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Abstract

accidents, road works or weather conditions. Perturbations
are propagated from upstream to downstream sections
via forward waves. Different phenomena are observed
in jammed mode. Drivers are slowing down when they
observe traffic congestion in the section ahead of them
which increases the traffic density upstream provoking
a backward wave. In [1], [2] for the first time linear
and static sending and receiving functions are proposed
to model these waves together with a cell-transmission
model.

Traffic flow on freeways is a nonlinear, many-particle
phenomenon, with complex interactions between the vehicles.
This paper presents a stochastic hybrid model of freeway
traffic at a time scale and at a level of detail suitable
for on-line flow estimation, for routing and ramp metering
control. The model describes the evolution of continuous
and discrete state variables. The freeway is considered as
a network of components, each component representing a
different section of the network. The traffic model, designed
from physical considerations, comprises sending and receiving
functions describing the downstream and upstream propagation
of perturbations to be controlled. Results from simulation
investigations illustrate the effectiveness of our model
compared to the well-known METANET model.

We represent the freeway traffic as a network of stochastic dynamic components, each component describing a
different section of the network. The approach of traffic
modelling as a network of hybrid components offers
modularity and flexibility, it allows parallel processing
which can reduce the computational load. As such, it
brings the scalability potential of the decentralized architectures, adaptability and improves system predictability.
It is applicable to both freeways and urban networks.
Changes in the topology of the freeway network only
require addition or deletion of a few components (local
changes to the model). The traffic is a stochastic hybrid
system, which means that each traffic section possesses
continuous and discrete states, interacting with variables
from neighboring sections. Continuous variables in a
section are the average speed and the number of vehicles
in the section. Modal (discrete) state variables describing
the abrupt changes in the traffic regimes are the number
of lanes, traffic modes, external conditions (weather, road
works), controlled events (e.g. change of traffic lights,
speed limitations). Continuous variables are stochastic due
to the random behavior of drivers reacting to local events,
modal states are random due to unexpected events.

I. Motivation
Traffic flow on freeways is a complex process and its online management incorporates many aspects: analysis of
the traffic phenomena, building models of traffic dynamics
and observations that are adequate for control purposes,
development of cost effective and reliable data-processing
algorithms for state estimation and control. A freeway
network consists of many interacting components which
can exhibit highly variable behavior, such as traffic jams,
stop-and-go waves and hysteresis phenomena. Experimental studies [5] based on traffic data have shown that traffic
flow in different sections of the freeway possesses distinct
dynamic modes (phases) such as: free flow traffic where
vehicles do not interact much with each other and where
vehicles approach their own desired speed; synchronized
traffic flow, a mode in which drivers move with nearly
the same speed on the different lanes of the highway;
congested mode in which the speed is quite low and can
fluctuate very much while flow does not vary significantly;
and jammed mode, where both speed and flow are very
low. Some changes in the section mode, for example
from “free flow” to “congested” are induced by the traffic
dynamics themselves, for instance the drivers’ behavior,
while other transitions are due to external events such as
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The novelty of this paper lies in the derived stochastic
hybrid model of the freeway traffic, well suited for online estimation. It represents both forward and backward
waves through the mechanism of sending and receiving
functions. The traffic dynamics is described in this model
by macroscopic (aggregated) variables, i.e. in terms of
collective vehicle dynamics and treating the traffic as a
fluid flow.
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while vin,k is the average speed of these vehicles. Qout,k
specifies the possible outflow, at speed vout,k from
section nm . ηk is a disturbance vector, reflecting random
fluctuations in the traffic states, and modelling errors.
The traffic mode in section i in this interval can make
sudden transitions between different modes with rates
which depend on the state vectors xi−1,k , xi,k , xi+1,k .
Using traffic modes as discrete state variables allows
for much simpler form of fi (e.g. affine function). In
the first and the last zones of a section, di,k acts as a
part of boundary conditions. These first and last zones
are special because they describe boundary conditions,
including the interaction with upstream and downstream
sections, on- and off-ramps, etc.

