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Technical lemmas and proofs of the main results are presented. In the following, the data are
considered to be random, and O(+) and ©(-) denote the limiting behaviour when n goes to co. For
two sets A and B, the sum of integrals [, f(z) dz + [ f(x) dx is writtenas ([, + [5) f(x) dz.
Recall that Ty = an A(6p) ™% {sops — 5(Ap)} and by Condition 4, T, — N (0, I;) in distri-
bution, where I; is the identity matrix with dimension d. For a constant d x p matrix A, let the
minimum and maximum eigenvalues of A7 A be A2, (A) and A2, (A). Obviously for any p-

dimension vector x, Apin (A)|z]] < [|Az|| < Amax(A)||x||. For two matrices A and B, we say A
is bounded by B if Apax(A4) < Amin(B).

1. PROOF OF RESULTS FROM SECTION 3
1-1.  Overview and Notation

We first give an overview of the proof to Theorem 1. The convergence of the maximum like-
lihood estimator based on the summary follows almost immediately from Creel & Kristensen
(2013). The minor extensions we used are summarized in Lemmas 1 and 2 below.

The main challenge with Theorem 1 are the results about the posterior mean of approximate
Bayesian computation. For the convergence of posterior means of approximate Bayesian com-
putation we need to consider convergence of integrals over the parameter space, RP. We will
divide R? into Bs = {6 : |0 — 6p|| < 6} and B§ for some ¢ < dp, and introduce the notation
m(h) = [h(0)7(0) fapc(sobs | 0) df. The posterior mean of approximate Bayesian computa-
tionis hapc = m(h)/m(1). We can write 7(h), say, as w(h) = 7p,(h) + mp¢(h), where

B, (h) :/B h(0)m(0) fasc(sobs | 0) A, mpe(h) = /BC h(0)m(0) fasc(sobs | 0) d.
s s
As n — oo the posterior distribution of approximate Bayesian computation concentrates
around 6. The first step of our proof is to show that, as a result, the contribution that comes
from integrating over 3§ can be ignored. Hence we need consider only 7g,(h)/7p,(1).
Second, we perform a Taylor expansion of i (6) around 6. Let Dh(6) and Hh(6) denote the
vector of first derivatives and the matrix of second derivatives of h(6) respectively. Then

h(8) = h(6o) + Dh(6o)" (6 — o) + %(9 — 00)THR(0,)(0 — b)),
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2 W. L1 AND P. FEARNHEAD

for some 6,, that depends on 6 and that satisfies ||0. — Oy|| < ||0 — 6p||. We plug this into
7B, (h), but re-express the integrals in term of the rescaled random vector

t(0) = anc(0 — o),
and let t(Bs) be the set {¢ : ¢ = t(0) for some 6 € Bys}. This gives

s (h) r7s(t) 1 o7 {tTHh(6:)t}
7T35(1) 71'36(1) 2 ™ 71'36(1) ’
where we write ¢ for ¢(), and 6, is the value 0, from remainder term in the Taylor expansion for
h(6). We use the notation 6, to emphasize its dependence on ¢, and note that 6, belongs to Bg.
Let fapc(Sobs | 0) = i Fa(Sobs + nv | 0)K (v) dv, which is the likelihood approximation
that we get if we replace the true likelihood by its Gaussian limit, and define 7p,(h) =

= h(60) + a,, - Dh(6p) (1

fB fABC(Sobs | 6) df. Our third step is to re-write (1) as
7r35(h) ol r7Bs(t) | 4 T { TBs(t)  mBs(t) }
= h(6 eDh(bo)” =—% Dh(6 - —
(1) 00 F an PO )y F ene PO F 1) )
1 o {tT Hh(0,)t}
20T ()

We bound the size of the last two terms, so that asymptotically hapc behaves as

-1 T 7B, (t)
h(eo) + a, Dh(@ ) WBs(l).

If we introduce the density gy, (¢, v), defined as g, (¢, v, 7) in Section 4-3 of the main text but with
7 =0, s0

N{Ds(00)t; anznv + A(00)*Tope, A(00) } K (0),  angn — ¢ < o0,

gn(t,v)
N{Ds(00)t; 0+ - A(60)/2 Tos, QEQA(GO)} V), anen — 00,

then we can show that
%Bé (t) - ft(B(;) fRd tgn (t, U) dtd’U
7?Bts(l) -ft(Bg) fRd gn(t,v) dtdv ’

with a remainder that can be ignored. Putting this together, we get that asymptotically hapc is

ft(Bé) Jga tan(t,v) dtdv
ft (Bs) fRd gn t U) dtdv’

and the proof finishes by calculating the form of this.

A recurring theme in the proofs for the bounds on the various remainders is the need to bound
expectations of polynomials of either the rescaled parameter ¢, or a rescaled difference in the
summary statistic from sqps, or both. Later we will present a lemma, stated in terms of a general
polynomial, that is used repeatedly to obtain the bounds we need.

To define this we need to introduce a set of suitable polynomials. For any integer [ and vector
z, if a scalar function of x has the expression 22:0 a;(z,n)Tx?, where for each i, z* denotes the
vector with all monomials of z with degree 7 as elements and o (:r:, n) is a vector of functions of
x and n, we denote it by Pj(x). Let P; ,, be the set

h(6o) + a;, tDh(60)"

{P(z) : foralli <, asn — 0o, a;j(z,n) = Op(1) holds uniformly in x}
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97 To simplify the notations, for two vectors 1 and @2, Pi{(z7,22)7} and P} (o7 o7)r are written
98 as P(x1,2) and Py ¢, ..,). Where the specific form of the polynomial does not matter, and we
99 only use the fact that it lies in P; ,,, we will often simplify expressions by writing it as P;(x).

100

101

102 1-2.  Proof of Theorem |

103 For the maximum likelihood estimator based on the summary, Creel & Kristensen (2013)

104 gives the central limit theorem for Oy gs When a,, = n'/? and P is compact. According to the

105 proof in Creel & Kristensen (2013), extending the result to the general a,, is straightforward.

106 Additionally, we give the extension for general P.

107 .

108 LEMMA 1. Assume Conditions 1,4-6. Then a,(Oyies — 0o) — N{0,17(60)} in distribution

109 as n — oo.

110

111 Given Condition 3, by Lemma 1 and the delta method (Lehmann, 2004), the convergence of the

112 maximum likelihood estimator for general h(6) holds as follows.

113 R

114 LEMMA 2. Assume the conditions of Lemma 1 and Condition 3. Then an{h(Oyies) —

115 h(00)} — N{0, Dh(00)TI=1(60)Dh(00)} in distribution as n — <.

116

117 The following lemmas are used for the result about the posterior mean of approximate

118 Bayesian computation, proofs of these are given in Section 1-3. Our first lemma is used to justify

119 ignoring integrals over Bj.

