4.1, but this time with

5 w2 w? —wf;—i—Qw%wg - w}
k* = 5 5 5 . (244)
(wc +wp —wo)

The full expression for w(wp) can be found in Appendix C. We will examine its individual terms
in detail below, but before we do so, we must introduce the concept of resonance.

Recall from Section 1.2.2, our discussion of the cutoff frequency we,. A cutoff occurs at any
point in a plasma where the index of refraction goes to zero; and hence where the wavelength of a
wave becomes infinite. This is all that we have needed in our discussions so far, however to examine
the dispersion relation of the X mode we must also discuss the resonant frequency.

A resonance occurs at any point in the plasma where the index of refraction becomes infinite,
and hence the wavelength of a wave goes to zero. In general, waves are reflected at cutoffs and
absorbed at resonances|32].

The R, L and O modes all have a cutoff frequency below which waves cannot propagate. The
situation is slightly different for the X mode, which has two regions in which waves can propagate.
In a cold, non radiating plasma it can be shown that a X mode with frequency w such that

Weo, < w < 00 can propagate freely, where

1
Weor = 5 (, fuw? + 42 + wc> (245)

is the cutoff frequency of the R mode.
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Immediately below this frequency propagation is not possible, however as the frequency further

decreases, it reaches a value known as the upper hybrid frequency wy, where
wi=wl+ wg. (246)

Waves with frequency below this value can also propagate, provided their frequency is not less than

Weo,» Where

|
oo, = (, fuw2 + 4w2 — wc) , (247)

is the cutoff frequency of the L mode.

Thus, the region weo, < w < wy, is another region in which propagation is possible. Note that
this behaviour only occurs if the plasma is magnetised; in an unmagnetised plasma weo, = Weo, =
wp, = wp and hence the lower allowed region vanishes.

We will explore both of these regions in the remainder of the section.

4.4.1 Analysis of the Dispersion Relation

Frequency Shift

The warm fluid correction to the frequency shift of the X mode is

Q —w2w2w§—w w0—|-2w wo—wg (248)
4 (wi+3w2w? — 2w w2+ wh +wi —2w2wi)wo

As with the other modes, this term is independent of the effects of radiation reaction.

Dominant Damping

The dominant damping term (, for the case of the X mode is given by

2,2 )2 6
1 —We Wy Wy — Wy — Wy, w0+2w0w

9,4 2,,2 2 4 2,2°
2wc+3wcwp—2w0wc+wp+w0—2wpw0

4

C$ =

(249)

71



In the Region we, <w < wy,
Let us first examine ¢, in the region weo, < w < wp. Note that there is little point examining

the behaviour of this region in the limit w. << w), since in this limit the region vanishes.

w2 (wg —We /w2 +4w?2 +2w§)
(o — , (250)
w? +we yJwZ 4w+ 4w2

which can be seen to be negligible when w. >> w,.

Close to weo,

Close to wy,

1
(o~ — <w§ + wa)) . (251)

Thus, frequencies close to we,, will experience negligible damping, while the strength of the damping

that higher frequencies will experience is dependent on the strength of the background magnetic

field. This behaviour is plotted in Figure 11.
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Figure 11: Plots of the dominant damping term (; (wo) vs k(wp) in the region weo, < wp < wp, with
a) £ = 0.1, b) & =
p
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In the Region we,, < wy < 00

Next we examine (, for frequencies in the region weo, < wp < 00. Close to weo, we find

w2 (wg + we yJw? 44 w2 +2w]2)>
o — . (252)
w? —weyJw 4w+ 4w2

In the limit w, << w,, this reduces to —% 12)

as expected, while in the limit w. >> wy,

CJ?%_W

2. (253)

Far from we,, we find

(254)

which is independent of w..
Thus, high frequency waves will experience constant damping, while the damping experienced
by those frequencies close to cutoff will depend on the strength of the background field®. Figure

12 shows this behaviour.

2

39Though the damping such frequencies experience cannot be less than | — %wp .
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Figure 12: Plots of the dominant damping term (, (wg) vs k (wp) in the region wy > weo, with
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Note that the profile of {, appears similar to that of (. in Figure 4.

Subdominant Damping

In the Region w., < wp < wy,

We will again start by examining the subdominant damping term o, for frequencies in the

region weo, < wp < Wp,.
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Close to weo,

2w2wc (wc + 3 /w? +4w§>
~ — (255)

xT 3
(wZ + we yJw? 44 w2 —1—4%2,)

and can be shown to vanish for w. >> w,. Hence frequencies close to the lower cutoff wc,, experience
negligible damping, irrespective of the strength of the background field.
Close to wy,

(256)

and so the damping experienced by these frequencies is heavily dependent on the strength of the
background field. Figure 13 shows that within these limits interesting behaviour occurs.

Once again, we see that the subdominant term contains a turning point. We see that for the
lower frequency waves, o, acts to enhance the damping due to (. However for higher frequency
waves o, is positive, and thus acts to reduce the amount of damping the waves experience. Ad-
ditionally, increasing the strength of the background magnetic field, acts not only to increase the
magnitude of the damping, but also shifts the position of the peak, altering which frequencies are
affected the most.

