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ABSTRACT Painlevé’s transcendental differential equation Py may be expressed as the consis-
tency condition for a pair of linear differential equations with 2 x 2 matrix coefficients with rational
entries. By a construction due to Tracy and Widom, this linear system is associated with certain
kernels which give trace class operators on Hilbert space. This paper expresses such operators
in terms of Hankel operators I'y of linear systems which are realised in terms of the Laurent co-
efficients of the solutions of the differential equations. Let Py o) : L*(0,00) — L*(t,00) be the
orthogonal projection; then the Fredholm determinant 7(t) = det(f — P oo)I'y) defines the 7 func-
tion, which is here expressed in terms of the solution of a matrix Gelfand-Levitan equation. For
suitable values of the parameters, solutions of the hypergeometric equation give a linear system
with similar properties. For meromorphic transfer functions ¢ that have poles on an arithmetic
progression, the corresponding Hankel operator has a simple form with respect to an exponential
basis in L?(0,00); so det(] — TP o)) can be expressed as a series of finite determinants. This

applies to elliptic functions of the second kind, such as satisfy Lamé’s equation with £ = 1.
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1. Introduction

Tracy and Widom [32] observed that many important kernels in random matrix theory arise
from solutions of linear differential equations with rational coefficients. In particular, the classical
systems of orthogonal polynomials can be expressed in such terms. In this paper, we extend the
scope of their investigation by analysing kernels associated with Lamé’s equation and Painlevé’s
equation VI. As these differential equations have solutions which may be expressed in terms of
elliptic functions, we begin by reviewing and extending the definitions from [32].

Let P(x,y) be an irreducible complex polynomial, and n the degree of P(z,y) as a polynomial
in y. Then we introduce the curve & = {(\, u) € C: P(\, u) = 0}, and observe that £ U {(oc0, c0) }
gives a compact Riemann surface which is the n-sheeted branched cover of Riemann’s sphere P1.
Let K be splitting field of P(z,y) over C(x), so we can regard K as the space of functions of
rational character on £. Let g be the genus of £, and introduce the Jacobi variety J of £, which is

the quotient of CY by some lattice L in CY.



Definition (Tracy-Widom system). By a Tracy—Widom system [32; (0.8), 8] we mean a differential
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where a, 3,y belong to K or more generally are locally rational functions on J. Then for solutions

equation

with f, g € L>((0,00); R), we introduce an integrable operator on L?(0, cc) by the kernel

f(@)g(y) — f(y)g(x)

K(z,y) = pra—

(x # y; 2,y > 0) (1.2)

The kernel K compresses to give an integral operator Kg on L?(S;dx) for any subinterval S
of (0,00) and it is important to identify those Kg such that Kg is of trace class and 0 < Kg < I.
In such cases, the Fredholm determinant det(I + AKg) is defined and Kg is associated with a
determinantal random point field on S. In particular, det(] — K o)) gives the probability that

there are no random points on (0, 00). See [32, 6] for examples in random matrix theory.

Definition (7-function). Suppose that K : L?(0,00) — L?(0,00) is a self-adjoint operator such
that K < I, K is trace class and I — K is invertible. For a measurable subset S of (0,00), let
Ps : L?(0,00) — L*(S) be the orthogonal projection given by f +— fIg, where Ig is the indicator

function of S. Then the 7 function is

T(t) = det(I — KP[t,oo)) (t > 0). (1.3)

The purpose of this paper is to take kernels that are given by certain Tracy—Widom systems,
and show how to express the corresponding 7 in terms of the solution of a Gelfand-Levitan integral
equation. Our technique involves linear systems, and extends ideas developed in [6], and leads to a
solution of the integral equation in terms of the linear system. We summarize the basic idea next,
and give details in section 2.

Let H be a complex separable Hilbert spaces, known as the state space, and let (e=4);~¢ be
a bounded Cy-semigroup of linear operators on H; so that A has domain D(A) which is a dense
linear subspace of H, and |[e~*4|| < M for all t > 0 and some M < oco. Then let B : C — D(A)

and C' : D(A) — C be bounded linear operators, and introduce the linear system

‘;—f ~_AX4BU  (X(0)=0),
Y =CX (1.4)

known as (—A, B, C). Under further conditions to be discussed below, the integral
Rm::/m e MABCe M dt (1.5)

converges and defines a trace class operator on H. The notation suggests that R, is a resolvent

operator.



Definition (Hankel operator). For a linear system as above, we introduce the symbol ¢(z) =
Ce~*4B, which gives a bounded function ¢ : (0,00) — C; this term should not be confused
with the different usage in [29, p 6]. Generally, for E a separable complex Hilbert space and
¢ € L*((0,00); E), let T'y, be the Hankel operator

Lyh(z) = /OOO o(z + y)h(y) dy (1.6)

defined on a suitable domain in L?(0, c0) into L?((0, 00); E).

By forming orthogonal sums of the state space and block operators, we can form sums of
symbol functions. Likewise, by forming tensor products of state spaces and operators, we can form
products of symbol functions. Using these two basic constructions, we can form some apparently
complicated symbol functions, starting from the basic multiplication operator A : f(t) — tf(¢) in
L?(0,00). Thus we extend the method of section 2 to a more intricate problem.

In section 3, we consider operators related to the solution of Painlevé’s transcendental equation
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O = —2(Z0 + z1 + Zt) — (90 +60; + Ht) (19)

Jimbo, Miwa and Ueno [18, 19] showed that the nonlinear differential equation Py, is the com-

patibility condition for the pair of linear differential equations

d<I> o WO W1 Wt

d/\_<>\ +)\—1+>\—t>q> (1.10)
o W,

T — (1.11)

on the punctured Riemann sphere with 2 x 2 complex matrices Wy, W1, W; depending upon ¢;
see (3.3) for the entries. Using the Laurent series of ®()\) in (1.10), we introduce a linear system
(=4, B,C) that realises ® and deduce information about I'g. In previous papers [5, 6], we have
considered kernels that factorize as K = FLF(;S where I'y is Hilbert-Schmidt, so that K > 0 and
K is trace class. In the context of P/, we show that the prescription (1.2) gives a kernel K
that admits a factorization K = FLUFQS, where o is a constant signature matrix. In section 4 we
introduce a suitable 7 function and express this in terms of the solution of an integral equation of

Gelfand-Levitan type, which we can solve in terms of the linear system. A similar approach works
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for suitable solutions of Gauss’s hypergeometric equation with a restricted choice of parameters,

as we show in section 5.

Definition (Transfer function). Given a Hilbert space E, for ¢ € L2((0,0); dt; E) let

b(s) = /Ooo e to(t) dt (1.12)

be the transfer function of ¢, otherwise known as the Laplace transform, which gives an analytic
function from {s: s > 0} into E.
We assume that quS is meromorphic, and that, by virtue of the Mittag-Leffler theorem, one can

express ¢ as a series

P(x) = Zﬁje_w (1.13)

in which we shall always assume that JtA; > 0 and that the e~ 2% are linearly independent in

L?(0,00). We wish to express various 7 functions in terms of the determinants

DS><T = det[ (1.14)

A+ XJ (j,k)ESXT
where S and T are finite subsets of N of equal cardinality. In sections 6, we consider Hankel
operators with symbols as in (1.13), and establish basic results about the expansions of det( —I'y)
in terms of the bases. In particular, if (A;)52; forms an arithmetic progression in the plane, then
quS(s) = Z;il S_f—g\] gives a cardinal series. This occurs for differential equations which we explore
further.

In section 7, we consider the Bessel kernel, which arises in random matrix theory as the hard
edge of the eigenvalue distribution from the Jacobi ensemble [31]. Let .J, be Bessel’s function of
the first kind of order v, and let u(x) = \/xJ,(2y/x), which satisfies
d*u <1 1 -2

T2 p + TR )u(:z) =0. (1.15)

We introduce ¢(x) = u(e~*), and the Hankel operator I'y with symbol ¢. The transfer function ¢
is meromorphic with poles on an arithmetic progression on the positive real axis, so we are able to
obtain a simple expansion for 7(t) = det (I — FiP[t,oo)), and identify the determinants Dy y with
combinatorial objects.

In section 8 we consider solutions of Lamé’s equation

(—j—; + (0 + 1)ksn(z | k:)2><I>(z) = \D(2) (1.16)

which we express as a differential equation on the elliptic curve Z? = 4(X —e;)(X — e2)(X — e3).
The solution gives rise to an elliptic function ¢ such that quS has poles on a bilateral arithmetic
progression parallel to the imaginary axis in C. Hence we can prove results concerning the Fredholm

determinant of I'y.



2. The 7 function associated with a linear system

In this section we introduce the basic example of the linear system which we will use in sections
3 and 5 to realise solutions of some differential equations. In [33], Tracy and Widom consider

physical applications of the kernels R, that we introduce here.

