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Abstract

Over the last twenty years, signi�cant advancements have been made in extreme value theory

(EVT), many of which have been achieved by leveraging concepts from other mathematical

areas. One such example in the last �ve years is graph theory. This has gone both ways:

extreme value theory has been used to model characteristics of graphical structure, such as

their degree distribution, and graphs have been used for their stochastic representation to aid

in dimensionality reduction in EVT models. The work contained in this thesis contributes

to both of these areas.

For characteristics of graphical structures, modelling the degree distribution (the number of

edges connected to a vertex) will be our aim. In the literature, such modelling has several

limitations. Some authors approximate the degree distribution, a discrete random variable,

with a continuous distribution, while others use a single discrete model for the entire degree

distribution, despite the data exhibiting di�erent behaviour in the body and the tail. More

concerning is the restriction of most analyses to heavy-tailed distributions. Given these

issues, we propose a 
exible mixture distribution, where the tail is modelled using an integer

generalised Pareto distribution, to model the entire degree distribution. Consequently, the

model can capture a variety of behaviour in both the body and the tail, without needing to

pre-specify the rate of tail decay.

For exploiting the stochastic representation of graphs, this has been achieved under the as-

sumption of full asymptotic dependence (AD). For data exhibiting asymptotic independence

(AI), the theory has been developed, but there is no statistical methodology to accompany

it. We aim to develop such methodology. We achieve this in a di�erent way than the theory

suggests for computational purposes, by proposing an extension to the conditional multivari-

ate extreme value model (CMEVM). Our extension has three ingredients: a new model for

the margins of the residual distribution, a novel approach for incorporating graphical struc-

tures into the dependence structure of the residual distribution, and a step-wise inference

procedure that loses no information compared to a joint estimation procedure to allow for
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scalable inference to high dimensions. Our results indicate the necessity for a general graph-

ical dependence structure and a 
exible dependence model when applied to river discharges

in the upper Danube River basin.

Treating river discharges as a multivariate problem meant we were unable to obtain predicted

river 
ows at unobserved locations on the river network without post-hoc interpolation, which

may not accurately represent river 
ow, particularly at con
uence points. This inspired

modelling river discharges as a stochastic process on a non-Euclidean space. However, this

has received little attention in the EVT literature, and where it has, the model has assumed

full AD. Thus, we propose a further extension of the CMEVM that models the residual

distribution using the very recently developed class of Gaussian Whittle-Mat�ern �elds for

metric graphs. By treating the data in this manner, we can form a geodesic distance metric

on the graph and use a correlation function based on river distance to capture the dependence

between locations. Consequently, we can obtain fast and fully stochastic simulations for any

point on the river network. Although our results are preliminary, they o�er valuable insight

into potential advancements in stochastic simulations of river 
ows.
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2 CHAPTER 1. INTRODUCTION

This chapter outlines the core theme of the thesis: to combine extreme value theory (EVT)

and graph theory. Since the motivation for each chapter is slightly di�erent, some motiva-

tion is provided in the thesis outline below, with a more thorough description provided in the

introduction of the requisite chapters. In addition, brief literature reviews of both EVT (uni-

variate, multivariate, and spatial) and graph theory are provided, with more comprehensive

reviews and introductions into the necessary methods presented in each chapter.

1.1 Thesis outline

This thesis aims to combine two areas of mathematics: graph theory and EVT. Given the dis-

tinct nature of Chapters 2 - 4, which focus on univariate, multivariate, and spatial problems,

respectively, the chapters themselves are treated as self-contained topics. Consequently, the

notation between chapters may not be consistent, however, the notation within each chapter

should be consistent and well-de�ned within said chapter. Furthermore, individual discussion

sections and reference lists are provided at the end of each chapter.

Chapter 2 aims to model the degree distribution of a network using methods from EVT.

Previous attempts to model the degree distribution have various limitations. Firstly, existing

methods to model the entire degree distribution are generally not 
exible enough to capture

the di�ering behaviour in the body and the tail. Secondly, most existing models assume a

heavy-tailed distribution for the tail, which is not appropriate for all networks. Further, there

is a limited pool of generative models that can produce a network with a heavy-tailed degree

distribution. To overcome these limitations, we draw on EVT to model degree distributions

using a 
exible mixture model. This allows us to model the entire degree distribution,

account for the di�ering behaviours of the body and the tail, and have a 
exible model that

can capture light-, exponential-, and heavy-tails without having to pre-specify the rate of tail

decay. We illustrate our proposed method on a range of degree distributions to explore its

merits and limitations.

Chapters 3 and 4 switch focus. Rather than using extreme value methods to model data from

networks, we use graphs to improve extreme value models. Chapter 3 focuses on the mul-

tivariate setting, using conditional independence implied from graphs to reduce the number

of dependence parameters in multivariate tail models. This work was inspired by Engelke

and Hitz (2020), who developed extremal graphical models for multivariate Pareto distribu-

tions. Since this distribution can only capture full asymptotic dependence (AD), Casey and

Papastathopoulos (2023) extended the concept to the conditional multivariate extreme value

model He�ernan and Tawn (2004), which can capture both AD and asymptotic independence
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(AI). However, Casey and Papastathopoulos (2023) do not go as far as to use this theory

for statistical inference. We �ll this gap by proposing several extensions to the CMEVM,

including a more 
exible model for the margins of the residual distribution, a sparse depen-

dence structure for the residual distribution, and a step-wise inference procedure to allow for

scalable inference to high dimensions without loss of information. We apply our proposed

model to river discharges in the upper Danube River basin to demonstrate the advantages of

a more general and 
exible model for the dependence structure.

In Chapter 3, the 
ows at di�erent measurement locations in the upper Danube River basin

are modelled as a multivariate random vector, meaning predictions of river 
ow at unobserved

locations on the river can only be obtained with post-inference interpolation. This limitation

suggests the need for a process-based model. While there exist many extreme value models

for stochastic processes observed on Euclidean spaces, there are very few that can model

stochastic processes observed on non-Euclidean spaces. One example is the model proposed

by Asadi et al. (2015) that uses a Brown-Resnick process in which both Euclidean and non-

Euclidean between-site distances contribute to the pairwise dependence between locations.

However, this model assumes full AD, which we show in Chapter 3 to be inappropriate

for this dataset. In addition, although their model �ts relatively well, extrapolation to

unobserved locations requires considerable data processing using a digital elevation model.

This inspires our next extension of the CMEVM, which uses generalised additive models

(GAMs) to describe the marginal and CMEVM parameters, and a Gaussian Whittle-Mat�ern

�eld for metric graphs (Bolin et al., 2024) to model the residual process. Our model allows

for fast predictions across the entire river network.

Finally, Chapter 5 details Lancaster University's contribution to the EVA 2023 Conference

Data Challenge. The challenge consisted of several univariate (C1 and C2) and multivari-

ate (C3 and C4) problems. For the former, 
exible GAMs for extreme value distributions

are used to model a non-stationary time series to estimate extreme quantiles. For the lat-

ter, two methods were used due to the di�ering datasets. For C3, we propose modelling

a GAM extension of the approach proposed by Wadsworth and Tawn (2013) due to the

required AI assumption. For C4, a clustering technique, based on exploratory analysis of

pairwise extremal dependence measures, is used to reduce a 50-dimensional random vector

into 5 distinct vectors of at most dimension 15. The clusters are then modelled using the

original CMEVM and are subsequently used to estimate high-dimensional probabilities while

assuming independence between the clusters.
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1.2 Univariate extreme value theory

Extreme value theory aims to characterise the tail behaviour of any probability distribution

without knowing the form of the underlying distribution. This allows us to develop statistical

methodology for modelling the tails of the distribution without using information in the

body. In the univariate case, the two main approaches for modelling extreme values are:

the generalised extreme value (GEV) distribution, described in Section 1.2.1 for modelling

block maxima, and the generalised Pareto distribution (GPD), described in Section 1.2.2 for

modelling threshold exceedances. A review of these models can be found in Coles (2001).

Both approaches assume a sequence of independent and identically distributed (IID) random

variables X1; : : : ; X n for n 2 N with common continuous distribution function F .

1.2.1 Generalised extreme value distribution

For the block maxima approach, we are concerned with the behaviour of the random variable

M n = maxfX 1; : : : ; X ng, the maximum of the sequence. Minima can be modelled similarly

by noting that minfX 1; : : : ; X ng = �maxf�X 1; : : : ; �X ng. The distribution for M n can be

derived exactly for all n 2 N and all x 2 R as

P[Mn � x] = P[X 1 � x; : : : X n � x] = P[X 1 � x] : : : P[X n � x] = fF (x)g n : (1.2.1)

Equation (1.2.1) is not useful for constructing statistical models since F is unknown in

practice and the distribution of Mn is degenerate to a point mass on xF , the upper end-point

of the distribution F since fF (x)g n ! 0 as n ! 1 for any x < x F . To overcome this,

consider the Extremal Types Theorem (Leadbetter, 1983). This states that if X1; : : : X d are

IID random variables with common distribution function F , and there exists sequences of

normalising constants fang and fbn > 0g such that for all x 2 R

P
�

M n � a n

bn
� x

�
= fF (a nx + bn )gn ! G(x) as n ! 1; (1.2.2)

where G is a non-degenerate distribution function, then G takes the form of the GEV distri-

bution with distribution function

G(x) =

8
>><

>>:

exp
�

�
h
1 + �

� x��
�

� i �1=�

+

�
if � 6= 0

exp
�

�exp
h
� (x��)

�

i �
if � = 0

(1.2.3)

such that � > 0 and A + = maxf0; Ag.
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The parameters of the GEV distribution are � 2 R, � > 0, and � 2 R corresponding to the

location, scale, and shape, respectively. The case when � = 0 is taken in the limit as � ! 0.

The common distribution function F is said to lie in the domain of attraction (DOA) of G,

and the value of � is determined by the rate of decay of F . If � < 0, F has a �nite upper

end-point (light tail) and belongs to the DOA of the negative Weibull distribution. If � > 0,

F has no upper endpoint (heavy tail) and belongs to the DOA of the Fr�echet distribution.

Finally, in the limit as � ! 0, F has no upper endpoint (exponential tail) and belongs to the

DOA of the Gumbel distribution.

The normalising functions fang and fbn > 0g depend on F , which is unknown, however, they

do not need to be modelled. Assuming equation (1.2.3) holds for all x 2 R and large n, we

can write

P[Mn � x] � G
�

x � a n

bn

�
= G � (x);

where G� is a member of the GEV family with parameters �� , � � and �, then the normalising

constants are absorbed into the location and scale parameters. Therefore, we can use the

GEV distribution to model not only maxima of a sequence, but block maxima. To obtain the

block maxima dataset, we split the data into m blocks of size n. Typically for environmental

data, the blocks are taken to correspond to a time length of one year, such that n is the

number of observations in a year and the block maxima are annual maxima. Taking the

maximum in each block leads to the sequence Mn;1 ; : : : ; Mn;m which are assumed to follow a

GEV distribution. The approach is illustrated in Figure 1.1 (left panel).

Note, the choice of n (m) involves a bias-variance trade-o�; if n (m) is too small (large), there

are not enough points within each block such that the limiting result in equation (1.2.2) holds.

Conversely, if n (m) is too large (small), there are not enough block maxima to accurately

estimate the model's parameters.

1.2.2 Generalised Pareto distribution

The block maxima approach can lead to many, possibly informative, extreme observations

being discarded during inference. This is common when several extreme values may occur

in the same block, particularly if the block length is large, or when we model data at an

aggregated level, i.e. we may only model the daily maxima, but the data may be recorded

hourly. To overcome this limitation, an alternative is the peaks over threshold approach that

treats all events above a large threshold as extreme. This approach is illustrated in Figure

1.1 (right panel).

Speci�cally, consider X to be an arbitrary element of the sequence of IID random variables
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Figure 1.1: Block maxima (left) and peaks over threshold (right) approaches. The blue points
represent the observations used in each modelling approach. The red dotted lines represent
the block boundaries for the block maxima approach and the threshold for the peaks over
threshold approach.

X 1; : : : ; X n with common continuous distribution function F and upper end-point xF . If F

is in the DOA of the GEV, the Pickands-Balkema-de Haan theorem (Balkema and de Haan,

1974; Pickands III, 1975) states that, under certain regularity conditions, there exists a

normalising function c(u) > 0 such that for all x > 0

P
�

X � u
c(u)

� x j X > u
�

! H(x) (1.2.4)

as u ! x F . Here, H is the distribution function of the generalised Pareto Distribution (GP)

that takes the form

H(x) =

8
>><

>>:

1 �
�
1 + �

�
x�u
� u

� � �1=�

+

if � 6= 0

1 � exp
�
�(x � u)=� u

�
if � = 0

(1.2.5)

where �u > 0 and � 2 R are the scale and shape parameters, respectively. Again, � = 0 in

equation (1.2.5) is taken to be in the limit. Note that the shape parameter � is the same as
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the GEV shape parameter in equation (1.2.3), however, the scale parameter is not consistent

as � u = � + �(u � �) and therefore depends on the location and scale parameter of the GEV,

and the threshold u.

As with the sequence of normalising constants in the block maxima approach, the normalising

function c(u) depends on F and is unknown in practice. Assuming limit 1.2.4 holds for some

large threshold u, the excess above the threshold can be modelled as

P[X � u � x j X > u] � H
�

x
c(u)

�
= H � (x);

where H� is the distribution function of another GP distribution with scale parameter ��u and

shape parameter �. Again, the normalising function is absorbed into the scale parameter,

allowing us to use equation (1.2.5) to model excesses above u. Smith (1989) explains the

relationship between the GEV and GP distributions, and Coles (2001) provides a formal

justi�cation for this model in describing threshold exceedances.

Similar to the choice of n (m) in the block maxima approach, the choice of u represents

another bias-variance trade-o� (Smith, 1987). If u is chosen to be too low, limit (1.2.4) will

not hold, resulting in biased parameter estimates, while too high a threshold will result in high

variability of the estimates. There are many methods to choose the threshold; see Scarrott and

MacDonald (2012) for a review. One common method detailed in Coles (2001) is to select the

threshold based on mean residual life plots and parameter stability plots (Davison and Smith,

1990), with the former being linear and the latter being constant above a high threshold

u. These methods are subjective, and even experienced practitioners can disagree on the

threshold. Therefore, numerous other automated threshold selection procedures have been

proposed, including likelihood-based diagnostic tools (Wadsworth, 2016), Bayesian cross-

validation (Northrop et al., 2016), and Monte-Carlo-based approaches (Murphy et al., 2025;

Varty et al., 2021).

1.3 Multivariate extreme value theory

Multivariate extreme value theory initially mirrored the univariate setting with models built

for componentwise maxima and then for peaks over threshold data. However, both methods

are limited in the types of joint extreme behaviour they can capture. To explain why and

how it can be addressed, we �rst de�ne the di�erent classes of extremal dependence before

presenting the conditional multivariate extreme value model.
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1.3.1 Dependence measures

A key part of multivariate extreme value models is accurately capturing the extremal de-

pendence structure. Let V = f1; : : : ; dg and consider the d-dimensional random vector

X = fX j : j 2 V g with joint and marginal distributions F X (x) = P[X � x] and F j (x j ) =

P[X j � x j ], respectively. Simpson et al. (2020) consider a multivariate version of the coe�-

cient � (Joe, 1997) to determine if the extreme events of two or more components of X can

occur simultaneously or not. Now, for u 2 (0; 1), A � V and jAj � 2, if the measure

� A = lim
u!1

� A (u) = lim
u!1

P[Fi (X i ) > u : i 2 A]=(1 � u); (1.3.1)

is strictly positive, then the components in A experience their extremes simultaneously and

are said to belong to the extremal dependence class of asymptotic dependence (AD). However,

if � A = 0, then the components of X cannot be simultaneously extreme. Furthermore, if

jAj = 2 the components are said to belong to the extremal dependence class of asymptotic

independence (AI) (Ledford and Tawn, 1996). Full AD occurs when �A > 0 for all subsets

A � V , and full AI occurs when � A = 0 for all two-dimensional subsets of V . While

independence implies AI, the converse is not true.

When jAj = 2, � A does not tell us about the strength of the association between the compo-

nents when the components exhibit AI. i; j 2 A, i 6= j, and u 2 (0; 1) the measure

�� = lim
u!1

��(u) = lim
u!1

2log(1 � u)=P[(F i (X i ) > u; F j (X j ) > u)];

quanti�es the strength of association between the components (Coles et al., 1999). Since our

focus is random variables with AI, we would need to analyse (�; ��) together to determine if

a pair of random variables exhibits AI and the relative strength of dependence in the class.

An alternative way to quantify the strength of association between the components with

AI is through the coe�cient of tail dependence � 2 (0; 1] (Ledford and Tawn, 1996). The

coe�cient arises by approximating the joint survivor function of (X i ; X j ). Speci�cally, for

i; j 2 A, i 6= j, and as u ! 1

P[FX i (X i ) > u; F X j (X j ) > u] = L(1 � u)(1 � u) 1=� ; (1.3.2)

where L is a slowly varying function such that L(tx)=L(x) ! 1 as x ! 1 for all positive

constant t. An alternative way to obtain the coe�cient of tail dependence � is

� = lim
u!1

�(u) = lim
u!1

log(1 � u)
log(P[FX i (X i ) > u; F X j (X j ) > u])
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For pairs of random variables that exhibit AD, � = 1 and L(x) 9 0 as x ! 1. Otherwise, the

random variables exhibit AI, and � provides information on the strength of the association; if

� 2 (0; 1=2), then the variables are negatively associated in the extremes; if � 2 (1=2; 1), then

the variables are positively associated in the extremes. Exact independence is achieved if

� = 1=2 and L(1 �u) = 1, otherwise we have near independence if � = 1=2 and L(1 �u) 6= 1.

