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Abstract
Quantifying uncertainty in detected changepoints is an important problem. However it is challenging as the naive approach
would use the data twice, first to detect the changes, and then to test them. This will bias the test, and can lead to anti-
conservative p-values. One approach to avoid this is to use ideas from post-selection inference, which conditions on the
information in the data used to choose which changes to test. As a result this produces valid p-values; that is, p-values that
have a uniform distribution if there is no change. Currently such methods have been developed for detecting changes in
mean only. This paper presents two approaches for constructing post-selection p-values for detecting changes in variance.
These vary depending on the method used to detect the changes, but are general in terms of being applicable for a range of
change-detection methods and a range of hypotheses that we may wish to test.

Keywords Changepoint detection · Breakpoint · Binary segmentation · Post-selection p-value

1 Introduction

The problem of detecting changes in time series has received
a great deal of attention in recent years, with applications
in finance (Schröder and Fryzlewicz 2013), quality control
(Amiri et al. 2015), climatemodelling (Reeves et al. 2007; Shi
et al. 2022), genome sequencing (Muggeo and Adelfio 2011;
Caron et al. 2012), neuroscience (Anastasiou et al. 2022), and
epidemicmodelling (Jiang et al. 2023), amongstmanyothers.
Various methods have been developed for detecting different
types of change, for example changes in mean, variance, and
slope. These are often developed based on a test for a single
change of a specific type. To detect multiple changes, this
test can be used recursively within algorithms such as binary
segmentation (Scott and Knott 1974) and its variants such as
wild binary segmentation (Fryzlewicz 2014), seeded binary
segmentation (Kovács et al. 2023), andnarrowest over thresh-
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old (Baranowski et al. 2019). Alternatively one can write
down a likelihood for the data as a function of the number
and location of changes and aim to estimate the changes by
minimising a penalised version of this likelihood. For many
models this optimisation can be performed exactly, see Kil-
lick et al. (2012); Maidstone et al. (2017). See Fearnhead
and Rigaill (2020) and Shi et al. (2022) for recent reviews of
changepoint methods.

Recently, increasing attention has been given to the prob-
lem of estimating the uncertainty associated with detected
changepoints (Frick et al. 2014; Li et al. 2016; Chen et al.
2023). This is challengingdue to the interplay of different ele-
ments of uncertainty, in terms of the number and location of
the changepoints. Bayesian approaches (Barry and Hartigan
1993; Fearnhead 2006;Namet al. 2012; Cappello and Padilla
2025) give a natural way of quantifying this uncertainty, but
require specifying prior information with the results sensi-
tive to these choices. Alternatively one can use the properties
of test statistics under the assumption of no changepoints.
For example, Fryzlewicz (2024) and Fryzlewicz (2024) use
a probabilistic bound on the maximum of the test statistic for
the presence of a change over all possible intervals of data to
find the narrowest set of intervals which each must contain
at least one changepoint with a certain probability. Similar
bounds are used within the MOSUM method (Meier et al.

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11222-026-10881-1&domain=pdf


  128 Page 2 of 14 Statistics and Computing           (2026) 36:128 

2021) to produce asymptotic p-values for detected change-
points (Eichinger and Kirch 2018).

In this paper we consider post-selection inference meth-
ods (Bayarri and Berger 1999; Kuchibhotla et al. 2022). The
idea is to construct a p-value for each detected changepoint,
with these p-values being valid in finite samples, albeit under
strong distributional assumptions for the data. This is a chal-
lenging problem in general as, if we use the data to estimate
changepoint locations, naively re-using the same data to esti-
mate the uncertainty associated with each changepoint will
lead to biased results. The idea of post-selection inference
is, when testing for the presence of a changepoint at some
detected location τ , we condition on the information in the
data that led to detection at τ when calculating the p-value. To
date, almost all work in this area has focused on the univari-
ate change in mean case, e.g. (Hyun et al. 2021; Jewell et al.
2022; Duy and Takeuchi 2022; Carrington and Fearnhead
2025), or the piecewise constant polynomial model (Mehrizi
and Chenouri 2021). As far as we know, there are no cur-
rent approaches for quantifying the evidence for detected
changes in variance. In this paper we fill this gap by extend-
ing the post-selection inference ideas to cover the change in
variance setting.

The post-selection inference methods for the change in
mean problem use the fact that the natural test statistic for
a change at a given location will have a normal distribution
under the null hypothesis. To account for the fact that we are
using the same data to calculate the test statistic as to detect
changes – and thus to decidewhich locations to test –we need
to condition this distribution on the fact that the tested loca-
tion is a detected changepoint. Depending on precisely what
information is conditioned on, this leads to a conditional null
distribution that is constrained to lie on an interval (Hyun
et al. 2021) or a union of intervals (Jewell et al. 2022) of the
real line. Importantly it is straightforward to calculate this
interval or intervals for changepoint detection methods that
use the popular CUSUM statistic within a binary segmenta-
tion algorithm or penalised likelihood approach. One of the
advantages of this approach is that it is general: it applies to
a wide range of methods for detecting changes, and also to
most natural null hypotheses that one may wish to test.