Definition (Integrable operators). Let fi,..., fn,g1,-..,9n € L*(0,00) satisfy
N
ij(:v)gj(:v) =0 (x >0).
j=1

Then the integral operator K on L?(0, o) that has kernel

S fi(2)g;(y)
=y

K —

(2.1)

is said to be an integrable operator; see [12]. One can show that K is bounded on L?(0, c0).
Let D(A) = {f € L?*(0,00) : tf(t) € L?*(0,00)} and for b, c € D(A) introduce the operators:

A: DcL?*0,00) — L?(0,00) : f(x)— xf(x)

B: C—-D(A): a — ba;

C: D(A) — C: fe o f(s)e(s)ds (2.2)
O, : L?(0,00) — L?(0,00) : O,f(t) = e‘“é(t)j:(t)

S L?(0,00) — L?(0,00) : E.f(t) = e "b(t) f(s)

Then we introduce ¢(s) = Ce™*AB and b @)(s) = ¢(s + 2x), and the Hankel integral operator
Ly, with kernel ¢(s + ¢ + 2z). Then we introduce R, = [% e7'4BCe~'4 dt which has kernel

b(t)c(s)e=*(s+t)

" (s,t>0). (2.3)

R, —

Proposition 2.1. Suppose that c(t)/+/t and b(t)/\/t belong to L?*(0,00), and that ¢ and b belong
to L*°(0, 00).

(i) Then L'y, and R, are trace class operators for all z > 0.

(ii) Suppose further that I + AR, is invertible for some X\ € C. Then the kernel

Th(z,y) = —ACe *MI + \R,) le ¥4B (0<z<y) (2.4)

gives the solution to the equation

)\qb(:v—l-y)—i-T)\(:E,y)—{—)\/ Th(z,2)p(z+y)dz=0 (0<z<y) (2.5)
and the diagonal of the kernel satisfies
d

T\(z,x) = e logdet(I + Al'g,,) (z > 0). (2.6)

)



iii) The operator R? is an integrable operator with kernel
xr

R? « e_m“b(u)Wc(t)e_“ (2.7)
where R
Fo(w) :/O %dt. (2.8)

(iv) If I + AR, and I — AR, are invertible, then there exists an integrable operator L, (\) such
that
T4 Ly(\) = (I—M\R*™% (2.9)

Proof. (i) One checks that ©, has kernel e %'e~*!¢(t) and that =, has kernel e~ 5=%5b(s); hence
O©! and Z, are Hilbert-Schmidt operators. One verifies that their products are R, = =Z,0] and
Iy, = ©1=,, and hence R, and I', are trace class.

(ii) Using (i), we can check that det(I + AR;) = det(I + AI'y,,). Then one verifies the
remainder by using Lemma 5.1(iii) of [6].

(iii) This result is essentially contained in lemma 2.18 of [12], but we give a proof for com-

pleteness. The kernel of RZ is

g fagemss [~ KA

0 rourn™ (u, s > 0), (2.10)

and one can decompose this expression by using partial fractions. By the Cauchy—Schwarz inequal-
ity, |fz(u)]? < fooo t=1b(t)%dt fooo t~le(t)?dt, so f, is bounded.

(iv) Furthermore, (I — AR,)~*(I + AR,)~! is a bounded linear operator; so by Lemma 2.8 of
[12], there exists an integrable operator L, (A) such that (I + L,(\))(I — A\2R2) = 1.

U
Remarks. (i) Given an integrable operator K on L?(a, b) such that I — K is invertible, the authors
of [12] show how to express (I —K)~! as the solution of a Riemann-Hilbert problem on the bounded
interval (a, b). See [29] for analysis of Carleman’s integral operator with kernel 1/(u + t).

(ii) In [10], Borodin and Olshanski construct a kernel K from Whittaker functions by using a
similar approach, and show that /C is the scaling limit of the discrete hypergeometric kernel. Their
analysis involves a similar computation to Proposition 2.1; indeed, one can take b(s) = s*~le=®5/2
and c(t) = W, ,(at) so that

/ Oo b(t)j(f Lt = D+ o+ /2D (r — i 1/2)u e 20 () (2.11)
0 u

for Ra > 0, R > [Rp| — 1/2. The Whittaker function satisfies a form of the confluent hyperge-
ometric equation; see [35; (5.9) 5 ]. In section 5, we consider other kernels associated with the

hypergeometric equation.



3. A linear system associated with Painlevé’s equation VI

The Painlevé equation Py is associated with the system

dq) WO W1 Wt
2= (0 0)) 1
- (i) (3.1)
dd —W;
— = P 3.2
dt  A—t (3.2)
where @ is a 2 x 1 vector, the fixed singular points are {0, 1, 00} and
B B 2, +6,/2 —Uy 2, B
Wl/ —Wl/(t) - |:U;1(Zy+9y) —ZV—HV/2:| (V_Ovlvt) (33)

with parameters 6, and z, satisfying various conditions specified in (1.8), (1.9) and [19]. The

consistency condition for the system (3.1) and (3.2) reduces to the identity

1 oW, 1 oW L oW, [Wo, Wy (W1, Wy
A ot +(>\—1) ot +(>\—t) ot A(A—1t) +(>\—1)()\—t)’ (3.4)

which leads, after a lengthy computation given in Appendix C of [19], to the equation Pyr-

In the present context (3.1) is known as the deformation equation and (3.4) is associated with
0 -1
1 0
if JW is symmetric; also W is nilpotent if and only if JW is symmetric and det(JW) = 0.

the names of Schlesinger and Garnier [13]. Let J = [ . Note that trace W = 0 if and only

First we introduce a linear system for the differential equation (3.4); later we introduce a linear
system that realises the kernel most naturally associated with Py;1. For notational simplicity, we

often suppress the dependence of operators upon t. The following result is a consequence of results

of Turrittin [34, 30], who clarified certain facts about the Birkhoff canonical form for matrices.

Lemma 3.1. Let W, = —(Wy + Wy + W,) and suppose that the eigenvalues of W, are +60.,/2

where +6, is not a positive integer, and let ®¢ be a constant 2 x 1 vector. Then there exist 2 x 2

complex matrices C; for j = 1,2, ..., depending upon t, such that
O(x) = (I + i ﬁ)x_w“%b (Jz| > t) (3.5)
— i 0 '
J:

satisfies the differential equation (3.1).

W,

Proof. We can define x= ">~ = exp(—W logz) as a convergent power series. By considering

terms in the convergent Laurent series, one requires to show that there exist coefficients Cy = I

and O that satisfy the recurrence relation

Ch(—Wo —nl) = W Cp + Wi (Co+ ...+ Ch_1)
+ W (" 1C + 1" 2C ..+ Cly), (3.6)

where W, + nl and W, have no common eigenvalues. Sylvester showed that, given square

matrices V, W and Z such that V and W have no eigenvalues in common, the matrix equation
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CV —WC = Z has a unique solution C; see [34, Lemma 1]. Hence unique C,, exist, and one shows
by induction that ||C,|| is at most of geometric growth in n. In particular, if |[W|| < 1, then the
solution of W, C,, — C,,(Woo + nl) = D,, is

C, = —/ eSWee Do Weetnd) g, (3.7)
0

|

We have proved that (3.1) has a solution in a neighbourhood of infinity, and one can show
that it extends to an analytic solution on the universal cover of the punctured Riemann sphere
P!\ {0,1,t,00}. (Jimbo, Miwa and Ueno [18] have shown that any C? solution of the pair (3.1)
and (3.2) on R extends to a meromorphic solution on C; see [13, Remark 4.7].)

Extending the construction of (2.2), we realise this solution via a linear system. We intro-
duce the output space Hy = C2, then the Hilbert space H; = (?(H,), the state space H =
L?((t,0); ds; Hy) and then let D(A) = {f € H : sf(s) € H}; then we choose

bj(s) = T(jI+ Wao) 'sU=DH e (j=0,1,..), (3.8)

recalling that T'(z) ™! is entire. With this choice and some convergence factor kg > 1, we introduce

linear maps
A D(A) — H : f(s) — sf(s);
By : D(Bw)— H: B (kpbi(s)B)505 (3.9)
Cw: D(A)—C*: (f)iZ 220 I kg Clifi(s)ds

We prove below that e=*43 € H for all sufficiently large z. As usual, we introduce Z,, : L%(0, c0) —
H such that

=, f = / T e A By £(s) ds (3.10)

and the observability operator O, : L2((0,00); Hy) — L?((t,00); Hy) by
O.f = / —sATCl f(s) ds. (3.11)

Proposition 3.2. (i) There exist ko, zg > 0 such that the operators ©, : L*((0,00); Hy) — H
and =, : L*((0,00); Hy) — H are Hilbert-Schmidt for x > x.
(ii) For x > xg, the linear system (—A, By, Cyw ) realises the solution ® of (3.1), so that

®(z;t) = Cye " By . (3.12)

(iii) Let ¢y (x;t) = Cye~*A By . Then the Hankel operator on L?((xg,00); Hy) with symbol

¢w is trace class.



