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Abstract

The identifiability problem arises naturally in a number of contexts in mathematics and computer
science. Specific instances include local or global rigidity of graphs and unique completability of
partially-filled tensors subject to rank conditions. The identifiability of points on secant varieties has
also been a topic of much research in algebraic geometry. It is often formulated as the problem of
identifying a set of points satisfying a given set of algebraic relations. A key question then is to prove
sufficient conditions for relations to guarantee the identifiability of the points.

This paper proposes a new general framework for capturing the identifiability problem when a set
of algebraic relations has a combinatorial structure and develops tools to analyse the impact of the
underlying combinatorics on the local or global identifiability of points. Our framework is built on
the language of graph rigidity, where the measurements are Euclidean distances between two points,
but applicable in the generality of hypergraphs with arbitrary algebraic measurements. We establish
necessary and sufficient (hyper)graph theoretical conditions for identifiability by exploiting techniques
from graph rigidity theory and algebraic geometry of secant varieties. In particular our work analyses
combinatorially the effect of non-generic projections of secant varieties.

1 Introduction

Suppose one is given a set of points in R? whose positions are unknown and a measuring device which
provides relations among those points. The fundamental question arises: Can the locations of the points
be uniquely identified from the measurements? This identifiability problem is ubiquitous across various
applications in data science and engineering. Furthermore, it appears in several context of mathematics
such as the identifiability of secant varieties in algebraic geometry. A key question in the identifiability
problem is to determine a sufficient condition for the observations to guarantee the unique identification
of the points. Such a question is often challenging if the observations are not sufficiently generic.

In this paper, we introduce a general framework for capturing the identifiability problem when a
set of algebraic relations has a combinatorial structure as follows. Suppose there are n unknown points
P1,D2, ..., pn in R% Let ¢ be a polynomial map, which is a measurement function representing a mea-
surement device, and suppose that the value of ¢ is determined for each tuple of k points in R?.

To represent a set of possible observations, we utilise a k-uniform hypergraph denoted as G = (V, E).
In this case, V' corresponds to the set {1,...,n} representing the points. Essentially, the observer can
obtain measurements g(py,,...,py,) for all {vi,...,vx} € E. Then the identifiability problem revolves
around determining whether the polynomial system given by:

9(Xuys s Ty) = G(Dvys - - - Do) ({v1,..., vt} € E) (1)

has a unique solution (up to certain symmetry) in the variables z1, z2,...,z, in R?. This formulation is
based on graph rigidity theory, which specifically addresses the case when g represents the Euclidean dis-
tance between two points. Our framework extends beyond this specific case, providing a general approach
for the identifiability problem in cases involving algebraic relations with combinatorial structures.
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Graph rigidity theory has a long history with its roots in mathematics - arising from Cauchy and
Fuler’s investigations of Euclidean polyhedra - and engineering - Maxwell’s analysis of the stiffness of
frames. The question is related to various branches of mathematics such as graph theory, matroid theory,
and algebraic geometry, and it also appears in various modern engineering topics such as molecular
conformation, network localisation, and multi-agent formation control, see, e.g., [65, 24]. The two central
notions in rigidity theory are global rigidity and local rigidity, which concern whether the system (1) has
a unique solution or a finite number of solutions (up to Euclidean isometry), respectively, when G is an
ordinary graph and g is the Euclidean distance. Accordingly, one can define the notion of local rigidity
and global rigidity of hypergraphs for each model of measurement map g using the system (1).

A key aim of the paper is to present a generalisation of graph rigidity theory that covers a wide range
of algebraic topics by looking at general measurement maps g. While the concept of graph rigidity is
intuitive, several variants of the problem have already been explored. Notable examples include rigidity in
different metric spaces such as spherical space or £,-space, as well as rigidity concerning other geometric
constraints (see, for instance, [12, 16, 27, 55, 58, 44]). While it is indeed possible to consider more general
algebraic systems, doing so may result in a loss of the combinatorial perspective, which serves as the
core of rigidity theory. In this paper, we demonstrate that this new rigidity model of hypergraphs is
general enough to address the identifiability problem across various applications and it also provides new
mathematical challenges from the graph rigidity viewpoint.

A natural example of our rigidity model is the uniqueness problem of low-rank tensor completions.
Identifiability in tensor decompositions naturally arises in various fields, including phylogenetics, quan-
tum information and signal processing [47]. Our rigidity-based approach to the unique low-rank tensor
completion problem can be viewed as an extension of the rigidity-based analysis of low-rank matrix com-
pletions pioneered by Singer-Cucuringu [58] and Kiraly-Theran-Tomioka [44]. However, as demonstrated
in Subsection 3.7, the tensor case gives rise to substantially more challenging mathematical questions.

The key idea of combinatorial rigidity theory is the genericity assumption on point configurations.
In the case of local rigidity, under this genericity assumption, the core question becomes equivalent
to determining the dimension of the image of a measurement map. Notably, these images typically
correspond to projections of well-studied algebraic varieties such as a secant variety of a Veronese variety
or of a Grassmannian variety. Consequently, our rigidity problem can be formulated as an algebraic
sensing problem, similar to the approach presented in [14]. While Noether’s normalization lemma shows
how the dimension changes under a generic projection [14], this general theory does not provide a solution
to our specific problem. In our case, the projections are non-generic as they are consistently performed
along a coordinate axis of the ambient affine space.

A particularly interesting case is when the measurement map is the sum of simpler measurement maps.
In such a case, the image of the measurement map is a secant of a simpler variety. The computation of
the dimension of secant varieties and the identifiability of secant points have been studied extensively in
algebraic geometry (see, e.g., [8]), and results in that context give rise to rigidity theorems for complete
hypergraphs in our language. For example, the Alexander-Hirschowitz theorem [4] on the dimension of
secant varieties of Veronese varieties provides a characterisation for complete hypergraphs to be locally
rigid, specifically when the measurement map ¢ is the sum of copies of the product map over coordinates.
These results highlight the connection between algebraic geometry and our notion of rigidity, offering new
insights into the identifiability and rigidity properties of complete hypergraphs. Subsequent results [20, 30]
on identifiability even give a characterisation of global rigidity for complete hypergraphs. (More details
will be discussed in Subsection 3.7.) However, there seems to be few results on the projections of secant
varieties. Our rigidity problem for general hypergraphs deals with two structures: the geometry of secant
varieties and the combinatorics of coordinate projections. The goal is to establish a link between these
two structures, shedding light on their connections and implications.

By leveraging techniques from both rigidity theory and secant varieties, we will derive several necessary
and sufficient conditions for local and global rigidity. Our contributions include a graph-packing-type
sufficient condition for local rigidity and a stress-matrix-type sufficient condition for global rigidity. We



believe that our new rigidity model and the results of this article are the start of a larger effort to exploit
the link between combinatorial rigidity and the geometry of secant varieties. This connection is likely to
be instrumental in solving further rigidity and identifiability problems in the future. To justify this we
provide two concrete applications of our work, one concerns random axis-aligned projections of varieties
and the other is about the identifiability of a £),-analogue of the Cayley-Menger variety. Both applications
provide novel connections between graph rigidity theory and the degeneracy/identifiability problem of
secant varieties.

1.1 Roadmap

The paper consists of eight sections, each briefly summarised below for the reader’s convenience.

Section 2. This section provides the core definition of our rigidity model. After reviewing the basics of
classical rigidity theory in Section 2.1, we provide a new generalisation of graph rigidity to the setting of
arbitrary algebraic constraints on hypergraphs in Section 2.2. The definition is justified in Section 2.3 by
providing a range of examples of identifiability problems that can be modelled in this setting, including
those arising from rigidity theory, matrix and tensor completions, and Chow decompositions.

Section 3. This section provides a number of basic results obtained by applying conventional rigidity
analysis. A key notion here is the concept of infinitesimal rigidity, the first-order approximation of local
rigidity. In terms of the underlying algebraic varieties, checking infinitesimal rigidity corresponds to
analysing tangent spaces. However special attention has to be paid to fill a possible gap between local
rigidity and infinitesimal rigidity. This aspect is carefully examined in Section 3.2.

Section 3.4 clarifies the connection between rigidity and secant defectivity/identifiability of varieties.
Roughly speaking, local/global rigidity correspond to non-defectivity /identifiability, respectively, and
analysing infinitesimal rigidity corresponds to analysing matrix representations of tangent spaces of secant
varieties obtained by Terracini’s lemma. Although this connection is available only when measurement
maps can be written as sum of simpler maps and rigidity and secant defectivity /identifiability are different
concepts in general, we believe this connection is fruitful and we explore it further throughout the paper.

In Section 3.5 and 3.6, we provide a matroid-theoretic foundation for our rigidity model, which offers
a combinatorial upper bound for secant varieties that can be sharper than the conventional expected
dimension. Subsection 3.7 provides detailed information and references for what is known in each of the
concrete instances from Section 2.3, particularly illustrating the abstract theory of Section 3. A detailed
discussion is provided for the symmetric tensor completion problem as a primary example. This includes
Theorem 3.14 which translates the Alexander-Hirschowitz theorem to our language.

Section 4. In this section, we provide applications of combinatorial techniques from graph rigidity
theory to our generalised model. Among other things, we examine 0-extension operations and packing-
type sufficient conditions. The 0-extension operation is the most elementary graph operation that has
been extensively used in graph rigidity research. In Section 4.2, we show that 0-extension always preserves
local rigidity for a large class of measurement maps. The result enables us to construct various locally
rigid examples as in the case of classical rigidity. On the other hand, we see that 0-extension may fail in
general; in particular we demonstrate this failure for the determinant measurement map.

In Section 4.3, we provide a packing condition that is sufficient for local rigidity when the constraints
arise from multilinear k-forms (Theorem 4.6). In classical rigidity, analysing d-dimensional rigidity in
terms of simpler lower dimensional cases is a popular direction. It is also possible to recover some classical
non-defectivity results in secant varieties [2] from Theorem 4.6. In this paper we focus on establishing
results for general hypergraphs, and providing a more refined analysis for special classes of hypergraphs
remains an interesting open problem. For example, a new result [10] on secant non-defectivity heavily
uses the symmetry of the underlying varieties, which in our language corresponds to the case when the
underlying hypergraph is dense and highly symmetric. Identifying a class of hypergraphs for which the
techniques of [10] can be applied is an intriguing open problem.



Section 5. We move on to analyse global rigidity for the generalised rigidity model. In Section 5.1, we
introduce the key concept of generic global rigidity, by noting that global rigidity is a generic property in
the complex case but may not be in the real case for general measurements. One of the biggest achieve-
ments in rigidity theory is the theorem by Gortler, Healy, and Thurston [33], which shows that Euclidean
global rigidity is a generic property over the reals, i.e., generic global rigidity over the reals is completely
determined by the underlying graphs. Extending the result of Gortler, Healy, and Thurston [33] to a
wider class of measurement maps is the most intriguing open problem in this paper. In Section 7.2, we
provide a solution to a new special case of the problem.

The proof of the theorem of Gortler, Healy, and Thurston [33] is based on the theory of equilibrium
stresses due to Connelly [25]. In Section 5.2 we shall explain its connection to the tangentially weak
non-defectiveness of secant varieties. Our main results in Section 5 are Theorems 5.13 and 5.15 which
provide sufficient conditions for global rigidity in the determinant and tensor product cases. These results
are new non-trivial analogues of Connelly’s well known sufficient condition in the Euclidean rigidity case.

Section 6. The definition of rigidity depends on the ambient class of hypergraphs, which can lead to
different rigidity settings even when the measurement function remains unchanged. In this section, we
present an example when the underlying hypergraphs are k-partite k-uniform, and demonstrate how the
rectangular tensor completion problem can be captured in this rigidity model.

Section 7. Our generalised rigidity model clarifies a connection between graph rigidity theory and the
analysis of secant varieties. We believe this connection is fruitful, and we can obtain further results if we
explore structures of specific varieties. As motivating evidence, we briefly provide two applications.

The first application in Section 7.1 concerns random projections of varieties along coordinate axes.
In Theorem 7.1, we prove a novel criterion for a random axis-parallel projection of varieties preserves
dimension. We demonstrate its applicability by proving that a random axis-parallel projection of Segre
varieties preserves dimension if the projected subspace has dimension Q(nlogn) (Corollary 7.3), which
is asymptotically tight. Our rigidity formulation enables us to reduce this question to the problem of
analysing a property of the Erdés-Rényi random hypergraph and to do this we apply a result from
spectral graph theory. The second application in Section 7.2 analyses the identifiability of the p-Cayley-
Menger variety (an analogue of the Cayley-Menger variety for the £,-norm) and examines global rigidity
in the /,-space. A combination of tools from algebraic geometry such as tangential weak defectiveness
and graph-theoretical tools from rigidity theory leads to a precise combinatorial characterisation of the 2-
identifiability of the axis-parallel projections of the p-Cayley-Menger variety. This result is also important
in rigidity theory, as it affirmatively answers the question of whether global rigidity in the ¢,-plane is a
generic property of the graph when p is even.

Section 8. We finish with remarks on future directions and potential applications, for example in
algebraic statistics and persistent homology.

Notation. We use the following notation throughout the paper. For a positive integer n, let [n] =
{1,2,...,n}. Throughout the paper, let F be either the real field R or the complex field C. For a finite
set V,amap p:V — F?is called a point-configuration in F?. We use (F4)V to denote the set of all
point-configurations in F?. Obviously (F%)V is isomorphic to FAVI and hence we sometimes regard each
p € (FHY as a d|V|-dimensional vector. If V = [k], then (F®)[¥| is simply denoted by (F?)*.

We will need the following terminology related to hypergraphs. Let {)k( } be the set of all multisets of
k elements of a finite set X and ()k( ) be the subset of {)k( } consisting of sets having no repeated elements.
Throughout the paper, a k-uniform hypergraph G is defined as a pair G = (V, E) of a finite set V' and
E C {{}, and G is said to be simple if E C (}). Note that \{'Zl}\ = ('V‘J;k_l). We use KF to denote the
complete k-uniform hypergraph with n vertices, that is, K* = ([n], {[Z]}) Similarly, let K* = ([n], ([z}))
be the simple complete k-uniform hypergraph on n vertices. For a hyperedge e € {‘,g} and u € e, we
use e — u to denote the multiset obtained from e by reducing the multiplicity of v by one. Similarly, for



Table 1: Key notation.

Symbol Description
[n] The set {1,...,n}
F Base field, F € {R,C}

d Ambient dimension of point configurations

k Number of vertices in each hyperedge

G=(V,E) k-uniform hypergraph with vertex set V and hyperedge set E
p e (FH)V Point configuration

(G,p) Hyper-framework

g: (FY* - F  Polynomial measurement map

fo.c Measurement map induced by g and G
Iy Stabiliser of g

g Lie algebra of I'y,

Jfe.c(p) Jacobian of f, ¢ at p

trivy(p) Trivial infinitesimal g-motions

dr, Dimension of I'y

nr, Minimum size for trivial motions

KF Complete k-uniform hypergraph

I?,’f Simple complete k-uniform hypergraph
Xe(V) Multisets of size k from V

etwv Multiset obtained by adding/removing v
Me (V) Multiplicity of v in the mutiset e
Sect,(X) r-th secant variety of X

A(v) The v-th column of a d x n matrix A, for v € [n]

v € V, let e + v be the multiset obtained from e by increasing the multiplicity of v by one. For e € {‘]2}
and v € V, the multiplicity of v in e is denoted by m¢(v). If A is a d X n matrix and v € [n], we denote
by A(v) its v-th column.

2 Rigidity of Hypergraphs

2.1 Euclidean rigidity

The ordinary Euclidean rigidity concerns the rigidity of graphs drawn in Euclidean space. Such a reali-
sation of a graph is called a (bar-and-joint) framework. Conventionally a framework is defined as a pair
(G, p) of a finite graph G = (V, E) and a point-configuration p : V. — R% The framework is rigid if the
only edge-length preserving continuous motions of its vertices arise from isometries of R%, and otherwise
it is called flexible. The study of the rigidity of frameworks has its origins in the work of Cauchy and
Euler on Euclidean polyhedra and Maxwell on frames.

Abbot [1] showed that it is NP-hard to determine whether a given d-dimensional framework is rigid
for d > 2. The problem becomes more tractable for generic frameworks (G, p) since we can linearise the
problem and consider ‘infinitesimal rigidity’ instead. In this setting, the measurement map fq : (R)Y —
R is defined by putting fa(p) = (..., ||lp(i) — p(i)|? -..)ijer, where ||.|| denotes the Euclidean metric.
Denote J f¢ for the Jacobian matrix of fe. The rigidity matriz Rq(G,p) = 3J fc is the |E| x d|V| matrix
in which, for e = ij € E, the row corresponding to e contains the d-dimensional block vector p(i) — p(j)
in the columns corresponding to vertex i, the block p(j) — p(7) in the columns corresponding to vertex j,
and zeros elsewhere. Here, ¢ is the usual Euclidean distance. A map p: V — R? is called an infinitesimal
motion of (G, p) if

() — p(G), 5(0) — P(3)) = 0 for all ij € E,



where (-,-) denotes the Euclidean inner product. An infinitesimal motion p is trivial if there exists a
skew-symmetric matrix S and a vector ¢ such that p(i) = Sp(i) + ¢ for all i € V. A framework (G, p)
is infinitesimally rigid if every infinitesimal flex of (G, p) is trivial. Equivalently, (G, p) is infinitesimally
rigid if G is complete on at most d + 1 vertices or |V| > d+ 2 and rank Ry(G,p) =d|V|— (dgl). Asimow
and Roth [6] showed that infinitesimal rigidity is equivalent to rigidity for generic frameworks, hence
generic rigidity depends only on the underlying graph. Figure 1 illustrates these concepts in dimension 2.