In this paper, we consider the two most common ways of
detecting a change in variance. The first uses the idea that
a change in variance in some time series, Xt say, will cor-
respond to a change in mean in X2

t . Thus we can shift the
data so it has mean zero, and apply a method for detect-
ing a change in mean to the square of this shifted data. The
second method is where we estimate changepoint locations
by directly maximizing the likelihood of the piecewise con-
stant variance model. In both cases we can use the same test
statistic for testing whether a detected change is real. This
test statistic is equivalent to the likelihood-ratio test statistic
for a change in variance in Gaussian data, and is the propor-

tion of the sum of squares of the data in the region prior to
the putative change. If we had used separate information, or
independent data, to choose which putative change location
to test then the null distribution of this test statistic is a Beta
distribution with known parameters. For our setting we need
to calculate the null distribution conditional on detecting the
change, which leads to constraining the Beta distribution to
a union of intervals of [0, 1].

To calculate the post-selection p-values requires us to
calculate these intervals. For the first approach to detecting
changes, this can be done analytically using the same ideas
as for the change in mean setting. For the second approach,
this is no longer possible so we show how Monte Carlo can
be used to approximate the p-values (see Saha et al. 2025,
for similar use of Monte Carlo in post-selection inference).

The rest of the paper is organized as follows. In Sec-
tion 2 we define the model and set up the test we will use
to detect changes in variance. Section 3 then describes the
methods we will use to calculate p-values. Section 4 details
some extensions to different scenarios, such as different null
hypotheses and changepoint detection methods. Section 5
presents results of our methods on simulated data, and in
Section 6 we implement our method on a financial data set.
Section 7 then concludes with some discussion of our results
and suggestions for further research.

2 Testing for a change in variance

We consider the univariate Gaussian model with fixed mean
and piecewise constant variance:

Xt = μ + σtεt , t = 1, . . . , T , (1)

where μ is assumed known, εt ∼ N (0, 1), and σt+1 = σt
except at K changepoints {τ1, . . . , τK }. We will assume,
without loss of generality, that μ = 0 (if this is not the case,
we can just replace Xt with Xt − μ).

Given the model in (1), suppose that we have a data set
X = (X1, . . . , XT ) and we have obtained a set of esti-
mated changepoint locations M(X) = {τ̂1, . . . , τ̂K }, such
that 0 = τ̂0 < τ̂1 < . . . < τ̂K < τ̂K+1 = T . For a particu-
lar changepoint τ̂ , we want to test whether there is indeed a
changepoint at, or close to, τ̂ .

First, we need to define our null hypothesis and choose
a test statistic. Since we are generally interested in whether
there is a change close to τ̂ , rather than exactly at τ̂ , it makes
sense to set the null hypothesis to be that there is no change-
point within a certain window of τ̂ . There are various ways of
choosing such a window, which will generally be informed
by our particular application: for example, we can use a fixed
window length, or allow the window to be determined by the
locations of neighbouring changepoint estimates. For now
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we will assume that we have some fixed h such that the win-
dow is (τ̂ − h, τ̂ + h), but note that the methods we describe
are easily extended to other choices of H0; we will discuss
this in more detail in Section 4.1.

Hence, we have

H0 : σ 2
τ̂−h+1 = . . . = σ 2

τ̂
= σ 2

τ̂+1 = . . . = σ 2
τ̂+h, (2)

with H1 being that there is at least one inequality.
Let C2

t1:t2 = ∑t2
t=t1 X

2
t . A natural choice of test statistic

is to consider what proportion of the total sum of squares
within the region (τ̂ − h, τ̂ + h) is accounted for by the data
before the changepoint, i.e.

φ =
C2

(τ̂−h+1):τ̂
C2

(τ̂−h+1):(τ̂+h)

=
C2

(τ̂−h+1):τ̂
C2

(τ̂−h+1):τ̂ + C2
(τ̂+1):(τ̂+h)

.

The terms in the last expression,C2
(τ̂−h+1):τ̂ andC

2
(τ̂+1):(τ̂+h)

,
are independent gamma random variables with shape param-
eter h/2 and scale parameter 2σ 2 under H0. Thus, under H0,
φ ∼ Beta

( h
2 , h

2

)
. Under H1, we would expect φ to be closer

to 0 if the variance increases after τ̂ , and closer to 1 if τ̂ is
followed by a decrease in variance.

Our test statisticφ is equivalent to the F statistic, a standard
test statistic used to test for a change in variance, in the sense
that each of φ and F can be derived from the other, e.g.
F = φ/(1 − φ). Hence, using either will lead to the same
result. The formulation we define above is more convenient,
as it allowsus towrite X2

t as a linear function ofφ (see below),
which will simplify the calculations in the next section.

Let φobs denote the observed value of φ. If τ̂ corre-
sponds to an increase in variance, the one-sided p-value is
p = PrH0(φ ≤ φobs); otherwise, p = PrH0(φ ≥ φobs). To
calculate the two-sided p-value, we first find φ∗ such that

Pr
H0

(φ ≤ φ∗) = 1 − Pr
H0

(φ ≤ φobs) .

Then, letting φlower = min{φobs, φ∗} and φupper =
max{φobs, φ∗}, the two-sided p-value is

p = Pr
H0

(
φ ≤ φlower or φ ≥ φupper

)
. (3)

We will assume for the remainder of this paper that we are
using the two-sided p-value, i.e., we are not concerned about
the direction of the change. However, our methods apply
equally to the one-sided p-value case.

