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A (2-dimensional) realisation of a graph G is a pair (G, p), where p maps the
vertices of G to R2. A realisation is flexible if it can be continuously deformed while
keeping the edge lengths fixed, and rigid otherwise. We say that G is rigid if every
generic realisation of G is rigid; otherwise, G is flexible.

In this paper, we investigate the relationship between stable cuts and graphs
which are either flexible, or admit a flexible (not necessarily generic) realisation
with positive edge lengths. We strengthen a result of Chen and Yu, who proved
that every n-vertex graph with at most 2n — 4 edges has a stable cut, by showing
that every flexible graph has a stable cut. The existence of a stable cut is a sufficient,
but not necessary, condition for a flexible realisation to exist. Using a result of Le and
Pfender on stable cuts, we prove a conjecture of Grasegger, Legersky and Schicho
that characterises the minimally rigid graphs which admit a flexible realisation.

Additionally, we investigate the number of NAC-colourings in various graphs. A
NAC-colouring is a type of edge colouring introduced by Grasegger, Legersky and
Schicho, who showed that the existence of such a colouring characterises the ex-
istence of a flexible realisation with positive edge lengths. We provide an upper
bound on the number of NAC-colourings for arbitrary graphs, and construct fam-
ilies of graphs, including rigid and minimally rigid ones, for which this number is
exponential in the number of vertices.

1 Introduction

Combinatorial rigidity theory is the study of the relationship between the combinatorial struc-
ture of a graph and the rigidity of its realisations in space. A realisation in R is a pair (G, p)
consisting of a graph G and a mapping p: V(G) — R? We say that (G,p) is flexible if there
is a nontrivial continuous motion of the vertices during which the length of each edge remains
unchanged; otherwise, (G, p) is rigid. Here, nontrivial means that at least one distance between
non-adjacent vertices changes during the motion.
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A realisation in R! is rigid if and only if its underlying graph is connected. However, in
higher dimensions a given graph may have both rigid and flexible realisations, and substantial
effort has been devoted to understanding which graphs admit a flexible (or rigid) realisation
in a given dimension satisfying various nondegeneracy conditions. One of the most natural
such conditions is quasi-injectivity, which requires that adjacent vertices are mapped to distinct
points, or equivalently, that every edge has a positive length in the realisation. Note that, unlike
injectivity, quasi-injectivity is preserved under continuous motions.

For d > 3, every noncomplete graph has a flexible quasi-injective (in fact, injective) realisation
in R?. Indeed, we may map two non-adjacent vertices u, v to distinct points in space, and then
map all remaining vertices injectively into a line ¢ that does not contain either of these points.
Rotating u around ¢ while keeping v fixed then yields a nontrivial continuous motion.

In contrast, deciding whether a graph has a flexible quasi-injective realisation in the plane
turns out to be a highly nontrivial problem. Nonetheless, Grasegger, Legersky, and Schicho
[13] obtained a remarkably simple and purely combinatorial characterisation of such graphs. A
NAC-colouring of a graph is a 2-colouring of its edge set such that both colours are used and
every cycle is either monochromatic, or contains at least two edges of both colours.

Theorem 1.1 ([13, Theorem 3.1]). A connected graph has a flexible quasi-injective realisation
in R? if and only if it has a NAC-colouring.

Although Theorem 1.1 provides a key tool for investigating graphs with a flexible quasi-
injective realisation in the plane (as well as graphs with a flexible injective realisation in the
plane, see [14, 15]), the picture remains far from complete. In fact, deciding whether a graph G
admits a NAC-colouring is NP-complete [12] even in the case when G has maximum degree
5 [21], and hence to hope for a complete understanding of this graph class would be overly
ambitious.

Nonetheless, many natural questions still remain. One prominent problem concerns NAC-
colourings of graphs that are generically minimally rigid in the plane. A realisation (G,p)
is generic if the coordinates of p are algebraically independent over Q@ (that is, they satisfy
no nontrivial algebraic relations with rational coefficients). It is a well-known fact that for
any graph G and dimension d, either all generic realisations of G' in R? are rigid, or none of
them are. We say that a graph is (generically) d-rigid if it has a rigid generic realisation in
R?; otherwise, we say that G is d-flexible. Thus, a graph being d-rigid means that “most” of
its realisations in R¢ are rigid. However, a d-rigid graph may still have flexible non-generic
realisations. The investigation of these “paradoxically flexible” realisations has close ties with
the study of linkages, an area whose roots go back to the eighteenth century [7, 18].

A graph G is minimally d-rigid if it is d-rigid, but G — e is d-flexible for all e € E(G). It
is easy to show that 2-trees (graphs obtained from an edge by attaching triangles along edges)
are minimally 2-rigid and have no NAC-colourings. It was conjectured in [13] that they are the
only such examples; that is, that every minimally 2-rigid graph that is not a 2-tree (or a single
vertex) admits a NAC-colouring. This conjecture was confirmed in several special cases in [13],
but since then has remained open in general.

Our first main result is an affirmative answer to this conjecture.

Theorem 1.2. A minimally 2-rigid graph on at least two vertices has a NAC-colouring if and
only if it is not a 2-tree.

Our proof of Theorem 1.2 relies on the notion of stable cuts. A stable cut of a graph G is a set
of pairwise non-adjacent vertices X such that G — X is disconnected. It was already observed
in [13] that if G has a stable cut, then it admits a NAC-colouring. On the other hand, Le and
Pfender [22] characterised the class Gs. of graphs G with 2|V (G)| — 3 edges and no stable cuts
(Theorem 3.2 below; we note that a significant gap in [22] was recently discovered and fixed
by Rauch and Rautenbach [27]). Since minimally 2-rigid graphs satisfy this edge count, the



proof of Theorem 1.2 reduces to verifying that, except for 2-trees, every graph in G;. admits a
NAC-colouring.

We further explore the relationship between stable cuts and rigidity by showing that every
2-flexible graph has a stable cut. More precisely, we show that every 2-connected 2-flexible
graph G has a stable cut that avoids any given vertex (Theorem 4.2). This strengthens a result
of Chen and Yu [4], who proved the analogous statement for 2-connected graphs G with at
most 2|V (G)|—4 edges. We also give an alternative proof of the fact that 2-flexible graphs have
a stable cut by showing a precise correspondence between stable cuts and NAP-colourings, a
variant of NAC-colourings related to the existence of quasi-injective flexible realisations on the
sphere (Lemma 4.11).

As the second main thread of the paper, we investigate the number of NAC-colourings. Just
as the existence of a NAC-colouring characterises the existence of a flexible quasi-injective
realisation in the plane, the number of NAC-colourings provides a lower bound for the number
of distinct motions arising from such realisations. See Proposition 2.3 for a precise statement.

