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ABSTRACT
Pre-smoothing is a technique aimed at increasing the signal-to-noise ratio in data to improve subsequent estimation and model
selection in regression problems. However, pre-smoothing has thus far been limited to the univariate response regression setting.
However, there are many scientific applications in which interest lies in multi-response regression problems, particularly when
the number of responses is large. Motivated by this setting, this article proposes a technique for data pre-smoothing based on
low-rank approximation. We establish theoretical results on the performance of the proposed methodology, which show that
in this large-response setting, the proposed technique outperforms ordinary least squares estimation with the mean squared
error criterion, whilst being computationally more efficient than alternative approaches such as reduced rank regression. We
quantify our estimator’s benefit empirically in a number of simulated experiments. We also demonstrate our proposed low-rank
pre-smoothing technique on real data arising from the environmental and biological sciences.

1 | Introduction

In multivariate data analysis, a common task in analyzing
multi-response data is to model the relationships between the
vector of responses of interest and a number of explanatory vari-
ables. Such data are observed in a multitude of scientific applica-
tions, including ecology [1], genetics [2, 3], chemometrics [4, 5],
bioinformatics [6], population health [7], as well as economics
and finance [8, 9]. Whilst component-wise analysis may be an
option, analyzing each component separately fails to consider
the dependence between the components of the responses; this
can result in estimators of model parameters that are less effi-
cient than those that account for potential correlation between
responses (see, e.g., References [10, 11]), and thus multivariate
linear models are often more appropriate. See [12] for a com-
prehensive introduction to classical parametric models. Param-
eter estimation in classical multi-response regression settings is
achieved with the ordinary least squares (OLS) estimator, with
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the Gauss-Markov theorem showing this estimator to be the best
linear unbiased estimator (BLUE) [13, chapter 7].

In many analysis settings, the mean squared error (MSE) criterion
is commonly used to measure the quality of a prediction tech-
nique, incorporating the well-known bias-variance trade-off in
assessing estimators. One way to achieve a smaller MSE in uni-
variate regression settings is to use so-called pre-smoothing, in
which response data is smoothed in some way prior to estima-
tion via OLS [14–16]. The intuition behind this approach is that
this first step increases the signal-to-noise ratio in the data, thus
reducing the variance contribution in the bias-variance trade-off
and consequently reducing parameter uncertainty. Other authors
have also noted that pre-smoothing can help with model selec-
tion in uni-response [17]. The pre-smoothing paradigm has sub-
sequently been used in other modeling settings, such as with
functional data [18–20], as well as semi-parametric and survival
models [21–23]. Despite these contributions, pre-smoothing has
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not been explored in the multi-response regression setting. The
work in this article is particularly motivated by settings in
which the number of responses is large, a situation commonly
found in applications such as genomics [24] and spatiotemporal
modeling [25].

To this end, this article proposes an alternative to the OLS
estimator for multi-response regression models using data
pre-smoothing, in the spirit of [15, 16] in the one-dimensional
setting. In what follows, we illustrate this methodology with a
low-rank approximation to achieve the pre-smoothing; hence we
term our proposed technique low-rank pre-smoothing (LRPS).
Our proposed low-rank pre-smoothing technique is naturally
“model-free” in the sense that it does not need additional covari-
ate information such as the nonparametric pre-smoothers pro-
posed in the one-dimensional setting; see also the examples of
Aerts et al. [17, section 2.3]. We investigate how LRPS can be
used in the linear regression setting and demonstrate that it
achieves a lower MSE than the OLS estimator and shows par-
ticular improvements when the number of responses is large or
the signal-to-noise ratio is small. Our technique is computation-
ally efficient since estimation can be performed directly in the
latent space defined by the low-rank approximation. The pro-
posed methodology can be seen as an alternative to the popular
reduced rank regression (RRR) technique for such settings and
complements other multi-response regression methods in the lit-
erature such as principal component regression (PCR) and partial
least squares regression (PLS).

This article is structured as follows. In Section 2, we provide a
detailed description of our low-rank pre-smoothing estimator. In
particular, the theoretical properties of the estimator are explored
in Section 2.1. We then present the results of the simulation stud-
ies in Section 3 to examine the effectiveness of the proposed LRPS
estimator. We illustrate the practical use of our proposed method
in prediction tasks of real data arising in biology and environ-
mental science in Section 4. Finally, we make some concluding
remarks in Section 5.

2 | Low-Rank Pre-Smoothing
in Multi-Response Regression

Consider the multivariate multiple outcome linear regression
model

𝑌 = XB + 𝐸, (1)

where 𝑌 =
(

𝑦1, . . . , 𝑦𝑛

)⊤ and 𝐸 =
(

𝑒1, . . . , 𝑒𝑛

)⊤ are 𝑛 × 𝑞 dimen-
sional random matrices representing the outcomes and errors
respectively. We study the fixed design case whereby 𝑋 ∈ ℝ𝑛×𝑝,
and 𝐵 ∈ ℝ𝑝×𝑞 are parameters to be estimated. We further assume
that 𝑒𝑖 is independent from 𝑒𝑗 for all 𝑗 ≠ 𝑖, where 𝑖, 𝑗 = 1, 2, . . . , 𝑛,
so rows are assumed to be independent and identical draws from
a distribution 𝐺 and have constant covariance Cov

(
𝑒𝑖

)
= Σ𝑒. In

the case where 𝑒𝑖
iid∼ 𝑁𝑞

(
0,Σ𝑒

)
, the model (1) can be alternatively

written as
vec(𝑌 ) ∼ 𝒩nq

(
vec(XB),Σ𝑒 ⊗ 𝐼𝑝

)
. (2)

When 𝑛 > 𝑝 the maximum-likelihood estimator for 𝐵 under (2) is
well defined, and is given by the OLS solution 𝐵 = 𝑆−1

𝑋
𝑆XY where

𝑆𝑋 = 𝑛−1𝑋𝑇 𝑋 and 𝑆XY = 𝑛−1𝑋𝑇 𝑌 . This estimator has the distri-
butional property (see e.g., Mardia et al. [26, chapter 6]) that

vec(𝐵) ∼ 𝒩pq
(
vec(𝐵), 𝑛−1Σ𝑒 ⊗ 𝑆−1

𝑋

)
, (3)

and as a consequence, the estimator is consistent and unbiased
[27, chapter 4].

Whilst asymptotically the OLS maintains the best unbiased linear
estimate (BLUE) properties, the pq dimensional quantity vec(𝐵)
is still relatively high-dimensional. As such, performance in finite
samples may result in noisy estimates, with considerable vari-
ance. The aim of this paper is to propose an estimator that enjoys
superior finite-sample (and asymptotic) performance when esti-
mating 𝐵. Our proposal is straightforward, and aims to reduce the
proportion of the noise, that is, variance of errors, that contributes
to the regression problem at hand. We now formally define our
proposed estimator.

Definition 1. The LRPS estimator.

Let 𝑆𝑌 = 𝑛−1𝑌 ⊤𝑌 and consider its eigendecomposition 𝑉 𝐷̂𝑉 ⊤ =
𝑆𝑌 . The Low-Rank Pre-Smoothing (LRPS) estimator for 𝐵 is then
given by

𝐵̃ = 𝑆−1
𝑋 𝑆XY𝑉𝑘𝑉 ⊤

𝑘 , (4)

where 𝑉 =
(

𝑉𝑘, 𝑉∖𝑘

)
, with 𝑉𝑘 =

(
𝑣1, . . . , 𝑣𝑘

)
being the first 𝑘 ≤ 𝑞

eigenvectors, and 𝑉∖𝑘 the remaining 𝑞 − 𝑘 eigenvectors. We
assume the ordering of 𝑘 matches that of the eigenvalues 𝐷̂ =
diag

(
𝑑1, . . . , 𝑑𝑞

)
and 𝑑𝑘 ≥ 𝑑𝑘+1.

The LRPS estimator can be seen as the OLS estimator applied
to a “pre-smoothed” set of outcomes 𝑌 = 𝑌 𝑊𝑘, with 𝑊𝑘 = 𝑉𝑘𝑉 ⊤

𝑘

acting to project 𝑌 onto the subspace spanned by 𝑉𝑘, and then
𝑉 𝑇

𝑘
projecting back into the original dimensions of 𝑌 . The esti-

mator is simple to compute, with the truncated eigenvectors
𝑉𝑘 found in 𝒪

(
kq2) computational time. Furthermore, via the

Eckhardt-Young theorem [28] we have that 𝑌 is the best rank
𝑘 approximation of 𝑌 under the least-squares (Frobenius) loss.
The method is feasible as 𝑉𝑘 are the empirical eigenvectors
associated with the observed 𝑌 , and not on a population, or
model-dependent quantity. Our motivation is somewhat similar
to that of Cristobal Cristobal et al. [15], Janssen et al. [16] who
propose non-parametric pre-smoothing of an outcome before
performing the regression. However, in our case, we have a
multi-outcome (multivariate) setting, and the smoothing is per-
formed via a specific device, that is the projection onto the
most influential eigenvectors of the outcome. We note here that
other suitable multivariate non-parametric data smoothers could
be used for pre-smoothing, however, they would need other
(covariate) information as inputs to the smoother, and poten-
tially suffer from the curse of dimensionality in high-dimensional
multi-response data regimes.

