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Abstract

We establish some scaling limits for a model of planar aggregation. The model is
described by the composition of a sequence of independent and identically distributed
random conformal maps, each corresponding to the addition of one particle. We study
the limit of small particle size and rapid aggregation. The process of growing clusters
converges, in the sense of Carathéodory, to an inflating disc. A more refined analysis
reveals, within the cluster, a tree structure of branching fingers, whose radial component
increases deterministically with time. The arguments of any finite sample of fingers,
tracked inwards, perform coalescing Brownian motions. The arguments of any finite
sample of gaps between the fingers, tracked outwards, also perform coalescing Brownian
motions. These properties are closely related to the evolution of harmonic measure on
the boundary of the cluster, which is shown to converge to the Brownian web.

1 Introduction

Consider an increasing sequence (K, : n > 0) of compact subsets of the complex plane,
starting from the closed unit disc K, centred at 0. Set D,, = (C U {o0}) \ K,, and assume
that D,, is simply connected. Write K, as a disjoint union Ko U P, U ---U P,. Think of K,
as a cluster formed by attaching a sequence of particles P,..., P, to Ky. By the Riemann
mapping theorem, there is a unique normalized conformal map &, : Dy — D,. Here, by
normalized we mean that ®,(z) = ez + O(1) as |z| — oo for some ¢, € R. By a conformal
map Dy — D, we always mean a conformal isomorphism, in particular a bijection. The
constant ¢, is the logarithmic capacity cap(K,) and the sequence (¢, : n > 0) is increasing.
We can write ®,, = Fj o---0o F,, where each F}, is a normalized conformal map from Dj to a
neighbourhood of co in Dy. Moreover, any sequence (F,, : n € N) of such conformal maps is
associated to such a sequence of sets (K, : n > 0) in this way.
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Hasting and Levitov [§] introduced a family of models for random planar growth, indexed
by a parameter o € [0, 2]. We shall study a version of the case a = 0, which may be described
as follows. Let P be a non-empty and connected subset of Dy, having 1 as a limit point. Set
K = KyUPand D = (CU {oo}) \ K. Assume that K is compact and that D is simply
connected. We think of P as a particle attached to Ky at 1. For example, P could be a disc
of diameter ¢ tangent to Ky at 1, or a line segment (1,1 + 6]. We sometimes allow the case
where P has other limit points in Ky, for example P = {z € Dy : |z — 1] < §}, but always
give 1 the preferred status of attachment point. Write F' for the unique normalized conformal
map Dy — D and set ¢ = cap(K). We assume throughout that F' extends continuously to
the closure Dy. This is known to hold if and only if K is locally connected. Let (0, : n € N)
be a sequence of independent random variables, each uniformly distributed on [0, 27). Define
forn>1

F(2) =€ F(e7®2), ®,=F o---0F,. (1)

Write (K, : n € N) and (P, : n € N) for the associated sequences of random clusters and
particles.

Note that cap(K,) = cn. Note also that P,; = ®,(e’®"+1 P). Since harmonic measure
is conformally invariant, conditional on K, the random point ®,(e*©+1) at which P, ; is
attached to K, is distributed on the boundary of K, according to the normalized harmonic
measure from infinity. However P, is not a simple copy of P, as would be natural in a model
of diffusion limited aggregation, but is distortedd by the map ®,,.

We obtain results which describe the limiting behaviour of the growing cluster when the
basic particle P has small diameter ¢, identifying both its overall shape and the distribution
of random structures of ‘fingers” and ‘gaps’. Some of these results are stated in Section[3 The
results are accompanied by illustrations of typical clusters for certain cases of the model. We
need some basic estimates for conformal maps, which are derived in Section [l A simplifying
feature of the case a = 0 is that fact that, for T',, = ®_! the process (I'y(2) : n > 0) is
Markov, for all z € Dy. This enables us to do a fluid limit analysis in Section [l for the
random flows I',, as the particles become small, showing that after adding n particles, the
cluster fills out a disc of radius e, with only small holes. In Section [6 we obtain some
further estimates which show that the harmonic measure from infinity on the boundary of
the cluster is concentrated near the circle of radius e and spread out evenly around the
circle. We also bound the distortion of individual particles. Section [0 reviews some weak
approximation theorems for the coalescing Brownian flow from [15]. These are then applied
to the flow of harmonic measure on the cluster boundary in Section 8 In conjunction with
the results of Section [B], this finally allows us to identify the weak limit of the fingers and gaps.

4If we suppose (unrealistically) that @/, is nearly constant on the scale of P, then a rough compensa-
tion for the distortion would be achieved by replacing P in the definition of P,;; by a scaled copy of
diameter §,41 = |®/ (e?®7+1)|715. More generally, we could interpolate between these models by taking
Sny1 = |®! (e7©n+1)|72/2§ for some fixed v € [0,2]. This is the family proposed by Hastings and Levitov.



2 Review of related work

There has been strong interest in models for the random growth of clusters over the last
50 years. Early models were often set up on a lattice, such as the Eden model [5], Witten
and Sander’s diffusion limited aggregation (DLA) [17], and the family of dielectric breakdown
models of Niemeyer et al. [13]. The primary interest in these and other related processes has
been in the asymptotic behaviour of large clusters.

Computational investigations of these lattice based models have revealed structures, of
fractal type, which in some cases resemble natural phenomena. However, such investigations
have also shown sensitivity to details of implementation, in particular to the geometry of the
underlying lattice. For example, in [I] and [12] different fractal dimensions are obtained for
DLA constructed with different lattice dependencies. This suggests that lattice-based models
may not be the most effective way to describe these physical structures. In addition, lattice
based models have proved difficult to analyse. There are few notable mathematical results,
with the exception of Kesten’s 1987 growth estimate for DLA [I1], and there is much that
remains to be understood about the large-scale behaviour of these models and in particular
about the structure of fingers which is characteristically observed.

In 1998, Hastings and Levitov [§] formulated a family of continuum growth models in
terms of sequences of iterated conformal maps, indexed by a parameter o € [0,2]. They
argue, by comparing local growth rates, that their models share features with lattice dielectric
breakdown in the range o € [1,2], so that @ = 1 corresponds to the Eden model, and o = 2
to DLA. Further exploration of this relation is discussed in the survey paper by Bazant and
Crowdy [2].

The Hastings—Levitov family of models has been discussed extensively in the physics lit-
erature from a numerical point of view. In their original paper, Hastings and Levitov found
experimental evidence of a phase transition at a = 1, and further studies can be seen in, for
example, [4] where estimates for the fractal dimensions of clusters are obtained, [9] where the
multifractal properties of harmonic measure on the cluster are explored, and [7] where the
dependence of the fractal dimension on « is investigated.

Although this conformal mapping approach to planar random growth processes has proved
more tractable than the lattice approach, there have been few rigorous mathematical results,
particularly in the case o > 0. Carleson and Makarov [3], in 2001, obtained a growth estimate
for a deterministic analogue of the DLA model. In 2005, Rohde and Zinsmeister [16] considered
the case @ = 0 in the Hastings-Levitov family. They established a long-time scaling limit,
for fixed particle size and showed that the limit law was supported on clusters of dimension
1. They also gave estimates for the dimension of the limit sets in the case of general «,
and discussed limits of deterministic variants. Recently, Johansson Viklund, Sola and Turner
[10] studied an anisotropic version of the Hastings-Levitov model in the a = 0 case, and
established deterministic scaling limits for the macroscopic shape and evolution of harmonic



measure on the cluster boundary.

In this paper, we also consider the case a = 0 but in the limiting regime where the particle
diameter § becomes small and where the size of the cluster is of order 1 or larger. We obtain a
precise description of the macroscopic shape and growth dynamics of these clusters, as well as
a fine scale description of the underlying branching structure. In the process of obtaining these
results, we show that the evolution of harmonic measure on the cluster boundary converges to
the coalescing Brownian flow, also known as the Brownian web [6]. An early version of some
parts of the present paper, along with its companion paper [15], appeared in [14].

3 Statement of results

We state here our main results on the shape and structure of the Hastings—Levitov cluster.
Our main result on the harmonic measure flow, which cannot be stated so directly, is Theorem
Bl For simplicity, we assume in this section that the basic particle P is either a slit (1, 1+ 0]
or adisc {|z —1—0/2| <¢/2}, and that 6 € (0,1/3]. We shall prove our results under some
general conditions (2)),(I0),([I2) on the basic particle P, which can be readiliy checked for
the slit and disc models. We shall see that under one of these conditions (2]) the logarithmic
capacity ¢ = cap(K) = log F’(o0) of K satisfies §%/6 < ¢ < 362/4. Our first result expresses
that the cluster K, is contained in a disc of approximate radius e and fills out that disc
with only small holes. Moreover, there is a rough correspondence between the time at which
a particle arrives and its distance from the origin.

Theorem 3.1. Consider for e € (0,1] and m € N the event Q[m, €] specified by the following
conditions: for allm < m and alln’ > m+1,

ntiOn| Lee™  for all z € P,

|z —e

and

dist(w, K,) < ee™™  whenever |w| < ™

and
|z| = (1 —¢e)e™  forall z € P,.

Assume that € = §2/3(log(1/6))® and m = [67%]. Then P(Qm,€]) = 1 as § — 0.

This result is a special case of Theorem below. Note that 2[m, ] is decreasing in m
and increasing in . We have made some effort to maximise the power 2/3 in this statement.
It will be crucial later that 2/3 > 1/2. We shall take particular interest in the case where
m is of order 6~2 and in the case where m is of order 63, when the diameter of the cluster
K,, is of order 1 and 6! respectively. We have not attempted to optimise the power 8 in the
logarithm.



In Figure[Il we present some realizations of the cluster when P is a slid (1,14-¢6], for various
values of 6. We observe in Figure [L(b)] when § = 1, that incoming particles are markedly
distorted and that particles arriving later tend to be larger. This effect is diminished when
we examine smaller values of §. In Figure , the cluster is a rough disc, as predicted by
Theorem B3] but with some sort of internal structure. The colours label arrivals in different
epochs, showing that there is a close relationship between the time of arrival and the distance
from the origin at which a particle sticks, as in Theorem Bl Figure focuses on the
motion of points on the boundary of the unit circle, under the inverse map I', = ®,! and
over a longer timescale than for the other simulations. This motion suggests the behaviour of
coalescing Brownian motions, which is confirmed in Theorem below.

