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ABSTRACT

The concept of graph embeddability, initially formalized by Belk and Connelly and later expanded by Sitharam and
Willoughby, extends the question of embedding finite metric spaces into a given normed space. A finite simple graph
G = (V, E) is said to be (X, Y)-embeddable if any set of induced edge lengths from an embedding of G into a normed
space Y can also be realised by an embedding of G into a normed space X. This property, being minor-closed, can be
characterized by a finite list of forbidden minors. Following the establishment of fundamental results about (X, Y)-
embeddability, we identify sufficient conditions under which it implies independence with respect to the associated
rigidity matroids for X and Y. We show that the spaces ¢, and £, serve as two natural extreme spaces of embeddability
and discuss (X, ¢,)-embeddability for varying p. We provide a complete characterization of (X, Y')-embeddable graphs
for the specific case when X is 2-dimensional and Y is infinite-dimensional.

MSC: 05C10, 52A21, 52C25

1 | Introduction

A realisation of a (finite simple) graph G = (V, E), with at least one edge, in a real normed linear space (X, ll-lly) (referred to
simply as X when the context is clear) is a map p : V — X. The measurement map of the pair (G, X) is the map

fG,X 1 XV - RE, X )ver P (Ixy = Xy llx Jvwer,

which sends each realisation to its corresponding vector of induced edge lengths. Given another normed space Y,
we say that G is (X, Y) — embeddable if every vector of edge lengths induced by a realisation in Y can also be induced
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by a realisation in X. Equivalently, a graph is (X, Y)-embeddable if and only if f; , (X") 2 f; , (Y"). For example, it is
well-known that any n points in ¢, can be isometrically embedded into #%~!. Within our framework of
graph embeddability, this says that any graph with n vertices must be (¢4}, ¢,)-embeddable.

The concept of (X, Y)-embeddability was first considered by Belk and Connelly [1, 2] when they characterized, in our
terminology, the set of (¢4, ¢,)-embeddable graphs for any d < 3. Sitharam and Willoughby [3] proved several results
about the set of (¢4, ¢p)-embeddable graphs for all d >1 and all p € [1, co]. Notably, they connected the work in [1, 2]

to that of Ball [4] and Witsenhausen [5], and to the theory of finite metric space embeddings in general. Note that Belk
and Connelly used the term realisability whereas Sitharam and Willoughby used the term flattenability. In this article,
we adopt the term embeddability to capture a more general context.

A minor of a graph G is any graph obtained via a sequence of edge deletions and edge contractions—that is, deleting
two vertices connected by an edge and adding a vertex whose neighborhood is the union of the neighborhoods
of the deleted vertices. It is easy to see that if G is (X, Y)-embeddable, then so are all of its minors. Hence, the
famous Robertson-Seymour theorem [6] shows that, for every ordered pair (X, Y) of normed spaces, there is a finite
list of forbidden minors that characterise the (X, Y)-embeddable graphs. If these forbidden minors are known, then
(X, Y)-embeddability can be determined in polynomial time [7].

Previous research has primarily focused on determining the lowest dimension d for which a given graph is (£2, &p)-

embeddable. Belk and Connelly [1, 2] showed that the forbidden minors for the set of graphs that are (¢4, €g/)-embeddable,
foranyd’ >d, are K; ford = 1, K, ford = 2, and K5 and K, , , for d = 3 (see Figure 1). Note that the set of graphs that are
(5, €‘21,)-ernbeddable, for any d’ > d, is evidently equivalent to the set of (¢4, £,)-embeddable graphs. The forbidden minors
for (¢4, £,)-embeddability are unknown for all d > 4, but it is known that they must be a subset of the forbidden minors for

a class of graphs called partial d — trees. Resolving a conjecture posed in [3], Fiorini et al. [8] proved that the forbidden
minors for the set of (€2, £,,)-embeddable graphs (and also for the (¢3, #)-embeddable graphs) are W, and K4 + K4 (see

Figure 2). These known results are collected in Section 2.

In this paper we investigate (X, Y)-embeddability for general normed spaces X and Y. Basic results concerning
(X, Y)-embeddability are contained in Section 3, including a full characterisation of (X, Y))-embeddable graphs when either
X orY is the real line. In Section 4, we generalize a result of Sitharam and Willoughby [3], identifying sufficient conditions
under which (X, Y)-embeddability implies that the graph is independent in X, in that the rigidity map f; x has a differ-
entiable point where the Jacobian has rank |El (with the assumption that X is finite-dimensional). Namely, we show that if a
graph G is (X, Y)-embeddable with X being a finite-dimensional normed space, and if either G is independent in Y or Y is
infinite-dimensional, then G is independent in X, provided that the norm II-llx satisfies a mild smoothness condition.

In Section 5, we highlight that the spaces ¢, and 4, serve as two natural extreme spaces of embeddability (Theorem 5.1).
Since every finite metric space can be isometrically embedded in 4, every (X, £,)-embeddable graph is (X, Y)-
embeddable for any normed space Y. Conversely, if a graph G is (X, Y)-embeddable, where X is finite-dimensional and

& A

FIGURE1 | The complete graph K;s (left) and the complete tripartite graph K, », (right).

<P XX

FIGURE 2 | The wheel graph W (left) and the graph K4 + K, formed by joining two copies of K, at an edge e and then
removing said edge (right).
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Y is infinite-dimensional, then G is also (X, #;)-embeddable. In Theorem 5.10, we show that the set of p-values such
that G is (X, €,)-embeddable is closed, and is either empty or contains an interval of the form [q, 2], where 1 <q <2.

Forbidden minors for (X, Y)-embeddability, where X is a normed plane, are discussed in Section 6. Given that X is a
normed plane and Y is an infinite dimensional normed space, we prove that (X, Y)-embeddability is split into two cases
depending on whether or not X is isometrically isomorphic to ¢, (Theorem 6.1, with Theorems 6.6 and 6.11
respectively for the individual cases). These results can all be extended to allow for X to have dimension 3 or more
provided that X is strictly convex and Y is not (Theorem 6.7). Theorem 6.6 can also be improved when X = ¢3, where
we are able to fully characterise (X, Y')-embeddability for all choices of Y (Theorem 6.14).

