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Abstract

Stochastic generators of completely positive and contractive quantum stochastic convo-
lution cocycles on a C*-hyperbialgebra are characterised. The characterisation is used to
obtain dilations and stochastic forms of Stinespring decomposition for completely positive
convolution cocycles on a C*-bialgebra.

—————————

Stochastic (or Markovian) cocycles on operator algebras are basic objects of interest in
quantum probability ([1]) and have been extensively investigated using quantum stochastic
analysis (see [12]). There is also a well-developed theory of quantum Lévy processes, that is
stationary, independent-increment, *-homomorphic processes on a *-bialgebra (see [6, 22]
and references therein). Close examination of these two directions has naturally led to the
notion of quantum stochastic convolution cocycle on a quantum group (or, more generally,
on a coalgebra), as introduced and investigated in [14] in an algebraic context, and in [17]
in the analytic context of compact quantum groups. The main results have been summarised
in [15]. Recent years have also seen an increased interest in the noncommutative gener-
alisation of classical hypergroups ([3]), initiated by Chapovsky and Vainerman ([S]) and
continued, for example, in the papers [10] and [11]. Compact quantum hypergroups differ
from compact quantum groups in that their coproduct need not be multiplicative. How-
ever, it remains completely positive, which makes compact quantum hypergroups, or more
generally C*-hyperbialgebras, an appropriate category for the consideration of completely
positive quantum stochastic convolution cocycles in a topological context (for the purely
algebraic case see [7]). These cocycles may be viewed as natural counterparts of station-
ary, independent-increment processes on hypergroups. In [17] it is shown that, under certain
regularity conditions, they satisfy coalgebraic quantum stochastic differential equations.

The aim of this paper is to prove dilation theorems for quantum stochastic convolution
cocycles on a C*-bialgebra. To this end it is first necessary to establish the detailed structure
of the stochastic generators of completely positive and contractive convolution cocycles. We
give a direct derivation of this exploiting ideas used in the analysis of standard quantum
stochastic cocycles with finite-dimensional noise space ([13]). Once the structure of gen-
erators is known, one may consider question of dilating completely positive convolution
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cocycles to *-homomorphic ones. In the context of standard quantum stochastic cocycles
this problem was treated in [8] and [9] (see also [2]). In the first of these papers it was shown
that every Markov-regular completely positive and contractive cocycle arises as the image of
a *-homomorphic cocycle under a vacuum conditional expectation which averages out some
dimensions of the quantum noise. In the second every Markov-regular completely positive
and contractive cocycle was shown to be realisable as a composition of a *-homomorphic
cocycle with conjugation by a contraction operator process. This may be seen as a stochastic
Stinespring decomposition. In this paper using the techniques of Goswami, Lindsay, Sinha
and Wills we obtain analogous results for convolution cocycles on C*-bialgebras. Mul-
tiplicativity of the coproduct is necessary here for obtaining dilations to *-homomorphic
cocycles.

An alternative approach to the one presented in this paper would be to exploit more dir-
ectly theorems known for standard quantum stochastic convolution cocycles and properties
of the R-map introduced in [17]. In that paper the general form of the stochastic generat-
ors of completely positive and contractive convolution cocycles was determined by using
a particular representation of the C*-bialgebra in question and appealing directly to the
results of [13], [18] and [20]; similar methods may be further used to obtain the dilation
results presented here. One drawback of such an approach is that it involves using the deep
Christensen-Evans theorem on quasi-innerness of derivations on represented C*-algebras.
Another is the necessity to reformulate the results of [8] and [9] in coordinate-free quantum
stochastic calculus. This is also necessary for overcoming separability assumptions on the
noise dimension spaces. Finally the von Neumann algebraic framework used in [8] would
require nontrivial modifications. In sum, the method presented here has the advantage of
being more elementary.

The paper is structured as follows. The first section contains the notation and elements
of quantum stochastic analysis and operator space theory needed. In the second section
C*-hyperbialgebras are defined and the well-known technique of obtaining them from C*-
bialgebras via a noncommutative conditional expectation is recalled. Basic facts concerning
quantum stochastic convolution cocycles and the structure of their stochastic generators in
the completely positive and *-homomorphic cases are also included here. In the third sec-
tion a more detailed description of the stochastic generators of Markov-regular, completely
positive, contractive convolution cocycles, in terms of a certain tuple of objects, is derived.
Dilations of such convolution cocycles on a C*-bialgebra to *-homomorphic convolution
cocycles are given in the fourth section, and the fifth section contains a stochastic Stine-
spring decomposition.

1. Preliminaries

In this section we introduce our notations and review results from quantum stochastic
analysis relevant to the rest of the paper. We shall usually abbreviate quantum stochastic to
QS, completely positive to CP and completely positive, contractive to CPC.

Notation

All vector spaces in this paper are complex and inner products are linear in their second
argument. Algebraic tensor products are denoted by ©.
Let h be a Hilbert space. Ampliations are denoted

th: BH) — BH®h), Tr—TQ I,
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and each vector & € h defines operators
EcH—H®h, vI— v® £ and E* = (E)",
generalising Dirac’s bra-ket notation:
E.=I4®|§) and E° = Iy ® (£].

The particular Hilbert space H will always be clear from the context. For a subspace E of h,
O(E) will denote the vector space of linear operators in h with domain E.

Finally, for a function f:R, — h and subinterval I of R,, f; denotes the function
R, — h which agrees with f on I and is zero outside I (cf. standard indicator-function
notation). This convention also applies to vectors, by viewing them as constant functions—
for example

Ea, foré ehand0 < s < 1.

Matrix spaces

For an introduction to the theory of operator spaces we refer to [4]. For this paper it
is sufficient to work with concrete operator spaces, that is closed subspaces of the space
B(h; h') of all bounded linear operators acting between Hilbert spaces h and h’. The spa-
tial/minimal tensor product of operator spaces is denoted by ®, and when V, W are operator
spaces C B(V; W) denotes the space of all completely bounded maps from V to W.