% is a twelfth order polynomial in wy,

dog

oo = w24 4wg0w12, — wfw;‘ — 25wcﬁw§ — 41w§w§ — QOwszl)O + 3w;2
+ (4wl + 348 wg +110w? wf) + 160w§w2 + 76 w? wg — 18w;0) wi
+(—23wf — 120wd w? — 210w, wy — 104 w? wS + 45wS) wy

+(32w8 + 104 w2 w2 + 56 w? w; — 60wd) wp + (—13w? — 4u? w? + 45 w;l) wd

H(—4w? —18w?) wi® + 3wy’ (257)

and so just like with the L. and R modes we cannot obtain an analytic expression for the turning

point??. We can however once again examine it in the limit w, >> wp. Carrying out a procedure

49Though it only contains even powers of wo.
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identical to that of Sections 4.1 and 4.2, we obtain the equation

Bxi+8x2+1) (xa — D' (xa +1)*, (258)

where y, = £¢.
p

Solutions to the quartic equation have no real roots, thus the maximal damping occurs when

wp = we (in the limit we >> wp).

In the Region we,, < wgy < 00

Let us now examine frequencies in the region above wco,. In this region, close to weo,

2w§wc (wc —3/w? +4w§)
Oy A — . (259)
(wg —we /w2 44 w2 +4w§>

For w. << w, the subdominant term vanishes, however for w. >> w,

w?. (260)

Far from wc,,, 0, vanishes independently of the background magnetic field. However, we can see
from Figure 14 that we once again find a turning point between these limits.

Our earlier calculation of the location of the turning point holds for this region. Hence the
point still occurs at wy = w,, however in this region o, is positive for all frequencies, thus acting in

opposition to (.
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4.5 A Practical Application : Neutron Star Crusts

So far, we have examined the properties of the dispersion relations of various modes of an electro-
magnetic wave travelling through a plasma. We have split these dispersion relations up into four
parts; the part found in cold, non-radiating plasmas, the part due to the warm fluid correction
and the part due to the radiative correction (which itself has been split into the part neglecting
the warm fluid approximation and the part that includes it). For convenience to the reader, these
parts are now summarised in Table 3, which can be found at the end of this section.

Up to this point, we have been primarily concerned with the overall behaviour of the individual
terms, and have not considered their application to a physical system, the goal of which is the focus
of this section.

It is not immediately obvious however which physical system we should choose to apply our
model to. We require a system that can be modelled as a single species electron plasma, that
contains electromagnetic fields strong enough that the dominant and subdominant damping terms
give measurable effects, yet not so high as to cause either term to become comparable to that of
the cold, non-radiating term?!.

To date, the strongest continuous magnetic field produced in the laboratory[49] is 45T, which
was achieved by Florida State University’s ‘National High Magnetic Field Laboratory’; however
we do not expect radiation reaction effects to become significant at such field strengths. Larger
magnetic fields can be created by utilising electromagnetic radiation. For example a typical laser
wakefield accelerator will produce a laser pulse with a magnetic field strength[50] of ~ 10kT, while
ELI hopes to produce even stronger pulses of ~ 1 MT.

While one can expect radiation reaction to play a significant role in forthcoming ultra-high-
intensity laser-based accelerators, they are not an appropriate system in which to apply the results
of this section. Recall from (196) that we assumed the background magnetic field to be constant,
which is clearly not the case for the oscillatory magnetic field of a laser pulse. By treating the

oscillatory component of the fields as a perturbation to a constant background, we were able to

4IRecall that throughout the previous chapters we have used a perturbative approach whereby we have assumed
that the dominant damping term is small in comparison to the non-radiative term, and that the subdominant damping
term is small in comparison to that of the dominant damping term.
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uncover some of the implications of radiation reaction via dispersion relations. However, non-
linearity plays an important role in laser wakefield accelerators and cannot be completely ignored.
We will return to this point in section 5 and consider some of the implications of non-linearity
there.

To find a physical system which satisfies our assumptions, in addition to producing a magnetic
field strong enough for radiation reaction effects to become significant, we turn our attention to

astrophysics, specifically, to the astrophysical bodies known as neutron stars.

4.5.1 What is a Neutron Star?

outer crust 0.3-0.5 km
ions, electrons

inner crust 1-2 km
electrons, neutrons, nuclei

outer core ~ 9 km
neutron-proton Fermi liquid

few % electron Fermi gas

inner core 0-3 km
quark gluon plasma?

Figure 15: Cross-section of a neutron star®?.

A neutron star is formed from the gravitational collapse of a massive star after a supernova[52];
some neutron stars rotate very rapidly, and are known as pulsars. Neutron stars have a radius
of approximately 12km -13 km whilst having a mass approximately twice that of our sun, making
them the densest and smallest stars known to exist in the universe. Additionally, neutron stars
have very strong magnetic fields, a typical pulsar can have a surface magnetic field of 108 T, and

hence we can expect radiation reaction effects to play a significant role.

42This image has been created by Robert Schulze, using data from reference [51].
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While not known precisely, it is estimated that the density within a neutron star’s core is two
to three times the average density of the nucleus of an atom[53], pg. In the outer layer of a neutron
star, known as the neutron star crust, the average density is less than pg and hence this area is more
amenable to modelling than the dense core*®. Furthermore, one can consider the crust as a single
species of atomic nuclei suspended in an electron gas[54], and thus make the same assumption that
we made in Section 2.1.2 - that the atomic nuclei can be represented by a homogeneous background

field included in the external source four-current.

