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Abstract

The supremum of a stochastic process is an important object in applied probability,
with applications in insurance, finance, queueing theory, and risk analysis. Although
its distribution is typically intractable, in many settings the tail of the supremum is
asymptotically equivalent to that of the underlying process, a phenomenon we call tail
equivalence to the supremum. In this thesis we study certain cases where such equivalence
holds.

By highlighting a certain property, which we term synergistic at extremes, we show
that processes attaining extreme values through the combined effect of all increments
admit simpler and more intuitive arguments. This perspective allows us to give alternative
proofs of existing results on tail equivalence for Lévy processes and to treat special cases
such as the perturbed ruin process.

The main contribution of the thesis is to extend the theory beyond the Lévy setting to
compound renewal processes, removing the assumption of exponential waiting times. The
key step is to establish extreme lower-tail asymptotics for sums of i.i.d. random variables,
using exponential tilting and Edgeworth-type expansions. This leads to tail equivalence

results for a broad class of compound renewal processes with light-tailed jumps.
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Chapter 1

Introduction

The supremum of stochastic processes is an important object in applied probability. In
a wide range of applications — insurance, finance, queueing systems, and risk theory
— the largest value attained by a process over time determines the key performance
or risk measure of interest. In finance, for instance, barrier and lookback options are
priced by functionals of the running maximum, while in queueing models the waiting

time distribution depends directly on the supremum of an associated random walk.

The stochastic processes typically used in these applications are often Lévy processes,
such as compound Poisson processes, or more generally compound renewal processes.
Understanding the distributional properties of the supremum of such processes, and in
particular its tail behaviour, is therefore central to many applications. However, obtaining

closed-form expressions for the distribution of the supremum is typically very difficult.

Under suitable assumptions, an important phenomenon observed across several classes
of processes is that the supremum often has the same tail order as the underlying process
itself. More precisely, for large thresholds x, the probability that the supremum exceeds
x is asymptotically equivalent to the probability that the process exceeds x at a fixed

time. Formally,

P(X; > ) ~cP(X; > x), r — 00,

where X, = SUPg<s<; Xs and ¢ > 0 is a constant. Here, for positive functions f and g,

the notation



means that

L@
g~

Such a relation is extremely useful. It allows one to study the distribution of
the supremum indirectly through the distribution of the process, thereby providing
asymptotic information in situations where the exact distribution of the supremum is
analytically intractable.

This relation, which we refer to as tail equivalence to the supremum, is the main object
of this thesis. In particular, we ask under what assumptions the above equivalence holds.
The assumptions explored concern both the class of the process and the behaviour of its

tails.

The study of this kind of phenomenon goes back to Lévy’s classical result 35|, namely

the reflection principle:
P(Et > a:) = 2P(B; > 1), for every t > 0,

where (B;)i>o denotes standard Brownian motion. The above is a strict equality, in
contrast to the asymptotic results that followed later.

Subsequently, many authors investigated the topic by focusing on specific classes
of Lévy processes with certain tail behaviour. We present these results in detail later
in [Section 3.2l Most notably, Willekens [44] treated Lévy processes with long tails,
proving tail equivalence to the supremum for general Lévy processes. Braverman,
who systematically studied the light-tail case in a series of papers |16, 12, |15 [14],
established tail equivalence to the supremum for compound Poisson processes with light-
tailedﬂ jumps. In addition, Albin [1] treated the case where the tails of the process are

exponential.

We observe that some existing proofs rely on elements that are not strictly necessary,
while at the same time a certain condition/property emerges as key to the phenomenon in
the light-tailed case. We call processes that possess this property synergistic at extremes
and base a particular elementary method for proving asymptotic equivalence to the
supremum on this property.

In particular, we show that this property implies (and is equivalent, in the Lévy

'Note that his definition of light tails differs from the standard one. See Definition m
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Chapter 1. Introduction

case) that a process attains extreme values by using all of its increments. This is the

analogue for processes of the principle known for sums of light-tailed random variables as

the conspiracy or synergy principle. Using the fact that such processes achieve extreme

values in this specific way, we obtain simple and elementary proofs of previous results

and treat some special cases such as the generalised ruin process.

Most importantly, we point out that the property of independent and stationary

increments is stronger than necessary: regeneration at hitting times already suffices. This

allows us to extend the results beyond the Lévy setting to compound renewal processes

with light-tailed jumps.

In particular, the main contributions of this thesis are as follows:

(a)

We establish tail equivalence to the supremum for a broad class of compound
renewal processes with light-tailed jumps and non-negative linear drift (Theo-
rem . This provides a direct extension of Braverman’s result for compound
Poisson processes [14] and, to the best of our knowledge, constitutes the first such

result outside the Lévy class.

We derive sharp extreme lower-tail asymptotics for the renewal time 7), as n — oo,
for each fixed s > 0, obtaining an explicit asymptotic expansion for P(T,, < s) that

includes both the precise prefactor and the first subexponential correction term

(Proposition [4.3.1)).

We prove tail equivalence to the supremum for the perturbed ruin process, that
is, for the sum of a compound Poisson process, a linear drift, and an independent

Brownian component. To the best of our knowledge, this result does not appear in

the existing literature (Proposition |3.4.22)).

We introduce a simple method that yields elementary proofs of tail equivalence
to the supremum statements (see Section . This approach enables the
extension to the non-Lévy setting described in (a) and also provides a unified
and conceptually transparent derivation of several classical results, including tail
equivalence for Brownian motion with drift, Lévy processes with exponential-type
tails, and compound Poisson processes with light-tailed jumps. The resulting
proofs are shorter and more transparent than the original arguments and clarify

the structural reason why tail equivalence holds.



We begin in with the basic theory relevant to this thesis. This includes the
asymptotic notation used throughout, an introduction to Lévy processes and compound
renewal processes, and a review of definitions and notions related to the tails of
distributions.

In [Chapter 3Jwe turn to the problem of asymptotic tail equivalence for Lévy processes.
We begin by reviewing existing results. We then introduce a key structural property and
analyse its consequences, which form the basis of our method for proving tail equivalence
to the supremum. We call processes satisfying this property synergistic at extremes.
Building on this framework, we provide alternative proofs for several important special
cases—namely Brownian motion with drift, compound Poisson processes with light-tailed
jumps in the sense of Braverman, and Lévy processes with exponential-type tails—and, in
addition, establish an original result for the perturbed ruin process. Finally, we summarise
the method and outline possible directions for further research.

contains the main contributions of this thesis, where we turn to compound
renewal processes. We remove the assumption of exponential waiting times and develop
tools analogous to those introduced for Lévy processes synergistic at extremes, adapted
here to processes that regenerate at hitting times. To show that such processes are
synergistic at extremes, and hence to apply our method, we must establish sharp extreme
lower-tail asymptotics; this is the subject of[Section 4.3] This is achieved by exponentially
tilting the waiting times and analysing the resulting exponential integral. For this final
step, we use an Edgeworth expansion for triangular arrays of random variables, developed
in detail in Section A 1l

Finally, in we present a short independent research project that is
nevertheless relevant to our thesis. We develop logarithmic asymptotics for the tails of
the area under a powered random walk having jumps with semi-exponential tails during
its first excursion (Theorem . The topic is related to what we have done so far,
but the techniques are very different, as we use a Large Deviation Principle approach

influenced by [5].

10



Chapter 2

Preliminaries

2.1 Asymptotics

2.1.1 Asymptotic notation: O, o and ~

We recall some standard asymptotic notation that will be used throughout the thesis; see

[36].

Definition 2.1.1 (Big-O). Let f(2) and g(2) be two complex-valued functions defined in

a set D of the complex plane.

(i) (At a point). Suppose the closure of D contains a point zy. We write
f(z) =0(g(2)) as z — zo from D
if there is a number & > 0 such that
1f(2)] < Clg(z)], z €D with 0 < |z — 2| < 0,

for some constant C' > 0. That is, f is bounded in magnitude by a fixed multiple of

g for all z € D that lie sufficiently close to zy.

(ii) (At infinity). Suppose f(z) and g(z) are defined in an unbounded set D of the

complex plane. We write

f(z) =0(g(2)) as z — oo from D



2.1. Asymptotics

if there is a number M > 0 such that

[f(2) <Clg(z)l, 2z €D with [z > M,

for some constant C' > 0. That is, f is bounded in magnitude by a fixed multiple of

g for all z € D that are sufficiently large.

Definition 2.1.2 (Little-o). Let f(z) and g(z) be two complex-valued functions defined

i a set D of the complex plane.

(i) (At a point). Suppose the closure of D contains a point zy. We write

f(z) =o0(g(2)) as z — zy from D

if for any e > 0 there exists 6(¢) > 0 such that

lf(2)] <elg(z)] whenever z € D and 0 < |z — 2| < d(¢).

That is, f 1s smaller in magnitude than any multiple of g for z € D sufficiently

close to zg.

(ii) (At infinity). Suppose f(z) and g(z) are defined in an unbounded set D. We write

f(z) =o0(g(2)) as z — oo from D

if for any € > 0 there exists M(g) > 0 such that

lf(2)] <elg(z)] whenever z € D and |z| > M(e).

That is, f 1s smaller in magnitude than any multiple of g for z € D sufficiently

large.

In most cases, we do not need to explicitly refer to the set D, as it will be understood

from the context.

Remark 2.1.3. In practice, the following equivalent characterization of the little-o
notation is often more useful and follows directly from the definition (e.g., by repeatedly

applying the definition choosing e = 1/n in (i)).

12



Chapter 2. Preliminaries

Suppose there exists 1 > 0 such that g(z) # 0 whenever 0 < |z — zo| < p and z € D.
Then
f(z) =o0(9(2)) asz— z from D

if and only if
f(2)

lim —= = 0.
2en 9(z)

Note that the function g is allowed to vanish at zy, but not at other nearby points.

In particular, we will often use the notation o(1) and O(1). We write f(x) = o(1) as
x — xo if f(z) — 0 as © — xg, and f(z) = O(1) as x — x¢ if f(x) remains bounded for

x sufficiently close to xy (or for x sufficiently large when zy = 00).

Intuitively, the notation f(x) = O(g(z)) means that the magnitude of f is eventually
at most of the same order as that of g, while f(z) = o(g(x)) means that f is eventually
negligible compared to g. Here, “eventually” means for = sufficiently close to xy when

considering the limit © — xq, or for = sufficiently large when considering the limit z — oo.

It is immediate from the definitions that f(z) = o(g(z)) implies f(x) = O(g(x)).

Moreover, the little-o and big-O relations are transitive. Namely, if f(x) = o(g(x)) and

g(x) = o(h(x)), then f(z) = o(h(x)). Similarly, if f(z) = O(g(x)) and g(z) = O(h(z)),
then f(z) = O(h(z)) (see [36, Ch. 1, p. 20]).

Another notation we use frequently is the following.

Definition 2.1.4 (Asymptotic equivalence). Let f and g be functions defined in a set
D. We write

Remark 2.1.5. Note that the above relation can equivalently be written as

f(z) =g(x)(1+o0(1)) as x — .

13



2.1. Asymptotics

2.1.2 Types of asymptotic results: exact and logarithmic

We distinguish between different levels of precision in asymptotic approximations. In
particular, we consider logarithmic asymptotics, exact asymptotics, and, more informally,
refined (or sharp) asymptotics, as they appear in our results. This distinction helps clarify

the level of precision achieved by the asymptotic descriptions.

For simplicity, we state the definitions for functions as x — co. The same notions can

be defined for sequences (a,) as n — oo, and similarly for limits z — .

Definition 2.1.6 (Logarithmic asymptotics). Let f and g be positive functions defined in
a neighbourhood of infinity. We say that f and g have the same logarithmic asymptotics
as r — 00 if

log f(z) ~ log g(x), x — o0.

Definition 2.1.7 (Exact asymptotics). Let f and g be functions defined in a neighbour-
hood of infinity with g(z) # 0 for all sufficiently large x. We say that f and g have the

same exact asymptotics as r — oo if
f(x) ~ g(x), T — 00.
In our context, f will represent a tail probability function, that is,
f(z) = P(X > )

for some random variable X, while g may either be of the same form for another random

variable or be a function describing the asymptotic behaviour of f.

Similarly, sequences may arise in the form
a, =P(X, >c,),
where (X,,),, is a sequence of random variables, (c,), -, & sequence of reals, and n — oo.

Remark 2.1.8 (Exact asymptotics imply logarithmic asymptotics). Ezact asymptotics
imply logarithmic asymptotics under the mild condition that g(x) /4 1. Indeed, if f(x) ~

14



Chapter 2. Preliminaries

g(x) and f(x),g(x) > 0 for sufficiently large x, then

f(x) = g(z)(1 +o(1)),

and hence
log f(x) =log g(z) + o(1).
Therefore,
1
ogflz)
log g()

In our setting this condition is automatically satisfied, since both f and g typically

represent tail probabilities and therefore converge to 0 as x — oo.
Let us explore some examples to illustrate the difference between these notions.

Example 2.1.9. Let

Then

log f(z) _ —r+alogx . alogx Y
log g(z) —x x

so g provides the logarithmic asymptotics of f. However, it does not provide the exact

asymptotics unless a = 0, since

f(x) 0, a<0,

oo, a>0.

We provide two interpretations of logarithmic asymptotics and how they differ from
exact asymptotics. The first interpretation highlights that logarithmic asymptotics
approximate a function f only up to a relative error that -in contrast to exact ones-
may not vanish. Nevertheless, they provide valuable information since they identify the

leading exponential term governing the decay (or growth) of f.

Remark 2.1.10 (Logarithmic approximation: non-vanishing relative error). Fzact

asymptotics provide an approzimation with a vanishing relative error. Indeed, if f(z) ~

15



2.1. Asymptotics

g(x), then
f(x) = g(z)(1 +0(1)),

so g approzimates f up to a multiplicative relative error o(1) that vanishes as x — 00.

In contrast, logarithmic asymptotics provide an approximation with a wvanishing

relative error only in the logarithmic scale. That s, if

log f(x) ~ log g(x),

then

log f(x) = (1 + o(1)) log g(x).

To wnterpret this relation, write

for some function ¢(x) such that ¢(z) — —oco. Then

log f(x) = ¢(z)(1 + o(1)),

and therefore

) = eP@H0() — 6@)+0(0@) — g(5)eoé@) (2.1.1)

Hence the relative error between f and g is

fl@) —9(@) _ | o)
/() |

Since a function that is o(¢(x)) does not necessarily converge to 0, the relative error need

not vanish and may even diverge.

Remark 2.1.11 (Logarithmic approximation: leading exponential term). Equation (2.1.1)),
and in particular its second equality, highlights another interpretation of logarithmic
asymptotics. A logarithmic asymptotic approzvimation of f, here g(x) = e®@), identifies

the leading exponential term ¢(x) governing the decay of f.

16



Chapter 2. Preliminaries

The previous Example illustrates this phenomenon. Writing
f(.]?) = 2% % = eferalogx,

We see that g(x) = e™* captures the leading exponential term —x, while the term alogx =
o(z) represents a lower—order correction that is not captured by logarithmic asymptotics.

More generally, if
f(z) = p(a)e"?,  logp(x) = o(|h(x)]),

then g(x) = e"®) provides the logarithmic asymptotics of f, but it does not in general

provide the exact asymptotics unless p(x) — 1.

Example 2.1.12 (Cramér-type logarithmic asymptotics). Let (X;) be i.i.d. real-valued

random variables such that
o(t) = Ee'™ < o0, teR.

Let S, = > | X;. Then, for any a > EX;, Cramér’s theorem (see (31, Ch. 1, Sec. 3])
states that
1
lim —logP(S,, > an) = —I(a),

n—oo M,

where

I(a) = sup{at —log ¢(t)}

teR
is the associated rate function.
Thus
log P(S, > an) = —I(a)n (1 +o(1)), (2.1.2)

or

log P(S,, > an) ~ loge~ 1@,
In particular, this provides logarithmic asymptotics for the probability P(S, > an).
Remark 2.1.13 (Characterization of our results). In relation to our results, Theo-
rem[.1.9 provides exact asymptotics, while Theorem[B.3.1] gives logarithmic asymptotics.

On the other hand, Proposition yields exact asymptotics when the positive

parameter b satisfies b > 1, and refined logarithmic asymptotics when 0 < b < 1.

17



2.2. Tails of distributions

By refined we mean that the result identifies additional orders beyond the leading
exponential term of decay. In contrast to standard logarithmic asymptotic approximations
(see Remark or classical large deviation results such as Cramér’s theorem
(see Example , which determine only the leading exponential rate of decay, our
asymptotics also capture lower—order corrections (see also Remark .

2.2 Tails of distributions

In this section we discuss several notions describing the tail behaviour of probability
distributions, and introduce classes of random variables that will appear later in the
thesis. Our exposition of the basic notions largely follows [38].

Before proceeding, we define the notion of a tail probability. For a random variable X
with distribution function F, the (right) tail probability function, also called the survival
function, is defined as

F(r):=1-F(r) =P(X > ).

2.2.1 Light-tailed distributions

Definition 2.2.1 (Light tails). A random wvariable X is said to be light-tailed if its

moment generating function is finite in a neighbourhood of the origin, that is,
30 >0 such that M(6) :=E[e"*] < 0.

Random variables that do not satisfy the above condition are called heavy-tailed and

are covered in [Subsection 2.2.2]

As we discuss in the next remark, a random variable has light tails when its tail
probability function decays at least exponentially fast. For this reason the exponential

distribution plays a natural boundary between light-tailed and heavy-tailed distributions.

Remark 2.2.2 (Equivalent characterization of light-tailed random variables). A random
variable X satisfies Definition if and only if the tail of X is bounded above by an
exponential function. In other words, X 1is light-tailed if and only if there exists 8y > 0

such that

F(x)

6—9090

lim sup < 00. (2.2.1)

T—r0o0

18



Chapter 2. Preliminaries

Proof. For the “only if” direction, observe that if E[GGOX } < oo for some 6y > 0, then by

Markov’s inequality,
F(z) =P(X > z) =P(e"* > %) < e "E[e"], x> 0.

Thus (2.2.1) holds, and the tail probability decays at least exponentially.
The converse implication is proved later in Remark [2.2.11} O]

Typical examples of light-tailed random variables include those with Gaussian,
Exponential, or Gamma distributions, as well as those with Weibull distribution with
shape parameter o > 1. All bounded random variables are also light-tailed, for instance
those with uniform or beta distribution. In addition, many widely used discrete random
variables, such as those with geometric, Poisson, or binomial distribution, also belong to
this class. The justification follows immediately by checking that their moment generating
function is finite in a neighbourhood of the origin (see also |38, p. 15] for further discussion

on the Weibull case).

We now introduce a definition used by Braverman in several of his papers (see [13,
14} 115]), which will also be used frequently throughout this thesis. Braverman refers to
such random variables simply as “light”. To avoid confusion with the classical notion

introduced above, we will refer to them here as Braverman-light.

Definition 2.2.3 (Braverman-light tails). We say that the distribution of a random

variable X has a Braverman-light tail if one of the following conditions holds:

P(X >2z)>0 forallz>0, and g}l_}rgo PO, + X, > 1) 0; (2.2.2)
P(X>0)>0 and X <C for some constant C, (2.2.3)

where X1 and Xs are independent copies of X.

Most of the usual light-tailed distributions are also Braverman-light. In fact, all the
examples listed above as light-tailed belong to the Braverman-light class as well. Bounded
random variables are Braverman-light immediately from condition (2.2.3]). We now briefly

illustrate this for several classical distributions.
Example 2.2.4 (Gaussian distribution). Let X ~ N(0,0?). Then X;+ Xz ~ N(0,20?).

19



2.2. Tails of distributions

Using the standard Gaussian tail asymptotics (see [30, p. 98]),

P(X > z) ~

and therefore

V20 e~/ (a?)
TV 2T

o—a2/(20%)

o
T/ 21T 7

P(Xl + X5 > l’) ~

IP(X > ZU) i6_$2/(402) 0.

P(X, + Xo >2) V2

Thus the Gaussian distribution is Braverman-light.

Example 2.2.5 (Gamma distribution). Let X ~ I'(a, A), so that

AOL
flz) = mxwle’)‘m, x> 0.

Then X1 + X5 ~ T'(2a, A), and therefore

while

Hence

e
P(X > iIZ') = m/ te e dt,

)\2& 0
P(X;+ Xo >2x) = I'(2a) / 2t M qt.

P(X >z)  D(2a) [ZtleMdt

P(X; + X5 > x) N F(a)A . fx"o 120—1g=Xt It

Now both numerator and denominator tend to 0 as x — oo, so by [’Hdspital’s rule,

lim

[eS)
taflef)\t dt l,aflef)\m
fx =lim —— = 1limxz *=0.

2300 foo f2a—1p=Xt ]t oo pla—le—Az L300
x

Therefore,

_ P(X > )
lim =0,
T—00 P(Xl + X5 > I’)

and so the Gamma distribution is Braverman-light.

Example 2.2.6 (Weibull distribution). Let X have a Weibull(c, 5) distribution, so that

P(X >z)=e P 2 >0.

20



Chapter 2. Preliminaries

First consider the case a > 1. Since

P(X1+X2 >£L'> Z]P)(Xl >x/2, X5 >x/2),

we obtain
P(X, + Xy > ) > P(X > 2/2)% = ¢ 2002/27,
Therefore,
IED(X > ZE) e~ (Bx)”
< = J— o 2 2 67 .
BX, 7 X, > 2) = e2rmr — oP(=(82)" +2(62/2)°)
Since

—(Bz)* +2(Bx/2)* = —(Bx)* (1 —2'77),
and 1 — 2% >0 for a > 1, it follows that

P(X > z)
P(Xl + X5 > JT)

— 0, T — 00.

If o« =1, then X is exponentially distributed, equivalently X ~ T'(1,5), and this case

is covered by Example [2.2.5,

Remark 2.2.7 (Braverman-light r.v.’s form a strict subclass of light-tailed). Although

most typical examples of light-tailed random variables are also Braverman-light, the latter

class forms a strict subclass of the former.

First we explain why Braverman-light random wvariables are necessarily light-tailed.

Let X have Braverman-light tails and suppose X is unbounded. If X s bounded, then

it is immediately light-tailed since its moment generating function M () is finite for all

0 € R.

By [14, Lemma 2], if X is Braverman-light then the positive part X+ := max(X, 0)

1s also Braverman-light. In particular,

P(Xl(+) > ;c>
hm = 07

(x4 {7 > 0)

where Xl(H,XQ(H are i.i.d. copies of X+,

However, the above behaviour is impossible for heavy-tailed distributions. Indeed, for
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every non-negative heavy-tailed random variable Y it holds that

: P(Y; > x) 1
1 == 224
gl e ) .

see [27, Theorem 2.12]. Hence X) cannot be heavy-tailed.
Since heavy-tailedness is a tail property (see [27, p. 8]) and X and XF) have identical
right tails, it follows that X is also not heavy-tailed. Therefore X must be light-tailed.
On the other hand, there exist distributions that are light-tailed but not Braverman-

light as we show wn the next two examples.

The following construction was used in [27, p. 16| to show that there exist light-
tailed random variables satisfying (2.2.4). For our purposes, it provides an example of a

light-tailed random variable that is not Braverman-light.

Example 2.2.8. Let X be a discrete random variable with probability distribution (p,)nen
supported on (z,)nen, where xg = 1 and x,1 > 2z, for every n.
Let X4, X5 be i.1.d. copies of X. Since the support grows faster than a factor of two,

if X1 <xpq and Xy <z, then
X1+ Xo <221 < x4

Hence the event { X7 + Xo >, — 1} = {X1 + X5 > x,} can occur only if at least one of
the variables exceeds x,_1 and therefore x,,—1. Splitting according to whether X; > x,—1

or not yields

PXi+Xo>2,—1)=P(Xy>2,— 1)+ P{Xy <z, — 1} N{Xy >, —1}).
Using independence we obtain
PXi+Xo>2,—1)=P(X;>2,— 1)+ P(X; <2,) P( Xy >z, —1).
Since P(X; < x,) = 1 as n — oo, it follows that

PX;+Xo>a,—1)~2P(Xy > 2, —1), n — 0o,
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and therefore

li P(Xl > Ty — 1) 1
11m = —.
n—o0 ]P)(Xl—f—Xg > Ty — 1) 2

and hence X cannot be Braverman-light.

On the other hand, taking x, = 3" and p, = ce™>" wyields a light-tailed distribution,
since the tail probabilities decay faster than exponentially (see Remark . Interest-
ngly, in this example the failure of Braverman-lightness is determined solely by the choice

of the support.

The following distribution was constructed in |27, p. 45| to show that the condition
defining subexponential distributions, namely , does not imply long-tailedness in
general, unlike in the case of non-negative random Variablesﬂ For our purposes, this
construction provides a convenient example of a continuous random variable that is light-

tailed but not Braverman-light.

Example 2.2.9. For A > 0, consider a random variable X with distribution F on

[—A, 00) and survival function

F(z) = (z + A+ 1) 2e (@A), x> —A.

First, X is light-tailed. Indeed, since (x + A+1)72 ~ 272 as & — 00, we have

F(I) ~ x—Qe—(:c—i-A) _ e—x—Qlogz—A'

Thus F(x) decays at least exponentially fast, and hence X is light-tailed (see Re-

mark .
On the other hand,

oo

P(X; + Xy > x) :/ F(z —y)F(dy)

—00

m/2_ o
_ / Flz — y)F(dy) — / Fla —y)dF(y)

/2

/2
- 2/ Fla—y)F(dy) + (F(z/2))’,

—0Q0

"'We formally introduce the aforementioned notions later in the thesis.
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after integration by parts. We thus have, as x — oo,

N z/2 _
Fx F(x) ~ 265”‘4/ (x —y) %’ F(dy) + o(F(z))

—A

x/2 o
~ 2z 27 A /_A e F(dy) + o(F(x))

~ 2F(z) /_OO e’ F(dy).

A

Hence
P(X 1
lm — X >0 £0, (2.2.5)

SRR [y
—A

and therefore X 1is not Braverman-light.

2.2.2 Heavy-tailed distributions

Heavy-tailed distributions arise naturally in many areas of everyday life, for instance in
the distribution of wealth, insurance claim sizes, or service waiting times. Nevertheless, we
are generally less familiar with such distributions than with light-tailed ones. Moreover,
the term heavy-tailed is sometimes used rather loosely: it may refer to power-law
behaviour, an increasing mean residual life, infinite variance, and so on. In what follows,
we restrict ourselves to precise mathematical definitions of different levels and aspects of
heavy-tailedness. Each definition provides a different intuition for the concept of heavy
tails.

We also highlight the different mechanisms through which sums of heavy- and
light-tailed random variables attain extreme values, namely the contrast between the
catastrophe principle and the synergy principle. These ideas will play an important role
later in our treatment of Lévy processes and compound renewal processes.