Various macroscopic models have been developed over
the last 60 years for deterministic or stochastic evolution
of the three main variables of aggregated traffic: flow,
speed, and density (for recent surveys, see [3], [5], [6],
[7], [4], [9]). The majority of the macroscopic models
proposed in the literature are deterministic. Until now
macroscopic models are predominantly used to simulate
the traffic dynamics, less for traffic state estimation and
control. Compared to the other types of models with
higher levels of detail, like microscopic (particle-based)
and mesoscopic (gas-kinetic) [5], the macroscopic (fluiddynamic) models are more suitable for on-line predictions
of traffic states with real data and for traffic regimes
detection and for incident detection. These predictions are
then useful for model based predictive control.
The outline of the paper is as follows. Section II presents
the framework for modelling the traffic flow as a stochastic hybrid system. The freeway network is divided into
components and each component is described by its
dynamic mode with aggregated traffic variables. In Section III a compositional model of a link is developed,
a substantial part of which are sending and receiving
functions. Section IV presents a comparison between
simulation results obtained using the model introduced in
this paper and a stochastic version of METANET. Finally,
conclusions and ongoing research issues are highlighted.
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II. Traffic Modelled as a Stochastic Hybrid
System
A network of freeways can be divided into stretches,
called links, typically between two on- and off- ramps.
A link is composed by a sequence of sections, as indicated in Fig. 1. Each section corresponds to a stretch
of a freeway where the behavior is fairly homogeneous
(usually few hundred meters long). The traffic flow in
a section is modelled as a stochastic hybrid system, with
continuous and discrete states, interacting with states from
neighboring sections. The global state of link m at time tk
is described by the vector xk = (xT1,k , xT2,k , . . . , xTnm ,k )T ,
containing the local state vectors xi,k = (Ni,k , vi,k )T of
the nm sections forming this link. Ni,k is the number of
vehicles present in section i at time tk , and vi,k is their
average speed. The state vector xk is sampled at possibly
asynchronous points in time t1 < t2 < . . . < tk < . . . .
The evolution from one sample time to the next sample
time is described by the update equation
in
out out
xk+1 = f (xk , Pk , Qin
k , vk , Qk , vk , ηk )

Freeway links, sections and measurement points. Qi is
the average number of vehicles at the boundary between sections
i and i + 1, Ni and vi are respectively the average number of
vehicles and speed within section i.

Fig. 1.

The observation equation is of the form
zi,kb+1 = hi (xi,s , s ∈ [tkb , tkb+1 ), ξi,kb+1 ),

(2)

where the measurement vector zi,kb = (Q̄i,kb , v̄i,kb )T
comprises the average number of vehicles (cars and
trucks) Q̄i,kb , crossing the boundary between section i
and section i + 1 over the interval [tkb , tkb+1 ) (only for
the sections equipped by sensors). The different time
indices in (2) emphasize that the data are aggregated over
intervals [tkb , tkb+1 ) at regular or irregular points in time,
typically less frequent than the state update (or sample)
times tk .
The measurements are obtained by induction loop detectors or video cameras at the boundary between some
sections (at least one sensor at entrance and exit). They
are corrupted by noise due to sensor calibration errors,

(1)

where Pk denotes the vector of all time-varying
parameters, such as road conditions, or number of
available lanes; Qin,k counts the number of vehicles
entering section 1 during the k-th time interval [tk , tk+1 )
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equidistantly spaced and the noise is small (relative to
Si,k ) and approximately Gaussian (by the central limit
theorem).

communication link errors, sensor failures. Sensor failures
raise missing data problems which the traffic estimation/
control algorithm should be able to cope. Usually the
data are received from non-equidistant points in space.
Functions fi and hi are nonlinear in general and can be
different in the different sections of the freeway. One form
of the functions fi and hi is given in the next section,
where a compositional model of a link is derived from
physical considerations.

Each section receives vehicles from the upstream section,
and sends vehicles to the downstream section. Hence, the
dynamic evolution of the traffic state of a link depends on
the interaction between neighbor links, i.e. on the inflow
and outflow at upstream and downstream boundary of the
link.