We prove, among other results, that every graph G has fewer than 4/V(&! NAC-colourings
(Theorem 5.1). This is the first nontrivial improvement (for general graphs) of the naive
bound 2/E(&)I. Moreover, for each sufficiently large n, we construct an n-vertex minimally
rigid graph with at least 2.13"™ NAC-colourings (Corollary 5.9).

Definitions and preliminary material are given in the next section. We prove Theorem 1.2
in Section 3. In Section 4, we consider stable cuts in 2-flexible graphs, and in Section 5 we
investigate questions regarding the number of NAC-colourings. Finally, we highlight some open
problems in Section 6.

2 Preliminaries

We begin by reviewing some background from graph theory. Given a graph G, we use V(G)
and FE(G) to denote the vertex set and the edge set of G, respectively. If V' C V(G), then
G[V'] denotes the vertex-induced subgraph, and if £/ C E(G), then G[E’] denotes the edge-
induced subgraph, i.e., the minimal subgraph of G' containing E’. The neighbourhood of a
vertex v € V(G) is denoted by Ng(v). A stable set is a set of pairwise non-adjacent vertices.
We say that X C V(G) is a cut of G if G — X is disconnected, and X is a stable cut if it is both
a stable set and a cut. The complete graph on n vertices is denoted by K,, and the complete
bipartite graph on vertex sets of size n; and no by K, »,. For a positive integer m, we let
[m] :={1,...,m}.

Let G be a graph without isolated vertices. A separation of G is a pair of subgraphs {G1, G2}
of G such that there is a partition {E1, E2} of E(G) with G1 = G[E1], G2 = G[Es], V(G1) \
V(G2) # @, and V(G2) \ V(G1) # 9. A separation {G1, G2} is stable if V(G1 N G2) is a stable
set in G. Note that if {G1, G2} is a stable separation, then V(G1) N V(G2) is a stable cut of G.

2.1 Rigid graphs

We first define rigid and flexible realisations formally. Let G be a graph. We say that two
realisations (G, p) and (G, q) in R are equivalent if ||p(u) —p(v)|| = ||¢(u) —q(v)]|| holds for every
uv € E(G), where ||| denotes the Euclidean norm. Similarly, we say that the two realisations
are congruent if ||p(u) — p(v)|| = |l¢(u) — q(v)|| holds for all u,v € V(G). A continuous motion
of (G,p) is a continuous function ¢ : (=1,1) x V(G) — R? such that ¢y = p, and such that
the realisations (G, p) and (G, ¢;) are equivalent for all ¢ € (—1,1), where ¢; : V(G) — R? is
defined by putting ¢.(v) = ¢(t,v) for all v € V.

The continuous motion ¢ is trivial if the realisations (G, p) and (G, ¢¢) are congruent for all
t € (—1,1). Hence, in a nontrivial motion, the edge lengths are preserved, but the distance
between some non-adjacent vertices changes. A realisation is said to be flexible if it has a



nontrivial continuous motion and rigid if it is not flexible. Equivalently, the realisation (G, p)
is rigid if there exists an € > 0 such that for any (G,q) equivalent to (G,p) that satisfies
Ip(u) — q(u)|| < € for all v € V(G), (G, q) can be obtained from (G, p) by an isometry of RY.
See [1] for more details.

A graph is called d-rigid if it has a generic rigid realisation in R? (equivalently, all generic
realisations in R? are rigid [1]), and d-flexible otherwise. We say that a graph is minimally
d-rigid if it is d-rigid but the deletion of any edge yields a d-flexible graph.

Throughout the paper, we concentrate on 2-dimensional realisations and hence we shall refer
to 2-rigid and 2-flexible graphs as rigid and flexible graphs, respectively. Similarly, we will
simply write “realisation” instead of “realisation in R?”. See [17] for a detailed introduction to
combinatorial rigidity theory with an emphasis on the 2-dimensional case.

It is a classical observation of Maxwell [25] that a minimally rigid graph G has exactly
2|V(G)| — 3 edges. Going further, minimally rigid graphs were characterised in graph-theoretic
terms by Pollaczek-Geiringer [26] and independently by Laman [19]. This characterisation
leads to a deterministic polynomial time algorithm to test if a graph is minimally rigid (see, for
example, [24]). This algorithm can also efficiently find the rigid components of G; these are the
maximal rigid subgraphs of G. It is well-known that the union of two rigid graphs intersecting
in at least 2 vertices is rigid (see [17, Theorem 2.2.9], for instance). It follows that each pair of
rigid components share at most 1 vertex. Hence, the rigid components partition the edge set of
the graph.

Given a graph, we call the operation of adding a new vertex and two new edges connecting
it to existing vertices a 0-extension. It is well-known that O-extensions preserve the property
of being (minimally) rigid, see [17]. In the following, it will be convenient to say that a 0-
extension is open if the neighbours of the new vertex are non-adjacent. We say that a graph is
a 0-extension graph if it can be constructed from an edge by a sequence of 0-extensions.

A 2-tree is a 0-extension graph such that no open 0-extension is used. Equivalently (as defined
in the introduction), a 2-tree is a graph that can be obtained from an edge by attaching triangles
along edges. Note that according to our definition, a single edge is a 2-tree.

2.2 NAC-colourings

Let us recall the following definition from the introduction.

Definition 2.1. Let G be a graph. An edge colouring ¢: E(G) — {red, blue} is a NAC-colouring
if it is surjective and every cycle is either monochromatic or contains at least two red and two
blue edges.

>

Figure 1: The 3-prism and K33 are rigid, but both have flexible realisations (the figures with
empty vertices and grey edges). The 3-prism has a unique NAC-colouring modulo
swapping colours, while all NAC-colourings of K3 3 are isomorphic to the two displayed
ones.

Figure 1 shows some examples of NAC-colourings. For convenience, let us also introduce some
additional terminology. Let G be a graph and let ¢: E(G) — {red, blue} be an edge colouring.
A subgraph H of G is almost red if exactly one edge of H is blue, and is almost blue if exactly one



edge of H is red. We say that H is almost monochromatic if it is almost red or almost blue. The
red components of G are the components of the graph with vertex set V(G) and edge set the set
of red edges of G. We define the blue components of G similarly. A monochromatic component
is a red or a blue component. Using this terminology, ¢ is a NAC-colouring if and only if it is
surjective and has no almost monochromatic cycles. This is equivalent to the condition that ¢
is surjective and every monochromatic component is an induced subgraph, see [13, Lemma 2.4].

Note that if ¢ is a NAC-colouring, then the colouring obtained from ¢ by interchanging colours
is also a NAC-colouring. This motivates the following definition.

Definition 2.2. For a graph G, we let NAC4(G) denote the number of NAC-colourings of G
divided by 2.

Let us outline how the parameter NAC4(G) is related to counting motions of a graph G.
Given an edge uv € E(G), a motion of G with fized edge uv is a continuous motion of quasi-
injective, pairwise equivalent realisations of G such that v and v are mapped to the same two
points for all realisations in the motion. Note that the choice of the fixed edge is inconsequential
in that given a motion of G with fixed edge uv, we can obtain a motion with fixed edge u'v’ by
applying a suitable isometry to each realisation in the original motion.