2.1 Post-selection inference

The p-value in (3) is valid if we use separate information, or
independent data, to calculate it from that which we use to
choose the location to test.However, using the samedata to do
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Fig. 1 QQ plot of p-values, calculated using (3), for data simulated
under the null hypothesis of no change, where we selected change
locations to test using binary segmentation. Different coloured lines
correspond to different choices of h in the null hypothesis. Re-using the
data results in p-values that are much smaller than they should be.

both introduces bias. In particular, as demonstrated by Figure
1, when simulating under H0 we tend to obtain p-values that
are much smaller than they should be, so the Type I error rate
is too high. In order to get valid p-values in this case, we need
to calculate the probability of (3) conditional on the infor-
mation used to choose to test for a change at τ̂ : here, this is
the fact that τ̂ is in the set of estimated changepoints. Letting
M(X) denote the set of estimated changepoints {τ̂1, . . . , τ̂K }
which we obtain when we apply a particular changepoint
algorithm to X , we therefore want to calculate the p-value
in (3) conditional on the fact that τ̂ ∈ M(X):

Pr
H0

(
φ ≤ φlower or φ ≥ φupper | τ̂ ∈ M(X)

)
.

Our null hypothesis (2) is that the variance is constant
inside the region {τ̂ −h+1, . . . , τ̂ +h}. This does not specify
the value that σ 2

t takes for any t outside this window, nor the
value of the fixed variance within the window. Therefore,
in order for the test to be well-defined, i.e. have the same
distribution for all data generating processes consistent with
the null hypothesis and the model, we must condition on
sufficient statistics for these parameters: the values of Xt

outside of {τ̂ − h + 1, . . . , τ̂ + h}, and the sum of squares
within the window: C2

(τ̂−h+1):(τ̂+h)
= ∑τ̂+h

t=τ̂−h+1 X
2
t .

The validity of post-selection p-values, in that they are
uniformly distributed under the null conditional on the
selection event, still holds if we condition on additional infor-
mation (though this may lead to a reduction in power; Fithian
et al. 2014; Jewell et al. 2022). In order to simplify the cal-
culation of the p-values it is common to condition on data
that is orthogonal to the test-statistic, φ, as we now describe.

To make explicit the dependence of X on φ, consider
a re-parameterization of {X τ̂−h+1, . . . , X τ̂+h}. Let C2

0 =
C2

(τ̂−h+1):(τ̂+h)
, the sum of the square of the data in the region

being tested, and for i = 1, . . . , h − 1 let
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Wl
i =

C2
(τ̂−h+1):(τ̂−h+i)

C2
(τ̂−h+1):(τ̂−h+i+1)

Wr
i =

C2
(τ̂+1):(τ̂+i)

C2
(τ̂+1):(τ̂+i+1)

(4)

The following results show how we can write
{X2

τ̂−h+1, . . . , X
2
τ̂+h} in terms of φ, C2

0 , and Wr
i and Wl

i
for i = 1, . . . , h − 1, and that the latter set of variables are
independent under the null hypothesis.

Lemma 1 For i = 1, . . . , h, we can write

X2
τ̂−h+i =

{(
1 − Wl

i−1

) (∏h−1
k=i W

l
k

)
C2
0φ i = 1, . . . , h − 1

(
1 − Wl

i−1

)
C2
0φ i = h

X2
τ̂+i =

{(
1 − Wr

i−1

) (∏h−1
k=i W

r
k

)
C2
0 (1 − φ) i = 1, . . . , h − 1

(
1 − Wr

i−1

)
C2
0 (1 − φ) i = h,

(5)

where for convenience we set Wl
0 = Wr

0 = 0.

Lemma 2 Under H0, Wl
1, . . . ,W

l
h−1,W

r
1 , . . . ,Wr

h−1, φ,C2
0

are all independent.

Lemma 1 is easily verified. The proof of Lemma 2 is given
in the supplementary material.

Therefore, conditioning on the dimensions of the data
which are orthogonal to φ is equivalent to conditioning on
the values of Wl

1, . . . ,W
l
h−1, W

r
1 , . . . ,Wr

h−1, and C2
0 . We

can see from (5) above that doing this while allowing only
φ to change has the effect of multiplying X τ̂−h+1,...,X τ̂

by
√

φ
φobs

and multiplying X τ̂+1, . . . , X τ̂+h by
√

1−φ
1−φobs

. As we

change φ we are re-scaling the data before and after τ̂ so that
the proportion of the sum of squares of the data before and
after τ̂ changes whilst the overall sum of squares of the data
remains unchanged.

Hence, we can define the set of data that we would obtain
as we vary φ but keep fixed all information orthogonal to φ:

X ′
t (φ) =

⎧
⎪⎪⎨

⎪⎪⎩

Xt t ≤ τ̂ − h or t ≥ τ̂ + h + 1
√

φ
φobs

Xt τ̂ − h + 1 ≤ t ≤ τ̂
√

1−φ
1−φobs

Xt τ̂ + 1 ≤ t ≤ τ̂ + h.

(6)

Figure 2 illustrates this transformation.
Letting S denote the set S = {φ : τ̂ ∈ M(X ′(φ))} – the

set of φ values such that the changepoint of interest, τ̂ , is
included as a change in the output of the changepoint algo-
rithm – the post-selection p-value we want to calculate is

p = Pr
(
φ ≤ φlower or φ ≥ φupper | φ ∈ S)

. (7)

Since, under H0, φ ∼ Beta
( h
2 , h

2

)
, the conditional distribu-

tionofφ |φ ∈ S isBeta
( h
2 , h

2

)
truncated toS, and calculating

p depends on calculating S. This is what we will consider in
the next section.