7 T

Figure 1: (Left) An infinitesimal flex of a simple flexible framework. (Middle) A generically rigid graph
whose edge set is dependent in the generic 2-dimensional rigidity matroid since |E| = 6 > 2|V| — 3.
(Right) A generically rigid graph realised as a framework that has an infinitesimal flex (indicated).

The generic d-dimensional rigidity matroid of a graph G = (V, E) is the matroid Ry4(G) on E in
which a set of edges F' C F is independent if the corresponding rows of R(G, p) are linearly independent,
for some (or, equivalently, for every) generic p. The rank function of the generic d-dimensional rigidity
matroid is given by r(F') = rank Ry(G|p,p) for any edge set F' C E and generic point configuration p.

A framework (G, p) in R is globally rigid if every q € fa (fc(p)) satisfies t - ¢ = p for some isometry
t of R? (i.e. some composition of translations and rotations). See Figure 2 for an example.

VAVARR <.~ 2R AV,

Figure 2: (Left-middle) Rigid but not globally rigid frameworks. (Right) Globally rigid in the plane.

2.2 Rigidity under algebraic constraints

The concept of rigidity is flexible in the sense that all notations can be extended by replacing the Euclidean
distance function with a general smooth function. Since a measurement may involve more than two
vertices, we will use hypergraphs to capture the underlying combinatorics. Extending the central object
from rigidity, a pair (G, p) of a hypergraph G and a point-configuration p € (F4)V is called a d-dimensional
hyper-framework or a hyper-framework in F¢. Throughout the paper, we use the following setup.

Setup 2.1. Let G = (V, E). Suppose we are given a k-uniform hyper-framework (G, p) and a polynomial
map g : (FY)* = F. The g-measurement map of G is a polynomial map fo.G: (FHY — FF that sends p
to the list of the g-values of the tuples (p(v1), p(ve),...,p(vg)) over the hyperedges {vi,..., vt} in E, i.e.,

foa(p) == (9(p(v1),p(v2), ..., p(vr)) s € = {v1,... v} € E).

In terms of the discussion in the introduction, g represents a measurement device and f; c(p) is the
actual list of measurements that the observer can obtain. The observer is asked to recover p from f, ¢(p).
The g-rigidity defined below captures the identifiability of p.



Note that, in order to make f, o well-defined, g must be either symmetric or anti-symmetric with
respect to the ordering of the points, and if g is anti-symmetric we always assume that vy,...,v; are
aligned in increasing order in g(p(vi),...,p(v)), assuming a (fixed) total order on the vertices of G.

In most practical applications, there is a nontrivial group action that does not change the value of
the g-measurement map, and rigidity has to be defined by taking care of the degree of freedom caused
by such actions. Suppose the general affine group Aff(d,F) acts on F? by -2 = Az +t for x € F? and
each pair v = (A,t) of A € GL(d,F) and t € F?. The action of Aff(d,F) on (F%)V is also defined by
(v-p)(v) = Ap(v) +t (v € V) for any v = (A, t) € Aff(d,F) and p € (F?)V. Then the induced action on a
polynomial map ¢ : (F)¥ — F is given by v - g(z1,...,21) = g(y" ' - 21,...,7" L - ap) for x1,..., 25 € F2
and v € Aff(d,F). We say that ~ stabilises g if g is invariant by the action of v. The set of pairs (A,t)
that stabilise g forms a subgroup of Aff(d,F), called the stabiliser I'y of g. Since the action is smooth, I'y
is a closed subgroup of Aff(d,F), so I'y is also a Lie group by the closed-subgroup theorem.

We are now ready to give a formal definition of g-rigidity.

Definition 2.2. We say that (G, p) is globally g-rigid if for any q € f;(l;(fg,g(p)) there is v € I'y such
that ¢ = v - p. We say that (G, p) is locally g-rigid if there is an open neighbourhood N of p in (F%)V (in
the Euclidean topology) such that for any ¢ € f;é(fg,c(p)) AN there is v € I'y such that ¢ =~ - p.

Remark 2.3. Let K2 be the complete graph on n vertices. It is a well-known fact in rigidity theory
that the point configuration is uniquely determined up to Euclidean isometry by measuring inter-point
Euclidean distances for all edges in K2, and hence the framework of a complete graph is always lo-
cally/globally rigid in the ordinary Euclidean rigidity. By this fact, we may also define the local/global
rigidity of a graph G by comparing f, &(fe.6(p)) with f;}{% (fg,x2(p)) when g is the squared Euclidean
distance. However, for a general measurement g, the analogous fact is no longer true. A notable example
is the case of symmetric tensor completion, where the Alexander-Hirschowitz theorem (cf. Theorem 3.14)
shows that a complete hypergraph may be flexible for the corresponding polynomial map g. A more basic
example is provided by rigidity theory under a smooth ¢, norm; as described in [29, Figure 2].

2.3 Examples of g-rigidity models

Ordinary Euclidean rigidity. A fundamental example is the case when G is 2-uniform (i.e., a graph)
and g(z,y) = (||z —yl2)? = X% (z; —y;)? for 2,y € R%. Then the Euclidean group F(d) is the stabilizer
of g, and its Lie algebra is the set of pairs (S,¢) of skew-symmetric matrices S and ¢ € RZ. In this case,
g-rigidity is nothing but the standard rigidity of bar-and-joint frameworks.

Rigidity in pseudo-Euclidean space. In the pseudo-Euclidean rigidity context G is 2-uniform (i.e.,
a graph) and g(z,y) = 0% (21 — 1) — Sy, 41 (@i — yi)? for 2,y € R and dy < d.

{p-norm rigidity. An alternative generalisation of Euclidean rigidity is to allow the distance function
to be replaced by distance under another norm [45]. Specifically G is 2-uniform (i.e., a graph) and
g(z,y) = (lz —yllp,)? = 2L, |zi — yilP for 2,y € R? and 1 < p < co. In the case where p is a positive
even integer, g is a polynomial.

Volume-constrained rigidity. For a d-dimensional pure simplicial complex realised in R?, volume-
constrained rigidity concerns whether there is a motion of vertices keeping the (signed) volume of each
d-simplex [16]. A d-dimensional pure simplicial complex can be identified with a (d + 1)-uniform hyper-
framework (G, p) with a simple hypergraph G. Hence, the volume-constrained rigidity can be captured
as the g-rigidity of a simple (d + 1)-uniform hyper-framework (G, p) with g : (R?)%*! — R defined by

o Ty T2 ... Td+1
g(:El,:Ez,---,fUd—&-l)_det(l 1 ... 1 )

A rigidity-based analysis was initiated by Borcea and Streinu [12]. Recent studies can be found in [16, 59].
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Positive semidefinite symmetric matrix completion. Let T be a positive semidefinite symmetric
matrix of size n over R. If the rank of 7" is d, then the spectral decomposition implies that

d
T = le.fj (2)
=1

for some vectors x1,x9,...,xq4 € R". Let p be a d x n-matrix obtained by aligning x; as the i-th row
vector. Then p(i) - p(j) is equal to the (4, j)-th entry ¢;; of T

In the positive semidefinite symmetric matrix completion problem, we are given a partially-filled
positive semidefinite symmetric matrix 7" and asked to recover the positive semidefinite symmetric matrix
by filling missing entries. If we use a graph G = ([n], E) (which may contain self-loops) to denote a set
of indices e = {i,j} of known entries t. of T, then the problem is to find p € (R%)" satisfying

(p(i),p(j)) =te  (e={i,j} € E), (3)

where (-, -) denotes the Euclidean inner product. We are, in particular, interested in the uniqueness of the
completions rather than finding a completion. In the unique completion problem, we are given a solution
p € (RY)Y of Equation (3) and are asked if it is the unique solution of (3). This uniqueness question is
equivalent to asking the g-rigidity of a framework (G, p) for an appropriate choice of g.

Specifically, consider a 2-uniform hypergraph (i.e., a graph) G and g(z,y) = (x,y) for 2,55 € R%. Then
the orthogonal group O(d) is the stabiliser of g, and the global g-rigidity decides if Equation (3) has
the unique solution up to the action of O(d), or equivalently a completion is unique. This rigidity-based
formulation of matrix completion coincides with that introduced by Singer and Cucuringu [58] whose
paper also describes a number of detailed examples of matrix completions from this viewpoint.

Symmetric tensor completions. The idea of converting the unique low-rank matrix completion
problem to the g-rigidity of frameworks can be extended naturally to tensors as follows.

For a vector space V of dimension n over C, let V®* be the k-fold tensor product of V. We fix a basis
of V, and assume that each T' € V®* is represented by a k-dimensional array over C. A tensor T' € V&
is said to be symmetric if for any permutation o on [k] we have T;, i, i, = To(i,),0(i2),....0(i)- Lhe set of
symmetric tensors in V®F is denoted by S*(V). It is known that any symmetric tensor can be written as

d d
T=Y 2= 15058 0 (4)
i=1 i=1
for some vectors x1,s,...,24 € V. For T € S¥(V), the smallest possible d for which we can write 7" in

the form of Equation (4) is called the symmetric rank of T.

Once we introduce a notion of rank, the corresponding low-rank completion problem can be defined
automatically. In the symmetric tensor completion problem, given a partially-filled tensor of order k£ and
size n, we are asked to fill the remaining entries to obtain a symmetric tensor of symmetric rank at most d.
Recall that {)k( } denotes the set of multisets of k elements of a finite set X. Due to the symmetry condition,
each tensor’s entry can be indexed by an element in {[z}}. In this manner, we encode the underlying
combinatorics of each instance of the completion problem using a k-uniform hypergraph ([n], E).

We can also convert the decomposition in Equation (4) to a form of an algebraic relation among
points in C%. For this, let p be the d x n matrix with the i-th row equal to z;. Then, for each e € {[Z]},
the e-th entry of the right-hand-side of Equation (4) is equal to 1-(®,c. p(v), where 1 denotes the all-one
vector and (O denotes the Hadamard product of vectors, that is the component-wise product. Hence,
the symmetric tensor completion problem can be reformulated as a hypergraph realisation problem as
follows: Given a k-uniform hypergraph G = ([n], F) and a. € C for each e € E, find p € (C%)" such that

1- @p(v) = Qe foree E, (5)

vee



The corresponding unique completion problem is captured by g-rigidity for g : (C%)* — C with

g, ) =1 O w (6)

’LE{l,,kJ}

The stabiliser I'y of g is the set of matrices of the form ¥ D with a permutation matrix ¥ and a diagonal
matrix D over C whose diagonal entries are k-th roots of unity.

Let hproq : F¥ — F be the product map that takes k values and returns their product. Then the
function g defined in Equation (6) is written as the sum of d copies of hpoq. This structure will be
important in the analysis of g-rigidity in the subsequent discussion.

Skew-symmetric tensor completions. A tensor T € V®* is said to be skew-symmetric if for any
permutation o on [k] we have T;, 4, i, = sign(0) T, (i) o(in),....0 (i) Lhe set of skew-symmetric tensors in
V@ is denoted by A¥(V). Tt is known that A*(V') is linearly isomorphic to the k-th component A* V' of
the exterior algebra A V and any skew-symmetric tensor can be written as

,
T:Zmﬁ/\xé/\w-/\x}; (7)
i=1

for some kr vectors x; (1 <i<r 1<j<k), where A denotes the tensor product of vectors. The
smallest possible r for which we can write 7" in the form of (7) is called the skew-symmetric rank of T.
When V = F", each element in A¥(V) is called a skew-symmetric tensor of order k of size n (over F).

Recall that ()k() denotes the family of sets of k£ elements of a finite set X. Due to the skew-symmetry
condition, each entry of a skew-symmetric tensor can be indexed by an element in ()k;( ). Hence, we encode
the underlying combinatorics of each instance of the skew-symmetric completion problem using a simple
k-uniform hypergraph ([n], E) (where each hyperedge is a set unlike the symmetric case).

In the same manner as the correspondence between Equations (4) and (5) in the symmetric tensor
case, we shall convert Equation (7) to a realisation problem of the underlying hypergraph. This can
be done by picking column vectors in the matrix obtained by stacking ZE; as row vectors. Specifically,
consider the £ x n matrix @; obtained by stacking ;v; for 1 < j < k for each 1 < ¢ < r as row vectors,
and let P be the kr x n matrix obtained by stacking Q;’s. Let ¢; € (C¥)" (and respectively p € (CF")?)
be the point configuration such that ¢;(v) (resp., p(v)) is the v-th column of @; (resp., P). Then, for
each e = {vy,...,v;}, the e-th entry of T in Equation (7) is equal to >, det (qi(vl) e qi(vk)>. This
gives the following equivalent formulation of the skew-symmetric tensor completion problem: Given a
simple k-uniform hypergraph G = ([n], E) and a, € C for each e € E, find an r-tuple p = (q1,...,q,) of
¢ € (C¥)V such that

zrzdet (qi(vl)...qi(vk)> = G, for e ={v1,...,u} € E. (8)
i=1

Let hget : (C*)¥ — C be the determinant as a multilinear k-form over C*. Then the corresponding
unique completion problem is captured by g-rigidity for g : (C*")¥ — C defined as the sum of 7 copies of
hget- Since the stabiliser of hget is SL(k, C), the stabiliser of g is

{A1--- 2 A)(E® 1) | A; € SL(k,C),X : a permutation matrix of size r}.

Chow decompositions. Replacing the determinant with the permanent in the above discussion, we
obtain the corresponding problem for Chow decompositions. Suppose f is a homogeneous polynomial in
n variables of degree k. A Chow decomposition of f is a representation of f as the sum of r polynomials
written as a product of k linear forms, i.e.,



r k

flxe,... xn) = Z H(ai7j71$1 +---+ ai,j,n$n) 9)

i=1j=1

for some a;j1,...,a;jn € F (1 <17 <rand 1 < j <d). The smallest possible r for which f has an
expression of the form given in Equation (9) is called the Chow rank of f. A low Chow-rank decomposition
problem asks to compute a Chow decomposition of a given polynomial f that achieves its Chow rank
[63]. In this paper, we consider the completion version, where we are given a partial list of the coefficients
of a polynomial f of Chow rank at most r and we are asked to recover f.

Now we reformulate this decomposition or completion problem in terms of a hypergraph realisation
problem. As usual, the list of indices of given coefficients of f is represented by a k-uniform hypergraph
on [n]. Consider the right hand side of Equation (9). Let @; be the k x n matrix whose j-th row is
(@iji,0aij2,---,aijn) € F" for each 1 <i <r, and let P be the kr x n matrix obtained by stacking Q;’s.
Let ¢; € (F¥)" (and respectively p € (F*")™) be the point configuration such that ¢;(v) (resp., p(v)) is the
v-th column of @; (resp., P). Then, the coefficient of the squarefree monomial x,, 2, ... x,, in the right
hand side of Equation (9) is equal to

k

iperm (qi(vl) . qi(vk)) , (10)

=1

where perm denotes the permanent. Even if x,, 2y, ..., is not squarefree, the coefficient of z,, ...z,
is still a scalar multiple of Equation (10). Thus, (by scaling coordinates along each axis appropriately)
the low Chow-rank completion problem can be reduced to the following hypergraph embedding problem:
Given a k-uniform hypergraph G = ([n], E') and a. € F for each e € F, find an r-tuple p = (q1,...,q,) of
¢; € (F¥)V such that

iperm (qi(vl)...qi(vk)) = G, for e = {v1,..., v} € E. (11)
1=1

The corresponding unique completion problem checks if f can be uniquely recovered from a partial list
of coefficients using the information that the Chow rank of f is at most r. Let Aperm : (Fk)’” — F be the
permanent as a multilinear k-form. Then the unique completion problem is captured by g-rigidity for
g : (FF)¥ — F defined by the sum of 7 copies of Pperm- By [13], the stabilizer I'y, .., of Aperm is the set
of matrices of the form XD with a permutation matrix ¥ and a diagonal matrix D with det D = 1. The
stabilizer of g is {(A1 @ - - ® A)(E@ 1)) : A; €T, ¥ : a permutation matrix of size r}.

perm?

3 Tools for Analysing g-rigidity

In this section, we give several fundamental tools for analysing local/global g-rigidity. Applications of
these tools to specific problems are explained in Subsection 3.7.

3.1 Basic facts on polynomial maps

Determining the local or global g-rigidity of a hyper-framework is a NP-hard computational problem.
A formal proof of its computational hardness can be found in [1, 56|, specifically addressing ordinary
Euclidean rigidity. Therefore, a common approach to studying g-rigidity involves analysing the linear
approximation of the concept and leveraging existing tools to fill the remaining gaps. In this strategy the
following facts are often used in graph rigidity theory.

Definition 3.1 (Generic point). Let F € {R,C}. A point-configuration p € (F?)" is said to be generic if
the set of coordinates of p is algebraically independent over the rationals. More generally, a point in an
algebraic set A defined over Q is generic if its coordinates do not satisfy any Q-polynomial besides those
that are satisfied by every point on A.
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Let X be a smooth manifold and f : X — F™ be a smooth map. Then =z € X is said to be a regular
point of f if the Jacobian matrix Jf(x) of f has maximum rank. Otherwise, x is called a critical point of
f. Also f(z) is said to be a reqular value of f if, for all y € f~1(f(x)), v is a regular point of f.

The following proposition summarises the basic geometric tools we shall use. All parts are known in
the literature (see, e.g., [34, 33]) though may not have been stated in the full generality of g-rigidity.

Proposition 3.2. Let F € {R,C}.

(i) Let f : F* — F™ be a polynomial map and p € F™. If f(p) is a reqular value, then f~1(f(p)) is a
smooth manifold with codimension equal to the rank of Jf(p), where Jf(p) is the Jacobian derivative
of f evaluated at p.

(ii) Let V,W be smooth manifolds, f : V. — W a surjective Q-polynomial map and p € V. If p is generic
in'V, then f(p) is generic in W.