We now fix N € N and state two results describing the internal geometry of the cluster

Ky in terms of coalescing Brownian motions, which will follow from Theorems [B.1] and Bl
Define

K,={2€C:¢*€K,}, D,={2€C:¢*€D,}
and determine p = p(P) € (0,00) by

P 2

o |, (9(0) —0)7d0 =1
where g is the unique continuous map (0, 27) — (0,27) such that g(7) = 7 and G(e?) = €9
for all 8. We shall show in Proposition that 3 /C < p< C6~3 for an absolute constant
C < oo. Note that Ky has a natural notion of ancestry for its constituent particles: we
say that P, is the parent of P, if ®,(e!®"+1) € P,. This notion is inherited by the covering
cluster Ky and will allow us to identify path-like structures within the cluster. For Re(z) > 0,
denote by Py(z) the closest particle to z in Ky, and recursively denote by P, (z) the parent
of Py_1(2) until m = m(z) when P,,.)(z) is attached to the imaginary axis, at a(z) say.

Consider the compact set
m(z)

finger(z) = {a(2)} U | ] Pu(2).

m=0

We shall describe also the structure of the complementary set Dy, using a choice of paths
in this set. The notion of ancestry is not available, so we look instead for paths in the gaps
which lead mainly outwards, that is to the right in the logarithmic picture. In order to
enforce this outwards property, we impose a condition of minimal length, which requires a
suitable completion of the set of paths. By a gap path we mean a rectifiable path (p;),>o in

5The normalized conformal map G = F~! : D — Dy can be obtained in this case as ¢~ 'og;0¢, where ¢ takes
Dy to the upper half plane Hy by ¢(z) =i(z—1)/(2+1) and g1(2) = /(22 + 1) /(1 — t) takes H = Hy\ (0,i/?]
to Ho, where t = §2/(2+46)2. A straightforward calculation gives ¢ = ¢(§) = —log G’ (00) = — log(1—t) < §2/4.



(a) The cluster after a few arrivals with
§=1

¢) The cluster after 800 arrivals with

(e) The cluster after 20000 arrivals
with § = 0.02.
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(d) The cluster after 5000 arrivals with
60 = 0.04.
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(f) Trajectories of T',,(e2™*)/(2ni) for
§ = 0.02, with ¢ = n/10°.

The slit case of HL(0)



C, parametrized by arc length, such that Re(p,) — oo as 7 — oo and such that, for some
continuous map h : [0, 00) x [0,1] — C and for all 7 > 0, we have p, = h(7,1) and h(7,t) € Dy
for all t € [0,1). For R > 0, define Lz(p) = inf{7 > 0 : Re(p,) = R}. Write po(z) for the
closest point to z which is not in the interior of K N. Since D ~ is simply connected and K is
compact, there exists a unique gap path p(z) starting from pg(z) and minimizing Lz (p) over
all gap paths starting from pg(2), for all sufficiently large R. The path p(z) may be thought of
as a long piece of thread outside the cluster, with one end attached to py(z) and drawn tight
by pulling from the right. Set

gap(z) = {p-(2) : 7 = 0}.

Note that, by minimality, for all 71,7 > 0 with 74 < 7 and such that the open line segment
I = (pr,(2), pry(2)) is contained in Dy, we have p,(z) € I for all 7 € (71, 7). These definitions
are illustrated in Figure 2l Both fingers and gaps depend implicitly on N, although we have
suppressed this in the notation.

21

finger(w)

finger(z) |

0

Figure 2: Diagram illustrating fingers and gaps in Ky (repeating periodically). This is only
a representation and in general the particles will be distorted both by the conformal mapping
and by the logarithmic transformation.

In order to capture the limiting fluctuations of the fingers and gaps we have to rescale.
We do this in two ways, defining horizontal and vertical scaling operators ¢ and & by

o(r+i0) = (6°r,0), a(r+i0) = (r,0/vV/6*), r=0, OecR



where 0* = (pc)~t. Note that §/C < ¢* < (€6 for an absolute constant C' < oo. Also
0 = 05+ 0 0 where o+ is the diffusive scaling

o5 (s,x) = (s/0%,2/Vo*), s>0, zeR.

The horizontal scaling identifies global random behaviour in the fingers and gaps over very
long time scales, whereas the vertical scaling identifies local fluctuations in the fingers and
gaps while the size of the cluster is of order 1.

Denote by S the space of closed subsets of [0,00) x R, equipped with a local Hausdorff
metric. Define F,G : [0,00) x R — S and F,G : [0,00) x R — S by

1

F =ocofingeroo™!, G =cogapoo*

F=gofingerosg !, G=adogapos .

Thus, for e = (s(e), z(e)),
F(e) = {o(w) : w € finger(s(e)/0* + iz(e))}, G(e) = {o(w): w € gap(s(e)/d* +ix(e))}
F(e) = {G(w) : w € finger(s(e) + iz(e)V6*)}, G(e) = {F(w) : w € gap(s(e) + iz (e)V*)}.

We consider F(e), F(e), G(e), G(e) as random variables in S.

We state first the long time result. Fix 77> 0 and let E be a finite subset of [0,7] x R.
Take N = |pT'| so that Ky is approximately a disc of radius e?/%". Denote by v£ and 5 the
respective laws of (F(e) : e € E) and (G(e) : e € E) on SE. Let (B : e € E) be a family
of 2m-coalescing Brownian motions, B¢ running backwards in time from z(e) at time s(e).
Thus B® = (Bf : 0 < t < s(e)) and for all e,¢’ € E, B and B® are independent until (time
running backwards) their difference is an integer multiple of 27, at which point it freezes. Let
(W€ : e € F) be a family of 2r-coalescing Brownian motions, with W*° running forwards in
time from z(e) at time s(e). Denote by vz and ng the laws on S” of the families of random

sets ({(t,Bf): 0<t<s(e)}:e€ E)and {(t, W) :t = s(e)} e € E).
Theorem 3.2. We have vl — vg and nt, — ng weakly on SF as § — 0.

Thus, for small §, we can construct on a common probability space, the cluster K and
backwards and forwards 27-coalescing Brownian motions, such that the union of fingers in Ky
starting from points s(e)/d* + ixz(e), e € E is, with probability close to 1, close in Hausdorff
metric to the set | J,.p{t/0*+iB;f : 0 < t < s(e)}, and hence the union of fingers in Ky, starting
from points exp(s(e)/0* +ixz(e)), e € E looks approximately like the set |, {exp(t/d* +iByf) :
0 <t < s(e)}. Similarly, the union of gaps in Ky, starting from points exp(s(e)/d* + iz(e)),
e € E looks approximately like the set |, g{exp(t/d* + iW ) : t > s(e)}. A simulation of
U.eplexp(t/0* +iBf) : 0 <t < s(e)} and (J cpfexp(t/d* +iWY) : s(e) <t < T} is shown in
Figure .



For the local result we take now N = |¢7'T| so that Ky is approximately a disc of radius

eT. Denote by 7L and 7% the laws of (F(e) : ¢ € E) and (G(e) : ¢ € E) on SE. Let
(B¢ : e € E) be a family of coalescing Brownian motions, B¢ running backwards in time from
z(e) at time s(e). Thus B® = (Bf : 0 < t < s(e)) and for all e,¢’ € E, B° and B¢ are
independent until (time running backwards) they collide, at which time they coalesce. Let
(W€ :e € E) be a family of coalescing Brownian motions, with ¢ running forwards in time
from x(e) at time s(e). Denote by g and 7jp the laws on S of the families of random sets
{(t,Bf):0<t<s(e)y:e€ E)and ({(t, War) : t = s(e)}:e € E).

Theorem 3.3. We have v5 — vg and %5 — fjr weakly on S as § — 0.

Thus, for small §, we can construct on a common probability space, the cluster K and
backwards and forwards coalescing Brownian motions, such that the union of fingers in Ky
starting from points s(e) 4 iz(e)V/0*, e € E is, with probability close to 1, close in Hausdorff
metric to the set |, p{t +iB{V6* : 0 < t < s(e)}, and hence the union of fingers in Ky,
starting from points exp(s(e)+iz(e)v/6*), e € E looks approximately like the set |, {exp(t+
iBeV/6*) 1 0 <t < s(e)}. Similarly, the union of gaps in Ky, starting from points exp(s(e) +
iz(e)V/0*), e € E looks approximately like the set |J . p{exp(t + iWepVo*) 1t > s(e)}. A
simulation of |J,z{exp(t +iBfv/d*) : 0 < t < s(e)} and |, p{exp(t +iWeV*) @ s(e) <t <
T} is shown in Figure 3(b)]

Theorems and are obvious corollaries of Theorem B2, which identifies also the
limiting joint law of fingers and gaps.

4 Some basic estimates

We derive in this section some estimates for quantities associated to the basic particle P. In
some special cases one could use instead an explicit calculation. By proving general estimates
we are able to demonstrate some universality for the small-particle limit. Recall that K =
KoUP and D = (CU{o0}) \ K, with K compact and locally connected and D simply
connected in C U {oc}. The following assumptions are in force throughout this section

5€(0,1/3] and PC{ze€C:|z2—1|<d} and 1+406€ P and P={z:z€ P}. (2

Consider the map (z) = z~* on CU {00} by reflection in the unit circle S. Set P = )(P)
and D = (D), Dy = (Dy). Define also P* = PUITU P, where I is the set of limit points of
Pin S, and set D* = (CU{oo})\ P*. By the Riemann mapping theorem, there is a conformal
map G : D — Dy and a constant ¢ € R such that G(z) = ez + O(|z|?) as |z| — 0, and G and
¢ are unique. Moreover G extends to a conformal map G* : D* — (C U {oo}) \ J for some
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(a) An approximation of a finite set of fingers and (b) An approximation of a finite set of fingers and
gaps in Ky, with N = [pT|, when T = 1 and gaps in Ky, with N = [¢7!T|, when T = 1 and
0* = 0.05. 0* =0.01.