We need the concept of matrix spaces introduced by Lindsay and Wills in [20]. Let V C
B(K) be an operator space and let h be a supplementary Hilbert space. The operator space:

Mn(V) = (T € BK®h) : EXTE; € Vforall & €h}

is called the h-matrix space over V. It is easy to see that My (V) contains the spatial tensor
product V ® B(h). Whenever W C B(H) is another operator space, and ¢ € CB(V; W),
the map ¢ ® idpn, extends uniquely to a completely bounded map ¢™: My (V) — Mp(W)
satisfying

E¥ (¢™(T))Es = p(EF TEy),
forall T € Mp(V), £, & € h. The map ¢™ is called the h-lifting of ¢.

Fock space notations and QS processes

Let k be a Hilbert space, called the noise dimension space. Then Fy denotes the symmetric
Fock space over L?(R, ; k). Exponential vectors in Fy are written e(f), f € L>(R,; k). The
CCR flow of index k, defined in terms of the second quantised shift on L?(R ; k), is denoted
0 = (0)r>0. Define

Sk = Lin{d[o,s[ :d e k, s € R+}
and a corresponding subspace of Fy:
& =Lin{e(f) : f € Sk}.

When the space K is clear from the context we will simply write F, S and &. Elements of
& will play the role of test functions. For a subspace E of Kk the following notation will be
employed:

~ 1 ~
E =Lin{C: c € E}, whereT:= < ) ch=Ceah.
c
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Two further useful notations are
1 —~ ~
ey = e kand A% = 0 e B(K). (1-1)
0 Iy

Let h be an additional Hilbert space. By an h-operator process we understand a family
X =(X,),;>0 of operators on h ® F, each having the (dense) domain h © &, being weak-
operator measurable in ¢ and adapted to the natural Fock-space operator filtration. Thus
X:R, - Ohoé,t— X&is weakly measurable for all £ € h ® £ and, for each t > 0,
¢ €h, X, (t®e(f) = X () ®e(flio.))De(f lioor) for some operator X (1) € O(hOE o),
where &, is defined as £ is, except that R is replaced by [0, #[. The linear space of all h-
operator processes is denoted P(h ® &), or P(€) if h = C, with subscripts on the £ when
necessary for avoiding ambiguity. A process X € P(h © &) is called weakly regular if for
each &, &’ € h © &, the scalar-valued function

I —> ('S/v Xt§:>7 IER+,

is locally bounded. It is called bounded if X, is a bounded operator for each ¢+ > O (in such
a case X, is usually identified with its continuous extension to the whole of h ® F).

Now let V and W be operator spaces with W C B(h). A linear map k from V to P(h © &)
is called a process on V with values in W if, for each v € V, k(v) is an h-operator process
and, for each f, g € S,# > 0 and v € V, the operator E*/k, (v) E,(,) belongs to W. Here W
will usually be either V or C.

The vector space of all processes on V with values in W is written P(V; W, &) (this cor-
responds to the notation P(V — W:h © &) used in [17]); when W = C we simply write
P(V; &). We say that k € P(V; W, &) is pointwise weakly regular if each k(v) (v € V) is
weakly regular. It is completely bounded if, for each v € V, the process k(v) is bounded and,
for each ¢ > 0, the map k,: V — B(h ® F) is completely bounded.

QS differential equations and standard QS cocycles

Let V, W be operator spaces with W C B(h) for some Hilbert space h. For maps 6 €
CB(V; W) and ¢ € CB(V; Mi(V)) consider the quantum stochastic differential equation

dk, =k opdA,, ky=1ro08. (1-2)

By a weak solution of this equation we understand a process k € P(V; W, &) such that

E®e(f), k(v) -0 1IN ®e(g)) = / (6 ® e(f). ks (ETV9 () Eg)n @ e(g))ds

forallz > 0,v € V,&n € hand f, g € S. If there is a quantum stochastically integrable
h® k- -process K on V (see [12]), with domain h ® k O &, satisfying

EYK,(v)E; = k(E* ¢ (v)E,)

forallt >0,¢,¢ € kand v € V, then k is called a strong solution. The equation (1-2) has a
unique weakly regular weak solution, which is also a strong solution ([16], [18]). We denote
it by k%, or simply k¢ if V. = W and 6 = idw.
A completely bounded process k € P(V; V, &) is called a standard QS cocycle on V if,
fors,t > 0,
Kiis =k, 05, 0ok, and ko = 1o idy

where 12, denotes an Fj; oo-lifting of &, and &, = idp®0;. It is said to be Markov-regular if
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its Markov semigroup P:R, — B(V), defined by

P(v) = E°Vk,()E., 1>0,v€V,

is norm-continuous. Whenever ¢ € C B(V; Mg(V)), the process k? is a Markov-regular weak
standard QS cocycle (see [12, 19]; note however that what is here called a weak standard
QS cocycle, there is simply called a quantum stochastic cocycle).

2. C*-hyperbialgebras and QS convolution cocycles

In this section we describe the standard construction of C*-hyperbialgebras via noncom-
mutative conditional expectation, and give the definition and some properties of quantum
stochastic convolution cocycles. We then relate quantum stochastic convolution cocycles on
the respective C*-hyperbialgebras.

C*-hyperbialgebras and the conditional expectation construction

Definition 2-1. A unital C*-algebra A is called a C*-hyperbialgebra if it is equipped with a
unital completely positive map A: A — A® A (called a coproduct) and a character : A — C
(called a counit) satisfying the following conditions:

(A®idp) o A = (ida ® A) o A,
(e ®idp) 0o A = (ida ® €) o A = ida.