This formula for Si,k does not take into account what
happens when a severe traffic jam causes stopped traffic
at time tk in section i. The speed then drops to 0 and
no vehicle would ever leave section i after time tk , even
if the downstream section was empty. Hence, we have to
impose a minimum outflow speed vout,min with which
vehicles attempt to leave section i. This minimal outflow
speed can only be realized if the downstream section is not
too congested, which effect is taken into account by the
receiving function. This outflow speed vout,min is chosen
so that ρjam vout,min i,k equals the empirically observed
outflow from a traffic jam into an empty downstream
section, a value that is typically significantly smaller than
the maximum flow.

A. Updating the number of vehicles

The receiving function

III. Compositional model of a link

The number of vehicles, Ni,k , [veh], within a freeway
section i (with length Li , [km], and with i,k number of
lanes, at sample time instant tk is related to the density
ρi,k (number of vehicles per length unit, [veh/km/lane])
via
Ni,k = ρi,k Li i,k ,

i = 1, 2, . . . Nm .

max
Ri,k+1 = Ni+1,k
+ Qi+1,k − Ni+1,k ,

where
max
= (Li+1 i+1,k )/(A + vi+1,k td ),
Ni+1,k

(4)

where Qi,k is the number of vehicles, [veh], crossing the
boundary between two sections (Fig. 1), leaving section i
and entering the section i+1 during the interval [tk , tk+1 ).
Qi,k is the minimum
Qi,k = min(Si,k , Ri,k+1 ),

(5)

among the values computed from a sending function
Si,k = max{Ni,k

(8)

gives the number of vehicles that can enter section
i + 1 at the next time instant k + 1, vi,k is the average
max
speed of vehicles inside section i. Ni+1,k
characterizes
the maximum number of vehicles within section i + 1
at sample time k, assuming that the average space
needed by a vehicle is its average length A plus the
distance travelled. td is the minimum time distance
between vehicles. The sending function corresponds
to downstream propagation and can be recursively
calculated from left to right, whereas the receiving
function corresponds to upstream propagation and must
be recursively calculated from right to the left.

(3)

The evolution of Ni,k can be expressed by
Ni,k+1 = Ni,k + Qi−1,k − Qi,k ,

(7)

vi,k ∆tk
vout,min ∆tk
+ηSi ,k , Ni,k
} (6)
Li
Li

Evidently, this requires the solution of a system with nm
nonlinear algebraic equations (4)-(8). Sources of nonlinearity are the minimum operation in (5), the multiplication
of Ni,k and vi,k in (6), as well as the division by vi+1,k
in (8). To prevent possible negative values of Ri,k+1 (7)
when abrupt changes happen, it is imposed

and a receiving function Ri,k+1 . Si,k is a random variable
expressing how many among Ni,k vehicles in section i at
k are at a distance less than vi,k ∆tk from the boundary
between sections i and i + 1, where ∆tk = tk+1 − tk is
the sampling interval.

max
,
Ni+1,k = Ni+1,k

When the density is low (corresponding to free-flow mode
of traffic, i.e. when Ni,k ≤ ρcrit Li,k i,k ; ρcrit denotes the
critical density) the interaction between vehicles will be
negligible and their location will be uniformly distributed
over Li . Si,k is then a binomial random variable with
Ni,k drawings, with probability of success (vi,k ∆tk )/Li .
If the traffic is congested, vehicles will be approximately

if

max
Ni+1,k
< Ni+1,k .

(9)

In order to describe this complex traffic behavior, the
sending function is calculated at first forward by assuming
that Qi,k = Si,k and substituting it in (4). With this
“guessed” number of vehicles on borders, a guessed
number of vehicles inside sections, a guessed density and
a guessed speed are calculated. After that the receiving
function is computed from section nm down to section
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xk = (xT1,k , xT2,k , . . . , xTnm ,k )T . The initial vector
x0 = (N1,0 , v1,0 , . . . , Nnm ,0 , vnm ,0 )T , and the boundary
variables (for the first and last segment) are of primary
importance. The number of vehicles entering the first
section is upper bounded by the sending flow, i.e.
Q1,0 = S1,0 , Qnm ,0 = Rnm ,0 . The number of the
vehicles leaving the last section is bounded by the
maximum outflow Rnm ,0 .