Figure 3: Geometric illustration of Theorems and [3.3, where fingers are denoted in dark
blue, and gaps in light blue.

interval J C S, with G* oY =1 o G* on D*. Write G for the restriction of G* to D. Then
G is a conformal map D — Dy and G(z) = e “z + O(1) as |z| — oo, The constant ¢ is the
logarithmic capacity cap(K). The well known fact that ¢ is positive will emerge in the course
of the proof of Proposition EIl

Note that D* is simply connected and G*(z)/z # 0 for all z € D*. So we may choose a
branch of the logarithm so that log(G*(z)/z) is continuous on D* with limit ¢ at 0 and then,
for some constant C'(K) < oo, we have

s (42 +

In fact the following stronger estimate holds.

and so

<

10



Proposition 4.1. There is an absolute constant C' < oo such that

log (@) —i—Cap(K)‘ < C cap(K)

, |lz—1]>20, ze€D.
|z = 1]

Proof. Set H(z) = u(z) +iv(z) = log(G*(2)/z). Then H is bounded and holomorphic on D*
and H(z) — —c as |z| = oo. Fix z € C and let B be a complex Brownian motion starting
from z. Suppose that z € D and consider the stopping time

T =inf{t >0: B, ¢ D}.

Then T' < oo and |Byr| > 1 almost surely, and |By| > 1 with positive probability. Also
u(B;) — —log|Br| as t T T almost surely. Hence, by optional stopping,

u(z) = —E(log|Br|) < 0.
Set r = d/(2 — d) and define P} = {z € C: |z — 1| < r|z+ 1|}. Then set
DI:(CU{OO})\PF, Plzpl*ﬂDo, DlzDiﬂDo, K1:KOUP1.

Then P*C Pf C{ze€C:|z—1<6/(1—=46)}. The boundary of D consists of two circular
arcs, one contained in S, where u = 0, the other contained in P;, which we denote by A.
The normalized conformal map G; : D; — Dy can be obtained as ¢~* o g; o ¢, where ¢
takes Dy to the upper half-plane by ¢(z) =i(z —1)/(z + 1) and g¢,(z) = (z +72/2)/(1 — r?).
Hence we obtain G§(z) = 2(yz — 1)/(z — ) for z € D;j, where v = (1 —r?)/(1 + r?), and
Gi(A) = {e? : |6] < 6y}, where 0y = cos™'v. Set Fy = G7'. Then u o F} is bounded and
harmonic on Dy. Suppose now that z € Dy and consider the stopping time

TO = ll'lf{t = 0: Bt € Do}
Then Ty < oo almost surely and, by optional stopping,

1

u(Fi(2)) = E(u(F(Br,)) = 5 /w » u(F (")) Re (j - ZZ) do.

On letting |z| — oo we obtain

1

c=—— u(Fy (9))do > 0
27 S, (F1(e"))
SO .
(Fi(2)) + ¢ = — (B () Re (-2 ap
u VA = — u € - .
! 2 16]<60 ! Z — 626

11



Hence, for z € Dy,
2c

dist(G1(2), G1(A))

By an elementary calculation, we have |(G})(z) — 7| < 6v/7 whenever |z — 1| > 7§/4 and
d€(0,1/3]. Set A’ ={2 € C:|z—1| =70/4}. Then dist(G:(2), G1(A)) = dist(G1(2), G1(4"))
whenever |z — 1| > 76/4. By the mean value theorem, there is an absolute constant C; < oo
such that

lu(z) +¢| <

dist(G1(2), G1(A)) > |z — 1]/Cy, |z — 1| = 26.

Hence
lu(z) +c| <2Ci¢/|z—1], |z—1]>20, z€D

and the same estimate extends to D* by reflection.
Then, by a standard estimate for harmonic functions (differentiate the Poisson kernel),

IVu(2)| = |[Vu(2)| <8Cic/|z — 1%, |z —1|>26, z€ D (3)
and so
lv(2)| < /Oo IVo(z 4+ s(z—1)||z — 1|ds < 8C1c/|z— 1|, |z—1|>2, z€ D,
0
giving the required bound. O

Corollary 4.2. We have §*/6 < cap(K) < 36 /4.

Proof. We use notation from the preceding proof. By uniqueness, we have G = G'oG, where
G is the normalized conformal map G(D;) — Dy. Hence

cap(K) < cap(K) + cap(G(K; \ K)) = cap(K) = log (1 + 7~2) < 307

1—r2 4

Also, since 1+6 € P, G = Gto Gy, where Gy is the normalized slit map Dy = D\ (1,1+6] —
Dy referred to in Section Bl and G* is the normalized conformal map Gy(D) — Dy. Let
Ky = KoU (1,1+9]. Then

cap(K) = cap(J) + cap(Gal K \ K) 2 —log (1- -0 ) 2 &

12



We shall do most of the analysis in logarithmic coordinates. Set D = {z€C:e” € D}and
Dy = {z € C: Re(z) > 0}. There are unique conformal maps G : D — Dy and F : Dy — D
such that G(z ) —z+c— 0 and F(z ) —2—c— 0 as Re(z) = oo. Then F and G are
2mi-periodic and F' = G~!. Also G oexp = expo G and F oexp = exp oF. Proposition E]
and (B]) provide the followmg estimates for G(2)

Ce Gl - Ccle?| o 2]

|é(z) —z4+c < ——,
ez — 1]

We introduce some further functions associated to G and F. Recall the definitions of I
and J from the start of this section. Since P is symmetric, we can write [ = {¢? : |0] < p}
and J = {e? : |0| < ¢} for some p € [0,7) and ¢ € (0,7). Then there exist unique non-
decreasing right-continuous functions g™ and f* on R such that the functions 6 — ¢*(0) — 0
and 0 — f1(0) — 6 are 2m-periodic and such that

[+, soe0.p ... o 9] € [0, q)
’ (9)‘{Im<é<w>>, e’ (9)_{Im(ﬁ(z‘9)), plean

Here we have used the continuous extensions of G and F' to certain intervals of the imaginary
axis. Define, for 6 € R

g0(0) = g™ (0) — 0
and, for z € (0, 1] such that z + 6 € D, define

92(0) = Im(G(z + i0)) — 6.

Proposition 4.3. There is an absolute constant C' < oo such that, for a = C6 and |0] < 7

<

and the same estimate holds for |g,(0)| when x € (0,1] and = + if € D. Moreover C' may be
chosen so that

510 < 1/% (0)2d0 < O i/%| 0900 + a)]dd < E 10g -
o 9o \727T09090 a\ag5

whenever a € [§, 7.

Proof. The first estimate follows from the first estimate in (@), using the non-decreasing
property of g© and the maximum principle to deal with the case where |e**t? — 1| < 27,
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and using cap(K) < 36%/4. This leads directly to the upper bound in the second estimate
and the third estimate.
For the lower bound, note that

1 (9)2d9>1/q( —opag= L
2w Jo g0 “ ) 1 37

and ¢ = 7P (Br € P). We give an argument which uses neither the symmetry assumption
P = {z: 2z € P} nor the assumption 1+ 6 € P and instead assumes only that [z — 1| = ¢
for some z € P. This will be useful in Lemma [B.I Denote by P the union of P with its
reflection in the line ¢ joining z and 0. Denote by w the image of 1 under this reflection and
by A the shorter arc in the unit circle joining w and 1. Then, since P is connected, we have

2P.o(Br € P) > Py (B hits P® before K)
> P (B hits Ky in A) V P (B hits ¢ before Kj)
2z (Jw =1V (|z] = 1))/(27) = §/(4r) (6)
which gives the claimed lower bound. O

5 Fluid limit analysis for random conformal maps

Define conformal maps Fn and <i>n on DO by

Fo(2) = F(z—i0,)+i0,, ®,=Foc---0F,

where (©,, : n € N) is the sequence of independent uniformly distributed random variables

specified in the Introduction. Write I, for the inverse map <f>;L L. D, — Dy. It will be

convenient to use the filtration (F, : n > 0) given by F,, = 0(01,...,0,). Recall that we

write ¢ for the logarithmic capacity cap(K). Assumption (2]) remains in force in this section.
For € € [26,1] and m € N, denote by Q(m, €) the event defined by the following conditions:

for all z € Dy and all n < m, we have
|®,(2) — 2z —cn| <& whenever Re(z) > 5e

and
z€D, and |T,(z2) —2+cn| <e whenever Re(z) > cn + 4e.

Note the round brackets — this is not the same event as Q[m,¢], defined above. We shall
use the following estimate in the case where m = |§7%] and ¢ = 6%/3log(1/d) when, using
the bound ¢ < 362/4 from Corollary L2 it implies that Q(m,e) has high probability as
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5 — 0. The proof is based on a fluid limit approximation for each Markov process (I'n(z) :
n > 0), optimized using explicit martingale estimates. Local uniformity in z is achieved by
combining the estimates for individual starting points with an application of Kolmogorov’s
Holder criterion.

Proposition 5.1. There is an absolute constant C' < oo such that, for all € € [20,1] and all
m e N,
P(Q\ Q(m,e)) < C(m +e%)e= /()

Proof. Tt will suffice to consider the case where €2 > ¢. Set M = [em/(2¢)]. Fix k €
{1,...,M} and set R = 2(k + 1)e. Consider the vertical line /r = {z € C : Re(z) = R}.
Write N for the largest integer such that ¢cN < R — 2¢. Consider the stopping time

T=Tg=inf{n>0:2¢D, or Re(T,(z)) < R— cn — ¢ for some z € £z} A N.