If additionally A is multiplicative then A is called a C*-bialgebra (and may be thought of as
a compact quantum semigroup with a neutral element).

The following construction, of new C*-hyperbialgebras from old, was described explicitly
(in the context of compact quantum hypergroups) in the papers [10] and [11], but its origins
go back much further (see [5] and references therein). All known examples of noncommut-
ative C*-hyperbialgebras arise in this way from C*-bialgebras.

PROPOSITION 2-2. Let (A, A, €) be a C*-hyperbialgebra. Assume that A is a unital C*-
subalgebra of A and | that there exists a conditional expectation, that is a norm-one projec-
tion, P from A onto A satisfying the following identities:

(P®ida)) oAoP=(PQP)oA = (ida® P)o A.
Then (Z«, A, €) is a C*-hyperbialgebra, where
A=(P®P)oAlzand€ = €|;.

Two particular cases of this construction are double coset bialgebras and Delsarte C*-
hyperbialgebras; they are described below.

Let (A, A, €) and (Ay, Ay, ) be C*-bialgebras and assume that the latter is a
quantum subsemigroup of the former. This means that there exists a unital *-homomorphism
7: A; — A, which is surjective and intertwines the coalgebraic structures:

T QRm)oA1=Arom, €om =¢.

Assume additionally that A, admits a Haar state; this means that there exists a state i € A}
such that for all a € A,

(1 ®1da,)(Az(a)) = p(a)la,.
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Define the following C*-subalgebras of A;:
Ai/Ay={a €A : (idy, ® 7)o Aj(a) =a®1},
ANA ={a €A : (T ®idp)oAi(a) =1®al,
A\A /A=A /A NANA,,

called respectively the algebras of right and left cosets of A, and the double coset bialgebra.
It can be checked that the map P: A; — A = A,\A,/A, defined by

P@) = ((pom) ®ida, ® (nom)) (A ®ida) Ai(a), ac€A,

satisfies the conditions given in Proposition 2-2. Its action may be understood as averaging
(twice) over the quantum subsemigroup; this construction is common in the theory of clas-
sical hypergroups ([3]).

Let now (A, A, €) be a C*-bialgebra and assume that a compact group I" acts (continu-
ously with respect to the topology of pointwise convergence) on A by C*-algebra auto-
morphisms satisfying

(y®y)oA=Aoy, €eoy=¢ yel.

Let A be the fixed | point subalgebra, A= {a € A:V,cry(a) = a}. Itis easily checked that
the map P: A — A given by

P(d)z/)/(a)d% a €A,
r

where dy denotes the normalised Haar measure on I, satisfies the assumptions of Proposi-
tion 2-2. The resulting C*-hyperbialgebra is called a Delsarte C*-hyperbialgebra.
Given a C*-hyperbialgebra A, each operator space V determines a map

Rv:CB(A;V) — CBA;A®YV), ¢orH— (ida®¢)o A. 21
When V = C we write R instead of R¢.

0S convolution cocycles

The following definition originates in [14] and is inspired by the theory of quantum Lévy
processes. Let A be a C*-hyperbialgebra.

Definition 2-3. A QS convolution cocycle on A, with noise dimension space K, is a com-
pletely bounded process I € P(A; &) such that, for s, ¢t > 0,

lyvi = (U, ®(050l))o Aand [y = tro €.
The first of these conditions is referred to as the convolution increment property.

A QS convolution cocycle [ is said to be Markov-regular if its Markov convolution semig-
roup of functionals »: R, — A*, defined by

Mi(a) = (€(0),1(a)e(0)), t>0,a€ch,

is norm-continuous. R
For ¢ € CB(A; B(k)) we consider coalgebraic QS differential equations of the form

dly =L xdAy(t) = (s *x @)dA;, ly=1ro0E¢, 2-2)

where 7 indicates a tensor flip exchanging the order of k and F. In fact the above equation
may also be written as an equation of the type (1-2), with ¢ = Rpg ¢ and 6 = €. The unique
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solution of (2-2) will be denoted by [“. The process I¥ € P(A; £) is a Markov-regular weak
OS convolution cocycle. For full discussion of the precise meaning of (2-2), weak QS con-
volution cocycles and relations between the equation (2-2) and equations of the type (1-2)
we refer to [16] and [17]. The next two propositions are proved in [17] by applying the
semigroup decompositions of cocycles and convolution cocycles.

PROPOSITION 2-4. Letl = 1% and k = k? where ¢ € CB(A; B(/k\)) and ¢ = Rpge.
Then the process | is completely bounded (respectively, completely positive and contractive)
if and only if k is, and if | and k are completely bounded then

kt = RB(]:)IT, t e R+. (23)

PROPOSITION 2-5. Let k = Rprl where | is a completely bounded process in P(A; ).
Then 1 is a QS convolution cocycle if and only if k is a standard QS cocycle on A, and in this
case l is Markov-regular if and only if k is.

Application of these results to the characterisation of the generators of Markov-regular
CPC QS cocycles, and *-homomorphic QS cocycles, given in [20] and [21] respectively,
leads to the following results.

THEOREM 2-6 ([17]). Let A be a C*-hyperbialgebra and |l € P(A; &). Then the follow-
ing are equivalent:
(1) I is a Markov-regular, completely positive and contractive QS convolution cocycle;
(ii) I = 1? where ¢ € CB(A; B(K)) satisfies ¢(1) < 0 and may be decomposed as
Sfollows:

9(a) = ¥(a) — €@)(A% + leo) (x| + [x){eol), a €A, 24

for some completely positive map ¥ : A — B (/k\) and vector x € k.