(iii) Let f: F™ — F™ be a Q-polynomial map and p € F"™ a generic point. Then, f(p) is generic if and
only if Jf(p) is row independent.

(iv) Let f : F* — F™ be a Q-polynomial map and p € F" a generic point. Then f(p) is a regular
value of f.

Proof. Part (i) is simply a consequence of the implicit function theorem. For (ii), suppose that there is
a polynomial g that is vanishing at f(p). Then go f : V' — W is a polynomial map. Since p is generic in
V', we have that g o f is vanishing on V. Since f is surjective, this implies that ¢ is vanishing on W.

(iii) Suppose that Jf(p) is row independent. Then p is a regular point of f, and hence f(F™) N M
is an m-dimensional manifold in a neighbourhood M of f(p) by the inverse function theorem. This in
turn implies that, for a small neighbourhood V' of p in F", the restriction f|y of f to V is a surjective
polynomial map from V' to an m-dimensional manifold f(V'). Applying (ii) to f|y, we have that f(p) is
generic in f(V). Since f(V) is m-dimensional, we conclude that f(p) is also generic in F™.

Conversely, if Jf(p) is row dependent then, since the rank of Jf is locally constant in a neighbourhood
of p, it follows that f(p) lies on a proper algebraic subset of F. Using either the Tarski-Seidenberg
Theorem (when F = R) or Chevalley’s Theorem (when F = C) we can show that this algebraic subset is
defined over Q and so f(p) is not generic. (A short exposition on Chevalley’s theorem is given below.)

(iv) Suppose F = C. Let X be the set of points ¢ € F™ such that f(q) is not regular. Chevalley’s
theorem implies that any quantifier can be eliminated in an expression of a set given by boolean oper-
ations, quantifiers, and Q-algebraic equations. This, in particular, implies that X is a Q-algebraically
constructible set. On the other hand, Bertini’s theorem states that there is a dense open set U C imf
in which every point is regular. Since imf is irreducible, U€ is a lower dimensional algebraic subset of
imf. Since f(X) = U¢, X must be a lower-dimensional Q-algebraically constructible set in C", and the
genericity of p implies p ¢ X. When F = R, we can apply the same argument by using Tarski-Seidenberg
quantifier elimination instead of Chevalley’s theorem. O

3.2 Infinitesimal g-rigidity

Let (G,p) be a k-uniform hyper-framework with G = (V, E) and g : (F¥)¥ — F a polynomial map. Then
the Jacobian Jf, g (p) of the measurement map f, ¢ : (F!)V — FF is a linear map from (F%)V to FE.
Hence the right kernel of J f; ¢(p) is a linear subspace (FHV, which is defined as the space of infinitesimal
g-motions of the framework (G, p).

If the stabiliser I'y of g is positive dimensional, every framework (G,p) has a nonzero infinitesimal
g-motion. This fact can be seen as follows. Recall that I'y is a Lie group, so let g be the Lie algebra of
I'y. Observe that 'y acts on (FY)V via (y-p)(v) = v (p(v)) for v € V. This induces a map from g x (F%)V
to (FY)V, denoted (%, p) +— 4 - p, whose image lies in the right kernel of Jfg.c(p). Then p € (FHV defined
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by p =+ -p for 4 € g is called a trivial infinitesimal g-motion of (G,p). For p € (F%)", define the space
of trivial infinitesimal motions of (G, p) to be

trivg(p) :== {¥ - p: ¥ € g} C ker Jfy.c(»).

Definition 3.3. Let (G, p) be a k-uniform hyper-framework and g : (F4)¥ — F a polynomial map. We
say that (G,p) is infinitesimally g-rigid if trivy(p) = ker J fy.a(p).

The following proposition generalises the fundamental theorem of Asimow and Roth [6] which provides
the central motivation to look at infinitesimally rigidity in graph rigidity theory.

Proposition 3.4. Let g : (F1)* — F be a Q-polynomial map and (G, p) be a k-uniform hyper-framework.
o If (G,p) is infinitesimally g-rigid, then it is locally g-rigid.
o Ifp is generic, then (G,p) is infinitesimally g-rigid if and only if it is locally g-rigid.

Proof. Let T, : g — (F%)V be the linear map + + +-p. Then dim(triv,(p)) = rank(7},) is a lower semicon-
tinuous function of p. It follows that there is a neighbourhood U of p such that, for ¢ € U, dim(triv,(q)) >
dim(trivy(p)). Also for some neighbourhood W of p we have rank(Jfg.c(q)) > rank(J fy q(p)) for ¢ € W,
again by the semicontinuity of rank.

If (G, p) is infinitesimally g-rigid then, by definition, rank(J fy ¢ (p)) = d|V |- dim(trivy(p)). Therefore,
for ¢ € UNW, we have rank(J f;c(q)) > rank(Jf; q(p)) = d|V|-dim(trivy(p)) > d|V|-dim(trivy(q)) >
rank(J fg.c(q)). So we have equality throughout and we can apply the constant rank theorem to deduce
that, in a neighbourhood of p, f, ¢ is locally equivalent (i.e. up to a choice of coordinates) to a coordinate
projection from FHVI — FalVI=dim(trive(p)) Tt follows that (G, p) is locally g-rigid, as desired.

The second statement, that generic locally g-rigid hyper-frameworks are infinitesimally g-rigid, follows
from Proposition 3.2(i). O

We now compare the dimension of I'; and the dimension of the space of all trivial infinitesimal g-
motions. Define dr, to be the dimension of I'; as a Lie group. Since I'y is a Lie subgroup of Aff(d,F),
if p is generic and n is sufficiently large, then dim triv,(p) = dr,. We use nr, to denote the minimum
integer n such that dim triv,(p) = dr, for some p € (FHn.

Example 3.5. The following presents two specific instances that exemplify these definitions.

« Suppose g : (R)? — R is the Euclidean inner product in R?. Then T, is the orthogonal group O(d),
sodr, = (g) The Lie algebra g is the set of skew-symmetric matrices, and dim triv,(p) = (‘21) - (dg”)
if p is a generic set of n points with n < d. Hence, nr, =d — 1.

e Suppose g : (C)¥ — C is as in Equation (6). Then T, is the set of matrices of the form I'D with
a permutation matrix I' and a diagonal matrix D whose diagonal entries are k-th roots of unity.
Then dp, = 0 and the Lie algebra is trivial. So np , = 0.

Since trivy(p) is the space of trivial infinitesimal g-motions, if |[V(G)| > nr, and p is generic, then
Definition 3.3 implies that (G, p) is infinitesimally g-rigid if and only if dim ker J fy ¢(p) = dr,. Combining
this with Proposition 3.4, we have the following linear algebraic characterisation of generic local g-rigidity.

Proposition 3.6. Assume Setup 2.1. Let g : (FY)* — F be a polynomial map whose stabilizer is Iy, and
(G, p) a generic k-uniform hyper-framework with G = (V, E) with |[V| > nr,. Then

rank J f ¢ (p) < d|V| —dr,,

and the equality holds if and only if (G,p) is locally g-rigid.
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Example 3.7. Consider the symmetric tensor completion problem of symmetric rank one and order three,
thatis,d =1,k =3 and g = hproq : (CH* — C, where hproa denotes the product map of k variables. Then
dr, = nr, = 0 as seen in Example 3.5. Consider a framework (G,p), where G = ({a, b, c}, {aaa, aab, abc})
and p:av+> x4,b+— xp,c— .. Then,

a b c

aaa 31’2 0 0

Jfyc(p) = aab | 2zqxp 22 0
abc TpXe Telqg Tqlp

Since rank J fy ¢, (p) = 3 = d|V(G)| — dr,, (G,p) is locally g-rigid.
The following geometric implication of local g-rigidity is also important.

Proposition 3.8. Let g : (F1)* — F be a polynomial map whose stabiliser is I'y. Suppose p is generic
and G = (V, E) is a k-uniform hypergraph with |V| > nr, +dr,. Then (G,p) is locally g-rigid if and only
if f6(fo.0(0)/ Ty is finite.

Proof. Suppose n = |V|] and ¢ € fgjé(fgg(p)). Recall that trivg(q) = {%-p: ¥ € g}. We first show that
dim trivy(q) = dr,. (12)

For a vector x over F, let Q(z) be the field extension of Q generated by the entries of z. By Propo-
sition 3.2(iii), the transcendence degree of Q(fy c(p)) over Q is dn — dr,. Since fya(p) = f4,6(q), the
transcendence degree of Q(fy,c(q)) over Q is also dn — dr,. Hence the transcendence degree of Q(q) over
Q is at least dn —dr o Therefore, since n > nr . +dr o there is a vertex subset X C V such that | X| > np y
and ¢|x is generic. (Formally the existence of X can be seen by the following algorithm. First, set
X = () and repeat the following procedure from i = 1 through n. Check if the entries of ¢(X U {i}) are
algebraically independent over Q. If yes, update X to X U{i}; otherwise reject i. Since the transcendence
degree of Q(q) over Q is at least dn — dr,, the fact that algebraic independence defines a matroid implies
that the number of rejections in the above procedure is at most dr,. Since n > nr, + dr,, we have
|X| = nr, at the end of the procedure.) Hence, dim trivy(qx) = dr,, and Equation (12) follows.

Parts (i) and (iv) of Proposition 3.2 imply that f_| &(fs.6(p)) is a smooth manifold of dimension equal
to dimker J fy ¢(p). On the other hand, Equation (12) implies that, for any ¢ € fgjé(fg,g(p)), Iyqg={vq:
v € Ty} is a dr -dimensional smooth submanifold of f_ &(fs.c(p)). Since p is generic, there is a neighbour

N of p such that (f;l (fg,.c(p)) N N)/T'y is a manifold of dimension equal to dimker Jf, ¢(p) — dr,. By
Proposition 3.4, the latter value is zero if and only if (G, p) is locally g-rigid. Hence, if (G, p) is not locally
g-rigid, then fgjé(fg,g(p))/Fg is not finite.

Conversely, if (G, p) is locally g-rigid, then the dimension of f;cl;(fgg(p)) is dr,. Since I'y;-q is a
dr,-dimensional smooth submanifold for any ¢ € f_, é( fg.c(p)), the connected component of f;é( fo.c(p))
containing ¢ coincides with the connected component of I' - ¢ containing ¢. Since f_, é( fg,c(p)) is also an

algebraic variety, it has finitely many components and hence f_ . (1;( fa.c(p))/I'g is finite. O

In the context of tensor completion, g is defined as in Equation (6) and dr, = nr, = 0. As a
consequence, Proposition 3.8 holds unconditionally, independent of the number of vertices. We believe
that the assumption |V| > nr, —i—dpg in Proposition 3.8 can be eliminated. Conversely, the requirement of
genericity for the point configuration p is crucial. To illustrate this significance, an example showcasing
non-finite f_° &(fs.6(p))/Ty is provided in Figure 3 within the realm of ordinary Euclidean rigidity.
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Figure 3: Consider the ordinary Euclidean rigidity in the plane. (Left) a locally g-rigid framework (G, p).
(Right) the framework (G, q) satisfies f,c(p) = f4,c(q) but (G, q) is not locally g-rigid since the left
path on five vertices in the framework can move continuously without changing the edge lengths. So

fo6(fa.0(p) /Ty is mot finite but (G, p) is locally g-rigid.

3.3 Generic local g-rigidity and coordinate projections of affine varieties

Let G = (V, E) be a k-uniform hypergraph, and consider imfy ¢, that is, the Zariski closure of the image
of the g-measurement map f, ¢ in the affine space FE. If p is generic, then fg.c(p) is a generic point
in imfy g, and hence rankJfy c(p) coincides with the dimension of imf; . Since the latter value is
determined by G (and independent of p), we can define the local g-rigidity as a property of hypergraphs
(using Proposition 3.6). This extends the remarkable idea of Asimov and Roth [6] that used this property
as the definition of rigidity in the Euclidean distance case. Specifically, a hypergraph G with n = |V]|
vertices is said to be locally g-rigid if (G, p) is infinitesimally g-rigid for some/all generic p, and equivalently

dimimf, ¢ =dn —dpr, ifn>nr,.

It is often convenient to analyse each hypergraph as a subgraph of the complete k-uniform hypergraph

[n]
KF with the same vertex set. For this, suppose G = ([n], E) is a subgraph of K¥. Let m¢ : F%r S FP
be the coordinate projection to the subspace indexed by the hyperedges in G. Then, f; o = mg o fg,K,’g-
Hence, checking the local g-rigidity of G is equivalent to checking the equality:

dim g (imfy gx) = dn —dr,.

One advantage of this viewpoint is that imf, g is often well-investigated in the literature, allowing us
to leverage established tools. For instance, in the case where g represents the squared distance function,
imf, gr is known as the Cayley-Menger variety [11]. Similarly, when g is the product map, imf, Kk
coincides with the affine cone of the Veronese variety. We will discuss these examples in Subsection 3.7.

3.4 Secant, non-defectivity, and identifiability of varieties

Let V be an affine variety defined by homogeneous polynomials in C™. Its r-secant is defined as

Sect, (V) = U (X1, Tp), (13)

T1,...,LrEV

where (z1,...,2z,) denotes the linear span of z1,...,z,. In applications, it is often the case that a
homogeneous polynomial map g : (C4)¥ — C is written as the sum of polynomial maps h : (C*)¥ — C for
s < d. In such a case, the concept of g-rigidity is closely related to the non-defectivity and identifiability
of varieties.

To formally establish this connection, let us consider a polynomial map g : (C%)¥ — C. The argument
of g is a tuple (py1,p2,...,p) consisting of k points p; in C?. We denote the coordinates of each p; by
pi = (Pi1, D2y - - » pid)T. Suppose g is separable into coordinate-wise maps, that is,

d
g(p1, - k) =Y h(pri, - - -, Pri)
=1
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for some h : (C')¥ — C. In this case, it follows that im fg,G is the d-secant of imfj, . We need slightly
more involved notation to deal with the case when g € (C?)* is decomposed into the sum of copies of
h € (Cs)k. (Such situations appear in skew-symmetric completions and Chow decompositions given in
Section 2.3.) Specifically, consider the identification between (C%)* and ((C*)¥)* with st = d such that
p € (CH* is identified with a t-tuple (qi,...,q) of ¢; € (C*)*. If for some h : (C*)¥ — C, g is written as

t

9(p) =Y h(a) (14)

i=1

then imf, ¢ is the t-secant of imfj, . In such a case, we simply say that g is the sum of t copies of h.
Computing the dimension of secant varieties has been extensively studied in algebraic geometry (see,
e.g., [8]). In particular, the algebraic notions of non-defectivity and identifiability of these varieties are
closely related to the notion of g-rigidity. Although these concepts are typically defined for projective
varieties, we maintain our focus on affine varieties to preserve the connection with rigidity theory.

Non-defectivity and local g-rigidity. Given an affine variety V in C™, the r-th secant of V has
dimension at most min{r dimV, m}. The latter number is called the expected dimension, and V is said
to be r-defective if dim Sect, (V) is smaller than the expected dimension.

Assume Setup 2.1, and suppose further that g is the sum of ¢ copies of h. If imf}, ¢ is not t-defective,
then dim(imf, ¢) = min{tdim(imfy, ), |E|}, and hence checking local g-rigidity is reduced to checking
local h-rigidity. The defectivity of classical algebraic varieties such as Veronese, Segre, and Grassmannian
varieties has been extensively studied (see, e.g., [8]). In the classical setting, the underlying hypergraphs
of such varieties are always complete, and hence we can apply the existing results to prove the local
g-rigidity of complete hypergraphs. In particular, when the underlying hypergraph is complete, then the
notion of local g-rigidity often coincides with the classical notion of non-defectivity of the corresponding
secant varieties. See Subsection 3.7 for concrete examples.

However, for the analysis of general hypergraphs, we need to understand the influence of coordinate
projections on defectivity. Proposition 3.11, below, shows that the dimension for a general hypergraph
can be much smaller than the expected dimension for combinatorial reasons. Therefore, we focus on the
combinatorial properties of the underlying hypergraphs.

It is also important to point out that our primal applications include the case when g and h are
quadratic. In such cases, imfy, ¢ will always be defective whereas G can be still locally g-rigid. So the
non-defectivity and local g-rigidity are different notions in general. An example is described below.

Tangent spaces. When ¢ is the sum of ¢ copies of h, by reordering the columns appropriately, we have
Hoo) = (Inalar) .- Ifnela)). (15)

Hence the tangent space of imf, ¢ at a generic point f; (p) is the linear span of those of imfj, ¢ at
fra(ar), .., frc(q). This fact corresponds to the Terracini lemma in algebraic geometry (see, e.g., [8]).

Identifiability and global g-rigidity. Suppose g is homogeneous. For a variety V in C™, a generic
point y € Sect, (V) can be written as y = >_;_; y; for some y; € V. The variety V is said to be r-identifiable
if y1,...,y, are uniquely determined up to permutations of indices and scaling of each y;. As we will see
in Section 5, identifiability is a useful property for checking global g-rigidity. For example, in the case
of symmetric tensors, a complete hypergraph is globally g-rigid if and only if the corresponding secant
variety is identifiable. However, in general, global g-rigidity and identifiability are not comparable. We
now provide two examples to demonstrate this.

Example. To see the difference among local/global rigidity, defectiveness, and identifiability, we con-
sider the symmetric rank-r matrix completion of order k. In this case g : (C")¥ — C is the sum of r

copies of the product map hproq : CF — C. Then im fg,G 1s the r-secant of imfp_ . G-
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Suppose k = 2. This case corresponds to the rank-r matrix completion. It is known (see, e.g., [58])
that Jfn,,.q, Kk, =nand Jfy x, =rn— (). Soimfy  , k, is r-defective and not r-identifiable. However,
since dr, = (g), K, is locally g-rigid by Proposition 3.6. In fact, K, is known to be globally g-rigid, see,
e.g. [58].

