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Resonances while surmounting a fluctuating barrier

J. lwaniszewsk};?* . K. Kaufmanl®'P. V. E. McClintock!* and A. J. McKan&®
School of Physics and Chemistry, Lancaster University, Lancaster LA1 4YB, United Kingdom
2Institute of Physics, Nicholas Copernicus University, Grudzia 5, 87-100 ToryrPoland
SRussian Research Institute for Metrological Service, Ozernaya 46, 119361 Moscow, Russia
“Department of Theoretical Physics, University of Manchester, Manchester M13 9PL, United Kingdom
(Received 7 September 1999

Electronic analog experiments on escape over a fluctuating potential barrier are performed for the case when
the fluctuations are caused by Ornstein-Uhlenbeck n@s&#N). In its dependence on the relation between the
two OUN parametergthe correlation timer and noise strengt) the nonmonotonic variation of the mean
escape timé as a function ofr can exhibit either a minimurfresonant activation or a maximum(inhibition
of activation, or both these effects. The possible resonant nature of these features is discussed. We claim that
T'is not a good quantity to describe the resonancelike character of the problem. Independently of the specific
relation between the OUN parameters, the resonance manifests itself as a maximal lowering of the potential
barrier during the escape event, and it appears fofrthe order of the relaxation time toward the metastable
state.

PACS numbes): 05.40—a, 82.20.Mj, 02.50.Ey

[. INTRODUCTION called inhibition of activation(IA). Moreover, considering
the exact formulas for the mean first passage tiMEPT)

In classical systems the escape of a particle from a loca@ver a barrier disturbed by OUN, it was inferred that a non-
potential minimum over a potential barrier is possible due tghonotonic form for7(s) is generic and conditioned by the
interaction with a thermal bath. Independently of the specifi¢€lationship betweem and the intensity of the nois®. In
measure used to characterize the duration of the escape pfgricular, Fﬁ occurs iR s a linear funcrtllon %fr’ "ﬁ" i thg
cess, the average tinEspent waiting for a successful jump Variation of the noise is constant. On the other hanq i
depends on the height of the barriet and the temperature T_lndependent_one could expect A to occur. T_hese conclu-
T of the bath through the Arrhenius formulaT sions agree with the t_he(_)retlcEilO,6,4,Z, numerical[4,7],

. o and experimentdl6,5] findings of other authors.
~exp@U/KT). Lately, it has been shown that this time may

A In [8] a more general class of noises, wigtbeing a more
be significantly reduced or prolonged by correlated StOChaséomplicated function ofr, was also considered and some

.t'c perturbaﬂcm(of tEe barrier. I.n the.conc;[ext of'recgtn.t 'ntetresailmiversal criteria for the appearance of RA and IA were
Ln rlesclinfancel (T E: enﬁ_mel;\atln n%syd);uamlﬁs, ' ;S U"’t‘_“r ound. In order to verify them we have performed experi-
0 look for a relationship betweelh an € charactenstic ., ants on analog electronic circuits, the results of which are

time of the perturbation given by its correlation timeln . :
| . ) . resented and discussed bel@®ec. V). The conclusions of
1992, studying a triangle barrier switched randomly betwee his study allow us to verify the reason for the appearance of

the two possible configurations, Doering and Gadduais- the extremes off(7) and, if they are of a resonance nature,

covered thal/(r) may exhibit a minimum forr of the order hich quantities are in resonan(®ec. \j. But we star{Sec.

of the escape time over the lower possible configuration o ; ; . L

; ) i I) by presenting a brief resume of the previous findif@js
';he bgrAilerLTPeytthereforr]e c?ﬁléedatr:;]s (taftfﬁesonant act:t|ve|1- and then(Sec. Ill) specifying the model investigated and
ion (RA). Later it was showr2— at this resonant rela- cﬂjscussing some experimental details.

