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Symmetry under a particular class of non-strictly canonical transformation may be used to iden-
tify, and subsequently excise degrees of freedom which do not contribute to the closure of the
algebra of dynamical observables. Such redundant degrees of freedom may physically be identified
with empirically-inaccessible measures of global scale. In this article, we present a mathematical
framework which extends the symmetry reduction procedure to theories of classical fields, in both
the Lagrangian and Hamiltonian settings. In order to maintain Lorentz covariance, while simulta-
neously working with a finite-dimensional phase space, we employ the De Donder-Weyl formalism,
for which the natural description is formulated in terms of the fibered manifolds of multisymplectic
geometry. We subsequently analyse a number of simple examples, and provide a discussion of the
broader implications of our construction.

I. INTRODUCTION

Our most precise and well-tested description of nature is currently formulated in the language of field theory,
both at a classical and quantum level [1]. Indeed, the advent of a field-theoretic viewpoint has arguably
been one of the most significant shifts in perspective of the last few centuries. The particular mathematical
framework introduced to model the phenomena of interest depends upon context, and, to a lesser extent,
convenience and personal preference. From the perspective of the symplectic description of classical field
theories, we highlight two philosophically-distinct approaches. The canonical formalism, often employed
to construct the quantum theory from the underlying classical framework, studies dynamical evolution, as
defined by the initial-value problem. In particular, one sacrifices Lorentz covariance, selecting a privileged
time coordinate, and considers field variables defined on spatial slices of fixed temporal parameter [2].

The spacetime-covariant formalism, by contrast, treats events at a single spacetime point, considering all
coordinates (including time) equally [3 [4]. Multisymplectic geometry provides a rigorous framework within
which to study classical field theories in just such a covariant setting, which we shall refer to as the De
Donder-Weyl formalism [5HI]. While the canonical approach, or alternative tools, such as variational bicom-
plexes, are often favoured in the literature [10], their infinite-dimensionality presents a significant hindrance
to the study of the class of symmetries of interest in the present work [I1], which we shall refer to as scaling
symmetries or dynamical similarities.

Scaling symmetries arise when our mathematical formalism contains more structure than that required to
describe the dynamical evolution of the observable degrees of freedom [I2]. Not only is such a scenario
undesirable from the perspective of elegance and simplicity, but the superfluous structure can, at times,
introduce pathological behaviour that is an artifact of our choice of description, and not reflective of the true
nature of the underlying physical system. For example, it is the universally-accepted practice to describe
the dynamical evolution of homogeneous, isotropic cosmologies using a dimensionless scale factor a(t) [13].
It is known that the value of the scale factor by itself cannot be determined by experiment; it is only the
ratio of a(t) at two different times that encodes physical information. It has been demonstrated that one can
formulate an equivalent cosmological description, without ever introducing a scale factor [14] [I5]. Moreover,
as alluded to above, this description is perfectly well-defined at those points where the singular nature of
the scale factor causes the conventional theory to break down [16].

We argue that, following the Principle of Essential and Sufficient Autonomy, when seeking a theoretical
description of the natural world, one should first construct a framework which amply describes the phe-
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nomena of interest, before progressively reducing its superfluous structure, until a minimally-sufficient yet
consistent theory remains [I7H20]. By considering the multisymplectic formulation of classical field theory,
introduced in section , we demonstrate that invariance under changes to a system’s global scale indicates
the presence of a single redundant degree of freedom, corresponding to the generator of these rescalings.
The process by which such structure is excised from our theory is known as ‘contact reduction’, and is
introduced in section . We then dedicate sections (V) and (VI)) to the field-theoretic generalisation of
this procedure. Throughout, the multisymplectic framework is indispensable for our construction in two
regards; on the one hand, it is not clear that the more conventional approaches admit a means to assign
a well-defined structure to our theory, after having eliminated a scaling degree of freedom. By contrast,
when the fibered manifolds of the multisymplectic formalism are employed, we shall demonstrate that the
reduced theory is defined on a space naturally identified as a multicontact manifold [21H23]. The second
way in which the multisymplectic framework proves highly fruitful is its finite-dimensionality. In working
with a manifestly finite-dimensional (velocity) phase space, we are able to very easily perform a counting of
the degrees of freedom, showing that the reduction procedure eliminates precisely one.

The ideas presented throughout constitute a necessary preliminary framework that is precursory to a full
treatment of contact-reduced gauge theories. Our principal objective in developing methods for treating
singular theories lies in the study of General Relativity, where it is known that the Einstein-Hilbert action
admits a scaling symmetry [24]. A geometrical constraint algorithm has been developed for singular field
theories described using multisymplectic geometry [25] [26], and the interaction between phase space restric-
tion, and the contact reduction procedure presented here should be examined, prior to analysing scaling
symmetries of gravitational actions.

Finally, we close with a number of examples, in which a scaling symmetry is identified, and the reduction
procedure carried out. These examples have been chosen to be sufficiently involved so as to admit a detailed
discussion of the physical implications of our construction. They are, however, simple enough so as to allow
readers unfamiliar with multisymplectic geometry to follow, without additional contextual complications.
Having presented these examples, we shall indicate a number of more physically-motivated theories to which
our formalism is applicable, as well as discussing several open questions and lines of further investigation.

II. MULTISYMPLECTIC FORMULATION OF CLASSICAL FIELD THEORIES

Our treatment of multisymplectic geometry aims to be self-contained, but by no means exhaustive; since
our objective is to describe classical field theories in a covariant manner, much of the material presented
throughout this section is adapted with this goal in mind. A more complete and in-depth discussion of the
ideas discussed may be found in [27H29], for example.

A. DMultisymplectic Manifolds and Multivector Fields

In general, we say that an m-dimensional differentiable manifold M is multisymplectic if it admits a closed,
I-non-degenerate k-form Q € QF(M), with 1 < k < m [30]. That Q is 1-non-degenerate means that for
every p € M and X, € T,M

ix, =0 =  X,=0

If Q is closed but 1-degenerate, we refer to the pair (M,) as a pre-multisymplectic manifold. Given a
multisymplectic manifold (M, ), sections of the k™" exterior power of TM define a class of objects known
as multivector fields of degree k on M. We denote the space of all such multivector fields X*(M) :=
T(M,AFTM). A k-multivector field X € X*¥(M) is said to be locally decomposable if, for every point
p € M, there exists an open neighbourhood U, C M, and vector fields X3, --- , X € X*°(U,), such that

X|z,{p:X1/\ - AN X

We say that an m-dimensional distribution D C TM is locally associated to a non-zero X € X™(M), if
there exists some connected open set V C M, such that X|y, € T(V,A™D|y), and X € X" (M) is said to



be integrable if its locally associated distribution is integrable.