In the last section (Section 7), we extend our definition of (X, Y)-embeddability for countable simple graphs. In
Theorem 7.3, we prove that a countable graph is (X, Y)-embeddable, where X is finite-dimensional, if and only if it
contains a complete tower of connected (X, Y)-embeddable subgraphs.

2 | Previously Known Results in ¢, Spaces

In this section, we present previously known results for (¢4, £,)-embeddability. First, we formally define the spaces ¢,
and 62. For each p € [1, ) and index set I, define the linear spaces

&) = {(xi)iel eER: D IxP < oo} and £4.,(I) = {(xl-)iel € RL: suplxil < oo}.

iel iel

and endow them with the respective norms

1/p
lixll, == (Zmnw) and lixll, = sup Ix;l.

iel iel

It is well known that for every p € [1, co], the space #,(I) is complete with respect to the metric induced by its norm,
so it is a Banach space. We denote the finite-dimensional normed space €,({1, ..., d}) as 6‘11,. This space corresponds to
the space R with the II-Il, norm. We also denote the sequence space £,(N) as ¢,

2.1 | Embeddability for Complete Graphs

Here we translate previous results about isometric embeddings of point sets into the language of (¢¢, £p)-embeddability,
for various values of p and d.

Theorem 2.1 ([4, 5]). Let G be a graph with n vertices.
i. G is (¢4, ¢,)-embeddable for each d > (Z)
ii. Ifn >4 and G is complete, then G is not (¢4, ¢,)-embeddable for each d < (";2).

Theorem 2.2 ([4]). Let G be a graph with n vertices and let p € (1, o).
i. Gis (¢4, ¢p)-embeddable for each d > (:)

ii. Ifn>3,p <2 andG is complete, then G is not (¢4, £p)-embeddable for each d < (";1).

Theorem 2.3 ([9]). Let G be a graph with n vertices.

i. If n >4, then G is (¢%, 6,,)-embeddable for each d >n — 2.
ii. If G is complete, then G is not (¢4, €,)-embeddable for each d < |2n/3].

By Theorem 2.3, the complete graph K, is (£2; 2, £,,)-embeddable but not (¢%2, 4,,)-embeddable for each n € {4, 5, 6}.
In [8], it was shown that this also holds for n = 7; specifically, the complete graph K; is (£2,, )-embeddable but not
(6%, 6,)-embeddable.
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In [4], Ball proved that if the complete graph on n vertices is (¢4,, £,,)-embeddable, then every graph with n vertices can

be covered by d complete bipartite graphs. Using this, Ball showed that there exists a constant ¢ > 0 such that each
complete graph K,, is not (¢%, £,,)-embeddable for each d < n — cn®/*. Fiorini et al. [8] later observed that this can be

improved by using more recent results regarding bipartite graph coverings [10].

Theorem 2.4 ([4, 10]). There exists a constant ¢ > 0 such that each complete graph K,, is not (¢%, €,)-embeddable for

00’

eachd < n — clogn.

2.2 | Forbidden Minor Characterisations for Embeddability

In this subsection, we present previously known finite forbidden minor characterisations for embeddability. In the
Euclidean case, we highlight the results of Belk and Connelly in Theorem 2.5 and Theorem 2.6, below.

Theorem 2.5 ([2]). Ford € {1, 2}, a graph G is (¢, &,)-embeddable if and only if it contains no Ky, minor.
Theorem 2.6 ([1, 2]). A graph G is (¢3, ¢,)-embeddable if and only if it contains no Ks or K, 5, minor (see Figure 1).

Witsenhausen showed in [5] that K, is (¢%, £,,)-embeddable. Sitharam and Willoughby [3] used convexity arguments

on the so-called Cayley configuration space over specified non-edges of a d-dimensional framework to show that K
minus an edge is not (¢%, £,,)-embeddable. From this, they conjectured that the wheel graph W, is the only forbidden

minor for the class of (£2, é)-embeddable graphs on at most 5 vertices. Fiorini et al. [8] verified this conjecture,
determined the complete set of forbidden minors for (€§o,€w)-embeddability, and showed that these minors also
completely characterise (¢%, #,)-embeddability. We state these results in Theorem 2.7.

Theorem 2.7 ([8]). For any p € {1, oo}, a graph G is (¢5, £,)-embeddable if and only if it contains no Wy or K4 + K4
minor (see Figure 2).

Very little is known regarding the forbidden minors for (¢4, ¢,)-embeddability and (¢%,, £,,)-embeddability when d > 3.
Some families of forbidden minors for (¢4, €,,)-embeddability can be found in [11].

3 | Basic Results for Embeddability Between General Normed Spaces

In this section we cover general properties of embeddability between general normed spaces. Throughout the paper we
shall make the (rather trivial) assumption that every normed space has dimension higher than zero. We now begin with
some easy observations.

Proposition 3.1. Ifa graph G is (X, Y)-embeddable and (Y, Z)-embeddable, then G is (X, Z)-embeddable.
Proof. This is immediate as f; y (XV) 2 f;y (YV) 2 f; ,(Z"). O

Proposition 3.2. Let X,Y be isometrically isomorphic normed spaces. Then the following holds for every normed
space Z.

i. Every (X, Z)-embeddable graph is (Y, Z)-embeddable.
ii. Every (Z, X)-embeddable graph is (Z, Y)-embeddable.

Proof.  This is immediate since f; x (X") = f; y (Y") for every graph G = (V, E). O
We can also immediately characterise the (X, Y)-embeddable graphs when either dimX =1 or dim Y = 1.

Proposition 3.3. IfY can be isometrically embedded into X, then every graph is (X, Y)-embeddable. In particular,
every graph is (X, Y)-embeddable when dim Y = 1.

Proof. Let G = (V,E) be any graph and let T: Y — X be an isometric linear map. As f; , (Y") = f; . ((TY)") C
Jox X V), G is (X, Y)-embeddable. The final part of the result now follows from the observation that all 1-dimensional
normed spaces are isometrically isomorphic, and hence any 1-dimensional normed space can be isometrically
embedded into any higher dimensional space. O
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Proposition 3.4. Let X, Y be normed spaces where dim X = 1.

i. If dim Y = 1, then every graph is (X, Y)-embeddable.
ii. Ifdim Y > 2, then a graph is (X, Y)-embeddable if and only if it is a forest.