Proof. (i) We note that ©, has kernel (e=*%xg’ C’J) 720, and hence the Hilbert—Schmidt norm

satisfies

o0 o0 OO
_ _9;
10. 135 =S / / =25 dsdu | CT|%s
'7 T

ICT I3rse >

< Z g : (3.13)

so we choose kg so that this series converges. For notational convenience, suppose that [|[W| < 1.

Then by the functional equation of Fuler’s I' function, we have
TG+ Weo) Vet U-DI <TG — 1) 72 (T 4+ Woo) T+ Wao) M (w>1). (3.14)

Next we observe that Z, : L?((z, 00); Hy) — L?((t,00); H) has kernel (e‘suﬁébj (u))529, and hence
has Hilbert—Schmidt norm

o0 o0 OO 0
—_ — 2
1Eelzs = / / &2 k2|, () |3y duds
j:U €T t

<> [ RPe 0 oy ) s du (3.15)
j=0"*%
where the tail of the series is by (3.14)
rg' T(27) _ _
< . AT+ W) T'T( + W) 17 3.16
_KWZ;F(]._I)Q(%)QJII( + Weo) T+ Weao) s (3.16)

for some Ky > 0. Having chosen kg, we then select zg so that the series converges for all x > xg;
then both ©, and =, are Hilbert—Schmidt.

(ii) Hence we can calculate

=> Cja= Wil (3.17)

(iii) By (i), the operator ©] =, is trace class on L?((0,00); Hy) for all x > x.
U

Furthermore, the operator R, = f;)o e A By Cwe 4 ds on H may be represented as a kernel

with values in a doubly infinite block matrix with 2 x 2 matrix entries, namely

R, < (3.18)

[Ké_kbj(u)cke_m(“+”) '
U+ jk=0,1,...]
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this generalises (2.3). Consequently one can in principle compute the kernel
Gw (z,y) = —Cwe (I — R,) " te ¥ By, (3.19)

which satisfies the Gelfand—Levitan equation

Gulo)+ow@+y)— [ Gulwow(wy)do=0 (t<s<y)  (G20)
where ¢y (z;t) = Cye™ "4 By .
We also introduce s 0
Ok = [oj _Ik:| (3.21)

which has rank j 4+ k£ and signature j — k.

Theorem 3.3. Suppose that W, is as in Lemma 3.1. Let ®(\;t) be a bounded solution of (3.1)
in L2((t,00); A\='dX; R?) such that [7° A7|®(A;t)]|2dA < oo, and let

(J2(A: ), D3 t))

py— (3.22)

K(X\ p;t) =

(i) Then there exists ¢ € L*((0,00); Ad\; R®) such that
K\ pst) = / (03,30(A+ s71), p(p+s:t))ds (A, > A p). (3.23)
0

and hence K defines a trace class operator on L*((t,o0);d)).
(ii) The kernel %K(A, w; t) is of finite rank in (A, ).

Proof. Jimbo [17] has shown that the fundamental solution matrix to (3.1) satisfies

g 0/2 0 ]

Y(z,t)= (1+0(z") [ 0 oo 2 (3.24)

hence there exist solutions that satisfy the hypotheses.
(i) We suppress the parameter ¢ to simplify notation. From the differential equation (3.1), we

have

<a 2) (JON), 2(n) _ (ﬁﬂ)y;t«j‘f’; 4 ﬁ‘i)@(x)@(m. (3.25)

Now

=+ 0wy oz +0,/2 B
IWe = |: Zy + 91//2 —Uy 2y (U =015 t) (326)

which have rank two and signature zero since det W, = —912, /4 < 0. Hence JW, = VJ o011V, for
some 2 X 2 real matrix V,,, and JW, = V,foq1V,. Thus we find that (3.25) reduces to

(1), Vo () _ (011Vi®(N), Va®(w)) _ (011Ve®(N), Vi()) (3.27)

A A=D(p—-1) A=) (u—1)
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Vo2 (N

A
o) = | B2X | (3.28)

Vi® ()
A—t

which satisfies, after we permute the coordinates in the obvious way,

. (011 V@ (), Vi@ (1)) — s
VEO’M =) (=) = —( 3,3¢(/\)7 o(p))
(2 %) /O Tlossd(\+ ), Gt ) s, (3.29)

We observe that both sides of (3.23) converge to zero as A — oo and as y — oco. By comparing
the derivatives as in (3.25) and (3.29), we deduce (3.23).
Then K = F203,3F¢. We observe that the Hilbert—Schmidt norm of I'y satisfies

ITollis = | T DIl dA

< le)?
< K/t 12 g (3.30)

for some k > 0, so K gives a trace class operator on L?(t, 00).
(ii) By a similar calculation, one can compute the derivative of K with respect to the position

of the critical point, and one finds

1 — (2 + 0e) Jur 2+ 0:/2 ' IRy
er et I A IO} S CET

evidently this is a finite sum of products of functions of A\ and functions of u for each t.

0
5[(()\, s t) -

4. The 7 function associated with Painlevé’s equation VI

In [2], Ablowitz and Segur derived an integral equation involving the Airy kernel for the
solutions of Pyy. Here we solve an integral equation and derive an expression for det(I — K P, ),
where K is as in (3.22). From Proposition 3.2, we recall the linear system (—Aw, Bw,Cw)
that realises ¢y, and likewise we introduce a linear system (—Ay, By, Cy) that realises ¢y =
diagonal(Vy/z, Vi /(x — 1),V;/(z — t)). This give semigroups e~ *4v : Hy — Hy and e t4w :
Hyw — Hy, from which we can form a semigroup e tAv @ e~tAw . 0, @ Hy — Hy @ Hy on
the tensor product Hilbert space; likewise, we introduce By ® By : C — Hy ® Hyy and the linear
functional Cy ® Cw : Hy ® Hy — C; hence we obtain a new linear system

(—(Ay ® I +1® Aw), By ® By, Cy @ Cy)

that realises ¢y (t)éw (t). Thus we realise ¢ from Theorem 3.3, so that ¢(z) = Ce 4 B.
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Next we let I'y, be the Hankel integral operator with symbol ¢; also let ¢,)(y) = ¢(y + 2x)

and let L, be observability Gramian
L, = /Oo e *ABBteA" 4s = =, =1 . (4.1)
To take account of the signature, we introduce the modified controllability Gramian
Q7 = / Tt Clog3Ce A ds. (4.2)
We also introduce the (6 + 1) x (6 + 1) block matrices

_ | Ulz,y) V(z,y)
G(‘T’y)_[T(w’y) C(w,y)] (43)

. 0 o)
x
o) = | o "V (1.4
and the Gelfand-Levitan integral equation
Gla,y) + Bz +y) +/ G, w) % B(w + y) dw = 0, (4.5)

where we have introduced a special matrix product to incorporate the signature o3 3, namely

/00 G(z,w)* ®(w+ y) dw

_ [fﬁo V(w, w)g(w +y)logsdw [T U@, w)¢(w + y)dw

L@ yow+y)tdw  [FT(@w)ossé(w+y)dw | (4.6)

Theorem 4.1. Suppose that @), and L, are trace-class operators with operator norms less than
one for all x > t. Then there exists a solution to the integral equation (4.5) such that T (z) =
det(] — Py 00)K) satisfies

% log 7 (x) = trace G(z, ). (4.7)

Proof. By Theorem 3.3, we have K = F203,3F¢, and so

i () = det(] — Pl o) ho33Tg)
= det(I — E10,03301=,)
= det(I — ©,03301Z,=)
=det(I — QJ%L,) (4.8)

One can verify that

Ulz,y) Vi, y)]
4.9
[T(w, y) C(z,y) (49)
_ [C’e‘“‘([ — LoQ3) 'Lye ¥4 Closs  —Ce ™A1 — L,Q%) e ¥B
~Ble A (I - QgL,) tevA'Ct  Blem»A'(I - QIL,) 'QJe ¥4B
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gives a solution to (4.6), so that

traceU(z, x) = trace(([ - Lng)_lee_mATC’Tag,gCe_mA>

= —trace(([ ~L,Q%) 'L, dff) (4.10)

Likewise we have
((x,z) = trace(([ - QmLm)_nge_mABBTe_mAT)

L,
= —trace(([ —Q°L,)" " ;dd—:z> (4.11)

Adding and rearranging, we obtain

trace G(z, z) = ((z,x) + trace U (z, x)

— —trace((f ~ L,Q7) 'L, d(?j)

— trace(([ — Lng)_l%Qg>

d
= —tracelog(I — L,Q7)

dx
= ilo Ti () (4.12)
= dz STK . .
O
Definition (Spectral curve). The spectral curve is the set
|44 W |44
2 0 1 t
: _ o _ =05. 4.1
{(w,/\)eC det()\l oL x_t) o} (4.13)

Proposition 4.2 The spectral curve is birationally equivalent to a planar cubic.