Finally, we define the contraction between a locally decomposable m-multivector field X = X3 A --- A X,
and a differential k-form = € QF(M) as

= Jixn, o ix B ifm<Ek
)0 if m >k

B. Lagrangian Field Theory

We begin by introducing a fibre bundle 7 : E — M over the orientable, d-dimensional spacetime manifold M,
with volume form w, and local coordinates z# (1 =0, --- ,d—1). The total space E is a (d+ n)-dimensional
manifold, referred to as the covariant configuration space, upon which local coordinates are written (x*, y?),
with 1 < a < n. Introducing the first jet bundle x : J'E — E of sections of 7 [31} [32], together with the
map 7 :=mox: J'E — M, the Lagrangian density is a 7-semibasic d-form on J'FE, expressed as

L,y y,) = L(a", y", y,) 7w (2.1)

in which L : J'E — R denotes the Lagrangian function. In local coordinates (z#, y?, yﬁ) on J'E, the volume

form simply reads 7*w = d?z. From the Lagrangian function, we define two Cartan forms Oy € Q4(J'E)
and Qp, € QML(JIE) as

L oL
= dy® Ad* g, — @_r) q? Qy :=—d 2.2
oL oy ha (8yfj Yu ) ! g O 22)

The quantity dd_lxu is defined in the obvious manner as dd_lxu =g, d?xz. We refer to the pair (J'E, Q)
as a Lagrangian system, further specifying this to be regular if 2y is multisymplectic, and singular if it is
pre-multisymplectic [26]. From the Cartan d-form ©p, we define the following objects, used extensively in
our analysis of scaling symmetries

L
0% == —19, |+ Lo, (Op Ndzt) = 0 dy*® (2.3)
ys,

The field equations for a Lagrangian system (J!'E, Q) may be derived from a variational principle (details
of which can be found in [33)]); here, it suffices to note that this variational principle identifies critical sections
¢ € T(M, E), whose canonical lifting j1¢ to J'E satisfy the following Euler-Lagrange field equations

o (oL oL ..

If ¢ is expressed locally as ¢(x) = (z#,y*(z)), then
) (25)

In general, a section ¢ : M — J'E is said to be holonomic if it may be expressed as the canonical lifting
1 = jlx of some x : M — E. An integrable multivector field whose integral sections all have this property
is itself referred to as holonomic. The field equations may be formulated geometrically seeking locally
decomposable, T-transverse multivector fields X j, which satisfy ¢x,Q; = 0. Such multivector fields are
expressed locally as

oy°

iot) = (#*,1(0)

d—1
N B
Xe=f A <8x” T Fu gy T 8y3) 20

n=0

for some non-vanishing f € C*°(J'E). In practice, 7-transversality is most easily enforced by demanding
that tx(7*w) = 1, which sets f to unity. When X, is integrable, it is holonomic only when F =y in the
above expansion; if Ff = yy;, but X is not integrable, then we say that it is semi-holonomic.



C. Hamiltonian Field Theory

When analysing systems invariant under scaling symmetries, it will be of benefit to have at our disposal
both the Lagrangian and Hamiltonian descriptions. Since the contact-reduced Hamiltonian may always be
obtained by performing a Legendre transform of the corresponding Lagrangian, our treatment of the Hamilto-
nian construction will be heavily abridged. The relevant geometrical setting is the restricted multimomentum
bundle ¢ : J'E* — E, which serves as the covariant phase space; further details on this construction may
be found in [34H36]. We introduce the projection & := m oo : JLE* — M, and write local coordinates on
JYE* as (x#,y%, p*). The Legendre map FL : J'E — J'E* acts on these coordinates according to

oL
dy

FL ot = ¥ FL y* =y FL pt = (2.7)

a
”w
A Lagrangian system is said to be regular if FL is a local diffeomorphism, hyperregular if this diffeomor-

phism is global, and singular if F£ is not a diffeomorphism [37H39]. Throughout, we assume all systems to
be (hyper)regular, and will only discuss the treatment of singular Lagrangians in our concluding remarks.

Application of the Legendre map to the Cartan forms gives the corresponding Hamiltonian objects
O =ptdy* Nd* 'z, — Hd Qp = —dOy (2.8)
in which H : J'E* — R denotes the Hamiltonian function. From Qp, we define the following 2-forms
why = =g, 4 - Lo, (g ANdat) = dy®* A dph (2.9)

which will again be used extensively in section (VI), and should be compared to (2.3). The equations of
motion may be derived from variational arguments [33], and if a critical section 1 is expressed locally as
Y(x) = (z, % (x), Y (x)), then we find that
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As in the Lagrangian case, these critical sections are integral to a class of g-transverse, multivector fields
{X i}, each of which satisfies tx, Qg = 0.

III. MULTICONTACT FORMULATION OF CLASSICAL FIELD THEORIES

As mentioned previously, the elimination of a scaling degree of freedom leaves a reduced space, which
naturally inherits a multicontact structure [21H23]. Physically, a theory possessing an empirically inaccessible
notion of global scale is dynamically equivalent to a second, simpler theory, with no such scale, but which
is frictional in nature [I2} 17, 40, 41]. In this section, we briefly discuss the framework required for the
description of non-conservative field theories.