Our exposition is mainly based on [38].

Heavy-tailed

So far we have informally characterized heavy-tailed distributions as those that are

not light-tailed. We now give a precise definition.
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Definition 2.2.10 (Heavy tails). A random variable X is said to be heavy-tailed (X €
H) if
E[egx] = 00 for all 6 > 0.

As expected, and as implied by the equivalent characterization of light-tailed random
variables in the previous section, heavy-tailed random variables admit an equivalent

definition in terms of the rate of decay of the tail probability function.

Remark 2.2.11 (Equivalent characterization of heavy-tailed random variables). A
random variable is heavy-tailed if and only if its tail probability decays slower than any
exponential function. More precisely, a random variable X with tail function F is heavy-

tailed if and only if for all @ > 0,

F
lim sup @ = 00. (2.2.6)
r—o0  €7F
Proof. We prove here the “only if” direction. The converse follows from Remark [2.2.2]

where the equivalent characterization of light-tailed random variables was established.

Assume that X is heavy-tailed and argue by contradiction. Suppose that there exists

0y > 0 such that o
F(z)

6—90:v

lim sup < 00.

T—r 00
Then, by the definition of the limit superior, there exist constants C' > 0 and zy > 0 such
that

F(z) < Ce™%7, x> 1.

Let X* := max{X,0}. Since e < 1+ "X it suffices to show that ]E[e")ﬁ} < 00
for some n > 0.

Now for every non-negative random variable Y it holds that

E[e™] =1+ ?7/ e"P(Y > x) dx,
0

see Fact [A.2.1]in [Section A.2| Applying this identity with Y = X yields

]E[enxq =1 +77/ e F(x) dx.
0
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Fix any n € (0,6y). Then

00 ) 00
/ "™ F(z) dx :/ "™ F(z) dx +/ e F(z) dw.
0 0

o

The first integral is finite. For the second we use the exponential bound:

/ e F(x)dr < C/ e” W= gy < o0,
xo o

Hence ]E[e”x q < 00, and therefore E[e”X ] < 00, which contradicts the assumption
that X is heavy-tailed.

Thus for every 6 > 0, -
F(x)
6—030

lim sup = Q.

T—00

]

Loosely speaking, both characterizations express the same intuition: heavy-tailed dis-
tributions place more probability mass on extreme values than light-tailed distributions.
Examples of heavy-tailed distributions include the Weibull distribution with shape
parameter o < 1, the lognormal distribution, the Pareto distribution, the Cauchy
distribution, and the Fréchet distribution. Further discussion of these examples can

be found in |38, Ch. 1, Sec. 2.

Long-tailed

Long-tailed distributions are closely connected to the notion of the residual life

distribution, which we introduce below.

Definition 2.2.12 (Residual life distribution). Let X be a real-valued random variable
with distribution function F and tail probability function F(x) = 1 — F(z). For x with
F(x) > 0, the residual life distribution at threshold x is the law of X — x conditioned on

{X > z}. Its distribution function is

R.(y) = 1-PX>z+y|X>z) = 1—- ——, y > 0. (2.2.7)

Equivalently, its tail probability function is R,(y) = N
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Definition 2.2.13 (Long tails). A random variable X is said to be long-tailed (X € £)
if for every fixed y > 0,
lim R,(y) = 1. (2.2.8)

Z—00

Long-tailed distributions form a subclass of heavy-tailed distributions; see [38, Ch. 4,
Sec. 3|. In practice, most commonly encountered heavy-tailed distributions are also
long-tailed, and constructing a heavy-tailed distribution that is not long-tailed is not
entirely straightforward. In particular, all of the aforementioned examples of heavy-
tailed distributions are long-tailed as well: the Weibull distribution with shape parameter
a < 1, the lognormal distribution, the Pareto distribution, the Cauchy distribution, and
the Fréchet distribution.

The notion of long-tailedness provides another perspective on heavy-tailed behaviour.
Roughly speaking, if a long-tailed random variable exceeds a large threshold z, it is likely
to exceed it by an arbitrarily large amount. In other words, the defining feature of long-
tailed (or heavy-tailed) random variables is not that they frequently take extreme values,
but rather that when they do take a large value, it can be extremely large.

Another intuition comes from the concept of the expected residual life, denoted by
m(z) =E[X —x| X > z].

Most light-tailed distributions have m(z) that is eventually decreasing, while most heavy-
tailed distributions have m(z) that is eventually increasing (see [38, Ch. 4, Sec. 2|). The
memoryless property of the exponential distribution implies that it is the only distribution
with constant m(z), once again showing that it forms a natural boundary between light
and heavy tails.

The class of long-tailed distributions makes the above heuristic precise. More
specifically, whenever lim,_,,, m(z) exists, a random variable is long-tailed if and only if

Jiy m(e) = oo

(see |38, p. 94]).
The behaviour of the expected residual life of a long-tailed distribution may at first
seem counterintuitive. In many familiar situations, the longer we have already waited

for an event, the shorter the remaining expected waiting time becomes. However, for
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long-tailed distributions the opposite behaviour may occur: the expected residual life

increases with the elapsed time.

Subexponential distributions

Subexponential distributions are closely connected with convolutions and sums of i.i.d.

random variables.

Definition 2.2.14 (Subexponential distributions). A random variable X is said to be
subexponential (X € 8) if it is long-tailed and

li = - 2.2.9
xg{olo P(Xl + X2 > I’) 2’ ( )

where X1, Xy are independent copies of X.

In general, subexponentiality implies that

F(z) ~n F(z), T — 00, (2.2.10)

where F*" denotes the n-fold convolution of F'. For non-negative random variables, the
converse also holds, so that is an equivalent definition of subexponentiality in
that case; see |27, p. 52].

The class of subexponential distributions is a subclass of the heavy-tailed distribu-
tions, since every subexponential distribution is long-tailed. In fact, all the examples
mentioned above as heavy-tailed are also subexponential: the Weibull distribution with
shape parameter a < 1, the lognormal distribution, the Pareto distribution, the Cauchy
distribution, and the Fréchet distribution; see 38| p. 64].

For non-negative random variables, subexponentiality is defined directly through
condition (2.2.9)), since in that case it already implies long-tailedness [27, p. 44|. However,
this implication does not hold in general when random variables may take negative values.
That is the case with the distribution presented in Example[2.2.9] if we choose A such that
the integral in (2.2.5)) equals 1. For this reason the definition above explicitly includes

the condition of long-tailedness in order to preserve this property.

Catastrophe vs. Synergy. The notion of the single big jump, or catastrophe

principle, is prevalent among heavy-tailed distributions. In terms of sums of heavy-
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tailed i.i.d. random variables, this means that a large sum typically occurs due to
the contribution of a single very large summand. For non-negative random variables,
subexponential distributions form precisely the class for which this principle holds.
Namely, when X is non-negative, condition -and therefore — is equivalent

to
PXy+Xo+--+ X, >2) ~ P(max(Xy, Xo,...,X,) >2), r—o00. (2.2.11)
This follows from together with
Pmax(Xy,...,X,) >2)=1—-(1-P(X >2))" ~nP(X > 2), T — 00,

which holds for every random variable.

A non-negative random variable that satisfies is said to satisfy the catastrophe
principle; see |38].

In contrast, sums of i.i.d. light-tailed random variables typically attain large values
through a synergistic effect between the summands, where no single summand is of the
same order as the sum. In [3§|, a non-negative random variable is said to satisfy the

conspiracy principle if
P(max(X1, Xo, ..., X,) >2) =0o(P(X1 + Xo+ -+ X,, > 1)), r — 00.

Most common light-tailed distributions satisfy the conspiracy principle. Examples
include the exponential, Gaussian, and Weibull distributions with shape parameter a > 1;

see [38, p. 60].

Regularly varying distributions

Regularly varying distributions are closely related to the notion of a power law.
Roughly speaking, their tail probability function F(x) behaves asymptotically like a
power of x. To describe this precisely we first introduce the concept of regularly varying

functions.

Definition 2.2.15 (Regularly varying function). A measurable function f : (0,00) —

(0,00) is said to be regularly varying of index a € R, written f € RV(«), if for every
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A>0
. f(Ax)
S N

If a =0, the function is called slowly varying.

Slowly varying functions may be thought of as functions that grow or decay
asymptotically more slowly than any power of x. Typical examples include log x, log log z,
and constant functions.

A fundamental property of regularly varying functions is that they are asymptotically
of power-law type: f € RV(«a) if and only if there exists a slowly varying function L such
that

f(z) = 2*L(z).
Indeed, given f € RV(«) one may take L(z) = f(z)/x“.
Definition 2.2.16 (Regularly varying random variables). A random wvariable X with

distribution function F' is said to be regularly varying with index a > 0, written X €

RV () if its tail probability function satisfies
F € RV(—q).
Equivalently,
F(x) = 27“L(z),
for some slowly varying function L.

A non-negative regularly varying random variable with index —a, i.e. X € RV(—a),
has finite moments only up to order «. In particular, E[X™] < oo for m < «, while
E[X™] = oo for m > «, see |38} p. 43].

Regularly varying random variables are closely connected with the notion of asymp-

totic scale invariance. Indeed, if F € RV(—a), then for every A > 0
F(\x) ~ N °F(x), T — 00,

so that the shape of the tail remains asymptotically unchanged under multiplicative

scaling.
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Regular variation represents the strongest form of heavy-tailed behaviour encountered
in this chapter. In particular, regularly varying distributions form a subclass of the
subexponential distributions [27, p. 57]. Well-known examples include the Pareto
distribution, the Cauchy distribution, and the Fréchet distribution. The Pareto
distribution is the most typical example, since its tail follows an exact power law.

On the other hand, there are heavy-tailed distributions which are not regularly
varying, such as the lognormal distribution and the Weibull distribution with shape
parameter o < 1; see |38, p. 64].

In conclusion, we have the strict inclusions

RVcScLCH.

2.2.3 Exponential tails

The following class of probability distributions, commonly denoted by £L(a) in the
literature, appears frequently in the study of convolution tails (as does the related class
S(«) introduced later); see, for example, |1} |17, 22 21|. Following [17|, we refer to such
distributions as having exponential tails. The reason for this terminology will become

clear after the definition.

Definition 2.2.17 (Exponential tails). A random variable X is said to have exponential

tails with index o (X € L(«)) if

— F
lim Bo(y) = lim 8T Y _ar s (2.2.12)

The exponential random variable X ~ Exp(«) is the prime example of a random
variable in £(a). In fact, it serves as the prototype of this class, since holds
for it with equality rather than merely asymptotically. This is precisely the well-known
memoryless property of the exponential distribution.

Another important subclass is the class of long-tailed distributions £. Indeed, by
comparing Definition [2.2.13|with (2.2.12)), we see that £(0) = £. The following equivalent

characterization clarifies the structure of exponential tails and motivates the terminology.

Remark 2.2.18 (Equivalent characterization of exponential tails). A random variable
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X with distribution function F belongs to L(«) if and only if
F(z) = W(x)e ™, (2.2.13)

where W is a long-tailed function, that is,

% —1 (x — 00)
for every fized y.

Proof. If X € L(«), define

Then

W(l’—f—y) — F(_x—i_y)eay_)efayeay: 17

W(z) F(x)

so W is long-tailed.
Conversely, if F(z) = W (x)e ** with W long-tailed, then

F(_a: +y) _ Wr+y) S

F(z) W(z)

so X € L(a). O

The function W does not necessarily converge to zero. However, since it is long-
tailed, it cannot decay faster than any exponential function. Thus the class £(a) consists
of distributions whose tails decay essentially exponentially, up to a multiplicative long-

tailed factor.

Another interpretation of this class comes from residual life distributions (see
Definition [2.2.12)). Condition ([2.2.12)) means precisely that the residual life distributions

R, converge weakly to an exponential distribution with parameter «.. In other words,
X—x|X>xi>Exp(a).

The exponential distribution is in fact the only possible non-degenerate limiting

residual life distribution. To see this, suppose that there exists a non-trivial limiting
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residual life distribution S such that

SN 1 F(x+y)
W= TR

exists and is positive for every y > 0. Then for y,w > 0 we can write

F(:ciy+w) :F(E+y+w) _F(_J:er)'

F(x) F(z+y) F(x)

Taking limits yields

S(y+w) = S(y) S(w), y, w > 0.

The above relationship characterize the exponential function, hence

Other than the exponential distribution itself, examples of distributions belonging to
L(a) can be constructed using the equivalent characterization given earlier. In particular,

any distribution whose tail can be written in the form

where W is long-tailed, belongs to L(a). Typical examples are obtained by choosing

regularly or slowly varying factors such as
F(z) = 2e™°, F(z) = (logx)te .

Examples of distributions that do not belong to L£(a) include bounded random
variables, such as the uniform distribution. More generally, many common light-tailed
distributions fail to satisfy the asymptotic memoryless property (2.2.12)). For instance,

the Gaussian distribution does not belong to this class.

Indeed, if X ~ N(u,oc?), then

F(z) = P(X > z) ~ xiuqﬁ(m_u), z — 00, (2.2.14)
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where ¢ is the standard normal density. Hence

Flz+ — - 2\ a0

B+y) ,_T=8 0 —y(x—Zm ~ L) ==, (2.2.15)
F(x) T+y— [ o 20

Thus the limiting residual life distribution degenerates at zero. In particular, the

pointwise limit of R,(y) corresponds to the Dirac measure at zero, which is not right-

continuous at y = 0 and therefore does not define a proper residual life distribution.

Another way to see that the Gaussian distribution does not belong to L£(«) is to
note that its tail decays super-exponentially, and therefore cannot be written in the form
(2.2.13)). The same phenomenon occurs for other light-tailed distributions with super-
exponential decay. For example, the Weibull distribution with shape parameter a > 1

does not belong to £(«) for the same reason.

Another class that we will mention later is the following.

Definition 2.2.19 (Convolution equivalent distributions). A random variable X is said

to be convolution equivalent with index o (X € 8(«)) if it belongs to L(«) and

P(X;+ X
lim (1-1— 2>CL’)

= 2.2.1
T—00 ]P(Xl > .T) € < 00, ( 6)

where X1, Xy are independent copies of X.

It turns out that if X € 8(a) then ¢ = 2E[e*¥]; see [22]. In particular, the above
and the definition of subexponential distributions (Definition [2.2.14]) implies §(0) = §.

Therefore, all the subexponential distributions mentioned earlier belong to this class.

An example of a light-tailed distribution in 8(«) is the distribution constructed in

Example [2.2.9] (see (2.2.5))).

Note that condition ([2.2.16)) excludes Braverman-light-tailed random variables.

2.3 Lévy Processes

We briefly recall the main facts about Lévy processes that will be needed later. Our

exposition follows Kyprianou [34].
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2.3.1 Definition and Examples
Definition 2.3.1 (Lévy process). A stochastic process (Xi),, s called a Lévy process
if

1. Xo =0 almost surely,

2. it has independent increments, i.e. for 0 <ty <ty < --- < t,, the random variables

Xy, — Xy, oo, Xy, — Xy, are independent,

3. it has stationary increments, i.e. for every s,t > 0, the law of X1 s — X; depends

only on s,

4. it has paths that are almost surely right-continuous with left limits (cadlag).

Lévy processes generalize both Brownian motion and the Poisson process, and can be

thought of as the continuous-time analogue of sums of i.i.d. random variables as discussed

in the subsection on infinite divisibility (see [Subsection 2.3.2)).

Example 2.3.2 (Brownian motion). Let (By),5, be a standard Brownian motion with

By =0. Then (Bt>t20 18 a Lévy process with Gaussian increments:
B, — By ~ N(0,t — s).
More generally, the process
X, =oB; + b, o>0,0eR,

is called a linear Brownian motion (or Brownian motion with linear drift). It is again a

Lévy process, with Gaussian increments of mean b(t — s) and variance o2(t — s).

Example 2.3.3 (Poisson process). A Poisson process with rate A > 0 is a jump process
(Nt>t207 with unit jumps, such that the number of jumps up to time t follows a Poisson

distribution with mean At, i.e.
N; ~ Poisson(At), t>0.

Equivalently, the waiting times between successive jumps are i.i.d. exponential random

variables with mean 1/\.
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Example 2.3.4 (Compound Poisson process with linear drift). A compound Poisson

process with rate A > 0 and jump distribution given by an i.i.d. sequence (&;);>1 is defined
by

Nt
Xt = Zéza
=1

where (Ni),~q is a Poisson process of rate A, independent of (&§)i>1. Then (Xi),5, is a
pure-jump Lévy process with finitely many jumps on each finite interval.

Adding a linear drift gives
Ny
Y;:Ct—FZ@, c € R,
i=1

which is called a compound Poisson process with (linear) drift, and it remains a Lévy

process.

Example 2.3.5 (Sum of compound Poisson process and Brownian motion with drift).
The sum of two (or any finite number of ) independent Lévy processes is again a Lévy
process (see [34), p. 28]). Therefore, another example of a Lévy process is a process of the
form

Xt:UBt+bt+Yt, tZO,

where By is a standard Brownian motion, 0 > 0, b € R, and Y; is a compound Poisson
process independent of B;.

The process X; thus consists of three components: a continuous Gaussian part o By,
a deterministic linear drift bt, and a jump component Y;. In particular, the jumps of
X, coincide with the jumps of the compound Poisson process Y;, while between jumps the

process evolves continuously according to the Brownian motion with drift.
An important class of Lévy processes is given by subordinators.

Definition 2.3.6 (Subordinator). A Lévy process (Xt),5, is called a subordinator if it

has almost surely non-decreasing paths.

The Poisson process defined above is an example of a subordinator.
Another class of Lévy processes we discuss is the class of strictly stable Lévy processes.
We restrict attention to strictly stable distributions and processes rather than stable

distributions in full generality.
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Definition 2.3.7 (Strictly stable random variable). For a € (0,2], a random variable Y
is said to have a strictly a-stable distribution if for every n > 1

Vit +Y, 4
nl/oc -

Y, (2.3.1)

where Y1, ...,Y, are independent copies of Y.

Stable distributions form a strict subclass of the infinitely divisible distributions that
we discuss later. This follows directly from their definition. The Gaussian distribution
corresponds to the case a = 2, while the symmetric Cauchy distribution corresponds to

a = 1; see |38, p. 115]. For a detailed treatment of stable distributions we refer to [39].

Example 2.3.8 (Strictly stable Lévy processes). A strictly a-stable Lévy process (X;),5
is a Lévy process whose increments follow a strictly a-stable distribution.

Important special cases include Brownian motion (corresponding to o = 2) and the
symmetric Cauchy process (corresponding to o =1).

Brownian motion 1s distinguished among strictly a-stable Lévy processes in that it is
the only case with continuous sample paths and increments with finite moments of all
orders.

For a # 2, strictly a-stable processes have heavy-tailed increments. In fact, by [38,

Th. 5.6/, there exists a function (qt),~, with g > 0 such that

P(|X¢| > x) = (g: + o(1))x™, T — 00. (2.3.2)

Therefore, the increments are reqularly varying, and as discussed in [Subsection 2.2.2

for regularly varying distributions, the n-th moment of the increments is finite only for
n < a.
Moreover, for a # 2 the sample paths are discontinuous, and in fact the set of

Jump times is dense in every time interval. A justification of this fact is given later

in|Subsection 2.5.4| (see (2.3.9) and the discussion therein).

Strictly stable Lévy processes also satisfy the self-similarity property
X, L t/oX,,  t>0, (2.3.3)

see [34, p. 12].
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2.3.2 Lévy processes and infinite divisibility

Definition 2.3.9 (Infinitely divisible random variable). A random variable Y is said to
be infinitely divisible if for every n > 1 there exist i.i.d. random variables Yy, ...,Y, such
that

Y2V 4+ Y,

Instead of referring to infinitely divisible random variables, one may equivalently speak
about infinitely divisible distributions (or probability laws). We will use these two terms

interchangeably.

Definition 2.3.10 (Characteristic exponent). The characteristic exponent of a random

variable Y is the function ¥ : R — C defined by
U(0) :=logE[e""], 0 e R.

The characteristic exponent uniquely determines the distribution of a random variable
since it is a monotone transformation of its characteristic function. One advantage
of working with the characteristic exponent is that it behaves particularly well under
sums of independent random variables. In particular, the sum of independent random
variables has characteristic exponent equal to the sum of their characteristic exponents.
For example, the definition of infinite divisibility can be conveniently expressed in terms
of characteristic exponents.

Indeed, if ¥ is the characteristic exponent of an infinitely divisible distribution, then
by the definition of infinite divisibility, for every n > 1 there exists a characteristic

exponent ¥, such that

U (f) =nV,(0), 6 € R.

It turns out that infinitely divisible distributions can be completely characterized
through a triplet of parameters. This fundamental result is known as the Lévy—Khintchine

formula (see [34}, p. 3]). Here and throughout, we use the notation a A b := min(a, b).

Theorem 2.3.11 (Lévy—Khintchine formula). A probability law p of a real-valued random

variable is infinitely divisible with characteristic exponent VU if and only if
/ e yu(da) = eV, 0 e R,
R

38



Chapter 2. Preliminaries

where

U(0) = iab + 30292 + / (1 — €™ + iz, <1y) I(da). (2.3.4)

R

Here a € R, 0 >0, and I is a measure on R\ {0} satisfying
/(1 A 2?) T (dr) < oo. (2.3.5)
R
Moreover, the triplet (a,o?,11) is unique.

Remark 2.3.12 (Integrability condition). The condition (2.3.5)) ensures that the Lévy—

Khintchine integral is well-defined. Indeed, for |z| > 1 it guarantees

/|>1 11— | TI(dz) < 2/ M(dz) < oo,

|lz|>1

while for |z| <1 one uses the Taylor expansion ¢ =1+ iz — 1622 + o(2?), so that
1— €% +ifr =0z asz — 0.

2TI(dz) < oo ensures integrability near zero.

Thus f‘

z|<1 X

Definition 2.3.13 (Lévy measure of infinite divisible random variable). The measure II

1s called the Lévy measure.

Lévy processes are strongly connected with the notion of infinite divisibility. For
every t > 0, the random variable X; is infinitely divisible. Conversely, for every infinitely
divisible distribution there exists a Lévy process such that X; has that law.

To see the former claim, note that for every n > 1
Xy = (Xim — Xo) + (Xogyn — Xign) + -+ (Xe = Xn—1)t/n) (2.3.6)

which, by the independent and stationary increments of a Lévy process, is a sum of n
i.i.d. random variables, each distributed as X;/,. This observation reinforces the idea
that Lévy processes are the continuous-time analogue of sums of i.i.d. random variables,
a perspective that we hinted at earlier and will revisit later.

Let us now consider the characteristic exponent of a Lévy process. It holds that

Ty (0) = t0,(0), >0, (2.3.7)
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where U, denotes the characteristic exponent of X;, that is,
U, (0) = log E[e"*] .

Relationship (2.3.7)) follows by applying (2.3.6) for rational values of ¢ and then

extending it to all £ > 0 by almost sure right-continuity of (X),., (which in turn
implies right-continuity of g(t) := E[eth}

Equation (2.3.7) shows that W; completely characterizes the distribution of the Lévy

by the Dominated Convergence Theorem).

process (X;),s-

Definition 2.3.14 (Characteristic exponent of a Lévy process). Let (X;),5, be a Lévy
process. We define WV := Wy and call it the characteristic exponent of (Xi),-

Since X is infinitely divisible, its characteristic exponent admits the representation
given in Theorem [2.3.11] Consequently, the Lévy process (X;),, is associated with a
triplet (a, o, 1I).

Definition 2.3.15 (Lévy measure of a Lévy process). Let (Xy),5q be a Lévy process with
Lévy triplet (a,0% 11). The measure 11 is called the Lévy measure of (X),s,-

The converse statement mentioned earlier—namely that for every infinitely divisible
distribution there exists a Lévy process such that X; has that law—is justified by the
Lévy—Khintchine formula stated above together with the following result (see |34 p. 5]).

Theorem 2.3.16 (Lévy—Khintchine formula for Lévy processes). Suppose that a € R,

o >0, and Il is a measure concentrated on R\ {0} such that
/R(l A 2?) TI(dz) < oo.
Define, for each 6 € R,
U(0) = iab + 30292 + / (1 — € + 0zl <1y) H(dz).

R
Then there exists a probability space (2, F,P) on which a Lévy process is defined having

characteristic exponent W.

2.3.3 Lévy-Itdé decomposition

Let us consider a Lévy process (X;),., with Leévy triplet (a,0? II), for some a € R,

o > 0, and a Lévy measure II satisfying (2.3.5). Then the characteristic exponent ¥ of
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the process, as we discussed earlier, has the form (2.3.4). With some rearranging it is

easy to see that W(#) can be written as

1
U(h) = {z’a@ + 50292}

\p(?)r(a)
i [(dx)
\1/(5),(9)
1 — e 1 502 TI(dx) b .
+\{/O<Ix<1( " ) ( )}4
\1;(;;(6)

Since the sum of independent random variables has characteristic exponent equal to
the sum of their characteristic exponents, the above decomposition suggests that the Lévy
process (X;),», with triplet (a,0? IT) can be written as the sum of three independent
processes with characteristic exponents W()(9), W®(9) and ¥®(f). The processes
corresponding to W(M(f) and ¥ () can be easily identified. The first corresponds to a
Brownian motion with drift,

Xt(l) = O'Bt — (Zt,

while the second corresponds to a compound Poisson process with rate II(R \ (—1,1))

and jumps (&,),,~, With common distribution

[(dx)
IR\ (=1,1))

It turns out that the last summand corresponds to another Lévy process, a square-
integrable martingale with an almost surely countable number of path discontinuities (or
jumps) on each finite time interval, which are of magnitude less than unity. Identifying
this component rigorously is the core of proving the Lévy-Ité6 decomposition, which is
due to Lévy and It6 [32]. A justification of this claim requires the introduction of Poisson
random measures and is quite lengthy, and therefore outside the scope of this exposition.
For a detailed proof see |34, Ch. 2, Sec. 1-5|, and for a rigorous formulation of the theorem

see [34, p. 37].

Consequently, we obtain the Lévy—Ité decomposition. That is, every Lévy process
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(X1);=o with triplet (a,0?,1I) can be written in the form
Xt = O'Bt —at + Zt -+ Mt' (238)

Here Z; is a compound Poisson process with rate II(R \ (—1,1)) and jumps (£,),,50
with common distribution IT(dz) /TI(R\ (—1, 1)), and M, is a square-integrable martingale
with an almost surely countable number of jumps on each finite time interval, each of
magnitude less than one.

The Lévy-Ito decomposition allows one to split Lévy processes into different classes

by selecting components, for example Brownian motion with drift, the sum of a Brownian

motion and a compound Poisson process, and so on.

2.3.4 The Lévy measure and its role

The Lévy measure is central both for understanding the path structure of a Lévy process
- especially in relation to its jumps/discontinuities- and for describing the tails of its
distribution.