One can notice that � provides similar information to �� since �� = 2� � 1.

Equation (1.3.2) can be extended to the multivariate setting; Eastoe and Tawn (2012) de�ne

the joint survivor function as

P[Fi (X i ) > u : i 2 A] = L(1 � u)(1 � u) �1=�(A)�1 ; (1.3.3)

as u ! 1 and for u 2 (0; 1) and �(A) 2 (0; 1]. The components of A exhibit AD if �(A) = 1

and limu!1 L(1 � u) > 0, otherwise they cannot be extreme simultaneously. Note, however,

that subsets of A may still exhibit AD.

1.3.2 Conditional multivariate extreme value model

The conditional multivariate extreme value model (CMEVM) proposed by He�ernan and

Tawn (2004) was the �rst model to provide a credible approach to data exhibiting both

AI and AD. The CMEVM is not based on a multivariate distribution or process; rather,

conditional on one variable being large, normalising functions are de�ned to control the rate

of growth of all the other variables such that, after normalisation, the joint distribution of

these \residuals" is non-degenerate.

To set up the model for the d-dimensional vector X, �rst de�ne Y as the vector X after

transformation onto standard Laplace margins. Note that the original model was de�ned

on standard Gumbel margins (He�ernan and Resnick, 2007; He�ernan and Tawn, 2004),

however, Keef et al. (2013) propose using standard Laplace margins to simplify the parame-

terisation of the dependence structure. Further, let Vji := V nfig, X ji := fX j : j 2 V ji g, and

Yji := fY j : j 2 V ji g denote the set V and vectors X, and Y excluding their ith element. The

central modelling assumption is that there exist normalising functions fajji : R ! R; j 2 V ji g

and fbjji : R ! R + ; j 2 V ji g, such that for any i 2 V ,

0

B
@

(
Yj � a jji (Yi )

bjji (Yi )

)

j2V ji

; Yi � u Yi

1

C
A

�
�
�
� Yi > u Yi

d!
�
fZ jji : j 2 V ji g; E

�
; (1.3.4)

with convergence as uYi ! 1. In the limit, the residual vector Z ji = fZ jji : j 2 V ji g
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is independent of the conditioning component Yi and has a non-degenerate distribution,

while the limit variable E follows a standard exponential distribution He�ernan and Resnick

(2007). Consequently, inference can be undertaken separately on: (i) Yi j Yi > u Yi ; (ii) the

normalising functions; and (iii) the residuals Zji .

Step (i) is trivial, since the tail of Yi j Yi > u Yi is standard exponential by limit (1.3.4). For

(ii) the normalising functions, He�ernan and Tawn (2004) propose the form

ajji (yi ) = � jji yi ; bjji (yi ) = y
� jji

i

where, for Laplace margins, �jji 2 [�1; 1] and � jji 2 (�1; 1]. These 
exible functions capture

AD (� jji = 1 and � jji = 0), complete independence (�jji = 0), and AI (all other parameter

combinations). While a class of models can be proposed for the normalising functions, there

is no general class of distributions to model (iii) the residuals Zji . He�ernan and Tawn

(2004) and Keef et al. (2013) use the working assumption that the components of Zji are

mutually independent and follow a Gaussian distribution. Consequently, estimation reduces

to a regression problem that is computationally e�cient and scalable to high dimensions,

unlike most multivariate extreme value models. Conversely, the residuals are likely to be

neither mutually independent nor Gaussian, meaning semi-parametric prediction is required,

which limits the scalability to moderate dimensions.

1.4 Spatial extremes

Spatially referenced data is an example of multivariate data. A spatial process is denoted

fX(s) : s 2 Sg, where S � R 2. In this setting, we can signi�cantly reduce the parameter

space by exploiting the underlying spatial surface on which the data are collected. As a

byproduct, we can also obtain stochastic simulations of the process at unobserved locations,

thereby eliminating the need for post-inference interpolation typically required in multivariate

modelling.

To achieve this, the summary measures �A and �(A) in equations (1.3.1) and (1.3.3), respec-

tively, need to be extended to the spatial setting (Huser and Wadsworth, 2022) to inform us

how dependence in the tail changes with respect to a distance metric. Consider two distinct

locations s1; s2 2 S such that X(s 1) � F 1 and X(s2) � F 2. The pairwise spatial extension of

� A is de�ned as

�(s 1; s2) = lim
u!1

� u(s1; s2) = lim
u!1

P[X(s1) > F �1
1 (u) j X(s 2) > F �1

2 (u)]: (1.4.1)
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The stochastic process is said to be asymptotically dependent if for any two sites the limit

in equation (1.4.1) is positive, i.e. �(s1; s2) > 0 for all distinct s 1; s2 2 S. Otherwise, the

process is deemed asymptotically independent. Similarly, the spatial extension of �(A) can

be de�ned by assuming as u ! 1 that

P[X(s1) > F �1
1 (u) j X(s 2) > F �1

2 (u)] � Lf(1 � u) �1 g(1 � u) 1=�(s 1 ;s2 )�1 :

Note, this has the same interpretation as the bivariate form for � in Section 1.3.1. Processes

observed on Euclidean spaces generally obey the rule that things close together are more

similar than those that are far away (Wadsworth and Tawn, 2022). To explore how the

extremal dependence decays with separation distance, we can obtain estimates of �(s1; s2)

for all s1; s2 2 S. Plotting the estimates against the Euclidean separation distance

d(s1; s2) = jjs 1; s2jj

between the pairs, we should notice a smooth decay of �(s1; s2) as d(s1; s2) increase.

If the extremal dependence decays in a smooth manner with respect to Euclidean distance,

then the dependence structure could be modelled using a Gaussian process with some cor-

relation function �(s 1; s2) = C(d(s 1; s2); �), such that C(�) is a function of distance d(s1; s2)

with respect to parameters �. Thus, rather than having d(d � 1)=2 dependence parameters

in the correlation matrix, as is the case in the saturated multivariate model, we can approx-

imate the correlation matrix with just a handful of parameters �. Such a reduction in the

parameter space provides large computational gains and allows the model to be �tted in

higher dimensions.

Davison et al. (2012) and Huser and Wadsworth (2022) provide a comprehensive review of

spatial extreme value models. The notion of an extreme event in a spatial context is un-

clear, and the precise de�nition leads to di�erent modelling approaches. Given the block

maxima approach in the univariate case, and the pointwise block maxima in the multivari-

ate setting, a plausible approach is to use a max-stable process to model spatially indexed

block maxima (Blanchet and Davison, 2011). However, such models have several limitations,

including: inference is di�cult due to the complicated likelihood, simulations are computa-

tionally expensive, the data is arti�cial, and the models can only capture AD. Rather than

using arti�cial block maxima, the generalised Pareto distribution can be extended to consider

generalised Pareto processes (Ferreira and de Haan, 2014) which condition on sups2S fX(s)g

being large. Another natural extension is the r-Pareto process (de Fondeville and Davison,

2018) for the r-largest exceedances. Such models only result in AD over the entire spatial
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domain, which is unrealistic if the spatial domain being considered is large. Thus, alternative

constructions such as random scale mixtures (Huser et al., 2017) and spatial extensions of

the CMEVM (Wadsworth and Tawn, 2022) have been developed.

All of the models mentioned are only applicable for modelling stochastic processes on Eu-

clidean spaces. However, not all processes are observed on Euclidean spaces. For example,

river discharges are measured on a river network. Such processes generally do not obey the

consensus that things close together, in terms of their Euclidean distance, are more similar

than those that are far away. Thus, the pairwise estimates of equations (1.4.1) may not decay

smoothly with respect to Euclidean separation distance d(s1; s2) = js 1; s2j. Further, one can-

not simply replace the Euclidean distance metric with a non-Euclidean distance metric in the

correlation function C(�; �), as it may not yield a valid (positive de�nite) spatial dependence

structure (Ver Hoef et al., 2006). Consequently, extending spatial extremes to non-Euclidean

spaces is non-trivial and has consequently received little attention. While Asadi et al. (2015)

have modelled river discharges in the upper Danube River basin, the model is a max-stable

Brown-Resnick process and so is subject to the limitations discussed above. Extending spa-

tial extremes to non-Euclidean spaces for models that can capture both AD and AI remains

an open research question, which we contribute towards in this thesis.

1.5 Graph theory

Throughout this thesis, the data used in the applications is measured on a network. We

brie
y introduce how networks can be described and some of their main properties. A

network can be represented by a graph G = (V; E), such that V = f1; : : : ; dg is the set

of distinct vertices/nodes and E � ffj; kg : j; k 2 V; j 6= kg is the set of edges/links.

Consequently, within this thesis, we will only consider simple (no multiple edges between

vertices), undirected graphs. In addition, we will only consider connected graphs (one can

always �nd a path between each pair of vertices).

In Chapter 2, we are interested in the stochastic properties of the network. In particular,

we are interested in modelling the degree distribution of the network using extreme value

methods. The in-degree and out-degree distribution correspond to the number of edges

entering and leaving a node, respectively. Since we are only considering undirected graphs,

the two distributions will be equivalent.

In Chapters 3 and 4, the graph is no longer treated as the data, but rather, the graph is

treated as the surface on which the data are observed. For Chapter 3, the locations where the

data are observed are treated as the vertices, and the edges show the connections between
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them. In the saturated case, where there exists an edge between every pair of vertices, the

graph will be dense if the number of constituents in the graph is large. Consequently, it will

be computationally expensive to �t and simulate from the resulting model, since there will be

d(d � 1)=2 parameters to be estimated in the correlation matrix. To address this, we exploit

conditional independence statements. Consider a random vector X = (X1; : : : ; X d), which

follows a multivariate Gaussian distribution. For Gaussian graphical models, if fj; kg =2 E,

then X j ?? X k j X nfj;kg . Whether the conditional independence is implied by the network

on which the data are collected, or the \optimal" graphical structure that is learnt, these

conditional independencies can substantially reduce the number of dependence parameters

in the model, allowing for high-dimensional inference.

In Chapter 4, the network on which the data is measured is treated as the graph itself.

Consequently, we require some measure of geodesic distance to determine the dependence

between two locations on the network. For metric graphs (Bolin et al., 2024), the measure

of distance is de�ned as the shortest path between any two locations, which is always valid

since we only consider connected graphs. For our application to river discharges in the upper

Danube River basin (Asadi et al., 2015), the measure of distance is simply the river distance

between two locations. Consequently, the number of dependence parameters is drastically

reduced to only a handful of parameters (see Section 1.4), which allows for potentially even

higher-dimensional inference.
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Modelling the Degree Distribution of

Networks
Abstract

Statistical modelling of the degree distributions of networks has received lots of attention

since the introduction of the preferential attachment model (Barab�asi and Albert, 1999).

However, most of these models assume a power-law distribution, which implies a narrow class

of heavy-tailed behaviour. For those models that leverage ideas from extreme value theory,

the majority have also restricted themselves to the heavy-tailed case. In addition, these

statistical models tend to focus only on the large degrees, despite the low degrees exhibiting

di�erent behaviour. Such models are used to inform generative models that produce synthetic

networks with certain properties, which are then limited due to the simplifying assumptions

in the statistical modelling. Given these shortcomings, we follow the approach of Lee et al.

(2024) and use a 
exible mixture distribution, based on extreme value theory, for modelling

the entire degree distribution. Our inference uses a likelihood framework, which requires the

threshold(s) to be chosen in advance. To do this, we propose an extension to the automated

threshold selection method of Murphy et al. (2025). We apply our proposed model to a range

of networks to show its utility and 
exibility.

2.1 Introduction

A network is a useful way of describing pairwise relationships in a complex system, with

nodes (vertices) representing the constituents of the system and edges (links) characterising

the interactions between them. Networks can be used to model systems in a broad range

of disciplines, such as transport to portray infrastructure such as the London Underground

(Domenico et al., 2014), biology to track the spread of viruses like COVID-19 (So et al., 2020),

and sociology to show friendship interactions on social media platforms such as Facebook

(Wang and Resnick, 2022).

Network science has two key themes. The �rst, which will be our focus, analyses features of

real-world networks to understand their underlying structure and generating processes. The

second then utilises this information to posit models that generate synthetic networks with

the particular features analysed by the �rst (Barab�asi and Albert, 1999; Cirkovic et al., 2023;

Erd•os and R�enyi, 1959; Watts and Strogatz, 1998). The two topics are thereby interlinked,

with the former being essential to ensure that the latter does not impose unfounded or

incorrect assumptions on the way the network is generated, which could lead to mistaken
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conclusions being drawn (Khanin and Wit, 2006). One aspect of real-world networks that

draws particular interest is the (in-)degree distribution, which is statistically modelled to

understand the structure and growth of dynamics in networks, such as scienti�c citation

(Steinbock et al., 2019). Constructing generative models that replicate the degree distribution

is useful because it contains other information, such as the diameter (the average number of

edges in the shortest path connecting any two nodes) and clustering coe�cient (the proportion

of realised connections among a node's neighbours compared with the number of all possible

connections). Such properties may also be useful in explaining the underlying structure of

the network (Wolf et al., 2002). For instance, networks with a small diameter generally have

"hubs\ that are well-connected, which is a feature of degree distributions that are heavy-tailed

in nature.

Generally speaking, statistical models for the degree distribution assume the data follow a

heavy-tailed distribution (Clauset et al., 2009). Ultimately, this limits the possible generative

models that can produce synthetic networks with the same behaviour. More recently, extreme

value methods have been used for modelling the degree distribution (Voitalov et al., 2019).

However, this has also largely been restricted to the heavy-tailed domain.

The remainder of the section will therefore review the most common generating mechanisms

and existing methods for statistical modelling of the degree distribution.

2.1.1 Generative models

One of the �rst generative models was the Erd}os-R�enyi random graph model (Erd•os and

R�enyi, 1959). The model generates a network by �rst �xing the number of nodes n and

then choosing 0 � m �
� n

2

�
, which are sequentially created to avoid repeated edges in the

graph. More recently, the Watts and Strogatz small-world model (Watts and Strogatz, 1998),

generates a network by connecting each of the n nodes with its l (or l � 1 if l is odd) nearest

neighbours. To induce randomness, each edge is rewired. Assume that fvi ; vj g is an edge in

the graph, then this is rewired with probability p. If the edge is rewired, fvi ; vj g is replaced

with fv i ; vsg, where s is chosen with equal probability from the set f1; : : : ngnfjg. Note

that the rewiring may result in multiple edges and loops in the resulting graph. Let K be

a discrete random variable, and k be realisations from said random variable, representing

the degree distribution. Both models produce degree distributions that decay exponentially,

i.e. P[K = k] / exp(�k) for large k. Consequently, relatively well-connected nodes, termed

\hubs", are almost non-existent in these synthetic networks.
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de Solla Price (1965) notes that hubs are present in many real-world networks and suggests

that power-law decay may be more appropriate to capture this feature. Power-law decay

suggests the change in the frequency of a node's degree is relative to the change in the degree

itself. Speci�cally, P[K = k] / k �� , for large k and exponent parameter � > 1. Networks

with this behaviour are popularly termed \scale-free".

Although de Solla Price (1976) proposed the cumulative advantage process to generate syn-

thetic networks with heavy tails, analysis of the degree distribution was not popularised until

Barab�asi and Albert (1999) proposed the preferential attachment (PA) model, which builds

on the former and produces networks where the degree distribution decays according to a

power-law (Bollob�as et al., 2001). The PA model generates a network by allowing the cre-

ation of new nodes and then the creation of new edges between the new and existing nodes.

The probability of an edge being created with node i is equal to ki =
P

j kj , where kj is the

current degree of node j. Consequently, already well-connected nodes have a higher prob-

ability of becoming even more connected. Following the proposal of the PA model, many

real-world networks, including the World-Wide Web (Broder et al., 2000), metabolic net-

works (Jeong et al., 2000), computer virus epidemics (Pastor-Satorras, 2001), the number of

sexual partners over a short period (Liljeros et al., 2001), and brain activity (Egu��luz, 2005),

were subsequently deemed to arise according to the PA model. Their degree distributions

are therefore deemed scale-free since P[K = k] / k�� for large k.

To more accurately capture the interactions of constituents in real-world networks, the PA

model has received several adaptations. For instance, Bollob�as et al. (2003) altered the

model to produce directed networks, with di�erent types of edges being created at each step.

Further, Cirkovic et al. (2023) introduced the idea of reciprocity so that reciprocal edges can

be formed in these directed networks.

2.1.2 Modelling the degree distribution

The power-law debate

While many argued for the ubiquity of the power-law in degree distributions and in favour of

the PA model, others disagreed. For instance, Liljeros et al. (2001) highlighted that the left-

tail of the degree distribution for the total number of sexual partners is non-linear, suggesting

a power-law is only appropriate above some high threshold. This leads to ambiguity in the

term scale-free; some authors mean the entire degree distribution follows a straight line on the

log-log scale, while most only require linearity above some threshold, and some even ignore

the randomness and/or the deviation of the largest degrees from the line. This imprecision in

the term scale-free can mask the range of behaviour being exhibited in real-world networks,
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which will hinder further developments of generative models.

Irrespective of what scale-free may mean, for a continuous random variable where power-

law behaviour is only exhibited in the right tail, the excesses above a high threshold can be

modelled using a Pareto distribution (or equivalently, the continuous power-law distribution).