A. Lagrangian Formalism
Continuing to work with the fibered manifolds 7 : E — M, and x : J'E — E, a multicontact (or Herglotz)
Lagrangian density is a d-form on the space
S:=JE xp ANTIT*M =2 J'E x RY (3.1)

The space S is of dimension 2d + n + nd, and is a bundle over both F, with projection 7 : S — E, and
M, with B =mo7:8 — M. We take local coordinates on S to be (z*,y%, y;, s*), in which the s* have

the field-theoretic interpretation of an action density. Pulling back the volume form w € Q4(M) to S, the
Lagrangian density is written locally as

L(z" y* yy, s") = L(z", y*, yy, ") B*w (3.2)



In close analogy to the multisymplectic case, we have the Lagrangian d-form ©y,, which, in local coordinates,
is given by

oL oL
O = (ds“ - dy“) A di e, + < Y — L) dix 3.3
8yz K ayﬁ 1% ( )
The (d + 1)-form Q, is constructed from the dissipation form, expressed in local coordinates as
oL
- _ "
0o, = Dsh dx (34)
We then have
QL:d@L+O'@L/\®L (35)

A holonomic section ¥ : M — S may be expressed locally as
6 a
¥(e) = (et (2), 5

S| )
OxH |,
Such objects satisty the Herglotz-Lagrange field equations

0 OL oL 0L 0L Os*
— | = U — =LoV¥ .
Out (ayfz ’ ) <aya oy 6> ’ dare —° (30
which should be considered the suitably modified version of (2.4), adapted to accommodate the non-
conservative nature of action-dependent field theories. As in the multisymplectic case, the dynamical evolu-

tion of our system may also be expressed in terms of multivector fields; in the current context, the equations
of motion for locally decomposable 3-transverse multivector fields X € X4(S) read

LXLQLZO LXLQLZO (37)

B. Hamiltonian Formalism

In parallel to the construction of S in (3.1)), we introduce
S* = J'E* x NTIT*M =2 J'E* x RY (3.8)
with projection 7 : 8* — M. Local coordinates on S* are denoted (z*,y®, p¥, s*), upon which the Legendre
map FL : S — §* acts according to
oL
FLY 2t = o FL y* =y FL pt = Doa FL* sH =gt (3.9)
Yp
Similarly, the Hamiltonian d-form ©g on S* satisfies FL*Og = Or, and in local coordinates, we have
On = (ds" — pldy®) A d* 'z, + Hd% (3.10)
in which the Hamiltonian H : $* — R is related to the Lagrangian energy function via E;, = FL*H. When

studying the reduction of multisymplectic field theories to their frictional multicontact counterparts, it will
be of benefit to work with the following 1-forms

nt = —up,, -+ Lo, (O Ndazt) =dst — ph dy® (3.11)
The dissipation form for action-dependent field theories within the Hamiltonian formalism is given by
0H
el I,
Ton = 5 dz (3.12)

which is then used to construct the (d+1)-form Qp := dOg+0e,A O, asin (3.5). Given a holonomic section
P M — S*, expressed as ¢(z) = (¥, y*(x), pi(z), s*(z)), the suitable modification of the Hamiltonian
equations (2.10), adapted to action-dependent theories reads

oy* OH Opk oH 0H
= = oye + Pa 87M
() @ Y S5/ ()

oxr| — Oph Oxk
The final expression is simply the condition d,s* = LH | expressed in canonically conjugate variables.
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IV. AN INTRODUCTION TO DYNAMICAL SIMILARITY

We begin by motivating the concept of scaling symmetries for simple theories of particles. In the introduc-
tion, we provided a qualitative account of how many theories are described mathematically, in a way that
represents not only the evolution of observable quantities, but contains additional redundant structure, often
present to reduce calculational complexity. This can be made more precise by considering the phase space of
a mechanical system, where the redundancy manifests itself as a vector field, generating scale transformations
that leave all dimensionless observables invariant, while acting non-trivially on the canonical coordinates.
Such symmetries are not, therefore, simple reparameterisations, which are merely alternative descriptions
of the same underlying mathematical object. A scaling symmetry maps between points that are distinct
elements of the system’s phase space. Such points are identified solely because all relational observables
evolve in precisely the same manner. Further, unlike reparameterisation invariance in relativistic mechanics,
a scaling symmetry does not have the effect of introducing constraints into the system: first-class or otherwise.

To continue our example from the introduction, we consider a flat, homogeneous, isotropic Friedmann model,
sourced by minimally-coupled scalar fields. The phase space of this system consists of the scale factor, the
Hubble rate, the scalar field values and their momenta. However, the physical observables depend only on
the Hubble rate, the scalar fields, and their velocities. The dynamical similarity within this system connects
distinct points on the phase space manifold which have the same values of these observable parameters,
and are thus physically indistinguishable. This is realised by a vector field, which rescales the phase space
parameters in such a way so as to leave the empirically accessible ratios unchanged.

In order to provide a more mathematical description of these ideas, we consider a symplectic manifold (N, w),
with dim N = 2n. Suppose that Xp € X°°(N) is the Hamiltonian vector field associated with the function
H:N — Rvia

txyw=dH (4.1)
A vector field D € X*°(N) is said to constitute a scaling symmetry of the Hamiltonian system (N,w, H) iﬂ
Lpw=w LpH =AH

for some A € R, referred to as the degree of the scaling symmetry. The first of these properties indicates
that scaling symmetries belong to the set of non-strictly canonical transformations of (N,w) [42]. Together,
these two conditions allow us to show that

Upx W = [€pstxylw = (A—1)dH = [D,Xpg]=(A-1)Xgy

so that the vector field D acts to rescale all phase space trajectories by the same non-zero factor. A non-
trivial corollary of this is that there exists an algebra of invariants of the scaling symmetry, whose dynamical
evolution is both autonomous and insensitive to its action [12] [I7]. In this sense, a scaling symmetry maps
one physical solution into a second, indistinguishable one.

Assuming that the flow of D acts freely and properly on N, we have a well-defined quotient space C' := N/ ~,
in which two points are identified if they lie on the same D-orbit [43]. C' is a smooth manifold of dimension
2n—1, and the map 7 : N — C, taking points of N to their equivalence class under D-orbits is a submersion.
Further, ¢ := m, ker(tpw) defines a contact distribution on C. Locally, we identify a scaling function
p: N — R, defined to satisfy Dp = p; the contact distribution ¢ is then represented as the kernel of the
1-form

% LpW
= —— (4.2)
p
In addition to the 1-form 7, we may also introduce a contact Hamiltonian H¢ : C' — R via
H
T H = — (4.3)
p

1 Here, we use £ to denote the Lie derivative, so as to reserve £ and L for the Lagrangian density and function respectively.



The system (C,n, H¢) is a regular contact Hamiltonian system, which faithfully reproduces the dynamics of
the original symplectic system, without reference to p, which, physically, we identify with the inaccessible
measure of global scale, whose presence is redundant, from the perspective of the evolution of the observables.

