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Quantum Kkinetic equation and universal conductance fluctuations in graphene
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We analyze universal conductance fluctuations (UCFs) in graphene in the framework of diagrammatic
perturbation theory in the metallic regime. It is shown that strong intervalley scattering lifts the valley degen-
eracy of electronic states, whereas at weak intervalley scattering two valleys independently contribute such that
the variance of UCF would be expected to show sample- and geometry-dependent behaviors.
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The unusual chiral properties of charge carriers in
graphene'~* have recently received a lot of attention. Several
theories have been developed®™ interpreting observation
of quantum interference effects in graphene, such as weak
localization ~magnetoresistance'®!" and the Josephson
proximity effect in superconductor-graphene-superconductor
junctions.'> Low-temperature magnetoresistance measure-
ments'®!314 have shown universal conductance fluctuations
(UCFs) which appear to be robust over a wide range of elec-
tron concentrations and magnetic fields, and numerical simu-
lations of transport in monolayer graphene with charged dis-
order showed sample-to-sample variation of conductance.!’
In this Brief Report, we analyze UCF using the same frame-
work as the earlier weak localization studies.”’ Specifically,
we study UCF in graphene with various types of disorder in
the fully developed metallic regime (kpl/> 1), using quantum
kinetic equation for diffusive transport in graphene and tech-
nique of semiclassical Keldysh functions.

The transport in graphene is determined by the low-
energy properties of charge carriers in the vicinity of corners
(K points) of hexagonal Brillouin zone,'® called valleys. In
the case of monolayer graphene, this can be described using
the Hamiltonian,!7-18

H=v3p+h,(p)+ V(r),

hy == S (SP)AS,(Sp),. (1)

Here, the basis of bispinors CI>=[¢K+,A,¢K+73,¢K_,B,¢K_,A]
characterizes electronic amplitudes on two crystalline sublat-
tices of graphene (A and B). 3, and A, (I=x,y,z) are 4 X4
matrices in the valley and sublattice spaces,!*2? introduced in
Ref. 5. The momentum p=p(cos ¢,sin ¢) is defined with
respect to the K points.'® The first, “Dirac” term in Eq. (1)

determines an almost linear spectrum e= *vp of electrons.

The trigonal warping term, fzw, takes into account a slight
trigonal asymmetry of the Fermi line of graphene in one
valley [such that €(K,p)# e(K,—p)], which will be treated
below as a weak perturbation. Due to the time-reversal sym-
metry of the system, the trigonal warping has opposite sign
in K and K’ valleys, (K,p)=€e(K’,—p), which is taken into
account by the valley matrix structure of H. The time-
reversal-symmetric disorder has the form?
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PACS number(s): 73.23.—b, 73.43.Qt, 74.78 Na, 81.05.Uw

V() = u(r) + 2 3 Auy(r). ()

The first term in V(r) (a unit matrix in the valley and sublat-
tice space) takes into account Coulomb potential of remote
charges in, or on the surface of, SiO, substrate. Valley-

diagonal part of V(r), 2y, (1), takes into account
symmetry-breaking disorder smooth on the scale of lattice
constant such as a gradual variation of A—B bond length,
whereas 2_A_u__(r) accounts for different on-site potentials
on A and B sublattices. Atomically sharp potentials from
lattice defects or a dopant directly deposited on graphene can
scatter with a large momentum transfer ~7%/a (a is a lattice
constant) and therefore mix two valley states of electrons.
Such defects are taken into account by valley-off-diagonal

part of V(r). The disorder is characterized by correlators
(ug(P)ugp(r'))=8r-r")8 8wy, and this determines
the corresponding scattering rates T;ll =08, 6 pTyw /1t
[where y=kg/(2mvh) is the Fermi density of states in doped
graphene]. After averaging over impurity configurations, the
scattering rates should preserve rotational symmetry of
graphene which means that 7y=7,=7,; and 7, =7, =7, .
Two scattering rates, 7';1=47111+27'Z'Z1 and Ti_l=4711i+27';i,
describe the valley-diagonal and wvalley off-diagonal
parts of the symmetry-breaking disorder potential,
respectively, whereas the total scattering rate is 7!
=’7'(—)1+TZ_‘Z1+2’7'111+2T;1+47'11L.