Two motions of G with fixed edge uv are angle-different if there is a pair of edges such that
their mutual angle is preserved in one motion, but changes in the other.

Proposition 2.3. For every graph G and uwv € E(G), there are at least NAC4(G) pairwise
angle-different motions of G with fixed edge uv.

Proof. The construction used in the proof of Theorem 1.1 in [13] shows that for every NAC-
colouring ¢, there is a motion such that all red edges keep their mutual angles, and all blue ones
as well. Hence, every pair of distinct NAC-colourings of G yield angle-different motions of G,
unless they differ only by swapping colours. O

3 NAC-colourings of minimally rigid graphs

In this section, we prove Theorem 1.2. As outlined in the introduction, our proof relies on the
following easy observation. See Lemma 4.11 below for a proof of (a more precise version of) this
statement.

Lemma 3.1 ([13, Theorem 4.4]). If G is a connected graph with a stable cut, then G has a
NAC-colouring.

To apply Lemma 3.1, we need to determine which minimally rigid graphs have a stable cut.
Fortunately, this has already been done by Le and Pfender [22], with a gap in their proof
subsequently filled by Rauch and Rautenbach [27]. In fact, their characterisation is valid for
the larger family of graphs G' with 2|V (G)| — 3 edges. Define the family G, as follows:

(i) the single edge K3 is in G, and

(i) if G1 € Gsc and Ga is a 3-cycle or a 3-prism, then the graph obtained by gluing G; and
G4 along an edge or a 3-cycle is in Gg..

It is not difficult to see that every graph G € G . has 2|V (G)| — 3 edges and no stable cuts.
The main result of [22, 27] shows that the converse is also true.

Theorem 3.2 ([22, Theorem 5], [27, Theorem 4]). Let G be a graph with |E(G)| = 2|V (G)| —3.
Then either G has a stable cut, or G belongs to G..

It only remains to show that Theorem 1.2 holds for graphs in G..



Proposition 3.3. Every graph in Gs. that is not a 2-tree has a NAC-colouring.

Proof. Let G be a graph in G, that is not a 2-tree. Define v(G) to be the minimum number
of steps required to construct G in the recursive definition of Gs.. We proceed by induction
on v(G). The base case is vacuous, since Ky is a 2-tree. Note that the 3-prism has a (unique,
up to swapping colours) NAC-colouring, illustrated in Figure 1.

Suppose that G is obtained from G € Gs. and G2 by gluing along an edge uv or a 3-cycle
with vertices {u, v, w}, where 7(G1) = 7(G) — 1 and Gs is either a 3-cycle or a 3-prism. If Gy
is a 3-cycle, then GG cannot be a 2-tree, since GG is not a 2-tree. By induction, G; has a NAC-
colouring ¢;, and we can extend ¢; to a NAC-colouring ¢ of G by setting c(e) = ¢;(uv) for all
e € E(G2). On the other hand, if Gy is 3-prism, then we extend the NAC-colouring of G2 by
colouring all edges in G by the colour of the edge (resp. 3-cycle) along which we are gluing. [

Proof of Theorem 1.2. Let G be a minimally rigid graph on at least two vertices that is not a
2-tree. Note that G has 2|V (G)| — 3 edges. If G has a stable cut, then it has a NAC-colouring
by Lemma 3.1. Otherwise, G is in Gs. by Theorem 3.2, and hence has a NAC-colouring by
Proposition 3.3. O

The proof above actually shows the existence of a NAC-colouring for every graph G with
2|V(G)| — 3 edges, not only minimally rigid ones. However, the case when G is not minimally
rigid follows directly from Theorem 1.1, since then G is flexible.

We can summarize Theorems 1.1 and 1.2 as follows.

Theorem 3.4. Let G be a minimally rigid graph. The following are equivalent:
(i) G has a NAC-colouring,
(i) G is not a 2-tree, and

(iii) G has a flexible quasi-injective realisation in the plane.

Theorem 3.4 shows that we can decide in polynomial time the existence of a NAC-colouring
in minimally rigid graphs. By carefully following the proofs of Theorem 3.2 and Proposition 3.3,
one can also find a NAC-colouring in polynomial time when it exists.

4 Stable cuts in flexible graphs

The crucial tool in the previous section was Theorem 3.2, the characterisation of graphs on n
vertices and 2n — 3 edges that have no stable cuts. The proof of this theorem in [22, 27] uses
the following elegant result of Chen and Yu.

Theorem 4.1 ([4, Theorem 1]). Let G be a 2-connected graph with |E(G)| < 2|V(G)|—4. Then
for every vertex v € V(G), G has a stable cut avoiding v.

Theorem 3.2 shows that the bound on the number of edges in Theorem 4.1 is best possible.
In fact, as the number of edges increases, deciding whether there exists a stable cut quickly
becomes intractable: it is already NP-complete for the family of graphs with n vertices and at
most (2 4 ¢)n edges, for any positive £ [23].

To further develop the connection between rigidity and stable cuts, in this section we extend
Theorem 4.1 to the class of flexible graphs. We say that a stable cut S separates two vertices
u,v of G if u and v are in different components of G — 5.

Theorem 4.2. Let G be a flexible graph and u,v € V(G) be such that no rigid component of G
contains both u and v. Then there is a stable cut S of G that separates v and v, and such that
every rigid component of G contains at most one vertex of S. Moreover, if G is 2-connected,
then for every vertex v € V(G), G has a stable cut avoiding v.



Corollary 4.3. Every flexible graph has a stable cut.

At the end of the section, we give an independent proof for Corollary 4.3, which builds on
the relationship between Euclidean and spherical rigidity.

We remark that flexible graphs on n vertices can be dense. Indeed, they can have average
degree close to n. It is easy to see that the higher-dimensional analogue of Corollary 4.3 is false.
For example, the 3-prism is one of many examples that is 3-flexible, but has no stable cut.

To prove Theorem 4.2, we will need the following well-known result from rigidity theory. A
vertex split of a graph G is the following operation: choose v € V(G) and a pair of sets Ny, No
such that N7 U Ny = Ng(v) and | N7 N Na| = 1, delete v from G and add two new vertices vy, vg
joined to Ni, Na, respectively, and finally, add the edge vivs.

Lemma 4.4 ([29, Proposition 10]). Let G be a minimally rigid graph and let G' be obtained
from G by a vertex split. Then G’ is minimally rigid.