tion between the time scales of the system is characteristic
those cases where the potential barrier is distgrbeq by di- Il. THEORETICAL PREDICTIONS
chotomic noisgDN). If a Gaussian correlated noise, i.e., an _ _ . .
Ornstein-Uhlenbeck nois€OUN), is applied the resonant  Let us consider the overdamped one-dimensional motion
minimum of 7 occurs wherr is of the order of the relaxation 0f a particle in a bistable potentibl(x) in the presence of a
time toward the metastable sta®&3-5,7. heat bath. In our study the potential is also modulated in time
In [8] one of the present authors concluded that the oppoby @ stochastic perturbation which, for simplicity, does not
site effect—the occurrence of a maximum in thelepen- alter the positions of extremes of the total potential. The
dence of7—can be observed, tasee alsq9]), although its dynamics_ of the particle is governed by the following Lange-
possible resonance origin remained unknown. This wagin equation:

dx
_ qi - V0= VI0z) + £, ()
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The intensityq of the noise is linearly proportional to the existence of RA is a generic property, while in the large-
bath temperature. The fluctuating part of the potential igegion7 grows monotonically and IA is absent.
driven by OUN,

dz 1 V2Q t) 3 lll. SYSTEM
—=——z+— (1),
dt T T The utility of the electronic analog technique for model-

. ) . . ing stochastic dynamics has been demonstrated in many
where 7(t) is another Gaussian whlte noise independent OEases(e.g., see the recent revig1]). However, the prob-
£(t), of zero mean and correlation functidm(t) 7(t'))  |em of escape over a fluctuating barrier seems to have been
= 6(t—t’). The relation between the two parameters of thisiyyestigated in this way only in experiments of the Perugia-
noise, namely, its strengtQ and its correlation timer, ap-  camerino groug6,5]. The authors considered two kinds of
pears to be crucial for the appearance of RA or IA, S0, incolored noises: DN and OUN, both in two variants: CSN and
general,Q should be considered as a functionofAs was  CcyN. In our research we do not deal with DN; however, we
shown in[8], the general tendencies in the dependence ofonsider a much wider class of OUN'’s. On the other hand
MFPT on 7 can be found by analyzing the problem in the the potentialv(x) used in[6,5] was a simple parabolic one,
limits of very fast(r—0) and very slow(r—) barrier fluc- ¢ it caused a permanent variation of the position of potential
tuations, only. We do not consider here the general form ofyinima, leading even to the disappearance of the bistable
Q(r) treated in[8]. To discuss all the main features of the character of the total potential. Here we use another form of
escape problem it is enough to assume that for arilye V(x) that avoids these inconsistencies.

noise strengttQ has the following form: The circuit used in our experiments has been based on a
N standard electronic system simulating Langevin equation
Q(7)=Qo7*, 0<Qp<», Oseasl. (4 with a quartic potential,

In the limit 7—0 for «=0 the noisez(t) becomes white,
while for a>0 the noise intensityQ goes to zero, sa(t) 1
vanishes. The opposite limit—o can be discussed in a simi- U(x)= ZX4— EXZ, (7)
lar way. However, a better quantity to use in the discussion
below is the noise variande given as
with a maximum atx=0 and two minima att1. The per-
D=Q/r. (5 turbation has the form

Thus, if a<1 the noisez(t) disappears sincB—0. How-

ever, if a=1 thenD—Q,, SO we acquire an ensemble of U(x) for |x|=1

static potentials spread according to a Gaussian distribution V(x)= 0 for |x|>1, ®

with the varianceD. Let us mention that the cases @0

anda=1 are the commonly used variants of OUN: constant-

strength noise(CSN) [Q(7)=Q,] and constant-variance so it does not alter the positions of potential extremes and the

noise(CVN) [Q(7)=7Qq], respectively. fluctuations affect only the barrier itself.
The main conclusions 48] were as follows. First, inde- The system was prepared at random in one of the poten-
pendently of the specific form d@@, we have tial minima (x==1). The time of its first appearance at
the top of the barriet,,, was then measured. We observed
To<T<T,, (6) also the value of the colored noise at this moment