Proof. We multiply by x?(z — 1)?(x — ¢)? and then take the determinant, which simplifies since
trace Wy = trace W1 = trace Wy = 0. Thus we obtain an equation of degree less than or equal to
four.

O
Remark. Soon after his discovery of Py, R. Fuchs constructed a solution in terms of an inho-
mogeneous form of Legendre’s differential equation, and Guzzetti [16] has obtained bounds on this
solution. Brezhnev has obtained expressions for solutions of Py for special values of parameters
of (1.7) in terms of tau function; see [11]. All of these solutions involve transformations of the vari-
ables in terms of elliptic functions; this is consistent with Proposition 4.2. For general parameters

in (1.7), there is no known correspondence bewtween explicit solutions and tau functions.
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5. Kernels associated with the hypergeometric equation
The Py equation is closely related to Gauss’s hypergeometric equation [35, p 283]
i df

ML= 75 + (e = (a+b+ DA T —abf(n) = 0. (5.1)

We introduce ¢y = c and ¢; = a+ b — c+ 1, then introduce the matrix

(5.2)

W) = [ 0 A - 1)_01]

—abAo~ (A — 1)t

so that we can express (5.1) in the form of the first order linear differential equation (5.4). For
special choices of the parameters a, b, ¢, we can obtain a factorization of the corresponding kernel
(5.5) which has the form of (1.2). For a separable Hilbert space H we introduce the identity

operator Iy and
Ig 0 ]

OHH = [ 0 —Iy (5.3)

Theorem 5.1. Suppose that 0 < ¢ < 1 and a + b = 0, that 2+/—ab is not an integer, and that
—ab > 5/4, and let ¥ be a bounded solution for the equation

v
o = W), (5.4)

such that [~ z||¥(x)||*dz < oo; then let

(JU(x), ¥(y))

K(z,y) = pr—

(z#y 2,y >1). (5.5)
(i) Then there exists a separable Hilbert space H and ¢ : (1,00) — H? such that
flo_téxﬂqb(a:)”%p dr < oo and K = FLUH7HF¢ so that K defines a trace-class kernel on L*((1 +
J,00);dx) for all § > 0.
(ii) The statement of Theorem 4.1 applies to

Tr(s) = det(I — K P, o)) = det(I — rL(S/Q)aH,Hr¢<S/2)), (5.6)

with obvious changes to notation; so % log 7 (t) is given by the diagonal of the solution of a
Gelfand—Levitan equation.

(iii) If moreover c is rational, then K arises from a Tracy—Widom system as in (1.1).

Proof. Let

b1 <c2 —2  2(l—c) -1 ) (5.7)

A) = -
WN=Tn-pT il ooy Tooe
which is asymptotic to (—ab — 1/4)/A? as A — oo. By the Liouville-Green transformation [28,

p.229] , we can obtain solutions to (5.1) with asymptotics of the form

A
Fe) = NP )T ) Wexp ([ g@) ) (o) (5)

2
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and one can deduce that f;o xrf_(z)?dr < oco. Hence there exist solutions that satisfy the hy-
potheses.
(i) We observe that ¢y + ¢ = 1,80 0 < ¢g,¢1,1 —cg, 1 — 1 < 1; we assume that 0 < ¢, < 1,

Cl—l

as the cases of equality are easier. Evidently the functions A= (XA —1)%~! and A=t (XA —1) are
operator monotone decreasing on (1, 00) in Loewner’s sense and by [1, p.577] we have an integral

representation

AN = 1) =

sin g /0 (w1 +w)  du (A>1); (5.9)

T At u

clearly a similar representation holds for A=t (X — 1)1~ with ¢; instead of cg. Hence there exist

positive measures w; and wp on [—1, 0] such that

JW(Q?) 4 W(y)TJ B abm*q(m_1)61*m:z*61(y—1)617 0
T —y N 0 @0 (x—1)0"—ycOo(y—1)c01
-y
0
1 _
_ / abwi (du) 0 (5.10)
1 (@t u)(y + u) 0 —wo(du)

in which —ab > 0. The matrix kernel (JW (x) + W(y)".J)/(x — y) operates as a Schur multiplier
on the rank-one tensor ¥ (z) ® ¥(y)in L?((1+ 4§, 00); R?); hence for each § > 0, there exists x5 > 0
such the Schur multiplier norm is bounded by xs. Since ¥(x + s) gives a Hilbert—Schmidt kernel,
the operator [ W(z + s) @ ¥(y + s) ds is trace class on L*((1+ 6, 00); dx), and it follows that

& Tz +s s)t
K(%y):/o <JW( +8)+ Wy + )qu($+s)7\y(y+s)>d8 (5.11)

r—=y

is also trace class. As in Theorem 1.1 of [4], we can introduce the Hilbert space H, the symbol
¢ € L*((1+ 8,00); zdz; H?) and the corresponding Hankel operator 'y, such that K = FLU;LHFQS,

K(a,y) = / Tlomud(e + ), 6y + ) e ds (5.12)

where oy g takes account of the fact that the Schur multiplier is positive on the top left matrix
block and negative on the bottom right matrix block.
(ii) We observe that

W) =

1 0 1
—ab 0

] +0(\7?) (IA] = o0), (5.13)
is analytic at infinity and the residue matrix has eigenvalues ++/—ab which do not differ by a
positive integer. Hence we can repeat the proof of Lemma 3.1 and realise the solution ¥ of

(5.4) by a linear system involving the coefficients in the Laurent series of W. Then we can realise
¢ € L*((0,00); H?) by means of a linear system (— A, B, C'), where the state space is L2((0, c0); H?).
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We can now follow through the proof in section 4 and express 7 in terms of the Gelfand—Levitan
equation.
(iii) Let ¢ = k/n; then {(X, Z): Z" = X*(X — 1)"~*} gives a n-sheeted cover of P!, ramified
at 0,1, 00. On this compact Riemann surface, the functions A= (X — 1)%~1 and A=< (XA — 1)1
are rational.
O

Remarks. (i) Our extended definition of Tracy—Widom system involves rational functions on a

¢~ ig not algebraic, hence is not within

compact Riemann surface. When c is irrational, A\™¢(A—1)
the scope of the definition.

(ii) The Painlevé equations can be expressed as Hamiltonian systems in the canonical variables
(A, i), where the Hamiltonian is a rational function of (A, p); see [27] for a list. Okamoto [27] showed
that there exists a holomorphic function 7 on the universal covering surface of P* \ {0, 1, 00} such
that Hyy(t, A(t), u(t)) = “4logr(t). The methods of [18, 19, 20] involve complex analysis and
differential geometry, and are not intended to address the properties of K as an operator.

(iii) Borodin and Deift [8] identified an integrable kernel K involving solutions 9 F; of the
hypergeometric equation. Let vy = (z 4+ 2 ' +w+w')/2, v3 = (z+w — 2 —w')/2 and vy =
(z —w—2"+w")/2. Consider

sin 7w sin Tw’ 1\ 2= 1\ ~w-w
o) = T (o= 5) (o4 ) (5.14)
and the functions
2RV N L 1
R(I,U) = (;L‘—l/Q) 2F1<Z+'UJ,Z +w,2l/17m) (515)
and L2\ )
_ (%t h / / )
S(z) = C<x i 1/2) a (z Ful L w120 % m) (5.16)
where the constant is
o Frz+w+1DI'z+w + 1) +w+ DI +w' +1) (5.17)
F(Ql/l + 1)F(2I/1 + 2) ' '
Let K, be the restriction of the kernel
R(x)S(y) — S(z)R(y
K(z,y) = Va2 = SR (5.18)
to (s,00) for s > 1/2. Assume that 11 > 0, |z + 2| <1 and |w+ w’| < 1. Then
d
o(s)=(s—1/2)(s+ 1/2)5 logdet(I — K) — v¥s + v31y/2 (5.19)
satisfies the o form of Painlevé VI; see [18]. Olshanski showed that S satisfies
d’S /l—w—w" 1—z-2'\dS —ww’ zz' S
— —_— =2 =0; (5.20
o ( s+12 T ao1p )dw+<x—|—1/2 Ul+x—1/2)(w—1/2)($+1/2) 7 (5:20)
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R satisfies a similar equation, except that we omit the term in 2vq. These differential equations

are similar to, but different from, (5.1) for the values of parameters considered in Theorem 5.1.
6. The 7 function associated with a Hankel operator on exponential bases

We wish to find a more explicit expressions for 7 and for o(t) = < log 7(t) for suitable K, especially
those K that factor as K = FLF(;S- We can obtain an explicit formula for 7 when ¢ has the

exponential expansion
o0
:E) = Zé'je_)‘jm (61)
j=1

where the coefficients §; lie in some Hilbert space E. In this section we establish the existence
of such expansions by using the theory of approximation of compact Hankel operators, while in
subsequent sections we consider the transfer function quS(s) of ¢ and use the Mittag-Lefller expansion
to give explicit formulas. The Hankel operator with symbol ¢ can be expressed in terms of the
exponential basis as a relatively simple matrix, so we can derive expressions for its Fredholm
determinant. Our applications in sections 7 and 8 are to cases in which the poles lie on an arithmetic
progression, which occurs when ¢ is a theta function or arises by a certain transformation of a
power series.

