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Direct measurement of the critical velocity above which a
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Abstract The dynamics of an electrically-driven 8 kHz quartz tuning fork has been
studied experimentally in liquid helium-4 in the temperature range 1.3< T < 4.2 K
under the saturated vapour pressure. The fork has relatively large dimensions compared
to standard 32 kHz fork used in recent investigations. The velocity of the tip of the fork
prong is measured by the indirect electromechanical equivalent method and is compared
with the velocity of another 8 kHz fork (from the same batch) determined by direct
optical measurement of the oscillation amplitude through Michelson interferometry. A
comparison of these results has provided absolute values for the critical velocity of the
transition to the turbulent state.
Keywords quantum fluid · quantum turbulence · tuning forks · superfluid helium ·
critical velocity
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1 Introduction
Quantized vortices and their dynamics in superfluid helium-4 are often studied by
analyzing the dynamics of vibrating objects, which can be used for both generation
and detection of vortices. In recent years, quartz tuning forks have been widely used for
this purpose. Although, used primarily as frequency standards (32,768 Hz) in watches,
these inexpensive, robust and magnetically insensitive forks have shown [1] a promising
response as probes to study the properties of low viscosity liquids. They have been
exploited for studies of laminar, potential and turbulent flows in normal and superfluid
helium-4 [2–4], where the onset of turbulence is defined by a threshold (critical) velocity
of the flow. The measurement methods in previous studies include a bridge scheme [1]
and a current measurement scheme [2], where the current is measured across a resistor
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(typically 1 kΩ) or using a high-gain low-noise current-to-voltage (I/V ) convertor [5,
6] that helps to minimize signal losses due to stray capacitances.
In the first part of the paper, we will describe the electromechanical equivalence parameters for the first fork. After that the optical interferometry measurement technique
will be described in detail for the second fork and a comparison will be made between
the fork velocities measured electrically and optically. Finally, the force-velocity relation will be obtained for the first fork in He-II at different temperatures and the critical
velocities for turbulence generation at these temperatures will be described.

2 Experiments and results
The size parameters of one of the prongs of the first 8 kHz fork are L=9.235 mm,
W =0.399 mm, T =0.909 mm, where L, W, T represent the length, width and the thickness of each prong. The separation between the inward-facing ends of the prongs was
D=0.49 mm. The measured resonant frequency at room temperature in vacuo (pressure
below 1 mbar) was fR =8458.73 Hz with a Q-factor ≈ 105 (the width of the resonance
curve being ∆f = 0.072 Hz). The vacuum measurement was repeated at low temperatures under continuous pumping (P < 2 mbar) of superfluid helium with the fork just
above the liquid level, yielding fR =8443.9 Hz, while the quality of the fork increased
three-fold (the vacuum-helium measurement).

2.1 Calibration of fork velocity
The velocity calibration of the fork is done electrically by finding its electromechanical
constant [2] a (also called the fork constant). The theoretical value of a is given by [8]
aT = 3d11 E

TW
,
L

(1)

where d11 = 2.31×10−12 m/V is the longitudinal piezoelectric modulus of quartz and
E=7.87×1010 N/m2 is the elasticity modulus of quartz. In our case aT =2.142×10−5 C/m.
Experimentally, the fork constant a is measured by considering the fork oscillator as
a series L−C −R resonator. The fork is excited with an ac voltage U = U0 cos(ωt) while
the frequency is slowly swept through resonance. The stress due to the fork deflection
induces charge proportionately, and thus the induced current I(t) is proportional to
the derivative of the fork deflection i.e. to the velocity.
I(t) = a

dx
dt

(2)

Here the fork constant a connects the mechanical properties of the tuning fork to
its electrical equivalent properties. This current I(t) is measured across a resistor (∼
995 Ω) and the corresponding voltage response is measured on a Stanford Research
SR-830 low-noise lock-in amplifier. In this case, the electro-mechanical coefficient of
the fork response may be found [9] from the equation

r
aEM =

2m∗ ∆ω
,
R

(3)
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where m∗ = 0.2426ρLW T is the effective mass of one prong in vacuum [8] and is
2.161×10−6 kg for our fork. ∆ω is 2π times the width of the resonance curve I(f ) and
R is the electrical resistance of the fork and is determined by the current amplitude
at resonance for a given drive for which the response is linear. The 8 kHz fork at room
temperature in vacuo gives R = 19.902 kΩ with a corresponding width ∆f = 0.072 Hz.
The calculated value of the fork constant aEM was 0.97×10−5 C/m which amounts
to 45% of the theoretical value given by equation (1). The experimental value of a
measured in air is within 2 % of the value measured in vacuum. This is because of the
low density of the air, the prong mass in air mair ∗ being very close to the vacuum
mass in equation 3. The second reason is due to the experimental fact that the value
of ∆f /R is constant for a given drive irrespective of the medium.

Fig. 1 (color online) Left: schematic diagram of the Michelson interferometer arrangement. Right: oscilloscope traces of interferometric signals (upper/green curves) for excitations
(lower/red curves) of UG = 6.5 mVRMS (top) and UG = 28 mVRMS (bottom) at room temperature.