Ziop=—Z(t;op), Where minus is used for later convenience. At
where the indices 0 and refer to the appropriate limit of,  least 2000 jumps from each well were recorded. The sym-
and 7 is the MFPT for an unperturbe@tatio barrier. Itis  metry of the system was checked very carefully, so in fact
obvious that the equalities relate to the cases of vanishing/e dealt with the statistics of at ledst=4000 events. From
noise mentioned above. The analysis of the leading ordethe data collected, we calculated the MFPRNd its stan-
corrections of7 for finite 7 shows that the inequaliti€é) are  dard deviatiom 7, as well as the mean valiof z,, and its
also fulfilled in some proximity of these limits. Thus for standard deviatioAZ.
small 7 when a>0 the escape tim& always decreases with The control parameter of the problem, the correlation time
increasingr, while for large r and @<1 a decrease of  of the OUN, was varied within the interval 16< r<10>.
causes an increase @f This assures that a minimum or a The measurements were repeated for five different relations
maximum appears, respectively. The explanation of such béetweenQ and 7 with «=0, 0.25, 0.50, 0.75, and 1.0. The
havior is very simple: ifz(t) vanishes in a given limit then, other parameters were kept constagt=0.067 and Qg
for a finite value ofr, it does exist and causes an effect =0.73. In what follows we use scaled quantities in order to
similar to that of a nonvanishing noise. Wheft) does not ensure a simple formil) of the Langevin equation with the
vanish, if we do not deal with certain specific formslfx) potential(7). The time unit of this paper corresponds to 1.02
and V(x), then the escape tim& always increases in the ms of real time, so the measured value 110 ms of the MFPT
region of smallr, and so RA does not appear. On the otherover an unperturbed barrier giveds=107. Finally, the cor-
hand, since in this case=0, IA should be observed. A relation times of the noise generators were of the order of a
similar argument applies to the case of CUN=1). The few us, so effectively we are dealing with white noises.
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FIG. 1. Experimental data measured for an analog electronic FIG. 3. The same as Fig. 1 but far=0.5.

model of Egs(1), (3), (4), (7), and(8) vs decimal logarithm of-.

(a) Relative MFPTTZ(7)/7; and its standard deviatiah7{ )/ 7 for ical predictions fora>0, the escape tim&(7) develops a

a=O.Q. For rgference the dotted line indicates the relative MFPT forminimum on the smalk side. Only for CSN doe§(7) in-
a static barrier. The values of the other parametersqar6.0674

: crease monotonically in this region. Similarly, fax<<1, a
andQy=0.734.(b) The mean valu&(7) of the colored noise and . . . ' T
its standard deviatioAZ(7) as measured at the moment of crossing maximum exists as expected on the lasgside of the figure;

X X —__“but a monotonic increase characterizes the case with CVN.
the top of the barrier. For comparison thelependence of the noise W fi h that th - learlv d
standard deviatiorS, =[Q(7)/7]%2 is also displayeddotted ling. € nouce, however, that the minima are more clearly de-

In all figures the lines that connect the experimental points aret'ned than the maxima.

drawn to guide the eye, only. The position of the minimum;;, depends strongly oa.
As « decreases the minimum shifts significantly toward
IV. EXPERIMENTAL RESULTS smaller values ofr, e.g., Tmin for «=0.25 is about ten times

smaller than forw=1. Simultaneously, the minimal values of
the MFPT 7., change only slightly, while the width of the
The results of the experiments, collected tor0, 0.25, minimum increases. These propertiesZ@#) result simply
0.50, 0.75, and 1.0, are summarized in Figs. 1-5, respec from the r dependence d®. If a>0 the OUNz(t) vanishes
as —0 and7(0) =7 [8]. On the other hand, ag decreases

tively. In the (a) parts of the figures the MFPT and its stan- . . : :
dard deviation are displayed. In accordance with the theoretcEOIOred noise approaches CSN, which does not disappear in

A. Escape time
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FIG. 2. The same as Fig. 1 but fa=0.25. FIG. 4. The same as Fig. 1 but fa==0.75.
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I(a) T T T T 12 B. Position of the barrier
5,3" 3 Parts(b) of Figs. 1-5 show the results of measurements
sk ,,/ 1 of zy,, i.e., the value of the colored noisez(t) at the
2 [ pe* ] moment when the system variablé) crosses the top of the
1.0 [ ,é . barrier. This relates to the configuration of the potential dur-
& \9\& A 1 ing the escape event. In the figures we display its mean value
0.5F \&‘@M‘Q@ . 7 ] Z(7) [12] as well as its standard deviatidZ(7). For com-
AT parison, the standard deviatioB,=+D of z(t) is also
0.0 t t t t —+ shown.
(b) The most important observation is that in any case, for
a0 o ] CSN also,Z(7) exhibits a maximum. It is located in the
n PR A —) region between=0.3 for =0 and =5 for «=1.0, i.e., for
N Tk 7~0(1). These maxima mean that, regardless of the type of
<{ 10" f ¥ 3 noise, forr of the order of unity the system prefers to escape
. i,f" x 7 when the barrier is in its lower position. For smaller or larger
102k e ® AZ ] values ofr escape events over higher barriers are relatively
: , , , L Sp more probable. The region af for the occurrence of this
2 -1 0 1 2 3 maximum is limited so one can ask whether this effect is of
log(n) a resonance nature. We will return to this question shortly.
] Quite different is the dependence AZ on 7. For any
FIG. 5. The same as Fig. 1 but fer=1.0. value of & it almost equalsSy . A small deviation from this