We suppose that \; € C with R®)\; > 0 are such that (e7?)%° 32, are linearly independent

exponentials, so that

N

— >0 N=1,2,..). 6.2
Aj —I—)\kL,kzl ( ) (6.2)

Dy = det[

Suppose that § = (§;)52; € ¢! and introduce the operators

B: Co/lce: ar—al
e_tA: 62 _)€2 : (a])_] 1 — (e t)\Ja.])] 1 (6 3)
C: Mt crP—-C: (O‘J)Jl ZJ 1% |

©: L*0,00) = 2 fio ([T e N0 f(s)ds) 2

Theorem 6.1. Suppose that © is bounded and that there exist constants d, M > 0 such that
RA; >0 and Y oo | [N+ M| 72 < M for all j; let £ € 01,

(i) Then the symbol ¢(x) = Ce™*4B gives rise to a Hankel operator T'y : L*(0, 00) — L?(0, c0)
which is trace class.

(ii) The operator
R, :/ e *ABCe " ds (6.4)

on /2 is trace class, and for u is an open neighbourhood of zero, the kernel Tu(z,y) = — pCe =4I+

puR,)"'e Y4B gives a solution to the integral equation

T, (a.0) + ola+ )+ | T T 2)ézy)dz=0  (0<z<y). (6.5)
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(iii) Suppose that (I — Ry) is invertible for all t > 0. Then the Hankel operator I'y, with
kernel ¢(x + y + 2t) satisfies

det(I — Ty, ) = exp(—/ T 1(u,u) du). (6.6)
t
Proof. (i) The kernel may be expressed as a sum of rank-one kernels

Ty Y ge talety) (6.7)

Jj=1

where > 27° €| /RA; converges, so T'y is trace class.

(ii) By considering the rows of the matrix

|:£j6_(>\j+)\k)m [e%s)

R,
[ VRS P P

(6.8)
we see that R, is also trace class. When |u|||R.|| < 1, the kernel T),(x,y) is well defined, and one
verifies the identity (6.5) by substituting.

(iii) The operators

C:' = C, et b Ry, : 0" = 0, B:C /(! (6.9)

are all bounded, and £ — R, is continuous from ¢! to the trace class; hence T(z,y) depends
continuously on ¢ in a neighbourhood of 0 in ¢!. Suppose that (& ("))311 is a sequence of vectors
in ¢! that have only finitely many nonzero terms, and that ¢(™ — ¢ as n — co. Denoting the
operators corresponding to &™) by R&”) etcetera, we can manipulate the finite matrices and deduce

that

n d
Til)(x,:v) = logdet(I — R(™) (6.10)
and hence ,
/ TET?(:E, x) dx = logdet(I — RE”)) —logdet(I — Rg")); (6.11)

so letting n — oo, we deduce that
t
/ T_1(z,x)dx =logdet(I — R;) — logdet(I — Ry). (6.12)
The operator = : L2(0,00) — ¢? given by
=f - / c—HABF () dt (6.13)
0

has matrix representation

EETH[ & ro

— 14
)\j 4+ Apdjr=1 (6.14)
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with respect to the standard basis (e;) of ¢* , and hence E is Hilbert-Schmidt since
Z;.il |=fe;]|? < oco. The operator © is bounded by hypothesis; so Ry = ZO1 is also Hilbert—
Schmidt.
The operator I is trace class by (ii), and the non-zero eigenvalues of 'y, = ©TZ and Ry = ZOT
are equal, hence
det(f — Ty ,,) = det(I — Ry); (6.15)

when this is combined with (6.12), they imply that
logdet(I — Ty,.,) — logdet(I — Ty, ) = / T_y(u, u) du. (6.16)
t

Evidently I'y ., — 0 as s — oo, and hence (6.6) follows from (6.16).

Theorem 6.2. Let K be an integral operator on L?((0, 00); dt; C) such that:

(i) 0 < K < I and I — K is invertible;

(i) there exists a separable Hilbert space E and ¢ € L?((0, c0); tdt; E) such that K = FLF(;S-
Then K has a T-function Tk and there exists a sequence (K,,)% , of finite-rank integral operators
with corresponding T-functions Tr, such that:

(1) K,, — K in trace-class norm;

(2) Tk, (x) — Tk (x) uniformly on compact sets as n — o;

(3) Tk, (x) = Zjv;‘l ajpe”Hin® for some ajp, pjn € C with Rpj, > 0 that are given in Propo-

sition 6.4 below.
Proof. (1) For ¢ € L?((0,00); tdt; E), the operator I'y is Hilbert—Schmidt and hence K is trace
class. By the Adamyan-Arov-Krein theorem [29], there exists a sequence (I' ;) )52, of finite-rank
Hankel operators such that T ) — I'y in Hilbert—Schmidt norm.

Kronecker showed that a Hankel operator I' 4w has finite rank if and only if the transfer

function ¢(™)(s) is rational; see [29]. Hence the typical form for ¢(™) is a finite sum

oM (t) =) & jthe Nt (6.17)
g,k

where £, ; € E and $\; > 0; the terms with factor t* give poles of order k + 1. To resolve the
poles of order greater than one into sums of simple poles, we introduce the difference operator A,
by Acg(\) = e H(g(A+¢) — g(N)), which satisfies lim. o A¥g(\) = g*)(\) whenever g is k-times

differentiable with respect to A. By the dominated convergence theorem,
/ HEN(— ALY Fe Mt — et 2t — 0 (6.18)
0

as € — 0, so we can replace t*e~*i? by k!(—A.)*e~*it at the cost of a small change in the operator

Iy in Hilbert—Schmidt norm. Thus we eliminate poles of order greater than one, and we can
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ensure that 0 < FLM)F«N") < I, with I — F15<n)r¢<") invertible. Let K, = F15<n)r¢<") so that K,

has finite rank and K,, — K as in trace norm as n — oo.
(2) Let ¢a)(t) = (¢ + 22) and ¢ (t) = ¢ (t + 2z). We have r; Ty = T Ts, in
(x) (=

trace class norm as n — 00 S0

7(2) = det(! — KP(; o0))
)
det(I —T ¢<I)I‘¢<I))
= lim det(I I, T )

= lim 7, (z) (6.19)

since the Fredholm determinant is a continuous functional on the trace class operators.

(3) To calculate the function 7%, () in (3) of Theorem 6.2, we assume that ¢(™) has the form

N

oM (t) =D €™t (t>0) (6.20)

Jj=1

where &; € E'and #\; > 0. Without loss of generality we can replace E by the subspace span(¢;) ;-\7:1
and for notational simplicity we take §; € M ,,(C) where v < N.

We introduce

a; = row[i{j;);:} € My,n(C) (6.21)
and
by, = column[g_le_%km} N € Myn1(C). (6.22)
A+ A k=1 ’
O
Lemma 6.3. The matrix
K = [a;0m)m=1 (6.23)

represents the operator F;WF »(m with respect to the (non-orthogonal) basis (e_)‘ﬂ's);-vzl.

() (z)

Proof. We observe that the transfer function of gbgz)) is the rational function

v T =2z
£j6 J

ZEIOEDY ST (6.24)

Jj=1

The operator FLM)F(%") has kernel in the variables (s, t)
() ()

/ 6™ (2 4 5+ u), 6 (20 + £+ u)) du (6.25)
0

20



and hence one computes

N , —2(Ae+Aj)z
_)\ms N Z <£_]7£m>e —)\js' (6.26)

rf n — e
o) 1 ()\J + )\k)(Ak + /\m)

(z)

r

(n) + €
¢<r)

Recalling the definitions (6.21) and (6.22), one computes

N ,
P (&, Epye 2Pt

and by comparing this with (6.23), one obtains the stated identity.
O

We can proceed to compute the 7 function when ¢ is as in Theorem 6.2. For S, T C {1,...,N},
let Kgr be the submatrix of K, that is indexed by (j,k) € S x T, and let §S be the number of

elements of S.