4.5.2 Our Fluid Model Applied to a Neutron Star Crust

Before we can substitute the parameters of a neutron star crust into our dispersion relations, we
must first ensure that they are of the correct dimension. Recall in Section 1.1.1 that in order to
simplify calculations we have used natural units where ¢ = ¢y = pg = 1. Since, up to this point,
we have been interested only in the overall properties of the dispersion relations, using such a unit
system has been perfectly acceptable. However if we now wish to model a physical system we must
reintroduce these variables where appropriate.

To do this, me must multiply our definition of the plasma frequency (68) by %, 0 must be
multiplied by a factor of C%, and the right hand sides of our expressions for k(wg) - (207), (223),
(234) and (244) - must all be multiplied by a factor of c%

A typical neutron star crust [55] has an average electron number density ne = 6.4 x 1032 m=3,
magnetic field B = 10® T and temperature 7 = 10°K. To find a suitable range over which to

examine our dispersion relation, we must first compute the cutoff frequency of such a star.

Recall our expression (214) for the cutoff frequency of the R mode

(‘ Jw? + 402 + wc) . (261)

Substituting the values given above into this we find we,, = 1.77 x 10" rads~*.

N

wCOr =

In Figure 16 below, we construct a log-log plot of the dominant and subdominant damping

43Note that such a large plasma density acts to reduce the size of  in comparison to it’s laboratory value (for the
same temperature).
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terms** of the R mode in the region Weo, S wp <4 X 10" rad s~ 1.
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Figure 16: Plots of a) 7 ¢, (wp) and b) 70 0. (wp), vs k(wp) in the region we,, < wp < 4x 10" rads™!.

Figure c) plots |(|9<;l| vs k(wp), showing the relative size of the two terms.

“Multiplied by their respective factors of 6 and 7.
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From Figure 16(c) we see that the correction to the damping rate due to the finite temperature
of the plasma is small in comparison to that of the zero-temperature limit, and this result suggests
that it is reasonable to neglect the temperature when calculating the damping due to radiation
reaction of linear plasma waves in neutron star crusts.

However, we caution that the above analysis does not include important effects that can only
be investigated using the full kinetic theory, such as Landau damping of longitudinal space charge
waves. Further work is required to uncover the role of radiation reaction when such effects are

taken into account.
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5 Radiation Reaction and Large Amplitude Waves

In the previous sections we have dealt with waves whose amplitude is small in comparison to the
magnetic field of the plasma. However, plasma-based particle acceleration schemes exploit large
amplitude fields that do not satisfy linear partial differential equations. The purpose of the present
section is to illustrate the subtleties that immediately arise, even in the simplest of cases, when
including radiation reaction in the analysis of large amplitude waves.

Let us choose our coordinate system such that the wave travels along the Z axis. If we introduce

& = z — vt where v is the phase speed of the wave, the electromagnetic field tensor takes the form

F = E(§)dt A dz, (262)

where E(&) is the amplitude of the wave.

In the previous sections we employed a perturbative approach, whereby we assumed that the
solutions we sought were those of the plasma in equilibrium, modified by a small correction term.
This is not unreasonable when dealing with small amplitude external fields. In this section however
we make no such assumption about the applied field, and hence we cannot use this approach.

Instead, all we can say is that all the components of the centred moments depend solely on &, i.e.

ROI() ROI() RO ROH(e)|

[Robo] ROY() RMI(E) R R¥I(E) (263)
R0(e) RV R*®() RPO()
[RH0E) RIOE) RPOE) RO,

and similarly for R%* and R%ab.

Note that even though we are considering arbitrarily strong fields, we are still working within
the warm fluid approximation, and so we can still consider all centred moments of rank 3 or greater
to be zero.

Furthermore, since the electric field E(&) is directly solely along z, we set all spatial components
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of U, A%, R0 R*b and R% orthogonal to 2 to zero. Thus the centred moments are given by

—ROO:@(é) 0 0 R03:@(§)
R0 = vove 0y (264)
0 0 0 0
_R30:®(§) 0 0 R33:@(§)_
(R0 0 0 R
Rret| = Cre 0 (265)
0 0 0 0
R 0 0 R¥(0)]
and _ )
R@:OO(&) 0 0 R@:O?)(g)
{szab] — 0 0 0 0 (266)
0 0 0 0
_RQ):SO(&) 0 0 R®:33(£)_

Note that due to the symmetry of R and RV:ab RO3:0 — R30:0 g RO03 — RO:30,
Substituting the above into the equations of motion (91 - 96), and coupling them to Maxwell’s
equations, we obtain a system of sixteen unique differential equations for the eleven fields, a sample

of which is given below?®’.

—s0 40 4 %ES®U3+T(U3AOS@+S@AOU3+S@U3A0—U0AOS®U—S®AOUOU
_S@ UOAOU—ROZOU—I-RS:O—FS@ U (A0)2+U0R0:00+2A0R0:0_S(0 o (A3)2

_O R¥:33 _ 9 43 R0:3> —0, (267)

45For the full set of equations, see Appendix D.
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—S0 4%+ LpSU s (AT + SO UA 4 B+ VU (4) 0P RO
+2 A0 R3:0 _ S@ U3 (A3)2 _y3 R@:33 92 A3 R33 _ 0 43 S«(?),U _ S(?) A3 UO

~SO U0 A3y — RUB 4y 4 U A3 S@) —0, (268)

............... (269)

Note that in the above we have omitted the argument & from the functions for clarity, and that the
dots represent the remaining 14 equations. Additionally we have used X = %.