THEOREM 2.7 ([17]). Let A be a C*-bialgebra and let | = 1? where ¢ € CB(A, B(/k\)).
Then the following are equivalent:
(i) I is *-homomorphic;
(1) ¢ satisfies

9(a*b) = (@) p(b) + e(D)p(@)* + p(@) A%p((b), abeA.  (2:5)

0OS convolution cocycles and the conditional expectation construction

We end this section by describing the connection between QS convolution cocycles on
C*-hyperbialgebras related by the construction given in Proposition 2-2.

PROPOSITION 2-8. Let (K, A, €) be the C*-hyperbialgebra arising from a C*-
hyperbialgebra (A, A, €) via the construction presented in Proposition 2-2, with associated
conditional expectation P. Then there is a 1-1 correspondence between QS convolution
cocycles on A and P-invariant processes on A satisfying the convolution increment property
and having initial condition given by the functional € o P.

Proof. Assume first that Te IP’(K; &) is a QS convolution cocycle and define [ € P(A; &)
by
l,=hLoP, t>0.

Then clearly lo(a) =€(P(a)) for all a € A, and [ is P-invariant. It remains to check it is a
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convolution increment process. Choose ¢, s > 0 and compute:

Iyt =lyoP=(®@0,0l)0AoP
=6, ®(0,0l))o(PQP)o AP
=1, ® (0,00)) 0 (PR®P)oA=(,® (5,0l))0A.

Conversely, let I € P(A; £) be a P- 1nvar1ant convolution increment process, with initial
condition given by € o P. Then the process Te ]P’(A &), defined simply by the restriction of
1, is a QS convolution cocycle on A— again the only thing to be checked is the convolution
increment property: for all s, > 0,a € A,

Lii(@) = (@)
= (I, ® (0, 0 1)) (A(a))
= (I, ® (0, 0 [))(A(Pa))
=, ® (0, 0 )(P® P)o Ao P)(a) = (I, ® (0, 0 [,))(A(a)).

Markov-regularity is clearly preserved in the above correspondence.

If € = € o P (as is the case for Delsarte C*-hyperbialgebras, but usually not for double
coset bialgebras), then the processes [ arising in the proof of the above theorem are ob-
viously QS convolution cocycles. Assuming this is the case, it is easily checked that if
pEe CB(A B(k)) thenl =14 ¢ ]P’(A &) corresponds to the process [9°F € P(A; &). There is
an analogous correspondence on the level of weak QS convolution cocycles.

In [17] a variety of examples of C*-bialgebras is presented, and *-homomorphic QS con-
volution cocycles on them are given alternative interpretations.

3. Generator of CPC QS convolution cocycle

In this section we consider the detailed structure of the stochastic generators of CPC QS
convolution cocycles. Our approach is direct, following ideas used in the study of CPC
standard QS cocycles. The crucial analysis was carried out in [13], with extension to infinite
dimensional noise done in [18] and [20] (see also [2]).

Adapting arguments used in [13] requires some care, and the R-map introduced in (2-1)
is an indispensable tool. A straightforward approach to complete positivity for QS convo-
lution cocycles leads to nontrivial considerations of the proper convolution-counterpart of
conditional complete positivity, and here the R-map does not appear to be helpful. However,
nonnegative-definite kernels taking values in a C*-algebra do behave well under the R-map,
as will be seen in the proof of the next proposition.

For the rest of this section A denotes a fixed C*-hyperbialgebra. For any T € B(A) define
dt:Ax A— Aby

0t(ar, ay) = t(ajay) — ajt(ay) — t(ay)ax +ajt(Nas, ay,a; € A.
By analogy, for any f € A* define 9. f: A x A — Cby
3 f(ar, ax) = f(aja) — €(ay) f(a2) — f(ape(ar) +€(ap) f(De(@), ai,a €A

If (p, K) is a representation of A, amap §: A — B(C; K) is called a (p, €)-derivation if for
alla;,a, € A

d(arar) = p(ai)d(az) + 8(ar)e(ay).
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Observe that if ¢ € CB(A; B (’IZ) and /¥ is completely positive then it is easily verified that
it is contractive too if and only if

(1) <0. (3-D

We need to start with the finite-dimensional situation. The key fact is the following result,
corresponding to [13, theorem 4-1].

LEMMA 3-1. Assume that K is finite dimensional. Let ¢ € CB(A; B(’k\)) and suppose
that the (weak) QS convolution cocycle | = 1¢ € P(A; &) is CPC. Then there exist a unital
*-pepresentation (p, K) of A, a (p, €)-derivation § : A — B(C; K), an operator D € B(k; K)
and a vector d € K such that

:
o(a) = L @l d;‘ f)D 5@) ;Z)(f)'; K e(?s)ﬂ . aeA, (3-2)
where the functional A is real,
deAlar, az) = 8(a1)*8(az), ar,az €A,
and the following minimality condition holds:
K = Lin{8(a)l + p(a)Dc :a € A, c € k}. (3-3)

If (K, p', 8, D) is another quadruple satisfying the above conditions (except possibly the
minimality condition), then there exists a unique isometry V:K — K’ such that
§'(a)=Vs@), p @V =Vp@a), D =VD, acA.

Proof. The proof is a modification of the argument used in the proof of lemma 4-5 in [13],
where K is taken to be C¢. Write ¢ in block matrix form:

o —don]
n o—e(k]’

By Propositions 2-4 and 2-5, k = Rp(#,)! is a CPC standard QS cocycle and ¢ = Rpg¢ is
real. Therefore ¢ is real too, in particular 7 = 1", and ¢ has block matrix form

T af
o v—1t|’

where © = RA, @ = Rpcon and v = Rpggo. Now lemma 4-4 in [13] implies that the map
¥ from A x Ato A ® B(K), there identified with M, (A), defined by