We will also need some additional concepts from combinatorial rigidity. The rank of a graph
G on at least two vertices, denoted by r(G), is 2|V (G)| —3 — k, where k is the minimum number
of edge additions needed to make G rigid. An Ro-circuit is a graph C' on at least two vertices
for which r(C) = r(C —e) = |E(C)| — 1 for all e € E(C). It is well-known that Ro-circuits
are rigid and have minimum degree three, see e.g. [17, Section 3.1]. Also, for a graph G and a
non-adjacent pair of vertices z,y € V(G), we have r(G) = r(G + xy) if and only if there is an
Ro-circuit in G + zy which contains the edge xy.

Proof of Theorem J.2. We prove the statement by induction on |V(G)|. We may suppose that
all rigid components are complete graphs. (When a rigid component is not complete, we add
the missing edges; a stable cut in this new graph is also a stable cut in the original graph.)
Under this assumption, it suffices to show that there is a stable cut separating v and v, since
no stable cut can contain two vertices of a rigid component of G.

The statement is vacuously true when |V (G)| = 1, and hence we may suppose that |V (G)| > 2.
If the neighbourhood of u is stable, then we take S to be this neighbourhood. The hypothesis
that v and v are not in the same rigid component implies that uv is not an edge of G, and
hence S separates u and v.

Thus we may suppose that the neighbourhood of u is not stable, or equivalently, that u is
in a 3-cycle {u,z1,x2}. For i € {1,2}, let G} be the graph obtained from G by contracting
the edge uz; to a vertex uj. If u; and v are in different rigid components of G, then by the
induction hypothesis, there is a stable cut of G} separating u; and v. This stable cut separates
u and v in G as well.

Suppose, for a contradiction, that u} and v are contained in a rigid component of G, for both
i € {1,2}. This means that there is a subset X] C V(G}) with u},v € X] and such that G}[X]]
is rigid. Let X; C V(G) be the vertex set obtained from X/ by deleting u; and adding v and x;.
Also, let G; = G[X;]. Note that G; is flexible, since it contains both u and v.

Claim 4.5. We have Ng(u) N Ng(x1) N X1 = @ and Ng(u) N Ng(x2) N Xo = 2.

Proof. Fix i € {1,2} and suppose, for a contradiction, that there is a vertex y € X; that is a
common neighbour of u and z;. It follows that G; can be obtained from the rigid graph G}[X/]
by a vertex split operation, potentially followed by some edge additions. Hence G; is rigid, a
contradiction. O

Let H = G1 UGs.
Claim 4.6. We have r(H) = 2|V (H)| — 4.



Proof. Fix i € {1,2}. First, note that there is a vertex y € Ng(z;) — Ng(u) in X;, since
otherwise the rigid graph G}[X/] would be isomorphic to a subgraph of G that contains both
u and v. By the same reasoning as in the proof of Claim 4.5, we deduce that G; + uy is rigid,
and hence 7(G;) = 2|V (G;)| — 4. Since {u,v} is not contained in a rigid subgraph of G, we have
r(Gi+uv) = r(G;)+1 = 2|V(G;)| -3, that is, G; +uw is rigid. It follows that H +ww is also rigid,
since it can be obtained by gluing two rigid graphs along at least two vertices. Finally, since H
is not rigid (as it contains both u and v), we have r(H) = r(H + w) — 1 =2|V(H)| —4. O

If H+x12 is rigid, then uw and v are contained in a rigid subgraph of G, a contradiction. Thus
we may assume that H 4 xjx4 is flexible. It follows from Claim 4.6 that r(H) = r(H + x122) =
2|V(H)| — 4. Hence there is an Ro-circuit C C H + xyx9 with x129 € E(C). Since Ra-circuits
have minimum degree three, there exists a vertex y € Ne(z1) \ {u,x2}. Since Ro-circuits are
rigid, we deduce that u,z1,x92, and y are all in the same rigid component of G. It follows
from our assumption on G that {u,x,z2,y} induces a complete subgraph of G, contradicting
Claim 4.5. This final contradiction finishes the proof of the first part of the theorem.

For the second statement, it suffices to prove that if G is 2-connected, then for all v € V(G),
there exists u € V(G) such that no rigid component contains both u and v. Suppose not; then
v is contained in every rigid component of G. Let Ri,..., Ry be the rigid components of G.
Since G is flexible, £ > 2. As noted previously, distinct rigid components can only intersect in
at most one vertex, and thus V(R;) N V(R;) = {v} for all i < j. Hence, v is a cut vertex of G,
which contradicts the 2-connectivity of G. O

Let us highlight that the previous proof is algorithmic, in the following sense.

Proposition 4.7. Given a flexible graph G, a stable cut, and hence also a NAC-colouring, of G
can be found in time O(|V(G)|?).

Proof. Let n = |V(G)| and m = |E(G)|. If G is not connected, then the empty set is a stable
cut. It is well-known that rigid components can be found in O(n?) time, see, e.g. [24]. Hence we
can also find in O(n?) time a pair u,v € V(G) of vertices such that no rigid component contains
both u and v. Algorithm 1 below describes how to find a stable cut of a connected flexible
graph G separating u and v. It follows the proof of Theorem 4.2. The algorithm is recursive,
but there is no branching: each iteration calls the algorithm at most once, on a graph that has
at least one vertex fewer and at least two edges fewer. Hence, the total number of calls is at
most n. Checking whether the neighbourhood of a vertex is stable can be done in O(m + n?)
time. The edge contraction takes O(m) operations. Checking whether a given vertex is a cut
and the construction of the graphs G; and Go takes O(m) steps. Hence in total, the running
time of Algorithm 1 is bounded by O(n(m + n?)) = O(n?). O

The algorithm is implemented in the package PYRIGI [10] as method stable_separating_set
thanks to Petr Latovika. To close this section, we give an alternative proof of Corollary 4.3.
While this proof is not as elementary as the one above, it highlights the connection between
stable cuts and rigidity on the sphere. We start by briefly explaining what we mean by the
latter.

Analogously to realisations in R?, we may consider realisations on the sphere. Let

S={(z,y,2) eR3: 2 + > + 22 =1}

denote the unit sphere in R3. A realisation (G,p) in R? is a realisation on the sphere if p(v) € S
for all v € V(G). A realisation (G, p) on the sphere is S-rigid if the only edge-length-preserving
continuous deformations of (G, p) that keep the points on the sphere are the ones arising from
isometries of S; otherwise, (G, p) is S-flexible. The graph G is S-rigid if its generic realisations
on the sphere are all S-rigid, and S-flezible otherwise. (Here, “generic” should be understood



Algorithm 1 STABLE CUT OF A CONNECTED FLEXIBLE GRAPH

Input: a connected flexible graph G, vertices w and v not in the same rigid component of G
Output: a stable cut S of G such that u and v are separated by S

1: if the neighbourhood of u is stable then

2 return the neighbourhood of u

3: else

4 x1,x2 := neighbours of u such that (u,z1,x2) is a 3-cycle
5: for i € {1,2} do
6
7
8
9

G’ := the graph obtained from G by contracting the edge uz;

u} := the vertex of G} corresponding to the contracted edge uz;
end for
: if v} and v are in different rigid components of G| then

10: return a stable cut of G} separating u} and v

11: else

12: return a stable cut of G separating v/, and v

13: end if

14: end if

as generic among realisations on the sphere; of course, a realisation that is generic in the usual
sense cannot lie on the sphere.)
The following folklore result links rigidity in the plane to rigidity on the sphere.