For some threshold u > 0, X follows a Pareto distribution if its probability density function

(PDF) has the form

f(x j �) =
(� � 1)

u

�
x
u

� ��

; x > u; (2.1.1)

with exponent parameter � > 1. One can show that, just like the power-law, the distribution

and survivor function have gradients of �� and 1 � � on the log-log scale, respectively.

However, as noted by Clauset et al. (2009), the degree distribution is not a continuous

random variable, meaning it should not be modelled using the Pareto distribution. Instead,

its discrete counterpart, the Zipf (discrete Pareto or zeta) distribution, should be used. A

discrete random variable R follows the Zipf distribution if its probability mass function (PMF)

can be written as

p(r j �) =
r ��

�(�; u)
=

r ��

P 1
i=0 (u + i) ��

; r 2 fu; u + 1; : : : g;

where u > 0, � > 1, and �(�; u) is the Hurwitz zeta function. Many authors now use

the Zipf distribution for modelling (Jung and Phoa, 2021; Valero et al., 2022) the degree

distribution.

Despite current advancements, initial statistical analyses of degree distribution were not

very rigorous. For instance, Khanin and Wit (2006) noted that most networks are deemed

scale-free by eyeballing or �tting a line of best �t to the degree distribution and/or survivor

function (on the log-log scale). To make the analysis statistically robust, Khanin and Wit

(2006) modelled the entire degree distribution using the Zipf distribution. They found that

the power-law is inadequate for ten biological networks that were previously deemed scale-

free. The di�ering conclusions may have arisen because Khanin and Wit (2006) modelled the

entire degree distribution, while previous authors may have only suggested the power-law is

present above a high threshold.

While the Zipf distribution can model the degree distribution, it has limitations. For in-

stance, the model only �ts well for heavy-tailed data because the exponent parameter must

be greater than 1. This is not appropriate for all degree distributions, such as the num-

ber of collaborators on scienti�c papers which follows a power-law with exponential cut-o�
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(Newman, 2001), i.e. for large k

P[K = k] / k �� exp(��k); (2.1.2)

such that � > 1, � � 0. This raises two concerns. First, we need statistical models that can

capture a range of tail behaviour. Second, although the PA model appears to capture the

behaviour of many real-world networks, it is unable to capture the behaviour of all networks,

meaning other generative models are still required and should still be researched.

The debate on the ubiquity of the power-law culminated in Broido and Clauset (2019) claim-

ing that scale-free networks are rare in practice. The authors present an algorithm to choose

the best threshold above which the power-law is appropriate by minimising the Kolmogorov-

Smirnov test statistic. Hypothesis tests are then performed to compare the power-law to

alternative distributions. In most cases, a log-normal distribution is deemed the best �tting.

The work received multiple criticisms. For instance, van der Hoorn et al. (2020) argue the

assumption that the degree sequences are \pure" power-law is unrealistic as it is a limiting

behaviour. Since the degree distribution and survivor function are taken at snapshots in time

during the evolution of the network, it is possible that the network may not have reached

its limiting behaviour, meaning the plots of the degree distribution and survivor function

will not be exactly linear on the log-log scale. Consequently, the hypothesis tests conducted

by Broido and Clauset (2019) were always going to favour the alternative hypothesis (the

distribution does not follow the power-law).

The staunchest rebuttal came from Voitalov et al. (2019), who claimed scale-free networks are

not rare in practice, although the results are not directly comparable due to the use of di�erent

datasets. The authors take inspiration from extreme value theory (EVT) and assume that

the complementary cumulative distribution (or equivalently, survivor) function is regularly

varying, i.e. 1 � P[K � k] = L(k)k �� , where � > 0 and L is a slowly varying function such

that L(tx)=L(x) ! 1 as x ! 1 for all positive constant t. Note that this is equivalent

to saying the distribution is heavy-tailed, or slower than exponential according to Voitalov

et al. (2019). Both the power-law and Pareto distributions are examples of regularly varying

distributions. Voitalov et al. (2019) note that hypothesis tests are inappropriate when using

regularly varying distributions since \the in�nite number of degrees of freedom contained

in the space of slowly varying functions makes the space of regularly varying distributions

non-parametric". We disagree with the logic here since the Pareto and Zipf distributions are

examples of regularly varying distributions that are also parametric. Thus, hypothesis tests

can be conducted for these distributions. In the absence of hypothesis tests, they conclude

that the degree distribution can be well approximated by a regularly varying distribution
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only if the extreme value index � = 1=(� � 1) from multiple estimators (Hill (Hill, 1975),

moment and kernel) are all positive. Despite taking inspiration from EVT, Voitalov et al.

(2019) limit the inference to the heavy-tailed case by assuming regular variation. In addition,

they model the discrete random variable using a continuous distribution by adding uniform

noise to the data. While this approach does not lead to bias (see Section S2.2), a more

elegant solution would be to use a discrete distribution.

Beyond the power-law

Arguably, the debate about whether networks are scale-free is counterproductive, and it is

more important to know if a degree distribution is heavy-tailed or not (Holme, 2019; Stumpf

and Porter, 2012). However, previous attempts to model the degree distribution, except

Lee et al. (2024), have pre-speci�ed the rate of tail decay to be heavy (Pareto/power-law),

exponential (exponential/exponential cut-o�), or light (Weibull), which limits the inference,

and provides little information when the degree distribution does not satisfy the pre-speci�ed

rate of tail decay. To avoid such pre-speci�cation, we utilise a model, similar to Lee et al.

(2024), based on EVT to capture asymptotic behaviour that can range from light- to heavy-

tailed. In addition, we elect to model the entire degree distribution, since there are many

cases in which it is helpful to understand both the low- and high-degree behaviours, for

example in community identity (Mehrabi et al., 2019) and percolation processes (Mannion

and MacCarron, 2023). Thus, we combine traditional degree distribution models with models

based on EVT to allow for potentially sub-asymptotic power-law behaviour. While some of

the models proposed in Section 2.1.2 can model the entire degree distribution, most only

apply above a high threshold. Very few studies have attempted to model the entire degree

distribution beyond using a Zipf distribution. We provide a brief review of the more recent

methods.

Chattopadhyay et al. (2021) recently introduced the modi�ed Lomax distribution for mod-

elling the degree distribution. However, this distribution is continuous and is not appropriate

for modelling discrete random variables (see Section 2.4.1 for more details). Consequently,

the parameter estimates, and possibly the �t, are likely to be biased, meaning the results

are unreliable. Adopting a discretised version, obtained by integrating the PDF over unit

intervals (Nakagawa and Osaki, 1975), would be more appropriate.

Previously, Chattopadhyay et al. (2014) utilised piecewise truncated geometric distributions

for non-overlapping segments of the set f1; 2; : : :g. The results suggest the mixture model

provides a better �t to the tail compared to using a single power-law distribution above a

high threshold. However, the number of segments must be carefully chosen to avoid under-
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or over-�tting.

Rather than using a mixture distribution that segments the data, Jung and Phoa (2021)

propose a mixture of weighted Zipf distributions. They lose some 
exibility by restricting

the exponent parameter � to be the same for each component. To try and recapture some

of the lost 
exibility, they allow each component to have di�erent supports. The number

of components and their support are estimated using an Expectation-Maximisation (EM)

algorithm. The results show improvement over both a mixture of weighted power-law distri-

butions and a single power-law distribution for the entire range. They also claim their model

outperforms the generalised Pareto (GP) distribution and its discretised counterpart. How-

ever, the comparison is unreasonable since the distributions are �tted to the entire dataset

rather than just the tail, meaning the EVT-based models are likely to be biased, since the

asymptotic justi�cation for these models is unlikely to be satis�ed.

Rather than weighting the Zipf distribution, Valero et al. (2022) propose using the Zipf-

polylog distribution. The model is extremely 
exible as it can vary between the Zipf distri-

bution and the polylog distribution to capture power-law and non-power-law-like behaviour,

respectively. The polylog component essentially results in the distribution exhibiting power-

law behaviour with exponential cut-o� in equation (2.1.2). Although this model is exception-

ally 
exible, it has two drawbacks. Firstly, the distribution is unable to capture light-tailed

data. Secondly, the model performs poorly on large networks (Valero et al., 2022, Figure 9)

due to the changing behaviour of the degree distribution.

To overcome these shortcomings, Lee et al. (2024) adopt a mixture distribution for non-

overlapping segments where the body components are modelled using the truncated Zipf-

polylog distribution, and the tail is modelled using a discrete GP distribution. Overall, the

model is 
exible and can capture a range of behaviour in the bulk while also being able to

capture light-, exponential-, and heavy-tails, since the rate of decay is a parameter to be

estimated. To perform inference, Lee et al. (2024) adopt a Bayesian framework to allow

for uncertainty in the estimated threshold to be incorporated into the model, as well as

simple embedding of model selection. Given the model performance and 
exibility, we adopt

the same model proposed by Lee et al. (2024) but use an analogous frequentist framework.

This provides an alternative inference procedure without the need for prior beliefs on the

parameter estimates.

The remainder of this chapter is structured as follows. Section 2.2 introduces continuous and

discrete mixture distributions, as well as the distributions we use for each component: the

truncated Zipf-polylog and the discrete GP distributions. We also propose an extension to

the automatic threshold method of Murphy et al. (2025) that selects the threshold by min-
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imising the expected deviations in the quantile-quantile (QQ) plot to account for mixture

distribution. Further, we propose a more principled search of the candidate thresholds that

selects new thresholds to be tested based on their probability of reducing the distance met-

ric, similar to the Bayesian optimisation approach adopted by Varty et al. (2021). Section

2.3 details how the inference is undertaken. Section 2.4 performs several simulation stud-

ies. First, we show how modelling discrete datasets with continuous distributions results in

biased parameter estimates that may be masked by the model �t to highlight why discrete

distributions are necessary for modelling discrete random variables. Second, we assess the

performance of the proposed threshold selection method when the true underlying distri-

bution and thresholds are known. Applications of the methods to real-world networks are

presented in Section 2.5 before the chapter concludes with a discussion in Section 2.6.

2.2 Methodology

We aim to model the entire degree distribution using a mixture distribution. We therefore

outline 
exible distributions, the truncated Zipf-polylog and integer generalised Pareto dis-

tributions, which will be used to model the bulk (body) and tail, respectively. We then

detail how these distributions can be incorporated into a mixture distribution. Inference will

be performed using a likelihood framework, meaning the threshold(s) where one component

ends and another begins must be chosen before �tting the model. Our proposed method for

selecting these thresholds is presented in Section 2.2.4.

Note that we will assume the degrees are independent and identically distributed (IID) sam-

ples from some underlying distribution. While this may not be appropriate, as increasing the

out-degree of one node inherently increases the in-degree of another node, it is common prac-

tice in the literature to assume independence between the degrees (Jung and Phoa, 2021; Lee

et al., 2024; Valero et al., 2022; Voitalov et al., 2019). For the data used in the application, we

only have degrees and frequencies, so we are unable to test how valid this assumption is. If we

had unique identi�cation numbers for each node, we could build a contingency table to test

the independence assumption between the degrees. Accounting for the dependence between

the degrees would be inherently complex and beyond the scope of our contribution.

2.2.1 Truncated Zipf-polylog distribution

The bulk of degree distributions can exhibit a range of behaviour, motivating the need for a


exible distribution to model it. One such distribution is the truncated Zipf-polylog(w, u, �,
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�) (TZP) distribution with PMF

pT ZP (z j w; u; �; �) =
z�� � z

P u
k=w+1 k�� � k

; z 2 fw + 1; w + 2; : : : ; ug; (2.2.1)

where u > w � 0 are integers, � 2 (0; 1]. Note, � 2 R when � 2 (0; 1) or u < 1, but � > 1

when � = 1 and u = 1.

Since the TZP distribution is the disjoint union of the Zipf-Mandelbrot(w, u, �) (ZM) and

truncated polylog(w, u, �, �) (TP), when � = 1 and � 2 (0; 1), respectively, it can smoothly

transition between power-law and non-power-law behaviour (Valero et al., 2022). The distri-

bution has many special cases, as depicted in Lee et al. (2024, Figure 2).

2.2.2 Integer generalised Pareto distribution

We brie
y review the GP distribution from Section 1.2.2 before introducing its discrete

counterpart. Recall for a continuous random variable X, the excess above a high threshold

X � u j X > u follows a GP distribution in the limit as u ! x F , where xF = supfx; F X (x) <

1g is the upper end-point of the underlying absolutely continuous distribution F (Pickands III,

1975). The GP distribution is the only distribution for which this holds.

The CDF Gu(x) for X �u j X > u is given in equation (1.2.5), while its PDF is given by

gu(x j � u; �) =

8
>>><

>>>:

1
� u

�
1 + �

�
x�u
� u

� � �1=��1

+

if � 6= 0;

1
� u

exp
�
�

�
x�u
� u

� �
if � = 0;

(2.2.2)

where A+ := maxf0; Ag, � u > 0 is the threshold-dependent scale parameter, and � 2 R is

the shape parameter, with the case � = 0 being taken in the limit as � ! 0. To see that

this generalises the Pareto distribution, recall that �u = � + �(u � �) (see Section 1.2.2).

Now, when � > 0 and � = ��, g u(x) is equivalent to the density of the Pareto distribution in

equation (2.1.1) with � = 1=� + 1.

One could approximate the degree distribution with a GP distribution, although this would

be inappropriate since the degree distribution is a discrete random variable. Adopting such

a practice may result in biased parameter estimates (see Section 2.4.1), since the underlying

distribution function is not absolutely continuous. An alternative, proposed by Voitalov

et al. (2019), is to add uniform noise to the integer-valued data before modelling it using the

continuous GP distribution. Although this approach does not induce bias (see Supplementary
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Material), it is not the most elegant solution given the ease with which discrete distributions

can now be �tted.

A more sophisticated solution is to utilise the discrete counterpart of the GP distribution,

the integer generalised Pareto (IGP) distribution. Discretisation is generally achieved by

integrating the continuous density over unit intervals (a method was �rst proposed by Naka-

gawa and Osaki (1975) to discretise the Weibull distribution). The precise unit interval will

determine the exact discretisation. Assume that the excess of a continuous random variable

X above a threshold u follows a GP distribution, i.e. X � u j X > u � GP(� u; �). Prieto

et al. (2014) consider the random variable Y = bXc which follows the IGP distribution such

that

P[Y = y j Y � � = buc] =

8
<

:
G� (y + 1) � G � (y) for y 2 f�; � + 1; : : : g;

0 otherwise:

Note, Y is supported at � and Gu(�), the CDF of the continuous GP distribution in equa-

tion (1.2.5) evaluated at �, is unde�ned. We therefore have to consider the excess of the

random variable X above a threshold � rather than u, i.e. the threshold in the continuous

and discrete cases must be identical and an integer. Therefore, X � � j X > � � GP(� � ; �)

where � � = � u +�(� �u). Thus, Y follows the IGP distribution under 
ooring with threshold

�, scale parameter �� > 0 and shape parameter � 2 R. The shape parameter in the IGP

distribution has the same value and interpretation as in its continuous counterpart.

Alternatively, Hitz et al. (2024) consider the random variable Z = dXe which follows the

IGP distribution under ceiling such that

P[Z = z j Z > � = buc] =

8
<

:
G� (z) � G � (z � 1) for z 2 f� + 1; � + 2; : : : g;

0 otherwise:
(2.2.3)

This version is more widely used in the literature (Lee et al., 2024; Rohrbeck et al., 2018).

Unless otherwise stated, we will assume the IGP distribution under ceiling.

2.2.3 Mixture distributions

As discussed in Section 2.1.2, the Zipf distribution, and 
exible extensions such as the Zipf-

polylog distribution, are inadequate for modelling the entire degree distribution. Given

this, it is plausible that the low- and high-degree nodes have di�erent underlying generating

mechanisms, which we aim to capture using a mixture distribution. In the �eld of EVT,

considerable research has been conducted on extreme value mixture models, which enable

inference on both extreme and non-extreme events (Andr�e et al., 2024; Castro-Camilo et al.,
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2019; Naveau et al., 2016; Stein, 2021).

As a side note, the term mixture distribution has several characterisations. The most widely

used de�nition is a weighted sum of m distributions that belong to the same family. For

example, Jung and Phoa (2021) use a mixture of truncated Zipf distributions to model the

entire degree distribution. One can use a mixture of extreme value distributions in this

manner, but this is currently restricted to the case where all components have non-negative

shape parameters (Otiniano et al., 2017). It is possible to weight multiple distributions from

di�erent families. For example, Frigessi et al. (2002) weight a Weibull and a GP distribution

to model insurance losses from industrial �res. However, the method is not widely used in

EVT due to concerns that the �t from the bulk impacts the �t of the tail (and vice-versa), and

that the limiting GP result may not hold since the GP component is applied over the entire

support rather than above a high threshold. Thus, in EVT it is common to use piecewise

distributions, which need not be from the same family (Lee et al., 2024; Zhao et al., 2010), to

model non-overlapping segments of the data. Hereafter, the term mixture distribution will

refer to this method, unless otherwise stated.

For mixture distributions, we use the de�nition of MacDonald et al. (2011). Assume that X

is a continuous random variable. Further assume that below some threshold u, the bulk of

the distribution has a parametric density function h(� j u; �) with parameters �, while above

the threshold, the tail has a parametric density function g(� j u; �) with parameters �. The

PDF of a continuous mixture distribution can then be de�ned as

f(x j u; �; �) =

8
<

:

1�� u
H(uj�) h(x j u; �) for x � u;

� ug(x j u; �) for x > u;
(2.2.4)

where �u = P[X > u], and H(u j �) =
Ru

0 h(s j �)ds is a constant to ensures the bulk

is supported on the correct range and the PDF integrates to 1. Assuming the tail of the

distribution is the GP distribution, we replace g(x j u; �) with equation (2.2.2).