120 ag

121 LEMMA 3. Assume Conditions 2, 3—6. Then for any § < do, mpe(h) = Op(e™ =) for some

122 positive constants cg and g depending on 6.

123

124 The following lemma is used to calculate the form of

125

126 ‘ft(Bg) fRd tgn (t, ’U) dtd'U

3; j;t(Bg) Jga 9n(t, v) dtdv

129 which is the leading term for {hapc — h(6p)}.

130

131 LEMMA 4. Assume Condition 2. Let ¢ be a constant vector, {k,} be a series converging to

132 koo € (0,00] and {b;,} be a series converging to a non-negative constant. Let by, = Ly, ooy +

igi b%ﬂ{km<oo}- Then for any d X p constant matrix A and any d X d constant matrix B,

135 N(At; Bov + ¢, 19K (v) 1

136 / ¢ n K dtdv = — {(ATA) VAT ¢ + R(A, By, knyc)},

137 re JRE [pp Jpa N(At; Bpv + B0 Eld)K(U) dtdv kn

138

139 where B, = b,B, the expression of R(c;A, By, ky,) is stated in the proof. Specifically,

140 R(A, By, kp,c) = o(1) when B, = o(1) and O(1) otherwise.

141

142 Our final two lemmas are used to bound the remainder terms in the expansion for hapc we

143 presented in Section 1-1.

144
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145 LEMMA 5. Assume Conditions 1, 2 and 4 hold. If &, = o(an_l/z), there exists a 6 < &g such
146 that
147
148 ,(1) = a2 {n(60) /t " /R galt,v) dvdt + Opla) + Oplaleh)
5
150 / / gn(t,v) dtdv = ©,(1),
151 #(Bs) JRA
152 ~
153 WBa(t) _ ft(Bé) fRd tgn(t’v) dtdv +0 (a—l) +0 (a2€4) (2)
154 755 (1)  Jypy) Jra gn(t,0) dtdv © PSR
155 - ~
156 and T { P2 (t)}/7Bs (1) = Op(1) for any P (t) € Pay.
157 LEMMA 6. Assume the conditions of Lemma 5 and Conditions 3 and 5. Then if ¢, =
}gg o(a,~/?), there exists a § < & such that
160 7B, (h) 1 7 [ 7B (1) 1 1, [7p, {tT Hh(6;)t} 1
= h(0 Dh(6 T 0 - o ) ,
161 7735(1) ( 0) + Qp e ( 0) TFB(;(l) + p(an ) + 2an,s 71'35(1) + p(an )
162 3)
163
164 Now we are ready to prove Theorem 1.
165 Proof of Theorem 1. The convergence of the maximum likelihood estimator based on the sum-
166 mary is given by Lemma 1 and Lemma 2.
167 We now focus on the convergence for the posterior mean of approximate Bayesian compu-
igg tation. The convergence of the posterior mean given the summaries follows from a similar, but
simpler, argument and is omitted.
1;(1) We can bound tT H (6¢)t for 6 in By by the quadratic tTH,,0xt, where H,qo is an upper bound
s on H(6;) for 6, in By. This means that
i;i 7 {tT Hh(0;)t} = O(1).
175 Together with Lemmas 3, 5 and 6, we then have the expansion
176
tgn(t,v) dtdv
177 hasc = h() + a, LDh(6y T ft(B‘s)XRd +0p(a, )+ 0 (a2<€4 + 0,1 .
178 ( n,e ( ) L(B(;)X]Rd gn(t,v) dtd?./ P( n,e p\*'n n) p( n )
179
180 The analytical form of the integral in the above expansion, which we will denote by E, (t),
181 can be obtained by applying Lemma 4 with A = A(6y)~/2DS(6y), ¢ = Topss
182
183 _ anenA(0g) Y2, ¢ < o0, b 1, ce < 00,
184 " A(6y) 12, Ce = 00, " AnEn, Ce = 0O.
185
186 It can be seen that Ey, (t) is ©p,(k,'), and the remainder term, Op(a,t)+ Op(azer) +
187 Op(azt),is 0p(1) as g, = o(a;3/5) and o, 1 = o(a;2/5). Then since a;ék;l = a,, ', we have
188
189 an{hasc — h(o)}
190 T T 1 -1 T ~1/2
191 =Dh(6)" [{Ds(00)TAB0) " Ds(00)}  Ds(00) A(B0) M Tops + R(anzns Tone) | + 0p(1),

192 “4)
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where Ry, (anen, Tons) is Dh(00)T R(A, By, ky, ¢) with R(A, B, ky, c) defined in Lemma 4.
We can interpret R, (anen, Tobs) as the extra variation brought by e,: an[hapc — E{h(0) |

Sobs}] .
By the delta method, the first term in the right hand side of (4) converges to 1 (90)_1/ 27 For
the second term, since A(AT A)~* AT is a projection matrix, by eigen decompositition

B T Ay—1 4T _ 00 T (4T a\—1/2 47 _ (Ip O\ ;71
A(ATA)1A _U(OId_p>U,(A A)7124 _<00 T,

where U is an orthogonal matrix. For a vector z, let zy, ., be the (k2 — k1 + 1)-dimension vector
containing the kjth—ksth coordinates of z. Let v/ = UT A(fy)~'/?v, and T, = UTT. s Then
Ry, (anen, Tops) can be written as

Rn(angna Tobs)
J N 0l T 2 o S (A) 20

=Dh(00)T (AT A)"V2a,e,
i N{UEP—H): anlw T, (pt1)d EZ 52 Id oK {A(60)Y2U 0} dv!
)

Denote the weak limit of Ry, (anen, Tons) as R(ce, Z). When d = p, obviously Ry, (anen, Tops) =
0 and therefore R(c.,Z)=0. When d > p, if e, =o0(1/a,), Rp(anen, Tobs) = 0p(1) by
Lemma 4 and therefore R(c., Z) = 0. When the covariance matrix of K (-) is ¢2A(f), for con-
stant ¢ > 0, K (v) F{CHA(OO)_VQUHQ}. Then K{A(6y)"/?Uv'} in (5) can be replaced by
K (c|[v'||?) and for fixed v( +1).¢> the integrand in the numerator, as a function of VY., is sym-

metric around zero. Therefore R, (anen, Tops) = 0 and R(c., Z) = 0.

Otherwise, R;,(anen, 2) is not necessarily zero. Since for any n, R, (anen, 2) as a function of
z is symmetric around 0, R(c., ) is also symmetric and R(c., Z) has mean zero. Since I~ (fg)
is the Cramer-Rao lower bound, var{I(60)~Y/%2Z + R(c., Z)} > I~(6y).