Theorem 4.8 (See, e.g., [28, 8]). A graph is rigid if and only if it is S-rigid.

Theorem 1.1 turns out to have a spherical analogue, based on the following notion. Given a
graph G and an edge colouring c¢: E(G) — {red, blue}, let us say that a path (ui,us,us,uyq) of
length 3 is alternating if c(ujug) # c(ugug) # c(usuy).

Definition 4.9. Let G be a graph. An edge colouring ¢: E(G) — {red, blue} is a NAP-colouring
if it is surjective, every 3-cycle in G is monochromatic, and there are no alternating paths of
length 3 in G.

NAP stands for “No Alternating Path”. Notice that a NAP-colouring is also a NAC-colouring.
Also note that a surjective edge colouring with two colours is a NAP-colouring if and only if
every edge uv has an endvertex v such that all edges incident to v have the same colour.

Theorem 4.10 ([11, Theorem 3.14]). A connected graph has a quasi-injective S-flexible reali-
sation if and only if it has a NAP-colouring.

To complete the picture, we observe that there is a one-to-one correspondence between stable
separations and NAP-colourings, up to swapping colours. The first implication of the following
lemma is a more precise form of Lemma 3.1.

Lemma 4.11. Let G be a graph without isolated vertices. If {G1,G2} is a stable separation
of G, then colouring all edges in G1 red and all edges in Gy blue yields a NAP-colouring of G.
Conversely, if ¢ : E(G) — {red,blue} is a NAP-colouring of G, then {Gyed, Gblue} s a stable
separation of G, where Greq and Gpe are the subgraphs of G induced by the red and blue edges,
respectively.

Proof. First, suppose {G1, G2} is a stable separation of G, and for each e € E(G) let us define
a colouring c¢: E(G) — {red,blue} by letting c(e) = red if e € E(Gp) and c(e) = blue if
e € E(G2). Note that since {G1,G2} is a stable separation, E(G1) N E(G2) = @, so ¢ is
well-defined (up to swapping colours). Also, since E(G;) and E(G2) are both nonempty, c is
surjective. Let uv € E(G). Since V(G1) NV (G2) is a stable set, at least one of u or v (say u)



is not in V(G1) N V(Gz). Thus, all edges incident to u are the same colour. It follows that ¢ is
a NAP-colouring.

Conversely, suppose ¢ : E(G) — {red, blue} is a NAP-colouring of G, and let Gyeq and Gpjye
be the subgraphs of G induced by the red and blue edges, respectively. We first show that
V(Gred) NV (Ghlue) is a stable set of G. Suppose not, and let {u,v} C V(Greq) NV (Gplye) be an
adjacent pair of vertices. By symmetry, we may assume that wv is red. Since {u,v} C V(Gpue),
there are blue edges meeting u and v, which together with uv contradict ¢ being a NAP-
colouring. Therefore, V(Greq) NV (Ghlye) is a stable set of G, as claimed. It remains to show that
V(Gred)\V (Gblue) and V(Gplue) \V (Gred) are both nonempty. Towards a contradiction, suppose,
without loss of generality, that V(Gred) € V(Gpiue). But then V(Gred) € V(Gpiue) NV (Gred),
which is stable, so there are no red edges, contradicting the surjectivity of c. O

Alternative proof of Corollary 4.5. Let G be a flexible graph. By Theorem 4.8, G is S-flexible.
Hence, G has a NAP-colouring ¢ by Theorem 4.10, which gives a stable cut by Lemma 4.11. O

5 The number of NAC-colourings

Recall that for a graph G, we let NAC4(G) denote the number of NAC-colourings of G divided
by two. By Proposition 2.3, this number gives a lower bound on the number of angle-different
motions of G. Thus, we may view NACx(G) as a combinatorial measure of the “non-generic
flexibility” of a graph. From this viewpoint, there are two natural extremal problems: one is
to maximise the number of NAC-colourings in rigid graphs, and the other is to minimise the
number of NAC-colourings in flexible graphs.

In this section, we investigate both of these problems. First we show that the number of
NAC-colourings of an n-vertex graph is 0(4™). On the other hand, we construct minimally rigid
graphs on n vertices having over 2" NAC-colourings (Corollary 5.9). For the second problem,
we show that the flexible graphs with the minimum number of NAC-colourings are precisely
those that arise by gluing a pair of graphs G1, G satisfying NAC4(G1) = NAC4(G2) = 0 along
a vertex (Proposition 5.13).

5.1 A bound for dense graphs

We start by giving a general upper bound on the number of NAC-colourings. While this is only
a slight improvement on 2/#(®) in the minimally rigid case, it is substantially better for dense
graphs.

92n—5

Van

The asymptotic bound follows from Stirling’s formula; hence we only prove the inequality.

Theorem 5.1. For every graph G on n vertices, NACy(G) < L(*"}) ~

n—2

Proof. Let us define a partial NAC-colouring of G to be a red-blue colouring of some subset of
E(G) with the property that there is no almost red or almost blue cycle and there is no entirely
red or entirely blue spanning forest with the same number of components as G. Note that a
NAC-colouring is precisely a partial NAC-colouring in which every edge is coloured. Moreover,
restricting a NAC-colouring to a subset of the edges gives a partial NAC-colouring. However, a
partial NAC-colouring cannot necessarily be extended to a NAC-colouring.

For the rest of the proof, fix an ordering eq, ..., e, of the edges of G. We build up a sequence
of partial NAC-colourings ¢, . . ., ¢m, Where ¢q is the empty colouring, using the following pro-
cedure. Choose a sequence s : [m] — {red, blue}, and set j = 1. Now take the edges in order. If
there is exactly one way to extend ¢;_1 to a partial NAC-colouring ¢; by colouring e;, do this.
If there are no ways, stop the process. If there are two ways, colour e; with the colour s(j) and
increase j by one.
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First, we claim that every NAC-colouring ¢ of G can be obtained using this procedure for
some s : [m] — {red, blue}. Indeed, for each i € [m], consider whether the colouring obtained
from ¢ by restricting it to {eq, ..., e;} and swapping the colour of e; is a partial NAC-colouring;
let i1 < -+ < i be the set of indices ¢ for which it is. It is not difficult to see that if the
sequence s in the procedure starts with c(e;, ), ..., c(e;, ), then we recover c.