9t (ar, ar) a'(afar) — ai‘a*(az)}
\IJ , a = * * * ’ a, € A7
(@ @) |:a(a1a2) ~ a(a))as v(aa) b
is nonnegative-definite. Observe thatif ¢ : A x A — B(/k\) is defined by the formula
deAlar, az) n'(ajay) — G(aT)nT(az)]
ai, ay) = " N N , ap,a; €A,
Vi, ) [n(alaz) —n(@)e(a) o (@jay) b

then ¥ = (e ®idpg)) o V. This in turn implies that v is a nonnegative-definite kernel. Indeed,
foranyn e N, ay,...,a, € Aand Ty, ..., T, € B(K)

3 Ty anTy = (€ ®idp) | Y (A ® THW(a, a)(1a @ T)) | >0,

i,j=1 i,j=1

as(Ia®T)"=(UaQT"HeA® B(’k\), € is CP, and W is nonnegative-definite.
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Now let (K, x) be the minimal Kolmogorov pair associated with ¢. This means that x is
amap A — B(K; K) satisfying

x(@) x(a) =¥(a,a), ai,a, €A,
K = Lin{x(@)¢:a € A, ¢ €K}.

Properties of i imply that x is linear and bounded. Write x=[§y], where
8e€B(A; B(C; K)) and y € B(A; B(k; K)). Then, for any a, b € A,

8(a)*8(b) = d.A(a, b) and y (a)*8(b) = n(a*b) — n(a*)e(b).
Setting @ = b = 1 shows that §(1) = 0. Now for u € A unitary, define
Su(a) = 8(ua) —d(u)e(a), yu(a) =y(ua)and x, =[8,v.], foraeA.
A straightforward computation yields

Xu(@n) xu(az) = x(a)* x(az).

The uniqueness of minimal Kolmogorov pairs implies the existence of a unique isometry
o(u) : K— K given by the formula

o))l + y(a)c) = 8(ua)l —8(u)e(a) + y(ma)e, a €A, cek.
It follows, by standard arguments, that
p(@)SB)L 4+ y(b)c) = d8(ab)l —d(a)eb) + y(ab)e, a,be A, ceKk,

defines a bounded operator p(a) on K. Moreover, it is easily checked that the resulting
map p:A— B(K) is indeed a *-representation of A. It immediately follows that § is a
(p, €)-derivation and also, from minimality and the identity §(1) =0, that p is unital. Put
D =y (1) € B(k; K). Then y(a) = p(a)D, and furthermore o (a) = D*p(a)D and n(a) =
€(a)n(1) + D*5(a)l. This yields (3-2) with d = n(1)1.

The second part of the lemma follows once more from uniqueness of the Kolmogorov
construction.

The step from finite-dimensional to arbitrary noise dimension space follows in exactly the
same way as for standard cocycles.

LEMMA 3-2. Assume that K is an arbitrary Hilbert space. Let ¢ € C B(A, B(’lZ)) and sup-
pose that the (weak) QS convolution cocycle I € P(A; &) is CPC. Then the conclusions of
Lemma 3-1 hold.

Proof. Let {K, : ¢ € Z} be an indexing of the set of all finite-dimensional subspaces of K,
which is partially ordered by inclusion. As in [18] we consider finite-dimensional cut-offs
of both [# and ¢ itself. For each ¢ € 7 denote by ¢, the map A — B(K,) given by the formula

p(a) = Pp(a)P, ac€A,

where P, € B(K) is the orthogonal projection onto K,. Setting [©) = [%, F' = F, & = &
and letting [E, denote the vacuum conditional expectation map from B(Fg) to B(F'), it is
easy to see that [V € ]P’(A; 5‘) is a CPC QS convolution cocycle and that it satisfies

1Y) =E[lf(@)], aeAteR,.
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Lemma 3-1 yields quadruples (K,, p,, é,, D,), unique up to isometric isomorphism, such
that foralla € A

A(a) €(a)(d.| + 5/ (a)D, ]

p(a) = |:e(a)|dl) + Djé6,(a) Djp(a)D, —e(a)l,

where I, denotes the identity operator on K,.

Exploiting uniqueness one can construct an inductive limit K of the Hilbert spaces K.
Denote by U, the respective isometry K, — K. Then there is a unital *-representation p of A
on K and a (p, ¢)-derivation § : A— B(C; K)

,O(CZ)UL = Utpt(a)s 5(61) = Ulat(a)
for all ¢ € Z, a € A. Similarly, for each ¢ € K there exists a vector cp € K such that
cp=U,D,c,

for all ¢ € Zsuch that ¢ € k,. The map ¢ + cp is linear; it remains to show that it is bounded.
To this end observe that, for any ¢ € Z such that ¢ € k,,

(00} ={(0)- 2 (2)

= (¢, (D; D, — e()1)e) = | Dcl® = llel? = llenll* = llell?,

and inequality (3-1), being a consequence of the contractivity of [, implies that ||cp| < ||c]|.
The operator D € B(k; K) given by Dc = ¢ completes the tuple whose existence we wished
to establish. Minimality holds by construction.

Automatic innerness of (p, €)-derivations leads to the following theorem.

THEOREM 3-3. Let ¢ € CB(A; B(/k\)), for a C*-hyperbialgebra A, and suppose that
the weak QS convolution cocycle 1 € P(A; &) is completely positive and contractive. Then
there exists a tuple (K, p, D, &, d, e, t) constisting of a unital *-representation (p, K) of A,
a contraction D € B(K; K), vectors &€ € Kand d, e € K, and a real number t, such that

B ra) e(a){d| + 8" (a)D
vla)= |:e(a)|d) +D*8(a) D*pla)D — e(a)[ki| ’ (3-4)
t =x1(1)<0,d = (Ix — D*D)"?e, |le||> < —t and, for all a € A,

8(a) = (p(a) — e@)IE), Aa) = €@ — |EIP) + (&, p(a)E). (3-5)

Proof. Lemma 3-2 gives the form (3-4) for some p, K, § and D. As all (p, €)-derivations
are inner (see [17, appendix]), there exists & € K such that

8(a) = p(a)|§) —€(a)(§).