Suppose r = 1. Then imfy ., ¢ is l-identifiable by definition. However, the local rigidity and the
global g-rigidity of a generic framework (G, p) depends on the combinatorial structure of G. Indeed the
global g-rigidity captures the uniqueness of symmetric rank-one tensor completions. So, if G is very
sparse, (G, p) cannot be globally g-rigid.

3.5 Combinatorial characterisation problem

Here, we establish a connection between g-rigidity and combinatorial properties of hypergraphs.

Definition 3.9. For a Q-polynomial map g : (F*)¥ — F and a positive integer n, the g-rigidity matroid
Mg (or simply M, if n is not important) is the row matroid of the Jacobian matrix J f(p).

My is an example of an algebraic matroid. See, for example, [54] which provides a detailed exposition
on algebraic matroids. Given that generic g-rigidity is a property of hypergraphs, it is natural to ask
whether this property can be characterised purely in terms of graph theory concepts. This pursuit of a
combinatorial characterisation forms a central theme within the field of graph rigidity. The most famous
example is the following Geiringer-Laman theorem [46, 52].

Theorem 3.10. Suppose g is the squared distance function in two-dimensional Euclidean space. Then
G is g-rigid if and only if G has a subgraph H satisfying the following conditions:

o |B(H)| = 2V(G)| - 3, and
o for any subgraph H' = (V' E') of H with |E'| > 1, |E'| <2|V'| — 3.

Inspired by the goal of extending the aforementioned result to encompass general polynomial maps g
and hypergraphs, we review a construction of combinatorial matroids on hypergraphs.

Let G = (V, E) be a k-uniform hypergraph. For nonnegative integers a and b, we say that G is (a,b)-
sparse if every sub-hypergraph G’ with E(G’) # 0 satisfies |E(G")| < a|V(G')| — b, and an (a, b)-sparse
G is said to be (a,b)-tight if |E| = a|V| — b. It is known that, if 0 < b < a — 1, the collection of edge sets
of all (a, b)-sparse sub-hypergraphs of K* forms the independent set of a matroid on E (see, e.g., [65]),
which is called the (a,b)-sparsity matroid S&°.

If d —dr, > 1 for a polynomial map g, the consideration of sparsity leads to the following “combi-
natorially expected dimension” of g (im fq, K,’g)a which can be strictly smaller than the trivial expected
dimension in the context of secant varieties.

Proposition 3.11. Let g : (F1)* — F be a polynomial map, and let rgn be the rank function of Mgy ,.
Suppose that k > nr, and d — dr, > 1. Then, for any k-uniform hypergraph G = (V, E),

U e —drg> ‘ FogEand{Fl,...,Fk} }

o, is a partition of E \ Fy

k
dim(me(imf, 1)) = rgn(E) < min {\Foy +> (d

=1

Proof. By Proposition 3.6 and the assumption d — dr, > 1, if E is independent in the g-rigidity matroid
My, then
|E'| < d|V'| — dp, for any subgraph G' = (V', E') with |E'| > 1. (16)
d,d
Under the assumption d — dr, > 1, the (d, dr,)-sparsity matroid S, " is well-defined, and (16) implies

d,d ) . .
that every independent set in M, is also independent in S, "9 Tt is known that the rank of F in Sgﬁb is

min{|F0]+i (a Ue

i=1 eck;

— b) ‘ Fy C FE and {F1,..., Fy} is a partition of E \ Fj } , (17)
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see, e.g., [57]. Hence, the rank function of M is upper bounded by (17) with a = d and b = dr,. O

The structure of (a,b)-sparsity matroids are well-understood, and there is an efficient algorithm for
computing the right hand side of equation in Proposition 3.11, see [48, 60].

A natural question arises concerning whether the inequality presented above is actually an equality.
While the Geiringer-Laman theorem, Theorem 3.10, establishes this equality for any graph G when g is
the squared distance function in two-dimensional Euclidean space, it is important to note that, in most
naturally occurring examples in applications, there exists a hypergraph G for which this inequality is
strict. Nevertheless, we conjecture that the equality always holds if ¢ is sufficiently generic.

Conjecture 3.12. If g is generic, then Mg, = S0,

3.6 Matroid Union
We now show that the decomposition property of g is inherited by the corresponding matroid M,.

Lemma 3.13. Suppose a polynomial map g : (F)* — F is the sum of t copies of h : (F*)¥ — F with
d = st. If a set E of hyperedges is independent in Mg, then E can be partitioned into Ey1, Eo, ..., E;
such that each E; is independent in My, .

Proof. For the sake of simplicity, we will provide the proof specifically for the case when dr, = 0. However,
it is important to note that the proof can be readily adapted to the general case by considering a maximal
non-singular submatrix of the Jacobian. We may further assume that E represents a basis of Mg ,, as
the property of decomposition holds for all bases, implying the same property for all independent sets.

For a basis E of the matroid Mg ,,, we denote G|[E] for the induced sub-hypergraph on the hyperedges
E. Let p be a generic point-configuration of G[E]. Since E is a basis and dr, = 0, we have that |E| = kn,
and so Jfy qg)(p) is a square matrix. Since g is the sum of ¢ copies of h, the structure of Jfy g(g)(p) has
the form of Equation (15). Hence, the Laplace expansion tells us that

t
det Jfy o) = Y, [ detIfncie(@), (18)
{Bi, B} i=1

where the sum is taken over all partitions {E1, ..., E;} of E with |E;| = sn (1 <14 <t). Since E is a basis
of Mg, det Jfg agy (p) # 0. Hence, there must be at least one non-zero term in the right hand side of
Equation (18), and the corresponding partition {E1,. .., E;} is a desired one. O

Given matroids My, ..., My, their union is defined such that a set is independent if it can be parti-
tioned into independent sets of each M;. The union of ¢ copies of M is denoted by tM. Lemma 3.13
implies that My, = tMy, in the weak order poset of matroids, i.e., any independent set of M, is
independent in tMj, ,,. A natural question is whether they are indeed different, which is closely related
to t-defectivity since Mgy, = t My, holds if and only if my (imfj, gk ) is not ¢-defective for any H C KF
having no coloop in tMy,,, (i.e., every element is covered by some circuit) by Edmonds’ matroid union
theorem, see, e.g., [57].

3.7 Combinatorial Analysis in Our Example Models

Euclidean rigidity. In the ordinary Euclidean rigidity, G is 2-uniform (i.e., a graph) and g(z,y) =
ST (i —yi)? for o = (21,...,20) ",y = (y1,-..,54)" € R%. The stabiliser T, is the Euclidean group
E(d). We have dpg = (d'QH) and npg = d. Then (d, (dgl))—sparsity is a necessary condition for the
independence in the g-rigidity matroid. When d = 2, Theorem 3.10 implies that the g-rigidity matroid
is equal to the (2,3)-sparsity matroid. This is not true for d > 3 (see [35] for a recent discussion) and
determining which (d, (d;“l))—sparse graphs are independent is a fundamental open problem in rigidity
theory. See [21] for a new candidate characterisation when d = 3.
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Let h(a,b) = (a — b)? for a,b € C. Then g(z,y) = %, h(x,v;). The affine variety defined by ¢
is the d-secant of that of h. The h-rigidity corresponds to 1-dimensional rigidity and it is characterised
by graph connectivity. However, the affine variety defined by h is defective, and currently there is no
sufficient condition to guarantee the d-dimensional rigidity in terms of 1-dimensional rigidity.

Hendrickson [37] proved two natural necessary conditions for a graph to be globally g-rigid in di-

mension d. More precisely he proved that, when ¢ is the usual Euclidean distance, any globally g-rigid
graph G is (d + 1)-connected and redundantly g-rigid (which means that the graph obtained from G by
deleting any single edge is g-rigid). Connelly [23] proved an algebraic sufficient condition based on stress
matrices (weighted Laplacians). Using these two results, and specialised to the case when d = 2, Jackson
and Jordan [38] gave a combinatorial characterisation of generic global g-rigidity. While Hendrickson’s
necessary conditions are known to be insufficient when d > 3 [22], Gortler, Healy and Thurston [33]
proved that generic global g-rigidity does depend only on the underlying graph.
Pseudo-Euclidean rigidity. Here the situation is similar, G is 2-uniform, the stabiliser is still the
Euclidean group, dr, = (d;rl) and nr, = d. Thus (d, (d'gl))—sparsity is again a necessary condition for
independence. In fact there is a direct linear algebraic transformation between independence in the
Euclidean case and the pseudo-Euclidean case [55]. This translates, for example, the Geiringer-Laman
theorem to pseudo-Euclidean planes.

Suppose g is the usual Euclidean distance and ¢’ is a pseudo-Euclidean distance. Gortler and Thurston
[34] proved that a generic framework (G, p) is globally g-rigid if and only if it is globally ¢’-rigid. Along
the way they extended Connelly’s sufficient condition to pseudo-Euclidean spaces. However in the case
of hyperbolic space, it appears to be open to decide if Hendrickson’s redundant rigidity condition applies.
Earlier [25] proved that, generically, global rigidity in the Euclidean and spherical contexts coincide.

¢p-rigidity. Suppose p is a positive even integer not equal to 2. Again G is 2-uniform. The stabiliser
is the d-dimensional group of translations. We have dr, = d, np, = 1 and (d, d)-sparsity is a necessary
condition for independence. When d = 2, an analogue of the Geiringer-Laman theorem was obtained in
[45] showing that the g-rigidity matroid is equivalent to the (2, 2)-sparsity matroid on a simple graph. It is
conjectured that the d-dimensional case is characterised by (d, d)-sparsity (for simple graphs). This would
characterise d-dimensional rigidity in terms of 1-dimensional rigidity. However, such a combinatorial
description is currently only known in certain very special cases [28].

It is an open problem to analyse global g-rigidity in the ¢, case. Since p is even, {,-norms are
analytic and hence the results of [27] apply; they showed that the natural analogue of Hendrickson’s
necessary conditions apply in analytic normed spaces and gave a combinatorial characterisation analogous
to Jackson-Jordan when the space is an analytic normed plane.

Volume constraint rigidity. In the volume constraint rigidity, the map g : (R%)%*! — R is given by

r1T T2 ... xd+1>

g(xl,xg,...,l“dﬂ):det(l 1 ... 1

for 21,...,2411 € RTL. The stabiliser T, is the special affine group SA(d,R). We have dr, = d>+d-1
and np, = d + 1. Then (d, d? 4+ d — 1)-sparsity is a necessary condition for the independence in the
g-rigidity matroid, but it is not sufficient in general, see, e.g. [16]. Very recently, Southgate [59] has
proved that global g-rigidity, in this volume case, is not a generic property of the underlying hypergraph.

Positive semidefinite matrix completion problem. In this problem, G is 2-uniform (i.e., a graph)
and ¢ is the Euclidean inner product in R?. The stabiliser I'y is O(d), and dp) = (g),nE(d) =d-—1.
Then (d, (g) )-sparsity is a necessary condition for the independence in the g-rigidity matroid. This sparsity
condition is sufficient for d = 1, but is not in general for d > 2 [58]. It is a challenging open problem
to give a good characterisation of the independence in d = 2, see [9, 42]. The global g-rigidity is also
characterised when d = 1 in [58], but it is not well understood when d > 2. It is known that global
g-rigidity is not a generic property of graphs [40], see Section 5.1 for more details.
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Symmetric tensor completion problem. Recall that hppoq : Ck — C denotes the product map,
ie., h(y1,y2,-.-,Yk) = Y1Yy2-..Yx. In the symmetric tensor completion with symmetric rank d, the
measurement g : (Cd)k — C is given as the sum of d copies of hproq. Hence, we denote this g by dhproa-

The g-rigidity problems when k£ = 2 and when k£ > 3 are very different. When k& = 2, tensors are
matrices and we have the same results as the positive semidefinite matrix completion problem discussed
above. So in the subsequent discussion we focus on the case when k& > 3.

The stabiliser I' of dhproq is the set of diagonal matrices over C whose diagonal entries are k-th roots
of unity (up to permutation of indices). We have dr = 0 and np = 0. The (d, 0)-sparsity is a necessary
condition for the independence in the dhpyoq-rigidity matroid, but it is not sufficient since no k-uniform
k-partite hypergraph can be dhproq-rigid. We will discuss this point in Section 6.

By definition, G = (V, E) is locally dhpoqg-rigid if and only if rank J fgn . a(p) = d|V| for a generic
p € (C")*. Let I be the edge-vertex incidence matrix of G, that is, the matrix of size |E| x |V| whose
(e,7)-th entry is one if vertex ¢ is contained in hyperedge e, and zero otherwise. When d = 1, it is easy to
check that Jfan,,.,.c(p) is equivalent to I (in the sense of row and column operations). Hence, if d = 1,
G is locally dhproq-rigid if and only if the edge-vertex incidence matrix is full rank. The problem becomes
much harder when d > 2, and checking the locally dhpoq-rigidity of KF is already a nontrivial question.

Since dhproq is the sum of d copies of hprod, M fan,,.q,¢ 1S the d-secant of imfp ;. When G = K,’i ,

prod>

fhpm Kk 1s the Veronese embedding, and im fyprea gk is the affine cone of the Veronese variety of degree
k. Tt is relatively recent that Alexander and Hirschowitz [4] gave a concrete list of defective cases of
Veronese varieties. Adapting this result to our language, we have the following.

Theorem 3.14. Let k,n,d be positive integers with k > 3, and p : [n] — C? be a generic point configu-
ration. Then
rank Jfg, . cx(p) = min{| B(KG)], dn}, (19)

except for (k,n,d) in the set {(3,5,7),(4,3,5),(4,4,9),(4,5,14)}. In other words, KF is locally dhpyod-
rigid if and only if (" ") > dn and (k,n,d) ¢ {(3,5,7),(4,3,5), (4,4,9), (4,5,14)}.

Proof. By the Alexander—Hirschowitz Theorem [4, 8], we know that the dimension of the secant variety

of the affine cone of the Veronese variety of degree k is min { ("HI:_I),dn} except for the defective case

(k,n,d) € {(3,5,7),(4,3,5),(4,4,9), (4,5,14)}. Since imfdhpmmKﬁ is the d-secant of the affine cone of the
Veronese variety of degree k, we have (19).
By Proposition 3.6 with dr,, =0, the local rigidity holds if and only if rank J fy, . xx(p) = dn.
pro rod Dy

By (19), the latter is equivalent that ("Jr,’z*l) > dn and (k,n,d) is not the exceptional defective case. [J
The identifiability problem for Veronese varieties has been also solved in [20, 30], which implies a
characterisation of the globally dhpq-rigid complete hypergraphs in our terminology. Notably, complete

hypergraphs which are both minimally locally dhpoq-rigid and globally dhpyeq-rigid are classified in [30].
Adapting these results to our language, we have the following.

Theorem 3.15. Let k,n,d be positive integers with k > 3.
o If ("Jr;fk) > dn, then KF is globally dhpyoq-rigid if and only if (k,n,d) & {(6,3,9), (4,4,8),(3,6,9)}.
o If ("+i+k) = dn, then KF is globally dhpyoa-rigid if and only if (k,n,d) € {(3,4,5), (5,3,7)}U{(2s—
1,2,s): 8 >2,s€Z}.

Skew-symmetric tensor completions. Let hget : (Ck)k — C be the determinant as a k-form over
Ck. In the skew-symmetric tensor completion with skew-symmetric rank r, the measurement map ¢ :
(C™)F — C is given as the sum of r copies of hqe;. Hence, we denote this g by rhge;. The stabilizer
I of rhget is {(A1® - @ A,)(E® i) | Ai € SL(k,C),X : a permutation matrix of size r}. We have
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dr = r(k? — 1) and nr = k. The (rk,r(k* — 1))-sparsity is a necessary condition for the independence in
the rhget-rigidity matroid, but it is not sufficient even when r = 1 (see Example 4.5 below for details).

As in the symmetric tensor case, proving the local rhgei-rigidity for simple complete hypergraphs f{ﬁ is
already challenging. Since rhqe; is the sum of r copies of hyet, im frp,,, ¢ is the r-secant of im fy,, , . When
G = KF, im Jher, % 18 the affine cone of the Grassmannian Gr(k,n). Hence, the locally rhqe-rigid of K¥
is equivalent to the non-r-defectivity of Gr(k,n). Unlike the Veronese case, the non-defectivity problem
and the identifiability problem of Grassmannian varieties have not been solved yet. See [2, 50, 49].

The same story holds for Chow decompositions if we replace the determinant function in the above
discussion on skew-symmetric tensors with the permanent function. See [62, 64] for recent developments.

4 Sufficient Conditions for Local g-rigidity

The goal of this section is to extend combinatorial techniques in graph rigidity theory to k-uniform
hyper-framework g-rigidity. Since g-rigidity is a rather general concept, we shall restrict our attention to
polynomial maps g which are multilinear or multiaffine (defined below). Based on this assumption, we
shall analyse combinatorial patterns of the Jacobians of the measurement maps g.

4.1 Multiaffine forms and combinatorial patterns of Jacobians

A map g : (F))* — Fis said to be a multilinear (resp. multiaffine) k-form on F® if it is linear (resp. affine)
on each argument on the vector space F?. As we remarked when defining g-rigidity, ¢ is always assumed
to be symmetric or anti-symmetric with respect to permutations of indices. A symmetric (resp. anti-
symmetric) multilinear k-form is nothing but a symmetric (resp. skew-symmetric) tensor of (F9)~.

Suppose g is a symmetric (or anti-symmetric) multiaffine k-form. By regarding g(z1,...,zx) as an
affine function in the variable x;, each entry of the gradient of g with respect to x; can be considered
as a polynomial map in the remaining points z1,...,7j-1,%;41,...,Ts. Moreover, since g is symmetric
(or anti-symmetric), the resulting polynomial map is independent of the choice of j (up to the sign if g
is anti-symmetric). Hence, we may consider the gradient of g with respect to a point z; as a polynomial
map from (F4)¥~! to F%, and denote it by Vg.