At this point, we should note that a similar methodology can
be employed within the class of methods known as reduced
rank-regression [29]. We elaborate on the similarities and differ-
ences between LRPS and these methods later in Section 2.2, how-
ever as the name suggests, reduced rank-regression aims to find
a low-rank approximation of 𝐵, whereas LRPS makes no such
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explicit assumption, and indeed, we can set 𝑘 ≥ min(𝑛, 𝑝) in LRPS
to enable 𝐵̃ to remain full rank. A further difference between the
methods is that LRPS does not require knowledge of 𝑋 prior to
the choice of eigenvectors, as 𝑉𝑘 is obtained directly from 𝑌 . How-
ever, the optimal choice of 𝑘 will in general depend on the shape
of the spectrum (eigenvalues) of XB, 𝐸, and the dimensionality
𝑝, 𝑛, 𝑞. This aspect of our proposed method is explored further in
Section 3.

2.1 | Theoretical Properties of the LRPS
Estimator

In this section, we discuss the asymptotic distribution for the
LRPS estimator and the potential efficiency gains relative to OLS.
Our analysis is in the standard dimensional setting where 𝑝 and
𝑞 are assumed fixed with 𝑝 < 𝑛, and we let 𝑛 → ∞. To study the
estimator in this setting, we consider the population covariance
Σ𝑦 = 𝑛−1(XB)⊤(XB) + Σ𝑒 = 𝐵⊤𝑆𝑋 𝐵 + Σ𝑒, its eigendecomposition
Σ𝑦 = VDV⊤, and the smoothing operator 𝑊𝑘 = 𝑉𝑘𝑉 ⊤

𝑘
based on the

first 𝑘 eigenvectors.

Theorem 1. Asymptotic distribution of LRPS.

Under model (1), suppose the moments of the errors
{

𝑒1, . . . , 𝑒𝑛

}
exist (and are finite) up to the fourth order. Assuming that
lim𝑛→∞ 𝑆𝑋 = Σ𝑋 , then we have

𝑛1∕2vec
(

𝐵̃ − BW𝑘

) 𝐷
→ 𝒩pq

(
𝟎, 𝑊𝑘Σ𝑒𝑊𝑘 ⊗ Σ−1

𝑋

)
as 𝑛 → ∞. (5)

The proof of the above can be found in Appendix A.1, and relies
on the consistency of the sample eigenvectors plim𝑛→∞𝑉𝑘 = 𝑉𝑘

[30, 31], where plim denotes as convergence in probability; with-
out loss of generality, we also assume that the design matrix 𝑋
(and data matrix 𝑌 ) have been mean-centered. The result shows
𝐵̃ is a root-𝑛 consistent estimator of the corresponding low-rank
projection of 𝐵, BW𝑘; we note here that whilst motivated via the
OLS estimator under the Gaussian assumption in (2), the dis-
tributional result of Theorem 1 holds with only mild moment
assumptions on the error distribution 𝐺 (see Appendix A.1). Fur-
thermore, this illustrates that whilst the LRPS estimator may be a
biased estimator of the coefficient matrix 𝐵 (for 𝑘 < 𝑞), it enjoys
better mean squared error (MSE) performance than the OLS in
some important scenarios.

Let MSE(𝐵̃) ≔ 𝔼𝐸

(
∥ 𝐵̃ − 𝐵∥2

𝐹

)
where ∥ ⋅ ∥ denotes as Frobenius

norm. We take expectations over the error matrix 𝐸 with 𝑛 rows
and 𝑞 columns, for example, as in the model (1). For a large 𝑛, if
the asymptotic distribution of Theorem 1 holds, the MSE of LRPS
can be approximated as

MSE(𝐵̃) ≈
𝛼𝑋

𝑛
Tr
(

𝑊𝑘Σ𝑒

)
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

Var(𝐵̃)

+ Tr
{(

𝐼𝑞 − 𝑊𝑘

)
𝐵⊤𝐵

}
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Bias2(𝐵̃)

, (6)

where 𝛼𝑋 ≔ Tr
(

𝑆−1
𝑋

)
. The first term represents the variance of

the estimator, and the second, the square of the bias.1

Note that the form of the mean squared error expression in (6)
is, as expected, dependent on the chosen number of low rank
components, 𝑘. This recovers the MSE for the OLS when 𝑘 = 𝑞,

in which case the bias disappears as 𝑊𝑞 = 𝐼𝑞 . The variance
reduction relative to OLS is given by

Var(𝐵̃)
Var(𝐵)

≈
∥ Σ1∕2

𝑒 𝑉𝑘∥2
𝐹

∥ Σ1∕2
𝑒 ∥2

𝐹

≤

∑𝑘
𝑖=1𝛾2

𝑖

(
Σ1∕2

𝑒

)∑𝑞
𝑖=1𝛾2

𝑖

(
Σ1∕2

𝑒

) ,

where 𝛾𝑖

(
Σ1∕2

𝑒

)
denotes the ith largest singular value of Σ1∕2

𝑒 . Thus
if the spectrum of the errors, which refers to the spread of singu-
lar values of the error covariance matrix, is relatively flat, then
the reduction can be of order 𝑘∕𝑞, a substantial benefit when 𝑞 is
large. On the other hand, if the spectrum of the errors is spiked,
for example, if Σ𝑒 were geometrically decaying, then the variance
reduction benefits of LRPS may be minimal. In terms of bias, we
see this is related to the proportion of the signal (as expressed via
𝐵 through 𝑋) projected into the orthocomplement of the space
spanned by the first 𝑘 singular vectors of 𝑌 . The eigenvectors 𝑉𝑘

will in general not be optimal for representing the signal XB, how-
ever, are chosen based on a combination of this signal, and the
error EV𝑘.

2.2 | Relation to Reduced-Rank-Regression

In the case when 𝑘 ≤ min(𝑝, 𝑛) it is of interest to understand the
performance of LRPS in terms of estimation bias, in particular, in
comparison to reduced-rank-regression (RRR) methods [29, 32]
which aims to solve the problem

𝐵 ∈ arg min
𝐵∈ℝ𝑝×𝑞

∥ 𝑌 − XB∥2
𝐹 s.t. 𝑟(𝐵) ≤ 𝑘,

for a given 𝑘 ≤ min(𝑝, 𝑞), where 𝑟(𝑉 ) denotes the rank of 𝑉 . A
classical approach to this problem is to minimize 𝐵 after pro-
jecting onto the space spanned by the rank-𝑘 approximation of
𝑌 = HY where 𝐻 = 𝑛−1XS−1

𝑋 𝑋⊤.

Definition 2. Reduced-rank regression.

Consider the decomposition:

𝑈𝑘𝐺𝑘𝑈 ⊤
𝑘 + 𝑈∖𝑘𝐺∖𝑘𝑈 ⊤

∖𝑘 = 1
𝑛

𝑌 ⊤HHY = 𝐵⊤𝑆𝑋 𝐵,

where 𝑈𝑘, 𝐺𝑘 are matrices representing the first 𝑘 eigenvec-
tors and eigenvalues of the decomposition respectively. The
Reduced-Rank Regression (RRR) estimator is then defined as

𝐵 = 𝑆−1
𝑋 𝑆XY𝑈𝑘𝑈 ⊤

𝑘 . (7)

The form of the estimator follows from noting that when 𝑛 > 𝑝
we have

𝐵 = arg min
𝑟(𝐵)≤𝑘∗

{
∥ 𝑌 − 𝑋𝐵∥2

𝐹+ ∥ XB − 𝑋𝐵∥2
𝐹

}
.

Applying theorem 2.1 in Reinsel et al. [32] to optimize over
the second term in the equation above leads to (7). We thus see
that LRPS and RRR are closely related, the difference being the
choice of basis used in the projection step. When 𝑛 > 𝑝, then
RRR represents the optimal solution in the Gaussian error setting
(where it attains the MLE and thus BLUE property), when the
low-rank 𝑘∗ = 𝑟(𝐵) ≤ min(𝑞, 𝑝) assumption holds. Importantly,
our proposed LRPS method can also be applied when 𝑘 ≥ 𝑝,
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TABLE 1 | Comparison of OLS, RRR, LRPS, and PCR, where we
define 𝑈𝑘, 𝑉𝑘, 𝑄𝑘 be the top 𝑘 right singular vectors of 𝑋𝐵OLS, 𝑌 and 𝑋

respectively.

Method Coefficient estimator

OLS 𝐵OLS =
(

𝑋⊤𝑋
)−1

𝑋⊤𝑌

RRR 𝐵RRR = 𝐵OLS𝑈𝑘𝑈 ⊤
𝑘

LRPS 𝐵LRPS = 𝐵OLS𝑉𝑘𝑉 ⊤
𝑘

PCR 𝐵PCR =
(

𝑍⊤
𝑘

𝑍𝑘

)−1
𝑍⊤

𝑘
𝑌 where 𝑍𝑘 = XQ𝑘

whereas RRR falls back to the OLS solution (for 𝑘 ≥ min(𝑝, 𝑞)
we obtain 𝐵 = 𝐵𝑈𝑘𝑈 ⊤

𝑘
= 𝐵). In this setting, RRR and OLS may

have high-variance, whilst LRPS can still benefit from variance
reduction.

2.3 | Other Related Work

As well as RRR, it is also natural to draw a connection to princi-
pal component regression (PCR) [33, 34], which likewise relies on
low-dimensional representations using a least squares objective.
In PCR, the predictors are first projected onto the leading princi-
pal components of the design matrix 𝑋, and the response is then
regressed onto this reduced set of components. The resulting esti-
mator thus depends on the principal subspace of 𝑋, rather than
directly on the response as in LRPS. Table 1 provides a high-level
overview of the three methods, LRPS, RRR and PCR in compari-
son to OLS.

One may also consider the James-Stein (JS) shrinkage estima-
tor [35], which shrinks the OLS estimator toward zero through
a scale-dependent shrinkage factor. Unlike approaches such as
LRPS or RRR, the JS estimator does not explicitly impose a
low-rank structure on either the response matrix 𝑌 or the covari-
ates 𝑋, but instead achieves regularization solely via global
shrinkage of the OLS coefficients. We provide empirical compar-
ison of the methods in Table 1 in Section 3.