To characterize the UCF, we evaluate the variance of con-
ductance, (8G%)=(G*)—(G)?>, where the angular brackets
stand for averaging with respect to disorder configurations.
The main order of (8G*) in 1/kzl<<1 is given by perturbation
theory diagrams shown in Figs. 1(a) and 1(b).?! These dia-
grams consist of Hikami boxes [shaded blocks in Figs. 1(a)
and 1(b)] connected by the wavy lines, which represent the
sum of ladder diagrams: diffusons and Cooperons.?! Cooper-
ons are strongly suppressed in magnetic fields in which mag-
netic flux is larger than flux quantum per sample area. Since
the UCF are usually experimentally studied in such a high
magnetic field regime, here we neglect the contribution of
the Cooperon diagrams. In contrast, diffusons, which are
Green functions of quantum diffusion equation, are not sup-
pressed by a magnetic field although as we will show below
their contribution depends on the efficiency of the symmetry-
breaking disorder in the system. Below, we obtain diffusons
by analyzing quantum kinetic equation in disordered
graphene using the semiclassical approximation (kz/>1).
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FIG. 1. [(a) and (b)] The diagrams which contribute to the main
order in the diagrammatic expansion of the conductivity-
conductivity correlation function. Here, the solid lines stand for the
impurity averaged retarded or advanced Green functions, the filled
circles stand for the renormalized current vertices and the long
wavy lines stand for the diffusion ladders. [(c) and (d)] Hikami
boxes of two types and additional diagrams which determine renor-
malization in the main order in 1/kp/<<1. The dashed lines corre-

spond to the disorder potential. (e) Diagrammatic equation for
renormalized current vertex.

Quantum kinetic equation describes relaxation of non-
equilibrium inhomogeneous distribution of electrons in a dis-
ordered system. Using matrix Green functions in Keldysh

representation, G(r,t;,r;/,f;/), we derive semiclassical
form of Green functions for electrons in graphene. We sepa-

rate slow and fast variables in G: r=%(rl+r1r) and t=%(t,
+t,/), which vary at r>1/kp and t>%/€p, and Sr=r,-rs
and &t=(f;—t,,), which vary at 8r~1/kp and St~/ €p. We

then take the Fourier transform of G with respect to ot and
or. The Fourier-transformed Green function,

. GR(ep,r,t) GK(ep,r.t
G(e,p,r,z):< (eprn Glep )>, 3)
0 G*(e,p,r.1)

obeys the following Dyson’s equation:>°

(éa,+év2Vr—l;w+ e—vEp—§)é=l, (4)

. S'R S'K 3 dzp Ay n
S=(O §A>_f(2w)2<vc(p,e,r,t)v>, (5)

where in the self-energy S, S¥A= ¥ i/27 (Ref. 20) for e,7
> 1. In the following derivation, Egs. (4)—(20), we put A=1,
and restore the Planck’s constant in the final answers.

The semiclassical Green function which describes low-
energy properties of the system is defined as>

g(e,n,r,t)=717fdgé[e,n(e+ o1, (6)

where integration over ¢ is performed in the vicinity of the
Fermi level.”? The response of the system to external pertur-
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bation is described by occupation numbers determined by the
Keldysh component of semiclassical Green function. An
equation for the latter can be derived using the gradient ex-

pansion, that is, assuming that é>lVré,Tﬂ,é. Advanced

and retarded components of G are taken into account in the
zeroth order of the gradient expansion,

e+vp

2 : (7)
o -om

GR/A -

This determines the semiclassical Green functions?®

§fA= = %(1 +2n), (8)

where n=p/p. Dyson’s equation (4) for Keldysh component
of disorder-averaged semiclassical Green function reads

i

i A i
5 S5+ EvEVr§K+ €. (1+3n)3 g5 —n, g5+ —gk

2T
1 oK
+§S (1+3n)=0, 9)
where
N do ~ .
SK=—iwyf —(Vgkvy. (10)
2T

Note that, in Eq. (9), the energy € is defined with respect to
mass surface shifted due to the effects of disorder and Fermi
line warping.?