Based on Proposition 3.6, our analysis of the local g-rigidity of a hypergraph G = (V, E) proceeds by
analysing the rank of the Jacobian Jf, ¢ (p) at a generic p. This Jacobian has the following structure.
Given that the map f, ¢ is defined from (F%)V to FE, each row of Jf, ¢(p) is indexed by a hyperedge in
E and each consecutive d-tuple of columns of Jf, (p) are indexed by a vertex in V. The definition of
fg.c further tells us that the 1 x d block b(e, v) associated with a pair (e,v) for e € E and v € V' is

b _JEme(v)Vg(p(e - v)T ifvee
(ev) = 0 otherwise.
Here, p(e — v) is a tuple of (kK — 1) points in {p(u) : u € e — v}, and me(v) is the multiplicity of v in e.
The sign is always positive if g is symmetric, but depends on the ordering of v in e if g is anti-symmetric.

Example 4.1. A primary example arises in the symmetric tensor completion problem. As we explained
in Subsection 3.7, the corresponding map g is the sum dhproq of d copies of hproq. Clearly hproq is
symmetric multilinear, and hence so is dhpyod. The map V(dhproa) : (F9)F~1 — F4 is given by

Vh‘prod(xlla"'awlk—l) 11 - -T1k—1
V(dh’prod)(xla"'axkfl> = = :

Vhprod(ZTdt, - - - Tdk—1) Tdl - - Tak—1
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Figure 4: (Left) A 3-valent simple extension of a 2-uniform hypergraph. (Right) A 2-valent simple

extension of a 3-uniform hypergraph.

for x; = (x14,...,2q) € Féfori=1,...,k—1. Suppose k =3,d =2, G = (V,E) with V = {a,b, c,d}
and F = {aaa, aab,abe, bed}. Then, the Jacobian is the matrix

(a,1) (a,2) (b,1) (6,2) (c,1) (c,2) (d,1) (d,2)
aaa 3z3, 3z3, 0 0 0 0 0 0
aab | 2x14T1p 2T24Top :c%a x%a 0 0 0 0
abe | T1pTle  T2pT2e TleTla T2eT2a  TlaTlh L2aT2b 0 0 ’
bed 0 0 T1cT1d  T2cTad  T1dT1b  T24dT26  T1hTle T2bT2c

where each row is associated with a hyperedge e € E and each column is associated with a pair (v, ) of
a vertex v and a coordinate axis .

4.2 Extension operations

A d-valent extension creates a new k-uniform hypergraph from a given k-uniform hypergraph by adding a
new vertex with d distinct new hyperedges containing the new vertex. We say that an extension operation
is simple if each new hyperedge is simple. See Figure 4 for examples. It is one of the most basic and widely
used theorems in rigidity theory that any d-valent simple extension preserves d-dimensional rigidity. We
shall extend this to the g-rigidity setting for g : (F)* — F.

For a d-dimensional hyper-framework (G, p) and a vertex v € V(G), consider the matrix B obtained
by aligning Vg(p(e — v))T as row vectors over all hyperedges in G incident to v, i.e.,

Va(pler —v))"
B = J (20)

Vg(p(ej —v))'
where eq, ..., e; are hyperedges incident to v. We say that v is stable in (G, p) if B has full column rank d.
Lemma 4.2. Assume Setup 2.1. Consider g : (F)* — F and let G = (V, E) be a k-uniform hypergraph.
o If (G,p) is infinitesimally g-rigid with |V| > nr, + 1, then every vertex is stable in (G,p).

o If G is obtained from H by 0-extension by adding a new vertex v and |V (H)| > nr,, then (G, p) is
infinitesimally g-rigid if and only if (H,pyv(m) is infinitesimally g-rigid and v is stable in (G, p).

Proof. Suppose that H is obtained from G by removing a vertex v. Let eq,...,e; be the hyperedges in
G incident to v. Then, Jf, ¢/ is partitioned into submatrices as follows:

v V(H)
_ Ae1,eq} B *
oo =" iy [ 0 Jfen ]

Hence, since |V (G)| > nr, + 1, we may use Proposition 3.6 to deduce that every vertex is stable in (G, p).
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The second statement follows similarly. If |[V/(H)| > nr,, (H,py ) is infinitesimally g-rigid and v is
stable in (G, p), then the block matrix form shown above allows us to deduce, via Proposition 3.6, that
(G, p) is infinitesimally g-rigid. Conversely, if (G, p) is infinitesimally g-rigid then v is stable in (G, p) by
the first statement and (H, v ( ) is infinitesimally g-rigid. O

When g is symmetric, we say that g-rigidity has the extension property if any d-valent extension of a
g-rigid graph G = (V, E) with [V| > np, is still g-rigid. When g is anti-symmetric, the extension property
is defined by checking only simple extensions since the value of g is zero for a non-simple hyperedge.

We shall now prove the extension property of g-rigidity for a class of multiaffine k-forms g. To see this,
we need the following notion. A variety is degenerate if it is contained in a hyperplane, and g : (F)* — F
is mnon-degenerate if imf, K% is non-degenerate for any n. For example, hproq is non-degenerate since

im fhpm WKk 18 the affine cone of the Veronese variety of degree k, which is known to be non-degenerate.

Lemma 4.3. Consider g : (FY)* — F written as the sum of d copies of a non-zero multiaffine h : (F*)*

F. Suppose that Vh is non-degenerate. Then g-rigidity has the extension property.

_>

Proof. By Lemma 4.2, it suffices to check that the matrix B defined by Equation (20) is non-singular
for any vertex v, d distinct hyperedges e1,...,eq incident to v, and a generic d-dimensional point-
configuration B. Note that Vh is a polynomial map from (F')*~! to F. In particular, Vh is a (k—1)-form
over F, so the Vh-measurement map is defined for each (k — 1)-uniform hypergraph. Let H be the hy-
pergraph consisting of (k — 1)-uniform hyperedges e; — v,e2 — v,...,eq — v. Then the columns of B are
fonm(x1), fonma(z2),. .., funm(zq) for some 1-dimensional generic point-configurations 1, ..., z4.

We now show that fyp m(x1),..., fvna(xq) are linearly independent. Since Vh is non-degenerate,
im th, Kk is non-degenerate. Since the non-degeneracy is preserved by projection, this in turn implies

the non-degeneracy of im fy; g. Therefore, any generic d points on imfyj g spans the ambient space
FEMH) ~ Fd. In particular, for generic z1,...,z4, we have that fonu(x1),..., fvna(xq) are linearly
independent. This implies that B is non-singular, and hence g-rigidity has the extension property. O

An important special case is when ¢ is the map for symmetric tensor completions.
Corollary 4.4. Suppose g is the sum of d copies of hproa. Then g-rigidity has the extension property.

Proof. Observe that Vhpeq is again the product map of (k — 1) variables. So im S¥hproa ik 18 the affine
cone of the Veronese variety of degree k — 1, which is non-degenerate. Hence, Vhjoq is non-degenerate
and Lemma 4.3 can be applied. O

The following example shows that Corollary 4.4 is false in general.

Example 4.5. Let hget : (Fk)k — F be the determinant as a multilinear k-form. For hget-rigidity to have
the extension property, it is necessary that the matrix B in (20) is non-singular for any vertex v and any
d distinct hyperedges eq, ..., eq incident to v. Denote e; — v = {w;1,...,ujg—1}. Then Vhget(p(e; —v)) =
+p(uin) Ap(uiz) A+ - - Ap(uk—1) by using the standard basis in the exterior algebra of F. Then B is singular
if and only if {p(ui1) A p(ui2) A -+ Ap(ug—1) : 1 < i < k} is linearly dependent. The latter condition
holds if and only if (p(u1), p(ui2), ..., p(uik—1)) has a common nonzero subspace for i = 1,...,k. If all
hyperedges ey, ..., e, contain a common vertex other than v, then the condition fails. O

4.3 Packing-type sufficient condition

In this section, we aim to establish a packing-type condition that is sufficient for the local rigidity of
hypergraphs G. Let us assume that g can be expressed as the sum of ¢ copies of h. In Lemma 3.13, we
demonstrated that any independent set in M, , can be decomposed into ¢ independent sets in My, ,.
While the converse direction does not hold in general, we will prove in this subsection that a decomposition
with an additional property guarantees the validity of the converse direction.
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Recall that, for a hyperedge e € {[Z]} and u € e, e — u (resp., e + u) denotes the multiset obtained
from e by reducing (resp., increasing) the multiplicity of u by one. We denote by supp(e) the set obtained
from e by ignoring the multiplicity of each element.

Let G = (V, E) be a k-uniform hypergraph. For X C V| let Eg[X] be the set of hyperedges e of G
with supp(e) C X, and G[X] be the subgraph of G induced by X, i.e., G[X] = (X, Eg[X]). For E' C E,
we define the closed neighbour set Ng(E') as

Ng(E'Y={e—u+v:e€c E,uceven}nE.

Theorem 4.6. Consider g : (F!)* — F written as the sum of t copies of a non-zero multilinear k-form h :
(F*)* — F, where st = d. Let G = ([n], E) be a k-uniform hypergraph on [n], and X = {X1, Xa,...,X;} a
family of subsets X; of [n| with | X;| > nr,. Denote F; = Ng(Eq[X;]) for each i =1,...,t. Suppose that:

(P1) for every i, the hypergraph ([n], F;) is locally h-rigid as a hypergraph on [n];
(P2) for every i, G[X;] is locally h-rigid; and

(P3) for any i,j with i # j, and for any e € F; and v € e, supp(e —v) € X;.
Then G is locally g-rigid.

Proof. For simplicity of notation, we present the proof in the case when s = 1 and ¢ = d, but the extension
to the general case is straightforward. Let G’ = ([n],U; F;). It is sufficient to show that G’ is locally
g-rigid in R? as G’ is a subgraph of G.

We first observe that F; N F; = (. Indeed, if e € F; N Fj, then the definition of the operator Ng
implies that there are some u € e and v € [n] such that e — u + v € Eg[X;]. This, in particular, implies
that supp(e — u) C Xj, contradicting (P3). Hence, Fi, ..., Fy is a family of disjoint edge sets. We also
note that Eg[X;] C F; by definition. For each i with 1 < i < d, we define z; € F" by

T fvelX;
z;(v) = ’ 21
iv) {O otherwise, (21)

where z; , denotes a generic number. Let p € (F9)™ be the point configuration obtained by stacking z; for
all 1 <i < d as row vectors, i.e., x; is the i-th coordinate vector of p. Consider Jf, ¢(p). Each column of
Jfg.cr(p) is indexed by (v,4) € [n] x [d] and each row is indexed by e € E(G’). We use b(e, v,1%) to denote
the entry of Jf, ¢(p) indexed by e and (v, 7).

Claim 1. Leti,j € [d], v € [n], and e € F;.
o Ifec Eg[Xi], then ble,v,5) # 0 if and only if i = j and v € e.
o Ife€ F;\ Eg|X;], then b(e,v,7) # 0 if and only if i = j and v € supp(e) \ X;.

Proof. Since g = Y%, h(x;), we have

me(v)Vh(pjle —v)) ifvee

(22)
0 otherwise.

ble,v,j) = {

Since h is nonzero and multilinear, VA is also nonzero and multilinear.
We first consider a hyperedge e € Eg[X;]. Suppose i = j and v € e. Then, by Equation (21), p;(e—v)
is a (k —1)-tuple of nonzero numbers, so Vh(p;(e —v)) is nonzero. Hence, b(e,v, j) # 0 by Equation (22).
To see the converse direction, suppose next b(e, v, j) # 0. Then, by Equation (22), we have v € e. The
multilinearity of Vh and Equation (21) further imply that, if supp(e — v) € X, then Vh(pj(e —v)) = 0.
So, by Equation (22), supp(e —v) € X should hold. Hence, ¢ = j follows from (P3).
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For the second statement, we consider a hyperedge e € F; \ Eg[X;]. Suppose b(e,v,j) # 0. Then by
Equation (21) i = j clearly holds. We further have v € supp(e) \ X;, since otherwise e would contain
some vertex w € supp(e) \ X; other than v and p;(w) = 0 would follow by w ¢ X;, which would imply
b(e,v,j) = 0 by the multilinearity of Vh. This completes the proof of the necessity for b(e, v, j) # 0. The
sufficiency can be checked easily from Equations (21) and (22). O

Let G; = ([n], Fj). Claim 1 implies that Jf, ¢/ (p) is in the following block-diagonalized form:

I I> Iy
Fy th701 (1‘1) 0 ce 0
Fy 0 th,G (.’I,'Q) e 0
oo (p) = : . : (23)
Fy 0 .. 0 thde (.Td)

where [; := {(v,7) : v € [n]} for i =1,...,d. Let T'; and Iy be the stabilizers of h and g, respectively.
Claim 2. We have rank Jfy, ¢, (x;) =n —dp, for all1 <i<d.

Proof. (For completeness we give a proof of the claim for general s. We show rank J f, ¢, (2;) = sn—dr,.)
Let Fj, be the set of hyperedges incident to v in G, and consider the submatrix B,, of Jf3, ¢, (z;) induced
by the rows indexed by Fj, and the corresponding s columns of v. This submatrix B, corresponds to
the matrix B in Equation (20) for v and F;, = {e1,...,¢e;}. By Claim 1, J fj g,(x;) has the form

Xi v1 V]
Fi\Uve[n]\Xi E; o th,G[Xi] (l‘l) 0 . 0
Fi,vl 0 B’U1 . 0
Jfnc:(p) = . : 0 (24)
F’L,vl 0 e 0 B'Ul

where we denote [n] \ X; = {v1,...,v}. By (P2), G[X;] is locally h-rigid, and hence rank J f}, g1x,)(z:) =
sn —dp,. So it suffices to show that rank B, = s for each v; € [n]\ X, i.e., v; is stable in (G, z;).

By (P1) and Lemma 4.2, every vertex v; is stable in a generic framework of G; (but the current x; is
not generic). Recall that every edge in F; ,; is written in the form f +v; for some (k —1)-multiset f with
supp(f) € Xj, and so the entries of B,, are determined by the coordinates of X;. Since the coordinates

of X; in x; are generic, v; is still stable in (G, x;). This completes the proof of Claim 2. O
Hence, dn — dp, > rank J fy o (p) (by Proposition 3.6)
d
= Z rank J fy, g, (z;) (by Equation (23))
i=1

=d(n —dr,) (by Claim 2)
> dn —dr, (by the definition of I'j, and I'y),

implying the local g-rigidity of (G’, p;) by Proposition 3.6. This completes the proof. O
We give two applications of Theorem 4.6.

Example 4.7. Consider the product map hproq and the sum dhproq of d copies of hpoq. This corresponds
to the case of symmetric tensor completions. Consider & > 3 and a k-uniform hypergraph G = ([n], E)
whose edge set is given by

E = {66 {[Z]} :me(v) > k — 1 for some v € [n]}
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This hypergraph is the underlying graph of a tridiagonal symmetric tensor. Suppose d < n. We choose
X ={Xy,..., Xy} with X, = {v} for each v € [d]. We show X satisfies the hypotheses (P1)-(P3) of
Theorem 4.6. We use vzf ...v% to denote the hyperedge consisting of vy, ..., v, with me(v;) = ij. Then,
E = {v*'w : v,w € [n]}. For each v € [d], Eg[X,] = {v*}, and F, = {v*"'w : w € [n]}. The hypergraph
G[X,] is locally hproq-rigid since G[X,] is a single-vertex graph with one edge. So (P2) holds. Note that
F, is obtained from G[X,] by a sequence of 1-valent extension, implying (P1) by Corollary 4.4. To see
(P3), consider any e € F, and u € e. Since e = v*~1w for some w € [n], e — u = v* 2w if v = u and
e —u=v*1if u = w. Hence, by k > 3, supp(e — u) ¢ X,» = {v'} holds for any v’ with v # ¢, and (P3)
follows. By Theorem 4.6, we conclude that G is locally dhproq-rigid if d < n.

Example 4.8. For another (more exciting) application of Theorem 4.6, we need the following notation.
For positive integers «, 3, an a-uniform family X C ([Z}) is called S-sparseif | XNY| < g forany X,Y € X.
We define the packing number packing(n, a, ) by packing(n, cr, ) = max { |X]: X C ([Z]), X is B—sparse} .
An asymptotic bound by Rédl [53] gives packing(n, a, 8) = (1 —o(1))(3)/ (3)-

Recall that f(,’f denotes the simple complete k-uniform hypergraph on n vertices.

Corollary 4.9. Let n,k > 3 be positive integers. Consider g : (FO)* — F written as the sum of t copies
of a non-zero multilinear k-form h : (F*)¥ — F with d = st. Suppose there is a positive integer a such that

. f(’ff 1s locally h-rigid,

e a>nr, +1, and

o t < packing(n,a,k — 2).
Then f(f{ 1s locally g-rigid.

Proof. We may assume t = packing(n,a,k —2). Let X = {X1,..., X} C ([Z]) be a (k — 2)-sparse family
achieving p(n,a, k — 2). By Theorem 4.6, it suffices to show that X satisfies (P1)-(P3). Choose X; € X.
Since | X;| = a, the subgraph K¥[X;] is isomorphic to K*, so (P2) follows from the local h-rigidity of KF.

To see (P1), consider F; as defined in the statement of Theorem 4.6 in the case when G = f(ﬁ, and let
G; = ([n], F;). Pick any vertex u € [n]\ X;. Since a > nr, +1 and KF is locally h-rigid, Lemma 4.2 implies
that each vertex v in X; is stable in a generic framework of K¥[X;]. Hence each vertex v in X; remains
stable in a generic framework of K¥[X; U {u}]. Since K¥[X; U {u}] is a simple complete hypergraph,
the symmetry further implies that u is also stable in a generic framework of K¥[X; U {u}]. Hence, by
Lemma 4.2, a subgraph of K¥[X;U{u}] is obtained from K¥[X;] by an s-valent extension which preserves
local g-rigidity. Note that K*[X; U {u}] is a subgraph of G;. Applying the same argument to each vertex
u € [n] \ X;, we can further construct a spanning subgraph of G; from K¥[X;] by a sequence of s-valent
extensions keeping local g-rigidity. Thus G; is locally g-rigid.