One bene�t of mixture models is that the threshold is more naturally embedded compared

to the GP distribution. Consider the mixture model in equation (2.2.4). One could expect a

smooth transition between the bulk and the tail of the distribution. For example, Carreau and

Bengio (2009) model insurance claims, which generally have heavy/fat tails, using a Gaussian

distribution for the body and a GP distribution for the tail. They impose continuity between

them by equating the �rst and second derivatives at the threshold u. The constraints reduce

the number of free parameters from �ve to three while simultaneously making the threshold

a function of the parameters. Thus, no threshold selection is required, and we only have
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one additional parameter compared to the GP distribution. This makes mixture models

attractive when the entire distribution needs to be modelled, and the behaviour of the bulk

and the tail di�ers.

To extend mixture models to integer-valued data, assume that Z = dXe is a discrete random

variable. For the tail, a natural choice is the IGP distribution in equation (2.2.3). For the

bulk, any discrete distribution may be used. For modelling the degree distribution, the TZP

distribution in equation (2.2.1) is a natural choice for the bulk due to its 
exibility. Thus, a

random variable Z that follows the TZP-IGP(w, u, �, �, � u, �) distribution has PMF

p2(z j � 2) =

8
<

:
(1 � � u)pT ZP (z j w; u; �; �) z 2 fw + 1; w + 2; : : : ; ug;

� u
�
Gu(z j � u; �) � G u(z � 1 j � u; �)

�
z 2 fu + 1; u + 2; : : : g;

(2.2.5)

where � 2 = (�; �; � u; �), and � u = P[Z > u]. The case when � = 1 results in the ZM-IGP(w,

u, 1, �, � u, �) distribution. Note that there is no additional normalising constant in the bulk

component of equation (2.2.5) like in equation (2.2.4) since the TZP distribution is already

truncated to exist on the correct domain.

The subscript \2" in p2(�) denotes that there are two components in the mixture distribution.

The distribution is not limited to two components and a discrete random variable Z is said to

follow the three-component TZP-TZP-IGP(w, v, u, �1, � 1, � 2, � 2 � u, �) mixture distribution

if its PMF is

p3(z j � 3) =

8
>>><

>>>:

(1 � � vu � � u)pT ZP (z j w; v; � 1; � 1) z 2 fw + 1; w + 2; : : : ; vg;

� vupT ZP (z j v; u; � 2; � 2) z 2 fv + 1; v + 2; : : : ; ug;

� u
�
Gu(z j � u; �) � G u(z � 1 j � u; �)

�
z 2 fu + 1; u + 2; : : : g;

(2.2.6)

where � 3 = (� 1; � 1; � 2; � 2; � u; �), and � vu = P[v < Z � u]. Similarly, when � 1 = 1 we obtain

the ZM-TZP-IGP distribution, when � 2 = 1 we obtain the TZP-ZM-IGP distribution, and

when �1 = � 2 = 1 we obtain the ZM-ZM-IGP distribution.

One issue with the mixture distribution in equation (2.2.4), and its discrete counterparts

in equations (2.2.5) and (2.2.6), is that a discontinuity can occur at the threshold if �u is

unconstrained. We could impose a constraint in the �rst derivative, i.e. in the PMF (see

Hu and Scarrott (2018) for more details). To constrain the model in this manner for the

two-component mixture model, we would need to assume that the bulk is supported at u+1.

This is something we do not explore, due to the unrealistic assumption that the bulk is valid

outside its domain. A similar argument can be made for the three-component mixture model.
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Therefore, �u and � vu will be unconstrained and estimated empirically;̂� u =
P n

i=1 1fz i > ug

and �̂ vu =
P n

i=1 1fz i > v; z i � ug.

2.2.4 Threshold selection

Using mixture distributions requires selecting the threshold where the bulk ends and the

tail begins. Scarrott and MacDonald (2012) provide a comprehensive review of threshold

selection methods for both continuous tail only and continuous extreme value mixture models

(CEVMMs). However, these methods are not immediately applicable to discrete extreme

value mixture models (DEVMMs). Thus, we need to explore alternative methods.

Rohrbeck et al. (2018) showed that the IGP under ceiling has threshold stability, meaning the

same methods for choosing the threshold in the continuous tail only case (see Section 1.2.2)

can be used to select the threshold in the discrete tail only case. However, these methods are

not suitable for mixture models because they ignore the bulk when choosing the threshold,

which is inappropriate since the bulk and the tail are not independent, particularly in the

location of the threshold.

One method that could be adapted for DEVMMs is the quasi-likelihood approach of

de Melo Mendes and Lopes (2004). They chose the proportion of points (and thereby the

thresholds) in the left and right tails as the set that yields the highest log-likelihood value.

This is similar to maximising the pro�le log-likelihood of the threshold(s), which, in our

experience, is relatively 
at for DEVMMs. While the method is computationally e�cient,

the threshold uncertainty is not accounted for, as the thresholds are treated as �xed once

they have been selected. To overcome this limitation, the threshold(s) can be treated as

parameter(s) to be estimated in a Bayesian framework. This was �rst done by Behrens et al.

(2004) for CEVMMs and later adopted by Lee et al. (2024) for DEVMMs. In both cases,

the priors are treated as independent, which is unlikely to be the case in practice due to the

shared information between the bulk and tail.

In our model, inference will be performed using a likelihood framework (see Section 2.3 for

details), which requires the threshold(s) to be chosen in advance. While simple methods to

select the threshold(s) were investigated, they generally underestimated the true thresholds

in our simulations and performed poorly when applied to real datasets. For example, Broido

and Clauset (2019) �t an estimator for multiple thresholds and choose the optimal threshold

as the one that minimises the Kolmogorov-Smirnov statistic. The statistic aims to minimise

the distance between the empirical and model CDF (Dimitrova et al., 2020), which, due to

the amount of mass in the bulk, results in the bulk being a non-parametric estimate at the
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expense of the tail, and too low a threshold being selected. Alternatively, maximising the

pro�le log-likelihood of the threshold(s) also results in underestimation due to the generally


at nature of the surface.

To ensure the �ts of both the bulk and tail are considered, we elect for a bootstrapping

procedure that will optimally estimate quantiles of the distribution. This extends the auto-

matic threshold selection method, �rst proposed by Varty et al. (2021) and later generalised

by Murphy et al. (2025), in the continuous tail only setting. The idea is to minimise the

expected deviation of the QQ-plot, according to some distance metric, via non-parametric

bootstrapping and Monte Carlo methods. One could argue the choice of metric is subjective,

however, Varty et al. (2021) and Murphy et al. (2025) showed that the best metric should

minimise the mean absolute error between the model and empirical quantiles. Extending the

method to choose the threshold for the discrete extreme value mixture model is straightfor-

ward; all that is required is to change the likelihood and quantile functions involved. Our

contribution lies in making the procedure more computationally e�cient.

Gradient-based optimisation procedures are inappropriate for minimising the metric, since

the Monte Carlo procedure induces local roughness into the space (Varty et al., 2021). There-

fore, Murphy et al. (2025) choose the set of candidate thresholds to be equally spaced between

some quantiles of the data. For our purposes, thresholds must be integers, as candidates be-

tween integers will provide indistinguishable di�erences. Testing every unique integer between

some quantiles is computationally expensive for larger networks and is computationally in-

feasible for the three-component mixture model when pairs of thresholds need to be tested.

Varty et al. (2021) avoids testing every possible threshold by using a Bayesian optimisation

procedure to search the set of candidate thresholds. We also search the space in a principled

manner by utilising a multi-arm bandit approach (Slivkins, 2019) described below.

We start with a set of candidate thresholds. Next, choose k candidates and determine the

distance metric. The untested candidates are assigned a probability that is proportional to

the weighted sum of distance metrics of their two closest neighbours, in terms of Euclidean

distance, that have been tested. The probability up/down weights candidates in the vicinity

of thresholds with low/high distance metrics. Using the probabilities, k new candidates are

chosen and tested. The process repeats until we observe s consecutive trials without reducing

the distance metric.

The hyper-parameters k and s will depend on the size of the network and need to be sensibly

tuned by the user; if k and/or s are too small, then the method will not search enough of

the space and result in a sub-optimal threshold; conversely, if k and/or s are too large, then

too many candidates will be tested resulting in a large computational cost. Provided that
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Algorithm 2.1 Proposed threshold selection procedure

1: Initialise z, Cu, B 2 N, m 2 N, k 2 N, s 2 N
2: Let p be a vector equally spaced probabilities such that pl = fl=(m + 1) ; l = 1; : : : ; mg
3: Let d be an empty vector of distances
4: Set s� = 0, and d� = 1010

5: Select k equally spaced candidates from Cu and denote them C(i)
u for i = 1; 2; : : : ; k

6: Let C�
u and C

0

u = C unC�
u be the sets of tested and untested candidates, respectively

7: while s � � s do
8: for i in 1 to k do
9: for j in 1 to B do

10: Obtain a non-parametric bootstrap sample z(j) from z
11: Fit the model to z(j) with thresholds C(i)

u and obtain �̂ (j)

12: Calculate q(j) (p) = 1
l

P m
l=1 j Q̂(j)

�
pl ; �̂ (j)

�
� Q (j)

�
pl

�
j; the mean absolute error

between the model and empirical quantiles of z(j)

13: end for
14: Append 1

B

P B
j=1 q(j) (p) to d

15: end for
16: if minfdg < d � then
17: Set d� = minfdg, and s � = 0
18: else
19: Set s� = s � + 1
20: end if
21: Append C(i)

u , for i = 1; : : : ; k to C �
u and determine C

0

u
22: Let n� and n0 be the number of tested and untested candidates, respectively
23: for i in 1 to n 0 do
24: for j in 1 to n � do
25: Let ej be the Euclidean distance between (C�u)(j) and (C

0

u)(i)

26: end for
27: Let r be the indices of the two smallest value of e
28: Let wi = (e r 1 + e r 2 )

�
(dr 1 er 1 + d r 2 er 2 )

29: end for
30: Let gi = w i =

P n
0

j=1 wj

31: Sample k thresholds from C
0

u with probabilities g
32: end while

k and s are su�ciently large, the algorithm ensures that the space is su�ciently explored

without extensively searching areas unlikely to reduce the distance metric. Full details of

the procedure, including the distance metric, are provided in Algorithm 2.1 where Cu is

the set of candidate thresholds, B is the number of bootstraps, and m is the number of

probabilities.

Note that while the proposed approach has links to gradient-based optimisation procedures,

the exploration element of the multi-arm bandit approach provides a subtle di�erence. The
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proposed approach has a non-zero probability of exploring a new region where a new minimum

may be found. Thus, provided that k and s are su�ciently large, the algorithm will �nd the

global minimum. However, this is not the case for gradient-based methods, which may

converge to a local minimum.

In step 10 of Algorithm 2.1, we non-parametrically bootstrap the data. Parametric boot-

strapping could be employed, but our simulation studies revealed that this generally results

in a higher threshold being chosen compared to the true threshold. Consequently, estimation

of the bulk is poor, and there is additional variability in the tail, both of which are undesir-

able. Furthermore, our non-parametric bootstrap treats the number of points in the tail as

random. While the number of points could be �xed, the random approach is computationally

simpler and allows for uncertainty in the proportion of points that exceed the threshold.

Once the threshold selection procedure has been performed, the threshold(s) are subsequently

treated as �xed. To account for threshold uncertainty, the data would need to be boot-

strapped, and the threshold selection procedure repeated for each bootstrapped sample.

This is not explored here due to the computational costs associated with accounting for the

threshold uncertainty.

For completeness, there are two computational bottlenecks with the Algorithm 2.1. Firstly,

for every candidate threshold, we must take a large number of bootstrap samples, re�t the

model to each sample, and determine the distance metric (steps 8 - 15). Secondly, we

need to recalculate the weights (steps 23 - 29) in each iteration. For the threshold selection

simulation study in Section S2.3.2, where data are generated from the geometric distribution,

these steps account for, on average, 99.977% and 0.022% of the total time taken per iteration,

respectively.

To reduce the �rst computational bottleneck, one could argue that if the model is a poor

�t for the original data, then it will provide a poor �t for the bootstrapped sample. Thus,

we could avoid re�tting and use parameter estimates from the model �tted to the original

data. However, this will have a larger impact when there are fewer points in the bulk/tail

due to larger parameter uncertainty. The second computational bottleneck seems small in

comparison. However, this element becomes more prominent for larger (in terms of the

number of unique values) datasets. To speed this component up, one could store the weights

from each iteration and only update the weights for those where at least one closer candidate

threshold has been tested compared to the previous iteration.
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2.3 Inference

Inference will be performed using a likelihood framework, assuming that the thresholds are

known. Due to the discrete nature of degree distributions, there will be multiple observations

with the same integer value. For an IID sample of size n, there will be m � n unique values

z = (z 1; : : : ; zm ) with counts c = (c 1; : : : ; cm ) such that
P m

i=1 ci = n. Assuming that Z follows

the two-component mixture distribution in equation (2.2.5), the log-likelihood is

l2(� 2; z; c) = (n � n u)log(1 � � u) + n u log(� u) +
mX

i=1

ci log(pT ZP (zi ; w; u; � 1; � 1))1fw < z i � ug +

mX

i=1

ci log(Gu(zi ; � u; �) � G u(zi � 1; � u; �))1fz i > ug;

(2.3.1)

where � 2 = (� 1; � 1; � u; �), n u =
P m

i=1 ci 1fz i > ug is the number excesses above u, and

�̂ u = n u=n. Note, � u is not a free parameter as w and u are assumed to be known.

The log-likelihood for the three-component mixture model in equation (2.2.6) is

l3(� 3; z; c) = (n � n vu � n u)log(1 � � vu � � u) + n vu log(� vu) + n u log(� u) +
mX

i=1

ci log(pT ZP (zi ; w; v; � 1; � 1))1fw < z i � vg +

mX

i=1

ci log(pT ZP (zi ; v; u; � 2; � 2))1fv < z i � ug +

mX

i=1

ci log(Gu(zi ; � u; �) � G u(zi � 1; � u; �))1fz i > ug;

(2.3.2)

where � 3 = (� 1; � 1; � 2; � 2; � u; �), n vu =
P m

i=1 ci 1fv < z i � ug, and �̂ vu = n vu=n.

Inference for log-likelihoods (2.3.1) and (2.3.2) is performed using numerical optimisation.

However, this can be reduced to maximising the pro�le log-likelihood for the components

since the data are segregated into non-overlapping segments.

Note, since the thresholds are treated as known, the likelihood framework is quick and unbi-

ased. Other �tting procedures, such as the Expectation-Maximisation (EM) algorithm, could

be used for inference in these circumstances. However, if the thresholds were unknown, the

EM algorithm would not be appropriate for inferring the thresholds and model parameters

because there is an inherent overlap of information between the bulk and tail, particularly in

the location of the thresholds.
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2.4 Simulation study

In this section, we perform two simulation studies. The �rst details how modelling discrete

data with a continuous distribution can yield biased parameter estimates, which are masked

by the model �t. The second assesses the performance of the threshold selection procedure

proposed in Algorithm 2.1.

2.4.1 Why are discrete distributions necessary?

Hitz et al. (2024) explain that modelling discrete data with a continuous distribution can

result in biased parameter estimates due to ties in the data, which can impact the model �t

and lead to erroneous conclusions. Thus, such practices are not advisable. If it cannot be

avoided, a clear warning should be provided to the reader that the distribution is assumed

to model data on a more re�ned scale than is available. However, in the network science

literature, the degree distribution, a discrete random variable, is sometimes modelled using

a continuous distribution without such warnings (Chattopadhyay et al., 2021; Jeong et al.,

2000). Furthermore, they claim their model provides a better �t than those based on existing

methods. Given the bias, it is unclear whether these claims are accurate.

When assessing the tail of a distribution, approximating a discrete random variable with a

continuous distribution comes with additional complexities. This is because the maximum

domain of attraction (DoA) is not necessarily preserved when we discretise a distribution in

the exponential and light-tailed cases. For example, the exponential distribution belongs to

the DoA of the Gumbel distribution, while its discrete counterpart, the geometric distribu-

tion, does not (Shimura, 2012). As such, using a continuous distribution could, in theory,

result in the incorrect rate of tail decay, which has major consequences when we extrapolate

beyond the range of the observed data. For network data, extrapolation can be used for

predicting the size, in terms of the number of nodes, and the connectivity of a network in

the future, which can be used for planning purposes. For example, for the \com-amazon"

dataset analysed in Section 2.5, if the rate of tail decay is underestimated, then we will not

extrapolate as many high-degree nodes, which could lead to outages if the servers cannot

manage the tra�c on the website. Conversely, if the rate of tail decay is overestimated,

then we will extrapolate too many high-degree nodes, which could lead to wasted resources.

In either case, the company loses money due to poor extrapolation. The remainder of this

subsection outlines the dangers of using a model that does not correspond to the coarseness

of the available data.