3 Methods

3.1 CUSUM for change in variance

As a reminder, our model is

Xt = σtεt , t = 1, . . . , T ,

where εt ∼ N (0, 1). A change in variance in X will corre-
spond to a change in mean in X2. Therefore, one approach
to detecting a change in variance in X is to look for a change
in mean in Y = X2, for example by maximizing the cumu-
lative sum (CUSUM) statistic, which is defined on a interval
(s, e) = {t : s ≤ t ≤ e} as

Gs,e(t) =
(

(t − s + 1)(e − t)

e − s + 1

)1/2
⎛

⎝ 1

t − s + 1

t∑

j=s

Y j

− 1

e − t

e∑

j=t+1

Y j

⎞

⎠ , t = s, . . . , e − 1.

Figure 3 illustrates this process for a single changepoint. We
will focus on using theCUSUMstatisticwith binary segmen-
tation (Scott and Knott 1974); our approach to calculating
p-values will also extend to variants such as wild binary seg-
mentation, as well as the iterated cumulative sums of squares
method of (Inclan and Tiao 1994), which uses a different
statistic based on the cumulative sums of squares.

To detect whether there is a change in mean in an interval
(s, e), where 1 ≤ s < e ≤ T , we take

τ̂ = argmax
t

|Gs,e(t)|,

and determine that there is a changepoint at τ̂ if |Gs,e(τ̂ )| is
greater than some threshold. To detect multiple changepoints
using binary segmentation, we start bymaximizing |G1,T (t)|
across thewhole data set, then split the data at τ̂ and search for
changepoints usingGs,e(t) calculated on each segment. This
process is repeated until no more changepoints are detected.

3.1.1 Calculating the post-selection p-value

To calculate the p-value in (7), we must compute S = {φ :
τ̂ ∈ M(X ′(φ))} – in other words, we need to find the set of φ
values such that our changepoint algorithm detects a change-
point at τ̂ . Thus S is dependent on our choice of changepoint
algorithm, in our case binary segmentation.
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Fig. 2 An example of how the
data is transformed when we
apply the transformation X ′(φ).
Here, the black points (filled
circles) correspond to X and the
red points (empty circles) to
X ′(0.5). Since φobs > 0.5 in
this case, the points before τ̂

(shown by the dashed red line)
are pulled in towards 0, and the
points after the changepoint
move away from 0. The overall
sum of squares in the region
{τ̂ − h + 1, . . . , τ̂ + h} remains
constant.
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Fig. 3 A simulated data set with
one change in variance. The data
are simulated from N (0, 1) for
t = 1, . . . , 200 and from
N (0, 1.7) for t = 201, . . . , 300.
The blue line shows the true
changepoint location and the
dashed red line the changepoint
location estimated by
maximizing |G1,T (t)|.
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To calculate S we can borrow ideas from methods
used for the change in mean model. Hyun et al. (2021)
showed that by conditioning on the set of changes M(X),
the order in which the changes are found, and the direc-
tion of each change (positive or negative), we can write
down a set of inequalities which must be satisfied by the
CUSUM statistic. These are derived by considering each
iteration of binary segmentation in turn, which is possi-
ble as conditioning on the order in which changes are
found means we know the segments being tested at each
iteration. For each iteration where we detect a change,
the CUSUM statistics must be largest at the detected
value and be above the threshold, while if no change is
detected all the CUSUM statistics are below the threshold.
We can write out inequalities for each of these possibili-
ties.

For a given segment (s, e), in order to detect a change point
at τ̂ we must have |Gs,e(τ̂ )| ≥ λ, where λ is the changepoint
detection threshold. This can be written as the linear equa-

tions, for t = s, . . . , e − 1 with t �= τ̂ :

− d̂ · Gs,e(τ̂ ) > Gs,e(t), and − d̂ · Gs,e(τ̂ ) > −Gs,e(t),

(8)

where d̂ ∈ {+1,−1} is the direction of the change. For
no changepoint to be detected in the interval (s, e), we must
have, for t = s, . . . , e − 1,

Gs,e(t) < λ, and Gs,e(t) > −λ. (9)

Hence, we canwrite down a set of linear inequalities in the
data for each iteration of binary segmentation, which must
all be satisfied for the particular set of changepoints, with the
order and directions of change, to be found.

As described above, we can define perturbations of the
data,X′(φ), that correspond to changes in our test-statistic φ

whilst fixing the information orthogonal to φ, see (6).
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Fig. 4 Estimating changepoints
using binary segmentation and
wild binary segmentation with
the CUSUM statistic for a
simulated data set with multiple
changes. The solid black lines
correspond to true changes, the
dashed red lines to estimated
changepoints. The method
over-estimates the number of
changepoints within the region
of highest variance, whilst
missing the other changepoints
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The CUSUM statistic is

Gs,e(t) =
(

(t − s + 1)(e − t)

e − s + 1

)1/2

·
⎛

⎝ 1

t − s + 1

t∑

j=s

Y j − 1

e − t

e∑

j=t+1

Y j

⎞

⎠

=
(

(t − s + 1)(e − t)

e − s + 1

)1/2

·
⎛

⎝ 1

t − s + 1

t∑

j=s

X2
j − 1

e − t

e∑

j=t+1

X2
j

⎞

⎠ .

If we replace the data X by X′(φ), we get a set of CUSUM
statistics that are functions of φ:

Gs,e(φ, t) =
(

(t − s + 1)(e − t)

e − s + 1

)1/2
·

⎛

⎝ 1

t − s + 1

t∑

j=s

X ′
j (φ)2 − 1

e − t

e∑

j=t+1

X ′
j (φ)2

⎞

⎠ .