Finally, suppose, for a contradiction, that (P3) does not hold. Then supp(e —v) C X for some e € Fj,
v € e, and X; with ¢ # j. Since e € F;, there are some u,w € [n] such that e —u +w € Eg,[Xi], so
supp(e—u—wv) € X;NXj. Since |[supp(e—u—v)| = k—2, this contradicts the fact that X is (k—2)-sparse.
Thus (P3) holds, and the g-rigidity of G follows from Theorem 4.6. O

We note that when & is the determinant function, Corollary 4.9 aligns with an observation in [2].

5 Conditions for Global g-rigidity

In this section we analyse global g-rigidity.
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5.1 Generic global g-rigidity

In Section 3, we observed that local g-rigidity is a generic property of the underlying hypergraphs.
This notion naturally leads to the concept of local g-rigidity of hypergraphs. By applying Chevalley’s
theorem, similar to the approach in Proposition 3.2(iv), we can extend this result to global g-rigidity
when considering constraints over the field of complex numbers.

Proposition 5.1. Global g-rigidity is a generic property of the underlying hypergraphs over complex field.

Additionally, in the case of Euclidean distance where g is the squared Euclidean distance function,
there are notable results in the real case by Gortler, Healy, and Thurston [34, 41]. They show that global
g-rigidity is a generic property in the real setting. However, it is important to note that this result does
not hold for other maps. For example, if g represents the Euclidean inner product of two points over R
[40] or if g is the map for volume rigidity [59], then global g-rigidity is not a generic property over reals.

While global g-rigidity may not be a generic property in general, it would be useful if we can guarantee
the global g-rigidity for any generic realization of a given hypergraph. Therefore, we define a hypergraph
G to be globally g-rigid (over F) if (G, p) is globally g-rigid for any generic point-configuration p over F.

The following proposition provides motivation for focusing on the complex case when establishing a
sufficient condition for global rigidity.

Proposition 5.2. If a hypergraph G is globally g-rigid over C, then it is globally g-rigid over R.

Proof. Since G is globally g-rigid over C, any generic hyperframework (G, p) of G over C is globally rigid.
Since the genericity is defined in terms of algebraic independence over Q, any generic configuration g over
R is also generic over C. So for any generic real configuration ¢, (G, q) is a generic hyperframework over
C, and it is globally rigid. O

5.2 Identifiability and global g-rigidity
The following proposition highlights the usefulness of identifiability in verifying global rigidity.

Proposition 5.3. Suppose g : (FY)¥ — F is the sum of t copies of a homogeneous h : (F*)* — F. Suppose
further that im fy, ¢ is t-identifiable. Then G is globally g-rigid if and only if G is globally h-rigid.

Proof. Clearly global h-rigidity is necessary for global g-rigidity. To see the converse direction, we take
any generic p € (F)V and show that, if G is globally h-rigid then (G, p) is globally g-rigid.

Since ¢ is the sum of ¢ copies of h, p € (FY)V can be decomposed into (qi,...,q) with ¢; € (F*)" such
that f,c(p) = St_1 fr.c(q). Since p is generic, each g; is generic. So (G, ¢;) is globally h-rigid. Hence,
the t-identifiability of im fj, ¢ implies the global g-rigidity of (G, p). O

We next review some sufficient conditions for checking the identifiability of varieties. A key notion
is that of tangential weak defectiveness due to Chiantini and Ottaviani [18]. Let V be a variety over
C, and denote by T,V the tangent space at x € V. The t-tangential contact locus C at generic t points
x1,...,2¢ is defined as C = {y € V: T,V C (T;,,V,..., Ty, V)}. A variety V is said to be t-tangentially
weakly defective if an irreducible component of C that contains x; has dimension at least two for some
i. (Since we are working in affine space, the tangential contact locus always contains a one-dimensional
subspace of scaling.)

It was shown that t-tangential weak non-defectiveness is a sufficient condition for ¢-identifiability.

Theorem 5.4 (Chiantini and Ottaviani [18]). Suppose an affine variety V over C is t-tangentially weakly
nondefective. Then V is t-identifiable.

A combination of Proposition 5.3 and Theorem 5.4 leads to the following criterion for global g-rigidity.
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Corollary 5.5. Suppose a homogeneous g : (C*)* — C is the sum of t copies of h: (C*)¥ — C. Then G
is globally g-rigid if imf), ¢ is t-tangentially weakly nondefective and G is globally h-rigid.

The tangential contact locus can be characterised algebraically, allowing for the development of numer-
ical algorithms to test for t-tangentially weak defectiveness. Chiantini, Ottaviani, and Vannieuwenhoven
[19] proposed an algorithm based on this description, which we will briefly review as it is closely related
to a well-known method in rigidity.

Let G be a k-uniform hypergraph with n vertices and m edges, and suppose g : (C?)* — C is the
sum of ¢ copies of h : (C*)¥ — C. In view of Corollary 5.5, we want to check the t-tangentially weakly
defectiveness of imfj, ¢. Let p € (CH™ be a generic point-configuration, and let wi,...,w, € C™ be
a basis of the orthogonal complement of the tangent space of imf, g at fyc(p). Since the tangent
space of imfy ¢ at frc(q) is the image of Jfj, ¢(q), the t-tangential contact locus C is the closure of
{qg € (C) : w; € kerJfuc(q)" (i = 1,...,k)}. Note that w; € kerJfyc(q)" forms a polynomial
system in ¢ (where w; is fixed). Therefore, there is a polynomial map «; : (C*)" — (C®)" such that
w; € ker thg(q)—r if and only if «;(¢) = 0. So, the tangential contact locus is written as the closure of
{ge (C)":ai(q) =0 (i=1,...,k)}.

It was shown in [19] that, if an affine variety V is ¢-tangentially weakly defective, then the ¢-tangential
contact locus formed by generic points z1,...,x; contains a smooth path connecting any x; to the locus.
Hence, in our terminology above, this implies that one can determine t-tangential weak non-defectiveness
by examining the rank of the Jacobian matrix of «;.

Remark 5.6. It is worth mentioning that the resulting Jacobian matrix of a; is the Laplacian matrix
of G weighted by w;, in the case that g is the squared Euclidean distance. So, the numerical condition
in [19] has a similarity to the stress matrix condition for global rigidity due to Connelly [23] (or more
generally to the shared stress kernel condition due to Gortler-Healy-Thurston [34]). It should be noted,
however, that in the case of the squared d-dimensional Euclidean distance the underlying variety is always
d-tangentially weakly defective if d > 1.

A recent result of Massarenti and Mella [49] gives a powerful criterion for checking ¢-identifiability.

Theorem 5.7 ([49]). Let V be a non-degenerate affine variety in C™. Suppose that (t + 1)dimV < m
and V is (t + 1)-nondefective and 1-tangentially weakly nondefective. Then V is t-identifiable.

Combining Proposition 5.3 and Theorem 5.7, we have the following criterion for global g-rigidity.

Corollary 5.8. For a homogeneous h : (Cs)k — C and a positive integer d, let dh be the sum of d copies
of h, and suppose dp(d+1)h = (d+ 1)dr,. Then, for a positive integer d, G is globally dh-rigid if

o G is locally (d + 1)h-rigid,

. m is 1-tangentially weakly nondefective, and

o G is globally h-rigid.

The 1-tangential contact locus is just an ordinary contact locus, so 1-tangential weak defectiveness is
equivalent to the degeneracy of the Gauss map.
5.3 Sufficient conditions

Corollary 5.5 or Corollary 5.8 provides a way to reduce the global g-rigidity problem to the global h-
rigidity problem, however it is a non-trivial problem to establish global h-rigidity. In order to accomplish
this, we will extend Connelly’s sufficient condition [23] from graph rigidity theory.

The result is described in terms of the adjacency matriz of an edge weighted hypergraph. Suppose
G = (V,E) is a k-uniform hypergraph and w € F¥ is a vector representing the weight of each edge.
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Consider the collection E*—1 := {¢ € {k‘jl} :0 C e € E} of multisets of size (k — 1) contained in some
hyperedge in G. We define the adjacency matrix Ag ,, to be an F-matrix of size |V| x |[E(*~1| such that:

me(v)w(e) (if e=o0+wvisin G)
AG,w[Ua U] = .
0 (otherwise),
where each row is indexed by a vertex v € V and each column is indexed by o € E#~D. We will often
look at the case when the edge weight w is in the left kernel of Jf; ¢(p). See Example 5.9 for an example.
In order to deal with the case of anti-symmetric functions, we consider the signed variant of the
adjacency matrix. For this, we assume that the elements of V' are totally ordered, and consider ASGM with:

s sign(e,v)w(e)me(v) (ife=0+visin G)
G,w[vv U] = .
0 (otherwise)

for each v € V and ¢ € E*Y where sign(e,v) denotes the standard sign function of permutations,
which is positive (resp. negative) if the ordering of v in e is odd (resp. even).

Example 5.9. Consider a 4-uniform hypergraph G; = ({a, b}, {aaaa, abbb, bbbb}) with edge-weight w;
and a 4-uniform hypergraph G = ({a, b}, {aaaa, aabb, bbbb}) with edge-weight ws. Then, Ag, ., and
Ag, o are, respectively,

aaa abb bbb aaa aab abb bbb
a | 4wi(aaaa) 0 w1 (abbb) q° 4wy (aaaa) 0 2wy (aabd) 0
b 0 3w (abbb) 4wy (bbbd) b 0 2wo (aabb) 0 4wo (bbbD) |

Proposition 5.10. Suppose g : (F)* — F is a multilinear k-form over F?, and (G, p) is a k-uniform
hyper-framework. Let P be a matriz of size d x |E*=V| obtained by aligning Vg(p(c)) as a column vector
for each o € E*—1),

(i) If g is symmetric, then Ag,PT = wTJfg,G(p) for any edge weight w of G.
(ii) If g is anti-symmetric, then Ag’wPT = wTJfg’G(p) for any edge weight w of G.
(iii) If (G,p) is infinitesimally g-rigid, then rank P = d.

Proof. Assume g is symmetric. By definition, the v-th entry of w'J fa.c(p) is

> w(o + v)Me4s(v)Vg(p(o)).
ccE(k—1) .o 4veE

Reshaping this in terms of Vg(p(c)), we obtain AGMPT. The same argument also applies to the case
when ¢ is anti-symmetric. We thus obtain (i) and (ii).

To see (iii), assume (G, p) is infinitesimally g-rigid. By Lemma 4.2, every vertex is stable in (G, p). So
the columns of P indexed by d hyperedges incident to a vertex forms an independent set, which means
that P has full row-rank. ]

Proposition 5.11. Suppose g : (FO)* — F is a multilinear k-form and (G, p) is a generic locally g-rigid
k-uniform hyper-framework. Suppose

e dim (nwekerJfG,g(p)T ker AG,w) =d if f is symmetric, and

e dim (ﬂwekerJng(p)T ker Aé‘,w) =d if f is anti-symmetric.
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Then for each q € f;’é(fg,g(p)) there exists T € F¥*¢ such that

Vylq(o)) =TVg(p(f))  forallo € B¢,

Proof. We give the proof only in the case when f is symmetric since the anti-symmetric case is identical.
By Proposition 3.2(iv) and the generic assumption on p, f;c(p) is a regular value of f; g, so for any
qe€ f;é(fgvg(p)) the image of Jf, c(q) is the tangent space of imf, ¢ at f;c(¢q). We have that:

ker Jfc(q)" =kerJfya(p)’, (25)

since fy q(p) = f4.¢(q). For any point-configuration ¢ of G, let @) be a matrix of size d x | E(:=1)]| obtained
by aligning Vg(q(c)) as the columns for all o € E#~Y. By Proposition 5.10 and Equation (25),

AgwQ' =0 for any w € ker Jfg 4(p)". (26)

In particular, Ag ., P = 0. Hence each row of P belongs to (), cier Tfe.q ()T Ker Agw-
Note that we have assumed the dimension of (Vycker 374 , ()T ker A w 18 d. Moreover, we have rank P =

d by Proposition 5.10. By combining those two facts with AGM,PT = 0, we may conclude that the rows
of P form a basis of (,cxer j £, ST ker Ag,,. Since each row of ) belongs to this space by Equation (26),

there must be T' € F¥*? guch that @Q = T'P. This is equivalent to the statement. O

Proposition 5.12. Suppose g : (FY)* — F is a multilinear k-form, (G,p) is a generic locally g-rigid
k-uniform hyper-framework, and q € f;é(fgyg(p)). Suppose there is T € F such that Vg(q(o)) =
TVy(p(a)) for any o € E¥=V. Then p(v) = T q(v) for anyv € V.

Proof. Since (G, p) is generic and locally g-rigid, every vertex is stable by Lemma 4.2. So there are d
hyperedges e1, ..., eq incident to v in G such that {Vg(p(e; —v)) : i = 1,...,d} is a basis of F%. Since
qc f;cl;(fgg(p)), we have fyc(q) = fg,c(p). By the multilinearity of g, this implies that

(q(v), Vg(g(e: —v))) = (p(v), Vg(p(ei — v))),
and hence
(T"q(v) = p(v), Vg(p(e; —v))) =0 (i=1,....d).

The fact that {Vg(p(e; —v)) :i=1,...,d} is a basis now gives p(v) =TT g(v) for all v. O

When g is the determinant, a combination of Propositions 5.11 and 5.12 gives the following sufficient
condition for global g-rigidity.
Theorem 5.13. Suppose g : (F)? — F is the determinant as a multilinear d-form over F%. Then
G = (V,E) is globally g-rigid if there exists a point-configuration p € (FY)V — F such that

o (G,p) is infinitesimally g-rigid, and

. dim (mweker 3y Ker Aaw) —d.

Proof. The infinitesimal rigidity of (G,p) implies that the rank of Jf, ¢(p) takes the maximum possible
value over all point-configurations. Note that ker J f; ¢(p) changes continuously if we perturb the entries
of p continuously. So any sufficiently small continuous perturbation of the entries of p does not change
dim (ﬂweker Ifac®)T ker A(;’w). Hence, we may assume that p is generic.

To see the global g-rigidity of (G, p), pick any ¢ € f;é(fg’g(p)). By Propositions 5.11 and 5.12, there
is T € F¥9 such that q(v) = Tp(v) for all v € V(G). Pick any hyperedge e in G, and assume e consists
of k vertices v1,...,v. Since q € f;cl,(fgg(p)), we have

det (p(vl) . p(vk)) = det (q(vl) . q(vk)) = det T'det (p(vl) p(vk)> )
so det T' = 1. This implies that 7" is in the stabilizer of g, and the global g-rigidity of (G, p) follows. [
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By combining Theorem 5.13 with either Corollary 5.5 or Corollary 5.8, we can establish a sufficient
condition for global rigidity when g is the sum of copies of the determinant map. However, when g is
the sum of copies of the product map (as in the case of symmetric tensor completion), we can provide a
direct sufficient condition without the need for identifiability tests. A key ingredient in establishing this
condition is the following consequence of a generalised trisecant lemma given in [17].

Proposition 5.14. Let h = hpq : CF — C be the product map, G = (V,E) a hypergraph, and
x1,22,...,T some generic points in imfy q. If t < |E| —rankJfy, ¢, then any point in the intersec-
tion of imfy, ¢ and span{x1,x,..., 2} is a scalar multiple of some x;.

Proof. A generalised trisecant lemma [17] states that for an irreducible, nondegenerate, d-dimensional pro-
jective variety X' in P™, and a set {y1,ya, ..., y¢} of generic points in X', the condition span{y1, y2,...,y:}N
X = {y1,¥2,...,y:} holds provided t < n —d. We apply this to imf; ¢. Note that imf} ¢ is an affine
variety in FIZ, whose dimension is equal to rankJ frnc(z) at a generic z. So it remains to check that
imfp ¢ is irreducible and nondegenerate. The irreducibility of imf; ¢ follows from the fact that it is
the image of a polynomial map. To see the nondegeneracy, recall that imf}, gx is the affine cone of the

Veronese variety of degree k, which is known to be nondegenerate (and is easily checked). Since imf, ¢
is a projection of imfj, Kk and a projection preserves nondegeneracy, imfj, ¢ is nondegenerate. O

Theorem 5.15. Suppose that g is the sum of d copies of hproq : F* — F. Then G = (V,E) is globally
g-rigid if there exists a point-configuration p € (FY)V — F such that

o (G,p) is infinitesimally g-rigid,

. |E(k_1)] >|V]+d, and

° d1m (nwekerJfg,G(p)T ker AG’,w) = d

Proof. Similar to the proof of Theorem 5.13, we may suppose, by a sufficiently small perturbation, that
p is generic. Also, by Proposition 5.2, we may assume F = C. By Proposition 5.11, there is T € F4*¢
such that Vg(q(0)) = TVg(p(c)) for every o € E*~1. Let P be a matrix of size d x |[E*~1)| obtained
by aligning Vg(p(o)) for all o € E®=1 "and let Q be the corresponding matrix for ¢. Then Q = T'P.