1 and the condition that the number of vehicles leaving
section i cannot be larger than the number of vehicles that
can be received by section i + 1 is imposed as follows:
if Ri,k+1 < Si,k , then Qi,k = Ri,k+1 ,
∆i,k = Si,k − Ri,k+1 , Ni,k+1 − recalculated.
(10)
Qi,k is the number of vehicles which actually
are succeeding to cross the boundary, whereas
∆i,k = Si,k − Ri,k+1 is the number of vehicles
which are forced to remain in section i by slowing down.
∆i,k is added to Ni,k+1 . With this updated value of
Ni,k+1 , the previous values of the receiving function are
recalculated in order to avoid “overflow” of sections with
vehicles. This “backward validation” is repeated until
∆i,k = 0 (see (10)) for all sections.

C. Congestion propagation
Congestion occurs often in freeway traffic. Congestion
is a traffic flow phenomenon when the travel demand
approaches or exceeds capacity of the facility. Traffic
demands vary significantly depending on the season of
the year, the day of the week, and the time of the day.
Major reasons for congestions are: reduced capacity due
to accidents, work zones, weather conditions (as fog,
snow, rain), special events.

B. Updating the average speed
The speed vi,k+1 is calculated via the steps :

[vi−1,k Qi−1,k + vi,k (Ni,k − Qi,k )]/Ni,k+1 ,



 for N
i,k+1 = 0,
interm
=
vi,k+1




vf , otherwise.
(11)
ρantic
i,k+1 = αρi,k+1 + (1 − α)ρi+1,k+1 ,

When the density is high, the state of a section often is
such that traffic flow is lower than the capacity (maximal
flow). This inefficiency is represented in the model by
v e and spreads upstream via the receiving function. The
backward wave, which is created during congestion, is
modelled through the receiving function in the compositional model, reflecting the fact that a cell cannot emit
more vehicles than the neighbor cell can receive. In
terms of densities, traffic is congested when the density
exceeds its critical value ρcrit . The critical density ρcrit
has to be distinguished from the density in jam, ρjam ,
characterizing the jammed mode.
Advantages of the model (4)-(13) are that it does not
require many computations, nor parameter adaptation.
Parameters which are of primary importance are the
critical density and the number of lanes. The value of
the critical density is crucial in order to distinguish the
free-flow mode from the congested mode.

(12)

interm
vi,k+1 = βvi,k+1
+ (1 − β)v e (ρantic
i,k+1 ) + ηvi ,k , (13)
interm
is the intermediate speed taking convection
where vi,k+1
into account as if all vehicles would maintain their speed
constant; ρantic
i,k+1 is the anticipated traffic density which
drivers see at some distance in front of their vehicles, and
ρi,k+1 is computed from (3) after Ni,k+1 , i = 1, . . . , nm
has been evaluated. The coefficients α and β are in the
range: (0, 1]. Formulae (11) and (13) express the fact that
drivers can not change their speed instantaneously due
to inertia. Anticipation leads drivers to reach a weighted
average density in downstream sections. The noise ηvi ,k
reflects speed irregularities due to the unpredictable behavior of the drivers and also modelling errors. It is
assumed to be a Gaussian random process. The relative
noise ηvi ,k /vi,k is small for jammed traffic and high for
synchronized and congested traffic. The equilibrium speed
v e (ρantic
i,k+1 ) can be computed according to eq. (19) [7]
using simpler affine functions ve (ρi ) corresponding to
different traffic modes.

D. Observation equations
The following observation equations are derived in agreement with (2)
zj,kb +1 (1) = Q̄j,kb+1 + ξQj ,kb+1 ,

(14)

zj,kb+1 (2) = v̄j,kb+1 + ξvj ,kb+1 ,

(15)

where zj,kb +1 (1) is the measured averaged number of
vehicles crossing the boundary between sections j and
j + 1 during the time interval ∆tb = [tkb , tkb+1 ), namely
k=t
Q̄j,kb+1 = ∆t1 b k=tb+1
Qj,k , j ∈ J ⊂ {1, . . . , nm };
b
zj,kb+1 (2) is the average speed over the same interval of
these Qj,k vehicles. Note that this average speed weighs

Then (4) and (13) are the traffic state equations of the
i-th section, with a state vector xi,k = (Ni,k , vi,k )T
of a section i, and the state vector of a link is
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the faster vehicles more heavily than the slower vehicles,
since faster vehicles cross boundaries more frequently.
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IV. A comparison to stochastic METANET
model
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The compositional model introduced in Section III is
validated by comparing simulation results of (4)-(13) with
results obtained via results from a stochastic version of
METANET model [8], [7]

100

150

200

0

250

6000

4000

2000

0

1

2

3

Fig. 2.