Assume that X follows a GP distribution with threshold u = 10, scale parameter, �u = 20
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Figure 2.1: PP- (left) and QQ-plot (right) when the GP distribution is used to model the
continuous (orange circles) and discrete (blue triangles) dataset. The red dashed line repre-
sents the y = x line.

and shape parameter � = 0:3, i.e. X � GP(10; 20; 0:3), and x = fx 1; : : : ; xng are n IID

realisations from X. We generate 1000 replicates of n = 1500 realisations from X such that

x(j)
i is the ith realisation from the jth replicate, for i = 1; : : : ; 1500, and j = 1; : : : ; 1000.

Assume that Y = dXe, i.e. Y follows an IGP under ceiling with the same parameters. To

obtain samples from the IGP, it is su�cient to take the ceiling of our continuous realisations,

i.e., y(j)
i = dx (j)

i e.

We model each continuous dataset, x(j) , using a GP with a threshold u = 10. For the discrete

datasets, we �t both the GP and the IGP using a threshold of 10. Figure 2.1 shows the PP-

and QQ-plots for a randomly selected replicate. For readability, we have excluded when

the discrete dataset is modelled by the IGP distribution since the probabilities/quantiles are

almost identical to those when the continuous dataset is modelled using the GP distribution.

In addition, to better illustrate the goodness-of-�t (or lack thereof), we have only shown the

points where there are jumps in the empirical CDF in the PP-plot for the discrete dataset.

This practice will be employed throughout when modelling discrete data.
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The model diagnostics in Figure 2.1 are somewhat deceptive. Although both models have

good agreement with the y = x line, there are issues with the �t. In the region 0.25 - 0.925

of the PP-plot, the continuous model for the discrete dataset consistently underestimates

the empirical probabilities. Conversely, the continuous model for the continuous dataset

exhibits both under- and over-estimation, which is what we would expect from a well-�tting

model. Another point is that the probabilities from the continuous model for the discrete

dataset in the region 0.925 - 1 are very close to the y = x line due to 1 being the edge of

the support. However, this masks the lack of �t indicated by the QQ-plot, where systemic

underestimation is apparent in the largest quantiles when compared to the quantiles from the

continuous model for the continuous dataset. This also highlights why you may wish to use a

distance metric based on deviations in the QQ-plot rather than the PP-plot in Algorithm 2.1,

as the former will penalise the lack of �t more. Therefore, even though the model �t does

not appear bad when the discrete data is modelled using a continuous distribution, it is clear

that the model is not appropriate when we closely inspect the �t.

The reason for the lack of �t is highlighted in Figure 2.2, which compares the parameter

estimates from each model �t. The left panel compares the parameter estimates when the

GP distribution models the continuous and discrete datasets. For the scale parameter (top),

the estimates are parallel to, but above, the y = x line, while for the shape parameter

(bottom), the estimates are parallel to, but below, the y = x line. Since the estimates are

parallel to the y = x line, it suggests the GP distribution for the discrete datasets is the

biased model. Similar conclusions can be drawn when assessing the centre panels of Figure

2.2, which compares the estimates from the GP and IGP distributions for the discretised

datasets. The right panels of Figure 2.2 compare the parameter estimates when the GP

distribution models the continuous datasets and the IGP distribution models the discrete

datasets. We observe almost perfect alignment of the parameter estimates with each other

and the y = x line, and they are evenly distributed around the true parameter values (the

blue squares). This suggests that the IGP distribution is su�cient for handling the coarseness

of the discretised data in a way that the GP distribution cannot.

In the left and centre panels of Figure 2.2, we observe that the scale parameter of the GP

distribution exhibits positive bias while the shape parameter exhibits negative bias. This is

expected since the two parameters are negatively correlated. A natural question would be,

why is the bias not the other way around? Hitz et al. (2024) notes that ties in the data cause

the bias, and we conjecture that the ties cause the continuous model to underestimate the

shape parameter. Although not shown here, if the simulation study is repeated with �u = 200

and � = 0:3, the resulting discrete samples have few repeated values and are \approximately"

continuous. Consequently, the parameters are still biased in the same direction, but the bias
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Figure 2.2: Scatter plots of 1000 parameter estimates (top - scale, bottom - shape). The
left panels compare the maximum likelihood estimates (MLEs) when the GP distribution is
used to model both continuous and discrete datasets. The centre panels compare the MLEs
when the GP and IGP distributions are used to model the discrete datasets. The right panels
compare the MLEs when the GP distribution models the continuous datasets and the IGP
distribution models the discrete datasets. The red dashed lines represent the y = x line. The
blue square corresponds to the true value of the parameter.

is signi�cantly reduced.

This example only shows bias from the GP distribution for this set of parameter values; how-

ever, similar results are obtained when alternative sets of parameters are used. In addition,

the standard errors of the parameter estimates will also be a�ected by this bias, but this will

not be investigated here. Further, the phenomenon of bias due to model mis-speci�cation is
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not restricted to the GP distribution. Similar commentary for the exponential and geometric

distributions, where the �t is drastically impacted by model mis-speci�cation, is provided in

the Supplementary Material.

To summarise, although using the GP distribution to model the discrete datasets does not

drastically impact the overall �t (see Figure 2.1), we obtain biased parameter estimates when

the model is mis-speci�ed (see Figure 2.2). Considering we do not know the true parameter

values for real-world data, using a continuous model for discrete data could lead to erroneous

conclusions if we extrapolate far beyond the range of the observed data. Therefore, we

strongly advise against such practices and recommend that continuous distributions are only

used to model continuous data, and discrete distributions are only used to model discrete

data.

2.4.2 Threshold selection performance

In this subsection, we assess the performance of our threshold selection method on data

generated from the TZP-ZM-IGP distribution. Speci�cally, we simulate 100 replicates of

size 5000 from the TZP-ZM-IGP with � 3 = (0:95; 0; 1; 1:7; 50; 0:3), and w = 0, v = 30

and u = 130. We then perform the threshold selection procedure in Algorithm 2.1 with

k = s = 10 on each replicate to determine the optimal thresholds. Note, 100 replicates is

low, and we accept this will lead to larger variability in our bootstrapped estimates, but 100

replicates is su�cient to assess the performance of the algorithm without incurring excessive

computational costs. We perform this for both the TZP-TZP-IGP and the TZP-ZM-IGP to

assess the impact of model mis-speci�cation on the procedure. After obtaining the thresholds,

we numerically optimise the log-likelihood (2.3.2), treating the thresholds as �xed.

Figure 2.3 displays boxplots of the selected thresholds and subsequent parameter estimates,

over the 100 replicates. Interestingly, the TZP-TZP-IGP provides an unbiased threshold

for v and a slightly positive biased threshold for u, while the converse applies for the TZP-

ZM-IGP. Although the TZP-TZP-IGP is unbiased for v, there are many outliers, which

raise questions about the suitability of the model. Since the TZP-ZM-IGP overestimates

v, it is unsurprising that there is a small positive bias in �1 and � 1. However, the bias is

comparable with that produced by the TZP-TZP-IGP, suggesting even a small bias in the

threshold v has little impact on the subsequent parameter estimates. Moving on to the second

component, the TZP-TZP-IGP exhibits negative bias, which is expected since the model is

mis-speci�ed in this component, and is possibly exacerbated by the component modelling

more data than it should (since u is overestimated). The TZP-ZM-IGP is unbiased in the

second component, which is possibly aided by modelling less data than it ought to (since v
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Figure 2.3: Boxplots of estimated thresholds and parameters of the TZP-TZP-IGP (orange)
and TZP-ZM-IGP (blue) over 100 replicates. The thresholds and parameters are v, u, �1,
� 1, � 2, � 2, � u, and � from top left to bottom right. The red dashed horizontal line in each
panel denotes the true threshold/parameter value.

is overestimated). For the IGP component, the scale and shape are unbiased for the TZP-

ZM-IGP since u is unbiased. For the TZP-TZP-IGP, the shape parameter is unbiased, while

the scale parameter is positively biased. This is expected since u is positively biased and

the scale parameter is threshold-dependent, while the shape parameter is not. Overall, these

results suggest the threshold selection procedure is performing well and that small biases

in the selected threshold have a negligible impact on the parameter estimates, provided the

model is correctly speci�ed.

To visualise the utility of the threshold selection procedure, Figure 2.4 provides the output

from the algorithm for a single replicate. The points depict the tested candidates, which are

coloured by their subsequent distance metric. In both panels, few points are tested when
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Figure 2.4: Scatter plots of tested candidate thresholds for the TZP-ZM-IGP (left) and TZP-
TZP-IGP (right) using the threshold selection procedure in Algorithm 2.1. The vertical and
horizontal black lines denote the true value of v and u, respectively. The diagonal black line
represents the u = v + 5 line (the lower bound for v). The colour of the points details the
value of the distance metric. The large square with a black outline is the threshold that
minimises the distance metric, amongst those tested, in each case.

both v and u are large. This is because the distance metrics of the tested candidates in this

region are large, suggesting these combinations are unlikely in practice. Similar �ndings are

made when v < 50 and u > 200, and when both v and u are less than 50. Conversely, many

candidates are tested close to the true thresholds, and where points have a lower distance

metric (bluer in colour).

For the TZP-ZM-IGP (left panel), the procedure converges quickly. However, the optimal

threshold, denoted by the large square with a black outline, slightly overestimates u despite

testing a candidate very close to the truth. The overestimation might be due to simulation

uncertainty, and increasing the number of bootstrapped samples B, currently set at 200, in

Algorithm 2.1 may result in a threshold closer to the truth being selected. For the TZP-

TZP-IGP, more candidates are tested, and the chosen threshold overestimates both v and u.

Better thresholds may be obtained in both cases by increasing k and/or s; however, this is

not explored further. Overall, the procedure is performing as expected by sparsely testing
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regions that are unlikely to reduce the distance metric, and exploring areas that have already

yielded low distance metric and thereby low deviation QQ-plots. The proposed method is

also computationally more e�cient than testing all candidates (every pair of integers), as, on

average, only 0.7% of all possible candidates are tested. Additional examples assessing the

performance of the threshold selection procedure in an edge case and for data not generated

from a mixture distribution are provided in the Supplementary Material.

Despite the models overestimating at least one of the thresholds, both models �t the data

well. Figure 2.5 shows the QQ-plot (left) and the survivor function (right), both on the

log-log scale, for the single replicate. The QQ-plot is presented on the log-log scale to assess

both the lower- and upper-tail �ts. We observe that both models capture both tails well,

with close agreement to the y = x line. From the survivor function plot, it is clear that the

TZP-ZM-IGP is the better-�tting model as the 95% con�dence interval, obtained over 200

bootstraps with the thresholds treated as �xed to those previously estimated, is signi�cantly

narrower and better captures the upper-tail with the trajectory of the band being more

aligned with the data. This is likely due to u being better estimated, which in turn results

in � u being estimated closer to its true value.

Using model selection criteria, the AIC and BIC correctly choose the TZP-ZM-IGP 62 and

92 times out of 100, respectively. The AIC prefers more complicated models, which explains

why it prefers the TZP-TZP-IGP more often. One can also argue that the TZP-TZP-IGP

is degenerating to the TZP-ZM-IGP, sincê� 2 � 1 and �̂ 2 � 1 for the majority of the repli-

cates (see Figure 2.3) for the TZP-TZP-IGP. Coupled with the visual diagnostics, it is clear

that the TZP-ZM-IGP is the better-�tting model, however, this needs to be methodically

deduced.

2.5 Application

We now assess the �t of our proposed model to various datasets. The majority of the datasets

are undirected, unweighted networks from the KONECT database (Kunegis, 2013). While

Voitalov et al. (2019) analyses 115 such networks, we take a smaller sample of 17 networks

that omit any degree distributions that are too small for a mixture distribution to �t well

to, and those with clear, possibly arti�cial, jumps in the degree distribution. As per Lee

et al. (2024), we also analyse some alternative datasets available in the poweRlaw package

(Gillespie, 2015) in R (R Core Team, 2025) that, while not being degree distributions, have

been analysed to assess whether they follow the power-law or not. Speci�cally, they are

two sets of casualty numbers in armed con
ict (\us-americans" and \native-americans")
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Figure 2.5: QQ-plot (left) and survivor function plot (right), both on the log-log scale, for
a single replicate. The 95% con�dence intervals, over 200 bootstraps, for the TZP-TZP-
IGP and TZP-ZM-IGP are given by the orange and blue bands, respectively. The points in
the QQ-plot compare the empirical quantiles and the median model quantiles over the 200
bootstraps. The black dashed line in the QQ-plot represents the y = x line. The black points
in the right panel represent the empirical survivor function.

(Bohorquez et al., 2009; Friedman, 2015; Gillespie, 2017), and two sets of word frequencies;

\swiss-prot" (Bell et al., 2012) and \moby-dick" (Newman, 2005).

Lee et al. (2024) remove the nodes with degree 1 from the datasets to improve the model �t.

Removing them leads to 5 � 60% of the dataset being discarded. On the one hand, there is

an argument that nodes with degree 1 may exhibit di�erent behaviour from the remainder of

the network, such as bots in online networks or users who make a throwaway account for a

one-time o�er, and should be treated accordingly. On the other hand, removing them would

remove part of the network, which may be informative. Since we aim to model the entire

degree distribution, we elect not to remove them.

For each dataset, we �t the two- and three-component mixture models excluding the ZM-

TZP-IGP, as this is unlikely to model any of the datasets well in practice. To �t the models,

we �rst perform the threshold selection procedure in Algorithm 2.1 to determine the optimal

threshold(s) for each model. Treating the threshold(s) as �xed, the log-likelihoods (2.3.1) and
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(2.3.2) are then numerically optimised. Note that the ZM-ZM-IGP was considered, however,

it was never chosen as the best-�tting model and has been omitted from further analysis. We

also �t the TZP in equation (2.2.1) and determine whether the polylog (� 2 (0; 1)) or the

Zipf (� = 1) distribution is the best-�tting model. For all the datasets we tested, the polylog

distribution is deemed the better �t according to AIC and BIC. Comparisons between the

polylog and the various mixture models will be made using AIC and BIC (full tables are

provided in Supplementary Material) as well as visual diagnostics. Comparisons between the

mixture models will also involve comparison of parameter estimates.

Figure 2.6 shows the empirical survivor functions (on the log-log scale) along with 95%

con�dence intervals, obtained over 200 bootstraps with the thresholds treated as �xed to

those previously estimated, for the polylog distribution and selected mixture models. We see

that the polylog distribution is inadequate for almost all of the datasets when it is �tted to

the entire degree distribution, often resulting in a much lighter tail than suggested by the

data. The only dataset the polylog distribution may be appropriate for is \arenas-email",

which also minimises the BIC but not the AIC. However, the polylog overestimates the

empirical quantiles (see the QQ-plot in Figure 2.7), suggesting the TZP-TZP-IGP is more

appropriate.

Although the AIC and BIC agree for most models, they do disagree for \arenas-

email", \maayan-vidal", \petster-hamster", \ca-AstroPh", \reactome", \as20000102", \na-

tive american", and \moby". We have already discussed \arenas-email" and how visual

diagnostics helped here. We take a similar approach for the other networks to determine

the best-�tting model. For instance, for the \maayan-vidal" dataset, the TZP-IGP better

captures y = x line in the QQ-plot, and the 95% con�dence interval for the survivor func-

tion is much tighter compared to the TZP-TZP-IGP. Thus, in the interest of parsimony, the

TZP-IGP is deemed the best-�tting model.

Now consider the \moby" dataset. Here, the BIC prefers the ZM-IGP, but the AIC prefers

the TZP-ZM-IGP. While we would favour the ZM-IGP in the interest of parsimony, the model

drastically overestimates the empirical quantiles, whereas the TZP-ZM-IGP captures them

perfectly. Using only the survivor function plot could lead to the ZM-IGP being mistakenly

chosen as the best model despite the �nal few data points being below the lower limit of

the 95% con�dence interval. This highlights the issue of only assessing model �ts using the

survivor function plot; small deviations on the log-log scale result in large deviations on

the original scale. This may explain why so many networks were inadvertently hailed as

\scale-free" following the introduction of the PA model.

As well as considering visual diagnostics, it can be helpful to assess the \penultimate tail"
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Figure 2.6: Survivor function plots (on the log-log scale) for numerous datasets. The black
points represent the empirical survivor function. The dashed lines correspond to 95% con�-
dence intervals, over 200 bootstraps, of the model survivor function. The colour of the lines
denotes the model. The best-�tting mixture model is provided above the network name.

(Lee et al., 2024). One can assess the parameter estimates of the component just before

the tail to determine whether it is sub-asymptotically power-law or not, or equivalently,

if the component is better represented by the ZM or TZP. For example, for the \petster-

hamster" dataset �̂ 2 = 0:99 and ^� 2 = 1:81 (both to 2dp) for the TZP-TZP-IGP. These

MLEs suggest the second component may be modelled better using the ZM distribution.
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Figure 2.7: QQ-plots for the same data sets in Figure 2.6. The bands in each plot correspond
to 95% con�dence intervals, over 200 bootstraps, of the model quantiles. The points compare
the empirical quantiles and the median model quantile over the 200 bootstrapped samples.
The colour of the bands and the points denotes the model. The black dashed lines correspond
to the y = x line. The best-�tting mixture model is provided above the network name.

Using the visual diagnostics, one could argue that the TZP-TZP-IGP is the better model,

as the 95% con�dence interval for the TZP-ZM-IGP fails to cover the y = x line for the

most extreme quantiles. However, this is marginal and may be �xed after completing a more

comprehensive threshold selection search. In addition, there is little di�erence in the AIC

and BIC (0.6 units for the former and 5.2 units for the latter) for the TZP-TZP-IGP and
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TZP-ZM-IGP, suggesting there is little evidence in favour of the more complicated model.