R
‘p(l)_[|d> D*D_Ik], (36)

It remains to note that

and the condition ¢(1) <0 implies contractivity of D, negativity of ¢ and the existence of a
vector e € K satisfying all the conditions above (see the characterisation of positive ‘block’
matrices given in lemma 2-1 of [9]).
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Remarks. The converse is also true — if a map ¢ € CB(A; B(K)) has the above form
then /¢ is CPC. This follows easily from Propositions 2-4 and 2-5 and theorem 2-4 of [20].
If [¢ is also unital, then ¢ (1) = 0 and (3-4) takes the form

ra) 8% (a)D }

§0(a) = |:D*8(a) D*p(a)D — E(a)]k

with D being an isometry. This corresponds exactly to the characterisation obtained in the
purely algebraic case by Franz and Schiirmann ([7]).

The characterisation in Theorem 3-3 yields, as announced in the beginning of this section,
an alternative proof of the existence of the decomposition (2-4) of Theorem 2-6. Indeed, for
¢ : A — B(K) of the form (3-4), define S:k — Kby S =[|£), D]. Then

Ao(a) e(a){d — D*c|

p(a) = S*p(@)S + |:e(a)|d — D*c) —e(a)lx

] , ac€A,

where Ag(a) =Xi(a) — (&, p(a)§). Note that as d.ro(ay, ax) =0 for any a;,a, €A, Ag=
Ao(1)€ - one can check that (Ag — Ag(1)€) is an (e, €)-derivation and so is zero. The map
¥:A — B(K) defined by

Y(a) = S*p(a)S, ac€A,

Do)

is completely positive. Setting y = ( iy

) yields the required decomposition.

4. Dilations to *-homomorphic QS convolution cocycles

This section addresses the question of dilating a completely positive, contractive QS con-
volution cocycle on a C*-bialgebra to a *-homomorphic QS convolution cocycle. It is closely
patterned on [9]. From now on we assume that A is a C*-bialgebra. Recall that this means
that A is a C*-hyperbialgebra whose coproduct is multiplicative. Let ki be a closed subspace
of a noise dimension space K. The vacuum conditional expectation from B(F) to B(Fy,)
will be denoted by E,.

Definition 4-1. A (weak) QS convolution cocycle j € P(A; &) is said to be a stochastic
dilation of a (weak) QS convolution cocycle l € P(A; &,) if

l[zEOOjt, IZO.

The following result follows in exactly the same way as its counterpart for standard
cocycles ([9, lemma 1-2]).

PROPOSITION 4-2. Let ¢ € CB(A; B(K)) and ¥ € CB(A; B(k)), and let j=I¢¢
P(A; &) and | =1Y e P(A; &x,) be the respective QS convolution cocyﬁles. Then j is a
stochastic dilation of | if /gnd only if ¥ () = Pop(-) Py, where Py € B(K) denotes the or-
thogonal projection onto K.

Generators of *-homomorphic cocycles may be described in the following way.

PROPOSITION i~3. Let (K, p, D,&,d,t) be a tuple as in Theorem 3-3 and let ¢ be the
map in C B(A; B(K)) given by the formulas (3-4) and (3-5). Then the (weak) QS convolution
cocycle 19 € P(A; &) is *-homomorphic if and only if the following conditions hold.:

(1) D is a partial isometry;,

(i) Dd = 0;

(iii) DD* € p(AY;
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(iv) t = —|d|I*
(v) DD*§ = é;
where § is the (p, €)-derivation a — (p(a) — €(a)ly)|&).

Proof. In the language of Theorem 3-3, the structure relations (2-5) translate into the
following identities:

D*p(a)DD*p(b)D = D*p(ab)D,
D*8(ab) + e(ab)|d) = D*p(a) D(D*8(b) + €(b)|d)) + D*8(a)e(b) + €(a)e(b)|d),
Aa*b) = (D*8(a)l + e(a)d, D*8(b)1 + €(b)d) + A(a*)e(b) + €(a*)A(b),

for all a, b € A. As in proposition 3-3 of [9], this in turn may be shown to be equivalent to
the conditions (i)—(v).

Remarks. Observe that the above characterisation excludes the possibility of obtain-
ing exchange free dilations—it can be seen directly from (2.5) that if a Markov-regular
*-homomorphic QS convolution cocycle is generated by a map having the form

]

then it is identically 0. This uses the fact that (e, €)-derivations are trivial. As to cre-
ation/annihilation free dilations, they are possible only for those CPC QS convolution
cocycles, whose generators have the form

b2

Moreover, j is unital, as well as being *-homomorphic, if and only if (iii) and (v) are
satisfied, D is an isometry, d = O and t = 0.

As a consequence of Theorem 3-3 and Proposition 4-3, we obtain the existence of
stochastic dilations.

THEOREM 4-4. Every Markov-regular CPC QS convolution cocycle on a C*-bialgebra
A admits a Markov-regular *-homomorphic stochastic dilation.