We denote the row vectors of P by x1,...,x4 and those of @Q by y1,...,yq. Also, let H be a (k — 1)-
uniform hypergraph on V with the edge set E(*~1. Since g is the sum of d copies of the product map
of k variables, each coordinate of Vg(p(o)) is also an image of the product map of (k — 1) variables. So,
each z; is the image of fj, y at a generic point configuration, where h denotes the product map of (k—1)
variables. Since the dimension of imf, i is upper bounded by n (as it is a projection of the affine cone of
a Veronese variety), we can apply Proposition 5.14 to deduce that any point in the intersection of imfy, g
and span{xi,...,xq} is a scalar multiple of some x;. Since each y; belongs to imf; i and Q = TP,

each y; is a scalar multiple of some ;. (27)

Also, by Proposition 3.2, ¢ is also regular, so (G, q) is infinitesimally g-rigid. Hence, by Proposition 5.10,
rank @ = d. So by Q = TP and (27), T is written as T' = XD for some permutation matrix ¥ and a
diagonal matrix D. By reordering the coordinates of ¢ if necessary, we may assume 3 is the identity
matrix, so T = D.

Let t; be the i-th diagonal entry 7. By Proposition 5.12, g(v) = Tp(v) for all v € V(G). Since
fo.c(p) = fg.c(q), comparing the e-th coordinate for each e = {iy,2,...,i;} € E, we obtain

k k
<(tlf 5 ~--t§),@p(ig‘)> = Onli), (28)

j=1
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where (t§ t5 ...t§) is the k-dimensional vector whose i-th coordinate is t¥. Using the same trick as the
second paragraph of this proof, one can check from Proposition 5.14 that there are d linearly independent
vectors among {®§=1 p(ij) : e = {i1,i2,...,i} € E}. So Equation (28) implies that t? = 1 for every
j =1,...,k. In other words, each diagonal entry of 1" is the k-th root of unity. So 7T belongs to the
stabilizer of g, and the global g-rigidity of G follows. O

Note that the theorem is analogous to [39, Theorem 6.2] which gives a sufficient condition in the
matrix completion case. However the proof technique does not apply in the matrix completion case. For
example, the second bullet point in the hypotheses always fails in the matrix completion context.

Example 5.16. Consider the symmetric tensor completion problem of symmetric rank one and order
four, i.e., k =4 and g = hproqa. We analyse two different 4-uniform hyper-frameworks (G1,p) and (G2, p),
where G = ({a, b}, {aaaa, abbb, bbbb}), G2 = ({a, b}, {aaaa, aabb,bbbb}) and p : a — x4,b — xp. Then,

a b a b

aaaa 41‘2 0 aaaaq 4£D2 0
Jfg.ci(p) = abbb 3 3rax? JfyG.(p) = aabh | 2x.xi 2222
9,G1\P a b alh |, 9,G2\P aa; alp aThb
bbbb 0 4} bbbb 0 4}

Since rank J f, ¢, (p) = 2, (G4, p) is infinitesimally g-rigid, and w; € C¥ is in the left kernel of Jf, ¢, (p) if

1 4 1 2 1
wi(aaaa) = x—é,wl(abbb) = —m,wl(bbbb) = jg, and we(aaaa) = x—g,wg(aabb) = —%,wg(bbbb) = x—%.

The corresponding weighted adjacency matrices are

aaa abb bbb aaa aab abb bbb
a ;% 0 —Ia‘*xg a ;4 0 —== 0

— J— a
Athl = 12 127 and AGz,wz = 4 by
b 0 ——5 21 b 0 —mz= 0 1
TaT Ty o T} T

Since dimker Ag, ., = 1, we can conclude from Theorem 5.15 that G is globally g-rigid, whereas we
cannot apply Theorem 5.15 to G since dim ker Ag, ., > 1. Indeed (G2, p) cannot be globally g-rigid since
the polynomial system ;1:3 = tl,xzx% = tg,:vg = t3 with variables x,,z; and fixed scalars t1,t2,t3 only
determines the value of (22,z7). (On the other hand for (G1,p) the corresponding polynomial system
:1:3 = tl,xamg’ = tg,l‘é = t3 with variables x,,z; and fixed scalars t1, t2,t3 does determine the value of
(24, xp) up to simultaneous multiplication by a 4-th root of unity).

We also compute the matrix representation H; of the Gauss map of im f,; i, according to the technique

by Chiantini, Ottaviani, and Vannieuwenhoven [19] for each G; with i = 1, 2:

b

a b a
12 12 8 8
a 2 T Taxp a 2 T Taxp
H = b ) 12 and Hy = b % 8 .
TaTp xlz) TaTp xz

Hence Hi and Hs are equal up to scalar multiplication.

5.4 Necessary conditions

In the context of Euclidean rigidity theory, Hendrickson [37] established two necessary conditions for a
graph to be globally g-rigid in dimension d. However, we will now provide examples that demonstrate
that both of these conditions fail to be necessary for global g-rigidity.

As described in [40] Hendrickson’s argument does not extend to the context of matrix completion, and
hence does not extend to an arbitrary polynomial map g. Hendrickson’s approach involves considering
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a generic globally g-rigid hyper-framework (G,p) and assuming that removing an edge e € E(G) leads
to a configuration (G — e,p) that is not g-rigid. The key step in Hendrickson’s strategy is to prove
that the configuration space f, &(fs.c(p))/T is compact. However, it turns out that relatively often,
this configuration space can be unbounded. While it is possible that some configuration spaces might
satisfy the required property to continue Hendrickson’s strategy, this is not the case in several natural
examples. This indicates that redundant rigidity is not necessarily a prerequisite for global g-rigidity in
the multilinear case, as demonstrated by the following lemma, providing an infinite family of examples.

Lemma 5.17. Assume Setup 2.1, and suppose g is multilinear. Then any simple d-valent extension that
preserves local g-rigidity preserves global g-rigidity. In other words, if G is globally g-rigid and a simple
d-valent extension H of G is locally g-rigid, then H is globally g-rigid.

Proof. Let G be a globally g-rigid graph and suppose H is obtained from G by a simple d-valent extension
by adding a new vertex v. Pick any generic p € (F4)V (), We will show that (H, p) is globally g-rigid.

For this, choose any ¢ € f,- 4 (f5.5(p)). Since G is globally g-rigid, we may assume ¢(u) = p(u) for all
u € V(G). Since g is multilinear, fy g(p) = f4,c¢(q) leads to the equality:

(q(v)Vg(q(ei —v))) = (p(v), Vg(p(ei; — v))),

for all hyperedges e1, ..., eq incident to v. Since the d-valent extension is simple, e; — v does not contain
v, we have that ¢(u) = p(u) for any u € V(G) and so:

((p(v) = q(v)), Vg(p(ei —v))) = 0,

fori =1,...,d. From the fact that the extension preserves local g-rigidity and Lemma 4.2, {Vg(p(e;—v)) :
i=1,...,d} is a basis of F%. So we get p(v) = q(v), implying that p = ¢ and (G, p) is globally g-rigid. [

By repeatedly applying the lemma, we can construct an infinite family of hypergraphs that exhibit
both minimally local g-rigidity and global g-rigidity when ¢ is a multilinear polynomial map. There are
also infinite families of hypergraphs which are locally g-rigid but not globally g-rigid.

We next consider Hendrickson’s second necessary condition which is in terms of graph connectivity.
We will present an analogous condition where the level of connectivity depends strongly on the map g.

Let G = (V,E) be a k-uniform hypergraph. A subset X C V is called a separator if G — X is
disconnected. We say that G is r-connected if |V (G)| > r + 1 and it has no separator of size less than r.

Lemma 5.18. Assume Setup 2.1 and |V| > nr, + 1. If G is locally g-rigid, then G is nr,-connected.

Proof. For a point configuration ¢ € (F9)", let stabg(q) = {v € g : v-¢ = 0}, where g is the Lie algebra of
I'y. Clearly stabg(q) is a linear subspace of g. By definition of nr,, stabg(q) = {0} if and only if n > nr,.

Let (G,p) be a generic framework of G, and suppose that G has a separator of size less than nr,.
Since [V(G)| > nr + 1, G has a separator X of size equal to np, — 1. Then we can take V1,V> C V(G)
such that V;\ X # 0(i = 1,2),V(G) = V1 UVa, X = V1N V3, and there is no hyperedge intersecting V3 \ X
and V5 \ X. Moreover, since |X| > nr, — 1, we have that |V;| > np,.

Since | X| < nr,, stabg(p;x) # {0}. Also, since p is generic and V2 \ X # (), we have stabg(pyy,) <
stabg(p|x). Pick any v € stabg(p|x) \ stabg(p)y;), and define p € (FHVIE) by

0 (veV\X)
plv)=40=7-p(v) (veX)
v - p(v) (veVy\X).

From the fact that v € g and there is no hyperedge intersecting V4 \ X and V5 \ X, p is an infinitesimal
g-motion of (G,p). From the definition, one can check that p is indeed non-trivial. ]

The rank 1 tensor completion problem shows that the connectivity bound may be tight in general.
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6 Multipartite Rigidity Model

In some applications, we address identifiability using k-partiteness in k-partite hypergraphs. We now
introduce the related rigidity concept and analyse the unique tensor completion problem as an example.

6.1 Multirigidity

A hypergraph G = (V, E) is k-partite if there is a partition {Vi,...,Vi} of V into k nonempty subsets V;
such that |V;Ne| =1 forany e € E and i = 1,...,k. A 2-partite hypergraph is a bipartite graph.

Suppose (G, p) is a k-partite hyper-framework. When we denote a hyperedge e as e = (vy,...,v;) € F,
we mean that v; € V; fori = 1,..., k. As in Setup 2.1, for a polynomial map g : (F?)* — F, we define the
g-measurement map f,q : (FHV — FE. Since G is k-partite, g may not be symmetric or anti-symmetric.

The main difference from the rigidity model given in Section 2 occurs in the action of the affine group
to (F)*. Suppose the general affine group Aff(d,F) acts on F? by v- 2 = Az +t for v = (A, 1), as
before. In the multipartite model, we consider the direct product Aff(d, F)* of k copies of Aff(d,F), and
consider the component-wise action of Aff(d,F)¥ to (F¥)*. The induced action on g : (F?)¥ — F is given
by v-g(z1,...,x5) = g(y; -xl,...,'ylzlsnk) for 21,...,2; € F* and v = (y1,...,7) € Aff(d,F)*. The
stabilizer of g is denoted by I';.

Since in this k-partite model the underlying vertex set V' is assumed to be partitioned into {V1,..., Vi },
we can also define the action of Aff(d,F)* to (F?)V such that (v -p)(v) = ~; - p(v) for each v € V; for
pe (FHYY and v = (y1,...,7) € Aff(d, F)¥.

Definition 6.1. We say that (G,p) is globally g-multirigid if for any ¢ € fg_’é(fg,g(p)) there is v € T'§
such that ¢ = v - p. We say that (G,p) is locally g-multirigid if there is an open neighbourhood N of p
in (FY)" (in the Euclidean topology) such that for any ¢ € fgjé(fgg(p)) N N there is v € T'J such that
q=7"p

Example 6.2. Let G be 2-uniform (i.e., a graph) and g(z,y) = (z,y) for =,y € F%. In the model in

Section 2, the stabilizer of g is O(d) and its Lie algebra is (g)-dimensional. On the other hand, in the
k-partite model, the stabilizer of g is {(4, A~ ") : A € GL(d,F)}, and its Lie algebra is d>-dimensional.

We define the infinitesimal g-multirigidity in the same manner as described in Section 3.2. To do so,
we denote dpx for the dimension of the variety I'J, and let triv.x (p) be the space of trivial infinitesimal

g g
motions of (G,p). If |V;] is sufficiently large for all 4, then dim trivp (p) = ngx. The minimum size of V;
that guarantees this property is denoted by N Specifically, let

npx = min{|V;| : dim trivp(p) = dpx for some p: V — Fi.
g g9

All the materials in Section 3 can be extended to the multipartite rigidity model. For example, the
following proposition can be shown easily.

Proposition 6.3. Let g : (FY)* — F be a polynomial map and G = (V, E) be a k-partite hypergraph with
|Vil > npx. Then the following are equivalent:
g

o (G,p) is locally g-multirigid for some generic p.

(G, p) is infinitesimally g-multirigid for some generic p.

o The rank of Jfyc(p) is equal to d|V| — drgx for some generic p.

o dim(imfyq(p)) =d|V|— ngx.
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Let Kf;'lnk be the k-uniform complete hypergraph with |V;| = n; and n = ny +- - - +ny. The generic
X

g-multirigidity matroid Mg, . is defined on F (Kfflnk) whose independence is defined by the row

independence in Jf, KE oo (p) at a generic p. If g is symmetric or anti-symmetric, My, . is the

,,,,,

restriction of the g-rigidity matroid M, of K¥ to K7l§1nk by regarding K,’fl as a subgraph of K.

Nk

6.2 Tensor Completion

A primary example of g-multirigidity occurs in the rectangular tensor completion problem. Let W1, ..., Wy
be a collection of finite dimensional vector spaces over C. We denote Wi ® --- ® W}, for the set of all
order k tensors of dimensions ny = dim(Wh),...,ng = dim(Wj). We fix a basis for each W;, and assume
that each T' € W1 ® - - - ® W}, is represented by a k-dimensional array of numbers in C. In particular, any
tensor can be written as

d
T=Y 2o of (29)
i=1

for some vectors mi € W; and Aq,..., A\ € F. The smallest possible d for which we can write T" in the
form of Equation (29) is called the (CP) rank of T.

As in the case of matrix completion or symmetric tensor completion, we can ask the low rank tensor
completion problem as the problem of filling the missing entries of a given partially-filled matrix. Let
Vi = [ni] for 1 <i < k and V be the disjoint union of all V;. We can use a subset E of V; x --- x Vi to
represent the known entries in the tensor completion problem. In this manner, we encode the underlying
combinatorics of each instance of the completion problem using a k-partite hypergraph (V| E).

As in the symmetric tensor completion, the decomposition in Equation (29) can be converted to a
form of an algebraic relation among points in C?. This gives the following equivalent formulation of the
tensor completion problem: Given a k-partite hypergraph G = (V, E) with E C Vj x--- x V; and a. € C
fore € FE, find p: V — C" such that

1- @p(v) = a. for e € E. (30)

veEe

Note that this equation is the same as Equation (5), and we can recast the rectangular tensor completion
problem as a special case of the symmetric tensor completion when the underlying hypergraph is k-partite.

The unique completion problem can be formulated as the g-multirigidity problem using the same
polynomial map g as that in the symmetric tensor case, that is, the sum of d copies of the product
function Aproq. The key difference from the symmetric tensor case is the stabilizer ng. When k& > 3,
[ is the set of k-tuples (D1X, Do, ..., DY) such that each D; is a diagonal matrix of size d with
[1%, D; = I; and ¥ is a permutation matrix. Then dr; =d(k—1) and npx = 1.

The fact that drgx = d(k — 1), in particular, implies that the rank of the g-multirigidity matroid

of K}, .. isat most d(ni +---+ng) —d(r —1). An obvious question is whether the equality always

holds (equivalently, whether Ky, . is locally g-multirigid). This question is equivalent to determining

the non-defectivity of Segre varieties. Indeed, since g = dhypyoq is the sum of d copies of hyrod, im fan,,.q4,6

+.G- When G = KF > LS K is the affine cone of the Segre variety
[XRRE) rod,Mnq np

is the d-secant of imfj,

.....

with parameter (ni,...,n;) whose dimension is ny + --- + ny — (k — 1). Therefore, K is locally

Tk

.....

g-multirigid if and only if im fyproa, Kk is not d-defective.

Unlike the Veronese case, the non-defectivity problem of Segre varieties has not been fully resolved,
and it remains an open question in algebraic geometry. Although there is a long-standing conjecture that
aims to provide a complete answer, a conclusive proof is still lacking, see, e.g. [8].

34



7 Applications

In this section, we provide two concrete applications of our theory.

7.1 Random projection of Secant varieties along coordinate axis

Let V be an affine variety of dimension m. By the Noether normalization theorem, projecting V onto a
random t-dimensional space typically results in a Zariski closure with dimension min{m,t}. Thus, t =m
is the threshold to preserve dimension under random projection. However, as shown in Section 3.5, this is
not the case for orthogonal projections along coordinate axes. Here, we estimate the threshold dimension
t for which a random axis-aligned projection to a t-dimensional subspace preserves the dimension.

Let us recall the g-rigidity formulation. Let G be a k-uniform hypergraph and g : (R*)* — R be a
polynomial map. Then, our ground variety V is imf, ¢ and we are interested in whether the dimension
is preserved under a random axis-parallel projection. This corresponds to checking local g-rigidity in the
Erdés-Rényi random subgraph model G,,; of G, i.e., a probability distribution over the subgraphs of G
defined by selecting each hyperedge independently with probability t.

For a square matrix A, let A\pin(A) denote the smallest nonzero eigenvalue of A. For a matrix A, let
| All2,00 denote the maximum Euclidean norm of the rows of A.

Following the idea of d-dimensional algebraic connectivity in [43], we define the hypergraph parameter
ag(G) by

Amin Jf G\p TJf G\p
pe(RA) 17 f4.6(P)12,00

for each k-uniform hypergraph G with n vertices. The next theorem gives a sufficient condition for local
g-rigidity of random subgraphs.

Theorem 7.1. Let G be a k-uniform hypergraph with n vertices, g : (R1)* — R be a polynomial map,
and c be any number with ¢ > 1. Let G, ; be the random subgraph model of G, and H ~ G ;. If

1 >t > M’
ag(G)

then with probability at least 1 — %, the projection wy preserves the dimension of imf, .

(31)

Proof. This is an adaptation of the argument in [43] for proving a corresponding statement for Euclidean
rigidity, and it is a direct application of the following matrix Chernoff bound.

Let E be a finite set, and for each e € E, let X, be a positive semidefinite m x m matrix. The matrix
Chernoff bound implies that if

hlog(rc)
)\min(zeeE Xe)
with r = rank )" cp X and h = maxecp Amax(Xe), then

rank Z X, = rank Z Xe
ecE(t) ecE

1>t>

holds with probability 1 — % for a random subset E(t) obtained by taking each e € E independently with
probability ¢. See [43] and references therein.