2.2 Michelson interferometry
The second 8 kHz fork used for optical measurements has fork constant aEM within
2-3 % of the first fork from the same batch. The direct measurement of the fork velocity driven at resonance (8.45 kHz in air) was determined by use of a conventional
Michelson interferometry scheme at room temperature and atmospheric pressure, as
illustrated schematically in Fig.1. The visible light beam from a semiconductor laser
(λL = 670 nm) was split into two beams by a non-polarising beam splitter. A beam
reflected from the end of the leg of the tuning fork, vibrating at the resonant frequency
at a position A(t) = A0 sin(ωR t) interferes with another beam, reflected from the fixed
mirror. The spot size of the beam on the fork leg was ∼ 0.2 mm and it was at a distance
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∼ 0.9 mm from the tip of the leg. The amplitude of the interfering waves is proportional
to sum of both waves
S = B1 eiωt + B2 ei(ωt+ϕ0 +A(t)) = B1 eiωt × (1 + B2 /B1 × ei(ϕ0 +A(t)) )

(4)

The interference intensity is recorded by a photodiode. Mathematically this signal is
proportional to U ∼ S × S ∗ and is given by
U ∼ 1 + B 2 + B × ei(ϕ0 +A(t)) + B × e−i(ϕ0 +A(t)) = 1 + B 2 + 2 × B × cos(ϕ0 + A(t)) (5)
The alternating traces of this recorded signal Uac ∼ 2 × B × cos(ϕ0 + A(t)) are synchronized with the fork excitation signal shown on the right side of the Fig. 1. The
maximum recording AC signal corresponds to the phase of ϕ0 = π/2 (or = (n+1/2)π),
which was adjusted by change of the distance to the mirror, and the amplitude of the
tuning fork oscillation equal to
2 × 2 × A0 = λL /2

(6)

as shown in the upper-right part of the figure. As the drive amplitude to the fork is
increased, the optical signal at first increases too, until it attains a maximum value at
a drive corresponding to A0 = λL /8 condition. In the present case, this condition was
reached when the drive to the fork was 6.5 mVRMS . At higher drives the fraction of
higher harmonics increases in the optical signal, meaning multiple interference maxima
and minima within a single period of fork motion. For example, the lower picture
shows the optical signal obtained for 28 mVRMS drive to the fork and 4 peaks can
be seen clearly. The 4th peak started to appear when the fork drive was 26 mVRMS
which further validates 6.5 mVRMS drive for the maximum optical signal. The fork
amplitude at this drive would have been A0 = λL /8 = 670/8≈84 nm. So the optical
velocity Vo of the fork at resonance for UG = 6.5 mVRMS drive can be estimated as
v = A0 × ωR = 8.4 × 10−8 × 8.45 × 103 × 6.28 ≈ 4.5 × 10−3 m/s or 4.5 mm/s within
20% experimental error. The maximum velocity of the tip of the fork prong is ∼ 10%
higher, vmax =4.9 mm/s.
For UG = 6.5 mVRMS fork gives a current response of j = 32 nARMS at resonance
under similar conditions (at room temperature and air pressure). This current response
corresponds to an electrical velocity (from equation 2) of the fork vEM =4.7 mm/s.
This suggests that the electrical velocity is within 5-10% of the optical velocity
and hence both are equal within the experimental error. We used the fork constant
a = 0.92 × 10−5 C/m obtained from optical measurements.

2.3 Fork oscillation in liquid helium
The first fork was used for measurements in liquid helium. The force equivalent to the
drive applied to the fork is driven is [2]
F0 = (a/2)U0

(7)

Some results are shown in Fig. 2. The right scale corresponds to the real (optical)
maximum velocities (at the end of a prong).
At low excitation the fork response and corresponding velocity are proportional to
the driving force. Higher excitation leads to the appearance of some additional mechanism of energy dissipation and to a deviation of the fork response (and its velocity)
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Fig. 2 (color online) The electrical response of the fork in air, in vacuum at room temperature, and in liquid helium at different temperatures. The upper curve (violet rhombuses) was
obtained for low pressure of helium gas just above the superfluid helium surface (see text).
The (red) open triangles represent measurement in vacuum at room temperature. The filled
(blue) triangles were for He I at T = 4.2 K. The (green) crosses and (light-blue) circles, squares
and stars are results for superfluid helium at at different temperatures. P =SVP. The response
in air (blue open circles) was recorded during the optical measurements. The vertical arrow
indicates the excitation at the first optical maximum. The left ordinate axis shows the fork
response and the right one shows the optical prong velocity.

from linear dependence. Note that such deviations were not seen in vacuum (Fig. 2);
they are usually attributed to the transition to turbulence above a critical velocity
[10]. We estimated the deviation of the applied force (and counteracting fluid forces)
by subtracting the linear dependence at low excitation.
Fadd = F (v) − C × v

(8)

The results are shown in Fig. 3. The fluid friction force increases very rapidly after the
critical velocity vc is attained. We fitted the deviation by power law Fadd = C2 × (v −
vc )N at different temperatures, leading to the results presented in table 1.
In conclusion, it appears that the onset of turbulence in He II results in an additional
force that rises faster than F ∝ v 2 . The critical velocity of vc ≈ 10 cm/s is similar to the
values found in previous work. The absolute maximum velocity of the prong vibration
is adequately estimated from the electro-mechanical model based on the actual lengths
of the fork legs and electrical contacts.
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Fig. 3 (color online) The deviation from linear behavior of the fluid force resisting motion of
the fork prongs (F (v) − c × v, where c × v represents the linear fitting of experimental results at
low excitation). The symbols are the same as for Fig.2. The thin and dashed lines represent fits
to a power law with the parameters given in table 1. The full black line represents a square-law
dependence F − Flin ∝ (v − vc )2 fitted to the data at T =1.402 K.
Table 1 The results of fitting of additional force by power law
Temperature (K)

vc , cm/s

N

C2 , units × 10−9

He I
2.09
1.95
1.402
1.4

9.93
5.54
9.78
21.8
7.88

1.87
2.5
2.7
2.43
1.6

11.3
0.56
0.17
0.3
9.2
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