Proof.

i. : This follows from Proposition 3.3.

ii. : Choose any graph G = (V, E). It is clear that if G is a forest with specified edge lengths (d,)wer, then there
exists p € XV where llp, — p,,llx = d,, for all vw € E. Suppose G is not a forest. Since (X, Y)-embeddability is a
minor-closed property, it suffices to assume that G is a complete graph with three vertices, i.e., G & Kj;. Since
dim Y > 2, we can choose three points x, y, z € Y where llx — zlly = lly — zlly = lix — ylly = 1. For example, take
x = 0 and let y be a unit vector in Y. Define Sy (y, 1) to be the unit sphere in Y centred at y. The function
g:Sy(y,1) » R, u +— llully, is continuous. Note that 0,2y € Sy(y, 1) satisfy g(0) <1 and g(2y) > 1. By the
Intermediate Value Theorem, there exists z € Sy(y, 1) such that g(z) = 1. We note f;y(x,y,2) = (1,1,1),
however there exists no p € XV with Jox(@)=(1,1,1).

O

4 | Independence and Embeddability

In this section we explore connections between (X, Y)-embeddability and independence, a matroidal property found in
rigidity theory. There are two main results which deal separately with the case where Y is finite dimensional
(Theorem 4.4) and where Y is infinite dimensional (Theorem 4.8).

A realisation p of a graph G = (V, E) in a finite-dimensional normed space X is independent if the map f; y is (Fréchet)
differentiable at p and rankdf; x (p) = IEl. If an independent realisation of a graph G exists in a normed space X then
we say that G is independent in X. It was proven in [3] that any (¢4, £,)-embeddable graph is also independent in €§. In
this section we similarly prove that this extends to most normed spaces.

In general normed spaces, there may not be an open set of differentiable points for the norm function. For this reason,
the theory of differentiable maps on open sets is not necessarily applicable and so we require the following more
general theory of locally Lipschitz maps and their generalized derivatives (see [12] for further discussion). Let X, Y be
finite-dimensional normed spaces and let f: X — Y be a locally Lipschitz map, i.e., a map such that for every point
x € X, there exists an open neighbourhood U, C X of x and a constant k, > 0 such that IIf (x) — f (x)lly <k,llx — x'llx
for all x" € U,. Let D(f) denote the set of differentiable points of a locally Lipschitz map f: X — Y. By Rademacher's
theorem, D(f) is a conull set and hence is dense in X. Let x € X and denote by D(f; x) the set of sequences (x,) in
D(f) which converge to x.

Denote by L(X, Y) the finite dimensional space of linear maps from X to Y with the norm topology. We define the set

of (x) == conv{ lim df (x,) : (x,) € D(f; x) and (df(x,)) convergesin L(X, Y)},

n—oo

where conv S denotes the convex hull of a set S. Any linear map in df (x) is called a generalised derivative of f at x. Each
set df (x) is a non-empty, convex and compact subset of L(X,Y) ([13], Proposition 2.6.2(a)). Sets of generalised
derivatives also obey the following continuity rule.

Lemma 4.1 ([13], Proposition 2.6.2(c)). Let X,Y be finite-dimensional normed spaces, let f: X — Y be a locally
Lipschitz map, and let x, € X. Then for every € > 0, there exists § > 0 such that for each x € X withllx — xylly < &, we have

af (x) C 9f (xo) + B,

where B; is the set of all linear maps T : X — Y with ITll,, < & (with |l-llop, being the operator norm for linear maps
between X and Y).

Generalised derivatives allow for a non-smooth variant of the constant rank theorem.
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Theorem 4.2 ([14], Theorem 3.1). Let X, Y be finite-dimensional normed spaces, let f : X — Y be a locally Lipschitz
map, and let x € X. Suppose that there exists a neighbourhood O C X of x such that every generalised derivative of every
point x' € O has rank k. Then there exists open sets U C RImX 1/ c RImY 17" c 0, V' Cc Y withx € U',f(x) € V', and
there exist bilipschitz maps ¢ : U — U’ and ¢ : V = V', s0 that for every (a, ..., Agimx) € U we have

@™o fop)(ay ..., Adimx) = (@1, «r A, O, ..., 0).

Lemma 4.3. If a graph G is independent in a finite-dimensional normed space X, then the set f;(X") has a
non-empty interior.

Proof. Choose an independent realisation p of G in X. Then f;, is differentiable at the point p and
rankdf;; x (p) = IEl. Given any edge e € E, let | : RE — R be the projection onto the e-component. The composition
P, o f, x describes a convex map from X" to R. Note that P, o f;  : XV — R is a convex function, and hence is also
locally Lipschitz ([15]). Since the derivative of a convex function is continuous over its set of differentiable points (see,
e.g., [16], Theorem 25.5]), it follows that df;; - (p) = {df;; x (p)}. By Lemma 4.1, there exists an open neighbourhood O of
p such that for each g € O, every generalised derivative of f; x at q has rank |El. Since projections are open maps, it
follows now from Theorem 4.2 that the set f; x (O) has a non-empty interior. O

Before moving to our first main result, we describe the following concepts from differential geometry. Let X and Y be
finite-dimensional normed spaces, U C X be an open set, and f: U C X - Y a C>-differentiable map (i.e., for each
positive integer k, the k-th Fréchet derivative of f exists and is continuous). We say that a point y € Y is a critical value
if there exists a point x € X where f(x) = y and rankdf (x) < dim Y. Any point in Y that is not a critical value is said
to be a regular value.

Theorem 4.4. Let X be a finite-dimensional normed space where the norm is C®-differentiable on an open dense
subset of X. If a graph G is independent in a finite-dimensional normed space Y and (X, Y)-embeddable, then G is
independent in X.