From a visual inspection of (267 - 269), we see that only the first nine equations contain
derivatives of the acceleration variables?®, and that all of these derivatives are multiplied by a
factor of 7. Although we are now in the strong field regime, we still assume the corrections due to
radiation reaction to be small in comparison to the remaining terms, and hence we can still discard
terms O(72) and higher. Thus, we need only solve for the derivatives of the acceleration variables
to lowest order in 7, greatly simplifying the calculation.

To do this, we create a subset of the sixteen equations (267 - 269) that consists of the set’s first
nine equations and set 7 to zero in each of them. These equations can then be algebraically manipu-

lated such that we obtain 9 equations for the 9 acceleration variables {AO, A3, RMO, R@:?)O, RU:33 RO:0

RY3, R%0 R33}, yielding

A = TUME B +0 (%), (270)
436 = TV B +0 (%), (271)
R(E) = L pe? 999 + 0 (7). @72
R06) = L pie? RO9) 40 (+2). (273)
RI(E) = L p(e)? RO 1 0 (7). )
R = SL ROV B() + 0 (), (275)

46By acceleration variables we mean the components of A%, R*® and R%.
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RS = L) B(g) + 0 (), (276)

R = LRSI(6) B() + 0 (), (277)
RS = SLROY(6) B(§) + 0 (7). (278)

We then differentiate (270 - 278) with respect to £, and substitute the resulting differentials
back into (267 - 269). If we now discard terms of O(72), all differentials of the acceleration variables
vanish from the system.

What remains is a system of algebraic equations for the acceleration variables themselves. The
best way to approach solving this system, however, is not clear. There are multiple roots for each of
those variables, and we are concerned only with those that are well behaved as 7 — 0. In principal
one could solve for the acceleration variables first, and then inspect each root in turn; however such
a method is computationally intensive.

Instead, we use a perturbative approach, whereby we assume that all the acceleration variables
are of the form

A%(&) = A% (&) + 7 A% (6), (279)

where the zeroth order terms are given by (270 - 278).

To obtain solutions to the first order terms we substitute the above ansétz into (267 - 269) and
solve for the coefficients of 7 for each of the first nine equations in turn. These solutions can then
be substituted back into (267 - 269), resulting in 7 first order ordinary differential equations*” for
the remaining variables U°, U3, SQ), ROO:@, R03:@, R39 and E.

While again solvable in principal, we still run into problems due to resource limitations if we
try to solve this system directly. At first sight it might appear that we cannot reduce the system
any further; however recall from Section 2 that in addition to the equations of motion (91 - 96)
of our model, we also have the constraints (98 - 103). Note however that many of the constraints
contain terms involving the acceleration variables. Since we have just gone to some lengths to

eliminate these it is necessary to confine our attention only to those constraints that do not involve

4"These equations are very large, and so are not included in this thesis.
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acceleration variables; (98) and (100). Of these five constraints, two are trivially satisfied. The

remaining three yield

—U0(e) ROV + 5 UM R =0, (250)
S U ROV + U B =, (281)
—RYO(¢) + R¥(¢) + S (-U°(&)? + 1+ U*(€)?) = 0. (282)

These constraints can then be rearranged to obtain expressions for the remaining centred moments
in terms of U°(£), U%(¢) and S
U(©)* §° (U°(€)° — U*(¢)* - 1)

ROO:@(@ _ LIGENEIGE , (283)

2039 SPUO(©) (U°(€)? - UR(€)? - 1)
a U9(&)2 —U3(¢)? ’
_SPU0(€)? (U9 - UB(€)? - 1)

B UO(&)2 — U3(¢)?

R3(¢) (284)

R30(g) (285)

Substituting (283 - 285) back into the remaining seven equation system, and performing some
algebraic manipulation, one is able to obtain 4 differential equations for U°(¢), U3(¢), E(€), and
59(¢), as well as 3 additional algebraic constraints on U°(€), U3(€), E3(€), and S?(¢).

Solving the first algebraic constraint yields

Nion V

0 _ _
5= vy

(286)

where njo, is the number density of the ions. Substitution of this solution back into the system of
7 equations, results in 6 equations for the three unknowns U%(¢), U3(€), E(€).

What we now have is an over-prescribed system; we have more equations than we need in order
to solve for all the unknown variables. In general this is not a problem, provided you are working
with a consistent system. However, if we were to choose subsets of these equations, comprised of
different combinations of the 6 equation set, the solutions we would obtain would differ depending

on which equations we chose to use. Clearly then, we do not have a consistent system. The reason
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for this is that we have not yet completed our application of the warm fluid approximation. When
working in this regime, one must continue to apply the approximation, reducing the number of
equations one has until there are the same number of equations as unknowns.

In order to proceed then, we must introduce another parameter that can be used to determine
which equations can be discarded in the warm fluid regime.