For (i), the asymptotic normality holds for h(é) by Lemma 2. O

1-3.  Proof of Lemmas
Here we give the proofs of lemmas from Section 1-2.
Proof of Lemma 3. 1t is sufficient to show that for any 0, supgc Be faBc(sops | 0) =
Op(e*“zfsfcé). By dividing R? into {v : ||e,v|| < 6’/3} and its complement, we have

sup fABC(Sobs ’ 9 = sup / fn Sobs + Env ‘ 0) ( )
0eBg 0eBg

< sup { sup fn(s] 9)} + sup { sup fn(s] 9)} + f(()\mm(A)s;lé’/?))s;d

0€BS\PG | |ls—sobsl|<d"/3 0€Pg | lls—sobsl|<d’/3

where \pin(A) is positive. In the above, as n — oo, the third term is exponentially decreasing
by Conditions 2(iv). For the second term, by Condition 4, with probability 1,

Is = s(0)]| = [[{s(6o) — 5(8)} + {s0bs — 5(60)} + env]|
>§ —6'/3-5/3=45/3.

Recall that W,,(s) = a, A(#)~/?{s — s(6)}. Then by Condition 6, the second term is expo-
nentially decreasing. For the first term, when § € B§\P§ and ||s — sobs|| < ¢ Wi(s)|| >
apd'r for some constant r. By Condition 5 and 6, fuw, (w]|0) is bounded by the
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241 sum of a normal density and o 'rp.c(w), which are both exponentially decreasing, so
242 SUPge pe\pe SUD||s s, [|<s'/3 [n(s | 0) is also exponentially decreasing. Finally, the sum of all
33431 the above is O(e_“mc&) by noting that a,, . < min(e;!, ay,). O
245
246 The following additional lemma will be used repeatedly to bound error terms that appear in
247 Lemmas 5 and 6.
248
249
250 LEMMA 7. Assume Condition 2. For t € RP and v € R%, let {A,,(t)} be a series of d x p
251 matrix functions, {Cy,(t)} be a series of d X d matrix functions, Q) be a positive definite matrix
252 and g1(v) and go(v) be probability densities in RY. Let ¢ be a random vector, {k,} be a series
253 converging 10 ko, € (0,00] and {b,} be a series converging to a non-negative constant. Let
254 b = 1 —o0) + VoL (e o0y If
255 (i) g1(v) and go(v) are bounded in R%;
256 (ii) g1(v) and g2(v) depend on v only through ||v|| and are decreasing functions of ||v||;
257 (iii) there exists an integer | such that [ Hi;;pl i, 95 (v) dv < 00, j = 1,2, for any coordinates
258 (Vi -+ 1) of v;
259 (iv) there exists a positive constant m such that for any t € RP and n, Amin{An(t)} and
;2(1) Amin{Cn(t)} are greater than m;
e then for any Pi(t,v) € Py (1),
263
264 . .
e L[ Rtk b Cul){An(0) ~ by — b gl @v) dudt = O, (1),

RP JRY
266
267 L oGt (A0 = by = 15 e} ga(Qv) dudt = ©,(1).

RP JRRY

268
269
270 Proof. For simplicity, here [ denotes the integration over the whole Euclidean space. Accord-
271 ing to (ii), g1 (v) can be written as g1 (||v]|). When ko, < 00, assume k,, = 1 without loss of gen-
272 erality. For any Pj(t,v) € PPy (4 ), by Cauchy—Schwarz inequality, there exists a Py(||][, [|v]|) €
273 Py (i), 1oy With coefficient functions taking positive values such that [P(t,v)| is bounded by
274 P,(||t]], lv]|) almost surely. Therefore for the first equality, it is sufficient to consider the equal-
275 ity where P;(t,v) is replaced by P;(||t||,||v||) and the coefficient functions of F;(||¢]], ||v||) are
276 positive almost surely. For each n, divide R? into V' = {t : || A, (¢)t]|/2 > ||b},v + c||} and V.
277 Cn(){A, ()t —bv—c}|| >m ~L||6/,v + c||. With probability
278 tending to 1,
279
280
;2; /Pz(lltll 10D g1 [Cn(E){ An ()t = byv — c}g2(Qu) dvdt <
e PO IDE 2l 2)an(Qu) dode + sup 1 o) [ de P+ e, [o])ga Q) do
285 .
286
287 In the above, [, dt is the volume of V' in R? and is proportional to ||b),v + ¢||P. By (iii), the

288 right hand side of the above inequality is Op(1).
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289 When ko, = 00, let v* = k,{A(t)t — v — k;;*c}. Then for any Pi(t,v) € Py ), with prob-
290 ability 1,
291
292 \ [ Pt ko, Cl A v~ b N Qo) ot
293
294 —1 * *
205 Py(t,v")g2[Q{A(t)t — k' v* — k L} g1 (Cr(t)v™) dv*dt|
296 * -1, -1 = * *
297 < [ BlIEl], 1o* D g2l @{A@)E — k"0 — k- ei]gy (ml|o™]]) dv™dt
298

for some P(t,v*) € P ;. and Bi(||t]|, [[v*]]) € P, ¢e(.110 |- The right hand side of the above
299 ! © i, v S(tv%) ([l o= 1))
300 inequality is similar to the integral when ko, < oo with g1(-) and go(-) replaced by g2(-) and
301 G (+) respectively. Therefore it is Op(1) by the same reasoning.
302 For P;(t,v) = 1, by considering only the integral in a compact region, it is easy to see the
303 target integral is larger than 0. Therefore the lemma holds. O
304 Proof of Lemma 4. Let P = AT A. By matrix algebra,
305

. p—1 AT .
ggg (At Byv+ — k o Id)K( ) = N{t, PlA < Wt ) e } r(v; A, By ki, ),
308 where
309 k?lfp k2 e\T 1 AT c
: — _on = — AP~ =
;(1) r(v; A, By kn,c) = O exp{ 5 (an + kn> (I-—AP A% (an + k?n) }K(v)
312 Then the target integral can be expanded as
313
N(At; Bpv + ¢, o 1a) K (v) 1 A, By k
314 Fn 2 B dtdv = /P—lAT <c+an> rv m) _ g
315 fNAth—i—kc,kQId) (v) dtdv knp, [ r(v; A, By ky, c) dv
316 1
317 = {(ATA) ' ATc + R(A, By, kn,y0) }
318 "
319 where
320 T gy=1 4T r(v; A, B kn, ¢)
R(A, B,k =(A"A)" A" B kn