The Lévy measure encodes the jump behaviour of the process. In particular, for
a Borel set A bounded away from zero, the number of jumps with sizes in A during
a time interval of length ¢ is a Poisson random variable with mean ¢II(A) [34, p. 67].
Consequently, a Lévy process has almost surely finitely many jumps of size larger than
e > 0 on any compact time interval. Moreover, the process has continuous paths if and
only if IT = 0, that is, when there are no jumps.

On the other hand, if II((—1,1)) = oo, the process has infinitely many small jumps
(i.e. jumps of size less than e for any fixed € > 0) on every interval, and the jump times
are dense |34, p. 67|. These infinitely many small jumps arise from the component M; in
the Lévy—Ito6 decomposition ([2.3.8)), namely the square-integrable martingale with jumps
of magnitude less than one.

As an example of such a process, consider a strictly a-stable Lévy process with a €
(0,2) that we encountered in Example . The Lévy measure of such a process has the

form

cr 7%dr,  x € (0,00),
11(dz) = (2.3.9)

colz|"1dz, x € (—00,0),
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for constants ¢, o > 0; see [34, p. 11]. In particular, II((—1,1)) = oo, and therefore the
process has infinitely many small jumps on every interval (0,¢), with jump times that are

dense.

Another important condition involving the Lévy measure and the jump behaviour is

/ |z| II(dz) < oo. (2.3.10)
|z|<1

The component of small jumps, and in particular M;, has paths of bounded variation if
and only if holds. Note that the compound Poisson component Z; always has
paths of bounded variation, since it is a pure jump process with almost surely finitely
many jumps on every interval (0,¢], with the number of jumps being Poisson distributed.
On the other hand, the Brownian component always has paths of unbounded variation.
Consequently, a Lévy process has paths of bounded variation if and only if holds
and o =0 (|34, p. 57]).

From what we have said, the behaviour of Il near zero controls the frequency of small
jumps, while its tail behaviour describes the distribution of large jumps. It is therefore
not surprising that the Lévy measure is closely connected to the tail behaviour of the

process itself. One immediate connection appears through exponential moments.

Theorem 2.3.17 (|34} p. 80]). Let 6 € R. Then
]E[eeXt] <oo forallt>0
if and only iof

/ P Tl(dx) < oo.
|z[>1

Recall also Definition [2.2.10] of heavy-tailed random variables. By Theorem [2.3.17]
it follows that the heavy-tailedness of X; is determined entirely by the tail of the Lévy
measure.

In some cases the connection between the Lévy measure and the tail of the distribution
can be made much more precise. An important example is the class of convolution
equivalent distributions, denoted by 8(«) for a > 0; see Definition . We state the

following result as given in [1].

Theorem 2.3.18. Let (Xt)tzo be a Lévy process with Lévy measure I, and let o > 0 be
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a constant. Then

I([1, n-
M €8(a) <= X, e€8(a) for some (hence all) t > 0.
I1([1, 00))
Moreover, if these conditions hold, then
P(X,
lim ( t>w):tE[eaX1}, t>0.

Convolution equivalent distributions have the property that if X; € 8(«) for some
t > 0, then X; € 8(a) for every ¢t > 0; see |23] and [42]. This explains the formulation
“for some (hence all) ¢ > 0” in the statement of Theorem [2.3.1§

Strictly stable distributions constitute an example of processes to which the above
theorem applies. In Example where we introduced strictly a-stable Lévy processes,
we observed that for a € (0,2) their distributions belong to the class §(0). Therefore,
the theorem applies to the corresponding strictly a-stable Lévy processes and yields the

following asymptotic relation:

P(X; > x) ~ tII((z, 00)), T — 00.

2.4 Compound Renewal Processes

In this section we introduce compound renewal processes. Our exposition is based on
[11] and |2]. Compound renewal processes form a natural generalization of the compound
Poisson processes introduced in Example [2.3.4] To this end, we first introduce renewal

processes, which generalise the Poisson process.

Definition 2.4.1 (Renewal process). Let (W;);>1 be a sequence of i.i.d. non-negative
random variables, called waiting times (also called interarrival times). Define the renewal

epochs (or simply renewals) by
T,:=Y W, n>1 T:=0,
i=1
and the associated counting process
Ny :=max{n >0:T, <t} t>0.

The process (Nt),» 4s called a renewal counting process.
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The sequence (75,),~, represents the times at which events occur (e.g. machine
failures), while (W},,),s, are the waiting times between successive events. The counting

process (IV¢),s, records the number of events that have occurred up to time ¢.

The terminology originates from reliability theory: after a failure at time 7,,, the

system is replaced (or renewed), and the time until the next failure is given by W, [11].

Remark 2.4.2. [t is immediate from the definition that renewal processes “start afresh”
at each renewal epoch. Conditioned on T,,, the shifted process (NTn+t — NTn)t>0 is
independent of the past and has the same distribution as (N;),so. This regeneration

property also carries over to compound renewal processes and will play a key role in

Chapter 4.

Definition 2.4.3 (Compound renewal process). Let (&;)i>1 be a sequence of i.i.d. random

variables, called jumps. The process

Nt
Xpi=Y &  t=0,
i=1

15 called a compound renewal process.

Remark 2.4.4. In general, the waiting times (W;) and the jumps (&) need not be
independent. Throughout this thesis, however, we will always assume independence, as

this is the natural analogue of the compound Poisson case and is essential for our analysis.

Compound Poisson processes form a special case of compound renewal processes,
arising when the waiting times W; are exponentially distributed. In that case, (IVy),s, is
a Poisson process and (X;),., reduces to a compound Poisson process, which is a Lévy

process.

In general, however, a compound renewal process is not a Lévy process: its increments
are neither stationary nor independent. Moreover, it is not even a Markov process, since
the distribution of future increments depends not only on the present state but also on

the time elapsed since the last renewal.
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2.5 First passage time and creeping

Definition 2.5.1 (First passage time). Let (X;),5, be a stochastic process with real-valued

paths and let x > 0. The first passage time above level x is defined by
T, :=inf{t > 0: X; > z},

with the convention that inf & = co.

The random variable T, is also called the hitting time of the level x. Equivalently, it

is the first time at which the process enters the set (z,c0).

We now introduce the notion of creeping (see |34, p. 219]).

Definition 2.5.2 (Creeping). We say that the process (X;),s, creeps upwards over the
level x if

]P)(XTI = a:) > 0.

We say that (X;),., creeps upwards almost surely if

A Lévy process with almost surely continuous sample paths creeps upwards almost
surely on {7, < oo} (or {7} < t} for fixed ¢ > 0). In particular, Brownian motion is an
example, since its paths are almost surely continuous and therefore the level x must be
attained continuously on {7, < oco}f]

Another example is a compound Poisson process with only negative jumps and strictly
positive linear drift. In this case, the process can only cross a level by continuous
deterministic drift, and therefore creeping occurs almost surely on {7, < oo}.

In contrast, a compound Poisson process with both positive and negative jumps and
positive linear drift may creep upwards, but not almost surely: the level can be reached
either continuously by the drift or by a jump that overshoots it.

In this thesis, we will primarily be interested in creeping on the event {7, < t} for a

fixed t > 0.

2 Actually, Brownian motion creeps upwards unconditionally since lim sup,_, ., By = oo (see [37, Ch. 5,
Sec. 1])
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2.6 Regeneration at first passage times

We introduce here a property that plays a central role in our analysis and is satisfied by
Lévy and compound renewal processes.

We will make use of the notions of filtrations and stopping times; for a comprehensive
treatment see 33, Ch. 1] or |20, Ch. 7]. Let (2,F,P) be a probability space and let
(Xt)y>o be a stochastic process adapted to a filtration (5;):>o.

Definition 2.6.1 (Stopping time). A random time T :  — [0,00] is called a stopping
time with respect to the filtration (F;) if, for every t > 0,

{T <t} eF.
Given a stopping time T', we define the o-algebra at time T" by
Fr={AecTF: An{T <t} €T, for all t > 0}.

Intuitively, F; represents the information available up to time ¢, while Fr represents the
information available up to the random time 7. Moreover, a stopping time is a random
time whose occurrence can be determined using only the information available up to that
time, without any knowledge of the future.

The first passage times defined in are stopping times (see, e.g., [34, p. 73]).
Indeed, at any time ¢, whether the event {7, < ¢} has occurred can be determined
solely from the information available up to time ¢, since this event is equivalent to
{supgc s Xs > x}.

Lévy processes satisfy the strong Markov property; see [20, Ch. 7, Sec. 3| for a
formal definition. Informally, a process satisfies the strong Markov property if, given
the information up to a stopping time 7', the future evolution of the process depends

only on the present state Xp. More precisely, the process

(X7t — X7)

is independent of the past conditional on X7, and has the same law as the original process

started from 0.
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Lévy processes satisfy an even stronger property: the future evolution of the process
after a stopping time is independent of the entire past, not only conditionally on the
present. In particular, the post-7' process is independent of F7 and has the same law
as the original process. The following result, taken from [34, Ch. 3, Sec. 1|, makes this

precise.

Theorem 2.6.2. Let T be a stopping time and define, on the event {T < oo}, the process
X = (Xi)iz0 by

Xt = XT+t - XT, t Z 0.

Then, on the event {T < oo}, the process X is independent of Fr and has the same law

as the original process X. In particular, X is a Lévy process.

For our purposes, we restrict this stronger form of the Strong Markov property to a

specific subset of stopping times, namely the first passage times.

Definition 2.6.3 (Regenerative at first passage times). We say that the process (X;)

t>0

is regenerative at first passage times if, for every x such that T, < oo almost surely, the

process X = (Xt)tzo defined by
X, = Xp 0 — X1, t>0,

is independent of Fr, and has the same law as the original process (Xi),~-

This property expresses that, at each first passage time, the process (Xt>t20 restarts
afresh, in the sense that its future increments are independent of the past and distributed
as a new copy of the process. Both Lévy processes and compound renewal processes

satisfy this property, and it will form the basis of several arguments developed later.

Remark 2.6.4. Lévy processes are regenerative at first passage times by Theorem[2.6.2.
Compound renewal processes are also regenerative, since they renew at jump times, and
every first passage time T, necessarily coincides with a jump time.

In particular, for both classes of processes, for any measurable set B and t > s, we
have

P(X,— X7, € B|T,=s)=P(X,_, € B).
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Remark 2.6.5. As an example of a process that is not regenerative at first passage times,

consider a compound renewal process with positive linear drift, i.e.,
Xy =Y; + 0, b>0,

where (Y3),5o 45 a compound renewal process. In this case, the process can exceed levels
continuously due to the drift, rather than only at jump times at which regeneration occurs.

Consequently, the process is not regenerative at first passage times.

49



Chapter 3

Suprema of Lévy processes

3.1 Processes Tail Equivalent to Their Supremum

Let (X}),~, be a Lévy process and denote its supremum process by

t>0

X, = sup X,,

0<s<t

for t > 0.
The central question of this chapter is: under what assumptions does there exist a

constant ¢ € (0, 00) such that

P(X;>z) ~ cP(X; > 2) as r — o0. (3.1.1)

Motivation

In applications one often requires control of P(Yt > x)—for instance in risk theory (ruin
probabilities), finance (barrier options), or queueing theory (buffer overflows). However,
the distribution of X, is rarely tractable.

It holds, the probability ]P’(Yt > x) for large x can be estimated directly
through the tail of X;, which is typically more accessible. Even when the marginal
distribution function of X; is not available in closed form, one often has knowledge of
its characteristic function. In that case, Tauberian theorems can be employed to recover
tail asymptotics from Laplace transforms. (see, e.g., [29] for an overview of Esscher

transforms, and [25] for an interesting variation).
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Definition

Given the central role of (3.1.1]), we introduce a convenient terminology.

Definition 3.1.1 (Tail equivalence to the supremum). Fizt > 0. We say that (X;), is
tail equivalent to its supremum at time ¢ with constant ¢ € (0,00) if (3.1.1) holds.

Types of assumptions leading to (3.1.1))

There are two natural ways of formulating assumptions that imply (3.1.1)). They are not

mutually exclusive and are often used in combination.

(i) Structural assumptions on the process. These are imposed at the level of

the Lévy—Ito decomposition (see [Subsection 2.3.3). For example, one may assume

that (X;),5, is a compound Poisson process with linear drift (as in [14]), a linear

Brownian motion, or the sum of the two (as in [15]).

(ii) Tail assumptions. These concern the heaviness of the tails and can be stated

either:

e at the level of the marginal distribution of X; (e.g. X; is long-tailed as in [|44]),

or

e at the level of the Lévy measure IT (e.g. IT has exponential tails as in [1] or the

jumps of a compound Poisson process are Braverman-light, as in [14]).

3.2 Existing Results

In this section we briefly present the most basic results on asymptotic equivalence to the

supremum.

3.2.1 Brownian Motion

The first and most classical result of this type concerns standard Brownian motion. In
this case the analogue of (3.1.1)) holds not merely asymptotically, but as an exact identity

valid for all z > 0.
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Theorem 3.2.1 ([41] Reflection Principle). Let (Bt),s, be a Brownian motion with By =
0. Then, for x >0,

P(B; > z) =2P(B; > x), for every t > 0.

A natural variant is Brownian motion with linear drift. Here the exact equality is

lost, but the asymptotic analogue of (3.1.1)) survives with the same constant:

Fact 3.2.2. Let X, := By + bt, where b € R. Then, as v — 00,
P(X;>z) ~ 2P(X; >x). (3.2.1)

This result can be established by applying the Girsanov theorem to remove the drift,
then invoking the Reflection Principle, and finally reversing the change of measure. Later
in this chapter we will give an alternative elementary proof that avoids Girsanov’s theorem

and extends to the scaled case X; = 0B; + bt with ¢ > 0 and b € R (see Fact [3.4.21)).

3.2.2 Processes with Heavy Tails

The heavy-tailed setting was first studied in |7], where the author considered Lévy
processes with symmetric increments and a regularly varying Lévy measure, using the

analytical method of sojourn time analysis.

Theorem 3.2.3 ([7]). Let (X;),5, be a Lévy process with Lévy measure I1. Assume that
II (x, 00) is reqularly varying with index —a for some a € (0,2) as x — oo. Then, for

every t > 0,
P(X;>z) ~ P(X; > 1), r — 00.
Although regular variation is imposed on the Lévy measure, this is in fact equivalent

to requiring that the distribution of X, is regularly varying (recall that regular varying

distributions are convolution equivalent and see Theorem [2.3.18)).

A major simplification was later provided in |44, who gave a short and intuitive proof

under substantially weaker assumptions, replacing regular variation with long-tailedness.

Theorem 3.2.4 ([44]). Let (X;),5, be a Lévy process. Fixt > 0. Then the following are

equivalent:
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(i) X; is long-tailed,
(ii) X, is long-tailed,
and each of (i) and (ii) implies
P(X:>z) ~ P(X; > 1), r — 00.
The proof in [44] is elementary: it relies only on tools like the law of total probability
and the definitions of long-tailedness and Lévy processes, thereby exposing the essence of

why the equivalence holds. Our own approach is closer in spirit to this line of reasoning

than to the more analytical methods of 7] and [14].

3.2.3 Processes with Light Tails

Michael Braverman has written numerous papers on this problem (eg.|12} (13} 14} |15} [16]),
and his work plays a big role in our approach. In particular, we will use one of his lemmas
and his definition of light tails in the next chapter on compound Poisson processes.

Braverman introduced his own notion of light tails, which we refer to as Braverman-

light tails (see Definition [2.2.3]). This notion was presented earlier in [Subsection 2.2.1}

where we also discussed that it is strictly stronger than the standard notion of light-

tailedness.

Theorem 3.2.5 ([14]). Let (X;),5, be a compound Poisson process with linear drift,

Nt
Xt = Z fk) + bta

k=1
where b is a constant, (Ny),5o is a Poisson process with rate A, and (§)x>1 are i.i.d.
random variables independent of (Ni),5q- Let (I'n)n>1 be the jump times of (Ni),s,, and
set

T :=max{n: I, <1}.

Suppose the distribution of & has a Braverman-light right tail. Then:

o P(Xr, >x), b<0,
IP(X1>ZL‘)N as r — Q.

P<X1>ZE), bZO,

Remark 3.2.6. Note that Braverman states his results for t = 1. This is not a genuine

restriction, since the proofs do not rely on the specific choice t = 1 and can be extended
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to arbitrary t > 0. However, to the best of our knowledge, such an extension cannot be

deduced immediately from the above statement for the case t = 1.

This theorem highlights a crucial distinction between positive and negative drift. In
the negative drift case, the tail of the supremum is asymptotically equivalent not to that
of X1, but rather to that of the process evaluated at the time of the last jump before
t=1.

We later present an alternative, more elementary proof of this result, which in fact
yields a slight generalization. Moreover, our main result, Theorem [£.1.9, extends this

conclusion from the compound Poisson setting to compound renewal processes.

Braverman further showed in |14] that the distinction between positive and negative
linear drift is genuine: there exist compound Poisson processes with Braverman-light
jumps and negative drift for which X; and X; are not asymptotically equivalent. Such
examples arise, for instance, when the jump distribution is bounded and supported on a

lattice.

The same paper also provides sufficient conditions on the jump distribution that
ensure asymptotic equivalence even in the negative drift case. For instance, the

equivalence holds when the jumps are exponentially distributed.

In subsequent work [15], Braverman introduced another such condition, which is
satisfied by the Gaussian distribution. Consequently, compound Poisson processes with

negative drift and Gaussian jumps also exhibit this asymptotic equivalence.

The most general light-tail result is again due to Braverman [15|, who considers the
Lévy process

X, =X, + 0B, + I, (3.2.2)

where X, is a pure-jump Lévy process of bounded variation, that is,

/_1 2| TI(dx) < oo. (3.2.3)

We discussed this condition earlier in [Subsection 2.3.4l

If the Lévy measure has finite total mass, then X; reduces to a compound Poisson

o4



Chapter 3. Suprema of Lévy processes

process, and (3.2.2)) becomes
Nt
Xy = Z; + 0By + Ut, Zt:Z&m
k=1

in which case the Braverman-light-tailed condition is imposed on the jump distribution
of Zt-
If, on the other hand, the Lévy measure has infinite total mass, then the pure-jump

component admits the decomposition
X, = M, + Z,

where M, is a square-integrable martingale with jumps of magnitude less than one, and

Zy; is a compound Poisson process (see [Subsection 2.3.3). In this case, the Braverman-

light-tailed condition is imposed on the distribution

H((max{:t,a}, oo))
I1((cv, 00)) ’

Fu(z):=1— (3.2.4)

for some a > 0, provided that II((c, 00)) > 0.

Theorem 3.2.7 ([15]). Let (X;),5, be a Lévy process with Lévy measure I1. Assume that

(i) T1((0, 00)) >0,
(i1) There exists a > 0 such that Fiy is well defined and has Braverman-light tails,
(iii) the bounded-variation condition holds, and
(iv) o > 0.
Then
P(X:>z) ~ P(X; >2), r — 00.

Note that while compound Poisson processes with negative drift may fail to satisfy
the asymptotic equivalence (see the discussion following Theorem [3.2.5)), the addition of
a Brownian component restores the equivalence under the condition of Braverman-light

jumps.
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Nevertheless, Braverman also constructed in [15] an example of a process given by
the sum of a compound Poisson process—whose jumps are not Braverman-light—and an
independent Brownian motion, for which the equivalence fails. This demonstrates that

his condition is essential.

The proof of Theorem is quite lengthy and technical. A closer inspection
of Braverman’s argument, however, reveals the underlying mechanism by which such
processes attain large values.

For instance, consider X; = B, + N, where (Nt)tZO is a Poisson process and (Bt)tzo is
standard Brownian motion. The most likely number of jumps when the process exceeds
a large level x is approximately = — logx, with the Brownian component contributing
By > logx.

Since no single mechanism dominates—as is often the case in the heavy-tailed
setting—a careful analysis of multiple competing regimes is required.

We explored whether Theorem [3.2.7| could be proved using our more elementary and
intuitive approach. As we discuss later, these attempts were not successful, reflecting both
the additional complexity introduced by the Brownian component and the limitations of

our method in certain cases.

3.2.4 Processes with Exponential Tails

Another important contribution is due to |1], who studied Lévy processes with exponential
tails, that is, processes in the class £(«a) for some a > 0. We have already presented and

discussed this class of distributions in [Subsection 2.2.3l

In that work, the asymptotic equivalence (3.1.1)) was established for several specific
Lévy processes frequently used in practice (e.g. in finance). The main result of the paper

is the following.

Theorem 3.2.8 ([1]). Let a > 0 and let (X;),5, be a Lévy process. Suppose that for
some t > 0 and every s € (0,t) the limit

. P(X,>x)
L(s) == lim ——*— "
()= lm 5% =%

exists. Then
X;€L(a) <= X;eLl(a).
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Moreover, if either condition holds, then both hold, and
P(X:>xz) ~ cP(X; > x), T — o0.

In that case, we have ¢ =1, if L(s) =0 for all s € (0,t).

Recall that £(0) = £ and therefore when o = 0, the assumption on the existence
of L(s) is not needed: Willekens’ theorem (Theorem [3.2.4)) already guarantees the
equivalence. Later in this chapter we will present a partial alternative proof of

Theorem using our method. Our argument covers precisely the case L(s) = 0
for all s € (0,t) (see Theorem [3.4.19)).

We also regard the following as particularly interesting as it highlights the central role

of the ratio L(s) in understanding tail equivalence to the supremum.

Theorem 3.2.9 ([1]). Let (X;),5, be a Lévy process that satisfies (3.1.1), but is not a
subordinator. Then one of the following holds:

(Z) Xt c L,’

P(X, >
(i1) ligglfﬁz() for all s € (0,1).
Remark 3.2.10. Theorem is of particular interest to wus, as it highlights the
condition around which our own method for proving asymptotic equivalence is built. As

we will show later, a strengthened form of condition namely

P(X
lim (X, > 2)

S ——,— 1l t 2.
A X, S 2) 0, for all s € (0,t), (3.2.5)

implies that the process must rely on the “synergy of all its increments” in order to
exceed large levels. Viewed in this way, Theorem can be seen as a manifestation
of the classical dichotomy between the catastrophe principle (eztremes caused by a single
large jump, typical of heavy tails) and the conspiracy principle (extremes caused by the
cooperation of all increments, typical of light tails). Unlike the random walk case, however,
these conditions are not mutually exclusive: there exist processes—such as geometric

Brownian motion—that satisfy both.

Remark 3.2.11. An analogous statement holds for random walks. We omit the proof,

as it would essentially replicate the argument of Theorem . In particular, let {S,}
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be a random walk with increments of infinite support (otherwise asymptotic equivalence

is not meaningful). Then, for
P(§n>x)NIP’(Sn>x), xr— o0, né€EN,

one of the following conditions must hold:
(i’) S, € L;
(17°) liminf, . P(Sx > z) /P(S, > x) =0 for every k € {1,...,n —1}.

Condition (i) is sufficient on its own, while (ii’) becomes sufficient when the limit exists.

3.3 A Heuristic Approach

3.3.1 Conditional Probability Viewpoint

A recurring theme in this thesis is that tail equivalence with the supremum can be

naturally understood via the conditional probability
P(X; >z|T, <t),
where T, :=inf{s > 0: X, > z}.
Since {X; > 2} = {T,, < t}, we have

P(Xt > ZE’) i ]P)(Xt >

~—

~—

Hence, by Bayes’ formula,

P(X; > x)

S — P(X T <1).
P(X, > z) (X > 2| T < 1)

Therefore, (X;),~, is tail-equivalent to its supremum with constant ¢ (see Defini-

tion 3.1.1)) if and only if

1
PX;>x|T,<t) ~ —, T — 0. (3.3.1)
c
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In words, the constant 1/c¢ has a natural sample-path interpretation: it represents
the asymptotic fraction of paths that, having crossed a very high level x before time ¢,
are still above x at time t. Thus the problem reduces to determining the probability of

remaining above a large level once it has been reached.

Seen this way, the phenomenon of tail equivalence is less about delicate analytical
manipulations and more about structural features of the underlying process. These

include:

e the mechanism by which the process attains large values, namely either through a
single big jump or by reaching the level at the very last moment before time ¢ using
all of its increments (catastrophe versus synergy principle; recall the discussion in
Subsection and Remark ,

e regeneration at first passage times, stemming from independent and stationary
increments (recall Definition [2.6.3)),

e the small-time behaviour near the origin (e.g. whether the process can immediately
drop below zero),

e the manner in which the process crosses levels: either by creeping (recall

Definition [2.5.2)) continuously or by overshooting them.

Regarding the last point, to be more precise, when the process does not creep upwards
we are interested not in the overshoot in its strict sense as it appears in the literature,
but in

lim P(7t>x—|—l|7t>x),

T—00

for some [ > 0. Namely, the asymptotic conditional probability that, given the process

has surpassed z, it also exceeds x + c¢. This probability is determined by the residual life

distribution (see Definition [2.2.12]).

3.3.2 Interpretation of Existing Results

We now revisit the results of Section through the conditional probability viewpoint, in
order to obtain a simpler interpretation and to highlight the role of the factors discussed

above. The discussion is primarily heuristic and intended to provide intuition.

99



3.3. A Heuristic Approach

Brownian motion.

The statement of Theorem [3.2.1] is equivalent to
1
IP’(Bt>:E|Tm§t):§, x> 0.

That is, among all Brownian paths that cross level x before time ¢, half remain above
x at time ¢t. Heuristically, this follows from: regeneration of the process at T, (recall
Definition and Remark [2.6.4), creeping of Brownian paths, and the symmetry
P(B, > 0)=1/2.

More explicitly: regeneration at T}, ensures that the post-hitting process B, := Bgip,—
Br, has the same law as B and is independent of the past. Creeping upwards implies
that the process stays above x at time t if and only if Bt,TI > (0. Symmetry of Brownian
motion then gives ]P’<Bt,Tz > 0> =1/2.

This is the ideal case: we obtain a strict equality. As soon as we move away from
Brownian motion, the result becomes less precise. For example, if the process does not
creep upwards almost surely, then the above heuristic yields only an inequality. The
possibility of overshoot allows for paths which remain above x at time ¢, even when the
shifted process is negative at time t — T, (i.e., X,_7, < 0). This reflects the fact that,

after exceeding level x, the process may decrease while still remaining above z.

In fact we illustrate this heuristic by formally proving the following:

Fact 3.3.1. Let (X),5, be a Lévy process such that P(X; > 0) = p for everyt > 0. Then
— 1
P(X;>z) < -P(X; > ), x> 0.
p

Proof. Since {X; > 2} = {T, < t}, Bayes’ formula yields

P(X; >
M:P(pryngt).