Again, in the interest of parsimony, the TZP-ZM-IGP is deemed the best-�tting model in

this case. Assessing the other examples where the AIC and BIC disagree similarly, the best

mixture model is chosen and provided above the network name in Figures 2.6 and 2.7.

The mixture models appear to �t most of the datasets well except \wordnet-words". Both

the TZP-TZP-IGP and TZP-ZM-IGP overestimate the empirical quantiles, particularly in

the tail. This is because the threshold selection procedure in Algorithm 2.1 chooses v̂ = 9

and û = 72 for the former and v̂ = 8 and û = 20 for the latter. This compares with

v � 10 and u � 800 in Lee et al. (2024). Granted, there are di�erences in the analysis which

may be causing the discrepancy; Lee et al. (2024) removed the 1s from the dataset before

�tting, while we retained them. However, the threshold above which the IGP is considered

is ultimately too low in both our models and is likely causing bias and a lack of �t. To assess

why û is so low, Figure 2.8 provides the output from the threshold selection procedure for

the TZP-ZM-IGP and TZP-TZP-IGP when applied to the \wordnet-words" dataset. While

we expect the bootstrapping procedure to introduce local roughness into the distance metric

space, we do not expect the level of roughness presented by the TZP-TZP-IGP. This suggests

the model is not appropriate for this dataset. While the distance metric is smooth for the

TZP-ZM-IGP, ultimately, the threshold for the tail component is too low. This suggests

the space needs to be searched more expansively (we never test u � 800), or that further

components need to be added to better capture the complexity of the data. Other examples

where this is also prevalent are \com-dblp", \com-amazon", and \loc-gowalla-edges".

One may question whether the IGP distribution is necessary and whether a simple Zipf dis-

tribution may be adequate for the tail component. For several datasets, \opsahl-powergrid",

\arenas-email", \us american", and \com-dblp", the shape parameter of the IGP is negative,

suggesting the need for a 
exible tail model. The negative shape in these cases is not surpris-

ing since the underlying processes should have an upper bound. For instance, the number of

casualties cannot exceed the number of troops in \usamerican", and the number of power

supply lines from a generator, transformer, or substation will be capped for safety purposes

in \opsahl-powergrid". Therefore, the IGP is necessary to capture the underlying process

behind these datasets.

Alternatively, Lee et al. (2024) compare the implied tail index and the tail index from the

IGP to justify the need for a mixture distribution. The implied tail index is interpreted

as the tail index had the bulk been extended to encompass the right tail. If the best-

�tting mixture model is the TZP-IGP or the TZP-TZP-IGP, then the implied tail index is 0.

For the \opsahl-powergrid", \arenas-email", \petster-friendships-hamster", \com-dblp", and
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Figure 2.8: Scatter plots of tested candidate thresholds for the TZP-ZM-IGP (left) and TZP-
TZP-IGP (right) using the threshold selection procedure in Algorithm 2.1 for the \wordnet-
words" dataset. The diagonal black line represents the u = v + 5 line (the lower bound for
v). The colour of the points details the value of the distance metric. The large square with
a black outline is the threshold that minimises the distance metric, amongst those tested, in
each case.

\livemocha" datasets, �̂ � 0, suggesting the additional 
exibility in the tail component may

not be necessary. For the remaining datasets where the TZP-IGP or the TZP-TZP-IGP are

the best-�tting model, the tail index is much larger than 0, justifying the need for a 
exible

tail component. If the best-�tting mixture model is the ZM-IGP or the TZP-ZM-IGP, then

the implied tail index is � mix = 1=(� mix � 1), provided � mix > 1 such that � mix = � 1 for the

ZM-IGP and � mix = � 2 for the TZP-ZM-IGP. Figure 2.9 compares the tail index and the
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Figure 2.9: Scatter plot comparing the tail index and the implied tail index for selected
datasets where the best �tting mixture model is the ZM-IGP or the TZP-ZM-IGP. The
network name is provided next to its corresponding point. The red dashed line corresponds
to the y = x line.

implied tail index for the datasets where this applies. Note that we have not shown the tail

index for the \us american" dataset as it is very negative (̂� = �1:319 (3dp)) and has been

explained above. For the remaining datasets, the implied tail index is always larger than

the tail index, justifying the mixture model to provide a more appropriate rate of tail decay,

particularly for the \reactome" and \ca-AstroPh" datasets. Interestingly, the tail index is

very similar to the implied tail index for the \wordnet-words" dataset, which further suggests

the behaviour of the most extreme degrees is not being accounted for by the mixture model

and that the threshold for the tail is too low (see Figure 2.8).

Finally, we note that we attempted to �t larger networks in the KONECT database, such

as \com-youtube" and \petster-friendships-dog". However, due to the computational com-

plexity of the proposed threshold selection procedure in Algorithm 2.1, a threshold could

not be selected for any of the models. Alternative threshold selection routines are available

in the likelihood framework. However, as discussed in Section 2.2.4, they are either more

computationally intensive or require a subjective choice of the threshold, and so they are not

explored here.
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2.6 Discussion

The proposed model appears to �t the data well and is 
exible enough to capture a wide

range of behaviour. This supports the �ndings of Lee et al. (2024) and the hypothesis of

Mannion and MacCarron (2023) that mixture models are necessary to model the entire degree

distribution.

Although the threshold selection method proposed in Section 2.2.4 is computationally more

e�cient than previous methods, it is still expensive due to two bottlenecks. The �rst cannot

be overcome, as the probability of candidate thresholds being selected for testing changes

each iteration depending on which thresholds have previously been tested. The second could

be overcome by not re�tting the model to the bootstrapped samples in each iteration. An

argument against re�tting is that if the candidate is a poor choice for the original data,

it is likely going to be a poor choice for the bootstrapped samples and result in a high

distance metric, irrespective of whether the model is re�tted or not. Adopting a Bayesian

approach for inference (Lee et al., 2024) is likely to be computationally more e�cient since the

threshold(s) can be incorporated as parameters to be estimated. In addition, the threshold

uncertainty is obtained for free rather than having to repeat the threshold selection procedure

in Algorithm 2.1 for many bootstrapped samples.

The Bayesian approach is also more elegant as it allows for model selection via Bayes Factors

to be performed within the inference procedure. While a simple likelihood ratio test can

be performed to choose the best-�tting mixture model for each candidate threshold, the

distance metric used in Algorithm 2.1 is based on absolute deviations in the QQ-plot, meaning

it cannot be mixed between di�erent models. Thus, the model selection involves multiple

steps and subjective reasoning, making it less statistically robust compared to the Bayesian

approach of Lee et al. (2024).

One simplifying assumption, which is unrealistic, is that the degrees of the network are

independent. The degree distribution is, by de�nition, dependent. For example, in a directed

network such as Instagram followers, if one user follows an account, this increases the in-

degree (followers) of the other account by one, and could increase the in-degree of the original

user's account by one if the other user reciprocates. Such dependence should be accounted for

when statistically modelling the degree distribution. However, this would require modelling

the growth of the network or modelling the degree distribution with a discrete multivariate

distribution, both of which are beyond the scope of our contribution and are open questions

in the literature. Generative models already account for dependence with directed networks

(Bollob�as et al., 2003) and notions of reciprocity (Cirkovic et al., 2023).
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While proposing generating mechanisms for degree distributions is beyond the scope of our

work, it is related. As shown in Section 2.5 and Lee et al. (2024), the mixture models tend

to �t the data better than a single distribution, such as Zipf-polylog. This suggests low- and

high-degree nodes may have di�erent generating mechanisms that need to be accounted for

in the generative models. This raises questions about whether current generative models are

appropriate in their current form, as they are designed to capture the limiting behaviour of

the largest nodes in the network rather than the network as a whole. In addition, although we

can produce networks whose degree distribution decays according to a power-law (Barab�asi

and Albert, 1999) or exponentially (Erd•os and R�enyi, 1959; Watts and Strogatz, 1998), we

are currently unable to generate light-tailed degree distributions. Since certain networks will

have an upper bound on their degree distribution, such as the number of junctions in a road

and the number of supply lines in power grids, such research is vital to ensure all types of

networks can be recreated and understood.
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Supplementary Material to \Modelling the De-
gree Distribution of Networks"

S2.1 Discrete distributions for discrete data

In Section 2.4.1, we showed that the IGP distribution was required for modelling continuous

data that had been discretised, and that using the GP distribution resulted in biased param-

eter estimates. Here, we show that this phenomenon is not isolated to the GP distribution.

To do this, we simulate data from the exponential distribution, discretise the data, and model

this using the exponential and geometric distributions.

Assume that X follows an exponential distribution with probability density function

f(xj�) =

8
<

:
�exp(��x) for x � 0;

0 otherwise;

with rate parameter � > 0. Now, assume that we have a discrete random variable Y = bXc.

It can be shown Y follows a geometric distribution with probability mass function

f(yjp) =

8
<

:
p(1 � p) y for y 2 f0; 1 : : : ; g;

0 otherwise;

where p = 1 � exp(��) 2 (0; 1].

Using a similar approach as in Section 2.4.1, we will simulate 1000 replicates of 1500 realisa-

tions from the exponential distribution with � = �log(0:15) � 0:51 (2dp) such that p = 0:85.

To obtain the discrete datasets, we will take the integer part of the continuous datasets.

Figure S2.1 compares the parameter estimates obtained from the model �tting process. The

left panel compares the MLEs of � when the exponential distribution models both the con-

tinuous and discrete datasets. The estimates for the latter case exhibit a large positive bias,

while the estimates in the former case are centred around the true value. Similar conclusions

can be drawn when assessing the centre panel, which compares estimates when the expo-

nential and geometric distributions model the discrete datasets. The right panel compares

MLEs when the exponential and geometric distributions model the continuous and discrete

datasets, respectively. Both sets of parameter estimates are centred around the true value

(the blue square) and follow the red dashed y = x line. These results are similar to those

presented in Section 2.4.1 and bolster the evidence that the only way to obtain unbiased
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Figure S2.1: Scatter plots of 1000 parameter estimates of �. The left panel compares the
MLEs when the exponential distribution models both the continuous and discrete datasets.
The centre panel compares the MLEs when the exponential and geometric distributions are
�tted to discrete datasets. The right panel compares the MLEs when the exponential dis-
tribution models the continuous datasets and the geometric distribution models the discrete
datasets. The red dashed lines correspond to the y = x line. The blue square corresponds to
the true value of the parameter.

parameter estimates is to use a model that accurately describes the coarseness/�neness of

the data.

Similar to Section 2.4.1, Figure S2.2 shows the PP- (left) and QQ-plots (right) for a single

randomly selected replicate. Naturally, the PP- and QQ-plots indicate a good model �t

when the exponential distribution models the continuous dataset (orange circle) and the

geometric distribution models the discrete dataset (green diamonds). When the exponential

distribution models the discrete dataset (blue triangles), there is an obvious lack of �t, with

the PP-plot exhibiting underestimation, while the QQ-plot exhibits overestimation for low

quantiles and underestimation for high quantiles.

Therefore, erroneously using a continuous distribution to model discrete data can result in

a deceptively good-�tting model, as shown in Section 2.4.1. However, it can also result in
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Figure S2.2: PP- (left) and QQ-plot (right) for a single replicate when the exponential
distribution is used to model the continuous (orange circles) and discrete (blue triangles)
datasets, and when the geometric distribution is used to model the discrete datasets (green
diamonds). The red dashed line represents the y = x line.

an ill-�tting model, as shown in Figure S2.2. The alignment of the PP- and QQ-plot with

the y = x line will broadly depend on the range of the data being considered and whether

the discrete random variable can be assumed to be \approximately" continuous. Given the

range of discrete distributions available and the ease with which they can be �t, such false

assumptions should not need to be made in practice.

S2.2 Approximating discrete random variables

In the network science literature, it is common practice to model discrete data using a

continuous distribution after the data has been perturbed by some random noise (Voitalov

et al., 2019). Here, we show that this does not result in biased parameter estimates, however,

the correct assumptions must be made.

Assume that an integer-valued random variable Y follows the IGP under ceiling above some
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Figure S2.3: Boxplots of 1000 parameter estimates (scale - left, shape - right) from when the
GP distribution models continuous (orange) and discrete (blue) datasets and when the IGP
under 
ooring models discrete datasets (green). The red dashed lines correspond to the true
parameter values.

high threshold u. To make the data continuous, we need to perturb the data. We cannot

add uniform noise, since we assume Y follows the IGP under ceiling, however, we cannot

subtract uniform noise either, as X = Y � U, where U is a uniform random variable on the

interval (0; 1), would follow a continuous GP above a threshold u � 1. Hence, X and Y are

not consistent. Therefore, we have to assume that Y is an integer-valued random variable

that follows the IGP under 
ooring above some high threshold u. Again, by de�nition, we

cannot assume that X = Y � U. Thus, we must assume that X = Y + U.

Assume that Y is an integer-valued random variable that follows the IGP under 
ooring

above some high threshold u = 10 with scale parameter �u = 20, and shape parameter

� = 0:3. As per Section 2.4.1, we generate 1000 replicates of n = 1500 realisation from the

model, such that y(j)i is the ith realisation from the jth replicate, for i = 1; : : : ; 1500 and

j = 1000. For the continuous data, de�ne x(j)
i = y (j)

i + u (j)
i , where u(j)

i is a realisation from

a standard uniform distribution. We can therefore assume that X follows a GP distribution

with threshold u, scale parameter �u and shape parameter �.
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Figure S2.3 shows boxplots of the parameter estimates when the GP distribution models

the continuous (orange) and the discrete datasets (blue), and when the IGP under 
ooring

models the discrete datasets (green). The second combination is designed to provide biased

parameter estimates, since the model assumes the data is on a �ner scale than is available.

The �rst and third combinations are unbiased, and this is the only way to obtain unbiased

parameter estimates when modelling discrete extreme values using a GP distribution.

S2.3 Additional threshold selection examples

In Section 2.4.2, we assessed the proposed threshold selection method in Algorithm 2.1 for

the TZP-ZM-IGP distribution. In Section S2.3.1, we repeat the process here for the ZM-IGP

distribution to evaluate the performance in an edge case setting. In addition, we perform

the threshold selection for data generated from the geometric distribution in Section S2.3.2

to assess how our model performs for data not generated from the underlying mixture dis-

tribution.

S2.3.1 ZM-IGP threshold selection

Similar to Section 2.4.2, we simulate 100 replicates of size 50; 000 from the ZM-IGP with

threshold u = 35 (alternatively � u = 0:11), and parameters � = 1, � = 1:5, � u = 55, and

� = 0:8. Such parameters are chosen to make it di�cult to determine where the body ends

and the tail begins.

For each simulated dataset, the threshold selection method in Section 2.2.4 is applied for

both the ZM-IGP and TZP-IGP. Note, in Algorithm 2.1, the number of bootstraps B is set

to 200, the number of tested thresholds at each iteration k is set to 10, and the number of

consecutive trials without reducing the distance metric s is also set to 10. This results in

approximately 25% of candidate thresholds being tested, on average, thereby providing a large

computational gain compared to testing all possible candidate thresholds. The thresholds

are then treated as �xed, and the model is �tted using the log-likelihood (2.3.1).

Figure S2.4 shows boxplots of the threshold and parameter estimates for the ZM-IGP (orange)

and TZP-IGP (blue). For the TZP-IGP, � � 1 and � > 1 for all replicates. This indicates

that the ZM-IGP may be a more appropriate model. Both models overestimate the true

threshold, although the ZM-IGP is less biased than the TZP-IGP. Overestimation in the

threshold results in overestimation in the scale parameter of the IGP, since it is threshold-

dependent, and a slight underestimation of � in the bulk. Since the selected threshold exceeds

the true threshold, the shape parameter is unbiased for both models due to the parameter
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Figure S2.4: Boxplots of the selected threshold and subsequent parameter estimates for
the ZM-IGP (orange) and TZP-IGP (blue). The threshold and parameters are u (left), �
(centre left), � (centre), � u (centre right), and � (right). The red dashed lines in each panel
correspond to the true threshold/parameter value.

stability property of the IGP.

Figure S2.5 shows the degree distribution, survivor function, and distance metric output

(all on the log-log scale) for a randomly selected replicate. From the �rst two plots, the

distinction of where the body ends and the tail begins is unclear, which explains why the

threshold selection method overestimates the true threshold. The distance metric for the ZM-

IGP demonstrates the shape we would expect; a decreasing distance metric below the true

threshold due to bias in the IGP component, an increasing distance metric above the selected

threshold due to increased variability in the IGP component and bias in the ZM component,

and a relatively 
at metric between the two thresholds where any of the candidate thresholds

could be suitable (although there is an odd bump around 100). The TZP-IGP somewhat

re
ects this shape, but the distance metric has an inexplicable bump around 250. The

roughness in the curve is quite clear and highlights why gradient methods are not appropriate

for minimising the distance metric. The curve could be smoothed further by increasing the

number of bootstraps; however, this increases the computational cost without drastically

improving the result.
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Figure S2.5: The degree distribution (top), survivor function (middle), and the distance
metric (bottom) on the log-log scale, for a single replicate. The red, orange, and blue dashed
vertical lines correspond to the true threshold and the selected thresholds for the ZM-IGP
and TZP-IGP, respectively. The squares and triangles in the bottom panel correspond to the
distance metric for the ZM-IGP and TZP-IGP, respectively.

Despite both models overestimating the true threshold, the model �t is not poor, as can be

seen by the QQ-plot in Figure S2.6. The QQ-plot is on the log-log scale to highlight both

tails. Both models overestimate the left tail, which is likely due to the � parameter being

slightly underestimated. The right tail has some deviations, although nothing unexpected,

given the heavy nature of the tail in question. Despite being simulated from the ZM-IGP,

the �t would likely improve by using the three-component mixture model.