2.4 | Computational Considerations

In this section, we consider the computational complexity of the
LRPS estimator, and compare it to that of RRR to motivate the
regression situations in which LRPS will provide benefits.

Proposition 1. Computational cost of LRPS.

For the regression model (1), the computational complexity of the
LRPS estimator is2

𝑂
(

np2 + 𝑝3 + 𝑘((𝑛 + 𝑝)(𝑝 + 𝑞) + min{𝑝, 𝑞})
)

.

The details of the computation of the above expression can be
found in Appendix A.2. In essence, the LRPS estimator can be
computed directly in the latent space, and thus involves matrix
multiplications of lower dimension to that of RRR.

Comparison with RRR. Using similar arguments to those for the
derivation of the result in Proposition 1 (Appendix A.2), the

complexity of RRR using Equation (7) is

𝑂
(

np2 + 𝑝3) + 𝑂(nqk) + 𝑂(npq) + 𝑂
(

𝑝2𝑞
)

+ 𝑂(npq) + 𝑂
(

𝑞2𝑘
)
+ 𝑂

(
pq2).

Both LRPS and RRR algorithms perform two common oper-
ations, namely computing the inverse of 𝑆𝑋 of complexity
𝑂
(

np2 + 𝑝3), and performing the truncated SVD of a matrix of
dimension 𝑛 × 𝑞 of complexity 𝑂(nqk) (𝑌 for LRPS, 𝑋𝐵 for RRR).
These are the first two terms in the computation above and in
Appendix A.2 for the LRPS estimator. Removing this from their
respective computations, the terms corresponding to the two esti-
mators can be more directly compared:

RRR ∶ 𝑂(npq) 𝑂
(

𝑝2𝑞
)

𝑂
(

pq2) 𝑂
(

𝑞2𝑘
)

𝑂(npq)
↕ ↕ ↕ ↕

LRPS ∶ 𝑂(npk) 𝑂
(

𝑝2𝑘
)

𝑂(pqk) 𝑂(min{𝑝, 𝑞}𝑘)

For the first three terms, there is a scaling factor (reduction) of
𝑘

𝑞
from RRR to LRPS, a significant reduction for the fourth term,

and the fifth term of RRR is additional to the computation. In
light of this, LRPS is expected to be more computationally effi-
cient than RRR if 𝑘 is chosen to be low (due to the first three
terms), and for large 𝑞 settings as signified by the fourth term.

2.5 | Empirical Analysis and Finite-Sample
Behavior

To give some intuition on the differences between the three esti-
mators, LRPS, RRR, and OLS, we consider a simple simulation
study in which we empirically track the MSE, the bias, and the
variance of the estimators as a function of 𝑘. We consider two sce-
narios, one where the true rank 𝑟(𝐵) = 𝑘∗ = 𝑝∕2 is small relative
to min(𝑝, 𝑞), and the other where 𝑘∗ = min(𝑝, 𝑞). For simplicity,
we let 𝑝 = 𝑞 = 10, 𝑘∗ = {5, 10} and consider three sample sizes
𝑛 = {20,30,50} to assess the finite-sample behavior of the esti-
mators. In each case, we assume the model (2), we simulate 𝑋
and 𝐸 as a set of isotropic Gaussian random vectors (independent
rows). Further details on the simulation design can be found in
Section 3, where we present results from a more comprehensive
study.

The results in Figure 1 shed some light on the similarities and
differences between LRPS and RRR. When the true model is
low-rank, for example, when 𝑘∗ = 5, we see that for all sample
sizes the minimum MSE is attained at 𝑟(𝐵) = 𝑘⋆ and RRR per-
forms slightly better in terms of estimation error at this min-
imum. On the other hand, when the low-rank assumption no
longer holds (𝑘∗ = 10), we see that LRPS outperforms RRR in
the small sample size setting, whereas RRR becomes superior as
the sample size 𝑛 grows. Indeed, in the small sample setting, a
rank-1 approximation is preferred by both approaches, however,
LRPS still maintains better performance. In the scenario where 𝑞
is large relative to 𝑝 (Figure 1, right panel), LRPS exhibits superior
estimation performance in the full-rank scenario, consistently
over a range of sample sizes. This latter point is important as the
setting where 𝑞 > 𝑝 often occurs in practice. For instance, this is
often observed in datasets from air pollution monitoring stations,
where measurements of several pollutants are collected across
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and estimate (LRPS in red, and RRR in black) for simulation 𝑠, and 𝑚 = 100 is the number of simulations.
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FIGURE 2 | The bias2(𝐵̃), Var(𝐵̃), and MSE(𝐵̃) values extrapolated from the LRPS asymptotic distribution in Theorem 1, compared to the
finite-sample (empirical) MSE for both LRPS and RRR. In this simulation, 𝑘∗ = 5 and other than the sample size, the conditions are the same as
those given in the left panel of Figure 1.

multiple locations. This is discussed later in our application of
LRPS to real data.

A characteristic property of LRPS is that the estimator responds
to changes in 𝑘∗ > min(𝑝, 𝑞), whereas RRR falls back to the OLS
estimator in this regime. To investigate the bias-variance tradeoff
occurring due to the pre-smoothing we plot the bias2(𝐵̃), Var(𝐵̃),
and MSE(𝐵̃) components from (6), and compare them with the
empirical MSE achieved in a finite sample, in this case, letting
𝑛 = 30 and 𝑛 = 1000. The results are presented in Figure 2. As
one may expect, extrapolating from the asymptotic to the finite
sample setting may not be appropriate for small samples, but
the approximation becomes tight as 𝑛 increases. Comparing the
dark red (+) and red (×) lines in Figure 2, we note that they
essentially overlap in the larger 𝑛 = 1000 setting. We now pro-
vide more insight into the performance of LRPS through in-depth
simulations.

3 | Simulation Study

In this section, we evaluate the performance of our proposed tech-
nique by using simulated examples to assess the estimation of the
regression coefficient matrix, as well as out-of-sample predictive
performance. The data 𝑌 , 𝑋 are simulated according to (1), where
we fix the design of the covariates to be 𝑋 ∼ 𝒩𝑛×𝑝

(
0, 𝐼𝑝 ⊗ 𝐼𝑛

)
.

We vary the specification of the true coefficient matrix 𝐵, and the
covariance structure of the errors Σ𝑒. The choices here cover a
range of scenarios that are of interest in practice and help further
elucidate the behavior of LRPS (and RRR) when the spectrum
(eigenstructure) of the signal XB and noise 𝐸 vary. The various
conditions for 𝐵 and Σ𝑒 are given below.

Coefficient Matrix Conditions:

1. Sparse and low-rank: Let 𝑠 be the expected rank of the
coefficient matrix. We first select active elements for
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𝐵′
ij by sampling from the Bernoulli distribution, 𝐵′

ij ∼
Bernoulli

(
𝑠−1) for 𝑗 = 1, . . . , 𝑠. The non-zero coefficients in

each row are then scaled (by dividing by the row-average) to
maintain ∥ 𝐵𝑖,⋅ ∥2= 1.

2. Dense and unknown rank: Two random matrices 𝐴𝐿 ∈
ℝ𝑝×𝑝, 𝐴𝑅 ∈ ℝ𝑞×𝑞 are generated with standard normal, and
Uniform(0, 1) entries respectively. Let 𝐿 and 𝑅 be the left
and right singular vectors of 𝐴𝐿 and 𝐴𝑅, the coefficient
matrix is then generated according to

𝐵 = 𝐴𝐿diag
(

𝑑1, . . . 𝑑min(𝑝,𝑞)
)

𝐴𝑇
𝑅,

where 𝑑𝑖 = 𝜆𝑖 exhibits geometric decay.

3. Dense and known rank: The matrix 𝐵 is constructed as
in Condition 2, however, the diagonal singular values are
replaced with 𝑑𝑖 = 𝜆 for 𝑖 = 1, . . . , 𝑘∗ and 𝑑𝑖 = 0 for 𝑘∗ +
1, . . . , min(𝑝, 𝑞). This creates a matrix which has rank 𝑘∗.
Note, the examples demonstrated in Section 2.5 also use
matrices generated in this manner.

Noise Conditions:

1. Isotropic IID noise: The covariance of the errors is given by
Σ𝑒 = 𝜎2𝐼𝑞 .

2. Geometric Decaying Toeplitz: We let Σ𝑒 = Toeplitz(𝜌) such
that Σ𝑒;𝑖,𝑗 = 𝜎2𝜌∣𝑖−𝑗∣.

Note that simulations in this section as well as the examples in
Section 2.5 were produced in the R statistical computing environ-
ment [37].

3.1 | Estimation Error Results

This section examines the estimation error incurred by LRPS and
RRR in the scenarios described above. As in the previous section,
we focus on understanding the performance of the methods over
a range of 𝑘, and examine how this performance is dependent
on the composition of the signal and noise. For simplicity, we fix
𝑛 = 100 and report performance as measured by the empirical
mean squared error from the true coefficient matrix 𝐵, averaged
across 𝑚 = 100 experiments.