Proof. By Lemma 4.3, f; y (Y") has a non-empty interior. As G is (X, Y)-embeddable, it follows that f; , (X"') also has
a non-empty interior. Let U C XV be an open dense set of realisations of G in X where Jox is C®-differentiable.
By Sard's theorem, the set of regular values of the restricted map f; : U — RE is a dense subset of RE. It follows
that the set f;y (X") contains a regular value as it has a non-empty interior. Hence there exists p in U where
rankdf;; y (p) = IEl, and thus G is independent in X. 1

In order to prove the second main result in this section (Theorem 4.8) we now turn our attention to small graphs. Our
objective is to show that, in any d-dimensional space, sufficiently small graphs are independent. To facilitate the
inductive arguments in the following proofs we now introduce the concept of graded independence.

Let p be a realisation of a graph G = (V, E) in a finite-dimensional normed space X such that the measurement map
Jox 1s differentiable at p. For any non-zero point x € X, we will denote the derivative of Il-lly at x (if it exists) by
x* € X*, where X* is the dual space of X. For each edge vw € E, fix gofw = (p, — p,,)% it follows from p being a
differentiable point of f; y that each functional ¢f » €Xists. We say p has the graded independence property if we can
order the vertices vy, ..., v, so that for each 1 < j <n, the set

9*(G,p); = {go\))j,v; 1<Li<j,uy € E}

is linearly independent; we shall refer to v, as the highest vertex of G.

To provide some intuition, imagine constructing a realisation for a complete graph K, in d-dimensional Euclidean
space by successively adding the vertices vy, ..., v,. The graded independence property ensures that at each step of the
construction, the new vertex has linearly independent adjacent edges. The following lemma makes this process more
precise for general normed spaces.

Lemma 4.5. Let X be a d-dimensional normed space. Then for each 2 <n <d + 1, there exists a realisation of the
complete graph K,, with the graded independence property.
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Proof. 1t is immediate that any injective realisation of K, in X will have the graded independence property. Suppose
n > 2 and that the result holds for each complete graph with at most n — 1 vertices. We shall now show the result holds
for K,,.

By our inductive assumption, there exists a realisation q of K, _; which has the graded independence property with
respect to some vertex ordering vy, ..., V,—1. Label the vertices of K, as vy, ..., V,—1, V,. Define A C X to be the set of points
where II-lly is differentiable and define the subset

n—1
B:=N{x+gq,:x€AL
i=1

By ([16], Theorem 25.5), A is conull with respect to the Lebesgue measure and the duality map ¢ : A - X*, (x) = x*,
is continuous. It follows that B is also conull, and hence a dense subset of X, and that the linear span of
Y(A) = {x* : x € A} is X*. Since n <d + 1, there exists y € A such that the functionals,

X X *
¢Vn—lavl’ e govn—l,vn—z’ y

are linearly independent in X*.

Let (x)en be the sequence in X given by x =g,  + %y, so thatx, — q, € Aand (xx —q, )*=y*foreachk € N.
As B is dense in X* we may choose for each k € N some element z; € B sufficiently close to x; so we may

suppose that

Vn—

1
2k = q,, and (g, — an—l)* — V¥lixx = l(zx — qvn_l)* — (e — qvn—l)*”X* < E

Define the map J : B — L(X, R*~1), where for each z € B, J(z) is the linear map
x = J(@)x = ((z - q,)"x), .. @ — q,,_)X)).

Since ® is continuous on A, the map J is continuous. Now let T € L(X, R*"!) be the linear map where for all x € X,

T = (X, gk |, (0,5%().

Vn-1,Vn-2

Because of our choice of y, the map T is surjective. Since the subset S of surjective linear maps in L (X, R*~!) is open
and J(zgx) = T as k - oo, there exists some N € N where J(zy) € S.

Define p to be the realisation of K, with p, =g, for1 <i<n—1and p, =zy. As J (zn) is surjective, the set
X (Ky, p)n is linearly independent. For each 1 <j <n — 1, we have X (K,, p); = ¥ (Kn—1, q);, hence p has the graded
independence property as required. O

Lemma 4.6. Let X be a finite-dimensional normed space, G be a graph and p be a differentiable point of the
measurement map f; x. If p has the graded independence property, then p is an independent realisation of G in X.

Proof.  Suppose that p is not an independent realisation of G in X, i.e., rankdf; - (p) < |El. Then there exists a
non-zero map a : E - R where for each v € V we have the following equality (here w ~ v denotes that vw € E):

D a(vw)gofw =0. 1)

w~v

We shall prove that any map a that satisfies the above conditions must be the zero map and hence obtain a
contradiction.
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Since p has the graded independence property with respect to some vertex ordering vy, ..., v,, the set ¥ (G, p), is
linearly independent, and so a(v,w) = 0, for every w ~ v,. Now suppose that for some 1 <k < n, every edge v;v; € E
with eitheri >k + 1 or j >k + 1 gives a(v;v;) = 0. Then Equation (1) at vertex vy gives

0= Y aewe, = Y abae?,,

W~Vy Vi~Vg, i<k

and so, since the set X (G, p) is linearly independent, we have a(vyw) = 0 for every edge vyw € E. By induction it
follows that a(vw) = 0 for every edge vw € E, contradicting our initial assumption that a is a non-zero map. O

Lemma 4.7. Let G be a graph with n vertices and X be a normed space of dimension n — 1 <d < oo. Then G is
independent in X.

Proof. By Lemma 4.5, there exists a realisation p of K, in X with the graded independence property. It is immediate
that p is also a realisation of G in X with the graded independence property. Hence by Lemma 4.6, G is independent in
X as required. O

Theorem 4.8. Let X be a finite-dimensional normed space where the norm is C®-differentiable on an open dense
subset of X, and let Y be an infinite-dimensional normed space. If a graph G is (X, Y)-embeddable, then G is
independent in X.

Proof. Fix n to be the number of vertices of G. Choose any n-dimensional subspace Z of Y. Then G is
(X, Z)-embeddable. By Lemma 4.7, G is independent in Z. The result now follows from applying Theorem 4.4 to the
triple G, X, Z. Ol

Remark 4.9. If a graph G = (V, E) is independent in ¢%, then there exists pairwise-disjoint edge subsets T, ..., Ty
such that the graphs (V, 1), ..., (V, T) are forests and E = Ule Ty (see [17] for more detail). Using this, it is immediate
that Theorem 4.8 gives an alternative proof of ([8], Lemma 2.5), namely that if G is (¢%, £,,)-embeddable, then the edges

of G can be partitioned into d edge-disjoint forests.