Finally, we would need to choose the model that best �ts the data. Given that the model �ts

are visually comparable, we need to use alternative methods. Comparing the models using

AIC and BIC, they correctly choose the ZM-IGP as the best-�tting model 87 and 94 times,

respectively. In addition, �̂ � 1 and �̂ > 1 for all replicates (see Figure S2.4), which gives a
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Figure S2.6: QQ-plot (on the log-log scale) comparing the model �t from the ZM-IGP
(squares) and TZP-IGP (triangles) for a single replicate. The red, orange, and blue dashed
vertical lines correspond to the true threshold and the selected thresholds for the ZM-IGP
and TZP-IGP, respectively. The red dotted line corresponds to the y = x line.

strong indication that the ZM-IGP is the more appropriate model.

S2.3.2 Geometric threshold selection

For this simulation study, we simulated 100 replicates of size 5000 from the geometric dis-

tribution with the probability of success p = 0:05. For each simulated dataset, we perform

the threshold selection method in Section 2.2.4 for the TZP-IGP only. The ZM-IGP is in-

appropriate for data generated from a geometric distribution, as the bulk will not exhibit

power-law-like behaviour. Further, more complicated mixtures, such as the TZP-TZP-IGP,

are likely to over�t to the data. Note, in Algorithm 2.1, the number of bootstraps B is set

to 500, the number of tested thresholds at each iteration k is set to 5, and the number of

consecutive trials without reducing the distance metric s is also set to 5. This results in ap-
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Figure S2.7: Boxplots of the selected threshold and subsequent parameter estimates for the
TZP-IGP and the parameter estimate for the geometric distribution. The threshold and
parameters are u (�rst), � (second), � (third), � u (fourth), � (�fth), and p (sixth). The red
dashed line in the �nal panel corresponds to the true parameter value.

proximately 45% of candidate thresholds being tested, on average, thereby providing a large

computational gain compared to testing all possible candidate thresholds. The thresholds are

then treated as �xed, and the model is �tted using the log-likelihood (2.3.1). For comparison,

we also �t the log-likelihood function for the geometric distribution.

The selected threshold and parameter estimates from the TZP-IGP, as well as the parameter

estimate for p in the geometric distribution, are provided in Figure S2.7. First, note that

the probability of success p for the geometric distribution is underestimated compared to

its true value. This is likely due to the small value of p and the large range of the data

being considered. However, the bias is small enough that it does not cause concern. For

the selected threshold u, there is quite a range of values, which may be due to the smaller

sample size and the small value of p. For the truncated polylog component, the � parameter

is su�ciently far away from 1 that we do not need to consider the ZM-IGP as an alternative

model. For the IGP component, the shaper parameter is 0 on average. While the geometric

distribution does not belong to the domain of attraction of any distribution (Shimura, 2012),
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Figure S2.8: PP- (left) and QQ-plot (right) comparing the model �t from the geometric (blue)
and TZP-IGP (orange) distributions for a single replicate from the geometric distribution.
The red dashed line corresponds to the y = x line.

a shape parameter close to 0 makes sense since the geometric distribution is the discrete

counterpart of the exponential distribution, which belongs to the domain of attraction of the

Gumbel distribution.

The parameter estimates appear sensible, however, they do not inform us of the �t of the

models. Figure S2.8 shows the PP- and QQ-plots for a single replicate for both the geometric

and TZP-IGP distributions. Interestingly, the low empirical probabilities are overestimated
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by the geometric distribution, a consequence of the slightly biased parameter estimate. Fur-

thermore, the largest empirical probabilities appear to be underestimated, which is clearer on

the QQ-plot, where the largest quantiles are overestimated. Conversely, the PP-plot for the

TZP-IGP presents no issues, and the overestimation of the largest quantiles for this model is

a little lower. This suggests that the mixture model provides a good �t, despite the data itself

not being generated from a mixture distribution. This also indicates the threshold selection

is performing adequately to provide a better �t to both the bulk and the tail compared to

using a single distribution for both. This is supported by the AIC and BIC choosing the

TZP-IGP over the geometric distribution for all 100 replicates despite having three addi-

tional parameters. Thus, the threshold selection appears be choosing a sensible threshold

and optimising the overall �t to the data.

S2.4 AIC and BIC tables for the application

This section contains tables to supplement the model selection performed in Section 2.5.

Table S2.1 contains the AIC for the TZP, and the change in AIC, relative to the TZP model,

for all the other models. Table S2.2 details the same information but for the BIC. The bold

number in each row denotes the model that minimises the AIC/BIC.
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Table S2.1: The �rst column details the AIC for the TZP for various datasets analysed in
Section 2.5. The remaining columns depict the change in AIC relative to the TZP model.
The bold number in each row corresponds to the model that minimises the AIC.

Network Name TZP ZM TZP-IGP ZM-IGP TZP-TZP-IGP TZP-ZM-IGP

opsahl-powergrid 1:70 � 10 4 2:46 � 10 3 �169 784 NA NA
morenopropro 5:84 � 10 3 96:8 �9:08 �9:38 �8:98 NA
arenas-email 7:27 � 10 3 346 �4:76 40:5 �4:94 NA
maayan-vidal 1:40 � 10 4 465 �94:4 �71 �95:3 NA
petster-friendships-hamster 1:29 � 10 4 537 �41:5 67:4 �40:7 NA
petster-hamster 1:70 � 10 4 870 �54:7 75:7 �64:2 �63:6
com-dblp 1:77 � 10 6 1:35 � 10 5 �4:38 � 10 4 9:47 � 10 3 �4:49 � 10 4 �4:48 � 10 4

morenonames 1:16 � 10 4 993 �673 218 �639 �641
ca-AstroPh 1:48 � 10 5 7:93 � 10 3 �787 1:58 � 10 3 �964 �961
com-amazon 1:72 � 10 6 3:46 � 10 5 �7:27 � 10 4 1:07 � 10 5 �3:52 � 10 4 �6:12 � 10 4

us american 6:05 � 10 3 23:5 �60:8 �89:8 �94:5 �110
reactome 5:84 � 10 4 1:80 � 10 3 �284 104 �640 �636
wordnet-words 9:10 � 10 5 8:29 � 10 4 �4:12 � 10 4 �5550 �4:13 � 10 4 �4:13 � 10 4

loc-brightkite edges 2:96 � 10 5 4700 �638 �548 �671 �592
as20000102 2:64 � 10 4 337 �1300 �1140 �1300 �1300
native american 9:52 � 10 3 361 �180 �109 �185 �182
as-caida20071105 9:59 � 10 4 366 �9000 �3310 �8490 �8490
livemocha 9:28 � 10 5 4:16 � 10 4 �1:36 � 10 4 2830 �1:45 � 10 4 �1:42 � 10 4

swissprot 5:86 � 10 4 180 �176 �187 �174 �177
moby 8:03 � 10 4 33:8 �174 �171 �174 �179
loc-gowallaedges 1:15 � 10 6 3:68 � 10 4 �1:20 � 10 4 �1:04 � 10 4 �8090 �1:22 � 10 4

Table S2.2: The �rst column details the BIC for the TZP for various datasets analysed in
Section 2.5. The remaining columns depict the change in BIC relative to the TZP model.
The bold number in each row corresponds to the model that minimises the BIC.

Network Name TZP ZM TZP-IGP ZM-IGP TZP-TZP-IGP TZP-ZM-IGP

opsahl-powergrid 1:71 � 10 4 2:45 � 10 3 �156 790 NA NA
morenopropro 5:85 � 10 3 91:3 1:99 �3:85 13:2 NA
arenas-email 7:28 � 10 3 341 5:31 45:5 15:2 NA
maayan-vidal 1:40 � 10 4 459 �82:3 �65 �71:1 NA
petster-friendships-hamster 1:29 � 10 4 532 �30:5 72:9 �18:6 NA
petster-hamster 1:71 � 10 4 865 �43:2 81:5 �41 �46:2
com-dblp 1:77 � 10 6 1:35 � 10 5 �4:37 � 10 4 9:48 � 10 3 �4:48 � 10 4 �4:48 � 10 4

morenonames 1:16 � 10 4 987 �662 224 �617 �624
ca-AstroPh 1:48 � 10 5 7:92 � 10 3 �771 1:59 � 10 3 �932 �937
com-amazon 1:72 � 10 6 3:46 � 10 5 �7:26 � 10 4 1:07 � 10 5 �3:51 � 10 4 �6:12 � 10 4

us american 6:06 � 10 3 18:4 �50:6 �84:6 �74 �94:3
reactome 5:84 � 10 4 1:79 � 10 3 �271 111 �613 �616
wordnet-words 9:10 � 10 5 8:29 � 10 4 �4:12 � 10 4 �5540 �4:12 � 10 4 �4:13 � 10 4

loc-brightkite edges 2:96 � 10 5 4690 �620 �539 �635 �565
as20000102 2:64 � 10 4 330 �1280 �1140 �1270 �1280
native american 9:53 � 10 3 356 �169 �104 �164 �167
as-caida20071105 9:59 � 10 4 358 �8980 �3300 �8460 �8470
livemocha 9:28 � 10 5 4:15 � 10 4 �1:36 � 10 4 2830 �1:45 � 10 4 �1:42 � 10 4

swissprot 5:86 � 10 4 173 �161 �180 �145 �155
moby 8:04 � 10 4 25:9 �158 �163 �142 �155
loc-gowallaedges 1:15 � 10 6 3:68 � 10 4 �1:20 � 10 4 �1:04 � 10 4 �8050 �1:21 � 10 4
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Conditional Extremes with Graphical Models
Abstract

Multivariate extreme value analysis quanti�es the probability and magnitude of joint ex-

treme events. Classical multivariate models, such as max-stable or multivariate generalised

Pareto distributions, generally have a high computational cost of �tting, which limits their

application. To overcome this, models based on the asymptotically dependent multivari-

ate Pareto distribution have recently incorporated graphical models to induce sparsity and

reduce the dimension of the parameter space. While this approach is computationally e�-

cient, the assumption of asymptotic dependence is inappropriate for many applications. The

conditional multivariate extreme value model (CMEVM) is a popular model for which the

asymptotic dependence assumption is not required. Unfortunately, inference for this model

is semi-parametric, and consequently, it has poor predictive performance in high dimensions.

An extension of the CMEVM that allows both the incorporation and selection of sparse

dependence structures, and fully parametric prediction is proposed. The approach �lls a

current gap in statistical methodology by extending graphical models to asymptotically in-

dependent multivariate extreme value models. To support inference in high dimensions, a

stepwise inference procedure that is computationally e�cient and loses no information or

predictive power is proposed. Simulation studies show the model is highly 
exible, and an

application to discharges in the upper Danube River basin provides promising results.

3.1 Introduction

The development of statistical models to describe and predict multivariate extreme events

is a crucial part of natural hazard risk assessment, especially for data arising from spatial,

temporal, and spatio-temporal processes. For example, multivariate extreme value models

have been adopted to predict risk from extreme snowfall (Blanchet and Davison, 2011), sea

surface temperature (Simpson and Wadsworth, 2021), droughts (Oesting and Stein, 2018),

river 
ows (Asadi et al., 2015; Keef et al., 2013), forest �res (Stephenson et al., 2015),

precipitation (Westra and Sisson, 2011), wind-speed (Engelke et al., 2015), and ocean storms

(Shooter et al., 2019), all of which exhibit complex behaviour, which can only be e�ectively

captured by a 
exible, multi-parameter model.

Central to multivariate extreme value modelling is the concept of extremal dependence.

Let V = f1; : : : ; dg and consider the d-dimensional absolutely continuous random vector

X = fX j : j 2 V g with joint and marginal distributions F X (x) = P[X � x] and F j (x j ) =

P[X j � x j ], respectively. If the quantity � A := lim u!1 P[Fi (X i ) > u : i 2 A]=(1 � u) for
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A � V and jAj � 2 is strictly positive, then the components in A are likely to experience their

extremes simultaneously and are said to show asymptotic dependence (AD) (Simpson et al.,

2020). If � A = 0 then the variables in A cannot be simultaneously extreme; speci�cally for

jAj = 2, if � A = 0 then the two variables show asymptotic independence (AI) (Ledford and

Tawn, 1996). Full AD occurs when �A > 0 for all subsets A � V , and full AI occurs when

� A = 0 for all two-dimensional subsets of V . While independence implies AI, the converse

does not hold.

The strength of association between components with AI can be quanti�ed using the coe�-

cient of tail dependence � (Ledford and Tawn, 1996). The coe�cient arises from a �rst-order

approximation for the joint survivor function of (X i ; X j ) for i; j 2 A, i 6= j. For large x the

approximation is

P[F �1
F (FX i (X i )) > x; F �1

F (FX j (X j )) > x] � L(x)P[F �1
F (FX i (X i )) > x] � 1

� ; (3.1.1)

where F�1
F (�) is the inverse of the standard Fr�echet distribution function and L(�) is a slowly

varying function. For pairs that exhibit AD, � = 1 and L(x) 9 0 as x ! 1. Otherwise,

X i and X j are either negatively (0 < � < 0:5) or positively (0:5 < � < 1) associated in their

extremes, or exactly extremally independent (� = 0:5). Estimates of � are usually obtained

over a range of �nite thresholds, and the limit behaviour of �(u), where u is the u-th quantile

of the standard Fr�echet distribution, is used to determine the likely extremal dependence

class.

We illustrate these concepts using river discharges from the upper Danube River basin.

Daily discharge data at d = 31 gauging stations for 1960-2009 is available from the Bavar-

ian Environmental Agency (http://www.gkd.bayern.de). Figure 3.1 (left panel) shows the

undirected tree implied by the 
ow connections of the river basin. We use the summer-

only, temporally declustered dataset (see Asadi et al. (2015) for details), available from the

graphicalExtremes package (Engelke et al., 2024b) in R (R Core Team, 2025). The data have

previously been analysed using a max-stable Brown-Resnick process (Asadi et al., 2015) and

a multivariate Pareto graphical model (Engelke and Hitz, 2020), both of which assume full

AD. Figure 3.1 (right panel) shows scatter plots on standard Fr�echet margins, and empirical

estimates for the extremal dependence measure �(u) (Ledford and Tawn, 1996) for stations

19 and 29 (top), and 19 and 16 (bottom). Sites 19 and 29 lie on di�erent tributaries and

are 
ow-unconnected, while 19 and 16 both lie on the Isar tributary and are 
ow-connected.

Stations 19 and 16 appear to exhibit AD: they experience extreme events simultaneously and

�(u) ! 1 as u ! 1. Conversely, the scatter plots for stations 19 and 29 suggest AI, which

is supported by the fact that �(u) 9 1 as u ! 1. Thus, while 
ow-connected stations often
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Figure 3.1: Undirected tree induced by the 
ow connections of the upper Danube River basin
(left) with sites 16, 19 and 29 in blue. Scatter plots on standard Fr�echet margins (centre)
and empirical estimates of �(u) (right) for u 2 (0; 1] for sites 19 and 29 (top) and 16 and 29
(right).

exhibit AD, some 
ow-unconnected stations do not and assuming AD for such stations would

lead to overestimation of their joint tail behaviour.

Determining the class of extremal dependence is important, since not all multivariate extreme

value models permit both AD and AI. Many popular models are based on max-stable distribu-

tions and processes, which are asymptotically dependent. Examples include the multivariate

Pareto distribution (Rootz�en and Tajvidi, 2006; Rootz�en et al., 2018) and the max-stable

(Smith, 1990) and generalised r-Pareto (Ferreira and de Haan, 2014) processes. The appeal

of these comes from their connection to asymptotic limit theory, and is one of the reasons

why the existing graphical modelling approach for extremes (Engelke and Hitz, 2020) is built

on the H•usler-Reiss distribution, which belongs to the class of multivariate Pareto distribu-

tions. While the original presentation in Engelke and Hitz (2020) allows only block graphs

with cliques of size at most three, numerous subsequent extensions have been proposed (En-

gelke et al., 2024a). For example, Engelke et al. (2025) allow for any (sparse) graphical

structure for the dependence structure, while R•ottger et al. (2023) introduce coloured graphs

which permit symmetries into the variogram matrix. However, the underlying distributional

assumption makes these models unsuitable for data which exhibit AI.

Models for AI, such as the one proposed by Ledford and Tawn (1997), were initially limited

to the bivariate case only. While Ramos and Ledford (2011) and Wadsworth and Tawn
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(2013) developed extensions of this model that allowed for inference away from the diagonal,

the semi-parametric conditional multivariate extreme value model (CMEVM) was the �rst

model to provide a credible approach to data exhibiting both AD and AI (He�ernan and

Tawn, 2004). The CMEVM is not based on a multivariate distribution or process; rather,

conditional on one variable being large, normalising functions are de�ned to control the rate

of growth of all other variables such that, after normalisation, the joint distribution of these

\residuals" is non-degenerate. The model has gained popularity due to the relative ease with

which its parameters can be estimated and interpreted, even in high dimensions. Applications

include 
ood risk mapping (Neal et al., 2013; Towe et al., 2019), and the prediction of extreme

sea states (Gouldby et al., 2014, 2017; Ross et al., 2020), sea surface temperatures (Simpson

and Wadsworth, 2021), heatwaves (Winter and Tawn, 2016), and precipitation (Debusho and

Diriba, 2021; Richards et al., 2022).