P(X; > )

Now, on the event {7, <t},if X; — X7, > 0, then necessarily X; > Xp > z. Thus

{Xy — X1, >0} C{X; >z} on {7, <t},
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which implies

and by the law of total probability and conditioning on T}, we obtain

t
IP’(Xt>a:|Tm§t)2/ P(X,— X7, >0 | T, =s) P(T, €ds|T, <t).
0

By the regeneration property,
PX,— X7, >0 | T, =5)=P(X;_s >0) =p, 0<s<t.

Therefore,
t
IP’(Xt>x|Tw§t)Zp/ P(T, €eds)T, <t=p.
0

Combining this with the previous identity gives

P(X, > z) < lp(xt > ),

)

as claimed. O

Remark 3.3.2. The above applies in particular to strictly a-stable Lévy processes (see

Example|2.3.8), since X; 2 tY° X1, and hence p = P(X; > 0).

Linear Brownian Motion.

Fact is equivalent to
P(Bt+bt>x|Tx§t)~%, T — 00.

We will prove this result rigorously later in Fact using our method; for now, we
provide a heuristic explanation.

In contrast to the ideal case of standard Brownian motion, the symmetry property
no longer holds, since P(B; + bt > 0) # 1/2, and therefore we obtain only an asymptotic
equivalence rather than an exact identity.

Why does the constant 1/2 still appear? This is due to the manner in which the
process attains large levels and its behaviour near zero. A Brownian motion with drift

reaches high levels in a time-concentrated manner: conditional on the event {7, < t},
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the hitting time T, occurs arbitrarily close to t as x — oo (this is made precise in
Proposition . After regeneration at T, the process only needs to be positive at the
endpoint of the short interval (0,¢ — 7,). Over such small time intervals, the Brownian
component dominates the linear drift, and hence the probability of positivity converges

to 1/2.

Processes with heavy tails

The statement of Willekens’ Theorem for long-tailed Lévy processes, is equivalent
to

PX;>x|T,<t) ~ 1, T — 00.

The probability that a path which has crossed a large level x before ¢ remains above x
at time ¢ tends to one as * — oo. This behaviour stems from two features: the mechanism
by which heavy-tailed processes reach large values, and the renewal property at hitting

times. Long-tailedness, namely

lim P(X; >z +4+c|X;>x)=1 forall c>0,

T—00

implies the same for the supremum process (see the proof of Theorem . Thus,
when a path attains a very large value x, it overshoots x by an arbitrarily large amount,
leaving no chance to fall back below z in the residual time ¢t — T,.

It should be stressed that regeneration at first passage times is still crucial here.
Without it, an elevation to a high level does not in itself guarantee retention above
x. For example, in a mean-reverting process such as the Ornstein—Uhlenbeck process,
the higher the process climbs the stronger the pull back towards the mean, making the

retention above level x more complicated.

Compound Poisson with light jumps.

The statement of Theorem for compound Poisson processes with positive linear
drift is equivalent to

PX;>x|T,<t) ~ 1, T — 00.

In this case the result follows from three key ingredients: (a) light jumps imply that

the process reaches large values by synergy, so that when it crosses a large level x before

62



Chapter 3. Suprema of Lévy processes

t it does so arbitrarily close to t; (b) regeneration at the first passage time 7}; (c) once
regenerated, the process stays positive with probability 1 over very small time intervals.

Seen this way, the proof becomes much simpler and a more probabilistic than
Braverman’s original argument, which relied on features (such as the precise distribution
of the interarrival times) that play no essential role and obscure the core mechanism

behind the result.

Processes with exponential tails.

The tail equivalence in the statement of Theorem is likewise equivalent
PX;>z|T,<t) ~ 1, T — 0. (3.3.2)

Here again, regeneration at the first passage time 7}, is crucial, as is the manner in which
the process attains large values: condition ensures a synergistic behaviour, so
that large levels are reached close to t. A further key ingredient is that crossings occur
with a controllable overshoot, due to the existence of a limiting residual distribution.
This permits the path, after crossing level x, to decrease while still remaining above z at

time ¢t. This heuristic is formalized in the proof of Theorem [3.4.19]

3.3.3 Limitations of our heuristic approach

Consider now Theorem [3.2.7] treating the process
Xy =0B;+ Z; + bt, Z; compound Poisson.

This case illustrates the limits of our method, and the significant role of the residual life
distribution and small-time behaviour. A main goal was to provide a simplified proof of
this theorem — as we managed in the compound Poisson case — but we were not able
to.

Relative to the compound Poisson case, the addition of Brownian motion spoils the
small-time behaviour: the Brownian component dominates both the drift and the jump
part, making it likely that the renewed process will be negative at the end of the short

interval (0,t —T,). Relative to the exponential-tail case, the absence of a proper limiting
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residual distribution prevents us from controlling the overshoot smoothly and hence from

giving the path “room” to dip below z while still ending above it.

To further highlight the role of the limiting residual life distribution in controlling the

overshoot, consider the example X; = B; + NV;, where N; is a Poisson process. In this

casdl]

lim R,(c) = lim IP’(Xt>—x+c)

=0 > 1.
T—00 T—00 P(Xt > x) ’ =

Thus R, cannot converge to a proper distribution, since the exponential is the only
possible proper limit (see Section [2.2.3]). As a consequence, neither can the residual life

distribution of the supremum converge pointwise to a proper distribution. The proof of

the following fact is given in [Section A.3]
Fact 3.3.3. Let (Xy),5 be a Lévy process such that info<s<; P(Xs > 0) > 0 and

lim R,(c) =0 (3.3.3)

T—r 00

for some ¢ > 0, where R, denotes the residual life distribution of X,. Then

lim P(Yt > :U+c|7t >x) = 0.
T—00
In these cases, the best we can hope for in the pursuit of proving asymptotic
equivalence through this type of heuristic is that X; belongs to the maximum domain of

attraction of the Gumbel distribution. In that case —see [24, Ch. 3, Sec. 3],

CBX sategl)
1 =e ° 3.4
lim (X, > 1) e’ c >0, (3.3.4)

for some scaling function g.

This corresponds to a more delicate way of “giving room” to the path after hitting a
large level. It is in fact possible to prove asymptotic equivalence for processes of this type
under the additional assumption of a strengthened synergistic condition (3.2.5)). However,
we found the resulting statement too restrictive to be broadly applicable, and therefore

chose to omit it.

IThis follows since the residual life distribution of N; satisfies lim, ;. R.(c) = 0 for ¢ > 1, in
conjunction with Lemma 3.1 of [15].
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3.4 Synergistic at Extremes Lévy Processes

3.4.1 Definition and Properties

Condition ({3.2.5)) plays a central role in our analysis. For clarity and ease of reference,
we restate it below as a formal definition. The intuition behind this terminology was
already hinted at in our earlier discussion (see the paragraph “Catastrophe vs. Synergy”

in [Subsection 2.2.2| and Section and will be made precise in Proposition (3.4.9|

Definition 3.4.1 (Synergistic at extremes). Let (X;),5, be a stochastic process and fix

t > 0. We say that (X;),5, s synergistic at extremes up to time ¢ if

P(X
lim (X, > 2)

— = ll t). 4.1
XS o) 0, for all s € (0,t) (3.4.1)

As with other conditions imposed directly on X, such as long-tailedness, we cannot
generally show that being synergistic at extremes for some ¢ implies the property for all ¢.
Nevertheless, for simplicity we usually suppress the explicit dependence on ¢ and simply

say that a process is synergistic at extremes.

Remark 3.4.2. [t is implicit in the above definition that processes which are synergistic
at extremes have unbounded support, in the sense that P(X; > x) > 0 for all z,t > 0.
Indeed, if this were not the case, the ratio appearing in the definition would not be well
defined. This restriction is not significant for our purposes, as in such cases the notion

of asymptotic equivalence itself would fail to be meaningful.

Examples

According to Remark [3.4.2] examples of processes that are not synergistic at extremes
include those with non- increasing paths. Another example is a compound Poisson process

with only negative jumps and linear drift.

We now present some examples of synergistic Lévy processes. In the next section, we

will prove that these examples also satisfy the asymptotic equivalence to the supremum.

Example 3.4.3 (Linear Brownian motion). Let X; := 0By + bt with b € R and o > 0.
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Fort >0 and s < t,

O z=bs 2 2
P(X ov/s — —
X, > ) ( f> AP 0 Cll. ) o NS (3.4.2)
P(X; > x) 6(1?&) 202t 2025
oVt

as & — 0o, where ® and ¢ denote the standard normal tail and density, respectively, and

we used ®(x) ~ ¢(x)/x. Note that

(x —0bt)> (x — bs)? t—s N b? (t—s)
ex - = exp| — 4+ —(t—s
P\ 202 2025 P\ 72024t 202 ’

which indeed vanishes as x — 0.

Example 3.4.4 (Compound Poisson with Braverman-light jumps). Another process we
have already discussed that is synergistic at extremes is the compound Poisson process with
Braverman-light jumps and linear drift. Condition (3.2.5)) for the driftless case follows

directly from Lemma 5 in [1])]. The case with linear drift can be proved analogously.

Example 3.4.5 (Perturbed ruin process). Let X; := B, + Z; + bt, where b > 0, Z; =
Zfﬁl & with § <0 a.s., and (Bi),5o and (Nt),5, are independent (with (Ni) >, a Poisson

process). Then (Xt),5, is synergistic at extremes.

Indeed, observe first that

using independence of By and N;. Thus,

P(X,>x) P(Bs+ Zs+bs > 1) <

P(Bs +bs > x — Zj)

Since Zs <0 a.s., P(Bs+ bs > x — Z;) < P(Bs + bs > z). Therefore

P(X; > z) < 1 P(B; + bs > x) 0
P(X; >x) — P(Wy >t) P(B,+ bt > x) ’

as r — 00, by Example|3.4.5.
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Properties

We now work towards establishing the fundamental tools concerning synergistic

processes. In the next lemma, we make use of Definition [2.6.3

Lemma 3.4.6. Let (Xt)t20 be a process regenerative at first passage times. Then, for

anyt >0 and 0 < xg < z,

P(X;>z) inf P(X,> —z9) < P(X, >z — ). (3.4.3)

0<s<t

Proof. Since {T, <t} = {X; > 2}, we have

PXy>ax—a, T, <t) P(X;>x—x9) P(X;>2z—u1)

P(X, >z —a0| Ty <t) = < e
(> o =]l <) P(T, < 1) =T PRI, <) P(X, > 2)
Therefore,
P(X, >z —
X >Z=20) S piy, 5y g | To < 1), (3.4.4)
P(X,; > z)

Now observe that on the event {7}, < t}, if
Xy — Xp, > —xy,
then, since X7, > z, we have
Xy > X, —m9 > & — 0.

Hence

{Xi — X7, > =m0} CH{X; > 7 — w0} on {71, <t},

which yields
P(X; > —u|T, <t) >P(X; — Xp, > —20| T, < t). (3.4.5)

Conditioning on the value of T}, we obtain

t
P(Xt—XTzz—xo\Txgt):/ P(X, — Xz, > —a0| Ty = 5) P(T, € ds | T, < t).
0
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By the regeneration property at first passage times,
P(X; — Xp, > —20| T, = 5) = P(Xy—s > —20), 0<s<t.
Therefore

t
P(X, — Xg, > —20| T, < 1) / P(X, . > —a0) P(T, € ds| T, < #)
0

t
> inf P(X, > —xo)/ P(T, e ds|T, <t)
0

= inf P(X, > —x0).

Combining the above inequality with (3.4.4)), (3.4.5), we conclude that

P(Xt_> T = %) > inf P(X, > —x).
P(X; > z) 0<s<t

]

Remark 3.4.7. The above lemma applies in particular to Lévy processes, since they are

regenerative at first passage times (see .

Remark 3.4.8. The sequence of steps used in the proof above — namely (1) applying
Bayes’ formula, (2) using Xr, > x, (8) conditioning on the first passage time T, and
exploiting regeneration at first passage times. — will appear again in subsequent proofs.

We will not carry out these steps as analytically in every instance.

The following property provides a partial characterization of synergistic Lévy

processes and motivates the terminology.

Proposition 3.4.9. Let (Xt)tzo be a Lévy process that is synergistic at extremes up to

time t. Then
lim P(T, >t —¢€|T, <t)=1, for every e € (0,1). (3.4.6)
T—00

Conversely, if (Xi),5, satisfies (3.4.6) for some t > 0 and, in addition,

inf P(X,>0)>0, (3.4.7)

0<s<t
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then (Xi),¢ is synergistic at extremes up to time t.

Proof. (=) Suppose (X}),, is synergistic at extremes up to time ¢. Let ¢ > 0. We aim

to show that
lim P(T, >t—¢€|T, <t)=1.

T—00

Since {T, <t} = {X; >z} and {T, <t — ¢} = {X;_ > 7}, we have

]P(Yt_g > l’)
PT,>t—e|T,<t)=1-P(T, <t—€e|T, <t)=1— —————~.
P(X, > )
Therefore, it suffices to show that
P(X;, >z
hmli——l:o (3.4.8)

Fix xq large enough so that P(infocs<; X5 > —x¢) > 0, and let > xy. Then

P(Yt_e > x) < IP’(Y,;_G > m)
P(X,>z) = P(X;>u) (3.4.9)
P(X; >z — x0) 1 o

- P(infossgt_e X, > —Io) P(Xt > .T)7

where the first inequality uses X, > X, almost surely, and the second inequality follows

from Lemma together with
inf P(X, > —x9) > IP<0i<I31£tXS > —ZL‘()) .
Fix [ € (t — ¢,t). By independence and stationarity of increments,
P(X;,>z) > P(Xy_e > — x0) P(Xl_(t_€) > xg) )
Substituting this bound into (3.4.9)) yields

P(Xi—e > ) 1 1 P(X; > x)

— < - .
IP’(Xt > x) ~ P(infocscr—e Xs > —x0) ]P)<le(tfe) > xo) P(X; > z)

By the definition of synergistic-at-extremes processes, the last ratio tends to 0 as z — o0,

which proves (3.4.8)).
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(<) Now assume (3.4.6) holds and infos; P(X; > 0) > 0. Let € € (0,¢). We must
show
P(X;_.
lim —( e > )

=0.
z—o0 P(X; > )

By Lemma and the inequality P(X; . > z) < ]P’(Yt_6 > [E),

P(Xi— > z) < ]P)<7t76 > l‘) 1
P(Xt > .T) - P(Yt > .T) inf()<s<tL P(Xs Z 0) .
The first factor tends to 0 as x — oo by assumption, completing the proof. n

We believe that the extra condition (3.4.7) is merely a proof artifact, and that
condition (3.2.5)) alone characterizes the entire class of Lévy processes that reach extreme
values through the synergy of all their increments. Nevertheless, we present an example

of a process that does not satisfy it.

Example 3.4.10. As an example of a Lévy process that does not satisfy condition (3.4.7)),

consider a compound Poisson process with negative linear drift,
Xt:Zt+bt, b<0,

where Zy = S0t &, Ny is a Poisson process with interarrival times (W;), and (&) is an

i.1.d. sequence of jumps. Then
P(X,>0) < P(Ny>0)=P(W; <3s).
Since info s P(Wh < 8) =0, it follows that

inf P(X,>0)=0.

0<s<t

The exponential distribution of interarrival times played no role here: the same conclusion

holds for any compound renewal process with negative drift.

Example 3.4.11. If we add a Brownian component to the previous process, then
condition (3.4.7)) is satisfied. This is natural, since the Brownian motion, having

unbounded variation, dominates the linear drift and compound Poisson part at small
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times. Specifically, for Xy = By + Z; + bt with b < 0 and Z; as above,

P(Bs+ Zs+bs > 0) > P(Bs + bs >0, Ny =0)

P
P(B, > —bs) P(N, = 0)
P

(Bs > —bs) P(W; > s).
Hence
Oi<r;f<tP(Bs +Zs+bs>0) > P(By > —bt) P(W; >t) > 0.
The next Lemma will become the main tool in our proofs.
Lemma 3.4.12. Let (Xt)tzo be a Lévy process synergistic at extremes up to timet. Then,

for every ¢ > 0,

liminf P(X, >z —c|X;>2) > lim inf P(X, > —c). (3.4.10)

T—00 e—0t1 0<s<e

Proof. We expand

P(Xt>x—c‘7t>x):]P’Xt>x—c]Tx§t)

v

PXy>x—c, T, >t—€|T, <t)

v

(
(
P(T,>t—¢|T,<t) P(X; >z —c|t—e<T,<t)
P(T, >t —¢|Ty <t) P(X; — Xp, > —c|t —e < Ty <1)
(

>P(T, >t—€e|T,<t) inf P(X,—X;>—c)

t—e<s<t

=P(T,>t—¢|T,<t) inf P(X;> —c).

0<s<e

Here the steps are justified as follows:
o first equality: {7, <t} = {X; > 7},
e second equality: multiplication rule of probability,

e second inequality: X7, > x almost surely,

third inequality: regeneration of (X;),., at first passage times,
e last equality: stationarity of increments.

Finally, by Lemma [3.4.9]

liminfP(X, >z —c| X, >z) > inf P(X,>—c),

T—00 0<s<e
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and letting ¢ — 0™ completes the proof. O

The next result should be viewed as the dual counterpart of Lemma [3.4.12] providing

an upper bound in place of a lower bound.

Lemma 3.4.13. Let (Xt)tzo be a Lévy process synergistic at extremes up to timet. Then,

for every e > 0,

limsupIP’(Xt > m‘yt > x) <1— inf P(X; <0) limsupP(Xp, =x|t—e<T, <t).

T—00 0<s<e T—00

Proof. Let € > 0. Using {T, <t} = {X, > 2} and the law of total probability,

P(Xy >z | X, >2)=PX;>a|t—e<T, <t)P(T, >t —¢€|T, <t)

(3.4.11)
+ P(X; >z, T, <t—e€|T,<1).
Likewise,
PX;>z|t—e<T,<t) <PXy>z|Xp,=2,t—e<T,<t)
P(Xr, =z|t—e< T, <t) (3.4.12)
+P(Xp, >z|t—e< T, <t).
By stationarity and independence of increments,
PXy>z| Xy, =2, t—e<T, <t)< sup P(X;>0). (3.4.13)

0<s<e

Combining (3.4.11))—(3.4.13]) and taking limsup,_, ., the term P(X; >z, T, <t —¢| T, <)
vanishes and P(T, > ¢ — €| T, < t) — 1 by Lemma [3.4.9] yielding

limsupIP’(Xt > x‘yt > :1:) <1— inf P(X; <0)limsupP(Xp, =x|t—e<T, <t),

T—500 0<s<e T—00

where we also used that sup, ... P(X; > 0) =1 — infos. P(X, <0). O

The following proposition shows that, for synergistic processes, once a large level x is
crossed before time ¢, the process will remain arbitrarily close to x at time ¢, even if it

does not stay strictly above .
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Chapter 3. Suprema of Lévy processes

Proposition 3.4.14. Let (Xt)t20 be a Lévy process, synerqgistic at extremes up to some

time t > 0. Then, for any ¢ > 0,

lim P(Xt>x—c‘7t>x):1.

T—r00

Proof. By Lemma [3.4.12] it suffices to show that

lim inf P(X; > —¢)=1.

e—01 0<s<e

First, since

inf P(Xy > —c) > IP’( inf X, > —c)
0<s<e 0<s<e

and both sides are non-decreasing as € | 0 and therefore the limits exist, we obtain

e—01 0<s<e e—0t

lim inf P(X; > —¢) > lim IP( inf X;> —c

0<s<e

Again, since the limit on the right exists, and we may write

lim IP’( inf X, > —c) = lim IP’( inf X,> —c
e—0+ 0<s<e n—00 0<s<1/n

By continuity of measure for the increasing sequence of events

E,:= () {X.>-c}

s€(0,1/n)

we obtain

i p( ot %> ) =F(U ) (%20

neN se(0,1/n)

With 7. := inf{t > 0: X; = —c}, it follows that

Pl [) {(X.=-c}| = P(T_.>0).

neN se(0,1/n)
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3.4. Synergistic at Extremes Lévy Processes

Combining (3.4.14)—(3.4.17)), we conclude

lim inf P(Xy> —¢) > P(T_.>0).

e—0t1 0<s<e

Finally, P(T_. > 0) = 1 for every process with right-continuous paths starting at
Xo = 0. Indeed, on {T_, = 0} there exists a sequence t,, } 0 such that X; = —c. By
right—continuity,

Xo=lim X, =—c

n—oo

Hence,

{T,C = 0} - {Xo = —C}
and since Xy = 0 a.s. we conclude that P(7T_. = 0) = 0. O

The following corollary of Proposition |3.4.14] provides an upper bound for P(yt > :U),

for large x, in terms of the distribution of X;.

Corollary 3.4.15. Let (Xt>t20 be a Lévy process, synergistic at extremes up to some time

t > 0. Then, for any ¢ > 0,

P P(X, > —c)

3.4.2 Compound Poisson with linear drift

Here we prove asymptotic equivalence to the supremum for the compound Poisson process
with linear drift. In the case of negative drift we will need the following lemma, which
shows that for compound Poisson processes with non-positive drift, if they are synergistic
at extremes, then conditional on {7, < t} and for large x, the process reaches level x

with its last jump before time t.

Lemma 3.4.16. Let X; = Z, + bt, where Z; is a compound Poisson process and b < 0.
Let (') be the arrival times of the Poisson process associated with Z;. If (Xi),5, 48

synerqgistic at extremes up to time t, then

lim P(T, =Ty, | T, <t) = 1. (3.4.18)

T—00

Proof. Let (W;) denote the i.i.d. sequence of interarrival times of N;. Because the drift
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Chapter 3. Suprema of Lévy processes

is negative, the process X cannot creep upwards; it can cross x only at a jump. Hence
T, =T, for some i € {1,..., N;}.

We therefore write

P(T, =Ty, |T, <t) >P(N,— N, =0|T, <t)
>P(Ny— Np, =0, T, >t —¢|T, <t) (3.4.19)
=P(N, —Np, =0|t—e< T, <t) P(T, >t —¢|T, <t).

Applying the law of total probability, we obtain

t
P(Nt—NTm—O|t—e<Tm§t)—/ P(N, — Np, =0|T, = s) P(T, €ds |t —e < T, <t)
t—e
t
:/ P(N, — N, =0)P(T, €ds |t —e < T, <t)
t—e
t
:/ P(N,_, = 0) P(T, € ds |t —¢ < T, < 1)
t—e
T t—e<s<t

t
> inf P(W1>t—s)/ P(T, € ds|t—c < T, < 1)
t—e

= P(Wl > 6) .
(3.4.20)

Here we used that T, is almost surely a jump time, and that the Poisson process

regenerates at first passage times.

Combining (3.4.19) and (3.4.20f), we get
P(T,=Tn|T,<t) >P(W) >¢€) P(T, >t —€|T, <t).
By Proposition [3.4.9

Iminf (T, =Ty, | T, <t) >P(W; >e).

T—00

Finally, letting € — 0% yields the desired result (3.4.18)). ]

Theorem 3.4.17. Let (Xt)7520 be a compound Poisson process with linear drift,
Xt - Zt ‘I’ bt,
where b € R is a constant. Denote by (Ny),5, the Poisson process associated with (Zy),5,

5



3.4. Synergistic at Extremes Lévy Processes

and by (I',) the sequence of its arrival times.

Suppose (Xt>t20 15 synergistic at extremes up to some time t > 0. Then:
(i) Ifb>0,
P(X;>z) ~ P(X; > 1), r — 00.
(i) If b <0,
P(yt > x) ~ P(XpNt > :1:) , T — 00.

Proof. (i) b > 0: From Lemma [3.4.12| with ¢ = 0,

liminfP(X, >z | X, >2) > lim inf P(X,>0).

T—00 e—01 0<s<e

For a compound Poisson process with drift b > 0,
P(X,>0) > P(Ng=0) =P(W; > s).
Taking the infimum over 0 < s < € and sending € — 0" gives 1. Hence

lim P(X; >z | X; > x) =1,

T—r00

which implies the desired asymptotic equivalence.

(77) b < 0: Note that
{T, =Tn} 0 A{T, <t} C {Xr,, >z} N{X, >z}

By Lemma

limianF’(XpNt >x}7t >z) > liminfP(T, =Ty, |1, <t) =1,

T—00 T—00

which yields the result.
[

Remark 3.4.18. As we have already discussed, Theorem [3.2.5 of Braverman is implied
by Theorem since Lemma 5 in [14] guarantees that a compound Poisson process

with Braverman-light tails is synergistic at extremes.
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Chapter 3. Suprema of Lévy processes

3.4.3 Lévy processes with exponential tails

We now prove the following result.
Theorem 3.4.19. Let (Xt)tzo be a Lévy process, synergistic at extremes up to some time
t >0, and let « > 0. Then
X, €L(a) <= X;€L(a).
Moreover, if either condition holds, then

P(X;>z) ~ P(X; > 1), T — 00.

Proof. (=) Assume X; € L(«). For any ¢ > 0,

P(X; > ) P(X;>z) P(X;>z—c¢)

P(X; > z) CP(X;>7—0) P(X; > z)

The first factor converges to e~*¢ by the defining property of £(«). For the second factor,

P(X; >z —¢)
P(Yt > .r)

> P(Xt>x—c‘7t >x)7
by Bayes’ formula. By Proposition [3.4.14]

limianP’(Xt > x—c‘yt > J:) =1.

T—r00

Hence

liminfm > e
voo P(X; > )

Letting ¢ — 01 gives
P(X; >z) ~ P(X; > x), r — 00,

so X; € L(a).

(<) The argument is symmetric. Write

P(X,>z)  P(X,>x) PX,>x+¢)

P(Yt > ZL‘) ]P’(yt > T+ c) P(Yt > x)

Y

and repeat the same reasoning as above. O]
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3.4. Synergistic at Extremes Lévy Processes

Remark 3.4.20. This result is weaker than Theorem of Albin, but stronger
than Corollary 6.2 in [1]. Albin’s theorem relies on a discretisation method together

with Prokhorov’s theorem, whereas our proof exploits the synergistic property and

Proposition [3.4.14, leading to a simpler argument.

3.4.4 Linear Brownian Motion

We now prove asymptotic equivalence to the supremum for the linear Brownian motion.
Fact 3.4.21. Let X; := oB; + bt, where b € R. Then, for any t > 0,
P(X;>z) ~ 2P(X; > z), T — 00.

Proof. Since (X;),5, is synergistic at extremes up to time ¢ (see Example|3.4.3), the claim
follows by combining Lemma [3.4.12| and Lemma [3.4.13]

In particular, for the lower bound, Lemma |3.4.12] gives

limianP’(Xt > x‘yt > :1:) > lim inf P(X;>0).

T—00 e—01 0<s<e

If b < 0, then

inf P(X,>0)= inf 6(‘”) :5(**).

s
0<s<e 0<s<e o

If b > 0, then

inf P(X,>0)= inf 6(‘3}5) = 3(0).