Large 𝑞, moderate 𝑝:

In this case, we consider when 𝑞 = 100 > 𝑝 = 10 and thus the
range of 𝑘 with which we can apply LRPS is extended relative
to RRR (which we recall limits 𝑘 ≤ min(𝑝, 𝑞)). In this scenario,
we should expect that the structure of the error covariance plays
a key role, and given the number of outcomes, the regression
problem inherits a lower signal-to-noise as ∥ Σ𝑒 ∥𝐹≍ 𝑞 whilst
∥ XB ∥𝐹≍

√
pq. We run three experiments in this setting:

• The first probes what we may expect to happen if 𝐵 were
sparse, under 𝐵 condition 1. In this case, the rank of the
matrix is bounded by 𝑠, which we choose to be 𝑝∕2 = 5,
since sparsity is a common assumption in high-dimensional
regression, we wanted to investigate how methods that pre-
viously would focus explicitly on a low-rankness assumption
can also be applied in this setting.

• Second, we investigate the case where 𝐵 is dense, but with
decaying singular values (Condition 2), and we consider 𝜆 =
{0.9,0.5,0.2} to study the impact of the decay rate.

• Third, we examine the impact of a spiked error covariance
via a geometrically decaying correlation structure with val-
ues 𝜌 = {0.9,0.5,0.2}. The specification of 𝐵 is given via
Condition 3 with a flat spectrum (𝜆 = 1).

The last two experiments fix 𝜎2 = 1, whereas the first fixes the
design of 𝐵 and varies 𝜎2 = {0.5,1,2} to directly investigate the
impact of the error variance on estimation performance. Figure 2
summarizes the distribution of 𝛾2

𝑗 (𝐵) and 𝛾𝑗

(
Σ𝑒

)
, where for each

𝑗 = 1, . . . 𝑞 we take the average over 𝑚 = 100 experiments.

The results of the experiment are presented in Figure 4, with
experiments 1–3 running from left to right. The figure shows a
range of empirical behaviors for the RRR and LRPS estimators
and illustrates both estimators’ potential benefits beyond the OLS
estimation. The best rank approximation, that is, the 𝑘 which
minimizes the estimation error is a function of both the specifi-
cation of the signal (via 𝐵), and the noise structure—in general,
a higher signal-to-noise ratio mandates the choice of a smaller 𝑘.
Intuitively, this observation makes sense, as in the high-noise set-
tings, we should desire to constrain the estimator more to avoid
excessive variance, that is, the variance reduction benefits of the
low-rank projection dominate the error. Observe, at least when
𝑞 > 𝑝, that LRPS is often superior to RRR in these approxima-
tions, for example, when comparing the rank-1 approximation
performance in the middle and right plots.

Moderate 𝑞, large 𝑝:

In contrast to the high 𝑞 setting, in this simulation we investi-
gate the relatively high-dimensional estimation problem where
𝑞 = 10 is fixed and we set 𝑝 ∈ {20,40,60}, we fix the sample size
at 𝑛 = 100. In this situation, the true rank of 𝐵 is limited to be
less than or equal to 𝑞 = 10. Specifically, we simulate 𝐵 matri-
ces according to Condition 3, and set the rank 𝑘∗ = 5. We vary
the SNR according by adopting Σ-Condition 1, and letting 𝜎2 ∈
{0.5,1,2}. The results of the experiment are seen in Figure 5. We
see that both RRR and LRPS perform well relative to the OLS, and
whilst RRR outperforms LRPS for 𝑘 ≤ 𝑘∗ the difference between
the two estimators is small. In this case, the best approximating
model, that is, the 𝑘 which minimizes the MSE, depends not only
on the SNR mediated by 𝜎2, but also the variance in the estimators
due to the higher number of covariates 𝑝 > 𝑞. As 𝑝 approaches 𝑛
from below, we see that again the rank-1 approximation achieves
the best performance for both LRPS and RRR. These results high-
light the importance of performing the pre-smoothing (projec-
tion) to reduce noise, either when the dimensionality of covari-
ates is high, and/or when the SNR is low. Generally when 𝑘 ≥

𝑘̂ = arg min𝑘 MSE(𝑘), we see that LRPS outperforms RRR, and
the difference in performance can be substantial in the large 𝑞
setting.

Sensitivity to heavy-tailed errors. To conclude our investigations
into empirical estimation error, we also examine the performance
of LRPS compared with RRR under heavy-tailed error settings.
Specifically, multivariate heavy tail errors are generated from a
multivariate 𝑡-distribution with 3 degrees of freedom (using the
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FIGURE 3 | Distribution of singular values for the signal 𝛾𝑗 (𝐵) and noise 𝛾1∕2
𝑗

(
Σ𝑒

)
, in black and red respectively. The signal-to-noise ratio SNR ≔∥

XB ∥𝐹 ∕ ∥ Σ𝑒 ∥𝐹 is given next to each line, and the lines represent the average value of the spectrum over 𝑚 = 100 simulations.

FIGURE 4 | Comparison of LRPS and RRR performance as a function of 𝑘 in the case where 𝑝 = 10, 𝑞 = 100, 𝑛 = 100. Black lines denote the
performance of RRR and red those of LRPS. In the middle and right plots, we fix 𝜎2 = 1 and vary the eigenvalues of the signal and noise respectively
by adjusting 𝜆 and 𝜌. In 𝐵 Condition 3, we set all the singular values of 𝐵 to be one, and maintain that 𝑟(𝐵) = 𝑝 indicated by the dashed line, in the left
plot, we set the sparsity to be 𝑠 = 5.

FIGURE 5 | Comparison of LRPS and RRR performance as a function of 𝑘 in the case where 𝑞 = 10, 𝑛 = 100 and 𝑝 ∈ {20,40,60}. The covariance of
errors is given by Σ-Condition 1 with 𝜎2 ∈ {0.5,1,2}, the true rank of 𝐵 is denoted by the vertical gray line.
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FIGURE 6 | Comparison of coefficient estimation error across LRPS and RRR under a heavy-tailed error. All results are averaged over 100 simula-
tions with 𝑝 = 10, 𝑞 = 100, and 𝑛 = 100 with different 𝐵 conditions.

FIGURE 7 | Sensitivity plots of out-of-sample prediction risk versus 𝑘 for LRPS and RRR in the case where 𝑝 = 10, 𝑞 = 100, 𝑛 = 100. Black lines
denote the performance of RRR, and red denotes the performance of LRPS.

mvtnormR package [38]). The simulation setup follows the large
𝑞 = 100, moderate 𝑝 = 10 and 𝑛 = 100 design while varying the
structure of the coefficient matrix 𝐵. The error covariance is taken
to be either diagonal or Toeplitz, matching the two different noise
conditions for the covariance structures used in the Gaussian set-
ting. The results are shown in Figure 6.

In the left panel, corresponding to a low-rank sparse coefficient
matrix 𝐵, RRR performs well when the rank is correctly specified
but suffers a notable loss in accuracy when the rank is overes-
timated. By contrast, in the two right panels, where 𝐵 is dense,
LRPS consistently performs better than RRR across the range of
ranks considered. Overall, the performance gains of LRPS relative
to OLS and RRR appear robust to the case of heavy-tailed errors.

3.2 | Predictive Performance

For LRPS and RRR, we see that the choice of 𝑘 is important. In
this section, we demonstrate the effectiveness of cross-validation
for choosing 𝑘, and further evaluate the predictive performance
of the LRPS and RRR estimators, in an out-of-sample setting.

Before considering methods to select 𝑘, we first consider the sen-
sitivity of the estimation performance to mis-specification of 𝑘
in some examples. To this end, Figure 7 presents plots of the

mean squared predictive error as a function of the rank param-
eter 𝑘 for LRPS and RRR, under the large 𝑞, moderate 𝑝 setting
corresponding to Figure 4. The performance trends observed in
the predictive plots are consistent with those seen in the estima-
tion of the coefficient matrix, as shown in Figure 4. Notably, in
scenarios where the error spectrum is relatively flat and LRPS is
expected to perform well, it outperforms RRR (the left two pan-
els). In contrast, when the error covariance Σ𝑒 in settings where
the error covariance exhibits a spiked spectrum (the right panel),
LRPS performs less favorably, highlighting the limitations of the
method under such conditions.

In general, the selection of how strong we wish our constraints
to be in statistical inference may depend on the task at hand. For
example, in the lasso (𝓁1 regularized regression), if one wishes to
perform an optimal selection of non-zero coefficients, the speci-
fication of the regularization (constraint) may be different from
that for producing optimal predictions. In that setting, typically
cross-validation will overestimate the support of the regression
function compared to more conservative information criteria.
Moving back to the rank-restricted setting with RRR and LRPS,
we may encounter a similar position—that is, do we construct
an information criterion for the selection of 𝑘, or do we use some
in-sample empirical measure of prediction error, for example,
cross-validation. As we are focusing on global constraints (i.e.,
working with linear projections across all variates), we here
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FIGURE 8 | Top: Distribution of 𝑘̂ (chosen by 2-fold cross-validation); bottom: Distribution of prediction error. Both distributions are estimated
across 100 replications. Prediction error is based on applying the singular vectors from the training set 𝑛 = 100 to the out-of-sample data. The simulation
settings mirror those in Figures 3 and 4, with RRR given by the black lines, and LRPS given by those in red.

focus on predictive performance rather than parametric inference
when deciding the appropriate specification of 𝑘, and to this end,
adopt a simple cross-validation procedure.

Specifically, we propose to apply 2-fold cross-validation, such that
we minimize

cvMSPE(𝑘)

≔
1
2

(
∥ 𝑌 (1) − 𝑋(1)𝐵(2)𝑊 (2)

𝑘
∥2

𝐹+ ∥ 𝑌 (2) − 𝑋(2)𝐵(1)𝑊 (1)
𝑘

∥2
𝐹

)
, (8)

where 𝑌 (1) indicates data obtained from the first half of the data
and 𝑌 (2) the second half of the data. Note, we use the eigenvectors
from the corresponding training dataset, that is, 𝑊 (𝑗)

𝑘
= 𝑉 (𝑗)

𝑘
𝑉 (𝑗)⊤

𝑘

are based on the first 𝑘 singular vectors of 𝑌 (𝑗) ∈ ℝ𝑛∕2×𝑞 , where
𝑗 ∈ {1, 2}. The cvMSPE(𝑘) represents a popular in-sample mea-
sure of the out-of-sample performance, in particular giving (for
large 𝑛) a good approximation to a form of predictive risk [39].