Note that 3
Re(T'r_1(2)) > e > d > log(1 + )

SO z € DTR for all z € . Consider the events

n<TRr,zELR

M
Qp = { sup |f‘n(z) —z4cen| < 5} , Qo(m,e) = m Dokt 1)e-
k=1
We shall show that there is an absolute constant C' < oo such that
P(Q\ Qg) < Ce™/5="/(C0) (7)

from which it follows that

P(Q\ Qo(m, £)) < Clem/e + 1)e %= /C) < C(m + e72)e ="/,

Note that, on Qg, we have Ty, (2) — 2+ cTg| < e forall z € (r, which forces Tr = N and
so z € D,, whenever Re(z) > R and cn < R — 2¢. Then, since I',(z) — z + cn is a bounded

holomorphic function on D,,, we have on

sup ITn(2) — 2+ cn| = sup IT,(2) — z+cn| <e.

cn<R—2¢,Re(z)=R en<R—2¢,2€lR

For n < m, we can choose k so that R —4e < cn < R — 2e. Then, if Re(z) = ¢n + 4e, then
Re(z) > R, so on Qy(m,e) we have z € D,, and |I',,(2) — z + en| < e. Moreover, on Qy(m, €),
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the image fn(fR) lies to the left of /5., and hence, if Re(w) > 5e, we have w = fn(z) for some
Re(z) = R so that
|, (w) —w —cn| = |z = Th(2) —cn| <e.
We have shown that Qg(m,e) C Q(m, ), which implies the claimed estimate.
It remains to prove (). The function Gy(z) = G(z) — z is holomorphic, bounded and
omi-periodic on D with Go(z) — —c as Re(z) — oo. Hence

1 2 .
o /. Go(z —i0)df = —c, Re(z) > 0.
Let q(r) = r Ar?. Then
- Clc =, 2010
<= < >
|G0(’Z) +C| = RG(Z) — 5 |GO(Z>| = q(Re(z) _ 5)7 RG(Z) = 267

where C} is the absolute constant in (). Set

M,y(2) =T, (2) —z+cen, z€ D,.
Then o
Myi1(2) — My (2) = Go(T'n(2) —iOp11) + ¢
So (M, (2))n<r is a martingale for all z € £g. For z € fg and n < T — 1,
C’lc Clc

| Mit1(2) — My (2)| < (Re(fn(z)) —9) S (R—cn—e—9)

and
Nz_:l Cic? o /R_2€ Cicds _ Cie . 2C%c
—cn—¢— 0 —s5—e—0)?2 e—6 &
—~ (R 5)2 = R 5)2 5
So, by the Azuma-Hoeffding inequality, for all z € /g,
v (SEI; M, (2)] > 6/2) < 27500, (®)

Fix z,2' € (g, define M, = M, (z) — M, (%) and set

) =5 ( sup V)

kE<TAn

Note that [T, (2) — [ (2)| < |2 — 2| + |M,| so, for n < T — 1,

2C¢(lz = 2| + |]\~4n\)

[Wass = Mol = Go(Ta(2) = 1ns1) = GolTal) = Oia)| < —
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Then, by Doob’s L2-inequality,

n—1
|2 — 2> + f(k)
z:q(R—ck:—s—cS)2

n—1
f(n) <4E (\MTMF) < 4ZE(\Mk+1 - Mk\21{k<T}) < 3207¢
k=0 k=0

so, by a Gronwall-type argument,

- > 32072
B (supldt*) = () < |z = 2 (oxp [~ 2L 1),

n<T s q(s)?

/roo qglss)2 - % (2 i 7’_13)

and /2 < e —§ < 1 and e3 > ¢. So we deduce the existence of an absolute constant
16C? < Cy < oo such that f(N) < Cyc|z — 2'|?/&3. Hence by Kolmogorov’s lemma, Cy may
be chosen so that, for some random variable M, with E(M?) < Cyc/e?, we have

Now, for r € (0, 1],

sup |[My(z) — Mp(2")| < M|z — z'|1/3
k<T

for all z, 2/ € £r. So, by Chebyshev’s inequality, for any L € N,

P (sup |My,(2) — My(2")| = €/2 for some z, 2’ € £p with |z — 2/| < 7T/L) < (7/L)¥34C¢ /<.
k<T

On combining this with (), we obtain
P(Q\ Qr) < Le /(%29 4 (7 /L)*34Cy¢ /7

from which ([7) follows on optimizing over L. O

We note two consequences of the event Q(m,e). First we deduce an estimate for the
normalized conformal maps ®,,. On Q(m, ), for n < m and |z| = €°°, we have

|log(e™"®,,(2)) —log z| < ¢

and so

e, (2) — 2| < ee®.

n(2
The last estimate then holds whenever |z| > ¢* by the maximum principle.
Second, we show that on the event Q(m,¢), for n < m and R < en, there is no disc of
radius 56¢ with centre on the line /r = {z € C : Re(z) = R} which is disjoint from K.
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Since the sets K, are increasing in n, we may assume that R > c¢(n —1). Fix y € R and set
w = 6¢ +iy. Note that |, (w) — (R+iy)| < e+ |6 + cn — R| < Te + ¢ < 8. Here we have
used ¢ < 362/4 < §/4 < . By Cauchy’s integral formula

- 1 P, (2) —z—cn
o (w) =1+ 9 5

dz

|z—w|=¢ (Z - w)

so |®’ (w)| < 2. Then, by Koebe’s 1/4 theorem,
d(®,(w), dD,) < 4|’ (w)|d(w,dDy) < 48e.

and so 3
d(R + iy, 0D,,) < 56¢. (9)

6 Harmonic measure and the location of particles

In this section we obtain an estimate on the location of the particles P, 1 = ®,(e©"+1 P) in
the plane. From the preceding section, we know that @, ((1 + ¢)e) is close to (1 + g)e ¥
with high probability, when ¢ is suitably large in relation to the particle radius 6. This must
break down as ¢ — 0, at least when particles are attached at a single point, since the map
0 — @, (") parametrizes the whole cluster boundary by harmonic measure. Nevertheless, we
shall show that the approximation breaks down only on a set of very small harmonic measure,
and in fact the whole of each particle P, is close to e+ in a sense made precise below.
Throughout this section, we assume that condition (2)) holds and we make also the following
non-degenerate contact condition

P C{zeC:Re(z) > 1}. (10)

Lemma 6.1. There is an absolute constant C < oo with the following properties. Let D*
be any simply connected neighbourhood of oo in Dy and set K* = C\ D*. Denote by u the
harmonic measure from oo in D* of K*\ Ky and by N the number of connected components
of K*\ Ky. Then

P(K* N Ky # Ky) < CNL/p. (11)

Assume further that 16mp < 6. Then
P(K*N Ko # Ko) < CN/1u/é.

Proof. By the estimate ([l), each of the N connected components of K*\ Ky is contained in
a disc of radius 87y with centre on the unit circle. The non-degenerate contact assumption
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then allows us to choose C; < oo such that P; intersects that component only if ¢! lies in a
concentric disc of radius C1,/jt. The estimate (L) follows.

Consider a complex Brownian motion B with B uniformly distributed on the circle of
radius 2 centred at 0, and independent of ©1. Set r =1 + §/2 and note that K* C rK,. Set

T(K)=inf{t >0: B, € K}.

Note that, since ©; is uniformly distributed on [0, 27), the events {T'(rK,) < T(K;)} and
{T(K*) < T(Kj)} are independent. We use the estimate (@) and our assumption that 1+4 € P

to obtain
P(T(rKo) < T(K1)) <1-46/Ch.

Note that, since T'(rKy) < T(K*), we have
{T(K") < T(K1)} C{T(rko) < T(K1)} N{T(K") < T(kKo)}-

Hence
P(T(K") <T(K1)) < (1 =0/C)P(T(K") <T(Ko)) = (1= 6/Ch)p.

Set
H, =P(T(K") < T(K,)|Fn)

and note that Hy = p. By conformal invariance of Brownian motion, we have
H, = P(T(K,) < T(Ko)|Fn)
where K =T',(K* \ K,,) U Ky, and moreover
E(Hp 1| Fn) = P(T(K) < T(K7)|F)

where K7 is an independent copy of Kj. Since K! C rKj, the argument of the preceding
paragraph applies to show that E(H,,.|F,) < (1 —0/C1)H,. Hence E(H,) < (1 —0/Cy)"u
for all n.

On the event {K* N K,, = Ky}, the set K\ Ky has N connected components, and its
harmonic measure from oo in C\ K is H,. Define P = I',(P,+1). Then P| has the same
distribution as P; and is independent of F,,. So the argument leading to (II]) applies to give

Hence

P(K* N Ka # Kpy) < iP({K* NK, = Ko} N {K* N Ppyy £ 0})

n=0

<Y CINE(VH,) < CIN\//s.
n=0
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Write P for the connected component of K \ Ko near 0. Set
Pn - (i)n_l(P —|— ’L("‘)n>, An - én—l(Z@n)

Then pn is a component of the 2mi-periodic set f(n \ f(n_l and it is attached to f(n_l at
A,,. For the next result, we shall use a further assumption on the particle P which allows
us to prove that none of the sets P, contain a certain size of fjord, even though they have
been distorted by the maps ®,,_1. The useful form of this assumption is expressed in terms
of harmonic measure. After stating this, we will give a geometrically more obvious sufficient
condition. We assume the following harmonic measure condition.

For all sequences (z1, w1, 29, we) of points in JP, listed anticlockwise, and for any
interval I of 0Dy, if for i = 1 and i = 2 at least the 3/4 of the harmonic measure
on 0D, from w; is carried on I, then for either i = 1 or i = 2 at least 1/4 of the (12)

harmonic measure on 0D, from z; is carried on I.

This condition is implied by the following property of the image ¢(P), where ¢ is the
conformal map from Dy to the upper half-plane Hy, as in footnote 4. For z = x + iy and
2l =" 414y in Hy, write S(z, ') for the smallest closed square in Hy containing all the points
x—y,x+y, 2 —y,x +1y. Then the preceding harmonic measure condition is implied by
the following square condition. For all z, 2" € J(¢(P)), at least one of the boundary arcs of
d(¢(P)) from z to 2’ is contained in S(z, z'). To see this, suppose I C R is an interval which
carries at least 3/4 of the harmonic measure on R starting from z, then (z —y,x +y) C I.
Hence, if the same is true for 2/, then S(z,z') "R C I. Then, for any point w € S(z,2'),
I carries at least 1/4 of the harmonic measure on R starting from w. We have used here
the fact that the harmonic measure on R starting from ¢ places equal mass on the intervals
(—o0,—1),(—1,0),(0,1),(1,00). It is easy to check the square condition for P = (1,14 4] and
P={|z—146/2| =6/2}, when ¢(P) is also a slit or a disc.

Consider for v € [0, 00) the event

Q(m,e,v) = {Re(z) > ¢(n Am) —ev for all z € P,yy and all n > 0} N Q(m, ).

In conjunction with Proposition 5] the following estimate implies that, when m = [§7¢] and
e = 6*31og(1/6) and v = (log(1/6))?, the event Q(m, e, r) has high probability as § — 0.

Proposition 6.2. There ezists an absolute constant C' < oo such that, for all € € [25,1] and
v e [0,00),
P(Q(m,e) \ Q(m,e,v)) < Cm(m + 5 )e /C.

Proof. We use the following Beurling estimate. There is an absolute constant A € [1, 00) with
the following property. For any n € (0,1] and any connected set K in C joining the circles
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of radius 1 and 1 about 0, the probability that a complex Brownian motion, starting from 0,
leaves the unit disc without hitting K is no greater than A,/7.