0<s<e 0<s<e

In both cases,

lim inf P(X,>0)=

e—0t 0<s<e

SO

limianP’(Xt > x|7t > x) >

T—00

For the upper bound, Lemma yields, for any € > 0,

limsupIP’(Xt>x‘7t>x) < 1— inf P(X, <0) limsupP(Xy, = x|t —e< T, <t).

T—00 0<s<e T—00
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Since X; has continuous paths almost surely,
P(Xr, =x|t—e<T,<t)=1.

Moreover, by symmetry,

lim inf P(X, <0)= 3.

e—01 0<s<e
Letting € — 0T gives
limsupIF’(Xt > x|7t > x) < i

2
T—00

Combining the lower and upper bounds, we conclude that

P(X,>z) ~ 2P(X, > z), T — 00.

3.4.5 Perturbed Ruin Process

We now establish asymptotic equivalence to the supremum for the process
Xt = CTBt + Zt + bt,

where 0 > 0, b € R, and Z; is a compound Poisson process with non-positive jumps,
independent of the Brownian motion B;. To our knowledge, this case has not been
treated previously in the literature.

When b > 0, this model generalises the classical ruin process from risk theory (see
[19,34]). Here b represents the premium rate, while the compound Poisson process with
negative jumps models the aggregate claims. The Brownian component is interpreted as
additional uncertainty in either the premium income or the claim process. The infimum of
this process typically attracts the most attention, as it governs the probability of default

(ruin).

Proposition 3.4.22. Let X; = oB; + Z; + bt, with o > 0, b € R, and Z; a compound

Poisson process with non-positive jumps, independent of By. Then

P(X;>z) ~ 2P(X, > z), T — o0.
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Proof. Without loss of generality, set 0 = 1.

Lower bound. By Example |3.4.5) the process (Xt)tzo is synergistic at extremes up
to time . Hence Lemma yields

limianP’(Xt > ‘ X, > x) > lim inf P(X;>0).

T—00 e—01 0<s<e

Let (Vi) >, be the Poisson process associated with (Z;),,, and (W;) the waiting times.

For z,t > 0,

(3.4.21)

= P(B, + bt > z) P(W; > 1),

by independence of N; and B;. Thus

lim inf P(X,>0) > lim inf ®(—by/s)P(W; >s)=1.

e—0t+ 0<s<e e—0+ 0<s<e

Therefore

T—r00 2

Upper bound. By the law of total probability, for z > 0,

=P(B;+bt >x) P(Wy >t)+P(B, + bt + Z; >z, Z, < 0),
(3.4.22)

since jumps are a.s. non-positive. Also, for any x > 0,

Combining (3.4.22)—([3.4.23),

P(X,>z) = P(B,+bt>z) P(B+bt>z)P(Wy>1)

The first term converges to 1/2 as x — oo by Fact |3.4.21
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For the second term, note

P(Bt+bt+Zt>l’, Zt<0) < P(Bt+bt+Zt>I, Zt<0)
P(B, + bt > ) - P(B; + bt > x) '

By independence of B, and Z;,

P(B; + bt + Z, > x, Z; < 0) _/0 P(B; + bt >z —y)

P(Z; € d

with the integral replaced by a sum if jump distribution is discrete. Sinceﬂ for each y < 0

0
]P)(Bt + bt > .CE) ’

and
P(B; + bt > x —y) <1

]P)(Bt + bt > .’13) ’

the Bounded Convergence Theorem implies that the integral tends to 0.

Hence the second term vanishes, and

limsup]P’(Xt > x‘yt > ZB) < %

T—r00
Together with the lower bound, this yields

P(X,>z) ~ 2P(X, > z), T — o0.

3.4.6 Recap of the Method and Possible Extensions

Roadmap of the method

We have already described the heuristic ideas behind our approach, but let us
summarise the steps in a compact “roadmap.” To prove tail equivalence to the supremum,

we proceed as follows:

1. Show that the process (X;),., is synergistic at extremes.

2For the limit see also (2.2.15)).
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2. Apply Lemma [3.4.12] to obtain a lower bound for

lim inf m

?

in terms of the small-time behaviour of the process, i.e. lim o+ infocs< P(Xs > 0).
3. Analyse this small-time behaviour: if the resulting bound equals 1, we conclude
that ]P’(Yt > :E) ~ P(X; > x). If not — as in the cases of linear Brownian motion
or the perturbed ruin process — proceed to step 4.
4. Seek a matching upper bound, either via Lemma (particularly useful when
the process creeps almost surely, as with Brownian motion with drift), or through

an ad hoc argument (as in the perturbed ruin process).

In what follows we present an additional tool that can also be used for establishing

such upper bounds.

An additional tool

We present a simple inequality that can be useful for deriving the upper bound in
step 4 above. For example, it could have been applied in the case of linear Brownian
motion with negative drift, or in proving the upper bound for X; = oB; + Z; + bt
with b < 0, where it would have simplified the argument. It may also prove useful in

the possible extensions discussed later. For completeness, we also state its symmetric

counterpart. The proof is given in

Lemma 3.4.23. Let (B;),5o be a standard Brownian motion, (Cy),, a subordinator

independent of (Bt),»q, and o > 0. Then, for x > 0,
P(oB,—Cy>xz) > 2P(0B; — C; > ), (3.4.24)

and for all x € R,
P(oB,+ C; >z) < 2P(cB,+ C, > ). (3.4.25)

Possible future directions

The method detailed above can be applied beyond Lévy processes, as we will see in

the next chapter with compound renewal processes. Beyond that, it seems natural to
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expect it to work for processes of the form X; = B; + ¢(t), where g is a deterministic
drift. More generally, one could ask for which classes of processes of the type X; = g(By, t)
or X; = g(t,Y;), with Y; a jump process, the method still applies. Caution is needed,
however: if the resulting process is a continuous local martingale, then by the Dubins—
Schwarz theorem it enjoys the reflection principle just as in the Brownian case, making

the problem trivial.
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Chapter 4

Suprema of Compound Renewal

Processes

4.1 Introduction and Statement of Main Result

In the previous chapter we identified the structural properties responsible for tail
equivalence to the supremum. In particular, while Lévy processes possess independent
and stationary increments, our arguments relied only on a weaker feature: regeneration
at first passage times.

Moreover, in the compound Poisson setting, the exponential distribution of the waiting
times played no essential role in the proofs. These observations suggest that the method
extends beyond the Lévy framework to a broader class of regenerative models.

In this chapter we prove tail equivalence to the supremum for a broad class of
compound renewal processes. Specifically, we establish the result for compound renewal
processes with Braverman-light jumps under a mild condition on the waiting-time
distribution. This condition (stated below) includes the exponential distribution as a

special case, and therefore our theorem strictly extends Braverman’s Theorem [3.2.5]

Recall from Section that a compound renewal process is constructed from two
i.i.d. sequences: the waiting times (W), -, which are non-lattice, almost surely positive,

and have c.d.f. F', and the jumps (§,),,-,. More specifically, set T := 0 and

T, = iWi, n > 1.
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The process (T5,),-, denotes the sequence of renewal times, also referred to as renewals

n>0

or renewal epochs. Define the associated renewal counting process
N, == max{neN, : T, <t} t>0.

The compound renewal process is

Ny
Vi = > &  t=0.
k=1

In general, Y does not have stationary or independent increments. However, since it
regenerates at jump times 7}, and exceeds levels only via jumps, it is regenerative at first
passage times; see Definition [2.6.3

We now specify the condition we impose on the distribution of the waiting times.

Assumption 4.1.1. Let F' be the cumulative distribution function of the waiting times.
We assume that F' s absolutely continuous with respect to the Lebesque measure in a
neighbourhood of 0, and

dF(x)

f(z) = T = 27 (1 + coz® + o(2”)), r— 0%,
T

for some constants ¢; >0, a >0, b >0, and c; € R.

Remark 4.1.2. This assumption s local: it requires absolute continuity only on some

interval (0, p) with p >0, so that

F(ﬂf)z/oxf(y)dyv 0<z<p,

but does not impose any restriction on the behaviour of F' away from 0. In particular, it

does not imply that F' is supported on (0, p).

The class of waiting-time distributions (non-negative, non-lattice) satisfying the above

condition is broad. We now present several common examples that illustrate how
Assumption is satisfied both by unbounded distributions (Gamma, Weibull, Half-
Normal) and by bounded-support distributions (Uniform, Beta).
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Example 4.1.3 (Gamma distribution). The Gamma(a, A) law has density

_ )\a a—1_—Ax
f(x)—r(a>33 e x>0.

It constitutes the prototypical example of the class of distributions satisfying Assump-

tion . By Taylor expanding e~ at 0, we identify

)\a /\a+1

= b=1 = —— = ——.
a O[, 7 Cl F(og)’ C2 F(a)

Example 4.1.4 (Uniform distribution). If W ~ U(0,r), then

f(x) =Lon(x), x>0,
so Assumption[{.1.1 holds witha=1,b=1, ¢, =1, co = 0.
Example 4.1.5 (Weibull distribution). For parameters a, A > 0 the Weibull density is
f(@) =Xz exp(— (\2)¥), z>0.

Az)e

Expanding e~ at 0 gives

a=a, b=a, c=a\, c=—a\.
Example 4.1.6 (Half-Normal distribution). If X ~ N(0,02) and W = |X|, then

f@) =/, x>0

Since e=**/(7*) =1 — 2 4 o(2?), we obtain

Example 4.1.7 (Beta distribution). The Beta(«, 5) distribution has density

(1 — x)P!
Bla, )

fz) =

0<z <,

where B(a, 8) is the Beta function. Since (1 —z)?~1 =1— (8- 1)z +o(z) as x — 0%,
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we obtain

a=a, b=1, clzm, 02:—%.
Remark 4.1.8. A subclass of distributions that satisfy Assumption [{.1.1] are the ones
with a density

Fa) = 2" g(x) (4.1.1)

with g right—continuous and differentiable at 0. In this case, by a Taylor expansion of g

at 0, we obtain,

b=1, ¢ =g(0"), ¢y = ¢/ (0).
This includes the Gamma, Uniform, Half-Normal, and Beta examples above.

The Weibull distribution with a € (0,1) is not a member of the subclass described
above. In that case, g(x) = aA®e~*" is not differentiable at 0 for a € (0, 1), but still
has an asymptotic expansion in rational powers and hence satisfies the assumption.

One can build distributions that do not satisfy Assumption [£.1.1], by putting in place

of g a function that has no limit at 0, e.g.
f(z) = Ca* ' (1 +sin(1/x)), 0<zx<ec,

for ¢ > 0 and a normalizing constant C. Here f oscillates too wildly near 0 to admit a
power expansion.
We are now ready to state the main result of this chapter, which establishes tail

equivalence to the supremum for compound renewal processes under Assumption [4.1.1]

Theorem 4.1.9. Let (Xt)t20 be a compound renewal process with non-negative linear

drift,
X, =Y, +bt, b>0,

where (Y;),5q s a compound renewal process. Assume that the jumps (§n),>, are
Braverman-light, the waiting times (W,),,~, satisfy Assumption and that the jump

sequence is independent of the waiting-time sequence. Then, for every t > 0,

P(X;>z) ~ P(X; > 1), as x — o0.

In the sequel we work towards proving Theorem 4.1.9] In [Section 4.2| we develop

tools for processes that are synergistic at extremes beyond the Lévy setting, namely for
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processes that are regenerative at first passage times, in analogy with of
the previous chapter. To apply these tools we first need to justify that the process of
interest—a compound renewal process with Braverman-light jumps (Deﬁnition and
waiting times satisfying Assumption Mis synergistic at extremes (Definition .
This requires a study of the extreme lower-tail large deviations of the renewal epochs T,,
carried out in This is done by an exponential change of measure, followed
by a normal approximation of the exponential integral that arises. For the latter we

employ an Edgeworth expansion for a triangular array of random variables. Finally, in

we combine these ingredients to establish Theorem [£.1.9]

4.2 Synergistic at extremes beyond the Lévy setting

We have already introduced the property of regeneration at first passage times in

In this section, we develop tools analogous to those in of the

previous chapter, but now relying on regeneration at first passage times instead of the

full Lévy property.

Recall that compound renewal processes are regenerative at first passage times by
construction, as they regenerate at jump times and exceed levels only via jumps; in

particular, it holds that for any measurable set B, t > s and x > 0 we have
P(X,— Xy, e B|T,=5)=P(X, s €B).

(see also Remark [2.6.4)).

The following proposition is analogous to Proposition [3.4.9,

Proposition 4.2.1. Let (X;),., be a process that is regenerative at first passage times

and synergistic at extremes up to time t, with t > 0 fized. Assume in addition that

o;EfgtP(Xs >0) > 0. (4.2.1)
Then,
lim P(T, >t—¢€|T, <t)=1, for every e € (0,1). (4.2.2)

T—00
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Proof. Fix € € (0,t). It suffices to show that

P(X, >
i EEee>2) (4.2.3)
v=o0 P(X; > 1)
By the inequality X; > X, and then Lemma with o = 0 we obtain

]P’(yt,6 > a:) - ]P’(Yt,e > x) < P(X; > x) ‘ 1
]P)(Yt > Z’) o ]P)(Xt > :I:) - P(Xt > .’L') infogsgt P(XS 2 O) '

(4.2.4)

By the assumption that (X;),, is synergistic at extremes up to time ¢, the ratio on

the right-hand side tends to zero as © — oo. O

Remark 4.2.2. The assumption infoc;<;P(X; > 0) > 0 excludes compound renewal
processes with negative linear drift; see Example|3.4.10

In the Lévy case (Proposition , this assumption was only required for the “only
of 7 direction, which is not used elsewhere and serves mainly to show that the synergistic
behaviour—namely, that T, becomes arbitrarily close to t as x — oo—holds only for
processes satisfying condition|5.4. 1.

In the present setting, however, this assumption also affects the “if” direction, which
1s the practically relevant one, and therefore prevents us from treating compound renewal
processes with negative drift. This is not a significant limitation, since it is already
known that asymptotic equivalence with the supremum fails in the negative drift case;
i particular, it does not hold for compound Poisson processes with negative drift and
Braverman-light jumps (see Theorem and Theorem .

It does, however, prevent us from establishing the appropriate form of equivalence that
holds in this setting, namely that the tail of the supremum is asymptotically equivalent to
the tail of the process evaluated at the last jump before time t.

We believe that this condition is an artefact of the proof. In the Lévy case, it can be

removed from the “if 7 direction by introducing an intermediate time point [ with s < [ < t;

see the proof of Proposition [3.4.14 for details.

The next lemma will be pivotal in showing that a compound renewal process with
Braverman-light jumps and waiting times satisfying Assumption is synergistic at
extremes. Note that it also implies that a compound Poisson process with Braverman-

light jumps is synergistic at extremes. It is inspired by Lemma 5 in |14]. Here we abstract
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4.2. Synergistic at extremes beyond the Lévy setting

away the part of Braverman’s argument that relies on the exponential distribution of the

waiting times.

Lemma 4.2.3. Let (X),5, be a compound renewal process,

where (&n),,>, 18 an i.i.d. sequence of jumps and (Ny),s, is the associated renewal counting
process. Assume that (§,),~, is independent of (Ni),5, and has Braverman-light tails.

Suppose that for fired 0 < s < t, the sequence

an(s,t) :=

is summable, i.e. Yy " a,(s,t) < co. Then, for any ¢ > 0,

_ P(X, > x)
lim ——————— =0.
200 P(X; > x+c¢)
Proof. Let ¢ > 0 and denote by S, := > ,_, & the partial sums of the jumps.

Conditioning on the number of jumps up to time s gives

P(X,>z) Y P(N, =n) P(S, > )

= 4.2.5
P(X; >z +c¢) P(X; >z +c¢) ( )
< 1 Z P(Ny=n)  P(S,>z) |
P(él > C) 0 P(Nt =n-+ 2) ]P)(SnJrl > .T)
where in the second inequality we used that, for any n > 0,
PX;>xz+c) > P(Ny=n+2) P(S,11>x) P& > c).
By Lemma 4 of |14], for each fixed n,
P
lim —n > ) (4.2.6)

T—00 ]P(Sn+1 > iL‘) N

Hence, to conclude the proof, it suffices to justify passing the limit x — oo inside the

sum in (4.2.5)).
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For n > 1, note that

]P)(SnJrl > 33') > ]P)(Sn > x) ]P)(fl > 0),

so that

P(S, > z) < 1
P(Spt1>xz) — P& >0)

Therefore the summands in (4.2.5) are dominated by

P(Ny=n)  P(S, > z) < 1

P(Nt =n-+ 2) ]P)(S'I’LJrl > I‘) - ]P’(fl > 0) ' an<87t)7

and the dominating sequence {a,(s,?)} is summable by assumption. Thus the Dominated
Convergence Theorem applies, allowing the limit to be passed inside the sum, and the

claim follows. O

4.3 Extreme Lower-Tail Large Deviations

4.3.1 Background and Statement of Main Result

Large deviations theory is concerned with computing the asymptotic probability of events
in which a sum of random variables deviates from its mean on a scale larger than what

is predicted by the central limit theorem.

For illustration, let S, := 3 ;| X, where (X,,), ., is an i.i.d. sequence with E[X;] =
pu < oo and Var(X;) = 1. The Strong Law of Large Numbers (SLLN) states that

so that informally S,, ~ un or, equivalently, S,, = pun + o(n) almost surely. In particular,
for z € R, deviations of the form {S,, > un+x\/n} are called normal deviations, and the

CLT allows us to compute their probability:

P(S, > pn+ zyv/n) — ®(x), n — 00.
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4.3. Extreme Lower-Tail Large Deviations

In contrast, for events such as {S,, > (1 + a)n} with a > 0, the CLT only tells us that
P(S, > (u+a)n) =0, n — 0o,

which is not very informative. Such events are called large deviations, and large deviation
theory is concerned with quantifying the rate at which the probability of these rare events
decays.

Deviations from the mean may also occur from below, e.g. {S,, < (u—a)n} for a > 0,
which are called lower-tail large deviations. In our setting, to establish the summability

of a, in Lemma we need to determine the exact rate at which
P(T, < s),

with T}, the n-th renewal time, decays to zero for a fixed constant s > 0. Since this is a
particularly rare event, lying far below the typical scale, we shall refer to it as an extreme
lower-tail large deviation.

The main result of this section is the following.

Proposition 4.3.1. Let T,, := > | W; be the n-th renewal time, where (W;);>1 is an
i.1.d. sequence of waiting times satisfying Assumption[{.1.1. Then, for any fized s > 0,

P(T, < ) = (c15°T(a))" (02 ['(a+b) (f

b b 1-b
Flan+1) P\e T(a) o) ol >) (L+o(1), n— oo

Remark 4.3.2. The formula in Proposition 1s Gamma-like, in the sense that it
coincides with the corresponding formula for Gamma-distributed waiting times, up to a
factor of order ¢©0"™") (1+0(1)).

To see that, suppose Wi ~ Gamma(a, \) with X > 0 and, for simplicity, a € N.
Then T, ~ Gamma(an, \), that is, T,, has the same distribution as the sum of an i.i.d.

exponentials with rate A. Equivalently, if Ny denotes a Poisson process with rate X\, then

e—As(}\s)an

P(T, < s) =P(Ns > an) ~ P(N; = an) = (an)!

Recalling Example the constants in Assumption for the Gamma law are

c = % and cy = —%, so that A = —z—j. Substituting these constants and using the
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Chapter 4. Suprema of Compound Renewal Processes

definition of the Gamma function in the above expression for Gamma waiting times yields

which matches the formula in Proposition using in particular that I'(a) = 2.

c1

The resemblance is no surprise: just as in large deviations above the mean the tails
of the distribution drive the asymptotics, here it is the behaviour near the origin that
matters. Assumption postulates such a Gamma-like behaviour of the density near
zero. In fact, it also allows for more general Weibull-type behaviour, with the added
flexibility of taking a # b. The additional exponential correction factor, compared with

the pure Gamma case, arises from this generalisation.

Remark 4.3.3 (Sharp and extreme lower tail large deviations). The formula in

Proposition [£.3.1] can be written as

—anlogn + n(log A+ a — aloga) + Bn'~° + o(n'~?), 0<b<l,
logP(T,, < s) =
—anlogn +n(log A+ a—aloga) — % log(2man) + Bn'=® +o(1), b>1.
(4.3.1)
where .
A= 15T (a), B = z—j%&—)b).

To see this, write

An

P(Tngs):m

exp(Bn'™" + o(n' ")) (1 + o(1)),
and use Stirling’s approximation
1 2
logI'(2) :zlogz—z—i—élog—ﬂ—l—O(z*l), z — 00,
z

with z = an + 1. This gives

1 27
logT 1) = 1)1 1) — 1)+ =1 O(n™*
ogl(an + 1) = (an + 1) log(an + 1) — (an + )+2 Ogan—|—1+ (n™),
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4.3. Extreme Lower-Tail Large Deviations

and therefore

logP(T,, < 5) =nlog A —logl'(an + 1) + Bn' " 4+ o(n'~?) + o(1)

1
=nlogA— (an+ 1)log(an + 1) 4+ (an + 1) — = log

After simplification this yields (4.3.1]).

Hence the proposition provides sharp asymptotics. They are exact asymptotics (see
Definition when b > 1, while for 0 < b < 1 they should be interpreted as refined
logarithmic asymptotics (see Definition . By refined we mean that the expansion
reveals several successive scales in the logarithm of the probability: the leading term
anlogn, which drives a superexponential decay, followed by lower—order corrections of
order n, logn, and n'~°.

Finally, as discussed before Propositz'on the event {T,, < s} corresponds to an
extremely large lower—tail deviation in comparison with classical large deviation events of
the form {S, > an}. This phenomenon is illustrated by Proposition .

In particular, it shows that the probability of the event {T,, < s} decays superezponen-

tially, since its leading behaviour is governed by the term anlogn, so that

1
—logP(T,, < s) = —o0.
n

By contrast, in classical Cramér-type large deviation results (see Example ,

probabilities of events of the form {S, > an} decay only exponentially, as
1
—logP(S,, > an) — —I(a),
n

with I(a) € (0,00).

4.3.2 Exponential tilting

The purpose of this section is to analyze the probability P(7,, < s) via exponential tilting.
Since the event {T,, < s} corresponds to an extreme lower-tail deviation, it is highly
unlikely under the original measure. Exponential tilting allows us to transform this rare
event into a typical one under a new probability measure, under which the tilted variables

have mean s/n.
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Chapter 4. Suprema of Compound Renewal Processes

The tilted and appropriately centered and scaled variables can then be analyzed using

central limit theorem—type results—in our case, Edgeworth expansions—yielding non-

trivial asymptotic estimates (see the discussion in [Subsection 4.3.1)).

Preliminaries

For the waiting time W; with c.d.f. F we denote its Laplace transform by
Y(A) :=E (") = / e M dF(z). (4.3.2)
0

We define the negatively exponentially tilted version of Wi under parameter A > 0,

denoted I/Vl(’\)7 as the random variable with cumulative distribution function

[ e dF (u)
F(z) =82 —— 7 4.3.3
For each p € NT, the p-th derivative of v is given by
PP (\) = (=1)P / aPe ™ dF (z), (4.3.4)
0
by the dominated convergence theorem and inequality (4.3.9)) below.
More generally[| we define the p-th positive derivative for any p > 0 as
f)()\) = / aPe ™ dF (z). (4.3.5)
0
Notice that for all p € N*, it holds
WP = (1P (), (43.6)

that is, the p-th positive derivative coincides with the p-th ordinary derivative up to sign.

Then the p-th moment of the tilted random variable satisfies

E[(Wﬁ)ﬂ - % (4.3.7)

'The reason we define wf)()\) is to be able to prove results for the p-th moment of WI(A), for p not
necessarily an integer.
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4.3. Extreme Lower-Tail Large Deviations

and all moments are finite. In particular,

E [(W{”)p] < %, (4.3.8)
arg max (e MaP) = g (4.3.9)

Recall that we denote by T,, = >";'_, W}, the partial sum of waiting times. It holds that
TV S W (4.3.10)
i=1

To see this, denote as usual by F*" the n-fold convolution of F', and let s > 0. By using
the definition of the exponentially tilted c.d.f. (4.3.3) and the independence of (Wy),_,,

Jy e dEF (u)
YA

(F*n)(x) (s) =

s _—Axy S—T1 ,—Ax2 S—T1— " —Tp—1 ,—ATp
_ [ € dF(xl)/ e—dF(IQ) . / e—dF(xn)
0 0

o YA () ¥(A)
s s—x1 S—I1— " —Tp—1
_ / AP (1) / AP (22) / APy (2,)
0 0 0
= FY"(s)
(4.3.11)
Using the definition of the exponentially tilted c.d.f. and the above, we have
P(T, <s)= / dF™" (u)
(70073]
o [ e
= P(A ”/ e dF™" (u
(—00,s] "éZJ()\)n

oy [ )

(N)
= ¢(A)nE [eAT" ﬂ{Ték)gs}] .
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We define a parameter 6,, = 0,,(s) such that

E [Wl“’“)} - (4.3.13)

s
.
Throughout, we suppress the dependence on s in the notation when it is unambiguous.
We then exponentially tilt the first n waiting times (W;);<, by 0,, yielding an i.i.d.
sequence (Wi(en))ign, forming a row-wise i.i.d. triangular array of random variables. That
is, an array whose n-th row consists of n i.i.d. variables (with a distribution depending

on n), while different rows may have different distributions.

Due to (4.3.14)
T 3w, (4.3.14)
=1

and due to (4.3.12))

(0n)
P(T, < s) = $(6,)" E [eem 100 SS}] . (4.3.15)
We define the standardized variables:
w o) s/n 1 <
Lip i = ———, Sy = — Zins 4.3.16
w2 =Yz (4:3.16)
._ (6n)
where o, := 1/ Var(W; ™).
From (4.3.15)), a direct rearrangement gives
P(Tn < 8) _ ¢(9n>n60nsE [eanSnl{Sngo}} ’ (4317)
where
ay, =nao,0,. (4.3.18)

We prove Proposition via equation . The following subsections, together
with the next section, are devoted to analyzing the asymptotic behavior of the three
components on the right-hand side:

e the Laplace transform term 1(6,)",

e the exponential factor e

o the integral E [e™*" 115 <qy].
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Asymptotic behaviour of the Laplace transform and tilted moments

Lemma 4.3.4. Under Assumption for any p > 0, the positive derivative of the

Laplace transform satisfies

WP = el (atp) AP el (atbrp) A Ho(ATCH) L x s co. (43.19)

Proof. By Assumption there exists p € (0, 0o] such that F'is absolutely continuous
on (0, p) (see Remark [4.1.2). Fix 6 < p. We split the integral:

PN = /0 Ezvpe_’\x dF (z) + /5 T gpea dF(z) = Li(\) + I(\).