V. CONTACT REDUCTION OF LAGRANGIAN SYSTEMS

Despite having introduced scaling symmetries within the Hamiltonian formalism, our field-theoretic dis-
cussion commences with the (regular) Lagrangian system (J'E,©p) over the d-dimensional spacetime
manifold M. In general, when a theory possesses a global measure of scale, whose presence is not re-
quired to describe the evolution of the observable degrees of freedom, there exist coordinates (z#, ¢, ¥®)
on E, with a = 1, --- , N, such that under the transformation (z#, ¢, %) — (z*, \€,1?), the Lagrangian
function is rescaled according to L + AL for some A € R. In order to preserve Poincaré invariance, we
have assumed that the only dependence of L on the spacetime coordinates is through that of ¢(x) and ¥*(z).

It is relatively clear that the vector field
0 0
Yi=K|¢p—+ ) 5.1
<¢> 55+ (5.1)

reproduces the effect of the rescaling (z#, ¢, 9?) + (z#, \X ¢, 1®); that is £ L = AL. It must also be verified
that 3 satisfies

L5604 =0 for all p=0, -+ ,d—1 (5:2)

in which the 6} were defined in (2.3). Note that the mathematical requirement for ¥ to constitute a scaling
symmetry is simply that £x 6% = C6¥%, for some constant C. Imposing that C' = 1, as above, merely fixes
an overall normalisation ambiguity.

In order to progress with the reduction process, consider a Herglotz Lagrangian L¥, embedded within a
multisymplectic manifold, of one dimension higher, via the expression (we omit all pullbacks via embedding
maps)

L(p, pu, 8%, 7,) = € (L7 (6%, 051, 8") + pus”) (5.3)

in which ¢® are a set of scalar fields, and we have made explicit all coordinate dependence. The variable p
is defined in such a way that

o oOLH
Pu =" Osk

(5.4)

We shall suppose that this expression is invertible, such that the action density components s* may be
(uniquely) expressed in terms of p,,, and possibly other fields. Such an assumption is not excessively restric-
tive, but it does allow us to express the objects on the LHS and RHS of in terms of the same variables.
A short calculation then shows that the equations of motion of L imply the corresponding Herglotz-Lagrange
field equations for L, when L is restricted to the subspace upon which L is defined. Here, the calculation
is carried out expressing s* in terms of p, and other fields, as determined by . We thus deduce that,
on this space, L describes a dynamically equivalent theory to that of L, but does so without reference to
p, which in this context, we interpret as the variable corresponding to an unobservable global scale.

In light of this, upon identifying a scaling symmetry ¥ of degree A, as in 1) we define € := ¢/ K satisfying
3¢ = €. With this, the vector field ¥ is rendered of the form

0 0
Ezfi""g;t%
o

23
Making the identification £ = e?/?, we find that the Lagrangian adopts the following form [41]
L(p, pus*,45) = € f(pu: ¥*,4p) (5.6)

(5.5)



for some function f which, crucially, does not depend upon p. In these coordinates, the scaling symmetry is
simply 3 = Ad,. The Euler-Lagrange field equation for p implies

L0 2]y, 08 0 08
ozt |~ dp, "op,  Oxzr dp,
af o of

= f:p/LTW @Tpu

Comparing this expression for f to the Lagrangian L = e?(L + p,s*), and recalling that we require
Oust = LY | suggests that we should identify the action density and Herglotz Lagrangian as follows

i

= LH = — S’u 5.7
apu f Pu ( )

Here, the first equation, defining the action density, is inverted to eliminate reference to p, in the function
f from which L is constructed. We would now like to verify that the Herglotz-Lagrange equation

0 oL" _oL¥ arfor’ 55
Dk e O Ppa Dsh '

faithfully reproduces the dynamics of the original system, for the unscaled fields . For this, we must make
careful use of the chain rule, accounting for the dependence of s* on the other coordinates. We then have

oL" _ 0f 0 0, 0p,
opy, Ovp - Opy OY; oy,
oL" _ 0 | 0f O _ ,0m
o 9ype - Opy 0P e
OL"  of Op, L 9p,
st :875@_'0“_8 ost

Combining these results, recalling that s* = 9f/0p,,, the left-hand side of (5.8)) becomes

o of of Of
dwr s o Moy

Multiplying through by e”, we recover precisely the multisymplectic field equation for ®

d of of
ax#(e”am) — g =0

We have thus shown that the Herglotz Lagrangian (5.7) correctly reproduces the dynamics of the original
system, whilst making no reference to p, confirming that this scaling variable plays no role in the dynamical
evolution of the observable degrees of freedom.

VI. CONTACT REDUCTION OF HAMILTONIAN SYSTEMS

Suppose that (JLE*, Q) is a multisymplectic Hamiltonian system, with corresponding Hamiltonian function
H : J'E* — R. For simplicity, we shall assume that the Legendre map is a global diffeomorphism, so that

our system is hyperregular. A vector field D € X°°(J!E*) is said to constitute a scaling symmetry of degree
I' e Rif

LpH =TH and Lpwhy = why forally=0,---,d—1
in which the 2-forms wf; were defined in ([2.9)).



The Hamiltonian reduction may, in principle, be carried out without reference to a Lagrangian function.
However, in practice, it is more convenient to work with the Hamiltonian obtained via the Legendre transform
of L = e f(py,®,1y), for this implies that

L af oL of
FLpH = — = ef —— = ePst FL* b= = e
Po opy. Opy P awﬁ 8¢ﬁ

(6.1)

By virtue of the structure of the Lagrangian scaling symmetry ¥ = 0,, we find that the corresponding vector
field D for the Hamiltonian is

0 0 0
= — n_____ e
D ap +p, opr —+ ph " (6.2)

Here, the De Donder-Weyl formalism greatly facilitates our construction. The scaling symmetry must act
on both the temporal and spatial momenta; the latter do not feature amongst the phase space variables in
the canonical framework. On the reduced space (the details of which will be discussed shortly) we introduce
coordinates

" "
I e = La (6.3)

er er

in which, for simplicity, we have omitted the pullback via the projection map. Finally, we claim that, upon
defining

c(,)a H a v LDUJ# a
HE(p® TIH, s#) = s (e T, 87) = 7” = ds" — 1" dyp (6.4)

we obtain a multicontact structure, whose corresponding Hamiltonian d-form © . is given by
Ope =0 A d¥ Lz, + Hd (6.5)

Further, the contact Hamiltonian equations for holonomic sections correctly reproduce the dynamics
of the full multisymplectic system, without reference to the scaling variable p. In order to prove our claim,
we shall suppose that 7 is a holonomic section, written locally as vy(z) = (z#,¥*(x), [I¥(x), s*(x)); from
, the equation of motion for the momenta II# reads

_ oIy N OH® +H“3HC
-~ Oxm oe @ Osh

) OH OH*
— 7 (Pt —p — Pyl
= G (V) + (e gga 7€ P 85#)

opt  OH 0H¢
—e P —p ph a i
=e ( pﬂpa—’—azu—’—awa—i_paasu)
I Opht n OH
orHt  OyYe
In passing to the final line, we have used l) noting that if p, = ,%ﬁf then p, = %f:. It is thus
clear that the contact Hamiltonian equation for II# implies the corresponding multisymplectic expression for

the momenta p#. The proof for the ) equation of motion proceeds analogously, and is thus left as an exercise.