Proof. Letl € P(A; &) be a Markov-regular CPC QS convolution cocycle. Then [ =
[¥ for some ¢ € CB(A; B(ky)) and we can assume that ¢ has matrix form (3-4) for a
tuple (K, p, D, &, d, e, t) with the properties described in Theorem 3-3. Let k{, k, be Hilbert
spaces, suppose that 5{1 € Ky, dy € ky, D; € B(Ky; K) (all as yet unspecified) and consider
the map ¥ : A — B(K), where k :=ky & k; @ ks, given by

A(a) e@(d|+8" (@)D  e(a)(di|+8 (@)D €(a){ds]
e(a)|ld) + D*8(a) D*p(a)D —e€(a)l, D*p(a)D,
V(a)= . . . 4-1)
e(a)|d,) + Dié(a) Dip(a)D Dip(a)D, —e(a)]; 0
€(a)|dz) 0 0 —e(@)

(a € A), with I; denoting Iy, i = 0, 1, 2. Now observe that ¥ can also be written in the form

Aa) e@)(d +6'@)D ] | 42)

¥(a) = L(a)ﬁ) + D*8(a) D*p(a)D — e(a)ly
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where
~ d ~
d=|d | ekand D=[D D, 0]e€ Bk;K).
d>

As v is clearly completely bounded, it generates a weak QS convolution cocycle [V €

P(A; &). It follows from Proposition 4-2 that [V is a stochastic dilation of [¢; it remains to

show that we can choose the parameters K;, K,, d;, d, and D; so that [V is *-homomorphic.
To this end, it suffices to put k; = K, k, = C,

D, = (I, = DD":, dy=—-De, dy=+—@+ |e|?).

The above definitions make sense as |e|| < —¢ and D is a contraction. It remains then to
check properties (i)—(v) of Proposition 4-3. First note that

~

DD*=DD*+1, — DD* = I,

which implies that conditions (i), (iii) and (v) are satisfied (one can easily check that D*D
is a selfadjoint projection). Further we obtain (ii):

Dd = D(Iy — D*D)*e — (I, — DD*): De = 0.
Finally (iv) follows since
1> = [|(Io — D*D)"e||> + | De|> — (¢ + lle|*) = —t.
This completes the proof.

If [ is unital and the Hilbert space dimensions of K and Ran(Ix — DD*) coincide, then j
may be chosen to be unital, with k; = K and k, = {0} in the above.

5. Stinespring theorem for QS convolution cocycles

As the previous section was a variation on the theme of [9], this one addresses the con-
volution counterpart of the problem considered in [8] for standard QS cocycles. We shall
show (in Theorem 5-3) that each Markov-regular, completely positive, contractive QS con-
volution cocycle has a Stinespring-like decomposition in terms of a *-homomorphic cocycle
perturbed by a contractive process.

First we need some remarks on QS differential equations of the type:

AW, = F(Ig® W) dA,, Wy = I, (5-1)

where F € IP’(’k\Q &) is a bounded process. We say that W is a weak solution of the above
equation if forall f, g € Sandr > 0

(), (W, —Ipe(g)) = / (f(5) ®e(f). Fi(Ig ® W,)(8(s) ® £(g)))ds.

0
The solution of the above equation is given by the iteration procedure:

t

t
X0 = I, X}:/ FJ(IE®X?)dAJ,...,X;'“=/ F(E® X")dA,, ...
0 0

Wee(f) =Y X/e(f).

n=0
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Sufficient conditions for the above heuristics to be justified are that F' is strongly measurable
and has locally uniform bounds; this is also sufficient for the uniqueness of strongly regular
strong solutions of the equation ([8, proposition 3-1]). These conditions are clearly satisfied
when

FS = (idB(R) ®l:)(T)7 N 2 0’

where [ is a Markov-regular, CPC QS convolution cocycle and T € B(Tz) ® A.

Now let j be a *-homomorphic QS convolution cocycle of the form [¥, where ¢ €
CB(A; B(K)), and let T € B(K) ® A. Assume that W € P(€) is a bounded solution to
the equation

AW, = (idpg ® ji) (D ® W) dA,,  Wo = I (5:2)

We shall identify sufficient conditions for W to be a contractive process later. The next
question to be addressed is: when can we expect a process k € P(A; &) defined by

ki(a) = ji(@W,, aehA, t=>0,

to be a Markov-regular QS convolution cocycle?
The quantum It6 formula yields

(e(f), ki(@)e(g)) = (jiaMe(f), W,e(g))
= e(a)(e(f), e(g))
+ / ds((jo(l ® a*)(f(5) ® e(f)), Js(T)W(§(s) ® £(g)))
0
+ (P @N(f(5) ® £(f)), Wy(&(5) ® £(2)))
+ (s (@ @) (f(5) @ (), (A% @ I9) J,(T)W,(8(s) ® £(2))))

(f,g€S,t>0),where ¢ = Rpiy9, fs = (idp ®Js) and VT/S = [;®W;. Defining analogously
1€S = (idpk ® ky) we see that the above equation may be written as

(e(f), ki(@)e(g)) = e(a)(e([f), e(g))
+ / ds({f () ® e(f), ks (g @ )T + ¢p(a) + ¢ (@) (A2 ® 1) T)(E(s) ® ().
0
The process k is equal to [¥ for some ¥ € CB(A; B(’k\)) if and only if 1’/7 = (Y ®ida)o A
is given by
ar— (E®a)T + ¢(a) + ¢a) (A% @ 1a)T. (5:3)

Note that we need to work with the left version of the map R introduced in (2-1) because
of the tensor flip in the definition of the coalgebraic QS differential equation (2-2). Let
T=(idgg ®e)(T) € B(K). Then (5-3) implies that

Y(a) = e(@)t + ¢a)(1 + A%T) (5-4)
and so
@)=t ®a+ @)+ ¢a) (A%t ® 1a). (5-5)
Comparing (5-3) with (5-5) yields
(LT +¢@)(AP QINT =1 ®a+ ¢a)(A2T @ 14). (5-6)
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If T = t ® 1, then this condition is automatically satisfied. If j is unital, then T =t ® 1p
is also necessary for (5-6) to hold: puta = 15 and use ¢ (15) = 0.
Observe that when 7 = t ® 1, the equation (5-2) takes the simple form

dW, =t Q@ U;W)dA,, W= I, (5:7)
with U; = j,(1). In this case the condition on 7 assuring contractivity of W is also particu-
larly simple.