As X′(φ)2 is linear in φ — see (6) — so is Gs,e(φ, t), and
thus the inequalities (8) and (9) that, conditional on the order
in which changes are found and the direction of each change,
define the setS reduce to a set of linear inequalities which are
simple to solve. Furthermore, Jewell et al. (2022) show how
to extend this idea so we can calculate S without requiring us
to condition on the order and direction of the changes. Hyun
et al. (2018) and Jewell et al. (2022) also show how this idea
can be extended to other changepoint detection algorithms.

3.2 Likelihood-ratio based detection of changes

Whilst post-selection inference is relatively straightforward
when estimating changepoint locations using the CUSUM
statistic, this can lead to poor detection of changes, as it tends
to overestimate the number of changes in regions of higher

variance, whilst failing to detect changes in lower-variance
regions (see Figure 4).

We can achieve more accurate changepoint detection by
maximizing the likelihood ratio statistic, which on an interval
(s, e) is defined as

�s,e(τ ) = (s − e + 1) log
e∑

t=s

X2
t

− (τ − s + 1) log
τ∑

t=s

X2
t − (e − τ) log

e∑

t=τ+1

X2
t

To estimate a single changepoint, we calculate �1,T (τ ) for
τ = 1, . . . , T−1, and take τ̂ = argmaxτ �1,T (τ ). Formulti-
ple changepoints, we can either use an iterative method such
as binary segmentation, or a penalized likelihood method
such as PELT (Killick et al. 2012). The approach we develop
below will apply in both cases.

3.2.1 Post-selection inference

As a reminder, the post-selection p-value we want to calcu-
late is

p = Pr
(
φ ≤ φlower or φ ≥ φupper | φ ∈ S)

,

where S = {φ : τ̂ ∈ M(X ′(φ))}. Previously, when detect-
ing changes based on the CUSUM statistic, we were able to
write down a set of linear inequalities in φ which defined
the set S. However, while we can write down inequalities
in �s,e(φ, τ ), �s,e(φ, τ ) is no longer a linear function of φ

(see the Supplementary Material for more details), and the
inequalities cannot be resolved analytically. S will still con-
sist of a union of intervals, however, as the inequalities are
smooth functions of φ: Figure 5 illustrates this by showing a
plot of�(τ, φ) against φ for different values of τ . The region
for which any particular τ value maximizes �(τ, φ) consists
of one or more intervals.
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Fig. 5 Plot showing �(τ, φ) against φ, for an example with T = 10.
Each line on the plot corresponds to �(τ, φ) for a different value of
τ ∈ 1, . . . , T − 1. Lines corresponding to values of τ that maximize
�(τ, φ) for some values of φ (here τ = 1, 2, 4, 6) are shown in bold,
with corresponding shaded regions showing for which values of φ each
τ gives the maximum. We can hence see that for each τ ∈ {1, 2, 4, 6},
the values of φ for which this τ maximizes �(τ, φ) fall in an interval
or union of intervals.

To consider how we can estimate p, let q(φ) denote the
conditional distribution of φ | φ ∈ S:

q(φ) = π(φ) Iφ∈S
∫ 1
0 π(φ′) Iφ′∈S dφ′ .

where π(φ) denotes the distribution function of the uncon-
ditional distribution of φ, i.e. Beta

( h
2 , h

2

)
, and I denotes the

indicator function, such that Iφ∈S = 1 if φ ∈ S and 0 oth-
erwise. Define C = {φ : φ ≤ φlower or φ ≥ φupper } to be
the critical region of the test. Then the p-value can then be
written as

p =
∫

C
q(φ)dφ. (10)

Whilst S, and hence q(φ), is unknown, we can evaluate Iφ∈S
for any φ by re-running the changepoint algorithm on X′(φ)

and checking if τ̂ ∈ M(X′(φ)). This gives a number of
different ways of approximating (10).

One approach involves using Monte Carlo to estimate the
integral in (10). We can do this by sampling from q using
rejection sampling.That iswe sampleφ1, . . . , φN fromπ(φ),
and accept φi as a draw from q(φ) if and only if Iφi∈S = 1.
This gives the following estimate

p̂ =
∑N

i=1 Iφi∈S · Iφi∈C
∑N

i=1 Iφi∈S
.

However, this estimator can require a large value of N as
typically only a small proportion of samples will have Iφ∈S
= 1.

One way to reduce the variance of p̂, without increas-
ing the computation time, is to use stratified sampling. For

i = 1, . . . , N , we sample zi ∼ U ( i−1
N , i

N ). We then calcu-
late φi to satisfy Pr(φ < φi ) = zi (see Section D.2 in the
Supplementary Material). However, it is often the case that
Pr(φ ∈ S) is of the order of 1

N or smaller, in which case
using stratified sampling is unlikely to improve the estimate
p̂.

Instead we consider using the information from Iφ(i)∈S ,
for i = 1, . . . , N to estimate q(φ) directly, and then use this
estimate to approximate (10). Define φ = (φ1, . . . , φN )	
and I = (Iφ1∈S , . . . , IφN∈S)	, to be, respectively, the vec-
tor of φ values and their associated indicator functions. A
Bayesian approach would be to introduce a prior on the indi-
cator function Iφ∈S , as a function of φ, update these beliefs
given φ and I. An estimate of q(φ) would then be

q̂(φ) ∝ E (π(φ)Iφ∈S |φ, I)= π(φ) E (Iφ∈S |φ, I)
∫ 1
0 π(φ′) E (Iφ′∈S |φ, I) d φ′ .