Let us assume that UY(¢) takes the form

U%(&) = V1+U3(€)* + w(6). (287)

The first term on the right-hand side of the above is the solution for U°(¢) in the cold fluid
approximation, with x(¢) a small correction®® of O(x). Note that if we set x(£) = 0 we obtain
the solution to the cold fluid regime, whereas if we require £(§) to be small, we obtain a solution
close to, but not identical to that of the cold fluid. Hence () can be interpreted as a measure of
how far the state of our plasma deviates from that of a cold plasma. Substituting (287) into the
remaining two algebraic constraints, one finds that they vanish to order O(x), and hence can be
discarded from our 6 equation system.

Thus, we arrive at a system of four differential equations for the three remaining unknowns
E(€), U%(¢) and K(§).

In order to eliminate one more equation, it is necessary to carry out some simplification. A

visual inspection of the remaining 4 equations shows that one of the equations is of the form

dU(€)
dg

=3 (U°(9), B(&),r(9)) - (283)

Substitution of the above back into the four-equation system allows us to simplify the system to a
point whereby we can algebraically solve two of the equations for x(§) independently. Comparison
of these two solutions for (&) reveals them to be identical to O (x), and hence we can eliminate
one from our system.

Hence we arrive at a system of three differential equations for the three unknowns E(£), U3(€)

**Recall from Section 4.1 that 7 and 6 are O (x), and 70 is O (x?).
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and x(€). All that remains is to choose our initial conditions. We can choose FE(¢) and U3(€) freely,
but we must take care when choosing (), as it must be that |k(£)] << /14 U3(£)? or else we
violate the warm fluid approximation*®. From inspection of (287) it is clear that we can associate
k(&) with the deviation of the plasma’s state from that of a cold plasma, or alternatively with the
pressure tensor of the plasma. Hence to see what effect pressure has on the electric field it is helpful

to examine plots with varying values of x(0). Figure 17 is composed® of such plots.

04 02
03
02 0.1
\ 0.1
8 -6 -
) £

-10

g

=

()

Figure 17: Plots of E(§) vs £ for a) x(0) = 0 and b) x(0) = 0.03. The range of plot c) is larger
than that of a) and b), for perspective.

49 Additionally we must ensure that |x(£)| does not get much larger than its initial value.
50Tn order to generate the following figures we have set U%(0) = 0.5, E(0) =0, v=0.6 and g =m = n, = 1.
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Note the sawtooth profile of the wave. From inspection of the above we see that increasing the
value of k(0) has two effects. Firstly, the larger the value of x(0) the lower the amplitude of the wave
near £ = 0, and secondly we see that as k(0) increases, the wavelength of the wave decreases. This
acts to increase the overall gradient of the wave, thus enhancing the sawtooth shape. Additionally,
from Figure 17(c) we see that the amplitude of the wave decreases as £ becomes more negative, as
one would expect from a model that incorporates damping.

Recall that £ is a coordinate that moves with the wave, and hence Figure 17 is a plot of the
amplitude of the wave, as seen in the wave frame. While we can integrate from any point in
the past of £, we cannot integrate arbitrarily far into the future of £. If we attempt to do so the
numerical integrator breaks down, likely due to a singularity, and calculation is halted. Interestingly,
increasing the value of x reduces the distance into the future that we can integrate. This can be
seen in Figure 18 below; initially we set x to zero and numerical integration halts at approximately

& = 16, while increasing s to 0.01 causes the calculation to halt at £ ~ 10.

0.4
04 03
E E o2
02
0.1
0 0
i B 1o 2 4 16 4 6 8 10 12 14
£ -0l g
-02
-02
~04 -03
-04

(a) (b)

Figure 18: Plots of E(§) vs £ for a) k(0) =0 and b) x(0) = 0.01.

Since this plot was obtained numerically, it is not clear exactly what is causing the singularity
to occur. However the presence of a singularity for some future value of £ is not unreasonable.

As we saw in Section 1.2.3, waves of the form (262) do not spontaneously generate in a plasma,

92



but rather are driven by a laser pulse that travels at speed v and overlaps the end of the wave. Our

model is not valid in the region of the pulse, and hence a singularity is not unexpected.
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6 Conclusion and Future Work

In this thesis we have generated a new model of a warm plasma that takes radiation reaction into
account, and have examined some of its predictions for the behaviour of electric and electromagnetic
waves propagating through plasma.

We first derived our model in Section 2, whereby we took moments of an already established
kinetic description based upon the ALD equation. Later, in order to obtain solutions, we performed
an approximation procedure similar to that used to generate the Landau-Lifshitz equation. Our new
method has the advantage of generating a more compact set of moment equations than would be
obtained from Landau-Lifshitz kinetic theory, thus simplifying implementation of the fluid theory
in a symbolic algebra package.

Taking moments of a fluid description results in an infinite hierarchy of equations, that one
must somehow close in order to obtain solutions. We used an approach inspired by models of warm
fluids that do not take radiation reaction into account. Such a closure scheme allowed us to obtain
a finite set of equations, while making no additional assumptions about the bulk properties of the
plasma. However, there are other closure mechanisms one could apply, and this is certainly an area
open to future study.

We then went on to use the techniques of perturbation theory to examine the behaviour of
small amplitude electric waves, obtaining analytic descriptions of their dispersion relations. While
models exist that examine electric waves in the warm fluid regime, and take radiation reaction into
account, none so far have explored the properties of the 76 correction in the warm fluid theory,
and so these results are a new addition to the field. Additionally, we obtained analytic expressions
for the bulk properties for the plasma®!.