THEOREM 5-1. Let j = I¥ where ¢ € CB(A; B(/k\)) and A is a C*-bialgebra. Suppose
that j is *-homomorphic and T € B(K) satisfies the condition
T+ + T A% T <0, (5-8)

Then the equation (5-7), with U, = j,(1), has a unique contractive strong solution W € P(E)
(contractive means that each W, is a contraction). Moreover the process W} j,(-)W, is equal
to1?, where

0(a) =e(@) (T + 1+ A%ST) + (I + T*A%)g(a) ([ + A%T), a €A
Proof. The discussion before the theorem shows that the equation (5-7) has a unique

strongly regular strong solution W e P(£). The Itd formula yields, for u = Zle rie(fi),
keN, A, ..., €C, fi,..., fr €S,

k
Wt W) = ) = 3055 /ds(ﬁ(s)®We(ﬁ> © () ® U;Wye (£,)
i,j=

+ (T fi(s) @ UW,e(f), fi(s) ® Wee(f))
+ (T fi(s) ® UW,e(fi), A%t fi(5) @ U W (f))))

As Us = js(1) and j is *-homomorphic, each Uy is a projection. Therefore putting x(s) =
Y hfils) @ UWee(f), s € [0, 1], yields

(W, Wou) — (u, u) = / ds(x(s), (t + T + T* A7) @ In)x(s)) <0
0

It follows that W is contractive.

The proof of the second part of the theorem is a combination of the considerations before
its formulation and one more application of the Itd formula. Againlet f, g € S, > 0,a € A
and T = 17 ® 1a, let f, IE, W and Y be defined as in the discussion before the theorem and
set ¥ = (¢ ®ida) o A. Then

(e(f), W} j(@)Wie(g)) = (W,e(f), ji(a)W,e(g))
= e(a)(e(f), e(g))

+ / ds((W,(f(s) ® e(f)), ks (Y (@) (8(s) ® (g)))

0
+ s (MW (f () ® e()), (g ® a) W, (§(s) ® e(8)))
+ (MW (f () @ e()), (A2 @ Ik, (¥ (@) (§(5) @ £(8)))).
Finally, (5-4) yields
(e(), W j (@) Wie(9)) = e(@){e(f), e(g))

+ / ds(f(s) ® e(f), W j,(0(@) W, (§(s) ® £(g))).
0

where § = (6 ® ida) o A. This completes the proof.
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For each ¢ > 0 denote the orthogonal projection from F onto Fi; o[ by Pk |1,c0(- The follow-
ing result may be proved by differentiation, as with its predecessor for standard QS cocycles,
[8, lemma 4-2].

PROPOSITION 5-2. Let K be an orthogonal direct sum of Hilbert spaces: Ko @ K, let ¢ €
CB(A; B(ko)) and ¢ € CB(A; B(k)) and let k® = 19 € P(A; &,) and k = 1V € P(A; &)
be the respective weak QS convolution cocycles. Then

ki(@) = k(@) © P oo @ €A, 120,

if and only if

o@ 0
¢(>_[ _e(a)h] acA,

where I = I,.
We are ready for the main theorem of this section.

THEOREM 5-3. Let k € P(A; &,) be a Markov-regular CPC QS convolution cocycle
on a C*-bialgebra A. Then there exists another Hilbert space K, a Markov-regular,
*-homomorphic QS convolution cocycle j € P(A; &), where K .= ko @ K, and a contractive
process W € P(&), such that

k(@) = W} j(@W,, t>0,a€ch,
where E(a) = ki(a) @ P [1.0o1- The process W may be chosen so that it satisfies the QS
differential equation

dW, = (t @ U/W)dA,, Wy =Ix (59

for some T € B(IA<) in which U € P(&y) is the projection-valued process given by U, = j, (1),
t>0.

Proof. Let ¢ € CB(A; B(E)) be the stochastic generator of k (so that k=1[¢) and let
(K, p, D,ékd,e, t) be an associated tuple, as in Theorem 3-3. Set k; =K and define
0:A — B(K) by

ra) — te(a) 0 8%(a)
0(a) = 0 —e(a)ly 0 , ac€A,
d(a) 0 p(a) —e(@h

where I; denotes I, i =0, 1 and § is the (p, €)-derivation a — (p(a) — €(a)ly)|€). The
map 6 is completely bounded and as such generates a Markov-regular weak QS convolu-
tion cocycle j =1? € P(A; &). It is easily checked that 6 satisfies the structure relations of
Theorem 27, so j is *-homomorphic. Now choose any contraction B € B(K;; Ky) and define

3t 0
t=0 -1, B |eB®X.
0 D —I
Then
t g 0
T+ + T AT =[|&) D*D-1, 0 <0,
0 0 B*B — I

as B is a contraction, and ¢(1) < 0 (see (3-6)).
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Theorem 5-1 yields the existence of a contractive process W € P(&) satisfying the QS
differential equation (5-9) and shows that the process I € P(A; &) given by

li(a) =W/ ji(@W,, t>0,a€ch,
is equal to /¥ where ¥: A — B(K) is defined by:
Y(a) =e@) (T + 1+ AT+ (1 + A0 (@) (1 + A%7)

t (€l 0
=ec(a)||&) D*D—1I 0
0 0 B*B — I;
1 0 07 [Aa)—te@ O 57(a) 10 0
+{0 0 D*|- 0 —e(a)ly 0 -{0 0 B
0O B* O §(a) 0 p(a) —e(a)l; 0O D O
t (€l 0
=¢c(a)||&) D*D—1I 0
0 0 B*B — I,
Ma) — te(a) 8" (a)D 0
+ D*5(a) D*p(a)D — €(a)D*D 0
0 0 —e(a)B*B
AMa) 8"(a)D + €(a)(§| 0 (@) 0
— | D*8(a) + €@)E) D*p(@D —e@ly, 0 |= [‘/’0 _e(a)l]
0 0 —e(@)1; ‘

Application of Proposition 5-2 now completes the proof.
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