Hence, we only need to show that we can construct at most (2::24) different NAC-colourings
by using the above procedure. (Here we are not factoring out by swapping colours, so we have
to divide by 2 in the end.) Note that if at step i we use a colour from s, say red, then the
endvertices of e; must be in different red components in ¢;_; (since it was possible to colour e;
blue), and so there are fewer red components in ¢; than ¢;_;. Here, by a red component in ¢;,
we refer to the components of the graph on vertex set V(G) whose edges are the ones coloured
red by ¢;. Since ¢; is a partial NAC-colouring, there are at least 2 red components in ¢;. This
means that during the procedure, we can read off the value red from s at most n — 2 times, and
likewise for the value blue.

It follows that instead of sequences of length m, it suffices to consider sequences of length
2n—4 in which the value red appears exactly n—2 times. The number of such sequences is (21;‘__24),
and thus the number of NAC-colourings that can be obtained using the above procedure is at
most this number. O

We do not know how close Theorem 5.1 is to being tight. It is easy to find sparse graphs
on n vertices with roughly 2" NAC-colourings: for example, NAC4(G) = 272 — 1 for every
n-vertex tree, and NACx(G) = 2! — (n+1) if G is the n-vertex cycle. Our next result shows
that dense graphs can also have exponentially many NAC-colourings.

Proposition 5.2. For every pair of positive integers ni,na, NACy(Kp, n,) = Qmitne=2 _ 1

Proof. Let (X,Y) be the bipartition of G with |X| = ny and |Y| = n2. For each X’ C X and
Y’ C Y such that (X',Y’) ¢ {(2,9),(X,9),(2,Y),(X,Y)}, we let cx/y’ be the colouring of
E(Kp, n,) such that all edges between X’ and Y are blue, all edges between X \ X" and Y\ Y’
are blue, all edges between X’ and Y\ Y’ are red, and all edges between X \ X’ and Y are red.
Note that cxsy+ is a NAC-colouring. Moreover, CX! Y] = CX1Ys (up to flipping colours) if and
only if (X{,Yll) S {(Xl, Yl), (Xl, Y \ Yl), (X \ Xl, Yi), (X \ Xl,Y \ Yl)} Thus,

1
NAC4(G) > Z(27112n2 —4) = onitna—2 _ 1

To prove equality, we show that every NAC-colouring of G is equal to cx/ y+ for some X' C X
and Y’ C Y. Let ¢ be a NAC-colouring of G.

Claim 5.3. Let B be a blue component of ¢ and R be a red component of ¢ such that V(B) N
V(IR)NY #@. Then V(B)NY =V(R)NY and V(B)NX = X \ V(R).

Proof of Claim. Let Xp :=V(B)NX,Yg:=V(B)NY, Xg:=V(R)NX and Yr :=V(R)NY.
By assumption YgNYR # @. We claim that XN Xr = @. Suppose not, and let x € XpN Xg
and y € YpNYg. Since B is an induced subgraph (recall the equivalent conditions below
Definition 2.1), xy is blue. On the other hand, since R is an induced subgraph, xy is red,
which is a contradiction. Suppose Yi \ Y # &. Choose zp € Xp and yg € Yg \ Y. Then
xpyr cannot be blue by the maximality of B. On the other hand, xpyr cannot be red since
XpNXgr =@. Thus, Yg C Yp. Analogously by swapping R and B, we have Yp \ Y = @.
Thus, Yp = Y. It remains to show that Xp = X \ Xp. Since XpN Xr = &, it suffices to show
that X\ (XpUXg) =@. Ifxr € X\ (XpUXg) and y € Yp = Yg, then xy cannot be red by the
maximality of R and zy cannot be blue by the maximality of B. Thus, X \ (XpU Xgr) # &, as
required. O
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Let R be a red component and B a blue component such that V(B) N V(R)NY # @.
By the above claim, V(B)NY = V(R)NY and V(B)NX = X \ V(R). Let B’ be a blue
component such that V(B')NV(R)NX # &. By the above claim, V(B')NX = V(R)N X and
V(B)NY =Y \ V(R). Let R’ be a red component such that V(R)NV(B')NY # &. By the
above claim, V(R)NY = V(B)NY, and V(R )NX = X \V(B’). Thus, setting X' = V(B)NX
and Y/ =V(B)NY, we have ¢ = cx/ yv, as required. O

Given two graphs G1 and Ga, we let G1 U G2 denote the disjoint union of G; and Gs. The
following proposition gives an explicit formula for NAC4(G1 U G2). We omit the proof since it
is a special case of a more general formula (Lemma 5.12), which we will prove later.

Proposition 5.4. For all graphs G1 and Gs,

NAC4(Gh), if E(G2) = @,
NAC#(Gl UGe) = NAC#(GQ), if E(Gy) = @,

The join of G1 and Ga, denoted by G1 V Ga, is the graph obtained from G; LI G2 by adding
all edges between V(G1) and V(G3). For a graph G, we let A(G) be the number of connected
components of G. Note that if H is a connected component of G with |V(H)| > 2, then
in every NAC-colouring of G V G2, H is monochromatic and every edge between V(G2) and
V(H) must be the same colour as H. Combining this observation with Proposition 5.2 gives
the following explicit formula for NAC4 (G V G2).

Proposition 5.5. For all graphs G1 and Gs,

0, if E(G1) # @ and E(G2) # @,
OMG1)—1 _ if E(G @ and E(G2) = @

NAC4(G1V Ga) = ’ Z.f ()7 2 and BG2) =2,
9A(G2)=1 _ 1 if E(Gs) # @ and E(Gy) = @,
MEVTNG2)=2 1 if B(Gy) = E(G) = @.

A cograph is a graph which can be recursively built using U and V (starting from single vertex
graphs). Observe that by combining Proposition 5.4 and Proposition 5.5 we can efficiently
compute NACx(G) for every cograph G.

5.2 Minimally rigid graphs

In this subsection, we concentrate on the problem of maximising the number of NAC-colourings
in minimally rigid graphs. While we cannot match the upper bound given by Theorem 5.1, we
show that there exists an infinite sequence of minimally rigid graphs G for which NAC4(Gy)
is exponential in |V (Gg).

We give two proofs of this fact. The first is a simple construction for which the NAC-
colourings can be precisely described, and for which there are approximately 2/C#| of them. The
second uses detailed calculations for a small graph to define a sequence for which the base of
the exponential is strictly greater than 2.

See Figure 2 and Figure 3 for the distribution of NAC4(G) for minimally rigid graphs on up
to ten vertices and on eleven and twelve vertices respectively, and Figure 4 for some minimally
rigid graphs that have the maximum number of NAC-colourings on a given number of vertices.

For each k > 1, we let G be the graph with vertex set {x,y}U{a1,...,ap}U{b1,...,b;} and
edges a;a;+1,b;bit1,a;biy1,b;a;41 for all i € [k — 1] and zy, zai, xb1, yai, ybi; see Figure 5. It is
easy to check that Gy has 2k + 2 vertices and 4k + 1 edges, and that Gy, is a minimally rigid
0-extension graph.