We subsequently examined small amplitude electromagnetic waves, deriving dispersion relations
in a similar manner to those of the electric wave. We then went on to apply the dispersion relation
we obtained for the R Mode to a physical system, that of neutron star crusts. Unfortunately, due
to the complexity of the solutions we obtained, we were unable to derive expressions for the bulk

properties of the plasma. This was simply due to computational limits, and perhaps in future, as

51i.e. the low rank centred moments of the 1-particle distribution function.
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computational speeds increase, we can revisit this aspect of the work. However, we did find that
it is not unreasonable to neglect the temperature when calculating the damping due to radiation
reaction of linear plasma waves in neutron star crusts; the contribution to the damping due to the
finite temperature is ~ 10™% — 1073 times that of the zero temperature limit.

In the final section, noting that plasma-based wakefield accelerators operate in a non-linear
regime, we moved on from the perturbative approach and instead looked at an electric wave of
arbitrary amplitude. A natural extension of this thesis would be to examine electromagnetic waves
of arbitrary strength.

While we have only studied the effects of electromagnetic waves of infinite extent, experimental
research that is being carried out in laser based particle acceleration invariably involves short
pulses of electromagnetic waves. Hence, in order to compare the predictions of this model with

those observed experimentally, it would be helpful to model such a pulse.
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A Derivation of the Moment Equations

We begin with the Vlasov Equation, given by (82) in Section 2.1.2 and reproduced below:;
3
Lf+—-f=0.
T
Recall that L is the Liouville operator, and is given by

0
_ sa 1
L_xa:ca a@v“

- 1 q .
+ [waxav“ + - (a“ + EFHC‘ a:“)] D’

where v* = z# and a* = I*.

Additionally, £% obeys the normalisation condition

which can be differentiated to give

A.1 Generation of the 1*¥ Moment Equation

[ardo,

where ¢ = 9 (2% &% &%) is an arbitrary function and dw =

To begin, consider the expression®?

d®vd3a
1+v2

z® yields

0 0
el RO

S PL L

52Note that the measure dw has no relation to the frequencies w discussed throughout this thesis.
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(290)

(291)

(292)

(293)

. Differentiation with respect to

(294)



Rearranging (289) to obtain an expression for i gx J;, and substituting this into the above yields

aia /i“@bfdw = /i“gifdw/¢a“$dw
- [o |t L (@ L) | o= [wdsao a0

Applying integration by parts to the second and third terms we find,

9 %) 0 1 o
/:ba e (WF)dw = /{;ga 8;:/; + aHaTji + [ja;iaw +- (a# - TquFuaj;‘l)] &i} fdw  (296)

+/1/, [aﬂ 9 ( ! )(1+v2)+v“£(iaia)] fdw, (297)

vk \ 1+ v2

where the 1 + v2 terms arise from within dw.

From (291) and (292), one can show

%, =

(v"a,)”
- H“‘,g +a?. (298)

Taking the derivative of (298) with respect to a”, and contracting the resulting expression with v",

we find
0 2 atv
4 - _ "
U dar (#%a) 14 v2
0 1
= gt —— ) (1+v? 2
“ oun <1+v2>( +v7), (299)

and hence the second integral of the right-hand side of (297) vanishes. Thus

0
/a’:“wfdw = /Lv,/}fdw. (300)
ox?
Armed with (300) we are able to generate the first moment equation by setting ¢ = 1;
(301)

.a _ a:) _
8xa/x fdw = 0,5 = 0.
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A.2 Generation of the 2" Moment Equation

Setting ¢ = 2° in (300) yields

O [ oz fdw = / Li® fdw. (302)

oz *

One can easily show that L% = %, resulting in the second moment equation;

ox?® v

0 1230 fdw = / i fdw. (303)

A.3 Generation of the 3" Moment Equation

Setting ¢ = #° in (300) yields

aia 2950 fdw = / Li® fdw. (304)

To proceed further we must evaluate Lz®. In order to simplify the calculation let us first look at

the zeroth component,

B
. a~vp
Li’ = L|{—=
(\/ 1+ v2>
0 aPug 1 q o v
T b ,( vy 4 pn -a> g T 305
a@vﬂ( ﬁ+VQ>+[:1CJ:(,U +T a —i—m o )| 5 T (305)
where (292) has been used in the first step to eliminate .
Carrying out the differentiation we find,
2
1 (aPvg) 1| dfvg ¢ v
Li' = —— |- 2 _qiv v |+ 2 | —2 L g
V1+v? (1+v?) ¢ T VIFvE m T V12
—_—— N—_——
=E%L, =0
1 v?2 1 q
_ ea- i U % [
_ ajxa<\/1+v2+\/1+v2>+7_ [az + L (v, + Frav vu)]. (306)
— 1_:,2:$'0
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The last term in the above, F*,v%v,, vanishes due to symmetry. Thus
..0 was -0 1 .0 qd 0 -a
Li = 2% .1 +f(x + —FY,x )
m

T

If we next look at the spatial components;

1
- [jibfébv“ T (a“ v qFﬂaﬁcG)] 58
T m

1
= b + - (5@“ n iF‘*a:'ca) .
T m
Combining (307) and (308) we find
..a b -a 1 .a qd a -b
L% = &°%pt —i——(x + =F bm).
T m

Substituting (309) into (304) yields

1
0 / $95 fdw = / FCE e 4 - (ib n iF%:t“) Fduw,
m

ox? T

the third moment equation.