(11)

To do this, we model E(Iφ∈S) as the mean of a Gaussian
process (GP) with some prior mean μ(φ) and covariance
kernel K (φ, φ′). Then, for any φ′ we have

E(Iφ′∈S |φ, I) = μ(φ′) + K (φ, φ′)	K (φ,φ)−1(I − μ(φ)),

(12)

where we use K (φ) to be the vector whose j th entry is
K (φ j , φ

′), K (φ,φ) to denote thematrix whose (i, j)th entry
is K (φi , φ

′
j ) andμ(φ) is the vector whose j th entry isμ(φ j ).

To implement this, we need to choose the mean and ker-
nel functions. We choose an exponential kernel K (φ1, φ2) =
e
− 1

2l2
|φ1−φ2|, which is Markov. (This requires us to choose

the value of l: we investigate this in Section D.3 of the Sup-
plementary Material, where we find that at long as l is at
least 1, the value we use does not have a noticeable effect on
the results.) If we have evaluated Iφ∈S at φ1 < · · · < φN ,
and φi < φ′ < φi+1 the Markov property means that our
Gaussian approximation to p(φ′) will only depend on the
values of Iφi∈S and Iφi+1∈S . Furthermore, for such a kernel
the mean of the Gaussian process will be an average of these
values and the prior mean – and thus will always lie within
[0, 1]. As we expect φ ∈ S to be rare, we use the limit where
μ(φ) = 0.

To implement themethod we obtain φ1, . . . , φN as a strat-
ified sample from a uniform distribution on [0, 1]. We then
estimate (10) using quadrature, where we replace q(φ) with
q̂(φ) as defined in (11) with the posterior expectation cal-
culated using (12). An alternative to using quadrature to
approximate (11) would be to use importance sampling with
samples generated from (11).

Figure 6 shows an outline of this process. First, we sample
φ1, . . . , φN . For each φi , we calculate X ′(φi ) and apply the
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Fig. 6 Estimating q(φ) using a Gaussian process. Left: Iφ∈S plotted
against φ for 100 samples. Middle: The blue line shows the posterior
mean of the Gaussian process, which is an estimate of Iφ∈S . The dot-
ted red line shows the unconditional distribution π(φ). Right: Estimate

of q̂(φ), which is the normalized product of the GP mean and π(φ).
The distribution is concentrated in the narrow region where both are
substantially different from 0.

changepoint algorithm to evaluate p(φi ) = Iφi∈S . Panel (a)
shows a plot of p(φ) for our samples. Then we fit a Gaussian
process: panel (b) shows the posterior mean as a solid blue
line,with the priorπ(φ) as a dashed red line.We then estimate
q̂(φ) as described above. This is shown in panel (c). In this
case q̂(φ) is very concentrated in a small region, as there is
only a narrow range of φ values for which both π(φ) and the
GP mean are different from 0. (Although π(φ) is not exactly
0 for φ ∈ (0, 1), for some subregions it is small enough as
to be practically regarded as 0, and does not contribute to
q̂(φ).)

4 Extensions

4.1 Different null hypotheses

There are alternative choices for the null hypothesis we may
want to test, in particular to deal with the possibility of
detected changepoints being close together. For example,
we could decide to truncate the region of interest if we find
another changepointwithinh of the changepoint being tested.
Alternatively, if we denote our changepoint of interest as τ̂ j ,
we can take the null hypothesis that there is no changepoint
within {τ̂ j−1+1, . . . , τ̂ j+1−1} (by convention setting τ̂0 = 0
and τ̂K+1 = T , where K is the number of changepoints), or
define the region we test to that closer to τ̂ j than any other
detected changepoint (see Jewell et al. 2022; Carrington and
Fearnhead 2025).

In general, themethodswehave described abovewillwork
in the same way for these different alternatives. However,
in the case where the region of interest is determined by

the locations of other estimated changepoints, it is necessary
to redefine the conditioning set to take account of this. For
example, if the window is determined by the locations of
neighbouring changepoints, then we also need to condition
on the fact that these changepoint locations are included in the
set of changepoints M(X). This can be done, for example,
by conditioning on the set of all estimated changepoints —
i.e. M(X ′(φ)) = M(Xobs) — rather than just on the fact
that τ̂ ∈ M(X ′(φ)). To do this, for the CUSUM method we
construct the set of intervals in the sameway, but only choose
the ones for which this new condition holds to be in S. For
the more general case in Section 3.2, it is straightforward to
implement this.

4.2 Different changepoint detectionmethods

The method for post-selection inference for likelihood-ratio
based detection of changes, described in Section 3.2, can
be easily extended to the use of other binary segmentation
methods (Fryzlewicz 2014, 2024; Kovács et al. 2023) or to
penalised likelihood approaches (Killick et al. 2012; Fearn-
head and Rigaill 2020). In each case we just need to use the
same method for detecting changes to analyse the perturbed
data sets as to evaluate the values of φ that are in the set S.