Proposition 6.4. (i) Suppose that ¢(™ : (0, 00) — C is as in (6.20). Then

N L . L
x)z%(_1 )¢ Z Hgﬂ 2), Hg o2 det[A —1—)\kLGSk6T (6.28)

T,S:4S=tT=¢j€S keT

(i) Suppose that ¢(™) : (0,00) — E where E has orthonormal basis (e,)%_, and let fj(-r) =
(&j,er). Then

é’(r) —2);zT _(T)e—QS\km

= DiSdet| 2 — det |2k — 6.29
i (2) ST%S:W( 1) de [ N+ Ap djesikryer ¢ [ Am + Ak }meS;(kﬂ")eT ( )

and the sum is over all pairs of subsets S C {1,...,N} and T C{1,...,N} x {1,...,v} that have

equal cardinality.

Proof. (i) By Lemma 6.3 we have g, (z) = det(/ — K,,), and by expansion of the determinant
we have

det(I —Kn)= >  (-1)"¥det K (6.30)
S:SC{1,...,N}

where det K g = 1 and otherwise

N
gjé'ke 20 +Ak)z
det Kg g = det 6.31
SEss T [kzl A+ 2 Ok + Am) Jjmes (6.51)

which reduces by the Cauchy—Binet formula to

5 —2)\;T f_ke_QS‘km
T:ﬁ;:ﬁsdet[;‘ + A LGS”CGT det[m}kermes

Z (H@ T 1_[5 6_2)\”> de t[)\ -|-)\kL65keret[)\m}I—S\Jmes,keT'

THT=4S jE€S keT

(6.32)
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By taking the sums over both S and T', we obtain the stated formula.
(ii) To prove (ii) one follows a similar route until line (6.32), except that we have (§;, &) =
Sov_ & J(-T) _,(:), so the indices in the Cauchy—Binet formula are over the product set T C {1,..., N} x

{1,...,v}.

7. The 7 function for the hard spectral edge

Our first application of section 6 is to the hard edge ensemble. The Jacobi polynomials arise when
one applies the Gram-Schmidt process to (z*)2°, with respect to the weight (1 — z)*(1 + x)”
on [—1,1] for a, 8 > —1. The zeros of the polynomials of high degree tend to accumulate at the
so-called hard edges 1— and (—1)4, and they cannot escape beyond them. According to [31], the
kernel that describes the limiting behaviour of the joint distribution of the scaled zeros near to the

hard edges is given by

MEVEWILRD - ERVILED) [ oo a )

=Y 0

on L?((0,1);dt); here J, is Bessel’s function of the first kind of order v. Hence we change variables

and introduce the Hankel operators on L?((0, c0); dt).

Proposition 7.1. For v > —1, let ¢(x) = e */2J,(2e~%/?) and let T, be the Hankel integral
operator on L?(0,00) with symbol ¢. Then Theorem 6.2 applies to T .

Proof. From the power series for J,,, we obtain a rapidly convergent series

B oo (_1)ne—(2n+y+1)z/2
9(@) = nzo nT(v+n+1) (z>0) (7:2)

giving a meromorphic transfer function

S (1)
P(s) = Z nT(v+n+1)(s+n+ (v+1)/2)

n=0

(7.3)

for which the poles form an arithmetic progression along the negative real axis. One can alterna-
tively express quS in terms of Lommel’s functions.

We choose A, = (2n+v+1)/2, s0 (A,)22 gives an arithmetic progression along the positive
real axis, starting at (v +1)/2 > 0, and ) .2 A% < co. The operator © : £2 — L*(0,00) is
bounded by duality since

o 00 9 _
Az ApGm
E apne” " dr = —_—
/ ‘ " A+ A
0 n=0 n,m=0 n m
<O lanl (7.4)
n=0

by Hilbert’s inequality. Hence I'y is a self-adjoint trace class operator, and Theorem 6.2 applies.
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We can now compute some of the finite determinants that appear in the expansion of det(l —

Fé(I)) from Proposition 6.4.

Definition (Partition). By a partition A\ we mean a list n; > ng > ... > ny of positive integers, so
that the sum |A\| = Z§:1 nj, is split into £ = ¢(\) parts. For each A, the symmetric group on |A|
letters has an irreducible unitary representation on a complex inner product space Sy, known as
the Specht module. For notational convenience, we introduce a null partition with () = 0 and
write dim(Sp) = 1.

Proposition 7.2. Suppose that v = 0. Let K = I'; and 7(z) = trace(I — K P, ). Then K is a
trace-class operator on L?(0,00) such that 0 < K < I and

T(z) = ;(—1)40\) d71(1|r1/\(|i>\2)2 e 2A (7.5)

where the sum is over all partitions.

Proof. Let E, =span{e~(*+¥+Dz .5 —0 .. n} andlet Q, : L?(0,00) — E, be the orthogonal
projection; likewise we introduce the closure E, of the subspace U2 ; E,, and the corresponding
orthogonal projection Qo : L2(0,00) — E.. Observe that Q, — Q. in the strong operator
topology as n — oo and that I'y Qoc = Qool'g,,; hence det( — Fé(I)) = lim,,_ o det(I —

The matrix of Qan<I) Q,, with respect to (e_(2j+”+1)5)§‘:0 satisfies

(_1)j+me—2m(j+m+u+1) oo 1 n
FmiT(v+j+DEm+v+1) &= (G+k+v+1)(m+k+v+1) jym=0

QuT3, @n = | (7.6)
We observe that the corresponding infinite matrix for QOOI%(I) has entries that summable with
respect to 7 and m over j,m =0,1,...; thus det(] — Fé(I)) is a determinant of Hill’s type.

We consider the determinant in (6.28). We change notation so as to allow the running indices
in sums to be j,k =0,1,..., and we let S and T be subsets of {0, 1,2,...} that are finite and of
equal cardinality. Suppose that the elements of S are mq > mo > ... > my, while the elements of
T are k1 > ko > ... > ky; next let N = ¢+ Zle (m; + k;). Then in Frobenius’s coordinates [9,
24], there is a partition A <> (mq,...,myg; k1,. .., k¢) with || with a corresponding Specht module
Sy such that

1 } [Teer ' dim(S)) (7.7)

det[m!f‘(m—i—l)(m—{—k—{— D) dmesker[],,cgm! (JA])!

as in the hook length formula of representation theory; see in [24]. Hence the pair of sets S and

T, each with £()\) elements give rise to the product of determinants

1 } det[ 1 _ dim(S,)?
JITG+1D)(+Ek+1)]jesker m!T(m+ 1) (m+k+ 1) Jmesker  (JA]!)2

det [ (7.8)

and the exponential
R SCTRES S S )
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Conversely, each partition A of some positive integer gives a Ferrers diagram and we can
introduce subsets S, T" C {0, 1, ...} that are finite and of equal cardinality which gives a contribution
to the sum (6.28) from the prescription of (7.9) and (7.10). By summing over all partitions, or
equivalently all pairs of sets S and T, we obtain the series (7.5).

O

Remark. Borodin, Okounkov and Olshanski [9] have computed a Fredholm determinant for the
discrete Bessel kernel, and used this to prove asymptotic results for the Poisson version of Plancherel
measure on the symmetric group. A key linkage in [(2.7), 9] between the Bessel kernel and the

Plancherel measure involves Lommel’s identity

> T(v—s+m)z™ I'(v—3s) J,(22
Ejp( ) T —1s) Ju(22)

_Jm s 2 - ; 7.10
(v+m+1) m! +5(22) I(s+1) zv—s (7.10)

where the left-hand side involves an expression that is closely related to the matrix in (7.6). For a
fuller discussion on this, see section 10.4 of [7]. Forrester and Witte have computed the asymptotic
forms of 7 functions various circular ensembles [14] in terms of the Painlevé equations. Basor and

Ehrhardt have considered asymptotics of Bessel operators [3].

8. A 7 function related to Lamé’s equation

To conclude this paper, we consider Hankel operators related to Lamé’s equation. First we
review some ideas regarding finite gap potentials that originate with Hochstadt and are developed
by McKean and van Moerbecke in [26].

Let £ be a compact Riemann surface of genus g, and J the Jacobi variety of £, which we
identify with C9/L for some lattice L in CY9. An abelian function is a locally rational function
on J, or equivalently a periodic meromorphic function on CY9 with 2g complex periods. A theta
function (or elliptic function of the second kind) 6 : C9 — P! with respect to L is a meromorphic
function, not identically zero, such that there exists a linear map = — L(x,u) for z € CY9 and
u € L and a function 5 : L — C such that §(z 4 u) = 0(z)e2(LEW+1W) for all x € C9 and
u € L. The pair (L, n) is called the type of 6, as in [23].