-z

Since the function my(z) := 2Pe* attains its maximum at z = p/\ and is decreasing

on (p/A, 00), it follows that for A > p/J,
2P < 5pe’)‘6, x > 0. (4.3.20)
Therefore, for the tail term we obtain
L(\) < e M P(W; > 0) = O(e ) = o(A~(*FPHD) . (4.3.21)
For the main term, we use Assumption to write
5
L(\) = / 2P Mz (o1 + 2’ + o(2?)) da.
0
Denote by (-, ) the lower incomplete gamma function. Then
5
/ aFe ™ dy = A" Dy (1, 06),
0
and notice that vy(k, A\d) — I'(k) as A — oo. Therefore,

]1()\) = C1’Y(a + p, )\(5) )\~ (atp) + Cg’y(a +b+p, )\(5) )\~ (atb+p) + 0()\7(‘”!’“’))

=c1l(a+p) N oD (a + b+ p) AP 4 o (A (@tbR)) (4.3.22)
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The claim follows by combining (4.3.21]) and (4.3.22]). O]
Corollary 4.3.5. Under Assumption the following asymptotic expansions hold as
A — 00

(1)
Y(A) = T (@A™ + el (a + b)A™@F) 4 o(A~(atD))
(1i)
I'(a+p),_
E[ () p} AP
(Wl ) F((l)
e (Tlatb+p) Tla+plla+bd) =)
1 ['(a) ['(a)?
+o(A"P))
(111)
c2 D(a+b)

Var(WV) = a2 + b(b+ D)ATCHD o (A

o I(a)
Proof. (i) This follows from Lemma with p = 0.

(ii) Recall that,

efr] - 55

Using the asymptotic expansions from Lemma [4.3.4] we get:

el (a + p)A=FP) 4 ey (a + b + p)A—(a+b+p) ¢ O(A—(a-i-b-&-p))
il (a)A= + ol (a + b)A—(atb) + O(A—(a+b))

e[m] -
Let us denote:
A= Clr(a +p)7 B = CQF(CL +0b +p)7 C = Clr(a’)7 D = C2F<CL + b)

Then:
A+ BX+0o(A7?)
C + DA~ 4 o(A7t)

E|(WV)y] = A

We apply a Taylor expansion on the function f(x) = % around x = 0. Then:
A BC-—-AD
flz) = ol + sz%—o(x), as v — 0.
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Applying this with z = A7, we find:

B[] = v <F(g(:)p> *Z‘j (F(a ;(2; p) T+ lf)()cg(a+b)) A+ of Ab)> '

(iii) From (ii) with p = 2, we have:

E[(Wl(A))Q] _ W}\Z -

) (I‘(a+b—|—2) F'(a+2)(a+0b)

—(24b) | o(A—(2FD).
Ma) I(a)? ) o)

Applying the identity I'(k 4+ 1) = kI'(k), we simplify:

2 T
E|(WV) | =ala+1)r2+ 2. 220 (b 4 82 4 HA-E 4 oA, (4.3.23)
c ['(a)

2
Now compute E [Wl(’\)] using the result of part (i) with p = 1:

_ Ila+b), _ _
E[W(”] —aa 42 pA— (D) | o(A~(1+D)y. 4.3.24
1 a + o F(a) + O( ) ( )
Squaring (4.3.24)), we set:
C:=a, D :%-F(a+b) )
c1 [(a)

so that
E[WO] = (10 + DA 4+ 0o(A™))? = C2A~2 + 20DACH) 1 o(A~E) (4325
) (A e+ +0(A7")) + + o ). (4.3.25)

Hence, the variance is:

Var(WY) = B[] — B[] i
A 2

= (ala+1) —a®) A~
b

¢s T(a+D) 2 ¢ T(a+0)\\ 2
- 2ab+ 0" +0b0) —2ab- — - —————= | A
+ <Cl I'a) (2ab+ 0" +b) — 2a o T (4.3.26)
0()\7(2+b))
_ Co F(a+b) _ _
= a)\ 2 =2 T (0 1\ (2+b) Y (2+b) )
ax™ + = Ta) (b+1) + o )
which completes the proof. O]
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Existence and Asymptotics of the Tilting Parameter 6,

Recall that the parameter 6,,(s) is defined as the solution to:

E[Wf"”“”] S (4.3.27)

n

Lemma 4.3.6. Under Assumption the following hold:

(i) The equation (4.3.27)) has a unique solution 0,(s) for each s >0 and n € NT.

(i) Asn — oo, we have

b—1
a ca s l(a+0b) |,
o) = _ .

n(s) 5" * 1 atl’(a) "

+ o(n'™?). (4.3.28)
Proof. Let h: (0,00) — (0, E[W;]) be defined as

) )
ZEYRTOVIE

h(\) :=E [Wﬂ (4.3.29)

where the second and third equalities are the relationships (4.3.7)) and (4.3.6) for p = 1.

(i) Existence and uniqueness of 6,,(s):

We show that & is continuous, strictly decreasing, and satisfies limy_,, A(\) = 0. This
implies that the inverse function h™! exists and is well-defined on (0,E[W;]), ensuring
that the equation h(6,(s)) = s/n has a unique solution.

Continuity: Since W; > 0 and zFe™* is bounded on [0,00) for fixed A > 0,
differentiation under the integral is justified by the dominated convergence theorem,

ensuring ¢ (\) is C*° and hence h is C* (see |26, Ch. XIII.2]).

Monotonicity: Differentiating gives:

0= (S )

WO = )
P(A)? (4.3.30)
—E|w?] _E {(Wf”ﬂ

- —Var(Wf”) <0.

where the third equality follows from (4.3.7)), and the strict inequality holds because the
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4.3. Extreme Lower-Tail Large Deviations

variance is strictly positive for a non-degenerate random variable.

Limit: By Corollary [4.3.5(ii), for p = 1, it follows that h(\) — 0.

(ii) Asymptotic expansion of 0,(s):

By the previous part, the function A is strictly decreasing and bijective, so its inverse
h~t: (0, E[Wy]) — (0, 00)

exists and satisfies

0,(s) = h™*(s/n).

From Corollary with p = 1, we have as A — oo:

h(X) = F(lf(—j;)l)Aq +2_j (F(a;t(z)jL 1) T(a +Fl();)ga + b)) A0 4o (A0

Since I'(a + 1)/I'(a) = a, this simplifies to
h(\) = ANt + BA™UF) 4 (A~ (H0),

where
e bI'(a+0)

A= B.=—.
“ c1 ['(a)

Applying Lemma from Appendix- with these constants gives, as z — 07:

_ a ¢ bIl'(a+b) ,_ N
h 1 _ e b—1 b—1 )
(z) x+cl aT'(a) 7 o (a7
Finally, substituting x = s/n yields
bT’ b
0.(s) = Int+ 2. Msb_lnl_b +o(n'™"), asn— ooc.

s c;  abT(a)

Using the approximation of 6, (s) from Lemma yields:

Corollary 4.3.7. Under Assumption [{.1.1, we have the following leading-order asymp-

totic expansions as n — o0:
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(i)
S\ a S a+b
— 2 —a . i —(a+b) —(a+b)
$(0() = eal(@) () ™+ (L =b)eal(a+0) (Z) 0 4o (n0),
(4.3.31)
(i)
C(a+p) rs\» _ _
Oa()\p] _ S\P (p+)
E[(W1 ) } 0 <a> +0 (n @) (4.3.32)
(iii)
2
Var(W )y = %n* +0 (n ) (4.3.33)
Proof. (i) Recall from Lemma [4.3.6{ii) that
b—1
a e "N (a+b) 4, 1—b
9n<8) = gnﬁ-c—lT@?I —|—0(n ), n — 00
We also have from Corollary [4.3.5(i) that
(A = alT(@A ™ + oD@+ H)A™ @ L oA - N — oo,
Let us define
b
a co sb'(a+0b) _, b
L == 0, = = .~ 7 4.3.34
nE " e abti(a) +oln™); (4:3.34)
so that
0,,(s) = L (14 6,).
Then §,, = O(n~?), and for every fixed ¢ > 0,
0,(s) =L, °(1+6,) =1L, (1—cb, +0(n")). (4.3.35)
Substituting this into the expansion of ¢, we obtain
Y(0,(s)) = el (a) L, * (1 — ady, + o(n™"))
+ eoT(a+ )L, ") (1 — (a+b)s, + o(n ™)) + o(n= ")),
Since L, "™, = O(n=@*+) the term involving —(a + b)d, in the second line is
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O(n=(@*2) " and hence is o(n~(@*?)). Therefore,
V(0,(5)) = erT(a) L% — aciT(a) L, %6, 4 col'(a 4 b) L @) 4 o(n= (@49,
We now compute the two terms of order n=(*%). First,

a b
s) -a [02 s°bI'(a + b) b + o(n"%)

—ac,I'(a) L5, = —aciT(a) (5 o T (a)

Thus

a+b
—aciT(a) L%, = —beol(a + b) (f) n-(a+b) o O(n—(a—&-b)).
a

Moreover,

a+b
col(a + b)L; @Y = ¢,T(a + b) (Z) n~ @+t

Combining the two contributions gives

S

D(0n(s)) = erT(a) (f)an*a 4 (1 — b)eol(a + b) (—

)a+b nf(aer) + O(nf(a+b)).
a a

(ii) The argument proceeds in the same way as in part (i). Recall from Corollary |4.3.5¢

E|wy] =

Fla+p),, e (Tl@+b+p) Tlatpl(a+d)
['(a) + c (

() 4 5\~ FD)Y.
4 M) D(a)? )A toATE)

Apply this with A = 60,,(s) = L,(1+6,,), where L,, d, are defined again as in (4.3.34)).

Using again the expansion (4.3.35)), now for ¢ = p, we obtain:

lla+p), _
TCL)LH (1 — pd, + o(n b))

) <F(a+b+p) I'(a+p)(a+0b)
o] ['(a) ['(a)?
[(a+

_ p) P —(p+b)
) L.?+0(n ),

E [(Wlwyxs)))p] —

>Lﬁmﬂ—@+w%+dn%

which proves the desired result.

(iii) Follows similarly by plugging the expansion of 6,(s) into the variance formula

from Corollary (iii), and using the decomposition

Var(Wl(e"(S))) —F [(Wl(on(s))ﬂ E |:W1(6n(8)):| 2
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4.3.3 Normal approximation

In this section, the goal is to approximate the exponential integral appearing in

Equation (4.3.17]), namely,

E[e %) 1 (<0y] -

To achieve this, we would like to take advantage of the fact that S, (s) converges weakly

to a standard normal random variable Z ~ N(0,1).

However, since the function f,(z) = e . 1;,<0) depends on n, we cannot directly
apply the Portmanteau theorem to justify convergence of expectations. Therefore, we
require a stronger result—specifically, an Edgeworth expansion for triangular arrays of
random variables.

An Edgeworth expansion is a refinement of the central limit theorem (CLT) which
approximates the distribution function (or density) of a standardized sum of random
variables by the standard normal law plus explicit correction terms involving higher-
order cumulants. The first-order expansion incorporates the skewness term, improving
the normal approximation to an error of order O(n~/2), and that is what we will need.
Higher-order expansions include further terms based on cumulants of order four and
above, yielding progressively more accurate approximations.

An Edgeworth expansions of arbitrary order for triangular arrays, depending on the
highest bounded moment appears in [28, Theorem 2.1|, which follows the i.i.d. treatment
of [8]. Since the assumptions there do not fit our setting, and because we only require
the first-order expansion, we instead establish our own version for triangular arrays by
adapting the proof of the i.i.d. case in |6, Theorem 5.22].

The only substantive difference from the i.i.d. case is that here we must handle a
sequence of characteristic functions, one for each row of the array, rather than a single
fixed function. Apart from this, the argument is essentially identical to that in |6,
Theorem 5.22]. For clarity, the proof of Theorem is deferred to Appendix A SO

as not to interrupt the main line of exposition.

Theorem 4.3.8 (Edgeworth Expansion for Triangular Arrays). Let (X;,)i1<i<n be a row-
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4.3. Extreme Lower-Tail Large Deviations

wise i.1.d. triangular array of standardised random variables, that is,
E[X:,] =0, E[an} =1.
Denote
Uy (t) i= B[] | apn = E[XT,], M = E[|X1,]"] .

Assume the following conditions.

(a) For every 0 < § < K < oo, there exist rsx € (0,1) and ns € N such that, for all

n > nskg,

sup |un(t)] < 75 k-
s<|t<K

(b) There exists a constant My > 0 such that, for all n,

myn = E[|X1,n|4} < M4-

(¢) There exist o9 > 0, cs, > 0, and ng € N such that, for all n > ny,

inf Ju,(t)] > cs,.
. Jun(t)] 2 cs,

Let
SRR
n . \/ﬁ - 7,1
and let F), denote the c.d.f. of S,,. Then, uniformly in x € R,
Fu(e) = B(2) = g2 (1= a%)o(a) + ofn™P%),

where ® and ¢ denote the standard normal c.d.f. and p.d.f., respectively.

Next, we justify that the standardized random variables defined in satisfy the
conditions of Theorem [£.3.8] We begin by showing, via the method of moments, that
these variables converge in distribution to a standardized Gamma random variable.

A distribution is said to be determined by its moments if no other distribution shares

the same sequence of moments.

Lemma 4.3.9. Let s > 0 and let (Z;,,(s)),., be the triangular array of standardized

random variables defined in (4.3.16)):

) _
o= Wil zsin /Var<Wf"”)).
On
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Then:

(1) For any p € N, the p-th moment of Zy ,(s) satisfies

E[Z7,] = aP/? kzzo (i) (_1)pkr(1‘j(—‘£)k) . % +o(1), N — oo,

(i1) Let Z be the standardised Gamma variable

7 = X_]E[X]

~Var(X)’
where X is a Gamma random variable with shape parameter aﬂ Then
p
wlla+k) 1
E[ZP] = aP/? P _qyp-e 8T8 2
2] =a kzzo(k)( ) ['(a) ak

(11i) The distribution of Z is uniquely determined by its moments.
(iv) We have

Z1n(s) 47 asn— oo.

Proof. (i) By the binomial theorem, we have:
E[Z? LS (PY (VY m[reneny®
20,] —U—gkz:;(k) (-2)" B[ o]
From Corollary {4.3.7((ii), we know:

2

On(F] _ Lla+k) rs\F — (k-+b) 2 _ 57 o —(2+b)
E[(W ) ] ['(a) <a> n+0Mm ) o @ +0(n )

Taking square roots and applying a first-order expansion, we obtain

S
on =02 = —=n"t 4+ 0(n 1Y), (4.3.36)
n \/a

Now, raising this expansion to the power p € N, we use

o = (%n_l + O(n—<1+b>))p - (%)pn_p (1+0mn)".

2The rate parameter A disappears under standardisation.
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4.3. Extreme Lower-Tail Large Deviations

Expanding the last factor using the binomial (or Taylor) expansion, we get
(1+0(m™)" =1+p-O(n ") +o(n ") =1+0(n"),

so that finally,
p
S
ol = —=) n?+0O(n "), (4.3.37)
(%)

a
Therefore,
P p/2
ob = (—) n?+o(n7"?).

a

Substituting into the expression for ]E[van}, we obtain:

]~ s 53 0) () (™ 0o vt )

— /2 kZ:O (Z) (_1)p—kwg(—? . % +o(1).

(ii) Fix a rate parameter A > 0 and assume that X ~ Gamma(a,\). By applying
the binomial theorem exactly as in part (i), and using that the moments of a Gamma

variable with shape a and rate A are given by

E[X*] = FA(ZTJEG];)
and that
E[X]=1  Var(X)= .
we can write ] \2\P/2 P » a\r—F T(a+k)
27 = <;) 2 (k) (_X> - NT(a)

Combining powers of A and simplifying:

E[ZP] = a™P/? Z (z) (—a)P*. % \Pk—k—p _ /2 Z (Z) (-1)?-’6% . a—lk.

k=0 k=0

(iii) A sufficient condition for Z to be completely determined by its moments is that
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all moments E[Z?] are finite and the power series

i E[ZP] rP
|
= P
has a positive radius of convergence (see Theorem 30.1 in [9]). This condition is satisfied
for Z due to the light-tailedness of the Gamma distribution.
In particular, Z has finite moments by part (ii). In addition, recall that X ~

Gamma(a, A) (for some fixed rate A > 0). Its moment generating function is

We have
B X — E[X] B AX —a

JVar(X) Ve

Then, for t € R with t < /a,

Y t \—@
1) Bl x| o () <o )

Hence, My(t) exists and is finite in a neighborhood of ¢ = 0 (in fact, for all ¢ < y/a). In

this neighborhood, the expansion

-3 ]E[Zfl’] %

=

follows from the power series definition of the exponential function together with the
finiteness of My(t) and the dominated convergence theorem. Therefore, Z is determined
by its moments.

(iv) The convergence in distribution now follows from the method of moments: by
(i) and (ii) the moments of Z;, converge to those of Z, and by (iii) the law of Z is

determined by its moments. Hence,
d
Zl,n — Z.

[
Corollary 4.3.10. Let s > 0. The triangular array of random variables (Z;,(s))

<n’
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4.3. Extreme Lower-Tail Large Deviations

defined in (4.3.16)), satisfies the conditions of Theorem .

Proof. We verify each condition in turn.

Condition (a). By Lemma [4.3.9] (iv), there exists a non-lattice random variable Z, such
that Z;, — Z. Hence u,(t) — u(t) uniformly on compact sets, where u(t) is the
characteristic function of Z.

Fix 0 < 0 < K < co. Since Z is a non-lattice random variable, for any fixed § > 0,

there exists ps x < 1 such that
lu(t)| < ps forallt € [-K,—6]U [0, K].

Let ¢ > 0 such that / < 1 — psx. By uniform convergence on compact sets, for all

sufficiently large n,

lun(t) — u(t)] < ¢ on [-K,—6] U[5, K].

Hence, for all sufficiently large n,

Uy, ()] < Jun(t) —u(®)| + |u(t)| < 0+ psx =:1sx <1 forallt e [-K,—d]U o, K].

Condition (b). This follows directly from Lemma (i).

Condition (c¢). We use again that w,(t) — wu(t) uniformly on compact sets. Since
characteristic functions are continuous with w(0) = 1, it follows that for any ¢ > 0,

there exists d > 0 such that
lu(t)] > 1 —€ for all [t| <.

By uniform convergence on compact sets, there exists ng € N such that for all n > ng
and all || < 4,
lun(t) —u(t)] <e.

Hence, for n > ny,

un(8)] > [u(t)] = |un(t) — u(t)] > 1 — 26 for all Jt| < 6.
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Setting ¢s := 1 — 2¢, we conclude that condition (c¢) holds: for § small enough

|i|nf6 lun(t)| > cs >0 for every sufficiently large n.
t)<

We conclude the section with the normal approximation of the exponential integral

in formula (4.3.17]).

Lemma 4.3.11. Under Assumption and with S, (s) and a,(s) defined in (4.3.16)

and (4.3.18]), respectively, we have

E [ean (5)Sn(s)

'1{Sn(S)S0}] = \/m

Proof. We proceed in two steps.

Step 1 (Gaussian benchmark). Let Z ~ N(0,1). We first show that

1
vV2m™na ’

]E[eo‘"(s)zl{zgo}} ~ n — 00.

From Corollary and Lemma [4.3.6(ii),
0 (8) == v/no,b,(s) = vna (14 o(1)) — oo.

Direct computation gives

1 0
E[eanzl{zgo}] _ 27T/ eancce—;c?/Q dx

1 o 2
_ —u /Q—anud _
= — e U u = x
\/27r/o ( )

= /2. (),

J— ,IQ
and using the standard normal tail asymptotic ®(z) ~ ez \/2%2 as r — 00,

1 1
E[e®?11z<0y] ~ ~

a, V2w V2Tnha '
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4.3. Extreme Lower-Tail Large Deviations

Step 2 (Comparison with S,(s)). By the Step 1, it suffices to show that

o Bl s <oy

=1.
n—00 E [ea"(s)zl{zgo}]

Let F,, denote the c.d.f. of S,,. Then, it suffices to prove

2 e (dF () — d®(x))

lim 5
ffoo et d®d(x)

n—oo

=0.

which is equivalent to proving

since from (4.3.39) we have D(n) := ffoo e d®(x) ~ (27na)~ /2.

Let € > 0. We split N(n) = Ni(n) + Na(n), where

Ny(n) = / e (dF, — dB)(x), Na(n) = / et (4, — do)(x).
0 e
The tail term satisfies
[Na(n)| < /Oo e d|F, — ®|(z) < 27 = o(1/a) = o(n/?),
where |F,, — ®| denotes the total variation measure of the signed measure F,, — ®.

For Ni(n), we integrate by parts:

Ni(n) = /0€ e " (dF,(r) — dP(x))
= [ (Fu(z) — @())];, - /O E(F (x)

n z))d(e” ")
= e T (Fale) = () — (Fa(0) — &

— &
0)) + o, OE e (Fy(x) — ®(x)) da.

Therefore,
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where

e (Fu(e) — @(e)),
= —(Fu(0) = ©(0)),

An

B, =—

Cy, ozn/ e (Fy(x) — ®(x)) de.
0

By Theorem [4.3.8] (applicable by Corollary [4.3.10)),

B, = ——23n + o(n~Y?).

" 6v2mn

Similarly, for C,,, we write:

c;,::jg e (é%%%(l-a?)¢(x)—+7a(w)> dr =: CY) + O,

where 7,,(z) = o(n™'/?). Thus, c? — o(n=1/2).

For 01(11)7 substitute v = a,,r and write:

2
ome dv
o — 93m - [1_ (2L Ly
" 6v/n Jo ¢ oy, ¢ a, ) oy,

Next, we expand the standard normal density around zero:

v) 1 v?
¢ (a_> Vo (‘mz) |

Using a second-order Taylor expansion of the exponential term, we obtain

v 1 ) v? v?
(o) =5 (-5 (5))

where the remainder term is
v? vt
r =0(—),
(QQi) (Q%)

for % small. That is, there exists a constant C' > 0 such that

2 4 2

v v v

r < (C—, for <e.
2a2 al 2a2
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4.3. Extreme Lower-Tail Large Deviations

Substituting this into the expression for C’T(Ll), we obtain

: ane 3v? v?
C’T(Ll):ad—’n 6_”(1———1—7“’( >)dv
6v2mn Jo 2a2 202

where /(v2/202) = O(v*/a?) for small 2

3T with a different constant.

We now expand this integral term-by-term. Noting the identities

/ e ’dv = (1, aye), / v?e dv = (3, ane), / vte ™dv = (5, aye),
0 0 0

we obtain:

3
o — 1, ape) — —
n (,Oé 6) 20{2

e (8.0, + 0 (%7(5,04”6))) |

As a,, — 0o, we have y(k, a,e) — I'(k) for all fixed € > 0. Therefore,

Y1, an€) =14 0(1), ~(3,ane) =2+ 0(1), (5, ane) =24+ o(1).

Substituting in, we get

1
cw— B (1% o0
" 6v2mn 2a2 - al +ol
asn
= : 11— + o(
6v/27n ( 042 ( ) )

Recalling that a,, ~ /na, it follows that 1/a2 = O(1/n), so

c = 93n +0(n=3?) = _Jom +o(n"V?).

" 6%(1”(711)):6% 6v2mn

Step 3 (Cancellation). The O(n~'/?) terms in B, and CtV cancel exactly, leaving
Ni(n) = A, + B, + C,, = o(n™"/?).

Since Ny(n) = o(n~'/?) as well, we conclude N(n) = o(n"'/2), proving (4.3.3). O
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4.3.4 Proof of Proposition 4.3.1

We are now ready to prove Proposition [4.3.1]

Proof of Proposition[4.53.1]. f Proposition [4.3.1] Recall equation (4.3.17):

P(T, < s) = ¥(0,(s))" een<s)sE[@an(s>sn(s)1 (Sn(s)<0}] -

We analyze each term in the product.
By Corollary [4.3.7|(i), we have

0(6a()) = () (2) 07+ (1= el (a +6) () o g o)

a

Equivalently,

Therefore,

0(6a()" = [al(a) (2) 0]

frea-n2 et () )

Since b > 0, applying log(1 + z) = x + O(2?) yields
(1+rn"+ o(n_b))n =exp (kn'"" 4+ o(n' ")),

with

cl(a+b) (S)b’

o T'(a) \a

k= (1-0) -

we obtain
0(6a(9)" = [al(a) (2) 0]
oy (1= EEEE (2) ot )]

cg I'(a) \a
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Next, by Lemma [£.3.6((ii),

b—1
a cs"(a+b) |,
0,(s) = St o aT(a) n' " +o(n

Multiplying by s, we get

r b b
0,(s)s = an + bc—1 (;L(; ) (2) n'" +o(n'?)
Thus
r b b
By Lemma 4.3.11}

1
E[e®n()5n() 1 g . = 1+ o(1)). 4.3.43
[ (Sn(s)<0}] rmn( (1)) ( )

Combining (4.3.41)), (4.3.42)), and (4.3.43), we obtain

P(T, <s)= [ch(a) <2>an’“]nexp(an)

1

X —27Tcm(1 +0(1))

= [ar(@) ()] e V%EE
xexp(@ atd 2y 1—b+o<n1—”>)<1+o<1>>-

By Stirling’s formula,
['(an + 1) = V2man (an)e” (1 + o(1)).

Equivalently,

1 an
e@np—an = _(1+0(1))

V2mran  T'(an+1)
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Therefore,

V2man a® V2man
— <Clsar(a))nr(anl+ 3 (1+0(1))
Hence
(c15T(a)" al(a+b) s\ 1, 1-b
P <9) = Tant1) ®® o T <a> +o(n) ) (L+o(1)).

4.4 Proof of Theorem 4.1.9

The first main step is to show that the process of interest is synergistic at extremes. We

show that by applying Lemma [£.2.3] To this end, we need the following fact.

Lemma 4.4.1. Let (Nt)tZO be a counting process generated by the i.i.d. sequence of

waiting times (W), Namely, let T, := S Wi denote the renewal epochs and
N, :=max{n e N, | T, <t}.
Assume that Wy satisfies assumption (4.1.1). Let 0 < s < t. Then, for the sequence

an(s,t) ==

we have
Zan(s,t) < 0.
n=1

Proof. Since

P(Nt =n-+ 2) = P(Tn+2 S t < Tn+3>

and

we have




4.4. Proof of Theorem 4.1.&

To bound the denominator from below, fix 6 > 0 small enough that P(W; > d) > 0
Then, by restricting 7,2 to the interval (¢ — 4,¢) and using the independence of W, 3

from 7,2, we obtain

]:P)(Tn_l’_Q <t< Tn+3) > P(Tn+2 S (t — (S, t), Wn+3 > 5)

= P(T)0 € (t— 6,8)) P(W, > 0).