5 | Embedding From ¢, Spaces

In this section we focus on (X, £,)-embeddability where p € [1, o]

5.1 | Bounds on Embeddability

For this subsection we prove the following result.

Theorem 5.1. Let X,Y be normed spaces and G = (V, E) be a graph.
i. G is (6, Y)-embeddable.
ii. If G is (X, €,)-embeddable, then it is (X, Y)-embeddable.
iii. Suppose X is finite-dimensional and Y is infinite-dimensional. If G is (X, Y )-embeddable, then it is (X, £,)-embeddable.
Theorem 5.1 shows us that if dim X < co = dim Y then the set of (X, Y)-embeddable graphs will: (i) contain the set of

(X, é,)-embeddable graphs, and (ii) be contained in the set of (X, ¢,)-embeddable graphs. This result shall be important
later in Section 6.

For the proof of Theorem 5.1, we require the following three results.
Theorem 5.2 ([18)]. For every finite metric space (M, d), there exists an isometry f: M — &,

Theorem 5.3 ([19], Theorem 1). Let S be a finite affinely independent subset of ¢,. Then there exists n € N such that
for any normed space X with dim X > n, the set S can be isometrically embedded into X.

Lemma 5.4. Let G = (V,E) be any graph, X be a finite-dimensional normed space and Y be any normed space.
Suppose that there exists a dense subset D C YV where for each p € D there exists ¢ € XV where Jox @ = fo.y (). Then

G is (X, Y)-embeddable.
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Proof. Without loss of generality, we may assume G is connected. Choose any point p € Y. Let (p"),en be a
sequence in D that converges to p. Fix a vertex u € V. For each p”, there exists ¢" € X" such that Jox @) = fo.y (PM).

By applying translations, we may assume g, = 0 for each n € N. As the graph G is connected and X is finite-

dimensional, there exists a compact set C C XV such that ¢" € C for all n € N. Hence there exists a convergent
subsequence (q")ien With limit g € XV. Since both f; y and f; , are continuous, we have

Jox (@ = ilirgfc;,x (q™) = ilil?ofc,y (p") = fox (P)

as required. O

Proof of Theorem 5.1.

i. Choose any q € Y. For each (possibly not distinct) pair v, w € V, define d,, = llg, — g, lly. It follows that
we can define a metric space (V,d) where d(v, w) := d,,,. By Theorem 5.2, the metric space (V,d) can be
isometrically embedded into &, and so there exists p’ € ¢, where Je.o. () = foy (@

ii. This follows from (i) and Proposition 3.1.

iii. Suppose dim X < co. Choose any p € €5 so that the set {p, : v € V} is affinely independent. By Theorem 5.3,
there exists p € YV where f; , (p) = fy (). As G is (X, Y)-embeddable, it follows that there exists ¢ € X"
so that f; x(q) = f5 ., (P)- As the set of affinely independent realisations in ¢Y forms a dense subset, and X is
finite-dimensional, G is (X, #;)-embeddable by Lemma 5.4.

O

Remark 5.5. 1t is important to note that Theorem 5.1(iii) requires the assumption that Y is infinite-dimensional. For
example, if dim X = dim Y =1 then every graph is (X, Y)-embeddable by Proposition 3.4(i), but the only (X, &,)-
embeddable graphs are forests by Proposition 3.4(ii). It is, however, unclear whether it is necessary for X to be finite-
dimensional.

5.2 | Varying p
For a graph G = (V, E) and a normed space X, define the set

¢(G,X)={p e[l,]:G is (X, £,)-embeddable}.

V1

It follows from Theorems 2.1 to 2.3 that p € (G, X) if and only if, given d 2( 5

), the graph G is (X, €§)-embeddable.

Proposition 5.6. For every graph G = (V, E) and every finite-dimensional normed space X, the set €(G, X) is a closed
subset of [1, co] with respect to the Alexandroff topology.

Proof. We may assume without loss of generality that G is connected. Choose a value p € [1, o] in the closure of

¢(G, X) and fixd > ("]

n — oo (if p = oo, this means that (p,),cn tends to infinity). Choose any realisation q € (8‘11,)‘/ of G. For eachn € N, we

). As p lies in the closure of £(G, X), there exists a sequence (p,)nen in €(G, X) where p, — p as

can consider q to be a realisation of G in €f,n also, since each normed space has the same underlying vector space (i.e.,
RY). Fix a vertex u € V. Since G is connected, the set

S = {r € XV : r, =0, maxllr, — r,lly <maxlig, — qwlll}
WEE weE

is compact. For each n € N, there exists a realisation r" € S such that f; x (r") = f;, o (@) and r;; = 0. As S is compact,

there exists a convergent subsequence (r");cy with limit » € S. For each vw € E, we have

g, — q,ll, = _lim lig, — q,llp, = _lim lrii — ritlly = 1Iln, — nyllx,
1— 00 1— 00
hence f; x (r) = fg, o (g@) and G is (X, €Z)-embeddable. O
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We recall that for any p € [1, oo], L, [0, 1] is the normed space of measurable functions f: [0, 1] — R (modulo equality
on measure 1 sets) where lIfll L,[0.1] < 00, given the norm

1 1/p
WAl 0,1 = [folf(t)lpdt] (p < ), Iflljo,1] = esssup,(o 1 ()15

here esssup, (o 1;lf (1)1 is the essential supremum of f, i.e., the smallest value 4 € R such that I[f (¢)| <4 for almost all
te[0,1].

Lemma 5.7. Forall p € [1, o], every graph is (€, L, [0, 1])-embeddable.

Proof. This follows directly from the proof of ([4], Proposition 1). O
The following result is due to Herz [20]. See also ([21], Theorem 2.1).

Theorem 5.8. Foralll <p <q <2, L4[0, 1] isometrically embeds in L,[0, 1].

With this, we can state the following.

Lemma 5.9. Foralll <p <q <2, every graph is (£, ;)-embeddable.