Suppose that ¢ : R — R is infinitely differentiable and periodic with period one. Let Uy be
the fundamental solution matrix for Hill’s equation

d2

de?

so that Ux(0) = I, and let A(\) = traceUy(1) be the discriminant. Suppose in particular that A

lies inside the Bloch spectrum of —% +q(t), but that 4 — A(X\)? # 0. Then any nontrivial solution

of (8.1) is bounded but not periodic. We suppose that 4 — A(\)? has only finitely many simple
zeros 0 < )\(()1) < /\gl) <...< MY and let )\(2) be double zeros for k =1,2,...; then

fHa)f(t) =Af(t) (8.1)

4—A(/\)2:c1j1_g[0< >f[1< A(2)> (8.2)
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Then the Bloch spectrum has only finitely many gaps.

Suppose in particular that ¢ is elliptic with periods 2K and 2K’i where K, K/ > 0. Gesztesy
and Weikard [15] have shown that the Bloch spectrum has only finitely many gaps if and only
if z + Ux(z) is meromorphic (and possibly multivalued) for all A € C. By a classical result of
Picard, there exists a nonsingular matrix Ay such that Uy(z +2K) = Uy(z)Ax. If Ay has distinct
eigenvalues, then there exists a solution f to (8.1) that is a theta function with respect to the
lattice L = {2K'm + 2K'"in : m,n € Z}.

Next we describe in more detail the case of genus one. We recall Jacobi’s sinus amplitudinus

of modulus & is sn(x | k) = sint) where

(8.3)

/w do
Tr = ——
0 vV1—k2sin?0

For 0 < k < 1, let K(k) be the complete elliptic integral

w/2
K = | S (8.4)

1— k2sin’t

next let K’(k) = K(v/1 — k2); then sn(z | k)2 has real period K and complex period 2iK’. We

introduce

2—k% 2k2—-1 Kk%2+1
(61762763) - < 3 ) 3 s 3 >7 (85)
and
AR - K2+ 1) AR =2)(2k2 - 1) (K2 + 1) (2.6)
g2 = 3 ) g3 = 27 ) .
then let Weierstrass’s function be
P(2) = es + (e1 — ea) (sn(z | k) 2. (8.7)

Likewise, P(z) has periods 2K and 2:K’, and P(x + ¢K’) is bounded, real and 2K-periodic. In
terms of the new variable x = z 4+ iK' and the constant B = —\(e; — e3) — £(£ + 1)ez, Lamé’s

differential equation (1.16) transforms to
d2
(-5 + e+ DP@)) (@) + Bé(x) =0, (8.8)

Writing X = P(z), Y = P(y) and Z = P’(x), the point (X, Z) lies on the elliptic curve
E: ZP=4(X —e)(X —e3)(X —e3) (8.9)

and the elliptic function field K consists of the field of rational functions of X with Z adjoined

and we think of B as a point on €. For (xg, z9) on &£, we introduce the function

1 _
B(X. Ziwo,0) =exp(y [ 222, (8.10)
2 4T =T Z
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which takes multiple values depending upon the path « from (z¢, zg) to (X, Z). Then for integers
¢ > 1, and typical values of B, there exist £ € C and polynomials Ag(X) and A;(X) such that

U(X)= (AO(X) + Al(X)<)Z( —1__ j;))@(X, Z; x0, 20) exp(;-@/7 d;) (8.11)
gives a solution of
—<ZdiX>2\1z(X) YO0+ D)X (X)) + BU(X) =0, (8.12)

known as a Hermite-Halphen solution. Maier [25, Theorem 4.1] has shown how to compute (zg, yo)
and the spectral curve in terms of x and B, thus making (8.12) convenient for computation. As Z
is rational on the elliptic curve, Lamé’s equation gives rise to a Tracy—Widom system (1.1) that
closely resembles the Laguerre system of orthogonal polynomials with parameter one, as considered
in [5, 32].

Suppose henceforth that ¢ = 1. For A € [k 1] U [k? + 1,00), all solutions to (1.16) are
bounded; however, except for the countable subset of values of A that gives the periodic spectrum,
these solutions are not K or 2K periodic; see [25]. Write B = P(«) where « is the spectral

parameter. Weierstrass introduced the functions

z z 1/z\2
o)== I (1-5)ew(5+5(5) ) (8:13)
weL*
where L* =L\ {(0,0)}, and {(z) = 0'(2)/0(z) so that P = —(’. Then by [22, (13)] the equation
(8.8) has a nontrivial solution

ra) = — o(r — a) L@
U (z; ) o (@)o(2) (8.14)

such that ¥ (z; @)V (—z; ) = P(a) — P(x) and a — ¥(zx; «) is doubly periodic.
The solutions give rise to a natural kernel, for after we make the local change of independent
variable z — X and write f(X) = U(z;a) and g(X) = ¥'(z; «), we have by [22, (18)]

f(X)g(Y) = 9(X) (V)
X-Y

=V(r+y; ). (8.15)

The right-hand side has the shape of the kernel of Hankel integral operator. In the remainder of

this section we introduce this operator, and compute the corresponding Fredholm determinant.
Lemma 8.1. Let f = —2K((a) + al(a + 2K) — al(«a), suppose that ®3 > 0 and let t € C
be such that ¥(z + 2t;a) is analytic for x € [0,2K]. Let ¢ (z) = Y(x + 2t;a) and h(s) =

fOQK e "¢y (u) du. Then ¢y is a theta function and has an exponential expansion

[ee]

1 2mim — BN Liomim—

m=—o00
and é(t) is a meromorphic function with poles in an arithmetic progression.
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Proof. We introduce n = ((a + 2K) — ((a) and ' = {(a + 2iK') — {(«). Then o is a theta
function and satisfies a simple functional equation given in [23, p.109]; from this we deduce that

¥ is also a theta function and satisfies the functional equations
U(z +2K;0) = U(z;)e?ED= (g 4 2K o) = U(z; o) @)=, (8.17)

By the hypothesis on 3, the function x — ¥(z + 2¢; «) is of exponential decay as z — oo through
real values.
Due to (8.17), the transfer function of ¢ (z) is

. 0 2K (k+1)
Oy (s) = / e U (u+ 2t; ) du
OO=2

2K
= (1 — ¢ 2KsH2K (@)—an)—1 / U(u+ 2t;a)e” *“ du (8.18)
0

which is meromorphic with possible poles at the points s = (2K) " 1(2K((a) — an + 27wmi) for
m € Z which form a vertical arithmetic progression in the left half plane. The position of the poles

is determined by the type of the theta function.
We can deduce the exponential expansion by inverting the Laplace transform. Let T =
(2m + 1)7/(2K) let x > 0 and consider the contour [—iT,iT| & S, where St is the semicircular
arc in the left half plane with centre 0 that goes from —¢T to ¢7T'; then by Cauchy’s Residue Theorem

we have
; ; TN (2T B etemniop)/28)
ST ST - xr ™t . '1

/ST e o) (s) ds + /[_iT,iT] e o) (s) ds 7 n_mh< e )e (8.19)

We integrate fOQK U (u+ 2t; a)e”*" du by parts and write
sx 2K
st ] _ € _ _—2Ks —su 4/
e o) (s) = S0 = c—2E) ( e h1) (2K) + 91y (0) +/O e Py (u) du) (8.20)

and then use Jordan’s Lemma to show that fST esmé(t)(s) ds — 0 as T'— oco. Hence

I T L N L (2= BY omin-p)/(2k)
o0 (@) = 55 /_me S ds= 3 seh(To)e - 82

|

Theorem 8.2. Let ¢(y)(x) = ¥(x+2t; ) and let Ty, be the Hankel integral operator on L*(0, 00)
with symbol ¢ ). Then the conclusions of Theorem 6.1 hold for I'y,, .

Proof. Let A\, = (2mwin+ 3)/(2K) where R3 > 0. Then by a standard argument from the calculus

of residues, we have

> 1 K2R coth 8
_ € Z). 22
2 raE T ez (822
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The operator © : L?(0, 00) — £2 given by

fr </00° e_j‘jsf(s) ds)c')o (8.23)

j=—00

is bounded. Indeed, we observe that the sequence (e~*n%)% forms a Riesz basic sequence in

n=—oo

L?(0,00), in the sense that there exists a constant C' > 0 such that

c! i |an|2§/oo‘ i ane—Anm2d$§C i lan|? (8.24)

n=—oo 0 n=—oo n=—oo

for all (a,) € ¢2. To prove this, one uses a simple scaling argument and orthogonality of the
in L2[0,1]. In particular, this shows that O : /2 — L2(0, o0) is bounded,

27rinm)oo
n=-—o0o

sequence (e
so © is bounded.
We can now use the general Theorem 6.1. Given this rapid decay and the fact that ¥ (z +y+

2t; a) is analytic, one can easily check that Ly, 1s trace class.