Having presented both the Lagrangian and Hamiltonian constructions of the symmetry-reduced theory, we
close with a discussion of the geometry of the multicontact spaces upon which L¥ and H¢ are defined.
Within the original multisymplectic Lagrangian system, we identified a symmetry of the covariant configu-
ration space E, which was lifted to a vector field on the first jet bundle J'E. Upon adopting coordinates
along the scaling direction, we implicitly revealed that E' could be written as the sum of two connected
pieces Fy = (M x Ry) x E, in which F is a codimension-one subspace of E, identified as a configuration
space comprising all unscaled field variables. M x Ry — M is a trivial bundle over M, and relates to a
subtlety not yet discussed. Upon making a change of coordinates, the scaling vector field adopted the form
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; under the subsequent identification & = e?/*, we implicitly assumed that ¢ > 0, which may not be
the case. As such, in order that no dynamical information be lost, when the scaling symmetry has been
rendered of the form , we should consider both & = e?/A and ¢ = —eP/?. Tt is precisely these choices
which yield the trivial bundle M x Ry — M.

Provided both components M x R are considered, it is clear that the quotient space under orbits of ¥ is
simply E. The reduction process eliminates only the scaling variable p, and not its associated velocities p,,;
recall that it was necessary to use the expression to eliminate reference to p, in favour of the action
density. As a result, the reduction takes place at the level of the configuration space, and so the Herglotz
Lagrangian is defined on J'E x R, in which the additional factor of R? corresponds to the components
of the action density, which have replaced the p,. Within the Hamiltonian formalism, the idea is similar;
however, it is now the momenta p/; that assume the role of the action density, and so the reduced space upon

which the contact Hamiltonian is defined is of the form J'E* x R,

VII. FIELD THEORY CLASSIFICATION

The vast majority of physically interesting models are gauge theories [44] [45]; at present, our formalism is
suited only to the reduction of regular theories. However, in anticipation of a need to have at our disposal a
system of classification, based upon the gauge group, we shall briefly discuss the various bundle structures
that arise in different kinds of theory. Our presentation follows closely that of [46] and [47].

All theories we shall consider will possess a metric; however, the precise status of this metric within the
theory of interest will affect the underlying multisymplectic structure. In the simplest of cases, the metric
is a fixed object, so that it neither evolves dynamically, nor does it assume different values. This occurs
most often when considering theories on a flat static background, so that g,, = 71,.. Another possibility
is that the metric enters the theory parametrically; in this case, we may choose to prescribe a particular
background, as the context befits, but once chosen, it is fixed. For this reason, the components of the metric
are included as additional variables, while the corresponding velocities are not. In practice, when a theory
possesses a metric of this type, we modify the configuration space and jet bundle as follows

E — E xj Sym% V(M) J'E — J'E x 3 Sym$ V(M)
in which Symg_l’l(M ) denotes the space of symmetric covariant tensors of rank two and Lorentzian sig-
nature (d — 1,1) on M; sections of Sym3 "' (M) correspond to metrics on M. We do not consider the jet

bundle over E X s Symg_l’l(M ), but append the factor of Symg_l’l(M ) to JLE; this is precisely so that

the components g,,,, of the metric are amongst the field variables, but the derivatives g, , are not.

The final possibility is that of a variational metric, which typically arises in theories coupled to gravity. As
an example, consider a principal G-bundle 7 : P — M, with gauge group G = U(1); denote by C(P) —» M
the bundle of connections of P, where we may identify C'(P) = J'P/G [48]. Coupling this U(1) gauge theory
to gravity requires us to work with the following covariant configuration space

E = C(P) xa; Symy' (M)

upon which (z#, A,; g,.)) provide local coordinates. For concreteness, we have restricted ourselves to d = 341
spacetime dimensions. The gauge-invariant Lagrangian is now a function on

P = JIC(P) x5 JH(Sym3 ' (M)
The use of the jet bundle J* (Symg’l(M )) introduces velocity variables for the components g,,,,, and so local

coordinates on P are given by (z#, A,,, g, Ay, Guv,p); when evaluated on the jet prolongation j'¢ : M — P
of some section ¢ € I'(M, E), the velocity coordinates become the familiar derivatives 9,4, and 0,9,
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EXAMPLE I: N REAL SCALAR FIELDS

As an illustration of the formalism we have developed, we consider an example of N non-interacting real
scalar fields ¢* (with @ = 1, .-+, N) moving in a curved, d-dimensional spacetime M, equipped with a
Lorentzian metric g, of signature (4, —, —,---), taken to be parametric in nature. In accordance with the
discussion above, this requires us to make the replacements

E — &:=E x Symd (M) J'E — C:=J'E x); Symj (M)

where F is the trivial bundle E = M x RY — M, which would be an appropriate covariant configuration
space for a flat background. Local coordinates on C are (x*, ¢%, b 9uv), where we have used a semicolon to
separate the variational and parametric degrees of freedom. The Lagrangian function L : C — R is given by

L= Fz[ 1 16 — gm(0) (7.1)

Let X? (i =1, ---, N—1) denote local coordinates on SN~ and n® those of the embedding n : SV ~1 — RV,
The induced metric on S™V~!, denoted Gij, is the pullback of the flat metric 45 via the embedding n.
Introducing a radial coordinate R := e?/? € R*, we write ¢% = e”/Qn“(X), and the Lagrangian may
be expressed as

1 1
= ef\/— { " ( Pupy + G”XZX]) - 2m2} (7.2)