Therefore,
P(T,, < s)

an(s,t) < PO, > 0 P(Toa <1) —P(Tos <1 —0)" (4.4.1)

It suffices to show that the ratio on the right-hand side is summable over n.

Step 1: The denominator correction is negligible. By Proposition 4.3.1}

(clu“F(a))n

PTn s u) = I'(an+ 1)

exp (ku’n'~" + o(n' ")), n — oo, (4.4.2)

where
. CQF((Z + b)
 catT(a)

Applying this expansion with u =t — ¢ and u = ¢, we get

P(Tngt—é): (t—(S

P(T, < t) / ) exp (k((t —6)" = t")n' "+ o(n'")).

Since (t — §)/t < 1 and n'=® = o(n), the geometric factor dominates the sublinear

exponential correction. Hence
P(T, <t—90)=0o(P(T, <t)).

In particular,

Step 2: The main ratio is summable. By (4.4.3)), it remains to show that

= P(T, < s)
]P)( n+2<t

n=1
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Applying (4.4.2) to both terms gives

Using Stirling’s approximation,

T(a(n+2) +1)

2a
['(an + 1) (an)™.
Therefore, for some constant C; > 0,
P(7T, <s 5\ an “ _ _ _
P((TnJFTi) =Csy (;) (an)** exp (m[sbnl b —t'(n +2)! b] + o(n! b)) (14 0o(1)).

Since b > 0, the exponential correction is exp(o(n)), and the polynomial factor (an)?® is

also exp(o(n)). Hence
P(T, <s) <s

P(Tpn <t) z) exp(o(n)).

Since s < t, we have (s/t)* < 1. Therefore,

lim sup (P(T”—SS)))W - (f) <1

n—oo P<Tn+2 S t

The root test implies

. 44.4
IP( o <t < (44.4)

n=1

By (4.4.1)), (4.4.3) and (4.4.4)), it follows that

i an(s,t) < oo
n=1

Remark 4.4.2. Interestingly, although we showed that P(T,, <t —0) = o(P(T,, < 1)), the
relationship

P(Thi1 < s) =o(P(T, < s))
does not hold in general for every b > 0. Indeed, by the asymptotic expansion in
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4.4. Proof of Theorem 4.1.&

Proposition [{.3.1, we have

P<Tn+1 S 3)

BT, <s) =n""exp(o(n' ™)),

which is not o(1) when b < 1.

We now show that Lemma and Lemma imply that the type of compound
renewal processes considered in this chapter —both in their pure form and with an
added linear drift —are synergistic at extremes. We emphasize that, in the proof of
Theorem we will only use the synergistic at extremes property for the undrifted
compound renewal process.

Recall that the positive linear drift breaks the regeneration-at-first-passage-times
property(see Remark . On the other hand, the negative drift prevents us from
applying the crucial Proposition (see Remark . The property of being
synergistic at extremes for the drifted case is established here in order to justify a
previous claim of ours that the compound Poisson process considered in Braverman’s

Theorem [3.2.5] is synergistic at extremes.

Corollary 4.4.3. Let (Xt)tzo be a compound renewal process with linear drift, i.e., X; =
Y, + bt, with b € R and (Y})tZO being a compound renewal process with Braverman-light
gumps and waiting times that satisfy Assumption [{.1.1. In addition, assume that the
sequence of waiting times and jumps are independent. Then, (Xt)tzo 1S synergistic at

extremes.

Proof. First, by Lemma [.2.3] and Lemma [£.4.1, we obtain that, for any ¢ > 0 and

O<s<t
P(Y,
lim ( >x)

_— = 4.4.5
z—o0 P(Y; > x + ¢) ( )

We treat the cases b > 0 and b < 0 separately.
Case 1: b > 0. Then

P(X,>x) P(Y,>x—bs)
P(X;>x) P(Y; >z —bt)
P(Ys > x — bs)

- P, >x)
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Setting u = x — bs, and noting that x — bt < x since b > 0, we get

P(Xs > l’) < P(Ys > U) T—00_ 0
P(X;>z) — P(Y; > u)
by (4.4.5)).
Case 2: b < 0. Then we write
P(Xs>x) P(Y,>x—bs)
P(X;>xz) PY,>z—0bt)
Letting u = = — bs and noting that ¢ := —b(t — s) > 0, we rewrite:

PX,>2) _ PYVi>u) oo,
P(X,>z) P(Y;>u+c) ’

again by (1.3).

Note that, we will not actually need for the proof that the compound renewal process

with linear drift is synergistic but only that the drift-less process has that property.

Now we are ready to prove Theorem 4.1.9|

Proof of Theorem[{.1.9 We first show the tail equivalence with the supremum for the

driftless compound renewal process, (Y;),5,. Let € > 0, and recall that T, := inf{t > 0 :

Y; > x}. In the same fashion as we have done multiple times in Chapter 3, we compute:

P, >z|Y,>z)=PY,>a|T, <t

v

PY,>xz, T, >t—¢€|T, <t)

v

(

(
P(T,>t—€e|T,<t)-PY,>zx|t—e<T, <t)

(

SP(T, >t—e|T, <t)-P(Y,— Yy, 20|t —e<T, <t)

t
:P(Tx>t—e|Tx§t)/ P(Y,_, > 0)P(T, €ds |t —e < T, < 1)
t—e

2P >t—e| T, <1)- inf P(Y,>0). (4.4.6)
se(0,e

Note that in the last equality we used the regeneration-at-first-passage-times property.

Recall that we denote the waiting times associated with the compound renewal process
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by (W;)i>1. For any s > 0, we have
P(Y; > 0) > P(W; > s),
and therefore,
Seil(%i) P(Y; > 0) > P(W; >¢). (4.4.7)
Combining (4.4.6)) and (4.4.7), we obtain
PY;,>z|Y,>z) >P(I, >t—€|T, <t)-P(W;) >e). (4.4.8)

By Corollary (Y2),>0 1s synergistic at extremes. In addition, it is regenerative at
first passage times and by (4.4.7), it holds inf,c(g ¢ P(Y; > 0) > 0. Therefore, it satisfies

the condition of proposition [4.2.1) which yields

liminfP(T, >t —e€|T, <t)=1.

T—r00

Using (4.4.8) and (4.4.9)), we conclude

IminfP(Y; >z | Y, > z) > P(W; > ¢).

Tr—00
Finally, sending ¢ — 0%, we obtain

limianP’(Y; >z |Y, > m) > 1,

T—00

which implies

P(Y:>xz) ~P(Y, > z).

(4.4.9)

(4.4.10)

(4.4.11)

Now, we prove the tail equivalence for the process X; = Y; + bt, with b > 0. It suffices to

show that -
P(X; >
lim sup ( ! x)

—= < 1.

The above is implied by

P(Xy>xz) <P(Y,>az—bt) ~P(Y, + bt > 2) =P(X; > z),
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where we used that, X, = Y, +bt < Y, + bt in the inequality, and the asymptotic
equivalence (4.4.11)) on the next step. O
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Appendix A

Auxiliary Results

A.1 Edgeworth Expansion for Triangular Arrays

This chapter contains the proof of the Edgeworth expansion used in Section [£.3.3] We
follow Petrov’s approach for the i.i.d. case and adapt it to row-wise i.i.d. triangular arrays,
highlighting the few points where uniformity in n is required.

A key tool in establishing these results is the comparison of two distribution functions
F and G through their characteristic functions f and g. This is achieved via smoothing

inequalities, which, in this context, bound the Kolmogorov distance

sup [ F(z) — G(x)]

zeR

in terms of an integral involving |f(t) — g(¢)|/|t| over a finite frequency range, plus a tail
term that depends on the smoothness of G. Such bounds allow one to transfer precise
local approximations of characteristic functions into global distributional approximations.

Here, we follow the proof of Theorem 5.22 in [6] for the i.i.d. case. The only substantial
difference from that proof is that, in our setting, the array is row-wise i.i.d., so the
distribution changes with n and we work with a sequence of characteristic functions
rather than a single fixed one. Consequently, we require uniform local approximations of
the characteristic functions across n — see equations and below. Apart
from this modification, the structure of the argument remains essentially the same.

As in Theorem 5.22 in [6] for the i.i.d. case, we will use the following smoothing

inequality, due to Esseen, which can be found in |6, Theorem 5.2]:
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Theorem A.1.1 (Esseen’s Smoothing Inequality). Let F'(x) be a bounded non-decreasing
function, and G(z) a differentiable function of bounded variation on the real line. Let

F (00) =G (00). Put

0= [ ewirw. o= [ eac)

o0 —00

Suppose that sup, |G'(x)| < K. Then, for every T > 0 and every b > %,

sup |F(z) — G(x)] §c(b)/ M‘ dHC(?K,

Tz€R -T

where ¢(b) > 0 is a constant depending only on b.
Theorem A.1.2 (Restatement of Theorem [4.3.8)). Let (X, ,)1<i<n be a row-wise i.i.d.
triangular array of standardised random variables, that is,
E[X,.,] =0, E[X?,] =1.
Denote
Uy (t) == Ele"*r] arn =E[XT,], My = E[|X1,.]"] .

Assume the following conditions.

(a) For every 0 < 6 < K < oo, there exist rs i € (0,1) and nsx € N such that, for all

n > nsg,

sup Jun(t)| < 75 k-
s<[t|<K

(b) There exists a constant My > 0 such that, for all n,

Myn = E[‘Xl,n’ﬂ < My.

(c) There exist o9 > 0, cs, > 0, and ng € N such that, for all n > ny,

inf [u,(t)] > cs,-
A Jun(t)] 2 cs,

Let
SRR
n . \/ﬁ = 7,1
and let F), denote the c.d.f. of S,,. Then, uniformly in x € R,
Fu(e) = ®(2) = g2 (1= a%)o () + ofn ™),

where ® and ¢ denote the standard normal c.d.f. and p.d.f., respectively.
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Proof of Theorem . We apply Theorem with:

1

+ ————ag (1 — 22 e’x2/2, T = Ky/n,
6v/2mn s ) v

b=l PR, Ga) =)
T

where K > 0 is a constant.

It is straightforward to verify that the Fourier transform of G is given by

ot) = /_ Z G () = e (1 + Gjﬁag,n(m?’) |

Moreover, since the sequence of third moments (as,,) is uniformly bounded (say |asz,| <
Ms3), the derivative G'(z) is uniformly bounded as well: there exists a constant C' > 0

such that sup, |G'(x)| < C. Thus, by Theorem we obtain:

1 dt AC _
sup | Fo(z) — G()] < / Ful) — g0 2 4 2C 2
@ ™ Jit|l<Kn |t| K

where f,, is the characteristic function of F},.

Let € > 0. Choose K large enough so that % < €, and define

I= /| o =gt

Then the theorem will follow if we show that I < en™'/? for all sufficiently large n. We

dt
|—.
i

decompose

I = [1 + 127
where

dt i
I = n — —, _[ = n o ’
: A«wﬁ £a8) = 900) |t] ’ /5ﬁ<|t<z<\/ﬁ 7a(t) =g (®) |t]

and 0 > 0 is fixed and small.
Let B := {t: d\/n < |t| < Ky/n}. We further write

dt dt
10 = / TR0 - / o) 2
L0l 5190l

so that I, < 12(1) + 12(2).

By the explicit form of ¢(t) and the uniform bound on aj,, we have |g(t)] <
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Ce t2/2(1 + C'|t|*//n), which implies that
() — o(n™?) for all 0
[, p > 0.

Now we estimate IQ( ). Since (Xin)i<i<n is a row-wise ii.d. triangular array, and

Xin 4 X1, for all i < n, it follows that

o= ()

where u,, is the characteristic function of X, ,. Setting v = t/\/n, we write

1 ndv
10 = / ()" 2.
S<|v|<K v

By condition (a), applied with the present 0 < 6 < K < oo, there exists 75, € (0, 1)

such that, for all sufficiently large n,

sup |u,(v)| < 7ok
I<|<K

Hence

LY <7t 21og(K/6) = o(n~?).
Thus, I, = o(n™/?).

It remains to show that I; < en™'/2 for all sufficiently large n.

To that end, the following two estimates are (the most) crucial components of the

proof, and we establish them first:

2

log u, (t) + =

5 =o(t?) ast—0 (A.1.1)

sup
n

2

t n .
log u,(t) + — — ai(zt)g’

= o(t* Al.2
5 5 o(t’) ast—0 ( )

sup
n

We prove ((A.1.2); the argument for (A.1.1)) is similar.

By the bound in condition (c¢) and the existence of 4th moments in condition (b),
we can argue that logu,(t) is four times differentiable on (0,d) with continuous third

derivative. Therefore, we apply the fourth-order Taylor expansion of logu,(t) around
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zero in Lagrange form. Denoting by k3, k4, the third and fourth cumulants of X,, ,,, we

have:
2 <
log un (1) + % - %(it)?’ = %(it}‘* +7a(t),
where the remainder is
1 (4)
ro(t) = Mt‘l for some &, € (0,1).

4!

Since X, is standardized, we have ks, = as,, and ks, = a4, — a% By that and

7n.

condition (b), there exists a constant M} such that sup,, |ks,| < M. Hence,

2

t 3n
sup [log u,(t) + — — ai(zt)i)’

M/

To bound r,(t), we compute the fourth derivative of the logarithm of the characteristic

function:

(log 1) (1) = u(t) 4u§”(t>u;<t) s ( ;;<t)>2 PP GICAC) i <u§l(t))4‘

up(t) U (t)? (1) un(t)3 un(t)

I

Each derivative of u,(t) = E[e?X1n] satisfies
(1) = B3 e 00],

so that
[l (1)) < B[ X1.0].

By the uniform bound on the moments of X,,,, up to order 4 (assumption (b)) and
the uniform lower bound |u,(t)| > ¢ > 0 on (0,4) (assumption (c)), it follows that there

exists a constant C’ > 0 such that

sup sup | (log u,) W (t)| < €.

n>1 [t <5

Therefore, for all [¢t| < 4,

(log un)™ (én)
4l

C/
< =t
4!

()] =
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Putting everything together, we obtain:

supllogun(e) + 5 — "0 < (G + ) ' = 0l
which proves that
t2 a3 n ,.,\3 3
sup |log u, (t) + 3~ ?(zt) =o(|t]°) ast—0,

as desired.

Now, we define
2

t
L,(t) :=logu,(t) + 3 for sufficiently small ¢.

It is clear that

and hence

un(t) = exp{Ln(t) — t*/2},
dt

_ t azn (it)?
11:/ e t?/2 exp{nLn(—)}—l— ’ .
t1<sy/m vn 6y/n | |t]

Making use of the power series expansion of the exponential function, we apply the

identity
=1y = ("= 1)e + () — 1 ),

which leads to the inequality
e =1 —y| < (Jv —yl + 3lyl*) €%,

valid for all real or complex z,y, where z = max(|z|, |y|). Applying this to our expression

with
t as., (it)?
= Ln R = : )
o (\/ﬁ) T evm
we obtain
_ t asn(it)?| a3, t%) dt
I < / e~t°/8 {‘nLn (—) _ n N U G A.1.3
provided we can verify that, for 4 small enough
1\3 2
Z = max ( nL,, (%) ‘ , agén\(/%t) ) < % for all |t| < §v/n. (A.14)
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We now justify inequality (A.1.4)).

We first show that for 6 small enough

a3 n (Zt)g

6v/n

t2
‘ < 3 for all |t| < §v/n. (A.1.5)
Setting t = v4/n, the above is equivalent to showing that, for § small enough,

|a3,n’

6

1
lv| < 3 for all |v] < 9, (A.1.6)

which holds since the sequence (as,,) is uniformly bounded by assumption (b).

Next, we need to show that, for § small enough,

2
InL (t/y/m)] < % for all [t < 8+/7. (A.17)

Again, setting t = vy/n, the above is equivalent to showing that, for ¢ small enough,

’U2

Luw) < 5 forall [o] <3, (A.L8)

which follows by (A.1.1)).
We now continue from (A.1.3). By (A.1.2), we have

=o(|t]®) ast—0,

sup
n

La(t) = =22 (it)?
6
which implies that for every ey > 0, there exists 6 > 0 such that

< elt]* forall |t| < § and all n.

La(t) — %’"(z’t)?’

Substituting this bound into (A.1.3)), we get

ai %) dt
I < / e /8 {eo|t|3n1/2 + 3—} -
[t|<év/m 2n ’t|

Evaluating the integral, and using the fact that as, is uniformly bounded, we obtain

o sup, a2 o0
I <n Y2 60/ |t|2€_t2/8dt—|— SUPn 93.n Pt 8 41 )
—o0 2vn )
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Both integrals are finite and can be computed explicitly:

/ 2e~ /8t = 2/ e P3qt = 2. (\/TE : 83/2> = 8v2r,
— 0

o0

/ tﬁeﬁ/s% = 1024,

oo

and hence

M2
I, <n Y2 (60 -8V + 72\% : 1024) .

Thus, for all sufficiently large n, we can make I < en

small. O

~1/2 by choosing €, sufficiently

A.2 Analytical and Asymptotic Identities
Fact A.2.1. LetY be a non-negative random variable and let n > 0. Then
Ele™] =1+ 77/ eP(Y > z) dx,
0

where the right-hand side may take the value 4+o00.

Proof. We use the well-known tail representation of the expectation: for any non-negative

random variable Z,

E[Z] = /000 P(Z > x) dx.

Applying this with Z = e gives
E[eny} = /OO}P’(e"Y > 93) dz.
0
Since Y > 0 and n > 0, we have ¢”¥ > 1. Hence
]P’(e"y>x):1, 0<r<1,

and therefore
]E[e"y] =1 +/ ]P’(e”y > x) dzx.
1
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For x > 1,

P(e" > ) =P(Y > Llogz).

Thus
E[e"] = 1+/ P(Y > Lloge) do.
1

Making the change of variables x = "™ (so dz = ne™ du) yields
E[e™] =1+ 77/ e™P(Y > u) du,
0

which proves the claim. O

Lemma A.2.2 (Constructive two-term inversion near zero). Let h : (0,A) — (0,¢&0)

be strictly decreasing and bijective, so that h is invertible on (A, o00) with inverse h™! :

(0,h(A)) = (A, 00). Assume that, as A — A,
h(A) = AN+ BAUD L o(A-0H) 4> 0, b>0, BER. (A.2.1)

Then, as x — 07,

hl(z) = A + =" o). (A.2.2)

Fact A.2.3. Forb >0
(14 0(n~))" = exp(O(n'™)).

Proof. Let £, = O(n=?*). By Taylor expansion
log(14¢e,) =€, 4+ O0(c}) = O(n~>") + O(n™™).

Hence

nlog(l +e,) = O(n'™) + O(n'~") = O(n' ™),

and exponentiating

(1+0n )" = exp(O(nl_%)).
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A.3 Auxiliary Technical Results

Proof of Fact[3.3.3. We apply Lemma [3.4.6] with 20 = 0. This yields

— ]P)(Xt > x4+ C)
P(X; > < .
( ! T C) - infogsgt ]P)(Xs > O)

Since

inf P(X;>0)>0

0<s<t

it follows that

P(7t>$+0) ]P’(Xt>x+c)
— <C—F,
P(X, > z) P(X; > )
where
C = ! >0
T infogsgt P(XS > 0) .
Now taking limits and using (3.3.3|) proves the claim. O

Proof of Lemma[3.4.23 For the first inequality, note that
m > UEt_at = UEt—Cta
since C; has non-decreasing paths. Thus,
P(m > x) > IP’(UEt > T+ C’t) = 2P(oB; >z + Cy)

where the last step uses the reflection principle (Theorem [3.2.1)), valid for = + Cy > 0,
which holds since C; > 0 almost surely.

For the second inequality, note that
O'Bt + Ct S O'Et +€t = O'Ft + Ct,

SO

P(JBt +C; > x) < P(a?t > — C’t) )

Applying the reflection principle, P(Et > y) < 2P(B; > y) for all y € R, with equality

when y > 0, gives the claim. O]
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Appendix B

Logarithmic Asymptotics for Powered

Random Walk Excursions

B.1 Introduction

In this chapter, we develop logarithmic asymptotics for the area under a polynomial
functional of a random walk with semi-exponential increments, observed during its first
busy period. Such random walks arise naturally in the modeling of waiting times
in single-server queues operating under a FIFO discipline, and are thus of significant
interest in Operational Research. The case where the increments are light-tailed has
been treated in [5]. In the present work, we extend this methodology to the case
where the increments have a semi-exponential right tail and an arbitrary left tail. The
problem of determining exact asymptotics for the area under a random walk, without any
polynomial transformation, has already received significant attention. Local asymptotics
for increments with light-tails were derived in [40], while [10] treated the case of regularly
varying increments (with index greater than 1). A particularly relevant contribution
is found in [18|, where the authors obtained exact asymptotics for the area under the
random walk during its first excursion for a broad class of increments, including lognormal
and semi-exponential distributions with parameter o« < 1/2. While they conjecture
that exact asymptotics may not be attainable for the full class of semi-exponential
distributions, they do provide logarithmic asymptotics—of the type we consider here—for

the regime v € (0, 1). In this work, we derive analogous logarithmic asymptotics under the

assumption that the increments are semi-exponential with o € (0,1). Our contribution
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differs from [18| in the following ways: (a) We employ a Large Deviation Principle (LDP)
as our main methodological tool; (b) We extend the analysis by allowing the random
walk to be raised to an arbitrary positive power p > 0; (¢) We do not assume that the

increments have finite variancdl

Our approach builds on the methodology developed in [5|. There a sample-path Large
Deviation Principle (LDP) for the scaled random walk with light-tailed increments was
employed. Here, we proceed in a similar spirit, making use of an LDP for scaled random
walks with semi-exponential tails, developed in [4].

At first sight, one might expect that applying the contraction principle directly to
this sample-path LDP would yield the desired asymptotics for the area under the first
excursion (defined later via the functional ¢r). The difficulty is that ¢7 is not continuous
under the M] topology in which the LDP is formulated, and so the contraction principle
does not apply directly.

Nevertheless, the sample-path LDP for semi-exponential increments remains a crucial
ingredient in our analysis. The first issue is that it is stated only for random walks
with non-negative increments. We overcome this by extending it to two-sided increments
bounded from below. Later, in the proof of the main theorem, we further combine this

with a truncation argument.

A central step in the proof is then the solution of the associated variational problem,
which identifies the most likely path leading to the rare event of a very large area under
the powered random walk during its first excursion. This optimal path turns out to be a
manifestation of the “single big jump” phenomenon: the rare event is most likely realised
by one large jump occurring at the origin, followed by a roughly linear decrease governed
by the Law of Large Numbers.

Specifically, we prove the following:

Let {Xy, k > 0} be a stochastic process defined by Lindley’s recursion:

Xk-i-l = [Xk + Uk+1]+7 k 2 07 XO = 07

where {U;};>1 are i.i.d. random variables with mean E[U;] = 1 < 0. Define the first busy

!Semi-exponential distributions have finite variance, but since we do not impose any assumption on
the left tail, the infinite variance might be due to the left tail. For example, we could assume regularly
varying left tail with index « € (1, 2].
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period by
Ty := min{k > 0: X} = 0},

and consider the random variable
T
Wl (p) = Z lea
k=0

for some p > 0.
Assume further that U; has a semi-exponential right tail. Then, as ¢t — oo, the tail

probability of W satisfies the asymptotic equivalence
log P(W(p) = 1) = log P(Us > (ul(p + 1))"/*) (1 +0(1).

We remark that this result was previously established in [18] in the special case p = 1,

under the additional assumption that U; has finite variance.

B.2 Notation and Preliminaries

We begin by presenting the definition of a Large Deviation Principle (LDP). Let (8, d)
denote a metric space, and let T denote the topology induced by the metric d. The
interior and closure of a set A are denoted by A° and A, respectively. Let (X,,) be a
sequence of 8-valued random variables. Let I : 8§ — [0, 00| be a lower semicontinuous
function. Such a function is called a rate function, and it is said to be a good rate function
if the level set U () := {x € 8§ : I(x) < a} is compact for every o > 0. Suppose that

(ay) is a sequence of positive real numbers such that a,, — 0o as n — 0.

Definition B.2.1. We say that the sequence (X,,) satisfies a Large Deviation Principle
(LDP) in (8,d) with speed a,, and rate function I if, for every measurable set A C 8,

1 1
— inf I(z) <liminf —logP(X,, € A) <limsup —logP(X,, € A) < — inf I(z).

TEA® n—0o0  (p n—oo Qp €A

The following definition, taken from Amir Dembo’s Large Deviation Techniques
and Applications, though more general than needed in our setting, will be useful in

transferring a known LDP to a related sequence of measures.

136



Appendiz B. Logarithmic Asymptotics for Powered Random Walk Ezcursions

Definition B.2.2. Let (8,d) be a metric space. The probability measures {p.} and {fic}
on 8 are said to be exponentially equivalent if there exist probability spaces {(2, B, P,)}
and two families of S-valued random variables {Z.} and {Z.}, with joint laws {P.} and
marginals {pe} and {fic}, respectively, such that the following holds:

For each 6 > 0, the set {w : (Z., Z.) € Ts} is B.-measurable, and

limsup elog P.(I's) = —o0,

e—0

where

s :={(5,s):d(5,s) >0} C8x8.

Let D[0, T] denote the Skorokhod space — the space of cadlag paths from [0, 7] to R.
Define the subclass

DH[0,T] := {£ € D[0, T] : £ is piecewise linear with slope u and has positive jumps} .

Note that any cadlag path has at most countably many discontinuities. Therefore, any

¢ € D0, T] can be expressed as

We assume that D[0, T is equipped with the modified Skorokhod topology known as

M. For a formal definition of this topology, we proceed as follows.

Definition B.2.3. For any £ € D[0,T], define the extended completed graph I''(§) of £

as

I'(€) = {(u,t) e Rx [0, 7] : w € [(t—) AE(1), &(t—) V E(D)]},
where we set £(0—) := 0. Define an order on I'(§) by declaring (uy,t1) < (ug,t2) if
either t; < to, orty =ty and |£(t1—) — uq| < [E(ta—) — usl.

A continuous non-decreasing function (u(s),t(s)) : [0,7] — I'(§) is called a

parametrization of IV(&) if
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We also call such a pair (u,t) a parametrization of the path . The set of all such
parametrizations of & is denoted by II'(§).

Definition B.2.4. Define the M metric dyy on D[0,T] as

dyr(&€,¢) == inf u—vl||l_+|lt—r .
6.0 = int, A= vl + = rll.}
(v,r) €Il (€)

Let W denote the reflection (Skorokhod) map, defined for any ¢ € D[0,T] by

() = (1)~ inf {5(s) A0},

s€[0,t

We also define the following functional, which will be central to our analysis:

¢r(§) 1_/0 U(€)(s)? ds.