All other moment equations are generated in a similar manner.
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B Centred Moment Expansions

We begin with the definition of the centred moments

Rot-oubicbn — / (@ = U (@ = U x (- A ) (- AP fdw, (310)

dBvda

where dw = 5 eral

From this definition we can express all nth order centred moments in terms of (n-1)th centred

moments and a single nth order natural moment by expanding the brackets, as follows:

R0 — gabid _ g0pragsb, (312)
R0 = gob _ g0y gb, (313)

Rlab — ghab _ g0 ga b (314)

Rabed — gabe:d _ prapbed _ p7b pach _ pre pabh _ gOpragzbyre. (315)
Rabie _ gabie _ prapbe _ prbpaic _ gcpabd _ S@U“UbAC, (316)
Rbe _ gabe _ praplbe _ gbpac _ pcpab S@UaAbAc’ (317)
ROabe — glabe _ qapbbe _ gbplac _ gepliab _ b qa gb ge. (318)

and similarly for the centred moments of higher rank.
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C Electromagnetic Electron Wave Dispersion Relations

Here we list the four dispersion relations, in full, for the R, L, O and X modes of an electromagnetic

wave travelling through a magnetised plasma, with radiation reaction taken into account.

R Mode
(o) 0 (3w§w0+2wcw§)f4wcwg+w8) wgwo
w(wo) = wo— 2
0 072 (we — wp)? (2w§wo+wcw§—4wcw3+2wg)
) [ wf,wg’ +1 ngwcwf,
—iT 5+ =
2w2wo +wew? —dwewd +2wi 2 (2wZ wo + we w? —4wcw8+2w8)3 (we — wp)?
><<32w 8+ 56w w wi — 136w wy + 323 w wo — 160w3w2w8+224wg’w8
+6wg 45w2w4w§+148w W, 20— 1T6wiw +4wcw4w0 40wcw wh + 64 wewf
+9w wy — 4w wO—SwO)}
L Mode
2] 3wlwy — 2wew? + dwew? + wd) wiw
W(UJO) = wy— ( c %0 c%p c*0 0) p ~0

2 (we —|—w0)2 (2w2w0 — Wew?2 + 4w, wd +2w8’)
3

_iT[ w2w0 +1 ngwcwg
202wy — wew? +4wewd +2wi 2 (2w2w0—wcw2+4wcwg+2w8)3 (we + wp)?

(32w Wi — 56wk w? Wl + 136w wi + 3208 whwy — 160w w?wd + 22408 W]
—6w2w6+45w w wo 148w2w12,w61+176w3w8+4wcw;1w8—40wcw§w8+64wcwg

—9w wh +4w wd —|—8w§)}
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O Mode

0 (3w3—2w§—wg) wf, iT
- - - —w
4 wo (wc — w0> (wc —i—WQ) 2 P

170 wﬁ (wff—{—wng —3w? Wl —w;1+2w2w(2))

w(wo) = wo

P
2 (we — w0)2 (we + w0)2
X Mode
2] W2w? 4wt — 202 w2 + wi) W2
W(WO) _ 0 — — (C 0 D p 0 0) p

4 202 — 92002 w2 49,22 4
4(wc+3wcwp 2wE wh +wp 2wpw0+w0)wo
iT wf, (wgwg—f—w;—ngwg—}—wé)

4 22 — 2 w2 2 4_9,,2.,2 1
2 |we+3wiwy —2wiwh +w, — 2wpwh + wy
0 w? w?

4 2 )2 2 QC p4 2 )2 43X<w§wg+w5wf’

(wc—I—chwp—2w0w0+wp—2wpw0+wo)

+w§w§w§+4w§w§— 11wfwf;w8+13w§w§w§—6w§w8+5wgw§
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+30wgw§ - BOwgwg + 15wz2)wg - 3w(1)0)}
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D The System of Equations Describing a Non-Linear Wave

In Section 5, for convenience, we listed only a sample of the full system® of equations that we
obtained. Here we list the system of sixteen equations in full. As in Section 5, we have omitted the

argument & of the fields for clarity.

T(—UOAOS%—S@AOU%—SQ’UOA%—R°¢0v+U3AOS@+5®A°U3
+80 U3 A0 4 30 4 g0 O (A0)2+U0 RY00 4 9 A0 p0:0 _ g0 770 (AS)Q_UO RY:33

2 A3 R0:3> — 5040 4 % ES"US =0, (319)

7'(—UOA?)S@U—S@A?)UOU—S@UOAP)’U—R0:3U—|—U3A3S®—|—S®A3U3
+5° 3 A3+R3:3+S@ U3 (A0)2+U3 R@:00+2A0 R30 _ g0 3 (A3)2—U3 RY:33

2 A3 R3=3) — 50 A3 4 % ES"U° =0, (320)

(= B0~ U0 R0y — 2 R A0 0 — 240 R0y 4 UP (40)7 §0

+57 (492 U3 — U0 (49 570 — 5% (A% U0u +250U° A0 A0 — 250 U0 A0 (4°)°
L RY00 773 4 173 RO:00 4 9 R3:0 40 4 9 40 330 _ o (A3)2 RY0 4 6 (A0)2 RO:0

o0 A0 B33 _ 4 A0 A3 RO _ 970 A3 RI30 4 9 6P /0 (A0)3 4 6 U0 A0 RO:00

—25000 A A0) — 28" (4°)° — 2R 2. L B (SPUP A" + R =, (321)