Proof. Define the isometric linear map T : €; — Lg[0, 1] which maps (x;, %, ...) to the function f: [0, 1] — R where
f(x) = 2" for all x € [0,1/2], and f(x) = 2"/4x, if x € (X} (1/2)}, I, (1/2)]] for some n >2. It follows that
£, can be isometrically embedded into L,[0, 1]. Hence, by Theorem 5.8, every graph is (L,[0, 1], £)-embeddable.
The result now follows from Proposition 3.1 and Lemma 5.7. O

Note that the proof of Lemma 5.9 fails for g > 2, since 62 cannot be isometrically embedded in & when g > 2 (see [21]).
It is unknown to the authors if every graph is (¢,, £;)-embeddable when g > 2 and p < q.

Theorem 5.10. Let X be a normed space and1 <p <q <2.IfG is (X, €,)-embeddable, then it is (X, £;)-embeddable.
Hence, the set €(G, X) N [1, 2] is either empty or a closed interval containing 2.

Proof. This follows from Proposition 3.1 and Lemma 5.9. O

While Theorem 5.10 guarantees that, so long as 1 <p <q <2, (X, £,)-embeddability implies (X, £,)-embeddability,
the converse is not true. For example, while K is (¢3, £,)-embeddable (Theorem 2.6), it is not (¢3, #)-embeddable. This

latter statement will be proven later in Section 6 (see Theorem 6.7).

6 | Characterising Forbidden Minors for Embeddability

We shall now focus on the special case of X being a normed plane and Y being a normed space of strictly higher
dimension. Our goal is to characterise (X, Y)-embeddability by identifying a finite list of forbidden minors, as suggested
by the celebrated Robertson-Seymour theorem [6]. We do so with the following result.

Theorem 6.1. Let X be a normed plane and Y an infinite-dimensional normed space. Then a graph G is
(X, Y)-embeddable if and only if either:

i. X is not isometrically isomorphic to ¢% and G contains no K4 minor.
ii. X is isometrically isomorphic to €2, and G contains no W, or K4 4. K4 minor (see Figure 2).

The proof of Theorem 6.1 is split into two sub-cases; either X is not isometrically isomorphic to #2, (Theorem 6.6), or it
is isometrically isomorphic to £ (Theorem 6.11). In fact, the former proof gives a slightly stronger result, since it only
requires that dim Y > 3.

6.1 | Embedding the Complete Graph of Size 4

In Theorem 2.5, it was shown that a graph G is (¢3, £,)-embeddable if and only if it contains no K4 minor. In this

subsection, we extend this result to (X, Y)-embeddable graphs, where X is a normed plane that is not isometrically
isomorphic to 2 and dim Y > 3.
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For the next result we define the following. A subset S of a normed space X is called an equilateral set ifllx — yll = 1 for
all x,y € S.

Theorem 6.2. Let X be a normed space.

i. Ifdim X = 2 then:
a. the maximal size of an equilateral set in X is 3 if and only if X is not isometrically isomorphic to ¢%, and
b. the maximal size of an equilateral set in X is 4 if and only if X is isometrically isomorphic to 2.

ii. If dim X = 3 then there exists an equilateral set in X of size 4.

Proof.
i. By ([22], Theorem 4), the maximal size of an equilateral set in a normed plane is either 3 or 4. Moreover, the
maximal size 4 is achieved if and only if the 4 points in the equilateral set are the vertices of a closed ball in X.
This latter property is only possible when X is isometrically isomorphic to 2.

ii. By ([22], Theorem 4), the maximal size of an equilateral set in a 3-dimensional normed space is at least 4.
O

Lemma 6.3. Let X,Y be normed spaces where dim X >2 and let G be a (X, Y)-embeddable graph. Suppose G’
is formed from G by adding a vertex vy and edges vovi, VoV, Where vi,v, € V are adjacent vertices in G. Then G’ is
(X, Y)-embeddable also.

Proof. Choose any ¢’ € YVV™}, By Proposition 3.3 we may assume that dim Y > 2. Define ¢ € Y" to be the point with
q,=q, for all ve V. As G is (X,Y)-embeddable then there exists p € XV where Jox(P) = f5.y(@). Define
di:=llg, —q, lly for each i € {1, 2}. Asllg, — q; lly =llp, — p,, Il then,

d +dy 2llp, —p,lix,d +1lp, —p, llx 2dp, d> + llp, — p, lIx >d. @)
Define for each i € {1, 2} the sets

Di={xeX:lx - Dy lIx <d;i} and S;:=={xeX:lx-— Dy llx = d;}.

As Equation (2) holds, the set D; N D, is non-empty but does not contain D; or D,. It follows that the set S; N S, is

d L.
m(pvl — p,,) (which is not
d

m(pv2 — p,,) (which is contained in D,) and noting that the set S, must
v 13

be intersected at some point during the path. Hence there exists x € X where llp, — xllx = d; for each i € {1, 2}.
If we set p’ € X"V to be the realisation where p/ = p, for all v € V and p/v0 = x, then fy x(P") = fory(q) as

non-empty; this can be seen by traversing the boundary of S; from the point p, +

contained in D) to the point p, +

required. O

Proposition 6.4 ([23], Proposition 7.3.1). For any graph G = (V, E), the following are equivalent:

i. G does not contain K4 as a minor, and G + vw does contain K4 as a minor for every distinct pair v, w € V where
w & E.
ii. G can be formed from K, by a sequence moves where we add a vertex connected to pairs of adjacent vertices.

Lemma 6.5. Let X,Y be normed spaces where dim X > 2. If G contains no K4 minor then G is (X, Y)-embeddable.

Proof. Since (X, Y)-embeddability is a minor-closed property, we may assume that G is maximal in the set of K4
minor-free graphs, i.e., for any e ¢ E, the graph G + e contains a copy of K, as a minor. By Proposition 6.4 and
Lemma 6.3, G is (X, Y)-embeddable, as K; is clearly (X, Y)-embeddable. O

With this, we can now prove our first key result of the section.

2

009

Theorem 6.6. Let X be a normed plane not isometrically isomorphic to €
dim Y > 3. Then G is (X, Y)-embeddable if and only if G contains no K, minor.

and let Y be a normed space with
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Proof. Suppose G is (X, Y)-embeddable and contains K, as a minor. Since (X, Y)-embeddability is a minor-closed
property, it suffices to assume that G = K,4. By Theorem 6.2, there exists g € YV where f;, (q) = (1,1,1,1). As G is

(X, Y)-embeddable then there exists x,X%,x3, x4 € X so that if we set p, =x; for each i€ {1, 2, 3,4} then
Jox(p) = (1,1,1,1). However this contradicts Theorem 6.2.