321 (4, B, kns ) = ( ) " Uf (v; A, By, k‘n,c)dv
ggg The remainder term R(A, B,,, ky,c) depends on the mean of the probability density pro-
304 portional to r(v; A, By, ky,c) in the directions of (AT A)~'ATB. If B, does not degener-
395 ate to 0 as n — oo, then in the directions orthogonal to those of (I — A(ATA)~1AT)1/2B,
396 7(v; A, By kn,c) is symmetric around 0; in the directions of (I — A(ATA)~1AT)1/2B,
377 r(v; A, By, ky, c) is a product of a normal density whose mean is O(1/k,,) and a rescaled K (v),
378 which is symmetric around 0, so its mean value is O(1/ky,). Therefore when the spaces expanded
379 by (ATA)™LATB and {I — A(AT A)~' AT} B are orthogonal, R(A, By, kn, c¢) = 0; when it is
330 not the case, R(A, By, kn,c) = O(1).
331 If B, =o0(l) as n— oo, which implies k, — c€ (0,00), it is easy to see that
330 [ knvr(v; A, By kn,c)dv/ [ 7(v; A, By ky,c)dv is upper bounded as n — oo and hence
333 R(A, By, kn,c)is o(1). O
334 In the following lemmas, to deal with the case where K (x) = K (||z||s) with A not the iden-
335 tity, we use the property that such a K (z) can be bounded above by a function that depends only

336 on ||z||. We refer to this bound as K (-) rescaled to have identity covariance matrix.
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337 Proof of Lemma 5. First consider 7, (1). With the transformation ¢ = ¢(0),

338

339 g,y (1) = ay? / / (00 + @y -t) Fu(Sobs + £nv | B0+ ap L) K (v) dvdt. — (6)
340 t(B(;) R4

341

342 We can obtain an expansion of 7, (1) by expanding fy,(sebs + €nv | 6 + a, tt) K (v) as fol-
343 lows. The expansion needs to be discussed separately for two cases, depending on whether the
344 limit of a,,e,, is finite or infinite.

345 When a,e, — ¢ < 00, Gyc = a,,. We apply a Taylor expansion to s(fy + a,, 't) and A(6y +
346 a;;'t)~1/2 and have

347

T Fa(sum e | B+ o) i

;;]_(9) n{Sobs T EnV | Uo T Qy |A(90 —i—a;lt)‘l/Q

351 X N ({A(GQ)*W +aTlra(t, 62)} [A(Ho)l/QTObS + anenv — {Ds(0) + a1y (t, €1) }t} 0, Id> ,
352 (7)
353

354 where 74(t, €1) is the d x p matrix whose ith row is t/ Hs; {0y + e1(t)}, 7a(t, €2) is the d x d
355 matrix > 7_, ﬁA{Qo + e(t)} /%, and € (t) and eo(t) are from the remainder terms of
356 the Taylor expansions and satisfy |[e;(¢)|| < 0 and ||e2(t)|| < . For a d x d matrix 7o, let
357 gn(t,v; 11, 72) be the function g, (¢, v; 1), defined in Section 4-3 of the main text, with A(6p)
358 replaced by {A(fy)~'/2 + 7} 2. Applying a Taylor expansion to the normal density in (7), we
359 have

360

361 Fa(Sobs + env | B0 + a; ') K (v)

63 o A(b)

ggi :|A(go + aT—th)‘l/Q gn(t,v) —|—a;lpg(t,’l})gn{t,v;€n1Ts(t,€1),€n1TA(t, 62)} ) 8)
365 i i

366 where Ps(t,v) is the function

367 )

o 240+ rafan D)

370 « 4 [{460) 72 + aratt, )} [A80) *Tups + anenw — {Ds(60) + ar(t,en) ] H2 ,
371 dx ey
372

373 and e, is from the remainder term of Taylor expansion and satisfies |e,1| < a;! . Since
374 len1t]| < 0 and 75(t, €1) and ra(t, e2) belong Py 4, this P3(t, v) belongs to IP5 , .. Furthermore,
375 since r4(t, €1) and 7 4 (¢, €2) have no constant term, for any small o, e,175(t, €1) and e, 17 4(t, €2)
376 can be bounded by 0/, and oI, uniformly in n and ¢, if ¢ is small enough.

377 When ay,e, — 00, ape = el Let v*(v) = A(90)1/2Tobs + anenv — anenDs(0p)t. Under
378 the transformation v* = v*(v), the expansion of fy,(Sobs + £nv | 8o + ent) obtained by applying
g;g a Taylor expansion to s(fy 4 £,t) and A(fy + e,t) /2 is

381 Fr(Sobs + nv | B0 + £nt)

ggg aﬁ N LA 1/2 o ra(l, €1) * 20 (4 et V0. T

384 Ay + an't)|1/? {{ e }{v nuslles) } ’ d] ’
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ABC asymptotics 9

where €3(t) and e4(t) are from the remainder terms of the Taylor expansion and satisfy ||e3(¢)]| <
d and ||e4(t)]| < 0. Let g} (t,v*; 71, T2) be the function

g;kl(ta U*; T1, 7—2)
1
=N [U*; anentit, {A(6)) V% + 7'2}_2} K {Ds(Go)t + vt —
anEn anEn

A(eo)l/QTobs } )

so that (ane,)%g(t, v*;71,72) is gn(t,v;71,72) with transformed variable v* = v*(v), and
g (t,v*) = gr(t,v*;0,0). Denote a k1 x ko matrix with element being F;(t) by P’l(kIXk2)(t).
Then by applying a Taylor expansion to the normal density in the expansion above,

fn(sobs + EnU ‘ 00 =+ Ent)K('U)
_ea"A(6o)|'?

* * 2 (dx1) *
=Tt 1 e T [gn(t,v )+ ane? {P2 (t)v* +

+’(angi)QIﬁ(t7v*)gZ{tav*;6n2rs(t;63);€n2TA(t764)}](angn)da 9

T pldxd) (t)v*} g (t,v%)

AnEn

where P2(dX1)(t) is the function t7rg(t,e3)TA(6)~1/?/2, Pl(dXd)(t) is the function

—A(0o) V21 A(t, €4), ena = €5/ (anen), €., is from the remainder term of the Taylor expan-
sion and satisfies |/ | < ane2, and Py(t,v*) is a linear combination of {dp(w)/dw}? and
d?p(w)/dw?* at w = €/, with p(w) being the function

[ {0072 + w2 et e[

GnEn

Obviously elements of PQ(dXI)(t) and Pl(dXd)(t) belong to Py, and P;; respectively. Since
lenat]] < 6, the function Py(t,v*) belongs to Py .+ and, similar to before, enors(t, €3) and
en2r4(t, €4) can be bounded by o; and oI, uniformly in n and ¢ for any small o, if § is small
enough.