From this Lagrangian, and making use of (2.3), we compute the 1-forms 6%

0} = e/—g g ( pydp + Gy X3 dX' )

It is then apparent that the vector field ¥ = 0, satisfies £5L = L and £x07 = 07, and so is a scaling
symmetry of degree one. The function f used to construct the Herglotz Lagrangian in (5.7) is trivially read
off from ([7.2]), and we deduce the action density to be

1
o= O F 9" pu
8,0#

Writing LH = f — p,s", and eliminating the velocity coordinate p,,, we find

1 | 2
L=/ =g §g“”GinLX,Z - §m2 - 7ngu,,s"s
Geometrically, upon introducing polar coordinates, we see that E = (M xRN)\{R = 0} = M x (R x SN ~1).
The elimination of the scaling degree of freedom corresponds to formir}vg the quotient space under the one-
dimensional orbits of ¥. We denote this space E, and deduce that £ = M x S¥~!. Consequently, the
Herglotz Lagrangian may be identified as a function on the space

v (7.3)

S = (J'E x5 Symd (M) x R (7.4)

From a conservative theory of N massive, non-interacting scalar fields, a change of coordinates allowed
us to identify a superfluous radial scaling variable. Upon eliminating this variable, we obtain a theory of
(N — 1) massless scalar fields subject to a constant potential, whose strength is fixed by the original mass.
Further, as a consequence of the change of variables, the massless scalar fields acquire a non-trivial internal
metric. Finally, the reduced theory possesses no notion of global scale, and this is compensated by an
action-dependent term, which is frictional in nature. From the form of the Lagrangian, it is apparent that
the massless scalar dynamics appear completely decoupled from the friction-like piece, allowing us to express
as the sum L = L¥ | + LI " in which LY | is the Lagrangian of the (N — 1) massless scalar fields
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on JUE x p; Sym3 V1 (M), and LE,

iric refers to the frictional component, parameterised by the action density.

Let us now examine the corresponding contact Hamiltonian; the most expedient way to obtain H¢ would
be to perform a Legendre transform on ; however, for didactical purposes, we shall compute the full
Hamiltonian from , and carry out the reduction using the methods of section . The field momenta
ply and p!' corresponding to p and X* respectively are

oL 1
- N N e V1% b
Pl o 1€ V=99" v p; =

OL
0X},

= el\/—gg"' Gi; X} (7.5)

Accordingly, the Hamiltonian function corresponding to ([7.2)) is given by

1
N

1 .. 1
<2p5pz + 2G1Jp$‘p;.’> + 5613‘ /—g m2 (76)
From ([2.9), we have the 2-forms

wyy = dp A dp, +dX¢ A dp

3

and, as expected, the vector field

o B B
D=— — 4t .
dp IR op)y T ol (7.1)

is a scaling symmetry of degree one. The contact Hamiltonian and 1-forms n* are easily obtained, upon
introducing the following coordinates on the reduced space

H M
er eP
We then find that
2 )
H = ——g,, GYIIMTLY + \/—g m? + ——g,,s"s" Nt =dst — 1" dX* 7.9
9 /7 1% /jg K 7 ( )

The multiphase space upon which the original Hamiltonian lb was defined is J'E* x Symd L 1(M ), in
which we recall that J'E* is the multimomentum bundle over £ = M x (R; x SV _1). Having made the
contact reduction, H¢ is now a function on

S* = (J'E* x5 Sym4 (M) x R? (7.10)

where, as in , E >~ M x SN-1, Unsurprisingly, as in the Lagrangian formalism, we observe that our
contact Hamiltonian consists of a piece describing a theory of (N — 1) massless scalar fields, with a
constant shift in the energy, together with an action-dependent term, whose dissipative nature serves to
compensate the inaccessibility of the global scale variable.

EXAMPLE II: INTERACTING SCALAR FIELDS

Any field theory of physical interest necessarily contains interactions amongst its components; for this reason,
we shall now consider a simple model of two real, interacting scalar fields ¢ and x, and focus our analysis more
on the use of multivector fields, so as to ensure an adequate presentation of all facets of the formalism we
have developed. Working over the two-dimensional spacetime manifold M = R!, with coordinates (t,x),
and fixed Minkowski metric 7,, = diag(1,—1), we have the covariant configuration space £ = M x Ri.
The first jet bundle J!E admits local coordinates (t,z, ¢, X, ®us Xp), and the Lagrangian function we shall
consider is

=%(¢f—¢)+ ~0? (3 = x2) + 6 (b — b2) (Xt — Xa) — XO? (7.11)
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While this Lagrangian has mostly been chosen for its pedagogical convenience, as opposed to physical
motivation, it should be noted that it is reminiscent of a non-linear sigma model, with target space metric
diag(1, ¢?) E| Additionally, there are a number of dlmensmnful coupling constants, Wthh for simplicity, have
been set to unity. It is relatively easy to see from (7.11)) that the vector field

1 0 0 0
(¢8¢+¢>t -+ %)

is a scaling symmetry of degree one. Adopting coordinates along this direction, we write ¢ — e?/2, with
which the Lagrangian becomes

L= e |5 =)+ 506 =)+ 50— p2)(u = )~ (7.12)

A short calculation shows that the Hessian matrix for this system is given by

1 0 2 -2
el 0 -1 -2 2
412 -2 4 o0

-2 2 0 —4

W:

which is of constant rank four, confirming that L is a regular Lagrangian. The corresponding multisymplectic
2-form Oy, is given by

1 1 1 1 1
@L:€p|:<4pt+2(xt_Xx)> dp Ndz + (4pw+2(xt_Xac)) dp \dt + (Xt+2(pt_pac)> dx Ndz

1(pt — pz) (Xt — Xa) + x) dt A dgc}

2 .2
(xi XI)+2

1
2

1 1
+ (Xz+ 5 (pe —m)) dx A\ dt — (8(/)? —p3) +

We shall now conduct an analysis of the dynamics described by this Lagrangian system, before carrying out
the symmetry reduction. We then conclude by comparing the on-shell behaviour of each of the two theories.
A straightforward computation of the Euler-Lagrange field equations for p yields

1 1 1 1
510)° = (9ep)’] = 5[(0)° = (0eX)°] + (07 = ) + 59 = D)X +x =0 (7.13)
Similarly, for x, we find that
1 1
3 (Bep — Dup)® + 5(875 —0.)2p+ 0ipOyX — OppOux + (07 —03)x +1=0 (7.14)