Fix n < m with ev < en. Condition on F,, and on Q(n, ¢). For all z € C with 0 < Re(z) <
cn, there exists w € K, such that |z — w| < 56e. Set f = 56A%? and vy = [v/(26)]. We
assume without loss that vy > 6. Define R(k) = cn — ek and note that R(2vy) > 0. Fix
ke{0,1,...,1— 1} and z € () and consider a complex Brownian motion B starting from
2. By the Beurling estimate, B hits {g(41) without hitting K, with probability no greater
than A4/56/3 = e~!. Then, by the strong Markov property, for all z € ¢ R(0), almost surely
on (n,¢),

P.(B hits (g, before K,|F,) < e ™ < e /T, (13)

There exists a family of disjoint open intervals ((¢;,05) : j = 1,..., N,,) in R/(27Z) such that,
for w; = ®,(if;) and wh = én(iﬁg), we have Re(w;) = Re(w;») = R(w) and {J;(w;, wj) +
27i7Z disconnects D,, N ¢ R(2vp) from o0 in D,,. We choose the unique such family minimizing
> lwj —wil. Then w; € Pyj) for some k(j) < n for all j. We shall show that the integers
k(1),...,k(N,) must all be distinct, so N,, < n.

Suppose k(j) = k(j') = ko + 1 for some distinct j and j'. Then there exist o < f < o/ <
B' < a+2m such that, for z = Oy 1 (i), 2 = Ppyp1 (i), w = Oy 41(iB) and w' = Dy 41 (i3'),
we have z, 2/, w,w’ € 0P .1 and Re(z) = Re(2') = R(21) and Re(w) = Re(w') = R(1).
Then, since we are on Q(m, €), we must have c¢(ko+1)+4e > R(v), so cko = R(vg) —4e —c >
R(vy 4 1). Hence there exists an interval I of 0Dy, with endpoints p, p’ in ¢ R(3v0/2) Such that
z, 7' are separated from 8Dk0 \ I by IU[p,p]. By a variation of the Beurling and strong
Markov argument above, all but e°/2 of the harmonic measure on 8Dk0 starting from z is
carried on I, and the same is true for z’. Then, by conformal invariance of harmonic measure,
all but e *0/>t1 < 1/4 of the harmonic measure on iR starting from Fj, ., (ic) is carried on
fko(l ), and the same is true for /. So, by our harmonic measure condition, either more
than 1/4 of the harmonic measure on iR starting from Fj,,1(i3) is carried on L'y, (I), or the
analogous statement holds for f’. But, by the Beurling and strong Markov argument again,
no more than e="/2*1 < 1/4 of the harmonic measure on 9Dy, starting from w is carried on
I, and the same is true for w’. So, by conformal invariance, no more than 1/4 of the harmonic
measure on iR starting from Fj,,1(if) is carried on I'y (1), and the same is true for &, a
contradiction.

Each path (®,(i0) : 0 € (6;, 9;)) together with the line segment [w;,w]], forms the
boundary of a connected subset of D,. Denote by S, the union of these subsets. Define
K = {2 € S,} UKy and Df = (CU {oo})\ K*. Then D* is a simply connected
neighbourhood of oo in Dy, the set K\ Ky has N,, connected components and, by (I3), the
harmonic measure from oo of K\ Kj in D is no greater than e™/%+! S0 on Q(n, ¢),

P((e"1P) N K} # 0| F,) < CiN,e /U072,
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where C] is the absolute constant from Lemma [6.1l But, if ¢’®»+1 P does not meet K, then
Re(z) > en — ve for all z € P,4. Of course thls inequality holds also in the case Where
cn < Ve.

It remains to deal with the case where n > m+1. We may assume that v > 25 log(16mwe/J)
or the estimate is trivial. Then, for u = e ”/(25)“, we have 167y < 6. So we can apply Lemma
6.1 with K* = K, to obtain, on Q(m,¢),

P(Re(z) < em — v for some z € P, and some n > m|F,,) < CyN,,e /412 /5

The estimates we have obtained combine to prove the proposition. O

Remark 6.3. An analogous result to Proposition can be obtained by bounding the contri-
bution to the length of the cluster boundary made by each particle. This extends the class of
allowable basic particles beyond that specified by (I2)), but at the expense of a weaker bound
on the probability.

Suppose that (2)) and ([I0) hold and that, in addition, OP is rectifiable, with length L, and
is given by (§ : [0, L] — 0P, where the parametrization is by arc length. We assume further
that [ is piecewise differentiable in such a way that there exist C'(d) € (0,00), k(9) € N and
0=ap <a <--- < ayes = L such that r; : (a;,a,41) — (1,1 + ) given by r;(t) = [B(t)] is
differentiable Wlth [ri(t)] > C(6) on (a;, ai1) for alli =0,...,k(5) —1. Set r(0) = k(0)/C(6).
Let 41 be the contribution to the length of the boundary of 0K, 11 that comes from particle

Pn+1 Then
_ L q)l t 1On+1
o= [ B0
| @ (B()eOm1)]
So, by a similar argument to that in the proof of Theorem 4 of [16],

~ w1 Q! (1;(t)et
E(ly|K,) = Z// | ROGr ;:dtde

2 1+6 |(I)/ 620
r(d / / @, (re)| drd@
< Cr(d)(end)V?,

for some absolute constant €y < oo. Therefore, if IV, is defined as in the proof of Proposition
B2 for all ¢ > 0, P(N, > ¢) < Y0 P(; > (ven™") < Cir(6)8%/*n%? /(Cre). Hence, there
exists some absolute constant C' < oo such that

P(Q(m, e) \ Qm, &, 1)) < CC(m + 6 1e™/C + Cr(8)8**m™? /(Cve).

On optimizing over (, it can be shown that there exists another absolute constant C' < oo
such that

P(Q(m,e) \ Qm, e,v)) < Cr(0)Y*m7453/4y =12~ V2(m 4 5711/ 2ev/C,

/N
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Define for z € D, )
N(z)=inf{n >20:2 ¢ D,}.

Denote by Q(m,e,v,n) the subset of Q(m,e,v) defined by the following condition: for all
z € Dy N K with N(z) <m and all n < N(z) — 1, we have
| Im(Tn(2) — 2)| < &+ 2n.

In conjunction with Propositions 5.1l and [6.2] the following estimate implies that, when m =
[676] and & = 6% 1og(1/6) and v = (log(1/4))? and n = 6*/*(log(1/6))®, the event Q(m, e, v, n)
has high probability as 6 — 0.

Proposition 6.4. There is an absolute constant C' < oo such that, for all € € [26,1/6],
v € [0,00) and n € (0,00),

P (Q(m, =, )\ Q(m, e, v,1)) < ch exp {—% + 01255 (1 +log (1/5))} .

Proof. Fix z € Dy N Ko with N(z) < m. Write Ny(z) for the maximum of 0 and the largest
integer such that ¢Ny(z) < Re(z) — 4e. Write N; for the smallest integer such that ¢cN; >
(v+4)e. Then, on Q(m, e, v), we have N(z)—1 < Ny(z)+ Ny and, since Q(m, e,v) C Q(m, ),
we have also | Im(T(2) — 2)| < ¢ for all k < No().

We showed in Proposition that, for some absolute constant C; < oo, for a = C16 and
for all z € Dy with Re(z) < 1,

Im(G(2)) < g*(In(2))
where ¢*(0) = 0 + ¢5(0) and g is the 2m-periodic function given by

042

gé(e> = m7 0 S (_71-777-]‘

Then, for No(z) < n < N(z) —1,
Im(T',(2)) < Y, [rowe)

where ng = Nyo(2), yo = Im(I',,(2)) and where, recursively for n > ng, Y, = Y,("%) ig defined
by
Yno =0, Ypi1= g*(Yn - @n—‘,-l) + @n+1 = QS(Yn - ®n+1) +Y,.
Note that Re(I',(2)) < Re(I'n,(2)) < |Re(I'y,) — Re(2) 4+ cng| + Re(z) — cng < be + ¢ < 1.
Hence, g is non-negative and ¢g* is non-decreasing, so y,mowo) i non-decreasing in n and .
Set M = [2r/n] and h = 27/M so that h < n. Consider the set of time-space starting

points
E ={(ng,jh) :no €40,1,...,m},j €{0,1,... M —1}}
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and the event
{Yn:i]]\g jh +n for all (ng, jh) € E}.
Note that |E| < Cm/n, SO
P(Q2\ Q) < CmP(Yn, >n)/n

where Y = Y00 Now

E(M/ey = L / ei@agg — 1 =D 1 / (e~ 1)d < exp{(ae/m)(1 + log(r/a)}

27 T T

S0
P(Yy, > n) < exp{—n/a+ (Niae/m)(1 + log(r/a))}.
Choose j € {1,..., M} so that (j — 1)h < yo < jh. Then, for n < N(z) — 1, on Q,

Im(L,(2)) < Y090 < Gh 41 < Im(Th, (2)) + 21 < Im(2) + € + 27.

A similar argument allows us to bound the downward variation of Im(T',(2)) up to N(z) — 1.
Hence P(Q(m,e,v) \ Q(m,e,v,n) < 2P(2\ ) which gives the claimed estimate. O

Theorem 6.5. Assume that the basic particle P satisfies conditions (3),({10) and ({13). Con-
sider for eqg € (0,1] and m € N the event Q[m, &¢] specified by the following conditions: for all
n<mandalln >m+1,

|z — O | L gpe™  forall z € P,

and

dist(w, K,,) < gge™  whenever |w| < e

and
12| = (1 —eg)e“™  forall z € Py.

Assume that g9 = 6*3(log(1/6))® and m = [§75|. Then P(Qm, o)) — 1 uniformly in P as
60— 0.

Proof. Set ¢ = §2/%log(1/8) and v = (log(1/4))? and n = §%/3(log(1/5))%. We have shown that
the event Q(m, £, v, n) has high probability as 6 — 0. We complete the proof by showing that,
for ¢ sufficiently small, the defining conditions for Q[m, o] are all satisfied on Q(m,e,v,n).

Fixn < mand z € P,. On Q(m, ) we have Re(z) < en+4¢ and, restricting to Q(m, e,v),
we have also Re(z) > c¢(n—1) —ve. Restricting further to Q(m, ¢, v, 77) we have | Im(T", (z) —
2)| < e+2n. But I'_1(2) € P+ 2mi0,, so [[,_1(2) — 2mi0,| < §. Hence, on Q(m e, ),
we have (since v > 4)

|ez _ 6cn+2m'®n| < ecn(eua-l—c o 1) + ecn—l—ua-i-c(g + 27,] + 5)

24



We can choose ¢ sufficiently small that
(€754 — 1) 4+ " +(c + 27 + 6) < <o.
Then on Q(m,e,v,n) we have, for all z € P,
|2 — eont2miOn| o oon,

Next, using (@), for 0 < Re(w) < en, on Q(m, e), there exists z € K,, with |z — w| < 56e.
Then e* € K,, and
e — ] < 56ee™ e,

We can choose 0 sufficiently small that
56ee’t < e.