For 7(0y + a,, Lt) in the integral of 7, (1) in (6), a Taylor expansion gives that

71'(90 + aT_Lit) 7-('(90) 1 71-{60 + 65(t)}
’ neD t t)] <o. 10
[A(Gy + anlt) 2 [A(B0)[ 172 T " [A{B + ex(t) 12 les® <6 10

As mentioned before, § can be selected such that Ds(6y) + en17s(t,€1) and Ds(6y) +
enars(t, e3) are lower bounded by mil, and A(6g)~ Y2 + enira(t,e2) and A(6)~ /2 +
enar A(t, €4) are lowered bounded by ms Iy for some positive constant m; and msy. We choose &
satisfying these and, since |a,, Lt|| < 4, this means 7 (0 + a;, 1t)/|A(60 + a,, 1t)|'/? is bounded
uniformly in ¢ and n.
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10 W. L1 AND P. FEARNHEAD

By plugging (8)-(10) into (6), it can be seen that the leading term of 7p,(1) is
a;{;p 7(0o) ft( Bs) xR gn(t,v) dtdv. The remainder terms are given in the following,

aP =75, (1) — 7(0) / on (£, ) dtd
t(Bs)xRd

_ 0 —|-€5)
:anl/ A6 1/2D7T(0—t n(t,v) dodt
,€ t(B(;)XRd‘ ( 0)‘ |A(90+65)|1/2 g ( )

+ a;l / P3(t, v)gn{t, V; en1Ts (t, 61), ener(t, 62)} dvdt 1{1iman€n<oo}
t(Bg)XRd

+ an&%/ PQ(Xm) (t) / U*g;(t7 1)*) dv*dt ]]‘{limansn:oo}

t(Bs) R4
+ €n/ v*TPl(dXd) (t)v* g (t,v*) dv*dt 1{tim apen—oc}

t(B(;)XRd

+ aiei/ Py(t,v*)gn{t, v*; enars(t, €3), enara(t, €4) } dv*dt L ape,—ocy, (1)

t(Bg)XRd

where P5(t,v), PQ(dXI)(t), Pl(dXd) (t) and Py(t,v*) are products of m(6 + a;, 1t)/|A(6o +
a;ét)\l/ 2 and corresponding terms in expansions (8) and (9). In the above, there are five re-
mainder terms. For the integrals in the first two terms, it is easy to write them in the form of
the first integral in Lemma 7 and conditions therein are satisfied, where g, (-) is the standard
normal density and go(-) is K (v) rescaled to have identity covariance. Then the first two terms
are Op(a,, 1) and Op(a;,!). The integral in the fourth term can also be written in this form where
g1(+) is the rescaled K (v) and ga(-) is the standard normal density. The integral in the fifth term
needs to use the transformation v** = v* — a,enenars(t, €3)t, after which it can be written in a
similar form, as P5{t, v** + apenenars(t, e3)t} € P5 (;,,++) by the expression of Py(t,v*) in (9).
Thus the fourth and fifth term are O,(&,,) and Oy (a2e}).

The third term is somewhat different as the center of ¢ (£, v*) in the direction of v* degenerates
to zero as n — oo. Let 1, be the d-dimension unit vector with 1 at the kth coordinate. Then

o0 o0
/ ol (t, 0" duf, = / OE{g (%) — (0" — 200} o

—0o0 0

= /Ooo vpN{v"; 0, A(60) HE {v (")} — K{v(v" = 2vp4)}] dug,

which by a Taylor expansion is bounded by (a,,&,) !¢ for some constant c. Hence the third term
is Op(ey,). Combining the orders of all remainder terms, the expansion of 7, (1) in the lemma
holds.

For any P»(t) € Poy, mp,{P(t)} can be expanded similarly to wp,(1) in (11), simply by
multplying P»(¢) into every integral in (11). This gives that

e Pa(0)) = a2 {m(00) |

Py(t)gn(t,v) dtdv + Op(azl) + op(ais:g)}.
t(Bs)xR4 ’

Then since ft( By)xRe In (t,v)dtdv = ©,(1) by the second result of Lemma 7,
s {P2(t)}/TBs (1) = Op(1) and (2) holds by taking P»(t) = t. O
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ABC asymptotics 11

Proof of Lemma 6. Letry(s | 8) be the scaled remainder aun{ fn(s | 8) — fn(s | #)}. The error
of using 7, { P;(t)} to approximate wp,{P;(t)} is

g {Pi(t)} — 7B {Pi(t) / /Pl{t )} (0) 70 (Sobs + env | 0) K (v) dvdf.

If this approximation error satisfies

T, {0 ()} — 7B, {P(t)}
%Ba(l)

= Op(oy, 1), (12)

then, since a? .7, (1) = ©,(1) by Lemma 5,

7, (1) = 7y (V{1 + Oplaghyy, 2D} T tPOY 60y g
) s (L)

By plugging (12) into (1),
mBs(h) —1 T { 7B (1) } L [%Ba{tTHh(et)t} -1
= h(6p) + a,, . Dh(6 = + 0, + 50y, = + Op(ay,
7rB5(1) ( 0) € ( 0) 7TB§(1) ( ) 9 ne 7TB,;(1) P( )
(14)
Verification of (12) is given by the following argument. With the transformation ¢ = ¢(6) we
have

rp PO} — T, (PU(D)} = o s / / Bi(t)(00 + a; 1) (Sabs + £nv | 00 + a L) K (v) dudt.
t(Bs)

Let ry, (w | 6) = an{fw, (w | ) — fw, (w | 6)}, and we have
ra(s | 0) = al]AO)| " rw, [anA(0) /> {s — s(6)} | 0].

For the value of §, we choose the smaller value of the one from Lemma 5 and the one such
that Ds(6) is lower bounded and A(6)~'/2 is upper bounded by M1, in Bs for some M > 0.
Since 7y, (w | 0) is upper bounded by 7pax(w) according to Condition 5, by applying a Taylor
expansion to s(6g + aj;, Lt) we have

o (PO} ~ T (R} < 0 a2 sup [w(0)A(0) ) / / B0 (anar )
eB,

Tmax [ana 1M{DS(90 + &)t — apcenv — T A(fo) 12 obb}] K (v) dvdt,

anans
where ¢, is from the remainder term of the Taylor expansion and satisfies |e;| < J. Since

7By (1) = G)p(an ) by Lemma 5, it is sufficient to show that the above integral is O, (1). This is
immediate by noting that when either lim a,,&,, — oo or lim a,&,, — c. < o0, the above integral
can be written in the form of the first integral in Lemma 7 and conditions therein are satisfied,
where g1 (-) and ga(+) are mmax(-) and K (-) rescaled to have identity covariance matrix. O

2. PROOF OF RESULTS FROM SECTION 4
2-1.  Proof of Proposition 2

The proof of Proposition 2 follows the standard asymptotic argument of importance sampling.
In the following we use the convention that for a vector x, the matrix zz T is denoted by x2.
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12 W. L1 AND P. FEARNHEAD

Proof of Proposition 2. Algorithm 1 generates independent, indentically distributed triples,
(i, 0, sgf)), where (6;, sgf)) is generated from g,,(6)f (s, | ), and, conditional on s, = s,
¢; is generated from a Bernoulli distribution with probability K. (S, — Sobs)-