In the following experiments, we consider the estimates 𝑘̂ accord-
ing to

𝑘̂ = arg min
𝑘=1,2, . . .

cvMSPE(𝑘),

for both RRR and LRPS. Note, the version stated in (8) can
be readily applied to RRR by simply replacing 𝑉𝑘 with 𝑈𝑘

(from Definition 2). To evaluate the performance of the selection

criteria, we consider the empirical distribution of 𝑘̂ along-
side the out-of-sample expected prediction error 𝔼(𝑦′ ,𝑥′) ∥ 𝑦′ −
𝑥′𝐵𝑉𝑘̂𝑉 ⊤

𝑘̂
∥2

𝐹
where 𝑦′, 𝑥′ are assumed to be generated from the

same generating process that generated the training data, that is,
𝑦′ ∼ 𝒩𝑞

(
0, 𝐵⊤Σ𝑋 𝐵 + Σ𝑒

)
and 𝑥′ ∼ 𝒩𝑝

(
0, 𝐼𝑝

)
.

The results of our experiment are presented in Figure 8. The
simulation settings are exactly the same as those considered in
Figure 4. In this case, the difference between LRPS and RRR is
negligible—both LRPS and RRR estimators appear to adapt its
rank (and model complexity) via the proposed cross-validation
procedure, that is, 𝑘̂ depends on the simulation design (e.g.,
signal-to-noise ratio, noise/signal distribution).

It is worth noting that, in this study, we adopt a 2-fold
cross-validation scheme for simplicity; however, this is not the
only approach for selecting the rank parameter 𝑘. In other
applications, 𝑘 may be chosen adaptively for each task or
fixed across different experimental settings. For example, in
time-series neuroscience applications, the optimal rank can
be selected using rolling-window or blocked cross-validation
schemes that respect temporal dependence. In multi-subject
studies, the rank parameter may also be tuned at the sub-
ject level or at the group level, depending on whether the
primary interest lies in individual-specific or population-level
dynamics.
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FIGURE 9 | Comparison of LRPS and PCR performance as a function of 𝑘 in the case where 𝑝 = 10, 𝑞 = 100, 𝑛 = 100. Red lines denote LRPS and
blue lines denote PCR.

3.3 | Performance Comparison With PCR

When 𝑝 is large, it is natural to consider PCR, as it captures
the most relevant structure in XB. While a comprehensive com-
parison among LRPS, RRR, and PCR is of interest and will be
pursued in future work, we focus here solely on a comparison
between LRPS and PCR. Using the same experimental settings
as in Figure 4, we fix 𝑞 = 100, 𝑛 = 100, and 𝑝 = 10, and vary the
conditions of 𝐵 and Σ𝑒 through different values of 𝜆 and 𝜌. Under
these settings, we examine and compare the coefficient estima-
tion performance of LRPS and PCR.

Figure 9 demonstrates the performance of LRPS relative to PCR
across various settings. The results exhibit patterns similar to
those observed in the comparison between LRPS and RRR. In sce-
narios where LRPS outperforms RRR, it also maintains an advan-
tage over PCR. Conversely, in settings where LRPS is expected
to perform worse than RRR, its performance likewise falls short
when compared with PCR. Overall, these findings reinforce the
same conclusion, such that in cases with a flat error spectrum,
LRPS continues to achieve the best performance.

3.4 | Computational Cost Investigation

To evaluate and compare the computational efficiency of the
three methods OLS, RRR, and LRPS, we conduct a series of sim-
ulations by systematically varying one of the dimensions using
scaling factors from 1 to 5 (sample size 𝑛, response dimension
𝑞 or covariate dimension 𝑝) while keeping the others fixed. For
simplicity, we fix 𝑘 = 1 for both LRPS and RRR.

The case when 𝑝 > 𝑞:

In the 𝑝 > 𝑞 case, we fix 𝑞 = 10 and let either 𝑛 or 𝑞 increase with
the scaling factor, starting from 𝑛 = 200 and 𝑝 = 20. For each set-
ting, we generated simulation datasets and measured the average
computation time over 100 repetitions for each method. The top
plots in Figure 10 display the average computation time relative
to OLS, where the computational time of OLS is normalized to 1
at each scaling level. In other words, the plotted values for RRR
and LRPS reflect their runtime as a multiple of the corresponding

OLS runtime. This illustrates the relative computational cost of
adopting one of the low-rank regression methods as data dimen-
sionality increases. It is evident that as 𝑛 or 𝑝 increase, LRPS
consistently outperforms RRR in terms of computational time
relative to OLS (Figure 10, top-left and top-right panels). When
examining the within method computation time relative to the
runtime for the initial simulation setup, we observe that there is
a mildly worse scaling with increasing 𝑛 (Figure 10, bottom-left).
Computational cost of LRPS increases at a faster rate than that of
RRR. However, when examining the scaling of the methods with
increasing 𝑝, whlist all methods have a quadratic scaling behavior,
LRPS increases at a slower rate than both OLS and RRR.

The case when 𝑞 > 𝑝:

In the 𝑞 > 𝑝 case, we always fix 𝑝 = 30 and let either 𝑛 or 𝑞
increase with the scaling factor, starting from 𝑛 = 60 and 𝑞 = 100.
Similar to above, for each setting and each method, we calculate
the average computation time over 100 simulated datasets. The
top plots in Figure 11 display the average computation time rela-
tive to OLS. Notably, as 𝑛 or 𝑞 increases, LRPS consistently outper-
forms RRR in terms of computational efficiency, demonstrating
faster runtimes relative to OLS. The bottom plots show the com-
putational cost of each method relative to its own runtime at the
scaling factor of 1. From the plots, we observe that the growth
in computation time for LRPS is consistently lower than that of
RRR, indicating better scalability with respect to increasing data
dimension. In particular, both the OLS and LRPS illustrate linear
growth with 𝑞, whereas RRR has a mild quadratic scaling. These
simulations confirm the observations in Section 2.4, where RRR
was shown to have additional computational complexity com-
pared to LRPS.

We also recorded raw empirical runtime and memory usage of
LRPS when compared to other multiresponse regression meth-
ods. More specifically, we evaluate the OLS, RRR, LRPS and PCR
techniques investigated in this section in a range of regression
scenarios. The raw wall clock computation times are shown in
Table B1 in Appendix B for when q is fixed, examining perfor-
mance as 𝑛 or 𝑝 increases, whilst Table B2 fixes 𝑝 and exam-
ines performance as 𝑛 or 𝑞 increases. For the first setting, LRPS
shows a slower increase in runtime compared to other methods

10 of 18 Statistical Analysis and Data Mining: An ASA Data Science Journal, 2026



1 2 3 4 5

0
1

2
3

4

Increasing n

Scaling Factor

R
el

at
iv

e 
T

im
e

OLS
RRR
LRPS

1 2 3 4 5

0
1

2
3

4

Increasing p

Scaling Factor

R
el

at
iv

e 
T

im
e

OLS
RRR
LRPS

1 2 3 4 5

0
2

4
6

8
10

12

Increasing n 

Scaling Factor

R
el

at
iv

e 
T

im
e 

(v
s.

 u
ni

t s
ca

le
)

OLS
RRR
LRPS

1 2 3 4 5

0
2

4
6

8
10

12

Increasing p 

Scaling Factor

R
el

at
iv

e 
T

im
e 

(v
s.

 u
ni

t s
ca

le
)

OLS
RRR
LRPS

FIGURE 10 | Top panels: Computation time of RRR and LRPS relative to OLS across varying data dimensions, where OLS time is normalized to
1 at each scaling level. Bottom panels: Computation time of OLS, RRR and LRPS relative to their own runtime at scaling factor 1 under varying data
dimensions. Left: Varying 𝑛 with 𝑞 = 10 and 𝑝 = 20; Right: Varying 𝑝 with 𝑛 = 200 and 𝑞 = 10.

as the sample size increases; as 𝑝 increases all methods are com-
parable. When 𝑝 is fixed, PCR appears the most stable as 𝑛
increases, whereas when 𝑞 increases LRPS and PCR are compa-
rable. Tables B3 and B4 report the corresponding memory con-
sumption for experiments examined in Tables B1 and B2; the
simulations indicate that all methods show stable memory usage
across different regression problems.

4 | Application to Real Data

In this section, we demonstrate our proposed LRPS method to
study datasets arising from two scientific applications, the first
considering air pollution and the second gene activation data.

4.1 | Air Pollution Example

Particulate matter up to 2.5 𝜇𝑚 (PM2.5), is a type of air pollution
that poses a significant threat to human health and the environ-
ment. These tiny particles are made up of a complex mixture of

solids, chemicals, and liquid droplets that can penetrate the res-
piratory system and cause respiratory and cardiovascular prob-
lems. It is recognized that controlling such particular matters is
of vital importance for the public health [40, 41]. In this example,
we consider the possible association between PM2.5 emissions
and recordings of other pollutant gases, namely: ozone (O3), sul-
fur dioxide (SO2), carbon monoxide (CO), and nitrogen dioxide
(NO2). To study this association, we consider three datasets:

• UK: Pollution across seven cities (𝑝 = 7) in the United King-
dom (UK). There are daily recordings of the pollutants
for a total of 𝑛 = 400 data-points, 𝑞 = 28 (the number of
sites×number of polluting gases). This data is available from
https://uk-air.defra.gov.uk/. We use the first 80% observa-
tions 𝑛train = 320 data points to train the model, and the
remaining 20% observations 𝑛test = 80 for evaluation.