o ) ~rule is noticeable only for large whereAZ(7) falls slightly
this limit, and for which7(0)<7s. Thus the nonmonotonic - pejow S,. Thus, z, is @ random variable with the same
curve 7(7) for a>0 converges to the monotonic one With siandard deviation as that of the procegs), but with a
a=0, which means that,, shifts toward zero. Since the nonzero meaz(r).
position of the minimum depends on the rate of variation of Fq5r cSN the maximum aZ(7) lies under the lineSy (7).
Q with 7 and may be located within an infinit@n a loga-  \wjth increasinga, the maximum moves toward this line,
rithmic scalg interval, we cannot treat the appearance of agyentually just crossing it for the CVN case. In order to
minimum of 7(0)=7; as the signature of a resonance be-gyxp|ain this distribution, note that for=1 (the maximum
tween the noisg(t) and any characteristic time of the sys- appears forr of the order of unity the standard deviation of
tem. _ . z(t) has the same valugQ, for any «. Thus if 7 is slightly
Although the maxima are not so clear as the minima, ONgmajier the amplitude of the fluctuations for smalteris
can notice a very similar relationship between the value of larger. In contrast, for>1 the largerx becomes the larger is
and the location of a maximumy,,: as « iNCreasesrma  the amplitude of the fluctuations.
also increases. This is a consequence of the vanishing of The different rate of increase or decrease of the fluctua-
in the limit 7— for a<1, while the CVN witha=1 sur-  {j5n amplitude with variation of- for different a blurs the
vives. Consequently, the existence of a maximum7im  egssence of this effect, however. In order to eliminate it we
results from the specific relation betwe@mandrand also is st consider the relative rather than the absolute height of
not of a resonance nature. _ the lowered barrier. The word “relative” means with respect
Very similar features are seen in the graphs of the stang, the actual possibilities, i.e., with respect to the amplitude
dard deviation of the escape timg7. For given a the  f the parrier fluctuations for a given Such an approach
minima and maxima appear in the same places aglfot  seems obvious on looking, e.g., at Figbll At 7~2, where
Furlthermore, the maxima are much more dlstlngt here.. ComZ(T)~ JQI7, in order to escape over the barrier the system
paring the whole curves(7) and A7(7) one can distinguish o, 5l5its much more the modulation of the barrier caused by
two regions. Forr smaller than 10 for any givea the curve a0 cjored noise than it does at0.3, where, although the
AT(7) follows 7(7). almost exactly. Thus in this region the maximum ofZ(7) appears, the possibilities are gredt®¢7)
rate concept applies and the escape process can be characfgrbnly about (1/25,]. In Fig. 6 we display the relative
ized by a decay rate equal to the inverse76f) [4]. For mean value of deEf)ined as follows:
greaterr, however,A7(7) exceedsI(7). Since for largera top '
the noisez(t) vanishes more gradually as-o, the largera Z(1)=2("IJQl 7. (9)
is, the greater becomes the difference betwadhr) and
(7). This reflects the fact that for large especially when it
is much larger than the MFPT, the potential remains almosf he plots for different differ only slightly. The maxima are
static during any escape attempt and the pr0b|em may b@istributed within avery small intel’val, 2-4.6. Their helghts
treated as an escape over an ensemble of static barriers wiihe almost the same and of the order of unity. The plots are
randomly distributed heighté&he adiabatic approximatipn  shifted slightly toward the right as increases.
The exponentia| dependence of the escape timeAbh After thus redUCing the influence of thedependence of
causes higher barriers to dominate in the averaged expretie Sp of the OUN on the barrier fluctuation amplitude, we
sions. Consequently, the MFPT is greater than for the statimay suppose that the occurrence of a maximurd(ed) is of
barrier[8]. Also, AT exceedsT and, if a maximum exists, it resonance origin only. It appears foiof the order of a few
is better seen foA7(7) than for7(7). units and this is the time scale of relaxation in the system. To
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caused by a few types of OUN with different relationships
between the two parametersand Q. We measured the
MFPT 7 and its standard deviatioA7 for the threshold lo-
cated at the top of the barrier. We also collected the mean
value Z and standard deviationZ of the value of colored
noisez(t) at the moment of crossing the threshold.