To illustrate how these equations of motion are deduced from a geometrical perspective, we shall assume
that there exist locally decomposable T-transverse multivector field solutions X, € ker% Qp, and write

0 0 0 0 0 0 0
XL—( +Ftp@ FtX8*+Gtta +G“”8 +G”8 +G“”a > A .
0 0 0 0 0 '
— p___ X_— 4 P P
<ax+anp+an G:ctap +Gmxapz+G:ct8X xwaxz>

2 We are grateful to the anonymous referee for pointing this out to us.
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Here, 7- transversahty has been enforced through the condition tx, (dt Adx) = 1, which sets the multiplicative
functlon fin ) to unity. Substituting this local decomposition into the equation tx, {2, = 0, we obtain

0= 3( =)+ 503 =)+ o= )~ ) - B (it g ) (7.161)
# £ (e + 5 (00 =) ) 4 (Gh = G + 5 (Gl — Gl — Gl + )

0=Ff (xt t5o=p)) =B (et g o= p) )+ 3 G- GL—GL+GL) (Lo

0= L(u-Ft)+ 1 [ R ] (7.160

0= 3 (s = F2) 4 5| G = xo) = (B = ) (7.164)
1

0= (e = )+ 3| (00— ) - (B~ 72)] (7.166)
1

0=~ ) +3 [(pt —pa) — (Ff — F;’)] (7.16f)

Since the Lagrangian system under consideration is regular, the self-consistency of these expressions is
assured; imposing semi-holonomy of our solutions requires that we set

Ftp:Pt FtX:Xt
Fg/;):p:r FX:X:L’

x

Clearly equations (|7.16¢]) - (|7.16f) are rendered trivial by this condition, whilst the first two may now be
expressed as

1 1 1

0= g(p? —p3) — §(>< X2 +x+ - (Gft Gia) 3 (G — Gl — G+ GY) (7.17a)
1 1

0=x;— x>+ 3 (Pr = p2)(Xe = Xa) + 5 (Gt = Gf, = Gy + GLy) + Gy = G, + 1 (7.17b)

If our multivector field X = X; A X, is holonomic, we require that the distribution generated by X; and
X, be involutive. In such a case, we have integral sections v : M — FE, which we represent locally as
Y(t,x) = (t,z,p(t, ), x(t, z)); then the multivector field components G¥,, and GY,, satisfy

0?p 0%y

P X —

Gl = OxHdxVv and Gl = OxHdxV

Upon makmg these substitutions in ([7.17a]) and (|7.17b|), we recover precisely the Euler-Lagrange field equa-

tions and -

Having analysed the multisymplectic Lagrangian system, we may now make the symmetry reduction to
obtain the Herglotz Lagrangian. From (7.12)), we immediately read off the function f(p,, X, x,.), from which
we obtain the following action density

of 1 1 1 1
K = — t = — — —_ x = — - - - .1
= s'= 1o+ 5 (= Xa) s <4pm +5 (x Xw)) (7.18)
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Constructing the Herglotz Lagrangian L7 = f — pust, and eliminating reference to the velocity coordinates
Pu, we find that

1

L = 5()(% - X3) —2 [(St)Z - (SI)Z] +2(s" +5%)(xt — Xz) — X (7.19)

The Herglotz-Lagrange field equations for x then read
04 (Opx 4 2(8" 4 5%)) — 0 (Fux + 2(s" + 5%)) + 1 = 2(9px — 02 X)? — 4(s'0px + 570 x) — 8(s" + 5%)* (7.20)

It is a straightforward exercise to show that, with the expressions ( - ) for the components of the actlon
density, this system correctly reproduces the dynamical evolution of the field x as described by (|7.13]) and
(7.14). From this Herglotz Lagrangian, we calculate the 2-form O u

Opn =|ds* — (Xt +2 (st —|—sx)) dx} A dx — [dsw + (Xr +2 (st —l—s“:)) dx} A dt

1 (7.21)
# (306 03 42167~ () )t o
together with the dissipation form
8LH
0o == "5 da" =2 (25" — x¢ + Xa) dt —2(25" + x4 — Xa) da (7.22)

The equations of motion could then be recovered geometrically; however, since this analysis is analogous
to that which we have already performed, and the results of the geometric formulation are known to be
equivalent to the content of the Herglotz-Lagrange field equations, we shall not pursue this further.

In contrast to the previous example, the presence of the interaction term (p; — p.)(Xxt — X») means that
the reduced theory does not decouple into a piece describing the scalar dynamics, and another, independent
component, containing the action density. Here, the Herglotz Lagrangian contains terms which couple x
directly to the action density, and so upon eliminating the scaling variable, the coupling between the origi-
nal scalar fields manifests as an interaction between the remaining field and the frictional degrees of freedom.

Let us now consider the Hamiltonian formalism for this dynamical system; since our Lagrangian is regular,
we know that the Legendre map is a diffecomorphism, and thus expect that the momenta be invertible,
allowing us to unambiguously solve for the velocities p, and x,. Indeed, we have that

oL ‘ 1 1 . 1 1
Py = Tpu p,=¢€" <4,0t + 3 (xt — Xac)) pp=—¢€" <4Pm + 5 (xt — XI)) (7.23)

and similarly for x
Iz t P 1 x P 1
ph=-— py=¢ Xt+§(pt_pz) py=—¢ Xm+§(pt_pw) (7.24)
We then find that the Hamiltonian is given by
- xXr 1 T €T T
H =22 |0 = 03+  (04)° = G0%) — 0k + )0k + 1) + e (7.25)

As expected, the vector field

7] 0 0 0 0

D=
ap+pp +p ”Bp +p’<8p +pX8p

(7.26)

constitutes a scaling symmetry of degree one; introducing the reduced space coordinates

P

eP

Py
er

no_ wo_
st = Hx_
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we see that the contact Hamiltonian H¢ may be expressed as

e = 2= 5 02 = (1)) 4 5+ 2 (847 = (57)2) = 206 + )11, +105) (7.21)

A straightforward calculation shows that this contact Hamiltonian is precisely the function obtained from a
direct application of the Legendre map to ([7.19)). The equations of motion derived from H€ read

Oix =TI, — 2(s" + 57) Oex = — (I +2(s" +57))
QI + 0,118 =2 (I, +117)° — 4 (I s — I2s%) — 1 (7.28)

1

Oyt + 08" = [(H;)2 — (Hi)Q] —x—2 [(st)2 — (s"”)z}

Note that, as must be the case, the final expression for 9, s yields the Herglotz Lagrangian (7.19)), expressed
in momentum variables.