• Beijing: This multi-site air-quality dataset [25] can be found
at the UCI Machine Learning Repository http://archive.
ics.uci.edu/ml/datasets and has been used in the litera-
ture in different contexts, for example, Ma et al. [42]. In
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FIGURE 11 | Top panels: Computation time of RRR and LRPS relative to OLS across varying data dimensions. OLS time is normalized to 1 at each
scaling level. Bottom panels: Computation time of OLS, RRR and LRPS relative to their own runtime at scaling factor 1 under varying data dimensions.
Left: Varying 𝑛 with 𝑝 = 30 and 𝑞 = 100; Right: Varying 𝑞 with 𝑛 = 60 and 𝑝 = 30.

this case, we have hourly air pollutant measurements from
𝑝 = 12 outdoor monitoring sites in Beijing, collected from
March 2013 to February 2017. We focus on the air pollu-
tant measurements for January 2017, resulting in a dataset
with 𝑛 = 743 (𝑛train = 594, 𝑛test = 149) observations and 𝑞 =
48 outcomes. It should be noted that this dataset con-
tains some missing values, which for simplicity we replace
by the value of the previous observation in the missing
variable.

• USA: The last dataset is collected from 𝑝 = 37 monitoring
sites in the United States of America (USA) from January
2017 to April 2019, resulting in a total of 𝑛 = 728 (𝑛train =
578, 𝑛test = 150) observations (available from https://www.
epa.gov/outdoor-air-quality-data). This is the largest dataset
in this study, with 𝑞 = 148 outcomes.

For each dataset we take first-differences (across rows of 𝑌 , 𝑋)
and standardize all variables so they have mean zero and stan-
dard deviation 1. This preprocessing follows established practice
in previous studies [42, 43] and is adopted to promote stationarity

of the data. In each case, we estimate the regression parameters 𝐵
on the training dataset, and tune 𝑘 via the 2-fold cross-validation
procedure employed previously. The remaining 𝑛test data points
(20%) are used for evaluation via the mean-square prediction
error

MSPE = 1
qntest

‖‖‖𝑋test𝐵 − 𝑌test
‖‖‖2

𝐹
.

The results of the prediction errors and the rank 𝑘 used in the
low-rank pre-smoothing model are presented in Table 2.

In all cases, LRPS provides better predictive performance than
the more traditional approaches. Generally, LRPS and RRR out-
perform OLS. Whilst the differences in performance are not vast,
the results demonstrate that low-rank approximations may gen-
erally be useful, and it is interesting that in these cases the rank
selected is always lower than min(𝑝, 𝑞). In the case of the USA,
we see that the rank selected is 𝑘 = 1, 2 in RRR and LRPS respec-
tively. This behavior was seen in our synthetic experiments in
the high 𝑞 setting, for example, see 𝐵 Condition 2, Σ Condition
1 results in Figure 4.
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TABLE 2 | Prediction error and optimal rank for the pollution
datasets described in the main text.

Dataset Method
Prediction

error (MSPE) Rank

UK (𝑝 = 7, 𝑞 = 28) LRPS 0.738 5
RRR 0.749 6
OLS 0.751 N/A

Beijing (𝑝 = 12, 𝑞 = 48) LRPS 1.145 12
RRR 1.154 6
OLS 1.175 N/A

USA (𝑝 = 37, 𝑞 = 148) LRPS 0.911 2
RRR 0.916 1
OLS 0.925 N/A

Note: The bold values indicate the best performing methods in each setting.

4.2 | Gene Association Example

In addition to the air pollution datasets, we applied our pro-
posed methodology to a genetic association dataset from Wille
et al. [24]. This dataset is from a microarray experiment designed
to explore regulatory mechanisms within the isoprenoid gene
network of Arabidopsis thaliana, also known as thale cress or
mouse-ear cress. Isoprenoids are known to play numerous essen-
tial biochemical roles in plants. To track gene expression lev-
els, 𝑛 = 118 GeneChip microarray experiments were conducted.
The dataset includes 𝑝 = 39 predictor genes from two isoprenoid
biosynthesis pathways, MVA and MEP, while the response vari-
ables consist of the expression of 𝑞 = 795 genes across 56
metabolic pathways. To reduce skewness in the distributions, all
variables are log-transformed before fitting the linear models.
We use the first 𝑛train = 96 observations as the training set, and
then calculate the prediction error using the remaining 𝑛test = 22
observations.

The results are presented in Table 3, and demonstrate the ben-
efits of the low-rank approximation similar to the air-pollution
dataset. In this case, we have a very large 𝑞 compared to 𝑝,
and both are relatively large when compared to the number of
data-points 𝑛. It is worth remarking that our holdout dataset in
this case is only 𝑛test = 22 observations, however, the performance
is also averaged across the number of outcomes 𝑞 = 795 which
is relatively large. The analysis here can be considered relatively
“high-dimensional” in nature. Both LRPS and RRR choose 𝑘 = 2
as the best approximating rank, potentially illustrating behav-
ior akin to 𝐵 Condition 1/2 and Σ Condition 1 in our synthetic
experiments, that is, where the error spectrum was relatively flat,
but the signal was concentrated in terms of the top singular val-
ues. Whilst the difference between LRPS and RRR is not large,
LRPS maintains the better performance (in-line with the syn-
thetic experiments and the other application), and both low-rank
methods considerably outperform OLS.

4.3 | Sensitivity to Rank 𝒌

Figure 4 presents a sensitivity analysis of the rank parameter 𝑘
with respect to predictive performance for both the LRPS and
RRR methods. In datasets with a small number of observations,

TABLE 3 | Prediction error and optimal rank for the genetic associa-
tion dataset described in the main text.

Method Prediction error (MSPE) Rank

LRPS 0.414 2
RRR 0.418 2
OLS 0.481 N/A

Note: The bold values indicate the best performing methods in each setting.

such as the UK dataset, the optimal performance may occur at
very low ranks (e.g., 𝑘 = 1), yet cross-validation can tend to over-
estimate the rank in this regime. In contrast, for larger datasets,
cross-validation is no longer constrained to selecting a rank of 1
and instead is able to identify higher-rank structures that improve
performance for the application (Figure 12).

5 | Conclusions

This article proposes Low-Rank Pre-Smoothing, a technique for
multi-response regression settings. When viewed as a projection,
the method can be seen as an initial step to smooth observed
data to increase its signal-to-noise ratio, after which a tradi-
tional estimation method such as ordinary least squares (OLS)
can be performed for estimation and subsequent prediction.
Our technique outperforms the traditional OLS estimator in
terms of mean squared estimation and out-of-sample prediction
error, driven by sacrificing a small amount of bias in favor of
reducing the estimation uncertainty. This improved performance
was demonstrated through extensive simulated examples, our
methodology showing particular benefits when a large number
of responses is observed and/or when the signal-to-noise ratio
is low. We also illustrated the utility of our proposed method-
ology on a number of real datasets. We believe our proposed
LRPS estimator provides a simple low-rank regression method
that nicely complements existing methods, and can provide a
further multi-response regression alternative to a wide range of
practitioners.

Reflecting on the limitations of the technique, we do note that in
some circumstances it may indeed be preferable to use an alterna-
tive low-rank regression technique, such as reduced rank regres-
sion (RRR) or principal component regression (PCR), and in gen-
eral the best method will depend on the true generative process.
In particular, one may consider using an alternative methodol-
ogy when the signal XB aligns predominantly in a direction that
is not represented by 𝑉𝑘, as in these cases, whilst the variance may
be significantly reduced by LRPS, there is also significant bias. On
the other hand, when 𝑞 is modest, variance savings may be limited
by LRPS, and RRR or PCR may be more beneficial as they focus
more closely on the space spanned by the design matrix. In prac-
tice, one can choose between the alternative methods by assessing
out-of-sample prediction error via cross-validation procedures,
which could in principle be extended to choose between low-rank
regression methods, alongside an appropriate choice of 𝑘.

Whilst the motivation for the work in this article arose
from parameter estimation and prediction in the classical
multi-response setting, we envisage that the tools developed
here have the potential to make similar gains in other settings,
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FIGURE 12 | Sensitivity plots of out-of-sample prediction risk versus 𝑘 for LRPS and RRR on real datasets. Top-left: UK dataset; Top-right: Beijing
dataset; Bottom-left: US dataset; Bottom-right: Genetic dataset.

such as model selection in multi-response regression, nonlinear
regression models, and time series forecasting. In particular,
one non-trivial extension to the LRPS technique would be in
the high-dimensional data setting, which would require devel-
opment of penalized (LASSO and ridge) regression techniques
using LRPS.
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Endnotes
1Note that our approximate statement here misuses the asymptotic
properties in the non-asymptotic setting. A more precise statement
could potentially be obtained via application of Berry-Esseen type limit
theorems on the sample eigenvectors; however, this requires further
technical assumptions and we prefer to leave finite-sample inference for
future work.

2The power of the cubic term (𝑝3) in the expression for the complexity
can be reduced to 𝑝𝛾 , for some 𝛾 < 3, depending on the algorithm used
to compute the inverse of 𝑆𝑋 (see e.g., [36]), but this is not crucial to our
discussion here.

3Note that the setup for the theorem in [31] assumes independent and
identically distributed data 𝑍1, . . . , 𝑍𝑛. However, the arguments in the
proof, predominantly borrowed from [46], only require the root-𝑛 con-
sistency of Ω̂ as an estimator for Ω. Thus the theorem applies under the
more general setting of independent, but non-identically distributed data
as in the regression model (1).
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Appendix A

Proof of Theoretical Results

In this appendix, we provide details of the proof of Theorem 1 and
Proposition 1 described in the main text.