Our main conclusion is that the resonance in the problem
does not relate to the duration of correlationf the barrier
noise and the escape time, as often believed when consider-
ing resonant activation problems. The resonance occurs be-
tween 7 and the small part of the escape time during which
the system jumps from the region of the potential well to the
other side of the barrier. Since this time is of the order of the
relaxation time of the systemy the resonance condition
briefly reads

1. (10
2 _'1 (') 1 2 3 In the resonance the system maximally exploits the stochas-
log(m) tic lowering of the barrier by(t)—an escape event typically
happens through a relatively lower barrier.
FIG. 6. Relative lowering of the barriéZ(7) [Eg. (9)] at the This resonance may give rise to a minimum Tyr),
moment of crossing over the top of the barrier f6+0, 0.25, 0.50,  known as resonant activation. But the resonance identified by
0.75, and 1.0. The other parameters as in Fig. 1. us occurs also for CSN. In this cagér) does not hit any

minimum, implying that there is apparently no resonance for
understand this relation, let us recall that for a small noise inhis noise. However, as we have shown, the dependence of
the standardstatio Kramers problem the system fluctuates the MFPT onr arises because of the dependence oftwo

for a very long time at the bottom of the well, waiting for a ¢5¢tors: the mean relative height of the barieduring the

large enough fluctuation of the white noiget) to kick it ggcape event, and the standard deviaBgnof the barrier
over the top of the barrier. Becauggt) is a Gaussian pro- ngise For CSN the decrease % is stronger than the in-
cess, the waiting time depends exponentially on the height Oérease o7 and consequentlgi(z) increases monotonicall
the barrier, and hence a lower barrier is greatly to be Pref avond the resonant reaion HA0) y
ferred. When this large fluctuation ultimately happens, it )I/n the region of lar egra ma>.<irﬁum ofT(7) can appear
should persist for a duration at least of the order of the e} nown as a% inhibitiongof activatiof8]. Since the naﬁf’re o,f
laxation timet, of the systen}13,11,4,3, which assures that :

the system has a long enough time to cross to the other sic}Q'S feature was not clearly identified it was not referred to as

of the barrier. If the barrier rises during this stage, the systerr‘%l resonance if8]. According to the present analysis, and

A 4 ; . exploiting similarities between the two limits af(7—0 and
may return back to its initial well, thus increasing the waiting —) discussed i8], we can state that the appearance of
time. Th|s explam_s v_vhy, in order to ensure the minimal ©Shis maximum is not, in fact, of a resonance character. We
cape time, the_ variation of the barrier, mea_sured by the Valuﬁave not identified a corresponding time scale in the system.
of the correlation timer, should occur on a time scale longer

thant, . However, whenr becomes too long, there will also Thus the inhibition of activation appears only as a conse-

be enough time for a successful escape attempt over hi hgpence of the dependence @fon 7.
9 P P 9N€T e believe that our findings are general in the sense that

barrier configurations. This results in an increase of the meap. .\ 4o not depend on a specific definition of the escape
height of the barrier at the moment of escape. Consequentlyﬁmg Here we Eharacterize Fl)t by means of the MFPT: wpe

forFTJ(t):/v?ngﬂtﬂlir:ggciggsjirivf(géy explain also the depen note that other possibilities exist, e.g., the Kramers flux-

dence onx of the plots in Fig. 6: as decreases the ampli- over—population r_at¢_14] or th_e lowest nonzero eigenvalue

tude of the barrier ﬂuctuation.s iﬁcreases and so lower barrLlS]' Our conviction Is especially supported by' the very re-
' ent paper of Reimanet al.[16] proving the equivalence of

ers can appear. This implies that a shorter time, albeit still o i : . . :
the order oft, , will be required to cross to the other side of he flux-over-population rate with the inverse of the MFPT.

the barrier. Thus the resonant valuerofiecreases. ACKNOWLEDGMENTS
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