53Given by (262 - 269).
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7 (28007 (A%)? AP - U0 0y - 2 ROP ATy — 247 1000 4 U (47)7 §°

+5? (A3)2 U3 — RY33 770, 6 (A3)2 R33 4 9 (A0)2 R33 _9g0 3 (A3)3

—6U3 A3 R@:33 + 4 A0 A3 30 + 2173 A0 R@:30 + 2173 A3 R@:OO + 2 A3 R3:3 + R@:33 U3

USRI Lo R¥3 AP - 50 (4%)° 000+ 250 0% A3 A2 - U0 (4%)" 50

25000 AT A0 ) — 280 (A7) —2RP 12 L g (V00 A% 4 RO = o,

- ( _ 9 ROO 0, _ o0 RO:0,, _ RO0:B JO, A0 [00:0, (UO)Q RY:33

B (A3)2 RO0:0 _ g0 (UO)Q (A3)2 —4U0 A3 RO 4 g0 (UO)Q (A0)2

4479 A0 RO 4 (UO)2 RO:00 (A0)2 RO0:0 _ 9 g0 770 A0 770, _ g¥ (A0)2
_RO00 4 1703 40 G0 4 g0 173 40770 1 6P 170 A0 {73 1 g0 70 173 A0
—(U0)? 40300 — 80 (U0)7 A0+ RRO U0 1 U0 R3O 4 ROO I 4+ [® RO

—l—l R300 40 4 }Ao Rso:@) _ G070 A0 _ ROO 4 45 (SQ) UoUs 4 1R30:0> —0,
2 2 m 2

2 < q. PN <A 1 s
7_(_R3.3U0U_U0R3.3,U_R0.3U3,U_U3R0.3v_ §R30.@A3U
1 < a0, N N N
S ARV (U A 4 50 (UF) A 2P0 AR 4 S0 (UF) (A)°
+4 U3 A0 R30 _ S(D (A3)2 _ R®:33 + 9 R3:3 U3 + 213 R3:3 + R33:® A3

4 A3 3330 _ (U3)2 R0:33 _ (A3)2 R3304 (U3)2 RP:00 (A0)2 R334

—50 (U%)? (A3 — 4P AR — U U A3 500 — SPUB A3 0w — S U0 AP P
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- ( _ g0 03 (A3)2 + U0 U3 RPO0 4 970 A0 R3O0 4 973 40 RO:0
_ O3 RY33 _ 970 43 R33 _ 9173 A3 R93 _ 9 ROB 70, — 970 RO3 4, — ROOD 33,
_A3R00:®U+S® Uo 3 (A0)2 +% (A0)2 R300 96070 A3 770, — ¥ A0 43
- %R@f’o — (U%)? 4350 — 0 (U°)® APv 4+ UOUP A3 S0 + SV U3 A3 0
4 S@ UO A3 US + S(Z) UO U3 AB 4 R3:3 UO + UO RS:S + RO:S US + U3 RO:S + %RSO:(Z) AS
L %A3 J330:0 _% (A3)2 R30:0) 00 43 _ RO3 4 %E (Sw (U0)2 +Roo:@) —0, (325)
7‘(— UOUBA°8%y —SPU3 A0 — SP U0 AP By — SP U0 U A%y — %R?’O’@AOU
_§0 o3 (A3)2 L UO 3 R0 4 970 40 B30 4 973 A0 ROO _ 0 173 RB:33 _ o 170 43 R3:3
—20° AR + S U°UP (A% + % (A°) R3O _ g0 40 4% — % RY0 42573 A" 0P
+(U?)7 A5 1+ 5% (U%)? A — RO U0 — UO R¥Ow — RO U% v — UP RO
_% A0 300 o A0 3330 L o (73 B30 L R3O J0 L o R3O 73 _ % (A3)2 R30:(2))

_S@ U3 AO _ R3:0 + %E (S@ (U3)2 _|_R33:® — 07 (326)

- ( _ 03 40 (A3)2 4 %szso 73+ % U3 RO30 1 p33 40 4 A0 {33 4 R30 33

+ A3 R¥0 4L g0 0 (A0)2 A3 _ (A3)2 R30 4 33 40 p:00 (A0)2 RO3 _ %R(B:so 79

+3 (A0)2 R0 _ 3 (A3)2 RO3 _ 73 A0 p0:33 _ 9 A0 43 R3:3 _ 73 43 p?:30 + 803 (A0)3

Z R340, — A0 ROB 4, _ RO0 A3, _ A3 R0, _ g0 /0 (A3)3 _ 370 A3 RV:33 | 0 43 RO:00
19 A0 43 RO 4 170 40 RP:30 4 173 40 43 &0 4 0 A0 A3 773 4 g0 3 43 A0 4 g¥ 173 40 A3
—SPUO AP ARy — U0 AP AT Sy — SP AP AP O — ST U 4B A0y — %UORV*?’%)

—92G% A0 43 _ Rp0:30 %E <S(2) U3 A3 4+ R334 S0 170 A0 +Ro:o) —0, (327)

105



— (U2 8% — 250000y — ROy 4 0 3 §P
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