Now £ can be expressed as a ratio of sample means of functions of these independent, indenti-
cally distributed random variables. Thus we can use the standard delta method (Lehmann, 2004)
for ratio statistics to show that the central limit theorem holds. Further we obtain that the limiting

distribution has mean

E{h(0) w1} _ E{h(01)wiKe, (s = sobs)} [ I(O)T(0) fu(sn | )<, (50— Sobs) dsn O

E(w1¢1) E{leen (sgll) — Sobs)} f?T(G)fn(Sn | Q)Ksn (sn - Sobs) dsy, df ’

which is equal to hapc. Its variance is

L tomen » P00 p@mal
E2(w1¢1)va {h(61)wi1} + F (wi6n) ar(wy¢1) — 2 B3 (w1 on)

:p;(:%,ﬂ [E{h(el)Qw%qﬁl} - h2ABCp&2tcc,7r + h?ABC {E(w%(bl) - picc,ﬂ'}
T
—2hasc { E{h(61)wid1} — haBCPAcex } }
=Pac n B[{1(01)% — 2hanch(01)" + PipctwiKe, (s = sobs)]

=Pact,n Branc {WQ) - hane ) 20 } '

cov{h(f1)wid1, w11}

In the above expression we used pace,r = E(w1¢1). Itis easy to verify that

SABCn = Pachn Ex h(6) — h 2”(9)}, 15
ABC, Pace,nimapc {( ( ) ABC) qn(e) ( )

as required. O

2-2.  Proof of Theorem 2

For simplicity, a consider one-dimensional function (). For multi-dimensional functions,
the extension is trivial by considering each element of g ,, seperately. Denote {h(0) — h ABC
by G, (). In Theorem 2(i), Xig 5, is just the ABC posterior variance of h(¢), and the derivation
of its order is similar to that of hapc in Section 1 of this supplementary material. The result is
stated in the following lemma.

LEMMA 8. Assume the conditions of Theorem 1. Then vary,,.{h(0)} = Op(a,?2).

Proof. Using the notation of Section 1, var,, .. [h(0)] = 7(G,,)/m(1). It follows immediately
from Lemma 3 that

T Bs (Gn)
TBs (1)

Applying a first order Taylor expansion of /(6) around 6 = 6 gives

ﬂBg(Gn) WBS{Dh(et)Tt} _92 WBé{tTDh(et)Dh(et)Tt}
— — +a,: ,
7B, (1) mB,(1) ’ mB,(1)

(16)
where 0; is from the remainder term and belongs to Bjs. In the above decomposition, G, (6p)
and a, 1 {h(60) — hapc} are Op(a,2) by Theorem 1. Since Dh(6;)t and t* Dh(6;) Dh(6;)"t
belong to P, ¢, the two ratios in the above are O, (1) by Lemma 5 and Lemma 6. O

VarWABC{h(e)} = {1 + Op(l)}-

= Gn(eo) + QG;é{h(Ho) — hABC}
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ABC asymptotics 13
The following lemma states that moments of K (v)? exist for any postive constant ~.
LEMMA 9. Assume Condition 2. For any constant y € (0, 00) and coordinates (v, , - - ,v;,)
of vwithl <p+6, [ chzl v, K (v)7 dv < .

Proof. By Condition 2 (iv), for some positive constant M there exists z € (0, c0) such that
when ||v| > zo, K (v) < Me=lI’I"*  Then consider the integration in two regions {v : [|v|| <
zo} and {v : ||v]| > xo} separately. In the first region, since K (v) < 1, we have

l
/ H v, K (v)7 dv < xéVxO,
H”H<$Ok 1

where V, is the volume of the d-dimension sphere with radius z¢, and is finite. In the second
region,

l
/ H v, K (v)"dv < M HUHle—cvaHo‘l dv.
lvll>zo .= vl >0

The right hand side of this is proportional to exp{—c 73:01/ s +Ul)} by integrating in spherical
coordinates. O

Proof of Theorem 2. For (1), since pace,r = =cdr(1)and 7(1) = @p(an ) by Lemmas 3, 5 and

6, then pace,r = O (5 ad ). Together with Lemma 8, (i) holds.
For (ii), if we can show that pacc 4 = © ( Enay E) then the order of Y1g ,, is obvious from (15)
and the definition of ¥ Apc . Similar to the expansion of (1) from Lemma 3 and (13),

Pacesg = €1 / 7ABC(0 | Sobss en) fanC (Sobs | 0) dO

fBé 0) faBc(Sobs | 0)2 df
WBs(l)

+ Op(aﬁl)} {1+ 0p(1)}-

The integral in the above differs from 7, (1) by the square power of fABC(sobs | 6) in the

integrand. We will show that this integral has order @p(a%dE P), from which pacc,g = Op(clal )
trivially holds. Let ¢;:* (¢, v; 71, 72) be the function
" _ _ 1, 1
g (t,v; 711, m9) = N[v; 0, {A(0p) "2 + 7} YK [{Ds(@o) + it + vt — A(00) * Ty |
anEn anen

and g}*(t,v; 11, 72) = g} (t, v + anenTit; T1, T2). Here expansions (8) and (9) of fn(sobs +env |
0o + a,, +t) K (v) are to be used in the form of

d ‘A )‘1/2 {gn(t7 2)) + a;1P3(t7 U)gn,r(ta U)} y 11mn—>oo ApEn < 00,

n ,€ * * *

{gn<t7 v ) + angzlp?)(t? v )g';kl(tv ’U*)

+(ane2)? Py(t, V™) g (t )} (anen)?, im0 angy = 00,

|A(6p + anrt)|1/2
(17)
where  P3(t,v*) € Pg ( y+)s  Gnr(t,0) = gn{t, vien1rs(t, €1), enira(t, e2)},  gr (8, 0™) s

g {t, 0™ enars(t, €3), enara(t,e4)} and Py(t,v*™) is Py(t,v*) with the transformation v** =
v* — apepenars(t,e3)t, and the expansion of 7(0)/|A(#)| similar to (10) is to be used.
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14 W. L1 AND P. FEARNHEAD

By the expression of Py(t,v*) in (9), it can be seen that Py(t,v™) € Py ,++). Ba-
sic inequalities (a + £b)? < ea? + (¢ + &2)b? and (a +eb+e2c)? < (e +e2)a? + (e + €2 +
83)1)2 + (82 +e3+ 84)62 for any real constants a, b, ¢ and ¢, from the fact that 2ab < a® + b,
are also to be used. Then by the above expansions and inequalities, an expansion of the target in-
tegral similar to (11) can be obtained, with the leading term a2 P (6,) ft( Bl [ gn(t,v) dv}? dt
and remainder term with the following upper bound

2 [ O Fwctss 10200~ x00) [ { [t 0) i) e

N 0o + €6) 2
<q-l A(69) Dy ot €6) /nt do\” dt
<ant [ 1alpo g o] [ontevan}

i M/t(Ba) [a’jl{ /Qn(t, v) dv}2 +(ay" + af){ /Pg(t,v)gn,T(t,v) dv}Q] A1 i arep <0}