O
Our final result gives the order of growth of the determinant
1 N
Dy =det|——~| . 8.25
N = Aj 4+ Apdik=1 (8.25)

Proposition 8.3. Suppose that \; = (2mij + 3)/(2K) where %3 > 0 and K > 0. Let u be the
Haar probability measure on the unitary group U(N), and let arge®® =6 for 0 < 6 < 2.
(i) Then

2K N
Dy = <7> / exp(—@tracearg U),u(dU). (8.26)
1-— 6_2%6 U(N) s
(ii) There exists a constant ¢ > 0 such that
K N 1/3 n2/3 2/3 K N 1/3 n2/3 2/3
—@20)' BNIREP o ( ) (20)1/2 N2 (1) 8.27
(sinh%ﬁ) c =N = sinh G © (8:27)
SO
D}V/N — Kcosech i3 (N — 00). (8.28)
Proof. (i) Let
2K e~ 2RPu

and let the Fourier coefficients of f be a; = fol f(u)e= 2™ dy, which we compute and find

. (8.30)



Then we can use an identity due to Heine [7, p. 176], and express the Toeplitz determinant of

[a;—r] as an integral
1 2 N
detaj—kljr=1,..5 = ﬁ/ . IT €% — 2™ " T] £(6;) db: .. .dbn, (8.31)
0N cick<N j=1

which we regard as an integral over the maximal torus in U(N'), and hence we convert the expression

into an integral over the group U(N), obtaining

det [ } N /U(N) exp{trace log f(arg U/(27)) },u(dU). (8.32)

N+ Aedie=1

(i) Note that log f(arge/(2m)) = log(2K/(1 — e 2%8)) — R30/w. Let U € U(N) have

eigenvalues €1, ... e~ where 0 < 6, <...< 60y < 2m; then the expression
tracearglU — 7N =61+ ...+ 0y — N7 (8.33)

satisfies a central limit theorem, but we need to adjust the functions slightly to accommodate the
discontinuity of arg. Let g1, 92 : R — R be Lipschitz functions with Lipschitz constant L, that are
periodic with period 27, and satisfy g1(0) < 6 < g2(0) for 0 < 6 < 27, and

1 27 27 1
S g/ g1(0)d9§/ 0(0)d0 < 7+ . (8.34)
L=, ; L

By Szegd’s asymptotic formula [21], there exists a constant ¢ such that

/U . exp(—%ivjlej)u(dm < /U . exp(—¥§;gl<ej>)u<dv>
<on(-vw [ 0@ v )

hence we have an upper bound on Dy of

2K \N RS 2K \N (L2
(=) /U(N)eXp<_7zlej>“(dU)§<m> RINILRRITET - (8.36)
p

Using g- instead of g1, one can likewise obtain a lower bound on Dpy. To conclude the proof, we
choose L = N/3(2¢R3)~1/3.
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References
[1] M.J. Ablowitz, A.S. Fokas, Complex Analysis: Introduction and Applications, 2nd Edition,
Cambridge University Press, Cambridge, 2003.

29



[2] M.J. Ablowitz, I.A. Segur, Exact linearization of a Painlevé transcendent, Phys. Rev. Lett. 38
(1977), 1103-1106.

[3] E.L. Basor, T. Ehrhardt, Asymptotics of determinants of Bessel operators, Commun. Math.
Physics 234 (2003), 491-516.

[4] G. Blower, Operators associated with soft and hard spectral edges from unitary ensembles, J.
Math. Anal. Appl. 337 (2008), 239-265.

[5] G. Blower, Integrable operators and the squares of Hankel operators, J. Math. Anal. Appl.
340 (2008), 943-953.

[6] G. Blower, Linear systems and determinantal random point fields, J. Math. Anal. Appl. 355
(2009), 311-334.

[7] G. Blower, Random matrices: high dimensional phenomena, Cambridge University Press, Cam-
bridge, 2009.

[8] A. Borodin, P. Deift, Fredholm determinants, Jimbo-Miwa—Ueno 7—functions and representa-
tion theory, Comm. Pure Appl. Math. 55 (2002), 1160-1230.

[9] A. Borodin, A. Okounkov, G. Olshanski, Asymptotics of Plancherel measures for symmetric
groups, J. Amer. Math. Soc. 13 (2000), 481-515.

[10] A. Borodin, G. Olshanski, Distributions on partitions, point processes and the hypergeometric
kernel, Comm. Math. Phys. 211 (2000), 335-358.

[11] Y. V. Brezhnev, A 7-function solution of the sixth Painleve transcendent, Teoret. Mat. Fiz.
161 (2009), 346-366.

[12] P.A. Deift, A.R. Its, X. Zhou, A Riemann-Hilbert approach to asymptotic problems arising
in the theory of random matrix models, and also in the theory of integrable statistical mechanics,
Annals of Math. (2) 146 (1997), 149-235.

[13] A.S. Fokas, A.R. Its, A.A. Kapaev, V.Y. Novokshenov, Painlevé transcendents: the Riemann—
Hilbert approach, Mathematical Surveys and Monographs 128, American Mathematical Society,
2006.

[14] P.J. Forrester, N.S. Witte, Applications of the 7-function theory of Painlevé equations to
random matrices: Py7, Pryr, the LUE, JUE and CUE, Comm. Pure Appl. Math. 55 (2002),
679-727.

[15] F. Gesztesy, T. Weikard, Picard’s equation and Hill’s equation on a torus, Acta Math. 176
(1996), 73-107.

[16] D. Guzzetti, The elliptic representation of the general Painlevé VI equation, Comm. Pure
Appl. Math. 55 (2002), 1280-1363.

[17] M. Jimbo, Monodromy problem and the boundary condition for some Painlevé equations,
Publ. Res. Inst. Math. Sci. 18 (1982), 1137-1161.

[18] M. Jimbo, T. Miwa, K. Ueno, Monodromy preserving deformations of linear ordinary differ-
ential equations with rational coefficients I: general theory, Physica D 2 (1981), 306-352.

[19] M. Jimbo, T. Miwa, Monodromy preserving deformations of linear ordinary differential equa-
tions with rational coefficients II, Physica D 2, 406-448.

30



[20] M. Jimbo, T. Miwa, Monodromy preserving deformations of linear differential equations with
rational coefficients III, Physica D 4 (1981/2), 26-46.

[21] K. Johansson, On Szegd’s asymptotic formula and Toeplitz determinants and generalizations,
Bull. Sci. Math. (2) 112 (1988), 257-304.

[22] I.M. Krichever, Elliptic solutions of the Kadomcev—Petviasvili equations, and integrable sys-
tems of particles, Functional Anal. Appl. 14 (1980), 282-290.

[23] S. Lang, Introduction to Algebraic and Abelian Functions, Second Edition, Springer—Verlag,
1982.

[24] I.G. MacDonald, Symmetric functions and Hall polynomials, Oxford University Press, Second
Edition, Clarendon Press, 1995.

[25] R.S. Maier, Lamé polynomials, hyperelliptic reductions and Lamé band structure, Philos.
Trans. R. Soc. A Math. Phys. Eng. Sci. 336 (2008), 1115-1153.

[26] H.P. McKean, P. van Moerbeke, The spectrum of Hill’s equation, Invent. Math. 30 (1975),
217-274.

[27] K. Okamoto, On the 7-functions of Painlevé equations, Physica D 2 (1981), 525-535.

[28] F.W.J. Olver, Asymptotics and Special Functions, Academic Press, New York, 1974.

[29] V.V. Peller, Hankel Operators and Their Applications, Springer, New York, 2003.

[30] T. Stoyanova, Non-integrability of Painlevé VI equations in the Liouville sense, Nonlinearity
22 (2009), 2201-2230.

[31] C.A. Tracy, H. Widom, Level spacing distributions and the Bessel kernel, Commun. Math.
Phys. 161 (1994), 289-309.

[32] C.A. Tracy, H. Widom, Fredholm determinants, differential equations and matrix models,
Commun. Math. Phys. 163 (1994), 33-72.

[33] C.A. Tracy, H. Widom, Fredholm determinants and the mKdV/sinh-Gordon hierarchies,
Comm. Math. Phys. 179 (1996), 1-9.

[34] H.L. Turrittin, Reduction of ordinary differential equations to the Birkhoff canonical form,
Trans. Amer. Math. Soc. 107 (1963), 485-507.

[35] E.T. Whittaker, G.N. Watson, A Course of Modern Analysis, fourth edition, Cambridge
University Press, Cambridge, 1965.

31