Proof of Theorem 1

We begin by establishing a result which be useful in the proof of the
theorem. Let 𝑌 be a random data matrix from model (1) (where the
fourth order moments of the errors are finite). Note that in what follows,
we assume without loss of generality that 𝑋 and 𝑌 are mean-centered,
so that 𝑆𝑦 = 𝑛−1𝑌 ⊤𝑌 is the sample covariance matrix, and define Σ𝑦 =
𝑛−1(XB)⊤(XB) + Σ𝑒.

Lemma 1. Let 𝑆𝑦 and Σ𝑦 be as above. Then

√
𝑛 vec

(
𝑆𝑦 − Σ𝑦

) 𝐷
→ 𝒩𝑞2

(
0, V𝑦

)
, (A1)

where

V𝑦 = 𝔼
[
ee⊤ ⊗ ee⊤

]
− vec

(
Σ𝑒

)
⊗ vec

(
Σ𝑒

)⊤
, (A2)

in which 𝑒 ∈ ℝ𝑞×1 denotes a generic row of 𝐸.

Proof. Denote by 𝑆𝑒 = 𝑛−1𝐸⊤𝐸 the sample covariance of the error vec-
tors 𝐸 with corresponding population covariance matrix Σ𝑒. Since the
fourth order moments of the error distribution are assumed finite and
the rows of 𝐸 are assumed to be independent and identically distributed
under model (1), theorem 1 in [30] (with zero mean random variables)
establishes that 𝑆𝑒 is a root-𝑛 consistent estimator for Σ𝑒:

√
𝑛 vec

(
𝑆𝑒 − Σ𝑒

) 𝐷
→ 𝒩𝑞2

(
0, V𝑦

)
, (A3)

where and 𝑒 is as above.

Let 𝑍 ≔ 𝑛−1(XB)⊤(XB) = 𝑛−1𝐵⊤
(

𝑋⊤𝑋
)

𝐵 ∈ ℝ𝑞×𝑞 and 𝑊 ≔ 𝑛−1(XB)⊤𝐸 ∈
ℝ𝑞×𝑞 . Using the linear model (1), the sample covariance matrix of 𝑌 , 𝑆𝑦,
can be expressed as

𝑆𝑦 = 𝑛−1𝑌 ⊤𝑌 = 𝑛−1((XB)⊤(XB) + (XB)⊤𝐸 + 𝐸⊤(XB) + 𝐸⊤𝐸
)

. (A4)

Then

Σ𝑦 ≔ 𝔼
(

𝑆𝑦

)
= 𝑛−1((XB)⊤(XB)

)
+ 𝑛−1𝔼

(
(XB)⊤𝐸

)
+ 𝑛−1𝔼

(
𝐸⊤(XB)

)
+ Σ𝑒.

Because 𝔼(𝐸) = 0 (and thus 𝔼(𝑊 ) = 0), this simplifies to

Σ𝑦 = 𝑛−1(XB)⊤(XB) + Σ𝑒. (A5)

Then combining (A4) and (A5), we get√
𝑛 vec

(
𝑆𝑦 − Σ𝑦

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐶

=
√

𝑛 vec
((

𝑍 + 𝑊 + 𝑊 ⊤ + 𝑆𝑒

)
− Σ𝑦

)

=
√

𝑛 vec
((

𝑍 + 𝑊 + 𝑊 ⊤ + 𝑆𝑒

)
−
(

𝑍 + Σ𝑒

))
=
√

𝑛 vec
((

𝑊 + 𝑊 ⊤
))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝐴1)

+
√

𝑛 vec
(

𝑆𝑒 − Σ𝑒

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

(𝐴2)

. (A6)

Using the properties of the vec operator [44],

vec(𝑊 ) = vec
(

𝑛−1(XB)⊤𝐸
)
=
(

𝐼𝑞 ⊗ 𝑛−1(XB)⊤
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐴

vec(𝐸),

where ⊗ denotes the Kronecker product, so

Var(vec(𝑊 )) = Var(𝐴vec(𝐸)) = 𝐴Var(vec(𝐸))𝐴⊤

=
(

𝐼𝑞 ⊗ 𝑛−1(XB)⊤
)(
Σ𝑒 ⊗ 𝐼𝑛

)(
𝐼𝑞 ⊗ 𝑛−1(XB)⊤

)⊤

=
(

𝐼𝑞Σ𝑒𝐼𝑞

)
⊗

(
𝑛−2(XB)⊤𝐼𝑛(XB)

)
= Σ𝑒 ⊗ 𝑛−1𝑍,

using the transpose and mixed-product properties of the Kronecker prod-
uct. Assuming that (with mean-centered 𝑋) lim𝑛→∞ 𝑆𝑋 = Σ𝑥 (where
𝑆𝑋 = 𝑛−1𝑋⊤𝑋) for some fixed positive definite matrixΣ𝑥 (as is customary
in regression), we have

𝔼(vec(𝑊 )) = 0 and

Var(vec(𝑊 )) = Σ𝑒 ⊗ 𝑛−1𝑍 =
(
Σ𝑒 ⊗ 𝑛−1𝐵⊤𝑆𝑋 𝐵

)
→ 0.

Hence considering the first term 𝐴1 in (A6), we have

vec
((

𝑊 + 𝑊 ⊤
))

= (vec(𝑊 )) +
(
vec

(
𝑊 ⊤

)) ℙ
→ 0,

thus considering (A6) and using (the multivariate version of) Slutsky’s
theorem (see e.g., [45, section 20.6]), we have

√
𝑛 vec

(
𝑆𝑦 − Σ𝑦

) 𝐷
→ 𝒩𝑞2

(
0, V𝑦

)
,

with
V𝑦 = 𝔼

[
ee⊤ ⊗ ee⊤

]
− vec

(
Σ𝑒

)
⊗ vec

(
Σ𝑒

)⊤
.

◽

We now present a theorem and a corollary without proof, both taken from
[31], which are used as intermediary results to establish Theorem 1.

Theorem. Let Ω̂ be a 𝑝 × 𝑞-dimensional random matrix that is a function
of a random sample of 𝑝-dimensional data 𝑍1, . . . , 𝑍𝑛. Assume that Ω̂𝑛 is
asymptotically normally distributed as

√
𝑛 vec

(
Ω̂𝑛 − Ω

) 𝐷
→ 𝒩pq(0, V).

Let 𝑟 = rank(Ω) with 𝑑 ≤ min(𝑝, 𝑞), and let the singular value decomposi-
tion of Ω be

Ω = 𝐿⊤

(
𝐷 0
𝟎 0

)
𝑅,

where 𝐿⊤ =
(

𝐿1, 𝐿0
)

is of order 𝑝 × 𝑝 with 𝐿1 ∶ 𝑝 × 𝑟, 𝐿0 ∶ 𝑝 × (𝑝 − 𝑟).
𝑅⊤ =

(
𝑅1, 𝑅0

)
is orthogonal with 𝑅1 ∶ 𝑞 × 𝑟, 𝑅0 ∶ 𝑞 × (𝑞 − 𝑟). The 𝑟 left

singular vectors 𝑈1 of Ω correspond to its 𝑟 non-zero singular values, 𝑑1 ≥

. . . ≥ 𝑑𝑟. Analogously, the SVD of Ω̂ is

Ω̂ = 𝐿̂⊤

(
𝐷̂1 𝟎
𝟎 𝐷̂0

)
𝑅, (A7)
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with 𝐿̂⊤ =
(

𝐿̂1, 𝐿̂0

)
, 𝑅⊤ =

(
𝑅1, 𝑅0

)
, and the partition conforms with the

partition of Ω.

Assume that 𝜆𝑟 > ϵ > 0, that is, the minimum positive singular value of Ω
is well separated from zero. Then as 𝑛 → ∞

a. 𝐷̂1
ℙ
→ 𝐷1 and 𝐷̂0

ℙ
→ 0.

b. 𝑅1
ℙ
→ 𝑅1 and 𝐿̂1

ℙ
→ 𝐿1.

Corollary. The matrix 𝐿̂1 of left singular vectors in (A7) is asymptotically
normal with

𝑛1∕2vec
(

𝐿̂1 − 𝐿1

) 𝐷
→ 𝑁pd

(
𝟎,𝚺𝐿

)
, (A8)

where
𝚺𝐿 =

(
𝐷−1𝑅⊤

1 ⊗ 𝐼𝑝

)
V
(

𝑅1𝐷−1 ⊗ 𝐼𝑝

)
. (A9)

The assumption on the minimum positive singular value ensures thatΛ−1

is bounded, necessary for the proof of the theorem (see [31]).

We now apply the theorem and corollary to our setting.

Let 𝑉 Λ𝑉 ⊤ be the compact form SVD of the quantity Σ𝑦 from Lemma 1
(equivalent to its eigendecomposition since it is positive semi-definite),
and suppose Σ𝑦 has rank 𝑟. Suppose also that the random matrix 𝑌 has
the compact form decomposition 𝑌 = 𝑈𝐷̂𝑉 ⊤, where the diagonal entries
of 𝐷̂ are

{
𝑑1, . . . , 𝑑𝑟

}
. Then 𝑆𝑦 can be written as

𝑛−1𝑌 ⊤𝑌 = 𝑛−1𝑉 𝐷̂𝑈 ⊤𝑉 𝐷̂𝑈 𝑇 = 𝑉 Λ̂𝑉 ⊤,

due to the orthogonality of 𝑈 , and where Λ̂ = diag
(

𝜆1, 𝜆2, . . . , 𝜆𝑟

)
is

a diagonal matrix containing the descending eigenvalues 𝜆𝑖 = 𝑑2
𝑖 ∕𝑛, 𝑖 =

1, . . . , 𝑟.