8000

4

80

3

60

1

40

2

4

1

2

3

4

Time, [h]

Simulation results from the compositional model

qi,k from METANET is in [veh/h]. The density and the
flow are aggregated over all lanes of the freeway. An
abrupt change occurs at tk = 2 [h]. The number of lanes
drops from 3 to 1 in sections 3 and 4 and hence until
tk = 3 [h], 3,k = 4,k = 1.
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The average speed in equilibrium [7]
v e (ρi,k ) = vf exp −
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in which traffic is considered as a comprehensible fluid.
τ denotes the relaxation constant, ν - the anticipation
constant, κ - a model parameter, preventing the third term
in (17) to become zero [8], [7]. The flow in each section
i is presented as the average speed in that section times
the average traffic density and the number of lanes in the
section
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is computed based on the free-flow speed vf and
the critical density ρi,crit under the assumption that
the vehicles do not influence each other. In order to
guarantee numerical stability, the condition vf ∆tk < Li
must be respected [8]. Noises are added to the density
and speed state variables and reflect modelling errors.
The density noise ηρi,k and the speed noise ηvi ,k are
assumed to be Gaussian.
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Fig. 3. Simulation results from the stochastic METANET model

For tk > 3 [h], the number of lanes is three again. The
average vehicle length is assumed to be A = 0.01 [km],
the minimum time distance between vehicles td = 1 [sec],
the free-flow speed is vf = 130 [km/h], the minimum
outflow speed vout,min = 3 [km/h], the critical density
ρi,crit = 32.5 [veh/km/lane]. The coefficient values are
chosen as follows: α = 0.95, β = 0.10. Sampling is

Figure 2 presents results obtained using the model (4)(13) for a traffic over 5 sections, with a congestion mode.
In order to make comparison to the same states as in
the stochastic METANET model, flow-density, speed-flow
diagrams are plotted and the evolution of the flow and of
the speed in time is presented. The state variable Qi,k
from the compositional model has units [veh], whereas
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carried out with time step ∆tk = 10 [sec] = 0.0028 [h].
The section length is Li = 0.5 [km]. The speed noise
covariance is cov(ηvi ,k ) = 0.52 [km/h]2 , whereas the
covariance of the sending function is non-stationary, equal
to cov(ηSi,k ) = (0.03Ni,k vi,k ∆tk /Li )2 [veh]2 . All noises
are with Gaussian distribution.

freeway network only require addition or deletion of a
few components (local changes to the model). Its feasibility is demonstrated by the developed compositional
traffic model and through a comparison to a stochastic
METANET model. The compositional model is aimed at
describing two types of traffic behavior: when the traffic
flow propagates forward, i.e. from upstream to downstream sections (forward waves) and when the traffic flow
propagates backward (upstream waves) in the presence of
congestions. Results from simulation investigations are
given. The compositional model can be applied to real
traffic data for the goals of on-line traffic flow estimation,
on-line control and modes detection.

The flow-density diagram from Fig. 2 shows that the compositional model describes well different traffic modes.
In contrast to METANET, the compositional model does
not require to preset the value of the density in jam. The
mechanism of the sending and receiving functions affords
an automatic change of the number of vehicles which can
enter the next sections.
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A framework for modelling traffic on highways as a
hybrid stochastic system is proposed. It is straightforward, general, and applicable to both freeways and urban
networks, with different topologies, with any number of
sensors, with regularly or irregularly received data in
space and in time. The approach of modelling the traffic
on freeways as a network of hybrid components has
the following features: modularity, flexibility, suitable for
parallel computations. Changes in the topology of the

187