12
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0 31 63 255
NAC4(G)

Figure 2: The numbers of minimally rigid graphs on 7 (blue), 8 (red), 9 (green) and 10 vertices
(yellow) according to the number of NAC-colourings. The maximal values for each
number of vertices are indicated by the labels. On 6 vertices, there are 5 graphs with
no NAC-colouring, 5 with NAC4(G) = 1, 3 with NAC4(G) = 2, and the complete
bipartite graph K33 with NAC4(K33) = 15. The numbers were determined compu-
tationally using the SAGEMATH package FLEXRILOG [16] and the database [3].

Proposition 5.6. Let k > 2 be an integer, and let n = 2k + 2 = |V (Gy)|, where Gy, is defined
above. We have NACx(Gy) =274 — 1.

Proof. 1t is easy to verify the formula for k& = 2, so we henceforth assume k > 3. Let G}, :=
Gk \ {z,y}. We say that a colouring c¢: E(G}) — {red,blue} is locally NAC if c restricted to
Grl{ai,ait1, aiv2,bi,bit1,biro}] has no almost-monochromatic cycle for all i € [k — 2]. Note
that this requires an even number of a;a;y1, a;bi41, bja;+1 and b;b; 11 to have each colour for
each i < k, and that for each such colouring of these four edges, there are 4 ways to colour
the next four edges so that Gi[{a;, a;t1,ai+2,bi,bit1, bi+2}] has no almost-monochromatic cycle
(see Figure 6).

Claim 5.7. Every locally NAC-colouring of G}, is a NAC-colouring of G}, or monochromatic.

Proof of Claim 5.7. We proceed by induction on k. For k = 3 a colouring is locally NAC if and
only if it has no almost-monochromatic cycle. Assume k > 4. Towards a contradiction, suppose
G, has a locally NAC-colouring ¢ which is neither monochromatic nor a NAC-colouring, i.e.
it has an almost-monochromatic cycle C. By induction, G \ {a1,b1} and Gi \ {ax,br} have
no such cycle, and so C' contains a vertex from {a1,b1} and from {ag,br}. Without loss of
generality, we may assume C' contains a unique red edge e and (by exchanging labels on each
pair a;, b; if necessary) is the cycle ajas - - - agbr—1bk—2 - - - baay.

Suppose e € {ajaz,a1ba}. Then agag_1, arbr_1 and bg_obg_1 are all blue. Since ¢’ is locally
NAC, b_sar_1 must also be blue. But this gives an almost-blue cycle ajas - --ag_1bgx_o - - boay
avoiding ay, which is a contradiction. Similarly if e € {ax_1ax, bp_1bx} we obtain a contradic-
tion.

Thus e = a;a;41 or e = bjbjq for some 2 < ¢ < k — 2. Consider the two edges a;b;11
and b;a;4+1. Both are chords of C, and if either is blue then one of the two cycles formed by
adding that edge to C is almost-blue and avoids a; or ax, a contradiction. So both are red, but
then a;a;+1b;b;11a; is almost-red, and ¢’ is not a locally NAC-colouring. O
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Figure 3: The numbers of minimally rigid graphs on 11 (green) and 12 vertices (yellow) according
to the number of NAC-colourings. The numbers were determined computationally
using the code supporting [21] and the generator of minimally rigid graphs [20].

Figure 4: Some graphs maximising the number of NAC-colourings among minimally rigid graphs
on 8 (top left), 9 (top middle and right), 10 (bottom left), 11 (bottom middle) and
12 vertices (bottom right). On 7 vertices the unique graph attaining the maximum is
K3 3 with one open 0-extension.

Consider all locally NAC-colourings ¢ of Gj. such that c(ajaz) = c(biaz) (and hence also
c(a1by) = c(b1bs)). Note that there are 4*~1 of them and each of them except for the whole blue
colouring extends to a NAC-colouring of G}, by colouring the edges incident to x or y blue.

Since every NAC-colouring of Gy, restricts to a locally NAC-colouring ¢ of G}, with c(ajaz) =
C(blag), NAC#(Gk) =4kl 1 =922 _ 71— 2|V(Gk)‘—4 —1. ]

We next show that there are minimally rigid graphs with significantly more NAC-colourings.
One way to prove this is to start from Gy, for sufficiently large k, and perform 0-extensions on
(a1,ar41), (@r41,a274+1), and so on, where r is some fixed integer. It is not hard to show, given
the classification of NAC-colourings of Gy, that provided r is not too small, these O-extensions
each increase the number of NAC-colourings by a factor greater than 2. Since the number of
0-extensions is a constant proportion of the number of vertices, this gives an exponential lower
bound where the base of the exponent is strictly greater than 2. However, the largest value
we were able to obtain by this method is still significantly lower than the one we obtain below
using an entirely different method.
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Figure 6: The diagram shows how two consecutive parts of the graph G), can be coloured.

Lemma 5.8. Let G be a graph obtained by gluing k copies of a graph H along an edge. Then

[V(&)[-2

NAC.(G) = (NACx(H) + 1)F — 1= (NAC4(H) + 1) V(D=2 — 1,

Proof. We fix the colour of the common edge e to be blue. Every NAC-colouring of G with e
being blue restricted to any copy of H is a NAC-colouring or monochromatic. On the other
hand, every surjective colouring of G such that each copy of H is monochromatic or a NAC-
colouring is a NAC-colouring of G, since every cycle is within a copy of H or has e as a chord.
Therefore, the first equality holds. The second follows from |V (G)| = k(|V(H)| — 2) + 2. O

Since gluing two minimally rigid graphs along an edge gives a minimally rigid graph, by
taking H to be the minimally rigid graph in Figure 7, and noting that %/180608 > 2.13, we
get the following.

Corollary 5.9. There is an infinite family of minimally rigid graphs Hy, such that NAC 4 (Hy) =
w (2.13V ).

Figure 7: An 18-vertex minimally-rigid graph H with NAC4(H) = 180607 (computed us-
ing [21]), which can be obtained by 0-extensions from the 12-vertex graph in Figure 4.
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5.3 Flexible graphs

To close this section, we consider the number of NAC-colourings in flexible graphs. Note that a
flexible graph clearly has a flexible quasi-injective realisation, and hence by Theorem 1.1, such
a graph always has at least one NAC-colouring. We can use Theorem 4.2 to derive a stronger
bound.

Lemma 5.10. Let G be a 2-connected flexible graph with ¢ rigid components. Then G has at
least [logy £] stable separations, and hence NAC4(G) > [logy £].

In the proof we will use the biclique covering number; this is the minimum number of complete
bipartite subgraphs needed to cover the edge set of a graph.

Proof. Let Ry,..., Ry be the rigid components of G. We say that a stable separation {G1, G2}
is respectful if V(G1NG2) contains at most one vertex from each R;. Note that each R; is either
2-connected or consists of a single edge, and hence if {G1, G2} is respectful, then each R; is
contained in either G or Gs.