Now using the result established in Lemma 1, the asymptotic normality
assumption of the theorem is satisfied for 𝑆𝑦 as an estimator of Σ𝑦,3 hence

Λ̂
ℙ
→ Λ, and the corollary gives that the matrix 𝑉 of eigenvectors of 𝑆𝑦 are

asymptotically normal with

𝑛1∕2vec(𝑉 − 𝑉 )
𝐷
→ 𝑁qr

(
𝟎,𝚺𝑉

)
where

𝚺𝑉 =
(
Λ−1𝑉 ⊤ ⊗ 𝐼𝑞

)
V𝑦

(
𝑉 Λ−1 ⊗ 𝐼𝑞

)
.

Hence considering the subset of first 𝑘 eigenvectors and corresponding
eigenvalues (𝑘 < 𝑟), we have that

𝑛1∕2vec
(

𝑉𝑘 − 𝑉𝑘

) 𝐷
→ 𝑁qk

(
𝟎,𝚺𝑉𝑘

)
, (A10)

with
𝚺𝑉𝑘

=
(
Λ−1

𝑘 𝑉 ⊤
𝑘 ⊗ 𝐼𝑞

)
V𝑦

(
𝑉𝑘Λ−1

𝑘 ⊗ 𝐼𝑞

)
,

where 𝑉𝑘, 𝑉𝑘 and Λ𝑘 correspond to the quantities above, curtailed to 𝑘
eigenvectors/eigenvalues.

In view of the relationship between the LRPS estimator and the OLS
estimator 𝐵𝑉𝑘𝑉 ⊤

𝑘
, we have vec

(
𝐵𝑉𝑘𝑉 ⊤

𝑘

)
=
(

𝑉𝑘𝑉 ⊤
𝑘

⊗ 𝐼𝑝

)
vec(𝐵), and the

corresponding expression with the true eigenvectors also holds.

Now considering the quantity vec
(

𝑉𝑘𝑉 ⊤
𝑘

)
, due to the consistency result

for 𝑉𝑘 in (A10), the continuous mapping theorem (see, e.g., Reference
[47]) then means that 𝑉𝑘𝑉 ⊤

𝑘
is a consistent estimator of 𝑉𝑘𝑉 ⊤

𝑘
, that is,

𝑉𝑘𝑉 ⊤
𝑘

ℙ
→ 𝑉𝑘𝑉 ⊤

𝑘
(see also the proof of theorem 1 in [31]). Using the distri-

butional property (3) and applying Slutsky’s theorem gives that

𝑛1∕2vec
(

𝐵̃ − BV𝑘𝑉 ⊤
𝑘

)
= 𝑛1∕2vec

(
𝐵
(

𝑉𝑘𝑉 ⊤
𝑘 − 𝑉𝑘𝑉 ⊤

𝑘

)
+ (𝐵 − 𝐵)𝑉𝑘𝑉 ⊤

𝑘

)
𝐷
→ 𝒩

(
𝟎, 𝑉𝑘𝑉 ⊤

𝑘 Σ𝑒𝑉𝑘𝑉 ⊤
𝑘 ⊗ 𝑆−1

𝑋

)
,

where the variance term is derived as follows:

Var
((

𝑉𝑘𝑉 ⊤
𝑘 ⊗ 𝐼𝑝

)
vec

(
𝑛1∕2𝐵

))
=
(

𝑉𝑘𝑉 ⊤
𝑘 ⊗ 𝐼𝑝

)
𝑛 Var(vec(𝐵))

(
𝑉𝑘𝑉 ⊤

𝑘 ⊗ 𝐼𝑝

)⊤

=
(

𝑉𝑘𝑉 ⊤
𝑘 ⊗ 𝐼𝑝

)(
Σ𝑒 ⊗ 𝑆−1

𝑋

)(
𝑉𝑘𝑉 ⊤

𝑘 ⊗ 𝐼𝑝

)
= 𝑉𝑘𝑉 ⊤

𝑘 Σ𝑒𝑉𝑘𝑉 ⊤
𝑘 ⊗ 𝑆−1

𝑋 ,

using the mixed-product property of Kronecker products.

Note that this result will also be valid if the distributional result (3) is
asymptotic, as in the case when the error distribution 𝐺 in the regression
model (1) is not Gaussian.

Proof of Proposition 1

The optimal computational complexity of the LRPS estimator will be dif-
ferent depending on whether 𝑞 > 𝑝 or 𝑝 > 𝑞, as seen below.

The case when 𝑝 > 𝑞:

The LRPS estimator can be computed as follows:

𝐵̃ =
(

𝑋⊤𝑋
)−1

⏟⏞⏞⏟⏞⏞⏟
𝑂(np2+𝑝3)

𝑋⊤𝑈𝑘
⏟⏟⏟

𝑂(npk)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑂(𝑝2𝑘)

𝐷𝑘𝑉 ⊤
𝑘

⏟⏟⏟
𝑂(qk)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑂(pqk)

,

After performing the truncated SVD of 𝑌 , the operations required to
compute the LRPS estimator are: projection, low-rank reconstruction,
and two matrix multiplications, contributing 𝑂(npk), 𝑂(qk), 𝑂

(
𝑝2𝑘

)
and

𝑂(pqk) respectively, where we note that the matrix multiplication with
𝐷𝑘 can be done efficiently since it is diagonal. This leads to a total com-
plexity of

𝑂
(

np2 + 𝑝3) + 𝑂(nqk) + 𝑂(npk) + 𝑂(qk) + 𝑂
(

𝑝2𝑘
)
+ 𝑂(pqk).

The case when 𝑞 > 𝑝:

Similarly, in this case the LRPS estimator can be calculated as follows:

𝐵̃ =
(

𝑋⊤𝑋
)−1

⏟⏞⏞⏟⏞⏞⏟
𝑂(np2+𝑝3)

𝑋⊤𝑈𝑘
⏟⏟⏟

𝑂(npk)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑂(𝑝2𝑘)

𝐷𝑘

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑂(pk)

𝑉 ⊤
𝑘

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑂(pqk)

,

leading to a total complexity of

𝑂
(

np2 + 𝑝3) + 𝑂(nqk) + 𝑂(npk) + 𝑂(pk) + 𝑂
(

𝑝2𝑘
)
+ 𝑂(pqk).

Appendix B

Additional Computational Comparisons

In this section, we present additional simulations to assess runtimes and
memory usage for different multiresponse regression methods as outlined
in the main text. Below we report the wall clock computation times for
fixed 𝑞 and fixed 𝑝 (Tables B1 and B2) and the memory consumption
(Tables B3 and B4), where 𝑆1 − 𝑆5 indicates a scaling factor to increase
the size of the regression problem by the dimension (𝑛, 𝑝 or 𝑞) under con-
sideration (see Section 3.4).
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TABLE B1 | Average runtime (s) for regression methods described in the text for different dimension sizes, for fixed 𝑞.

Increasing 𝒏 runtime (×10−3 s) Increasing 𝒑 runtime (×10−3 s)

Method S1 S2 S3 S4 S5 S1 S2 S3 S4 S5

OLS 0.15 0.24 0.27 0.44 0.59 0.15 0.31 0.58 0.99 1.59
RRR 0.27 0.47 0.58 0.79 0.91 0.25 0.41 0.75 1.12 1.69
LRPS 0.69 0.36 0.39 0.48 0.54 0.23 0.34 0.98 0.94 1.88
PCR 0.46 0.71 0.87 1.42 1.25 0.35 0.76 1.76 1.34 1.94

Note: Left: Increasing 𝑛; Right: Increasing 𝑝.

TABLE B2 | Average runtime (s) for regression methods described in the text for different dimension sizes, for fixed 𝑝.

Increasing 𝒏 runtime (×10−3 s) Increasing 𝒒 runtime (×10−3 s)

Method S1 S2 S3 S4 S5 S1 S2 S3 S4 S5

OLS 0.27 0.40 0.61 0.84 1.04 0.24 0.28 0.35 0.64 0.71
RRR 0.70 1.06 1.59 2.14 2.71 0.62 1.33 2.11 3.17 4.46
LRPS 0.47 0.68 1.06 1.58 1.92 0.33 0.65 0.84 1.07 1.30
PCR 0.80 0.51 0.62 0.60 0.83 0.37 0.37 0.29 0.33 0.39

Note: Left: Increasing 𝑛; Right: Increasing 𝑞.

TABLE B3 | Average memory usage (MB) for multiresponse regression methods described in the text for different dimension sizes, for fixed 𝑞.

Increasing 𝒏 memory (kB) Increasing 𝒑 memory (kB)

Method S1 S2 S3 S4 S5 S1 S2 S3 S4 S5

OLS 1.28 0.70 0.70 0.70 0.70 0.72 0.72 0.72 0.72 0.72
RRR 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70
LRPS 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70
PCR 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70

Note: Left: Increasing 𝑛; Right: Increasing 𝑝.

TABLE B4 | Average memory usage (MB) for multiresponse regression methods described in the text for different dimension sizes, for fixed 𝑝.

Increasing 𝒏 memory (kB) Increasing 𝒒 memory (kB)

Method S1 S2 S3 S4 S5 S1 S2 S3 S4 S5

OLS 0.93 0.70 0.70 0.70 0.70 0.93 0.93 0.93 0.93 0.93
RRR 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70
LRPS 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70
PCR 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70

Note: Left: Increasing 𝑛; Right: Increasing 𝑞.
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