N |

VIII. SINGULAR LAGRANGIANS AND FURTHER APPLICATIONS

Before concluding, we make a number of remarks concerning singular field theories and further applicability
of our formalism. Most field theories within contemporary theoretical physics possess gauge symmetries, and
so are described by singular Lagrangians. The framework developed throughout is, at present, valid only for
regular systems. Whilst the procedure for treating theories with gauge symmetries is, in principle, analogous
to that presented here, there still remain several technical details that are unclear. For instance, given a
singular multisymplectic Lagrangian L, one has two conceivable ways to proceed: direct contact reduction of
L to obtain a degenerate Herglotz Lagrangian, followed by multiphase space restriction via the geometrical
algorithm [25] 26]. Alternatively, the constraint algorithm could be applied at the multisymplectic level,
finding the maximal subset of J'E upon which solutions of the equations of motion exist, before seeking
a scaling symmetry within the constrained theory. More work is required to ascertain the commutative
relationship between these two approaches. Additionally, the geometrical interpretation of the reduced
space, discussed at the end of section 7 must be suitably modified, when we are confined to work only on
some subset of J'E. Indeed, it must be verified that the reduced space inherits a well-defined multicontact
structure; whilst this was guaranteed for regular systems, it is not, a priori, clear that the same should be
true in the singular case.

Having ascertained the necessary modifications of the current procedure to cases where degeneracies are
present, our formalism is highly applicable to a broad array of contexts, several of which we shall now discuss.
It has been demonstrated that, upon making a conformal decomposition g,, = e%’hw, with det h,, = —1,
of the spacetime metric, the Einstein-Hilbert Lagrangian admits a scaling symmetry, in which the scaling
variable is precisely the conformal factor ¢ [24]. It will be of great interest to examine the details of this
dynamical similarity in the first-order vielbein formalism [49, [50]. The use of the first-order construction is
required so that we may work on the first jet bundle, which is multisymplectic; our motivation for employing
the frame field and spin connection is that fermionic degrees of freedom may then be added, and the effects
on the scaling symmetry examined.

In addition to General Relativity, many string-related low-energy effective actions are of a form in which
a scaling symmetry is manifest. Consider, for example, the bosonic contribution to the NS-NS low-energy
effective action of the type II theories [51]

1 1
§ /leX V-Ge2?® <R — 5\H?,|2 +49,® a#qu)

2K70

SNs-Ng =

The vector field O clearly generates rescalings of the action exactly of the type discussed throughout. Of
course, more work is required to ascertain whether this is a true scaling symmetry; however, there is no
obstruction to our calculating the forms 67, and proceeding with the formal analysis.
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In a similar spirit, there are many low-energy descriptions of non-Abelian gauge theories coupled to dilaton-
like fields. As an example, actions of the form

S = /d%: [— 4F1(q)) G, Gl + %a,@ M — V(D) + JLAS
have been studied extensively in [52] and [53]. For certain forms of the function F(®), and non-perturbative
dilaton potential V(®), this action possesses a scaling symmetry, in which we again identify ® as the
redundant degree of freedom. Of course, the examples provided are entirely qualitative in their analysis;
however, they serve to appreciate that our construction is widely applicable to many theories of current
interest in high-energy particle physics and relativistic field theory.

IX. CONCLUSIONS AND OUTLOOK

We have advocated throughout that, while the canonical formulation has proved highly successful in the
classical description, and subsequent quantisation of innumerable field theories, greater emphasis should be
placed on dispensing with redundant mathematical structure. To this end, it was shown that, when de-
scribed using the tools of multisymplectic geometry, many classical field theories possess degrees of freedom,
corresponding to a global scale, whose presence is entirely superfluous, from the perspective of the dynamical
evolution of the observables.

Following a brief review of the mathematical framework required to describe classical field theories in
a manifestly covariant manner, we demonstrated that a multisymplectic Lagrangian (or Hamiltonian)
system admitting a scaling symmetry could be reduced to a dynamically-equivalent description on a lower-
dimensional space. This reduced theory was found to be action-dependent, and thus frictional in nature.
Physically, we argued that this dissipative characteristic was to be interpreted as a necessary compensation
in passing to a scale-insensitive description.

Through use of a pair of simple examples, we found that, in general, a theory of N non-interacting massive
scalar fields is dynamically-equivalent to a configuration of (N — 1) massless fields moving in a non-zero
potential, set by the value of the original field mass, together with an independent frictional component.
Further, it was observed that any coupling between the scalar fields of the original theory destroys this
separation into independent pieces, and introduces terms which mix the frictional degrees of freedom with
those of the remaining fields.

From the results presented throughout, we have discussed a number of interesting areas of future work that
may be explored. For example, it is clear that the most immediate requirement is a generalisation of our
construction to singular theories, where the interaction between gauge and scaling symmetries is not fully
understood. Within such a framework, it will of great interest to examine the solution space of a contact-
reduced description of General Relativity, particularly at those points where the conventional formalism
becomes singular and thus ill-defined. It is known, for instance, that within the cosmological sector, both
FLRW and class-A Bianchi models may be extended beyond the initial singularity [16], [54].

Progress has recently been made in the construction of a multisymplectic Hamiltonian description of a
simple two-dimensional supersymmetric field theory [55]. Similarly, generalised Kéhler geometries have been
used to construct covariant Hamiltonian formulations of non-linear sigma models [56], and so an extension
of our formalism to encompass both commuting and anticommuting variables appears tractable, and will
undoubtedly prove enlightening.

Finally, we have emphasised several times throughout the advantages presented by the covariant De Donder-
Weyl formulation of classical field theories. Whilst a finite-dimensional phase space, and manifest covariance
are attractive features of this approach, when contrasted with the canonical formalism, it cannot be over-
looked that the latter provides a clear and rigorous path to quantisation, whereas the former does not [57].
In light of this, of particular interest is the development of a standardised framework, within which the
restricted multimomentum bundle may be quantised, in much the same way that geometric quantisation
offers a scheme for performing such calculations on the tangent bundle.
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