The main computational cost is in re-running the change-
point detection algorithm on the perturbed data sets. Often
one can reduce the computational cost through early stop-
ping. If we are conditioning on τ̂ ∈ M(X) then we can stop
once this condition holds, whereas if we are conditioning on
M(X) we can stop if ever we detect a change not inM(X)

for our new data. Also we can often re-use calculations. For
example, to implement methods such as wild binary segmen-
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tation and narrowest over threshold we have to calculate the
likelihood ratio statistic on a set of intervals [s, e] ⊆ [1, T ].
The set of intervals is the same each time we implement the
algorithm on X ′(φ). Since �s,e(t, φ) is constant on inter-
vals which do not overlap with the region of interest (i.e.,
e ≤ τ̂ − h or s ≥ τ̂ + h + 1), for these intervals we only
have to calculate �s,e(t) once. Therefore, at each sampling
iteration we only have to re-calculate �s,e(t, φ) on intervals
which overlap with the region of interest.

4.3 Increasing power by conditioning on less
information

So far, we have calculated p-values by conditioning on all
aspects of the data except for the test statistic φ. However,
as shown in (Carrington and Fearnhead 2025) for the change
in mean case, it is possible to reduce this to conditioning on
only the sufficient statistics for the parameters not specified
under H0, leaving W = (

Wl
1, . . . ,W

l
h−1,W

r
1 , . . . ,Wr

h−1

)
–

as defined in (4) – as free parameters.

Pr
(
φ ≤ φlower or φ ≥ φupper | τ̂ ∈ M(X ′(φ,W))

)
.

We can estimate this byMonte Carlo methods based on sam-
pling NW − 1 values of W . More precisely, we set W (1) to
be the observed value of W , and for j = 2, . . . , NW sample
W ( j) using the property that for i = 1, . . . , h − 1, Wl

i and
Wr

i are independent Beta
( i
2 ,

1
2

)
random variables under H0.

We then calculate

p̂ =
∑NW

j=1 Pr
(
φ ≥ φupper or φ ≤ φlower , τ̂ ∈ M(X), | W = W ( j)

)

∑NW
j=1 Pr

(
τ̂ ∈ M(X) | W = W ( j)

) .

As shown by (Carrington and Fearnhead 2025), using this
method we obtain valid p-value estimates (i.e. the p-values
follow a uniform distribution under H0). If we have used a
likelihood-ratio based detection method, we have to use esti-
mates of Pr

(
φ ≥ φupper or φ ≤ φlower , τ̂ ∈ M(X), | W =

W ( j)
)
and Pr

(
τ̂ ∈ M(X) | W = W ( j)

)
using the methods

in Section 3.2.1 Increasing NW results in a more powerful
test, albeit at an increased computational cost.We investigate
applying this method on simulated data in Section 5.3.

5 Simulations

In this section we implement our methods on simulated data.
All simulation results are based on 1000 replicates.

5.1 Detecting changes using CUSUM

Figure 7 showsQQplots of p-values obtained by sampling
from a model with T = 200. In (a) we sample from H0; in

(b)–(d) we sample from a model with a single change at τ =
100, where in each case the variance before the changepoint
is 1, and the variance after the changepoint is 0.25, 2, 4. We
see that under H0, p ∼ U (0, 1), and under H1 the test has
power to detect changes, which increases with the window
size h and the size of the change.

To see what happens whenwe havemultiple changes, Fig-
ure 8 shows similar plots where we simulate from a model
with 4 changes, with T = 200 and h = 10, 20. In panels (a)
and (b) we simulated from a model with 4 equally spaced
changes, τ = 40, 80, 120, 160. In (c) and (d), changepoints
were chosen uniformly from (h, T − h), with the constraint
that the minimum distance between changepoints was at
least h.

5.2 Detecting changes using the likelihood-ratio test

In Section 3.2.1, we discussed how we can estimate the p-
value using a Gaussian process. To implement this we must
choose the number of randomsamples N , and decidewhether
wewill estimate the p-value directly from the posterior mean
of theGaussian process, or use importance sampling from the
posterior distribution. We here investigate difference options
for different simulated scenarios. In particular, we are inter-
ested in knowing what happens when the number of samples
N is relatively small.

Figure 9 shows QQ plots of estimated p-values we
obtain on simulated data for three different scenarios: (1)
no change; (2) three changes at fixed equidistant locations,
τ = T

4 , T
2 , 3T

4 ; (3) three changes at random locations, sam-
pled uniformly from {h, . . . , T − h} and constrained to be at
least h apart. In each case we set T = 200 and h = 20. For
the cases with three changes, the variances on each segment
were (1, 4, 1, 0.25). For each simulated data set, we esti-
mated changepoints using binary segmentation (Figure 9)
and calculated an estimate of the p-value corresponding to
the first detected changepoint using the posterior mean of the
Gaussian process, and using a Gaussian process followed by
importance sampling. Each line on the figure corresponds to a
different proportion of samples (of N = 50, 100, 200 total)
used to fir the Gaussian process, with the remainder used
for importance sampling, to allow fair comparison between
methods.