+ M/t(B ) [{ane? + (@t /g:;(t’v*) dv*}2
+ {ane? + (ane2)? + (ane;i)f’)}{ / P3(t,v") gy (t, v*)dv*}2

2
+ {(ane)? + (ane2)? + (ansd) ' H / Py(t,0)gh o (60" v | 1 g, =00}

where M is the upper bound of 7(0)|A(6y)|/|A(0)| for 6 € Bs with § chosen so that M
exists. Then if we can show that for any Py(t,v) € Ps ;). d X p matrix function 7,1 (t)
and d x d matrix function 7,2(¢) which can be bounded by ol; and oI, uniformly in

n and t for any small § if § is small enough, (a)j;(Bd) { Jaa gn(t,v)dv}2 dt is O,(1);
) fyy) s Pa(t:0)gn{t, vi 71 (£), 7m2(t)} dv]* dt is Op(1) when Tim, o0 aney < 005 ()

ft(B(;) [fRd P4(15,v)g;z*{t,v;rm(t),1",12(15)}611;]2 dt is Op(1) when lim, o ane, = 00, the
lemma would hold.

Here 0 is selected such that Ds(6p) + rn1(t) is bounded bounded by m11, and mal; <
A(B) Y2 4 rpa(t) < Moly, for some positive constants 1y, ms and Mo, uniformly in 7 and ¢.
For the purpose of bounding integrals, we can assume that A(6y) = I; and r,2(t) = 0 without
loss of generality by the following inequality when lim,, . ane, < 00,

d 2

gn{t, 0571 (8), ()} < W exp | — %Hananv + A(00)1/2T0bs —{Ds(6p) + Tn1(t)}tH2 K(v),

and a similar one for g*{t, v; 1,1 (t), rna(t)}.
Consider any Py(t,v) € Py (1,0)- When limy, ;o0 anen < 00, let Ey = {v:||anenv]]? <
Bil{Ds(6o) + rn1(t)}t — A(80)/*Tps||?} for some B1 € (0,1). Then for any 35 € (0,1) we
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ABC asymptotics 15

have

/ Py(t,v)gn{t,v;rni(t), rp2(t)} dv

2
(/ / )P“ ’ )d/2 exp |~ "2 Janznv — {Ds(00) + 1t ()} + A(80)"Tons|[2| K (0) do
FE1 ¢

<ri(0) (e [—Q(JW!{Dswo) ()t~ AT

+fﬁ2 [ m:l(g )B1 1{Ds(00) + 11 ()}t — A(90)1/2T0b8||2:|) 7 (18)

where Py(t) € Py, and the above inequality uses Lemma 9. Then using (a + b)? < 2(a? + b?),

/t(Bé) UM Py(t,0)gn{t, v;m1 (), T2 (t)} dv} ? "

< " )Ps(t) exp [—m%(l — B)|{Ds(00) + rn1(t)}t — A(@O)l/QTobSHQ] &t

+ /(Bé) PS(t>F262 |: m;:Q(Ez)ﬁl H{DS(00> + Tn1 (t)}t — A(eo)l/zTObsHQ] dt

where Ps(t) € Pg.
When AnEn —> 00, let Ey = {v: ||[(anen) " 0||? < B1|{Ds(00) + rni(t)}t —
(anen) " A(B)' /> Typs||} for some By € (0,1). Then for any B € (0,1) we have

/ P4<t v)gn {t 3 rnl(t) 7’772( )}d'U

< (/EQ /) Py(t,v) [ v+ {Ds(0) + rn1(t)}t — anlgnA(eo)WTobs} (19)

2
X (27r)2d/2exp< HU’Q) dv
<Py() (K [Afmn< (1= 1) |{Ds(60) + s (1)}t —
G%E%Blm%@
2

A(f)o)l/?Tobsﬂ

n-n

A(60)" 2TobsH?D : (20)

1
+exp [— I{Ds(6o) + rn1(t) }t — -
where Py(t) € Pyy. Then using (a + b)? < 2(a® + b%),

2

/ [/ Pa(t, 0) g2 {6, 05 7 (£), r2(8)} do |t
t(B(;) R4

2 _
S/ Pg(t>K |:)\m1n(A)2(1 61) H{DS(QO) + Tnl( )}t o (00)1/2T0bsH2:| dt
t(Bs) nEn
2.2 2
# [ n@esn |~ Du(o0) + ra(0)e - A0 P Ton?] at
(Bé) Anén

Applying Lemma 7 on these upper bounds, (b) and (c) hold.
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16 W. L1 AND P. FEARNHEAD

For (a), to see that the limit of ft( Ba){ Jga gn(t,v) dv}? dt is lower bounded away from zero,
just use the positivity of the limit of the integrand and Fatou’s lemma to interchange the order of
limit and integral. U

2-3.  Proof of Theorem 3

Now let w,(f) be the importance weight 7(6)/q,(6), define =g, 15(h) =
fBé h(0)m(0) faBc(sobs | @)wn(0) df and define 7p¢ 15(h) correspondingly. Then by (15), we
have

_1 7Bs18(Gn) + e 18(Gr)
YABCn =P :
k] acc,m 7TB§ (1) + T(-Bg (1)

21

Proof of Theorem 3. For paccq,, We only need to consider the case when 3 = 0. Re-
call that ¢(0) = a,.(6 — 6y). By the transformation ¢t = t(6), since a,.0p =1, ¢u(0) =
ah |2 7V2¢{="12(t — ¢,)}. Then, similar to the expansion of 7(1) from Lemma 3,

Pacc,gn = EZ/QTL(Q)fABC(SObS | 6) do

= en|Z| /( ) g{Z 72 (t = ¢u)} Fano(sons | B0 + anit) di{1 + 0p(1)}.
t(Bs

The above integral differs from 7, (1) by replacing 7 (6o + a,, L¢) with the density {212 (t —
cu)} which does not degenerate to a constant as n — co. We will show that this integral has
order ©,(1). Plugging in the expansion (17) of fABC(sObS | 6o + a;ét) into pace,q,. We can
obtain an expansion similar to (11), differing in that parts from expanding (6o + a,, 1¢) /| A(6o +
a;}:t) |1/2 are replaced by the Taylor expansion

H{S 2t — cu)}
|A(6p + anrt)]1/2

1
= g{S V2t - l14+a D t

where |les(t)|| < J. The explicit form is ommitted here to avoid repetition. It can
be seen that paccg, = Op(al ed) if (a) fRdXt(Bg) g{S7V2(t — ¢)Ygn(t,v) dvdt =
O O ey Polt (= = )} {803 (8),ra®) dudt =
O,(1) when limy, o0 AnEn < 00; and (©) fRdXt(Bg) Py(t,v)g{S"V2(t —
cu) Yo {t, vsrni(t), rua(t) } dvdt = Op(1) when lim, o ane, = 0o, where 7,1(t) and
rna(t) are defined as in the proof of Theorem 2. Since ¢{S~'/2(t — ¢,)} is uniformly upper
bounded for ¢t € R?, (b) and (c) hold and the integral in (a) is O,(1) following the arguments
for the similar cases in the proof of Theorem 2. By the positivity of the limit of the integrand
and Fatou’s lemma, the limit of the integral in (a) is lower bounded away from 0. Therefore
Dace,gn = G)p(afb’se;il) holds.
As Y15 5, is equal to Pace,q, 2 ABC,n, DY (15) we have