Let K, be the complete graph with vertex set [¢]. We say that ij € E(Kj) is covered by
a respectful separation {G1,G2} if R; C Gi and R; C G». The edges covered by {G1,G2}
induce a complete bipartite subgraph of K,. By Theorem 4.2 every ij € E(Ky) is covered by
a respectful separation. Therefore, the number of respectful separations of G is at least the
biclique covering number of Kj. It is well-known that this number is [log, £] (see [9] for a
proof).

Finally, the bound on NAC4(G) follows from the one-to-one correspondence between stable
separations and NAP-colourings given by Lemma 4.11. O

For flexible graphs with few rigid components, we can deduce the following improved bound on
the number of NAC-colourings. In the proof, we will use the well-known fact that if Ry, R, R3
are distinct, pairwise intersecting rigid components of a graph G, then they must intersect at
a single common vertex. It follows that a 2-connected flexible graph has at least four rigid
components.

Lemma 5.11. Let G be a 2-connected flexible graph. Then NAC4(G) > 3.

Proof. Let Ry,..., Ry denote the rigid components of GG; by the observation in the previous
paragraph, we have ¢ > 4. If £ > 5, then the bound given by Lemma 5.10 suffices.

Hence, we may assume that ¢ = 4. By using the observation above once more, as well as
possibly reordering Ry, ..., R4, we may also assume that R;NR; 11 # @ and R;NR; 1o = & for all
i € [4], where subscripts are taken cyclically. It is not difficult to deduce now that any colouring
for which two of E(Ry),..., E(R4) are completely red while the other two are completely blue
is a NAC-colouring. Therefore, NAC4(G) > 3. O

The 2-connectivity assumption cannot be removed in Lemma 5.11: gluing two complete
graphs along a single vertex yields a flexible graph with a unique NAC-colouring, up to swap-
ping colours. More generally, the following simple observation expresses the number of NAC-
colourings of a graph in terms of the number of NAC-colourings of its blocks. Recall that a
block in a graph G is either a maximal 2-connected subgraph of G or a bridge. Note that under
this definition, an isolated vertex is not a block. Moreover, adding isolated vertices to a graph
clearly does not change its number of NAC-colourings.

Lemma 5.12. Let G be a graph and Bi,..., By be the blocks of G. Then

k
NACL(G) = % T[(2NAC,(B;) +2) — 1
i=1
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Proof. Let C' be the set of colourings c: E(G) — {red, blue} such that the restriction of ¢ to
each B is either monochromatic or a NAC-colouring. Note that |C| = [I¥_; (2NAC4(B;) + 2).
Every colouring in ¢ is a NAC-colouring of G except the two monochromatic colourings. Thus,

NAC4(G) > ‘C’ ~2

k
1
5H 2NACy(B;) +2) — 1.
For the other inequality, observe that every NAC-colouring of G restricts to either a NAC-
colouring or a monochromatic colouring on each B;. O

By combining the previous results, we can deduce the following description of the family of
flexible graphs for which NAC4(G) is minimal.

Proposition 5.13. Let G be a flexible graph. Then NACx(G) = 1 if and only if G has a
separation {G1,Ga} with G1 NGy = K1 and NACx(G;) = 0 for each i € {1,2}.

Proof. Suppose NAC4(G) = 1. Let By, Ba, ..., By, be the blocks of G. By Lemma 5.11, k # 1.
By Lemma 5.12, kK = 2 and neither By nor 32 has a NAC-colouring.

For the other implication, suppose G has a separation {G1,Gs} with G; N Gy = K; and
NAC4(G;) = 0 for each i € {1,2}. Since G; has no NAC-colouring, it has no stable cuts, and
in particular, it is 2-connected. Therefore, each G; must be a block of G. Hence NAC4(G) =1
by Lemma 5.12. 0

6 Concluding remarks

We finish the paper by highlighting some open problems. The first one concerns graphs G
with NAC4(G) = 1. From Proposition 5.13, it is not difficult to deduce that the problem of
deciding whether NAC4(G) = 1 holds for a flexible graph G is equivalent to the problem of
deciding whether NAC,(H) = 0 holds for a general graph H; in particular, it is coNP-hard.
We can deduce the same hardness result for rigid graphs by combining the hardness proof for
the existence of a NAC-colouring in [12] with the fact that the unique satisfiability problem is
coNP-hard [2].

Thus, let us focus on the case of minimally rigid graphs. In this setting, we pose the following
conjecture, which we have verified for graphs on up to 10 vertices by computer.

Conjecture 6.1. Let G be a minimally rigid graph. We have NAC4(G) = 1 if and only if
(i) G € Gs and it has exactly one 3-prism subgraph, or
(i) G is a 0-extension graph with exactly one open step.

It is not difficult to verify that the graphs appearing in Conjecture 6.1 satisfy NACx(G) = 1.
More generally, for each graph G € G, we have NAC4(G) = 2P — 1, where p is the number of
3-prism subgraphs used in the recursive construction of G.

In the opposite direction, it is still open to describe more precisely the growth rate of

M, = max{NACx4(G) : G minimally rigid, |V (G)| = n}.
In particular, what is lim,, . Mn/ "7 It follows from Lemma 5.8 that the limit exists, and from
Lemma 3.1 and Corollary 5.9 that it is greater than 2.13 but at most 4. It seems likely that
with more computation a better base graph to improve the lower bound will be found, and so
the key question is whether the upper bound is tight.

Another interesting open problem is to determine the complexity of the following problems:
given a minimally rigid graph G and a pair of edges e, f € E(G), is there a NAC-colouring
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of G in which e and f receive different colours (resp. the same colour)? Using the connection
between NAC-colourings and motions, this is equivalent to the problem of deciding whether G
has a motion in which the angle of e and f changes (resp. remains constant).

Let us also highlight that for graphs with n vertices and 2n — 2 edges, both deciding the
existence of a NAC-colouring and deciding the existence of a stable cut is open. Both of these
problems appear to be challenging.

Recall that Theorem 4.1 tells us that every graph on n vertices and at most 2n — 4 edges has
a stable cut. Chernyshev, Rauch and Rautenbach [5] recently conjectured that every graph G
on n vertices and at most 3n — 7 edges has a cut X such that G[X] is a forest. Since we showed
in Corollary 4.3 that every 2-flexible graph has a stable cut, it is tempting to conjecture that
every 3-flexible graph has a forest cut. However, this is not the case: the Cartesian product of
K5 and K35 is 3-flexible, but has no forest cut.

Finally, the natural problem of determining the threshold probability for a binomial random
graph to have no NAC-colouring was recently settled by a subset of the present authors [6],
who also showed that this threshold coincides with the threshold for having no stable cut.
However, this leaves open other directions in random graphs such as estimating the number of
NAC-colourings below this threshold, or determining the threshold for a forest cut.
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