We consider the time-homogeneous Markov chain {Xj, k& > 0} defined by Lindley’s
recursion:

X1 = [Xn +Upd]™, Xo=0,

where {U;};>1 are i.i.d. random variables with E[U;] = u < 0. Define the first excursion
period by
Ty :=min{k > 0: X}, = 0},

and the associated area under the random walk (raised to the power p > 0) by

Wi(p) == iX;f :
k=0
Furthermore, let K, := 3", U; denote the unrestricted random walk. Notice that
K, =X, forn<T. (B.2.1)
Define the scaled version of K,, by

_ 1
Kx(t) = EKWJ’ t e [O,T], T e R.
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We now introduce a standing assumption on the distribution of the increments:

Assumption B.2.5. The right tail of U, satisfies
P(U, > z) = e = L@

where a € (0,1), L is a slowly varying function, and x* 1 L(z) is eventually decreasing.

B.3 Statement of Main Result

Based on the notation introduced above, we now present the main result of the chapter.

Theorem B.3.1. Let Wi(p) = leo X7, where X is defined by Lindley’s recursion, Ty
is the first busy period and p > 0. Let Uy satisfy Assumption[B.2.5, with E[U;] = p < 0.
Then, the following logarithmic asymptotics hold:

. 1 o
lim —————~log P(Wi(p) > t) = — (Jul(p+1))»*T.
ooyt I (tﬁ)

Since L is slowly varying, the above result admits the equivalent formulation:
log P(Wi(p) > t) ~ logIP’(U1 > (lpl(p + 1)t)1/(p+1)) .

We note that for p = 1, this reproduces the same logarithmic asymptotics as in the

regularly varying case studied in [10] and the semi-exponential case studied in [18].

The reformulation above suggests that the event {W;(p) > t} is dominated by the
its most likely realization/path leading to such a large value. Specifically, the dominant
contribution comes from the path which has a single large jump of size approximately
(el (p + 1)t)1/ @+ oecurring early, followed by a roughly linear decrease governed by the
Law of Large Numbers.

The proof formalizes this intuition by showing that this is indeed the optimal (most
likely) way in which the rare event {W;(p) > t} occurs. In this way, we not only establish
the correct logarithmic scale for the tail probability, but also provide insight into the

mechanism that drives the rare event.
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3|
il

(Iulp + 1) P

t

1
(lul(p + 1)) P

T =
|l

Figure B.1: Most likely realization: a single large jump at the origin followed by linear
decay with slope .

B.4 Auxiliary Results

The following is a classical tool known as the Principle of the Maximum Term. We
include it here for completeness. The version stated below can be found as Lemma 1.2.15

in Dembo and Zeitouni’s Large Deviations Techniques and Applications.

Lemma B.4.1 (Principle of the Maximum Term). Let N € N be fized. Then, for any

family of non-negative real numbers {a'}Y |, we have:

e—0 e—0

N
lim sup e log (Z ae> = 122;}}(\[ lim sup e loga;.
We will make use of the following result, which can be found in [3].

Theorem B.4.2. Let (U;);>1 be a sequence of non-negative i.i.d. random wvariables

satisfying Assumption with E[U;] = u > 0. Define
i | Lot
Su(t) == (Ui—p), te[0,T],

n <
=1

for some fited T > 0. Then, the process S, satisfies a Large Deviation Principle in
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D0, T, Ty ) with speed L(n)n® and good rate function 19D 0,T] — |0,00] given by
1

> (&) —€(t-)", if € €D[0,T) and £(0) > 0,
[](\2) (&) = < telo1]

1
00, otherwise.
Remark B.4.3. Recall that every path £ € (D[0,T], M{) is assumed to satisfy £(07) = 0.
Therefore, if £(0) > 0, this is treated as a jump at time 0 and contributes to the rate

function I](\? as the first summand.
1

The following extension of Theorem [B.4.2] to the case where U; may take negative

values of bounded magnitude is almost immediatef]

Theorem B.4.4. Let (U;)i>1 be a sequence of i.i.d. random variables satisfying Assump-
tion with E[U,] = p < 0. Additionally, assume there exists K > 0 such that

U, > —K almost surely. Then, the scaled random walk

]
_ 1
K,(t)==) U, tel0,T],
=130, reom
satisfies a Large Deviation Principle in (D[0,T], Tyy), with speed L(n)n® and good rate
function [](\Z{) :D[0,T] — [0, 00] defined by

(€ —€t-)", if € € DO, T] and £(0) > 0,

[](\51) (&) = { teloT]

00, otherwise.

Proof. The result follows by applying Theorem to the random walk with non-
negative i.i.d. increments (Vn)nzp with V) := U; + K. We establish the upper bound;
the lower bound follows similarly.

Note that V; satisfies Assumption [B.2.5 having a semi-exponential right tail with the
same index « and a slowly varying function

(= K)"

xOé

L'(z) =Lz — K) - (B.4.1)

Moreover, E[V;] = p+ K > 0 and V; > 0.

2In |4, it is remarked that the result holds for two-sided jumps if the left tail is light. However, the
argument there contains an error; in discussion with one of the authors this was confirmed.
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Therefore, for any measurable set A C D[0, 7], Theorem yields

Lnt)

1
logP| =S (Vi —E[Vi]) € A | < —inf I'9(&). B.4.2
g n;( Vi) < - 1y (6) (B.4.2)

lims
e’ T (m)ne

Using the definition of V;, this becomes

1 _
lim sup Tne logP(Kn(t) — - LZ—H € A) < —inf [](\22 (€). (B.4.3)

n—oo EcA 1

Now, observe that

n 1
- 12—t < Jul=
e’} n

which implies that the sequences of distribution measures of K, (t) — 1 - L’;—” and K,,(t) —

ut are exponentially equivalent. Therefore, by Theorem 4.2.13 in *Large Deviations

Techniques and Applications* by Dembo and Zeitouni, we can replace K,(t) — u - %

with K, (t) — pt in (B.4.3)), to obtain

: % _ o (0)
hflnjogp Tme logP(K,,(t) — ut € A) < ég% Iy (€). (B.4.4)

The result follows because the translation & — & + ut shifts the domain of IJ(\EE to that
of I](\ﬁ[? . Formally, for any measurable A C D[0, 77,

inf 19(¢) = inf IM)(¢),
(€At pt Ml(g) ¢cA My (5)

where A + pt := {{ + pt : £ € A}. Finally, since L'(x) ~ L(x) as © — oo by L being
slowly varying, the claimed LDP with speed L(n)n® follows. O

To apply the above LDP, we must solve a variational problem. Specifically, we consider
the following question:

Among all paths in D*[0, T with the same total jump magnitude, which one mazimizes
the area under its graph after applying the reflection map and raising it to a positive
power?

The answer is that the optimal path is the one that concentrates all of its jumps at

the origin.
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To explain this more precisely, recall the reflection map W(§)(t) := &(t)—infcp,g{&(s)A
0}, and the functional ¢r(§) = fOT\If(é)(s)p ds. Let & € D*[0,T], which, by definition,

takes the form

Now consider the path & obtained by shifting all the jumps of ¢ to the origin:
) =pt+ Y (1) —¢-), teloT).

l€f0,1]

Then, the inequality

ér(&) < or (&)

holds. That is, concentrating the jumps at the beginning maximizes the area under the

reflected and powered path. This claim is established in Lemma

To facilitate our analysis, we introduce additional notation and then prove an
auxiliary result, Lemma Although this lemma could have been stated as a list
of straightforward facts, and its claims can be readily deduced from the definitions
below—especially with the aid of a graphical illustration like Figure [B.2}—we provide

detailed proofs for the sake of completeness and rigor.

Let ¢ € D*[0,T] be a path such that £ > 0 and
supp ¥(¢) := {t € [0,T] : W(§)(t) > 0} # 0.
For each t € supp W (&), define the entrance and exit time of the excursion containing ¢,
[(t) :==inf{s € [0,T] : Yu € [s,t], ¥(£)(u) >0},

r(t) :==sup{s € [0,T] : Vu € [t,s], ¥({)(u) > 0},

and let o(t) := [I(t), (t)] denote the excursion interval containing t or else the maximal

interval containing ¢ on which W(&) remains strictly positive.

Now define the set of such intervals:

Ct:={o(t) C[0,T]:tesupp¥(£)}.
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By construction, the elements of C* are disjoint intervals, each corresponding to a
maximal positive excursion of V(¢), and hence C* is at most countable. We enumerate
them as

Ct = {[lz,’l“z] 1> 1, l; < lj for ¢ <]}

Additionally, define ry := 0, and let
CO = {(Ti—lali) ) Z 1},

the collection of intervals on which W(¢) vanishes identically between successive positive

excursions.

[ 1 Iy C+ T2 I3 T4

Figure B.2: Example paths: £(¢) (red), and reflected W(&)(t) (black), g(¢)(dashed). Blue

segments indicate elements of C'.

Lemma B.4.5. Let £ € D*[0,T] with £(0) > 0. Denote the running infimum of £ A0 by

g(t) := inf {&(s) AO}.

s€[0,t]

Recall that W(&)(t) = &(t) — g(t), and let C* and C° be as defined above. Then, the
following properties hold:
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1. Properties of the running infimum g:

(1) & does not jump on any interval in CV.
(it) g is continuous on [0,T].
(iii) g is constant on each interval in CT, i.e., g(t) = g(l;) for all t € [l;,1;] and
i <|CH.
(iv) g is linear with slope p on every interval in C°. In particular, for every i <
(gt

g(ric1) — g(li) = p(li = riz1).

(v) For every i < |C*| and all t € [l;,r;), it holds that
g(t) =Y (I — i)
j=1

2. Properties of the reflected path V(¢):
(i) ¥()(t) = 0 for every t € [ri_1,l;) and every i < |C*|. In particular,
V(&) (r;) =0 for everyr; <T.
(ii) For every i < |CT| and t € [l;,1;),

V) = pt+ Y (€)= E0=)) =Yl —r5).

1€[0,t] Jj=1
(i11) For every i < |C™|, the following holds:

~ (T 60 =€) = n T =rim) . i< T

i = .
> — (L 60 = €02) =Xy =r50)) o ifre =T,

(iv) For every i < |CT|, the integral of V()P over the excursion satisfies

<Zl€(ri—1,ri} () — 5(1-))”1
—pu(p+1)

/ w5y ds <

Proof. 1. (i) Let i < |C*| and [ € (r;_1,1;). By the construction of C*, we have
U(&€)(1) = 0. Combined with the definition of W, this implies that £ attains

145



B.4. Auxiliary Results

(iii)

a running infimum at [, i.e., £(I) < &({—). On the other hand, since £ has
only positive jumps, we also have (1) > £(I—). Therefore, it must be that
&(l) = &(I—), and hence ¢ has no jump at [ (and is continuous at [).

The function g(t) := inf,cp4{&(s) A 0} is non-increasing by definition. If g
were discontinuous at some [ € [0, T, it could only have a jump discontinuity,
Le., g(I7) > g(l) or g(I7) < g(I). However, the former contradicts the fact that
& A0 only has positive jumps, while the latter contradicts the right-continuity

of £ A 0. Hence, g is continuous on [0, 7.

Let ¢ € [l;,7;) and suppose for contradiction that ¢(¢) < g(l;). Then £ A0 would
hit a new running infimum at some u € [l;,t), which would imply ¥(§)(u) = 0.
But by construction of C*, W(¢)(u) > 0 for all u € [I;,r;). This contradiction
shows that ¢(t) = g(l;) for all t € [I;,r;). Since g is continuous by part (ii), we
also et g(re) = (1)

Let ¢ < |C*|. From part (i), we know that £ is continuous on (r;_1,1;), so for

any s,u € (r;_1,l;) with s < u, we have

§(u) = &(s) = plu — s).

Furthermore, since W(¢)(t) = 0 for all ¢ € (r;_1,(;) by construction of C*, it
follows that g(t) = &(t) on this interval. Hence, g(u) — g(s) = p(u — s), i.e.,
g is linear with slope p on (r;_1,[;). By continuity (part (ii)), this extends to
the endpoints, so:

9(li) — g(ria) = p(li — ric1).

The claim follows by g being constant on the intervals in C* (part (iii)) and
decreasing linearly with slope u on the intervals in C° (part (iv)). More
analytically, for t € [l;,;), by summing the increments of g over the partition

induced by the alternating intervals in C™ and C°:

ol1) = glr0) + 3" (9(0) — 9l 1) + 3 (9l — 9(4)) +(0) — g(r.).

(B.4.5)

Since £ > 0, we have g(r9) = g(0) = 0. By part (iii), the second sum and
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the final term vanish, and by part (iv), we have g(l;) — g(r;_1) = p(l; —rj-1).
Substituting into (B.4.5)) yields:

as claimed.

2. (i) By the construction of C*, we have U(&)(t) = 0 for every ¢t € (r;_1,1;). At
the same time, W(&) is right-continuous, as it is the difference of two right-

continuous functions. Hence, ¥(&)(r;—1) = 0.

(ii) The claim follows directly from the definition of W(¢), the form of £, and part
L(v).

(ili) Fix i < |CTF|. If r; < T, then W(&)(r;) = 0 by (i), which implies £(r;) = g(r;).
Using part 1(v), we get

E(ri) = (I =)

j=1
On the other hand, by the definition of &, we have

E(r) = pri+ Y (E(1) =€)
]

lE[O,T,L‘
Equating the two expressions for £(r;) and solving for ur; gives the desired
identity:.

If r; = T and ¥ (£)(r;) = 0, the same argument applies. If instead ¥(&)(r;) > 0,
then g(r;) < &(r;), and combining this with the second expression above yields

an inequality for ur;, completing the proof in both cases.
(iv) From 2(ii), we have
\D(g)(t)l[lm“i)(t) = | ut+ Z (&) —&l=)) — MZ(lj —7Tj-1) ]]'[liﬂ“i)(t)'
1€[0,t] j=1

Since the jumps are positive, for ¢ < r;, we can bound this above by replacing
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t with r; in the jump sum:

1€[0,r4] Jj=1
Therefore,
i p
[vowras< [ nst X @0 -e0-) -3 -, | ds
bi L 1€[0,4] =1
(B.4.6)
Set

lE(Ti_l,Ti]

u(r;)) =0 ifr;<T, andu(r;)) >0ifr;, =T,

by 2(iii). Plugging into (B.4.6):

r; 1 u(l;)
/ V(&) (s)Pds < —/ uPdu
Ui —H Ju(ry)

1 2ier; . (ED—E01-))
< — uPdu

),
(Zle(n‘ﬂ,ri] (5([) — g(l_))>P+l
—u(p+1)

Lemma B.4.6. Let p > 0, T > 0, and let £ € D*[0,T] be such that £(0) > 0. Then, the
following inequality holds:

(S &) —€5)"

—u(p+1)

or(§) <
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Proof. We have

[T i . 1 || p+1
or©=3 [ WOwras — oy X -
1 p+1
< i+ ;{Lip]f(s) —&(s—)

The equality follows from the fact that ¥() is positive only on the intervals in C*. The
first inequality is due to Lemma M(Z.iv), and the second inequality uses the convexity

of the function x + 2P*! for p +1 > 1. O

Proposition B.4.7. Let T > 0. Let U, satisfy E[U;] = p < 0 and Assumption [B.2.5
Assume further that there exists K > 0 such that Uy > —K. Then, for the scaled random
walk K,(t) := 1 S0 U, it holds that

7

log P(¢7(K,) > 1) < — (|ul(p +1))77 .

.
TP z*L(z)

Proof. Note that ¢r is continuous with respect to the M; topology (see Theorems 11.5.1
and 13.4.1 in [43]). Hence, the set

V= (€ € DT - brl6) > 1)
is closed in (D[0, T, Tay; ). Therefore, by the LDP in Theorem W,

logIP’([_(gc € VT)

log P K,)>1) =1
oEP(0r(f) 2 1) =l 2y

: (1)
< _Slng Iy (€)-

!
TP x> L(z)

Thus, it suffices to show that

I4E) > (—u(p+1)71  for all € € V7

Let € € V. If ¢ ¢ DH[0,T] or £(0) < 0, then I%)(¢) = oo and the claim follows.

/
1

Hence, we assume & € D#[0, T, £(0) > 0, and ¢r(§) > 1.

149



B.4. Auxiliary Results

By Lemma -
(Zeciom §65) — (5-))
<

- —pu(p +1)

Rewriting the above inequality and raising both sides to the power « € (0, 1), we obtain

[0}

s —E(s—) | = (—plp+ 1))

s€[0,T]

. (B.4.7)

Now, since a € (0,1), we use the concavity of x +— x® and Jensen’s inequality in
reverse form to get

ST =& = D Els) -

(B.4.8)
s€[0,T] s€[0,17]
Combining (B.4.7) and - B.4.8)) yields
I8E) = Y (6(s) = E(s=)" = (—ulp+1))77
s€[0,T7]
O

Recall that T denotes the first excursion of random walk

Proposition B.4.8. Let Uy satisfy E[U;] i < 0 and Assumption [B.2.5 Assume

further that there exists K > 0 such that Uy > —K. Define

1))7i7
7 = e+ D)7
|l

and assume T > T*. Then,

1 _a_
lim sup ——— L) logP(T7 > 2T) < —(|p|(p+ 1)) #+T

z—o0 L

Proof. Define the set

s€[0,T]

—{EED[O,T] inf &(s) > }
If ) > 2T, then X,, = K,, > 0 for all n < [2T| (by X,, = K,, before the first return)
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hence K, € B. Therefore,

lim sup logP(T7 > 2T') < limsup logP(K, € B
e 70 L() PR ) (B.49)
: (w)
< - !
= ég% [Ml (5)3

where the first inequality holds due to P(7} > 2T < ]P([_(x € B), and the second follows
from Theorem [B.4.4] because B is closed (as the pointwise infimum is continuous under
the M; topology — see Theorem 13.4.1 in [43)]).

To conclude, it suffices to show that for every £ € B,

14(€) > (—plp+ 1))7.

1

Let £ € B. If £ ¢ D#[0, T, then ]](\’;{)(5) = 00, so we may assume ¢ € D#[0, T]. Then,

Evaluating at time T™ < T', we get:

0<ET) =uT" + 3 (6() - £(-))

1€[0,T*]

< —(—up+ )7+ Y (E() — 1)),

1€[0,T]

where the first inequality follows from ¢ € B, and the second from the definition of T

and the assumption 17" > T™.

Rearranging gives

3 € - £0-)) 2 (—plp + 1))

1€[0,1]

Raising both sides to the power a € (0,1) and using inequality (B.4.8) from Proposi-
tion [B.4.7, we conclude:

«
p+1 |

~
SE
—~
mm
~—
|
—~
Iy
—~
~
~—
|
Iy
—~
~
L
~—
Q
Y
—~
Iy
—~
~
~—
|
I
—~
~
L
~—
AV
—~
|
=
—
S
+
—_
~—
~—
i

1e[0,7] le[0,7]



B.5. Proof of Main Result

]

B.5 Proof of Main Result

Proof of Theorem[B.3.1 Let K > 0 and define the truncated increments U,L»(K) =
max(U;, —K), i > 1. Let

X = X0 UK, Xm0,

K)

with first return time Tl( , and set
- (xl(p + 1))/
K K K * K |(P
W) = (XY, c=E[U], T ™ -
=0

Note that Ul(K) and U; have the same right tail; hence Ul(K) is also semi-exponential with

index « and slowly varying function L.

Upper bound.

= lim sup

oo 2L(7)

1 e X fgﬂ .
log P / ds >1
z—o00 L L( ) 0 x

= lim sup

T1<K)/ac XE

1
< lim sup ——— log (P
im sup L) og ( 0 (—=

1 i [ X5\ 1
llnisup . L( ] log P /0 ZSJ ds > 1 {hn;sup L) logIP’<T1(K) > le*()}

Lyds > 1, 75 /2 < T*) + ]P’( 75 /3 > TK))

K 1 K ‘
{llir:s;}p I )log]P’(¢T (K( )) 1)] [hirisoljpx L )logP<T1( )>xTK)1
— (Inxlp+ 1) 7 v = (Juxl(p + 1)) 7
— (lpxl(p+ 1))
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where the first inequality uses WI(K) (p) > Wi(p) almost surely, the second equality uses

t = 2P the third equality uses

1 m—1 ) 1 m ) m/z XEKﬂ p
p p xs
i > (x) :_xPH/O (X5) du:/o (T) ds, (B.5.1)
=0

the second inequality is the union bound, the third inequality due to the principle of the
maximum term (Lemma [B.4.1)), and the last inequality follows from Propositions [B.4.7]

and [B.4.8] Here
| Lt

ES@W) = ="u, telo, 1)
=1

T 4 '
Lower bound.
Fix € > 0 and define

Tk

A= {g e D0, 7] : £(0) =e, U(E)(s)Pds > 1, inf £(s) > o},

/0 s€[0,T%]
/

“W(e)(s)Pds > 1, inf &) > e/2}.

se[0,Ty

A

{geDo. 1) €0 =
Let b := (|ux|(p+ 1))@+ and set

f(S) =ec+b ﬂ[e/(4|;¢K\),T;‘(](S) + LS.

Then £(0) = ¢, infjg 72) € = 3¢/4, and using uxTx +b =0,

Tic Mgl Ti
/ U(&)(s)Pds :/ (uKs—ire)pds—l—/ (urs+ b+ €)Pds
0 0 ﬁxl
6117—i-1 o (ge)p—i-l (%6 + b)p—i—l o 6p+1
lrl(p+1) lprl(p+1)
ety -Gt p
lr|(p+1) [ |(p+1)

Y

where we used the definition of b in the last equality. Hence & € A, and

T (6) = e b7 = e+ (el (p + 1) 7

SO

inf I](\’jf)(ﬁ) < e+ (|uK|(p+ 1)) Pl (B.5.2)
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Define B, := {U") > \/e, Vi < [2\/e]} and k* := [z\/€] + 1. Then

v

Vv

A%

v

v

Vv

v

vV

>

1
e 1
FL(5)
1

liminf —
bo0 ¢ttt L(twtT)

+ lim inf —
to0 ¢t L(twHT)
7K

hgg)lf x> L(x)

ligicgf o L(D) 2
7K
liir_lglf L () log [P ;
75
liminf - log I 2;

logP| > (X%

log P(W1(p) > 1)

)p > xH—p

— logP(U; > —K Vi <)

logIP’(Wl(K) (p) > t> +0

o (X1
1. . f—l ]P> xrs
w0 (5
1 f 1 —IP’ T;( Xff;j p
.. >
im in o L() og [P, /0 . ds > 1
r (K)
lim inf log | P, KgK) € A, inf Lzs)
T—00 ,jpo‘L(:L‘) s€l0,T] T
s (1K) (K)
gmj Iy (6) + VelogP( U™ > /e
A2

— nf I09(€) + Ve 1ogIP>(U1(K> > \ﬁ)

€A,

e+ (lul(p+1))771 + VelogP(U) > Ve) |

(K)
inf Ll S 0) -P(B,..)

s€[0,T)] X

> 0) P(B,.)

where the third to last inequality is due to Theorem [B.4.4] and the last one is due to
(B.5.2). In addition, we used again (B.5.1]) on the forth equiality.
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Sending € | 0 for both the upper and lower bounds and then K — oo for the lower

bound proves the theorem. O

B.6 A Direct Upper Bound without LDP

In this section, we provide a self-contained proof of the upper bound in Theorem [B.3.]]

that does not rely on a Large Deviation Principle.

Proposition B.6.1. Let (U;)>1 be a sequence of i.i.d. random variables with E[U;] =

< 0, and suppose that Uy is semi-exponential with parameter o € (0,1). Then,

lim sup log P(W:(p) > ¢) <
o 1og P(Uy > (|ul(p+1)1)7 )

Proof. Let g(t) := (|u|(p + 1)t)ﬁ to simplify notation, and fix € > 0.

Consider the shifted random walk K/ := Us + -+ + U,41, for n > 2, and define the
event

Ay ={K) > —nlp—¢ — A, Vn>1},

for some constant A = A(e) < oo, such that, by the SLLN,

P(A) >1—e (B.6.1)

Next, define

= (=N a0 = (U A
Ve 1= 7 , an o(t) :={U1 > ve9(t) + A} .

Observe that on A; N Ay(t) we have

gt
79()+1

T > .
1 — €l
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Hence, recalling X = [Xj_1 + Ug]™ and X; = Uj, we obtain

|Fe28 1+

> (reg(t) + AP+ D (reglt) = (n = D —€)’

n=2

’Yeg(t)J

> > (reg(t) = nlp—e)?

veg(t)
lu—el

> ) (7eg(t) — | — €ly)" dy =, (B.6.2)

where the last inequality follows because the left Riemann sum of a decreasing function

overestimates the integral.

Thus,
P(Wi(p) > t) > P(A; N As(t)) = P(A1) P(Ax(1)) (B.6.3)

since A; and As(t) are independent.

It follows that

s JEPWI@) > 8) 0 P(A)

— 7 =1, B.6.4
D P > g () + A) = S o B 1)) (B.6.4)

Moreover, since semi-exponential random variables are long tailed, they are log-long-

tailed as well, and we have:

log P(Uy > yeg(t) + A)

B.6.5
1 o PO > 1.9(0) (B6.5)
Moreover, semi-exponential random variables are log-regularly varying, i.e.,
log P(U; > v.g(t

isee log P(U, > g(t))
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Hence,

logP(Wi(p) >t) _ logP(Wi(p) >t)  logP(Uy > 7eg(t) +A) logP(Us > veg(t))
logP(Uy > g(t))  logP(Ur > veg(t) +A)  logP(Ur > eg(t))  logP(Ur > ¢(1))

<1-1-9¢8 =17

Sending ¢ — 0 yields 7. — 1 and concludes the proof:

limn sup log P(W1(p) > t)
oo logP(Uy > g(t))

<1

]

Remark B.6.2. While we defined Ay to hold with high probability (via the SLLN), we
did not explicitly use that P(Ay) is large — only that P(Ay) > 0 and that the event Ay
is independent of Ay(t). That hints in that we can induce something stronger using that
argument. Actually, if Uy is regularly varying with index o > 1 (so that E[U;] < 00) ), we

may strengthen this argument and obtain a estimate outside of the logarithmic scale.
Proposition B.6.3. Let (U;);>1 be i.i.d. with E[U;] = p < oo. Assume that Uy has a

reqularly varying tail with index o > 0. Then

. P(Wi(p) > 1)
1 > 1.
el B(UL > (lul(p + DOVeD) =

Proof. Set g(t) := (|,u|(p+ 1)15)”% and 7 1= (m_E

P(Wi(p) > t)
P(Uy > g(t))

Because U is long-tailed and regularly varying with index o > 0,

i BUL> 200 £ 4) B > () +4) B > ()
SR PO > g0) e B0 > g®) e PO gh)

By the SLLN we have P(A4;) > 1 — € (see (B.6.1))). Hence

lim sup —P(Wl (p) - t)

DS BT, > o) S O

Letting € | 0 yields the claim. O
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