Analyzing the main term in Eq. (9), €2_(1+2n)X_¢X, we
find that the leading contribution to g is proportional to the
matrix (1+2n). Using?’

= X [¢(1+3n)+ 881A,, (11)

1=0,x,y,z

where gl are functions of n and /=0,x,y,z, we considered
5§i as a small correction (with an arbitrary matrix form?*)
and checked that the latter can be neglected in the leading
order of the gradient expansion.

Kinetic equation is obtained from Eq. (9) by subtracting
its Hermitian conjugate. After substituting the self-energies
and gX in the form (11), we find that

1
ag +vnVg + ;(g] —(gh,—(g'm"),n) + &g,

+ g )+ 2 Y g =0. (12)

The angular brackets (---), in Eq. (12) and below denote
averaging over momentum directions, and the coefficients 7/
and & are defined as

&f=0, =87 +47, (13)
§=&=4r +4r +27 ) +27), (14)
7]O=4711l+27'111+47z_1+2T;ZI, (15)
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7= 4TJ_J_+2TJ_Z+2T (16)

2z’

7=n =41 +27 27 ). (17)
The effect of the Fermi line asymmetry is taken into account
by
v? )
Y,=-Y,,=——n(l-4n)), 18
y Y. 2#6?; ( y) ( )
whereas Y with (1,1") # (x,y),(y,x) are equal to zero.
The gradient expansion of Eq. (12) leads to the diffusion
equation for the angle-average density matrix (g'),,

[0,+D)(iV)*+T"Kg",=0, (19)
where?

D;=v*7 2, A =201+ 497,

Ig=0, =27, i=Qy=7'+7'+5'=7" (20
Here, the valley-dependent transport times 7{, are determined
by the efficiency of backscattering of electrons in corre-
sponding mixed valley states [described by density matrix
components (g, (I=0,x,y,z)]. Such that, for example, due
to the chirality of electrons in graphene backscattering off
the potential disorder is suppressed,>'® and in a sample with
purely potential disorder the transport time is given by
1{,:27'0 (I=0,x,y,z). In realistic samples, symmetry-
breaking disorder restores the backscattering, which results
in reduced valley-state-dependent transport times 7{r< 27.
The relaxation gaps I’ are induced in this picture by
symmetry-breaking disorder and the Fermi line warping ef-
fect. This warping effect determines the different evolution
operators of electrons in two different valleys and suppresses
the intervalley coherence terms in the density matrix (g*”).
At the same time, however, the intravalley components of
density matrix (g”%) are not affected by the trigonal warping.
This effect is taken into account using a relaxation time,

T;,] =27y(Eu/hv?)? (21)

(we assumed 7' <77!). Similarly, disorder terms Uy N2y
and u_ A3 scatter electrons in different valley states differ-
ently, which also leads to relaxation of {g*”) without affect-
ing (¢”%). Finally, intervalley disorder terms u,A,>, and
uy A% (s=x,y,z) mix the two valley states and lead to
relaxation of all “valley-triplet” components of density ma-
trix (g¥*’%), which is taken into account in Eq. (19) by the
intervalley relaxation rate 7,

Diffusons, D!, can be now found as Green functions of
diffusion equations (19) with initial inhomogeneous distribu-
tion gf). To describe UCF in a small graphene sample, we
solve diffuson equations (19) with boundary conditions at
current contacts D'=0. The physical edge of graphene is
atomically sharp and hence generates strong intervalley scat-
tering, which suppresses valley-triplet diffuson modes near
the edge, thus leading to the boundary condition, D¥*/?=0. In
contrast, the particle-density (“singlet”) mode D° has bound-
ary condition (nV)D=0 corresponding to the absence of
charge current through the edge. Solutions of the diffusion
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equations (19) for a rectangular graphene wire L,X L, are
given by

- & (r)¢ (r’)
Di(r,r") S 2 22
[2 2
¢2 W)=\ —— sin<@>cos<@) , (23)
~ L.L, \ L, L,
. 22
&)=\ —— sin<@>sin(m>, (24)
* LL,  \ L, L,
2 2 1, -1
n°m I‘+7
Moo= S+ |+ —%, 25
o (Li Li) D'm’ 2
where we take into account dephasing due to inelastic pro-

cesses 7.