Then dist(w, K,,) < g9 whenever |wL< e and n < m.
Finally, for n > m + 1 and z € P,, on Q(m,e,v), we have Re(z) > e¢m — ve. Hence
lw| > e > (1 — gg)e“ for all w € P,. O

7 Weak convergence of the localized disturbance flow
to the coalescing Brownian flow

We review in this section the main results of [I5]. Denote by D the set of all pairs f =
{f~, [T}, where fT is a right-continuous, non-decreasing function on R and where f~ is
the left-continuous modification of f*. Denote by D the subset of those f € D such that
x +— fT(x) — z is periodic of period 27. Write id for the identity function id(x) = = and, for
f € D, write f5 for the periodic functions f* —id. Denote by D* the subset of D where f,
is not identically zero but has zero mean

1 2w

9 . fo(z)dz = 0.

Here and below, we drop the 4+ where the quantity computed takes the same value for both
versions. Fix f € D* and define p = p(f) € (0,00) by

p 27
- 2de = 1.
2m Jo f0<x) v
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Let (O, : n € Z) be a sequence of independent random variables, all uniformly distributed

n [0,27). Define for each non-empty bounded interval I C R a pair of random functions
O = {®;, @/} by

¥ = g 0o

where ff(z) = f*(x — 0) + 6 and where m and n are, respectively, the smallest and largest
integers in the rescaled interval pI. If pI N7Z = () then ®; = id. Write I = I, & I, if I, I, are
disjoint intervals with sup /; = inf Iy and I = I} U I,. Note that the family ® = (®; : I C R)
has the following flow property

®; o®; =Py, whenever [ =1 & I, (14)

Moreover (see [15]), almost surely, for all I, ®; is the left-continuous modification of ®7, so
O, = {P,,®/} € D. We call ® the disturbance flow with disturbance f. For € € (0,1], we
make the diffusive rescaling

7 (x) = 1% (ex), v €R

and call (®5 : I C R) the e-scale disturbance flow with disturbance f.
In order to formulate a weak convergence result about these disturbance flows, we introduce
metrics on D and D and then we define certain metric spaces which will serve as state-spaces

for & and ®°. First, define for f,g € D
dp(f,g)=inf{e > 0: fH(x) <g'(x+¢e)+ecand g*(x) < fH(x+¢)+e for all z € R}.
For f,g € D, define

22 da(f.9) A1)

where
do(f,9) =inf{e 2 0: fT(z) < g"(z+e)+eand g* () < fH(x+e)+e for all z € [-n,n — e}

Then dp is a metric on D and the metric space (D, dp) is complete. In fact (D, dp) is isometric
to the set of periodic contractions on R with period 27, with supremum metric, by drawing
new axes for the graph of f € D at a rotation of 7/4. Also, dp is a metric on D and the
metric space (D, dp) is complete. See [15].

Consider now a family ¢ = (¢; : I C R), where ¢; € D and I ranges over all non-empty
bounded intervals. Say that ¢ is a weak flow if,

¢ 0 0r < op < ¢f < ¢f o¢f, whenever [ =1, & I,. (15)
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Say that ¢ is cadlag if, for all t € R,
dp(P(sp),id) =0 as sTt and dp(Pu),id) =0 as w1

We write D°(R, D) for the set of all cadlag weak flows. For the disturbance flow ®, almost
surely, for all t € R, for all sufficiently small € > 0, we have ®;_. ;) = @ 14.) = id. So ® takes
values in D°(R, D). Define similarly D°(R, D) and note that ®¢ takes values in D°(R, D).
Fix ¢ € D°(R,D) and suppose that ¢ = id for all £ € R. Then ¢y = ¢ = pop) =
¢, for all s,¢ € R with s < t. Denote all these functions by ¢, and set ¢y, = id for all £ € R.
The map
(5,8) ¥ s s {(5,1) ER*: 5 <t} =D

is then continuous. We write C°(R, D) for the set of such continuous weak flows ¢ and we
write C°(R, D) for the analogous subset in D°(R, D).

We can and do make D°(R,D) and D°(R,D) into complete separable metric spaces by
the choice of Skorokhod-type metrics, both denoted dp. The metrics dp have the following
two further properties. The associated Borel o-algebras coincide with those generated by
the evaluation maps ¢ — ¢ (z) as x ranges over R and I ranges over bounded intervals in
R. Moreover, for any sequence (¢" : n € N) in D°(R,D) and any ¢ € C°(R, D), we have
dp(¢", ¢) — 0if and only if dp(¢}, ¢r) — 0 uniformly over subintervals I of compact sets in R.
In particular, C°(R, D) is closed in D°(R, D). Analogous statements hold in the non-periodic
case. However, the flow property (I4]) is not preserved under limits in dp. We refer to [15] for
the specification of dp.

The disturbance flow ® with disturbance f is then a D°(R, D)-valued random variable,
and the law of ® is a Borel probability measure on D°(R, D), which we denote by z/. The
e-scale disturbance flow ®° is a D°(IR, D)-valued random variable, so the law of ®¢ is a Borel
probability measure on D°(R, D), which we denote by /"

For e = (s,7) € R? and ¢ € D°(R, D), the maps

t ¢Ly(@) i [s,00) 2 R, t ¢l ,(2) 1 [s,00) > R

are cadlag. Hence we obtain a measurable maps Z¢ = Z%" and Z%~ on D°(R, D) with values
in D, = D,([s,0),R) by setting

25%(0) = (65 (w) 1 £ 2 9).

The restrictions of Z¢* to C°(R,D) then take values in C. = C,([s,00),R). We define a
filtration (F;)s0 on D°(R, D) by

Fi=0(Z¢e=(s,2) €R*r € (—o0,t] N[s,0))
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and, for e = (s,2),¢ = (s, 2') € R?, we write T° for the collision time
T =inf{t > sVs:Zf — Z¢ € 2nZ}.
We make the same definitions for ¢ € D°(RR, D), except to define as collision time
T =inf{t>sVs:Z5=271.

The space C°(R, D) is a convenient state-space for the coalescing Brownian flow on the
circle where it has the following characterization (see [I5, Theorem 6.1]). There exists a unique
Borel probability measure py on C°(R, D) such that, for all e = (s,x),¢’ = (s',2') € R?, the
processes (Z8)ys and (Z¢Z¢ —(t—T°) ") sevs are continuous local martingales in the filtration
(Fi)ier. Moreover, for all e € R?, we have, pa-almost surely, Z¢+ = Z%~,

Similarly, the space C°(R,D) is a state-space for the coalescing Brownian flow (on the
line). There ewists a unique Borel probability measure figa on C°(R,D) such that, for all
e=(s,2),¢ = (s,2) € R2, the processes (Z¢ )5 and (ZEZf —(t—T) ) 1zgvs are continuous
local martingales in the filtration (F;)ier. Moreover, for all e € R%, we have, fia-almost surely,
Zet =757,

We consider a limit where f becomes an increasingly well-localized perturbation of the
identity map. We quantify this localization in terms of the smallest constant A = A(f,e) €
(0, 1] such that

% /0% folz +a) fo(x)|dz < A, a € [eX, 21 — eN.
We can now state Theorem 6.1 from [I5]. We have
ph — pa  weakly on D°(R, D) uniformly in f € D* as p(f) — oo and A(f,1) =0  (16)
and

pe = 4 weakly on D°(R, D) uniformly in f € D*as € — 0
with e2p(f) — oo and \(f,e) — 0. (17)

8 The harmonic measure flow

We return to the aggregation model. We assume throughout this section that condition (2I)
holds. The boundary 0K, of the cluster K, has a canonical parametrization by [0, 27) given
by 6 +— ®,(e). For 0; < 0, the normalized harmonic measure (from oo) of the positively
oriented boundary segment from ®,(e?) to @, (") is then (6 — 0;)/(27). We consider the
related parametrization § — ®,(if) : R — 0K,. For m < n, each point z € 9K, has a
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unique ancestor point A,,,(z) € OK,,, which is either z itself or the point of OK,, to which the
particle containing z is attached, possibly through several generations. On the other hand,
each point in z € 9K,,, except those points where particles are attached, has a unique escape
point E,,.(z) € 0K, which is either z itself or is connected to z by a minimal path in K,,,
subject to not crossing any particles nor passing through any attachment points. If P is
attached at a single point, then F,,,(z) = z for all z € 8l~(m. These definitions are illustrated
in Figure 4]

2TTi

X= Em(X)
Em(2) = Am(¥)

W

Am(W)

Figure 4:  Diagram illustrating ancestor points A,,,(2) € OK,, for z € OK,, and escape points
Enn(z) € oK, for z € OK,,, where K,, is shown in red, K, \Km is shown in white, and
attachment points are shown in blue.

We define the forwards and backwards harmonic measure flows on R, respectively, for
0<m<nby

P (1) = =il 0 Epp 0 @ (i),  ®F (2) = =il 0 Ay 0 @y, (i), (18)

We shall show that, when embedded suitably in continuous-time, these flows converge weakly
to the coalescing Brownian flow, as the diameter o of the basic particle P tends to 0. Then, in
the same limiting regime, we shall deduce the behaviour of fingers and gaps in the aggregation
model.

First we give an alternative presentation of the flows. Recall the functions g and f+
defined at (Bl) and write g~ and f~ for their left-continuous versions. Then g = {¢g~,¢"} € D
and f = {f7,f"} = ¢! Since P is non-empty and is invariant under conjugation, g is
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not the identity function but is an odd function. Hence g € D*. Recall that the sequence
of clusters (K, : n > 0) is constructed from a sequence of independent random variables
(0, : n € N), uniformly distributed on [0, 27). Define fy, g9 € D for 6 € [0,27) as in Section
[l Then define for 0 < m <n

P+ _ + + P+ _ gt e
(I)m —g@nO"'Og®m+1, (I)mn _f@m+1o Of@n

We can check (just as for the disturbance flow) that, almost surely, 2 = {®F~ o'+l e D

nm

and ®F = {®L~ o'} € D, with (®F )~! = (IDSm. Moreover, a stralghtforward induction
shows that this definition agrees with the more geometric formulation in (IS]).