ZIS _ Pacc,qn TFB&IS(GN) + WBE,IS(GH) _ Pacc,qn T[-BLS,IS(GTL)
" Pace,m T Bs (1) + 7TB§ (1) Pace,m T Bs (1)

{1 + Op(l)},

where the second equality holds by noting thatwy, (§) < 3. Given the obtained orders of pacc,g,,
and Pace,rs L1s,n = Oplay2) if 7, 15(Gn) /75, (1) = Op(an??). Similar to (16), we have the
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following expansion

7B 18(Gn) 7Bs15(1)
STV RN Y
QGT_Lé{h(Ho) B hABC}WB[s’IS{Dh(Gt)Tt} 42 WBsyls{tTDh(Qt)Dh(Qt)Tt}

a 9y
5;(1) " s (1)

and we only need 7, 1s{P2(t)}/7B; (1) = Op(ank) for any P2(t) € P2 ;. Since wy,(0) < (1 —
B)~Lwy, 0(0), where wy, o(6) is the weight when 3 = 0, it is sufficient to consider the case 8 = 0.
Similar to the proof of Theorem I, first the normal counterpart 7, 1s{P>(t)}/7p;(1) of

7B, 181 P2(t)}/mBs (1), where fapc(Sobs | 0) is replaced by fapc(Sobs | #), is considered, then
it is shown that their difference can be ignored. Using the transformation ¢ = ¢(6) and plugging
in expansion (17) of fapc(Sobs | 6o + a,‘Lét) into 7735713{P2( )}, we obtain an expansion similar
to (11), differing in that parts from expanding (6o + a,, 1t)/|A(6p + a 17f)|1/ 2 are replaced by
the Taylor expansion
1 w0+ a,it)?
0 (0) |A(G0 + antt)|/?
1 _ 71’{90 + 67(t)}2
— 0 2_+ 1 ’
S g ) [T g, ) 7
where ||e7(t)|| < §. The explicit form is omitted here to avoid repetition. Then it can be seen that
if we can show that
Bs(t,v t,v; 11 (), rpo(t) } dv
fRd 5( )gn{1/2 n(t), 2D} dt = Op(1) when lim ape, < 00,
t(Bs) X2t —cu)} oo
Ps(t,0) g5 {t, v: 11 (1), Tna (1)} d ,
fRd 5( U)gn {1 ;) Tnl( ) Tn2( )} v dt — Op(l) when lim AnEn = 00,
t(Bs) - / (t—cu)} n—00
where 7,1 (t) and r,,2(t) are defined as in the proof of Theorem 2, 7p, 15{P2(t)} = O (ag 2P)
and g, 1s{P2(t)}/7B; (1) = Op(an?) by Lemma 5. By (18) and the following equality for
d x p full column-rank matrix A and vector c,
|At —¢| = |PY2(t — P71 Ae)|)? + T (I — AP71AT)e,
where P = AT A and PY/2P/2 = P, for (d) we have
fRd Ps (ta U)gn{ta V;Tnl (t Tn2( )} dv
{E72(t — cu)}

m2m2
exp {1287 1 — P (0, 1) Tons] 12} Ao S o
T o) I{Ds(00) 4 1 ()}t — A(6o) ' “Tobs||

—a (A2, (A)(1—y—A)m2
Ka{ mm( )(2 2] )mlHt—P(e(bt)TObSHQ}

aZe2
({E712(t = cu)}

x K2 {)\i“n(A)(l —1=4) I{Ds(00) + 1 (t) }t — A(90)1/2TobsHQ] :

(d)

()

2

<Py exp {—

+ P5(1)

22
ann

where  P(60,t) = [{Ds(60) + 71 ()} {Ds(60) + 1 (£)}) " {Ds(6o) + rn1 (£)}7 A(6) /2,
both P5(t) belong to P5; and A is chosen such that y + A € (0, ) and « + A € (0,1) for v
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817 and o in Condition 7. Then since both ratios on the right hand side of the above inequality are
818 Op(1) by Condition 7, by Lemma 7 and Lemma 9, (d) holds. Similarly by (20), for (e) we have
819 ok
820 fRd P5 (ta U)gn {t7 V3 Tnl (t)a T'n2 (t)} dv
821 {S712(t = cu)}
2
- o P ]
<PB5(t
824 ¢{ZY2(t = cu)}
825 anenPrp
$26 X exp [‘( 200 S D) + ()3 A0 To
827
828 - R {A2(A)(1 = B)millt = oL P(60, 1) Tops 2}
+ 15
25(9) {712 (t = cu)}
831 < B [N (A)(1 = B)I{Ds(80) + rua (£)} — A(B0)/*Tups ]
832 where both P5(t) belong to IP5 ;. Thus by Condition 7, Lemma 7 and Lemma 9, (e) holds. There-
833 fore p e (1) = O p
834 ore ﬂ—BéaIS{ Q(t)}/TrBa( ) (a'ﬂ 6)
835 To show that 7, 1s{P2(t)}/7Bs (1) = Op(anZ), similar to the discussion of (13), it is suffi-
836 cient to show that
Pt} -7 Pyt
837 msas{ (0} — Tasus{P(O} _ O, (a=tazm). 22)
838 T, (1)
2431(9) With the transformation ¢ = t(6) we have g, 1s{ P (t)} — 7B, 15{P2(t)} is equal to
841 - _2p/ / o Tn(Sobs + v | O + a;, Lt) K (v)
Py(t)m (6 + a,, ) ’ dvdt.
gjé o 1(Bs) BT 2g{E 72 (t — cu)}
844 Then by following the arguments of the proof of Lemma 6, we have
845 78,15 {P2(1)} = T as{Pa()}] < oy, a2 sup |w(0)*A(6)"/?|
846 0€Bs
gi; anan E)drmax {anan EM{DS(@O + €)t — apcEnt — - i_l A(@O)I/QTObSH K(v)
/ / | P (t S-172 m e dvdt.
849 t(Bs) a{ (t—cu)}
850
351 The ratio above is similar to the ratio of g, {t,v;r1(t),2(t)}/q{="2(t — c,)} except that the
852 normal density is replaced by 7ax(+). Then by Condition 7, previous arguments for proving (iv)
853 and (v) can be followed. Hence 7 1s{ P2 (t)} — s 1s{P2(t)} = Op(anaf;fp) and (22) holds.
854 Therefore Y15, = Op(a,2). O
855
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