As compared to the conventional electrons systems,
Hikami boxes #’B'= %ezv%m'z(rﬁ)z/ﬁr,ﬁzBl— v,
and the current vertex 17x=vo7'?r/ 72, in monolayer graphene
have to be renormalized by additional diagrams shown in
Figs. 1(c) and 1(d) and by vertex corrections (black dots in
Fig. 1). Both of these corrections contribute to the variance
of conductivity in the main order in 1/kp/ and are nonvan-
ishing since current operator in monolayer graphene is mo-
mentum independent.’

The variance of conductance fluctuations is a sum of
diagrams shown in Figs. 1(a) and 1(b), in which the diagram
of Fig. 1(a) is encountered twice in the diagrammatic
expansion®® and hence has a combinatorial prefactor 2. As a

result at T=0, we get?’
2¢7\? o) o\t
(& Q2>——<—> > —= C,=(7J—’ . (26)
tr

h Ln,m [)\nm]z’

It is interesting to compare UCF for rectangular phase-
coherent graphene samples with L,>L, and L,<L,. As
mentioned before, we consider the system in an intermediate
magnetic field. In a narrow wire, D*"* decay at the length
~L,, and the variance of conductance is dominated by
the valley-singlet diffuson component, D and, (5G*)
=l'—5(2e2/ h)%,2 which coincides with the standard result for
quasi-1D metallic wires in the unitary limit.?! In contrast, in
the case of L,> L, all diffuson components D', 1=0,x, v,z
may contribute to the variance, depending on whether the
effect of trigonal warping induces suppression of intervalley
diffuson components DY or not. This determines (5G>)
=a[34(3)/2m)(L,/L,)(2¢*/ h)* [/g; is Riemann’s zeta
function] with a=4 for L, < a=Cy+C,=2 for

VD07*<LX<\DOTi, and a=1 for DT, i <L,.

processes such as electron-electron or electron-phonon inter-
actions limit the coherence length L,~ \f'D07-<P<LX,), in the
sample. In this case, conductance of the sample is
determined as conductance of a network of resistors
of size L, each with conductance variance given by Eq. (26).
Also, if at high temperatures Ly=\ADy/kT<L and Ly <L,
thermal broadening produces an additional self—averaglng

reducing the conductance fluctuations. For a long wire,

Inelastic
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(8GX(T))=~m/3(2¢*/ n)*(Ly/L)*(L,/L,), whereas for a
square sample with dimensions L, XL: (8GX(T))
~ a/3(2¢*/h)*(L,/L)(Ly/L)* In(L,/Ly).

In conclusion, we have shown that the variance of
interference-induced conductance fluctuations in graphene is
of the order of the usual UCF value in metals, with a pref-
actor dependent on the strength of the intervalley scattering
and shape of the sample. In a long wire of graphene or in the
material with strong intervalley scattering, the magnetofluc-
tuations of conductance have the variance typical for the uni-
tary symmetry class (intermediate magnetic field). In a wide
graphene sample (L,<L,) with weak intervalley scattering,
the size of magnetoconductance fluctuations is increased as
compared to unitary symmetry-class result by at least a fac-
tor ~2. This behavior is opposite to what was found for the
weak localization magnetoresistance:’ the latter was sup-
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pressed in the case of weak intervalley scattering, whereas
strong intervalley scattering was found to restore the weak
localization effect. This behavior contrasts the observation
that in usual metals with nonchiral electrons UCF scale simi-
lar to the weak localization correction to conductivity, made
by Aleiner and Blanter.?’ The analysis of the UCF in bilayer
graphene showed a result very similar to the monolayer case
despite a difference’ " in the electronic spectrum.
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