We apply this in the case when E = E(G) and X, = r] . for e € E(G), where r. denotes the row
vector of e in Jfy ¢(p) with generic p. Then,

r<dn
h = max )‘maX(r;rre) = max ||Te||% = ||Jfg,G(p)||%,oo
Amin (Z Xe> = Amin (Z T;rre) = Amin (Jfg,G(p)TJfg,G(p)) .
ecE ecl
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Thus, by the matrix Chernoff bound, if

17 f5,6(D)1I3 o log(dnc)
b=tz Amin (Jfgﬂ(p)TJfg,G(p))’

(32)

then rank (Eee B reTre) = rank (Zee E(t) r;rre) holds with probability at least 1 — % In particular,

rank J f, ¢ = rank Jng’GJngG = rank (EeeE r;rre) and rank J f, i = rank JngHJfgvH = rank (ZeeE(t) rgre),
imply that
rank J fy ¢ = rank J fg g (p) (33)

for H ~ G,,; with probability at least 1 — %

Note that this holds for any choice of p. Hence, if (31) holds, there is some p satisfying (32) and thus
(33). Therefore (33) holds for all generic p by lower semicontinuity of the rank. Thus, 7y preserves the
dimension of imf, ¢ with probability at least 1 — % O

By Theorem 7.1, the question now reduces to obtaining a lower bound for a4(G). This can be done by
a quantitative extension of the proof of Theorem 4.6. Since this part becomes technically more involved,
we explain the idea by focusing on the case when V is the d-secant of the balanced Segre variety.

Let us recall the setting of Section 6.2. Let Kﬁn be the complete k-partite hypergraph with |V;| = n,
and let hproq : R¥ — R be the product function. Then S, := im fhpro akk 18 the affine cone of the

Segre variety with balanced parameter (n,...,n) and dimension kn — (k — 1). We denote by Secty(Sy,)
the d-secant of S,,.

Lemma 7.2. Let n,d, k be positive integers with k > 3 and n > d. Then,

nk:—l

k
adhprod (Kn,.‘.,n) 2 m .

The proof of Lemma 7.2 is given at the end of this subsection.
Combining Theorem 7.1 and Lemma 7.2, we have the following corollary.

Corollary 7.3. Let n,k,d be positive integers with n > d, and let ¢ be any number with ¢ > 1. Let H be
taken from the random subgraph model of Kﬁ’ with probability parameter t. If

N

kd*1log(cdkn)
i1 ,

1>t>
then with probability at least 1 — %, the projection my preserves the dimension of Sectq(Sy,), i.e., H is
locally dhyroq-multirigid.

Corollary 7.3 implies that, among n* edges in K’,fr_.,n, only O(nlogn) hyperedges are enough to make
a random sub-hypergraph dhpoq-multirigid. This bound is asymptotically tight (in n) since G has an
isolated vertex with high probability if ¢ < :{Lgf{ :

The low-rank tensor completion problem is a major topic in machine learning, and there are various
results concerning the sample complexity of tensor recovery in various settings. Corollary 7.3 implies that
there is a finite number of low-rank completions if O(nlogn) random entries are observed in the generic
completion problem. A follow-up paper [36] by the fourth author and Hamaguchi generalizes this to the
unique identifiability. To the best of our knowledge, this is a new information theoretic bound in this

setting.!

Tt should be noted that the sample complexity differs substantially across problem settings. In typical machine learning
settings, recovery is usually only approximate. For example, in [32], it is claimed that O(n) random entries suffice for recovery
of low-rank tensors, whereas a simple coupon collector argument implies that Q(nlogn) random entries are necessary for
exact recovery. See, e.g., our follow-up paper [36] for more details on the existing bounds in different models.
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Proof of Lemma 7.2. The proof is based on a discussion with Kota Nakagawa. For simplicity of
notation, denote V = V(Kfi’n) and f = fy, T For simplicity of exposition, we also assume that
n is an integer multiple of d.

Our goal is to prove the existence of p : V' — R? such that

(i) rank Jf(p) = d(kn — (k — 1)),
(i) Amin(TF(p) " TF(p)) > %=y, and

(iii) each row of Jf(p) has Euclidean norm at most vk as a vector.

prod:Kﬁ

~~~~~

Since Kﬁn consists of k disjoint vertex sets of size n, we denote them by Vi, Vs, ..., Vi. For i € [k],
we partition V; into d sets Vi ; (j = 1,...,d) of size n/d. We define p: V — R? by,

p(v) =e; for v € V:L,j with ¢ € [k] and j € [n]7

where e; is the unit vector in R? whose i-th entry is one and other entries are zero. We show the properties
of the statement for Jf(p). The idea of the proof is the same as that of Theorem 4.6. Since the definition
of p above is very special, the entries of Jf(p) is well structured as in Claim 1 and we will see a block-
diagonalized form in Jf(p) T Jf(p) using the structures of the entries. Then we will analyse each block by
applying a known fact from spectral graph theory.

For such an analysis, we first partition a subset of E (Kﬁn) into 2d subsets as follows: for j =1,...,d,
Aj:={e=(v1,v2,...,v;) € E(K,’jn) :v; € Vy; for every i € [k]}
Bj = {e=(v1,v2,...,0) € E(Kﬁn) :v; € Vi j for exactly k — 1 indices 4 in [K]}.

Note that all sets A; and B; are disjoint. As in the proof of Theorem 4.6, we use b(e, v, k) to denote the
entry of Jf(p) indexed by a hyperedge e, vertex v € V, and a coordinate k € [d].

Claim 3. Each entry of Jf(p) is either 0 or 1. Fore € E(K} ), veV, andl € [d], b(e,v,l) =1 holds
if and only if either one of the followings holds:

(i) e € Aj for some j € [d], veenV; for someic k], andl =j;
(ii) e € Bj for some j € [d], ve enV,  for some i€ [k| and j' € [d]\ {j}, and l = j.

Proof. By definition of Jf(p), the entry b(e,v,l) is the product of the I-th coordinates of p(u) over all
u € e\ {v} if v € e, and zero otherwise. Since each coordinate of p(v) is either one or zero, b(e,v,1) is
either one or zero. The latter claim can be checked similarly by using the definition of p. O

Recall that each row of Jf(p) is indexed by a hyperedge and each column of Jf(p) is indexed by a
pair (v,7) of v € V and j € [d], and hence each entry of Jf(p)"Jf(p) is indexed by a pair ((u,5), (v,j"))
of such pairs. For j =1,....d, let

Ij ={(v,j) : v €V, for some i € [k]}, and (34)

IJ’. ={(v,j) : v e V;\ 'V, for some i € [k]}. (35)
The sets I;, I; (j = 1,...,d) are mutually disjoint, partitioning V' x [d], and |I;| = k% and |[}| = k(n—3).

Claim 4. Jf(p)"Jf(p) has the following block-diagonalized form.:

T (A A
I Ql 0 . 0
r| 0 R 0 0
Jf ()" If(p) = : ‘
Iy, 0 Qk 0
I 0 0 Ry



Moreover, in Q; (resp. Rj), the value of the entry indexed by ((u,j),(v,j)) is equal to the number of
hyperedges in A; (resp. Bj) that contain u and v.

Proof. For each e € E(Kﬁn), let R, be the row vector of Jf(p) associated with e, and let X, = R} R,
by regarding R, as a matrix of size 1 x dn. Note that Jf(p) Jf(p) = Yecr(kk ) Xe- Hence, it is enough
to check the contribution of each X, to each entry of Jf(p)'Jf(p).

Claim 3 implies that X, is a 0 — 1 matrix. Claim 3(i) further implies that, if e = (v, v,...,vx) € 4;,
then R. has nonzero entries only at the coordinates indexed by (v1,7), (v2,7),..., (vk,j). Hence, X,
contributes to increase the entry indexed by ((u,7), (v,j)) for each u,v € e by one. This is the reason
why, in @Q; the value of the entry indexed by ((u,j), (v,7)) is equal to the number of hyperedges in A;
that contain both v and v. A similar argument using Claim 3(ii) also provides the entries of R;. O

Observe that, for (u,j), (v,j) € I}, the number of hyperedges in B; that contain u and v is (%)k_l

if u = v, and it is zero otherwise (i.e., when u # v). So Claim 4 implies that R; = dk 1[ where [
denotes the identity matrix (of an appropriate size). Hence, by the block- diagonal form in Claim 4, in
order to show that rank Jf(p) = d(k:n - (k: — 1)) and Amin(Jf(p) T f(p)) > dk r, it suffices to show that
dimker Q; =k — 1 and Apin(Qj) > dk . _ for each j=1,...,d.

Now we analyse (); based on Claim 4. By counting the number of hyperedges in A; that contain two
vertices u and v, we see that (); is equal to the adjacency matrix of the edge-weighted complete k-partite
graph on V1 ; UV ; U--- UV, ; with a loop at each vertex, where the edge-weight w is defined by

w(uw) = {E

for each edge uv. In other words,

)1 (w=v € Vi for some i € [k])

)ki2 (u € Vjj,v e Vy, for some i,7 € [k],i # j)

Q3 al3

where Ag, is the adjacency matrix of the (non—weighted) complete k-partite graph with n/d vertices

,,,,, n

on each side and I denotes the identity matrix of size d It is a well-known fact [15] from spectral graph

theory that the spectrum of Ay, s [('m ﬂ) ,0R(G D), (—3) 17, where a® means a is an eigenvalue
oae . . k—1\1 nk—1 k(nfl) k—1 .

of multiplicity b. So the spectrum of Q; is [( W) , (F) ,(0)*7*]. Thus, dimker@; =k —1

and Amin(Qj) = dk +. This completes the proof. O

7.2 Identifiability of projections of p-Cayley-Menger varieties and /,-norm rigidity

The aim of this subsection is to demonstrate the impact of the link between rigidity and identifiability
observed in Section 5 on graph rigidity. Since this application requires a substantially longer discussion,
the proof is given in a separate paper [61].

In Section 2.3, we looked at graph rigidity in ¢,-space, where instead of conventional Euclidean
distances we are concerned with /)-distances between points in a real vector space. An extensive study
has been done for ¢, local rigidity, but ¢, global rigidity is not yet well understood [27, 29]. A major
open problem in this context is whether global rigidity in £,-space is a generic property of graphs as in
the case of Euclidean global rigidity by Gortler-Hearly-Thurston [33], see a discussion in Section 5.

The difficulty to extend techniques in Euclidean global rigidity is the lack of an obvious counterpart
definition of stress matrices. The theory of stress matrices, developed by Connelly [22, 23], is currently
the central tool in Euclidean global rigidity analysis, and it heavily relies on the fact that the squared
Euclidean distance is quadratic. Interestingly, t-tangentially weakly non-defectiveness discussed in Sec-
tion 5.2 provides a counterpart tool. To see this, we shall introduce the £,-analogue of the Cayley-Menger
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variety. For a positive integer p, define h, : C> — C by hy(x1,22) = (21 — 22)P. When p = 2 and the
domain is real, fp, K, () is the list of square Euclidean distances among n points z = (x1,x2,...,,) on
a line, and the image of f3, K, is called the Cayley-Menger variety. Motivated by this, we call the image
of fn, i, the p-Cayley-Menger variety CM?,.

Let g, be the sum of d copies of hy,. If p is a positive even integer and the domain is restricted to
real numbers, then f, g, is the measurement map that outputs the list of p-th powered ¢,-distances in
d-dimensional real vector space. Hence, the global g,-rigidity of a d-dimensional framework (G, p) in our
terminology is equivalent to the global rigidity of (G, p) in d-dimensional ¢)-space.

Since gp is the sum of d copies of h,, one may try to apply Corollary 5.5 to show the global g,-rigidity
of generic frameworks. To apply Corollary 5.5, we need to understand when 7g(CMP) is d-tangentially
weakly nondefective and when G is globally h,-rigid. It is a folklore fact that global rigidity in 1-
dimensional ¢,-space is characterised by the 2-connectivity of the underlying graph, which in turn implies
that G is globally h,-rigid if and only if G is 2-connected. In [61], Sugiyama and the fourth author further
gave a graph theoretical characterisation of the 2-tangentially weak non-defectiveness of g (CMP).

Theorem 7.4 (Sugiyama and Tanigawa [61]). Let p be an even positive integer with p # 2, n > 3 a
positive integer, and G a connected graph with n vertices. Then the following are equivalent:

(i) Some/every generic 2-dimensional framework of G is globally rigid in the £,-plane.

(ii) mq(CMP) is 2-identifiable.

)
)

(iii) mq(CMP) is 2-tangentially weakly nondefective.

(iv) G is 2-connected and G — e contains two edge-disjoint spanning trees for every e € E(G).
)

(v

To our knowledge, this purely graph-theoretical characterisation of the identifiability of an orthogonal
projection of a variety is new. Also, the theorem solves the generic global rigidity problem in £,-planes.

We should remark that the proof of Theorem 7.4 relies on sophisticated graph theoretical techniques
from graph rigidity theory. In particular, the proof of (iv) = (iii) uses the inductive construction due
to Dewar, Hewetson and Nixon [28], who showed that a graph satisfying the combinatorial condition
(iv) can be built up from a small graph by recursively applying two local graph-operations, called K -
extension and generalised vertex splitting. Sugiyama and Tanigawa [61] have confirmed that each local
graph-operation preserves the 2-tangentially weakly nondefective of 7g(CM?P ), which implies (iv) = (iii).
The proof of (iii) = (ii) = (i) is done by applying a general tool from algebraic geometry explained in
Section 5.2. Finally, (i) = (v) and (v) = (iv) have been already shown in [28] and [45], respectively.

We believe Theorem 7.4 is valid in d-dimensions. By the theory in Section 5, the proofs of (iii) = (ii)
= (i) = (v) in Theorem 7.4 still work in dimension d. (v) = (iv) also follows from the well-known Maxwell
count argument. Hence extending the theorem to d-dimensions reduces to the following conjecture.

G is 2-connected and G — e is locally rigid in the {,-plane for every e € E(G).

Conjecture 7.5. Let p be an even positive integer with p # 2, n > 3 be a positive integer, and G be a
connected graph with n vertices. Suppose G is 2-connected and G — e contains d edge-disjoint spanning

trees for every e € E(G). Then ng(CMP) is d-tangentially weakly nondefective.

8 Conclusion
We have introduced a far-reaching generalisation of graph rigidity theory to the broader setting of point

identifiability, encompassing diverse applications. Since our first arXiv submission in 2023, the paper has
inspired the following substantial developments:

39



e The connection between global rigidity and identifiability of algebraic varieties established in Sec-
tion 5 broadens the applicability of Connelly’s global rigidity theory. Two follow-up papers [61, 36]
exploit this connection in the contexts of L,-rigidity and tensor completion, respectively.

e Our graph-theoretical formulation can be used to express several problems in algebraic statistics
in terms of random graphs or random hypergraphs. Through this formulation, follow-up work [36]
applies techniques for proving rigidity of random graphs to identify the sharp sample complexity
for low-rank tensor recovery.

o Expanding on the results in Subsection 3.6 for unirational varieties, [51] explores the relationship
between the matroid of an embedded join X +Y and the matroids of X and Y. As in the unirational
case, M(X +Y) is a weak image of M (X)V M(Y). Additionally [51] characterises when equality
fails in terms of defective joins of certain coordinate projections.

e The generalise model of rigidity theory we introduced in this paper turns out to be the right one
to generalise the famous Erdés distinct distances problem which asks how many distinct distances
must exist between a set of n points in the plane. In [26] g-rigidity is shown to be the natural
setting to generalise the Erd6s distinct distances problem to consider different spaces and metrics,
or larger structures of points.

o Garamvolgyi [31] asks whether his technique for identifying graphs from matroids can be extended to
hypergraphs via g-rigidity matroids. This question is motivated by the unlabelled rigidity problem,
where the underlying graph is to be recovered from a collection of measurements. The analogous
question for tensor completion seems practically useful, but to the best of our knowledge we are
not aware of earlier work discussing this problem prior to Garamvoélgyi.

We conclude the paper by describing a number of open problems and potential extensions of our work.

From a rigidity theoretic perspective, a natural question arises regarding the search for combinatorial
characterisations of (global) g-rigidity. A notable instance is presented in Conjecture 3.12, where we
propose a potential characterisation of g-rigidity in the case when g is of a generic form. Establishing
such combinatorial characterisations would provide insights into the fundamental properties of g-rigidity.

A recent paper [7] by Beers et al. shows that the local identifiability of point configurations from
barcodes of the persistence map associated with the Cech filtration is characterised by circumradius
rigidity of hypergraphs. This is precisely g-rigidity for the circumradius measurement map. Establishing
combinatorial conditions for g-rigidity in this setting would be impactful.

We expect that Theorem 5.13 applies to a wider class of polynomial maps g, beyond those covered in
the paper. A notable instance is the case where ¢ is the permanent function, as investigating its rigidity
properties could shed light on its connection to other combinatorial structures.

In Section 5 we have shown a sufficient condition for global g-rigidity using weighted adjacency
matrices, which is an analogue of Connelly’s stress-matrix condition. An important remaining question
is to establish a graph theoretical property to guarantee the applicability of the theorem. Another
interesting direction is to develop sufficient conditions for (global) g-rigidity in the multipartite model
from Section 6.

Corollary 4.9 also has significant application in statistics, in particular in the identifiability problem
of Gaussian mixture models. This problem aims to find the minimum number of parameters needed to
uniquely determine a statistical model from n sample points. The method of moments, often used for
parameter recovery, reduces the identifiability problem to determining the non-defectivity of secants of
the corresponding varieties. While this has been done for specific cases (e.g., zero covariance matrices),
our results could provide insights into more general scenarios. Specifically, it would be interesting to
capture the identifiability of Gaussian mixture models [3, 5], as specific instances of the g-rigidity model.
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