The converse follows from Lemma 6.5. O

For next result we first recall that a normed space X is strictly convex if for all points x, y € X with lixll = llyll = 1, we
have llx + yll = 2 if and only if x = y.

Theorem 6.7. Let X be a strictly convex normed space with dim X > 2 and let Y be a normed space that is not strictly
convex. Then a graph G is (X, Y)-embeddable if and only if it contains no K4 minor.

Proof. By Lemma 6.5, if G contains no K; minor then it is (X, Y)-embeddable. Suppose G contains K, as a
minor. Since (X, Y)-embeddability is a minor-closed property, it suffices to assume that G = K4. As Y is not
strictly convex, there exists x,y € Y where lIxll = Ilyll = 1,x # y and llx + yll = 2. Let g be the realisation of K, in
Y with

q,,=0,9,=x,q9,, =y, 9, =X+ ).

As X is strictly convex, no such p € XV exists with f;(p) =f;,(q). Hence G is not (X,Y)-embeddable,
as required. O

Example 6.8. By Theorem 6.7, the (¢3, £,)-embeddable graphs are exactly those that contain no K, minor. Thus,
by Theorem 2.5, (£3, £;)-embeddability is equivalent to (£3, ,)-embeddability. Moreover, if dim Y = co then, by
Theorem 5.1, (€3, Y)-embeddability is equivalent to both (¢3, £,)- and (¢3, £,)-embeddability.

Note that (¢3, #,)-embeddability is not equivalent to (€3, £)-embeddability (compare Theorem 2.6 and Theorem 6.7). If
dim Y = oo then, by Theorem 5.1(i), the forbidden minors for &3, Y)-embeddability are also forbidden minors for
(63, 6,.)-embeddability, and hence contain a K, minor. By Theorem 5.1(ii), the forbidden minors for (£3,Y)-
embeddability include the forbidden minors for (¢3, £,)-embeddability. In particular, K5 and K>, are forbidden minors
for (£3, Y)-embeddability.

6.2 | Embedding into 2

Let M be a real n X n symmetric matrix. We say that M is a Euclidean distance matrix if there exists a map
p:{l,...n} = & wherellp, — p; I3 = M;; for all i,j € {1, ..., n}.

Theorem 6.9 ([24], Theorem 1). Let M be a real n X n symmetric matrix with M = 0 for alli € {1, ..., n}. Define A to
be the (n — 1) X (n — 1) symmetric matrix with Aj = M, + Mj, — Mj; foralli,j € {1, ...,n — 1}. Then M is a Euclidean
distance matrix if and only if A is positive semidefinite.

Lemma 6.10 ([11], Section 5). There exist no realisations of W, or K4 + K, in €% such that the edge lengths of the
embedded graph satisfy the given edge weights in Figure 3.

88 36

78 79

71 74

FIGURE 3 | The edge lengths assigned to W, (left) and K, + K4 (right).
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For the next result we recall that a (symmetric) partial matrix is a real-valued indexed tuple M= (myj)j)es for some
indexing set E C {(i,j) : 1 <i <j <n}. A completion of a partial matrix M is a symmetric matrix M where M;; = my; for
each (i,j) € E.

Theorem 6.11. Let X be a normed plane isometrically isomorphic to £2,, and let Y be an infinite-dimensional normed
space. Then a graph is (X, Y)-embeddable if and only if it contains no W, or K4 +, K4 minor (see Figure 2).

Proof. By Proposition 3.2, we may assume X = £2,. By Theorem 5.1, for the forward implication it suffices to consider
the case where Y = 4,.

The matrix M (W,) below is a completion of the partial matrix formed from the squares of the edge weights of W, given
in Figure 3, where bold numbers represent entries added to complete the partial matrix:

0 324 245 576 40000
324 0 289 294 40000
M(W,) :=| 245 289 0 400 40000 |.
576 294 400 0 40000
40000 40000 40000 40000 0

Similarly, the matrix M (K, + K,) is a completion of the partial matrix formed from the squares of the edge weights of
K4 + K4 given in Figure 3, where bold numbers represent the added values:

0 3003 5041 5929 5476 2116
3003 0 2809 7744 6241 1296
5041 2809 0 6084 4765 2595
5929 7744 6084 0 6545 4655|
5476 6241 4765 6545 0 6241
2116 1296 2595 4655 6241 O

M (K4 + Ky) =

By applying Theorem 6.9 combined with a simple computational eigenvalue check, we see that both M (W,) and
M (K, + K,) are Euclidean distance matrices. Hence there exist realisations p and q of W, and K4 + K, respectively in
£, that realise the edge weights shown in Figure 3. By Lemma 6.10, there exist no realisations of either graph in ¢2
that satisfy the given edge weights in Figure 3. Hence W, and K, + K, are not (62, 6,)-embeddable, and so any

(62, 6,)-embeddable graph must contain no W, or K4 + K, minor.

For the converse, any graph that contains no W, or K4 + K4 minor is (620, 4y)-embeddable by Theorem 2.7. Hence any

graph that contains no W, or K, + K4 minor is (¢%,, Y)-embeddable by Theorem 5.1. O

Remark 6.12. The matrices M (W,) and M (K4 + K,) in the proof of Theorem 6.11 were obtained as follows: We first
applied a method similar to what is sketched out in [25] using a semidefinite program solver in Julia [26] to obtain
completed matrices. After this, we then rounded the entries of each matrix to obtain M (W) and M (K4 + K4). We next
verified that both M (W,) and M (K, + K,) are Euclidean distance matrices by computing the unique A matrix in each
case (as described in Theorem 6.9) and checking that it is positive semidefinite. This last step was performed by
computing the exact eigenvalues of each A matrix.