In formulating a limit statement, it is convenient to embed the harmonic measure flow in
continuous time. We do this in two ways. For a bounded interval I C [0, 00), set ®F = &F
where m + 1 and n are respectively the smallest and largest integers in pI. We set ® = id
if there are no such integers. Then (®F : I C [0,00)) takes values in D°([0,00),D). Set
§* = (pc)~! and define ®F(z) = (6*)7/2®L_((6*)'/%z), where m + 1 and @ are the smallest

and largest integers in ¢711. Then (& : I C [0, 0)) takes values in D°(]0,c0), D).

Theorem 8.1. Assume that the basic particle P satisfies condition (2). Then the harmonic
measure flow (®F : I C[0,00)) converges weakly in D°([0,00), D) to the coalescing Brownian
flow on the circle, uniformly in P as 6 — 0. Moreover, the rescaled harmonic measure flow
(®F : 1 C [0,00)) converges weakly in D°([0,00),D) to the coalescing Brownian flow on the
line.

Proof. The flow (®F : I C [0,00)) is a disturbance flow with disturbance g and (®F : I C
[0,00)) is an e-scale disturbance flow with disturbance g, where ¢ = /§*. From Corollary
we know that §?/6 < ¢ < 36%/4 and from Proposition .3, we have §73/C < p < C'§73. Hence
§* = (pc)~! satisfies §/C < §* < C6 for an absolute constant C' < co. In particular p — oo
and ¢ — 0 and e%p > 67%2/C — oo as 6 — 0. Also, from Proposition B3] for a € [0, 7], we

have ) o5
p [ 1
I < - —
27T/o 190(0)g0(0 + a)|do < p log <5>

so A(g,1) < A(g,e) = 0 as 6 — 0. The result thus follows from (I6]) and (I7). O

We can now deduce the limiting joint distribution of fingers and gaps. Recall that S
denotes the space of locally compact subsets of [0,00) X R, equipped with a local Hausdorff
metric. We have fixed 7' > 0 and a finite subset E of [0, 7] xR. Recall that we study the cluster
Ky and have introduced in Section B] associated path-like random sets finger(z) and gap(z),
along with rescaled sets F(e),F(e), G(e) and G(e). Write uk, for the law of (F(e), G(e) : e € E)
when N = |pT'|, considered as a random variable in (S¥)2. Similarly, write % for the law
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of (F(e),G(e) : e € E) when N = |c™'T|. Write pup for the law on (SF)? of the family of
random sets

{, Prse)(2(€))) = £ € [0, s(e)]}, {(t, Penrsier (2(€))) : £ = s(€)} - e € E)

where ® is a coalescing Brownian flow on the circle and where we set ®,, = ®;,' for s < t.
Write also jig for the corresponding law when we replace ® by a coalescing Brownian flow ®
on the line.

Theorem 8.2. Assume that the basic particle P satisfies conditions (3),(I0) and ({I3). Then
b — e and pf — fip weakly on (S¥)2, uniformly in P as § — 0.

Proof. We consider first the long time case. Given gy > 0, there exist € > 0 and &’ € (0,¢/3]
such that, for any coalescing Brownian flow ® = (&, : 0 < s < t < T) on the circle, with
probability exceeding 1 — g¢/3, for all e € F and all ¢ € [0, T], we have

(I)ts(e) (l’(e)) — &0 < (I)ts(e) (x(e) — 56) — 56, (I)ts(e) (x(e) + 58) + e < (I)ts(e) (l’(e)) + o
and, for all s,s',t,t' € [0, 7] with |s — &|, |t —t/| <3¢’ and all z € R
q)ts(flf) < (I)tfsl(flf + 5) +e.

Note that these conditions imply be < 9. Here we have used some standard estimates
for Brownian motion and the fact that the map (s,t) — @4 : [0,7]*> — D is uniformly
continuous, almost surely. Here and below such inequalities are each to be understood as a
pair of inequalities, one for left-continuous versions and the other for right-continuous versions.

Then, by Theorem Rl and using a standard result on weak convergence, there exists a
do > 0 such that, for all § € (0,dp] and all basic particles P satisfying (2), for N = |pT|, we
can construct, on some probability space, an HL(0) process ®* = (®F : n < N) with basic
particle P and a coalescing Brownian flow ® = (&, : 0 < s <t < T') on the circle with the
following property. With probability exceeding 1 —¢(/3, for all 0 <m <n < N, fort =m/p
and s = n/p, and for all x € R, we have

by(z —e) —e < OF (2) < Doz +¢) +e.

Here (®F : 0 < m < n < N) is the backwards harmonic measure flow of ® (which
determines (©,, : 1 <n < N) and hence ®” uniquely).

Moreover, by Theorem [6.5] we may choose dy so that, with probability exceeding 1 —e/3,
for all e € £, writing z(e) = o7 !(e) = s(e)/6* + iz(e) and o(po(z(€))) = (S0, To), we have

[so = s(e)] <€/3, |mo—a(e)| <e
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and, for all (s,z) € [0,T] x R, there exists w € Ky such that o(w) = (t,y) satisfies
s—tl <3, Jr—yl<e
and, for all n < N — 1 and all z € P4, 0(2) = (s, ) satisfies

ls=n/pl <€/3, |x—Onnl<e

From this point on, we condition on the good event )y of probability exceeding 1—&y where
all of the properties discussed above hold. Suppose that we fix j, k € Z and m,n < N —1 and
w e Pm+1 +2mij and z € Pn+1 + 2mik, with Pm+1 + 271 an ancestor particle of Pn+1 + 2mik.
Write o(w) = (t,y) and o(z) = (s, :c) Then we must have m = pt’ < n = ps, with
|s—§|, [t —t'| <&'/3and |y — (Opy1 +275)|, |2 — (Oni1 +27k)| < . Now ®F s continuous
and

Oy + 21 = ®F (0,41 + 27k)

SO
y<®m+1+2ﬂ'j+5_q) (@n+1+2ﬂ'k)+€
< Dy (041 + 21k +¢) + 26 < Py (x + 22) + 26 < Dye(x + 32) + 3e.

and by a similar argument also y > ®;,(x — 3¢) — 3e. Here we have extended ® by setting
(I) - q)t/\T,s/\T- _ B

Fix e € E and (t,y) € F(e). Write (¢,y) = o(w) and Py(z(e)) = P41 + 2mik. We can
choose z € Py(z(e)) with o(2) = (s,2) and [s—s(e)| < &//3 and |z —z(e)| < e. Set u = tAs(e).
Then w and z are related as in the preceding paragraph and

t<t+e/3<s+/3<s+2/3<s(e) +€ < s(e) +eg
so |t —u| < €. Hence
Y < Pus(@ 4+ 3¢) + 36 < Pyge) (@ + 4e) + 4e < Dyyey(2(e) + 5e) + be < Py (2(e)) + €0

and similarly
Yy 2 (bus(e)(x(e)) — &o-

Since (t,y) was arbitrary, we have shown that

F(e) € {(t,y) : t € [0,s(e)] and |y — Pys(e)(z(e))| < €0}
U{(t,y) : t € [s(e),s(e) +eo) and |y — z(e)| < eo}

and, since [F(e) is a connected set joining (s,z) to the imaginary axis, this implies for the
Hausdorfl metric dy that

d(F(e), {(t, Py (x(e))) : 0 <t < s(e)}) < 2.
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We complete the proof by obtaining an analogous estimate for G(e). Recall that G(e) =
{o(p;) : 7 = 0} where p = p(z(e)) is the minimal length gap path starting from po(z(e)), the
closest point to z(e) which is not in the interior of K. Write o(po(z(€))) = (s0, o).

First we show that minimal gap paths cannot backtrack too much. Suppose that ¢ <
s(e) —e" and p makes an excursion left of the line {¢/0* +iy : y € R}, with endpoints w—, w™,
say. Then the open line segment (w™,w™) must contain a point of Ky, say w € Pm-{-l + 27ij.
Set o(w) = (t,y). Then, since p cannot cross Ky, there must exist z € P,,; + 2mik, an
ancestor particle of P,,.1 + 27ij, with o(z) = (s,x), say, and s > sg. But then

se) <sp+e'/3<s+e'/3<n/p+2'/3<m/p+2"/3<t+¢e <s(e)
which is impossible. Hence there is no such excursion and so
G(e) C{(s,x): s > s(e) — &',z € R}.
Consider (t,y) = o(w) with w € Py + 27ij and m < N — 1 and t > s(e) — 3¢’ and
Y 2 Py ((e)) + €0, where v = s(e) VEAT. Note that ¢ < T+¢'/3 and [v—¢| < 3. Suppose
x z)

(s,x) = o(z) with z € P41 + 2mik and |s — s(e)| < ¢ and where P, 1 + 2mik is an ancestor
particle of P, 1 + 2mij. Then

x> Oy(y —3e) — 3 = Py — 4e) —4e > x(e) + <.

Hence F(¢,y) does not meet the vertical half-line {(so,z) : © < zo}.
Define

®(e) = {(t, Pinrse) (x(e))) - t = s(e)}
and set [ = [s(e) — 2¢’,T]. There exists a continuous function (y(¢) : t € I) such that, for all
t € I, setting v = s(e) Vt AT, we have

y(t) > B (a(e)),  d((t (1)), D(e)) = 20 + = + 5¢

Define recursively a sequence 7y, ..., Ty by setting 7o = s(e) — 2¢” and then taking 7,1 as the
supremum of the set

{rem T |(7,y(7) = (T, y(7))| = €'}

until n = M — 1 when this set is empty and we set 7,y = 7. For n = 0,1,..., M, choose
w, € Ky with o(w,) = (t,,y,) and |t, — 7,| < € and |y, —y(7,)| < €. Note that ty < s(e) —¢’
and tyy > T — €' and t,, € [s(e) — 3¢',T + £'] for all n. Set

M—-1
BO = U [wn,wn+1), Bl = {t/é* + ZyM ot 2 tM}, B = BO U Bl.

n=0

33



Then, for any w € By, for (t,y) = o(w), we have |(t,y) — (Tn, y(7))| < & + 2¢’ for some n, so
g0+ 3" < d((t,y), P(e)) < eo+ 2+ 7" and so y = Pyyey(x(€)) + €9, where v = s(e) VEAT.
The final inequality obviously extends to B.