Under H0, the p-values obtained from the posterior mean
of the GP (i.e. the proportion of GP samples is 1) lie along
the straight line implying they follow thedistributionU (0, 1),
whilst using importance sampling the p-values are slightly
conservative for small N , although still close to uniform.
Similarly, when we sample data with changes, for small N
we get slightly greater power just using the GP posterior
mean. For N = 200 there seems to be very little difference
between these methods. Overall, it appears that using the
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Fig. 7 QQ plots of p-values obtained using the CUSUM method. We
set T = 200, and sampled data under H0 (no change) and with a sin-
gle changepoint sampled randomly from 1, . . . , T . The variance before
the change was σ 2

1 = 1 in each case; the variance after the change

is σ 2 ∈ {1, 0.25, 2, 4}. In each case we estimate a single changepoint
using binary segmentation. We calculated p-values for different values
of h, including the case where the window size is equal to the whole
data set.
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Fig. 8 QQplots of p-values obtained using theCUSUMmethod,where
we sample data from a model with T = 200 and 4 changepoints. In (a)
and (b), the changes are equally spaced at τ = 40, 80, 120, 160; in (c)
and (d) they are random, sampled uniformly from {h, . . . , T − h} with

the constraint that the distance between any two changes is at least h.
The plots show sorted p-values for all estimated changepoints (up to 4
for each sampled data set).

posterior mean generally gives at least as good results as
importance sampling, so this would be the preferred method.

How do we know when we have enough samples? We see
that N = 50 seems to be sufficient in the above cases, as
under H0 the estimated p-values follow a uniform distribu-
tion, and under H1 increasing N from 50 to 200 does not
seem to lead to increased power. It is possible that we would
need more samples if the number of data points T or the
number of changes was larger.

5.3 Increasing power

Figure 10 shows p-values obtained when we estimated a
single changepoint using the CUSUM statistic calculated p-

values using themethoddescribed inSection4.3.Thenumber
of samples (NW ) denotes the number of times we re-sample
the additional parameters. We can see that under H0 (left) we
obtain valid p-values for any value of the number of samples
NW . When we sample from a model with a single change
at T

2 (right), increasing NW from 1 to 5 gives greater power
against H0, although increasing it beyond this does not seem
to make much difference.

Figure 11 shows similar plots where we simulate from
a model with a change at T

2 , and use the likelihood ratio
to estimate changepoints, and a Gaussian process with Nφ

samples to estimate p-values.We see a similar pattern, where
increasing the number ofW samples initially leads to greater
power.
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Fig. 9 QQplots of p-values obtained using the likelihood ratio for three
scenarios – no change, three equally spaced changes, and three random
changes – using binary segmentation to estimate changepoints. Each

row of the figure corresponds to a scenario, and columns correspond to
the number of samples used. Each line corresponds to the proportion of
samples that were used to fit the Gaussian process.

6 Application to financial data

To investigate how well our method works in a real-world
setting, we applied our method to financial data (Figure 12).
The data is log returns from S&P500 stock market data for
2264 days from July 2010 toOctober 20191.We can see from

1 The data was downloaded from https://www.kaggle.com/datasets/
mathisjander/s-and-p500-volatility-prediction-time-series-data

Figure 12 that the data appears to have zero mean and several
changes in variance. We estimated changepoints using three
different methods: binary segmentation with the CUSUM
statistic (top) and the likelihood ratio statistic (middle) and
the penalized likelihood method PELT (Killick et al. 2012)
(bottom), and calculated p-values for each estimated change-
point. We set thresholds so that in each case we estimated
11 changepoints, and set h = 50. For the cases where we
had to estimate p-values, we used a Gaussian process with
N = 100. On each plot estimated changepoints are shown
by vertical lines, with red lines corresponding to estimated
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Fig. 10 QQ plots of p-values obtained when estimating a single
changepoint using the CUSUM statistic, and calculating p-values using
the method of 4.3.

changepoint locations whose p-values were smaller than
0.05 (after controlling for multiple testing using the Holm-
Bonferronimethod) and grey lines corresponding to p-values
whichwere not significant. Using the likelihood ratio statistic
generally seems to give better results than CUSUM, where
there are more instances of multiple changepoints being
estimated close together. However, these spurious change-
points generally have non-significant p-values associated
with them, showing that our method for post-selection infer-

ence is effective at distinguishing true from false changepoint
estimates.

7 Discussion

In this paper we have proposed a test for the piecewise
constant change in variancemodel.We have developedmeth-
ods for post-selection inference, which allow us to quantify
uncertainty by computing p-values for estimated changes,
and we have shown that our methods work on simulated and
real data.

We have worked on the assumption that the data is i.i.d.
Gaussian except for abrupt changes in variance. In practice,
less restrictive models may be more appropriate in many
cases, for example allowing the mean to change as well as
the variance, or allowing autocorrelation betweendata points.
Further work in this area could include extending or adapting
our approach to apply to such models.

The strategies we have developed using Gaussian pro-
cesses and importance sampling may be useful for other
similar situations where we conduct post-selection inference
but cannot characterise the selection event explicitly. More
efficient implementationsmay be possible, for example using
Bayesian optimisation (Frazier 2018) to adaptively choose φ

values to consider based on some expected improvement in
some appropriate measure of accuracy of the estimate of the
p-value.
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Fig. 11 P-values obtained sampling under H1, and estimating a single changepoint using a Gaussian process, using the method of 4.3. Nφ is the
number of φ samples for the Gaussian process.
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Fig. 12 Application of our method to financial log returns data.
Changepoints are estimated using (i) CUSUM statistic with binary seg-
mentation (top); (ii) likelihood ratio statistic with binary segmentation
(middle); (iii) likelihood ratio statistic with PELT (Killick et al. 2012)

(bottom). In each case we estimated 11 changepoints. Vertical lines
indicate changepoints: those with a p-value smaller than 0.05 (after
controlling for multiple testing using the Holm-Bonferroni method) are
shown in red, and those with a p-value larger than 0.05 in grey.
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