6.3 | Embedding into ¢ From Any Normed Space

Proposition 3.3 and Theorem 6.6 characterise exactly which graphs are (€2, Y)-embeddable when dim Y # 2; i.e.,

all graphs if dim Y = 1, K4 minor-free graphs if dim Y >3. We also know from Theorem 6.7 that, when Y is a
normed plane that is not strictly convex, a graph is (¢3, Y)-embeddable if and only if it contains no K4 minor. We

now improve this latter result by dropping the requirement that Y is not strictly convex, and hence obtain a full
characterisation for the (¢3, Y)-embeddable graphs for any choice of Y. We begin with the following result of

Alonso and Benitez.
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Theorem 6.13 ([27], Corollary, pg. 323). Let Y be a normed plane which is not isometrically isomorphic to £5 and let
€ € (0, 2). If ¢ is not an element of the set

S:={2cos(kn/2n) :n,k € N,1 <k <n — 1},

then there exist unit vectors a, b € Y such thatlla — blly = 1 and lla + blly # V4 — €.

Theorem 6.14. Let Y be any normed space.

i. IfdimY =1 orY is a normed plane that is isometrically isomorphic to €3, then every graph is (¢3, Y )-embeddable.
ii. Ifdim Y >3 orY is a normed plane that is not isometrically isomorphic to €3, then a graph is (¢3, Y)-embeddable if

and only if it contains no K4 minor.

Proof.  As noted above, the remaining case to check is exactly when Y is a normed plane that is not isometrically isomorphic
to £5. By Lemma 6.5, if G contains no K, minor then it is (¢3, Y)-embeddable. Suppose G contains K, as a minor. Since

(¢3, Y)-embeddability is a minor-closed property, it suffices to assume that G & K. Label the vertices of G by vy, vy, V3, 1.

Choose ¢ € (0, 2)\S, with S being the set defined in Theorem 6.13. It is easy to see that, up to isometry, there exist
exactly two realisations of K, in #3 such that the edges v, v, V13, V214, V314 have length 1 and the edge v,v; has length €:
the realisation p where lp, — p, lly = V4 — ¢*, and the realisation p’ where lip), — p, lly = 0. By Theorem 6.13,

there exists a, b € Y such that llally = lIblly = 1, lla — blly = € and lla + blly # +4 — €2. Since lla — blly < 2, we also
have that lla + blly # 0. Define g to be the realisation of K4 in Y with q, =0, q, = a,q, = b and g, = a + b. Since

Ilqv1 - qVZIIY = Iqu1 - qully = Iqu2 - qv4lly = Iqu3 - qv4lly =1

and llg, — g, lly = lla — blly = ¢, butllg, — g, lly = lla + blly & {0, V4 — €7}, we have that f; () ng,gg((eﬁ)V), that
is, G is not (¢, Y)-embeddable. O

7 | Embeddability for Countably Infinite Graphs

For this final section we shall now allow a graph G = (V, E) to have countably infinite vertex and edge sets. Our
definitions of embeddability extend immediately to countably infinite graphs.

Definition 7.1. A tower in G is a sequence of finite subgraphs (G,),en With G, = (V;, E,,), where V,, C V;,;; and
E, C E,;, for each n € N. A tower is complete if U,cnV,, = V and UpenE, = E.

The following lemma is a well-known application of Tychonoff's theorem. We provide the proof for completeness.

Lemma 7.2. Let (A,),cn be a sequence of non-empty compact Hausdorff spaces where for each n < m there exists a
CONLinUoOUS map 7,y : Am — An. Suppose that m, , is the identity map and 7, p = 7y, © e for alln <m < €. Then the
inverse limit

A= {(an)neN € H Ay ﬂn,m(am) = ap forall n < m}

neN
is a non-empty compact subset of [],nAn-

Proof. By Tychonoff's theorem, [],.yAx is compact; further, since the product of Hausdorff spaces is Hausdorff,

[1,,cnAn is Hausdorff also. Since A is a closed subset of [],.Ax, it is a compact subset.

For any n <m we note that 75 ,(A,) D m 4 (An). As each 1 ,(A4,) is a non-empty compact subset of a Hausdorff space,
by Cantor's intersection theorem there exists x € Nyen7, , (A,). Define for each k € N the set

By := {(an)neN € [[A:a=xmi(a)=a, forall n Sk}-

neN
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By our choice of x € A;, each By is a non-empty compact subset of [[,.yAx, and we note that B, O B, for all k <#.
By Cantor's intersection theorem, (,enB, is a non-empty set which is contained in A. |

Theorem 7.3. Let G = (V, E) be a connected graph with countable vertex set. Then the following are equivalent for
any normed spaces X, Y where X is finite-dimensional:

i. G is (X, Y)-embeddable.
ii. Every subgraph of G is (X, Y)-embeddable.
iii. G contains a complete tower of connected (X, Y)-embeddable subgraphs.

Proof. 1t is immediate that (i) = (ii) = (iii). Suppose (iii) holds, i.e. there exists a complete tower (G,),cny Where each
G, is connected and (X, Y)-embeddable. Choose any g € YV and vy € V5. For each n € N, let

A, ={pe X" ‘b, = OafGn,X (p) :fcn,y (qan)}'

As each G, is connected, X is finite-dimensional and each f; y is continuous, each set A, is a non-empty compact
Hausdorff space. For every n < m, define the continuous map

Tam - Am = An, (Pv)vevm g (pv)veVy,'

It is immediate that 7, , is the identity map and 7, , = 7, ;m © 7 for all n <m < €. Then by Lemma 7.2 there exists
(P nen € [1,cnAn where 7, 1, (p,,) = p, for alln <m. If we define p € XV to be the unique point where p, = (p,) for
v € V, then f; x (p) = f5 y (q@). Hence G is (X, Y)-embeddable as required. O

Remark 7.4. 1t is worth noting that Theorem 7.3 requires that X is finite-dimensional. To see why this is required,
take G to be the complete graph with a countably infinite set of vertices, X = ¢, for some 1 <p <2, and Y = 4,.
By Theorem 5.1, every finite subgraph is (¢, #)-embeddable. Suppose for contradiction the graph G is also
(¢p, £2)-embeddable. Choose a realisation q of G such that the set D :={q,: v € V} is a dense subset of £,. By our
assumption, there exists an equivalent realisation g in £,. Hence there exists an isometry f: D — £,. As £, is complete,
we can extend this map to an isometry h : £, — £,. However, no such isometry can exist (see e.g. [28], Section 4), which
gives the desired contradiction.
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