Suppose p crosses B, and does so for the first time at 7(1). Consider first the case where
Dr(1) € [wy,, wy11). Then, since w,, and w, 1 are both connected to the imaginary axis in K N
and p cannot cross Ky, it must eventually hit [w,, w, 1] again after 7(1), at time 7(2) say,
except possibly if p.1y = wy,. If the open line segment (p;n1), pr(2)) contains a point w € Ky
with o(w) = (t,y), then for all z € finger(w) with o(z) = (s,x) and |s — s(e)| < & we have
x > wx(e) +¢'. But this is impossible because w is disconnected from the imaginary axis by
{s0/0" +iz : x < xo} U{p, : 7 = 0}. Hence (prq1),pr@)) € Dn, 50 pr € [p-1), Pr2)] for all
7 € (7(1),7(2)), contradicting our crossing assumption. In the case p.1y = wy, if p does not
return to [w,,, wy41], then it must hit [w,_1, w,| instead and this also leads to a contradiction
by a similar argument. The case where p;1) € B also leads to a contradiction of minimality
by a similar argument. Hence p never crosses B. So, for all (¢,y) € G(e) with y = @) (z(e)),
we have d((t,y),®(e)) < g + 2e + 7’ < 2¢p. A similar argument establishes this estimate
also in the case y < ®y5)(x(e)). Since G(e) is a connected set joining (sg, zo) to {T'} x R,
this implies

du(G(e), ®(e)) < 2.

We turn now to the local fluctuations. The argument is mainly similar. It becomes crucial
that Theorem provides approximation on a scale just larger than §%/3, allowing us to
transfer fluctuation results from Theorem at scale §'/2 to the cluster. There is also some
loss of compactness in the local limit which requires attention.

Given 0 < g9 < 1/3, there exist ¢ > 0 and R € [1,00) and &' € (0,¢/3] such that, for any
coalescing Brownian flow ® = (&, : 0 < s <t < T) on the line, with probability exceeding
1 —¢¢/3, forall e € E and all ¢t € [0, 7], we have

|Pisiey(z(e))| < R
and
D50 (w(€)) — 20 < Pyse) (w(€) — ) — Be,  Pys(e)(w(€) + 5e) + He < Pyge) (z(€)) + €0
and, for all s, ¢, ¢ € [0,T] with |s — &|, |t — | < 3¢’ and all || < 2R
Puy(7) < Ppy(z+2) +e.

Uniform continuity of the map (s,t) = @ : [0, T]> — D now provides only local estimates in
x, hence the need for the cut-off R.

Then, by Theorem R there exists a dp > 0 such that, for all § € (0,dy] and all basic
particles P satisfying (2)), for N = |¢7'T'|, we can construct, on some probability space, an
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HL(0) process ® = (®” : n < N) with basic particle P and a coalescing Brownian flow
d = (P4, : 0 < s <t <T)on the line with the following property. Write (& 0 <m <n <
N) for the backwards harmonic measure flow of ®” and set ®7 (x) = (§*)7Y/2®L ((6)'/%x).
With probability exceeding 1 — e¢/3, for all 0 < m <n < N, for t = ¢m and s = ¢n, and for
all |z| < 2R, we have

D(z—e) —e <O (2) < Prs(z+¢) +e.

Moreover, by Theorem [6.5] we may choose dy so that, with probability exceeding 1 —e/3,
for all e € E, writing z(e) = 57 '(e) = s(e) +1i(6*)?z(e) and 7(py(2(e))) = (s0, 7o), we have
so = s(e)| S€'/3, |zo—x(e)| <
and, for all s € [0,7] and all € R, there exists w € Ky such that 6(w) = (t,y) satisfies

s—tl<e/3, |v—yl<e
and, for all n < N — 1 and all z € P44, 5(2) = (s, z) satisfies
s —en| <€'/3, |v—0,.1/V|<e

From this point on, we condition on the good event ) of probability exceeding 1—¢( where
all of the properties discussed above hold. Suppose that we fix j, k € Z and m,n < N —1 and
w e Pm+1 +2mij and z € Pn+1 + 2mik, with Pm+1 + 2717 an ancestor particle of Pn+1 + 2mik.
Write a(w) = (t,y) and 7(z) = (s,x) and suppose that |z| + 2¢ < 2R. Then we must have
m=c 't <n=cls with |s — §|, [t —=t| < &'/3 and |y — (Opp1 + 27)) /6|, |z — (Opy1 +

21k) /V6*| < &, s0
Y < (Omer + 2715) V6 4+ = BY ((Onaq + 21k) VE6*) + ¢
< Dpy((Ony1 + 27k) [V 4 &) + 28 < By (x + 2¢) + 26 < Dy( + 3¢) + 3.

and by a similar argument also y > ®,,(z — 3¢) — 3c. Here we have extended ® by setting

<I>ts - <I>t/\T,s/\T _ _ N

Fix e € £ and (t,y) € F(e). Write (¢,y) = o(w) and Py(z(e)) = P41 + 2mik. We can
choose z € Py(z(e)) with 7(2) = (s,z) and |s — s(e)| < €'/3 and |z — z(e)| < e. In particular
|z] + 2 < |z(e)| + 3e < 2R. Set u =1t A s(e). Then w and z are related as in the preceding
paragraph and

t<t+e/3<s +/3<s+2/3<s(e) +& < s(e) + e
so |t —u] < €. Hence

Y < Dus(x + 3) + 36 < Do) (T + 48) + 42 < D) (w(€) + 52) + e < Do) (2(e)) + 9
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and similarly

Yy 2 éus(e)(x(e)) — &o-

Since (t,y) was arbitrary, we have shown that

Fle) C{(t,y) : t €[0,s(e)] and |y — Bys(e) (x(e))] < g0}
U{(t,y) : t € [s(e),s(e) +¢eo) and |y — z(e)| < o}

and, since F(e) is a connected set joining (s,z) to the imaginary axis, this implies for the
Hausdorff metric dg that

du(F(e), {(t, éts(e)(:)s(e))) :0<t<s(e)}) < 2.

We complete the proof by obtaining an analogous estimate for G(e). Recall that G(e) =
{a(p;) : 7 = 0} where p = p(z(e)) is the minimal length gap path starting from py(z(e)), the
closest point to z(e) which is not in the interior of K. Write 7(po(z(€))) = (s0, Zo).

Suppose that t < s(e) — &’ and p makes an excursion left of the line {t +iv/d*y : y € R},
with endpoints w™,w™, say. Then the open line segment (w™,w™') must contain a point of
Ky, say w € Py +2mij. Set 7(w) = (t,y). Then, since p cannot cross Ky, there must exist
2 € P14 2mik, an ancestor particle of P, + 27ij, with o(z) = (s,x), say, and s > sq. But
then

sle) <sop+e'/3<s+e/3<en+2/3< em+2"/3<t+¢e < s(e)

which is impossible. Hence there is no such excursion and so

G(e) C{(s,x): s> s(e) — &,z € R}.

Consider (t,y) = &(w) with w € P41 + 2mij and m < N — 1 and t > s(e) — 3¢’ and
lyl + 32 < 2R and y > Py (x(€)) + 0, where v = s(e) V¢t AT. Note that ¢ < T +¢'/3
and |v — t| < 3¢’. Suppose (s,2) = 6(z) with z € P, 1 + 2mik and |s — s(e)| < ¢ and where
P\ + 27ik is an ancestor particle of P,,.1 4+ 2mij. Then

> Qyy —3e) — 32 = Dy (y — 4e) — 4 > z(e) +&.

Hence F(t,y) does not meet the vertical half-line {(so,z) : 2 < z¢}.
Define

©(e) = {(t, Dinrse)(2(€))) : t = s(e)}

and set I = [s(e) —2¢',T]. There exists a continuous function y(t) : I — R such that, for all
t € I, setting v = s(e) Vt AT, we have

y(t) > Pusiey(z(e)),  d((t,y(1)), B(e)) =eo + e+ 5e'.
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Define recursively a sequence Ty, . .., Ty by setting 7o = s(e) — 2¢” and then taking 7,1 as the
supremum of the set

{r € m,T]: (T, y(7) = (T, y(m))| = €}
until n = M — 1 when this set is empty and we set 7,y = 7. For n = 0,1,..., M, choose
wy, € Ky with a(w,,) = (t,,y,) and |t,, —7,| < &’ and |y, —y(7,)| < €. Note that ¢y < s(e) —¢’
and t)y > T — ¢ and t,, € [s(e) — 3¢, T + £'] and |y,| + 3e < 2R for all n. Set

M-1
BO = U [wnawn-i—l)a Bl = {t+2\/5_*yM 1t > tM}, B = BO U Bl-
n=0

Then, for any w € By, for (t,y) = d(w), we have |(t,y) — (7n, y(n))| < € + 2¢’ for some n, so
g0+ 3" < d((t,y), ®(e)) < g+ 2e + Te' and 0 y = Pyy(e)((€)) + €9, where v = s(e) VEAT.
The final inequality obviously extends to B.

Suppose p crosses B, and does so for the first time at 7(1). Consider first the case where
Pr1) € [Wn, Wny1). Then, since w, and w,,, are both connected to the imaginary axis in Kx
and p cannot cross Ky, it must eventually hit [Wy, w1 1] again after 7(1), at time 7(2) say,
except possibly if p.qy = wy. If the open line segment (p;n), pr(2)) contains a point w € Ky
with a(w) = (¢,y), then for all z € finger(w) with d(z) = (s,2) and |s — s(e)| < €’ we have
r > wx(e) +¢'. But this is impossible because w is disconnected from the imaginary axis by
{so +iVéx :x <20} U{p, : 7 > 0}. Hence (Pr(1), Pr2)) € Dn, 50 pr € [Dr(1), Pr(2)] for all
7 € (7(1),7(2)), contradicting our crossing assumption. In the case p;q) = wy, if p does not
return to [wy,, wy41], then it must hit [w,_1, w,| instead and this also leads to a contradiction
by a similar argument. The case where p,1) € B, also leads to a contradiction of minimality
by a similar argument. Hence p never crosses B. So, for all (t,y) € G(e) with y = @5 (z(e)),
we have d((t,y), ®(e)) < g + 2e + 7’ < 2¢p. A similar argument establishes this estimate
also in the case y < @y (x(e)). Since G(e) is a connected set joining (sp, o) to {I'} x R,
this implies

di(G(e), ®(e)) < 2.
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