One issue with the CMEVM is that its predictive performance declines with increasing dimen-

sionality (see next section and the Supplementary Material). The spatial CMEVM (Richards

et al., 2022; Shooter et al., 2021; Wadsworth and Tawn, 2022) overcomes this by using a

fully parametric spatial kernel for the residual distribution. By construction, this model is

appropriate for measurements on a continuous spatial surface but not for measurements on

topographies such as road or river networks, which are represented by a graph (Figure 3.1, left

panel). To the best of our knowledge, the only work in this area is that of Papastathopoulos

(2016) and Casey and Papastathopoulos (2023), who prove numerous important theoretical

results for the CMEVM when processes are observed on decomposable graphs. While the

authors develop an impressive theoretical framework, developing statistical methodology was

beyond the scope of their contribution.

Our contribution �lls this gap. We use the multivariate asymmetric generalised Gaussian

(MVAGG) to model the CMEVM residuals, increasing accuracy for full parametric pre-

diction. We also incorporate structure into the CMEVM residuals, thereby providing a

framework for (sparse) graphical structures that accommodates both extremal dependence

classes. The second of these contributions builds on ideas presented by Jennifer Wadsworth

in the discussion of Engelke and Hitz (2020) and generalises the temporal Markov CMEVM

of Winter and Tawn (2017). Finally, inference in high dimensions is achieved using step-

wise optimisation that is computationally e�cient without loss of information or predictive

performance.

The remainder of this paper is structured as follows. Section 3.2 provides an overview of

the CMEVM, introduces the MVAGG distribution, and describes the proposed structured

CMEVM. Methods for model inference, graphical selection, and model-based predictions



74 CHAPTER 3. CONDITIONAL EXTREMES WITH GRAPHICAL MODELS

are provided in Section 3.3. In Section 3.4, we illustrate the performance of our model,

the graphical selection procedure, and the utility of the stepwise inference procedures. We

then apply our model to discharges in the upper Danube River basin (Asadi et al., 2015)

in Section 3.5 and compare it to the one proposed by Engelke and Hitz (2020). Finally, we

outline directions for future research in Section 3.6.

3.2 Methodology

We review the CMEVM, introduce the MVAGG distribution, and describe a new variant of

the CMEVM that incorporates sparsity into the residual distribution. Throughout, we use

Vji := V nfig and X ji := fX j : j 2 V ji g to refer to the set V and vector X excluding their

ith elements. Standard hat notation is used to denote parameter estimates.

3.2.1 Conditional Multivariate Extreme Value Model

Multivariate extreme value models are usually de�ned on either max-stable or heavy-tailed

univariate margins. The use of speci�c margins is not restrictive since Sklar's Theorem

(Sklar, 1959) allows one to transform the univariate margins of a random vector without

altering the dependence structure. In what follows, Y and Yji denote the random vectors X

and X ji following transformation to Laplace margins. The CMEVM is based on a limiting

representation of Y given a pre-selected conditioning component Yi is extreme. The key

innovation is the use of normalising functions which depend on the conditioning component.

Speci�cally for each i 2 V , suppose that there exist functions fajji : R ! R; j 2 V ji g and

fb jji : R ! R + ; j 2 V ji g such that as uYi ! 1,

0

B
@

(
Yj � a jji (Yi )

bjji (Yi )

)

j2V ji

; Yi � u Yi

1

C
A

�
�
�
� Yi > u Yi

d!
�
fZ jji : j 2 V ji g; E

�
; (3.2.1)

then the residual vector Zji = fZ jji : j 2 V ji g is has a non-degenerate distribution and

is independent of the excesses of the conditioning component Yi , which follow a standard

exponential distribution E in the limit (He�ernan and Resnick, 2007).

To �t the CMEVM, limit (3.2.1) is assumed to hold exactly above a high but �nite threshold

uYi . There are currently no methods for threshold selection. Therefore, sensitivity checks

should be undertaken to ensure the threshold is low enough that the resulting estimates are

reliable, but not so low that limit (3.2.1) does not hold. Once the threshold is selected,

inference is undertaken separately on: (i) Yi � u Yi j Yi > u Yi ; (ii) the normalising functions;
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and (iii) the residuals Z ji . The �rst is trivial, since Y i � u Yi j Yi > u Yi is standard exponential

by limit (3.2.1). Parts (ii) and (iii) require greater consideration.

He�ernan and Tawn (2004) model the normalising functions as

ajji (yi ) = � jji yi ; bjji (yi ) = y
� jji

i ;

where for Laplace margins, �jji 2 [�1; 1] and � jji 2 (�1; 1]. These 
exible functions capture

AD (� jji = 1 and � jji = 0), complete independence (�jji = 0), and AI (all other parameter

combinations). In contrast, there is no general class of distributions for modelling the resid-

uals Z ji . He�ernan and Tawn (2004) use the working assumption that Zji follows a (d � 1)-

dimensional multivariate Gaussian (MVG) distribution, denoted Zji � MVG d�1 (� ji ; � �
ji ),

with mean vector � ji = f� jji : j 2 V ji g 2 Rd�1 and covariance matrix � �
ji . To further simplify,

they take � �
ji to be diagonal so that the components of Zji are independent.

Inference is performed separately for each conditioning component Yi . Under the assumption

that the observations y1; : : : ; yn are realisations of independent and identically distributed

random vectors Y1; : : : ; Y n , the parameters of the normalising functions and the residual

distribution associated with the ith conditioning component are obtained by maximising the

likelihood

L ji

�
� ji

�
=

Y

k:yk
i >u Yi

� d�1

2

6
6
4

8
<

:
yk

j � � jji yk
i

�
yk

i

� � jji

9
=

;
j2V ji

; � ji ; � �
ji

3

7
7
5

Y

j2V ji

�
yk

i

� �� jji

; (3.2.2)

where �d�1 (�; � ji ; � �
ji ) is the density of the (d�1)-dimensional MVG distribution. The second

term in the product is the Jacobian arising from the transformation of Yji to Z ji . While

the MVG assumption is useful for parameter estimation, it is not necessarily an appropri-

ate distributional assumption. Consequently, He�ernan and Tawn (2004) use the empirical

distribution of the �tted residuals

ẑ ji = fẑ jji := (y jji � �̂ jji yi )y
� �̂ jji

i : j 2 V ji g; (3.2.3)

to undertake model-based prediction.



76 CHAPTER 3. CONDITIONAL EXTREMES WITH GRAPHICAL MODELS

3.2.2 Multivariate Asymmetric Generalised Gaussian Distribu-

tion

While the CMEVM is 
exible and the computational cost of parameter (point) estimation is

low, the predictive performance and interval estimation declines in high dimensions for the

original model discussed in Section 3.2.1. This is due to the well-known curse of dimensional-

ity associated with sampling from the empirical distribution (Nagler and Czado, 2016); see the

Supplementary Material for an illustration in the speci�c case of the CMEVM. Overcoming

this limitation requires a fully parametric model. While this approach has been taken before

(Richards et al., 2022; Shooter et al., 2021; Wadsworth and Tawn, 2022), the model that we

propose allows, for the �rst time, both asymmetry in the univariate marginal distributions

of the residuals and a sparse dependence structure in their joint distribution.

The most commonly used fully parametric model for Zji is the MVG copula with generalised

Gaussian margins (Wadsworth and Tawn, 2022). The generalised Gaussian distribution

bridges the Gaussian and Laplace distributions, making it appropriate in cases where the

pairwise dependence of the residuals is expected to vary from strong asymptotic dependence

(for which the residual margins are expected to follow a Gaussian distribution) to complete

independence (for which the residual margins are expected to follow a Laplace distribution).

However, the generalised Gaussian distribution is symmetric, a property that we found is

not always appropriate (see Supplementary Material). Instead, we model the marginal dis-

tribution of the residuals Z ji using the asymmetric generalised Gaussian (AGG) distribution

(Nacereddine and Goumeidane, 2019). This distribution has density

f Z (z; �) =
�

(� 1 + � 2)�(1=�)

8
><

>:

exp
n

�
�
(� � z) =� 1

� �
o

z < �;

exp
n

�
�
(z � �) =� 2

� �
o

z � �;
(3.2.4)

where z 2 R, �(�) denotes the standard gamma function, � = (�; � 1; � 2; �), and � 2 R, � 1 >

0, � 2 > 0, � > 0 are the location, left-scale, right-scale, and shape parameters, respectively.

We refer to this distribution as the AGG(�; � 1; � 2; �). When � 1 = � 2, the AGG reduces

to the generalised Gaussian (or delta-Laplace) distribution used by Wadsworth and Tawn

(2022).

Any model for the marginal distribution of the residuals Zji must have two properties: (i) it

can adapt its shape to account for the strength of extremal dependence, and (ii) it can

account for asymmetry. As discussed, the generalised Gaussian distribution satis�es (i)

but not (ii). Alternatively, distributions such as the skew normal, skew-t, and asymmetric

Laplace distributions can capture (ii) but not (i). The AGG distribution is therefore an ideal
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candidate as it can account for asymmetry in the margins while also containing the Gaussian

(complete asymptotic dependence) and Laplace (complete independence) distributions as

edge cases.

For inference, it is helpful to separate the marginal and dependence properties of the residual

vector Z ji by de�ning

Wjji := � �1 (FZ jji
(Z jji )); j 2 V ji ;

where � and F Z jji
are the distribution functions of the standard Gaussian and

AGG(�; � 1; � 2; �) distributions, respectively. We can then assume that Wji = fW jji : j 2

Vji g � MVG d�1 (0; � ji ) where � ji is a (d � 1)-dimensional correlation matrix. We name

this combination of marginal and joint distributions the multivariate asymmetric gener-

alised Gaussian (MVAGG) distribution, denoted by Zji � MVAGG d�1 (� ji ; � �
ji ), where

� ji :=
n

(� jji ; � 1jji
; � 2jji

; � jji ) : j 2 V ji

o
and � �

ji parameterises the (sparse) precision matrix

� ji := (� ji )�1 . The density for this distribution is

f i (z ji ; � ji ; � �
ji ) = � d�1

2

4
�

� �1
�

FZ jji

�
zjji ; � jji

� � �

j2V ji

; 0; � ji

3

5

Y

j2V ji

f Z jji

�
zjji ; � jji

�

�
�
� �1

�
FZ jji

�
zjji ; � jji

� � �
(3.2.5)

where fZ jji
is de�ned in equation (3.2.4), and � is the standard univariate Gaussian den-

sity.

3.2.3 Structured Conditional Multivariate Extreme Value

Model

While a parametric model for the residual component of the CMEVM permits prediction in

high dimensions, it has the drawback of vastly increasing the number of model parameters.

Speci�cally, the correlation matrix � ji that parameterises the MVAGG distribution increases

the number of parameters from order d2 (the original CMEVM) to order d 3. We now explain

how conditional independence structures can overcome this challenge by introducing sparsity

into the precision matrix � ji associated with � ji .

We �rst introduce some necessary terminology. The conditional independence structure of

a random vector W � MVG d(0; �) can be formulated by associating W with a simple
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undirected graph G = (V; E). This graph consists of vertex V = f1; : : : ; dg and edge E �

ffj; kg j j; k 2 V; j 6= kg sets. The components Wj and Wk are conditionally independent

given the remaining components if fj; kg =2 E. Since W additionally follows a Gaussian

distribution, conditional independence of Wj and Wk implies that their partial correlation is

zero, and hence that �j;k = � k;j = 0, where � = (�) �1 is the precision matrix of W (Speed

and Kiiveri, 1986). Thus, a sparse precision matrix (equivalently, a sparse graph G) can

greatly reduce the dimension of the parameter space.

To construct the structured CMEVM (SCMEVM), we begin by conditioning on a single

component Yi . Given that Yi > u Yi , we de�ne a conditional independence graph Gji =

fE ji ; Vji g associated with the (d � 1)-dimensional residual vector Wji . This graph might

be de�ned by the topology on which the process is measured, or it might be estimated

empirically. Assuming that the residuals Zji follow a MVAGG distribution, density (3.2.5)

can be used to de�ne the likelihood function such that the elements of the precision matrix

� ji that correspond to edges not in the edge set Eji are set to zero. All other elements in the

matrix are treated as free parameters to be estimated.

Conditioning in turn on each component results in d models, each with a graph Gji that

describes the dependence structure of the residual vector Wji . This presents a conundrum

for model inference: how can these graphs be learnt? If we consider the limit result on which

the CMEVM is constructed, all d conditional dependence graphs are inherited from the graph

GX which represents the conditional dependence structure of the generating random vector

X. Using this observation, it seems reasonable to learn a uni�ed graph from which the Gji are

subsequently inferred. In practice, GX is unknown and, following the extreme value paradigm

of using only data in the tails to infer tail behaviour, we prefer not to estimate it directly. This

leaves two options: ignore the asymptotic self-consistency between the graphs and infer each

separately, or learn a uni�ed graph from only the tail data. The former has the advantage of

providing a more 
exible modelling tool at the expense of increased computational cost. The

latter ensures consistency across conditioning components at the expense of model 
exibility.

Scalability is a major motivation for our work, so we elect for the second approach.

Choosing a single graph presents two challenges: selection of the d-dimensional graph G and

inference of the sub-graphs. The �rst will be addressed in Section 3.3.2. For the second, we

augment W ji to include Wiji = 0, resulting in a d-dimensional vector. Exploiting textbook

properties of the conditional MVG distribution, each (d � 1)-dimensional precision matrix

� ji can then be obtained by excluding the ith row and column from the matrix � associated

with G. Equivalently, since W follows a MVG distribution, the graph Gji associated with

W ji is found by removing the ith node and its incident edges from G. In further contrast to



3.3. INFERENCE 79

learning the graphs individually, this approach allows explicit conditioning on Wiji = 0.

3.3 Inference

In this section, we describe the inference scheme for the MVAGG SCMEVM. The methods

described could be easily adapted to any other residual distribution based on a Gaussian

copula. We also provide algorithms for graphical selection and model-based predictions.

3.3.1 Parameter estimation

Given n independent and identically distributed realisations x1; : : : ; x n of the d-dimensional

random vector X, the �rst step is transformation to standard Laplace margins. By dou-

ble application of the probability integral transform (PIT), for each i 2 V and each

k 2 f1; : : : ; ng,

yk
i =

8
><

>:

� log
�

2
h
1 � ~Fi

�
xk

i

� i �
~Fi

�
xk

i

�
> 0:5;

log
�

2 ~Fi
�
xk

i

� �
~Fi

�
xk

i

�
� 0:5;

(3.3.1)

where ~Fi is an estimate of the marginal distribution Fi for X i . We use a semi-parametric

estimate for Fi consisting of the empirical distribution for xi � v X i and a generalised Pareto

distribution for x i > v X i (He�ernan and Tawn, 2004). The threshold vX i is selected using

the automated method of Murphy et al. (2025).

Inference for the MVAGG SCMEVM is performed for each component Yi separately by

maximising the likelihood

L ji

�
� ji

�
=

Y

k:yk
i >u Yi

f i

0

B
B
@

8
<

:
yk

j � � jji yk
i

�
yk

i

� � jji

9
=

;
j2V ji

; � ji ; � �
ji

1

C
C
A

Y

j2V ji

�
yk

i

� �� jji

; (3.3.2)

where fi is given by equation (3.2.5), uYi is the dependence threshold and �ji := (� d
ji ; � ji ; � �

ji )

combines the CMEVM dependence �dji :=
�

(� jji ; � jji ) : j 2 V ji

	
, MVAGG marginal � ji and

MVAGG correlation � �
ji parameters. Of the parameter vectors, only ��ji is determined by

the graph associated with Wji . The edge cases are the independent model, a graph with no

edges, and the saturated model, a full graph. In the former, only the diagonal of the precision

matrix is estimated, with all other elements set to zero. In the latter, all elements of the

precision matrix are estimated. Any other combination will be referred to as a graphical

model.
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Algorithm 3.1 One-step parameter estimation for the MVAGG SCMEVM

1: Initialise � d
ji , � ji , Gji = (V ji ; E ji ), and ";

2: The current values of � d
ji and � ji are � d�

ji and � �
ji , respectively;

3: Obtain �̂ �
ji = argmax

� �
ji

L ji

�
� d�

ji ; � �
ji ; � �

ji

�
, where Lji is likelihood (3.3.2) using Algo-

rithm 3.2;
4: Obtain

�
�̂ d

ji ; �̂ ji

�
= argmax

� d
ji ;� ji

L ji

�
� d

ji ; � ji ; �̂ �
ji

�
;

5: if jj ( �̂ d
ji ; �̂ ji ); (� d�

ji ; � �
ji ) jj> " then

6: Set � d�
ji = �̂ d

ji and � �
ji = �̂ ji ;

7: Repeat steps 3 - 4;
8: else
9: return �̂ d

ji , �̂ ji and �̂ �
ji

10: end if

The naive approach is to jointly estimate the full parameter vector �ji . A \one-step" numeri-

cal maximisation procedure for this is given in Algorithm 3.1. The algorithm iterates between

maximising the pro�le likelihood for � �
ji and maximising the pro�le likelihood for (� d

ji ; � ji ).

In step 4 of Algorithm 3.1, (� d
ji ; � ji ) are maximised using the BFGS quasi-Newton method,

so the norm used in step 5 is the sum of squares. Note, the parameters for ��
ji need not be

included in this condition since the pro�le likelihood for � �
ji has previously been maximised

at the current values (� d�
ji ; � �

ji ) using Algorithm 3.2.

Numerical optimisation of the pro�le likelihood for � �
ji is detailed in Algorithm 3.2 and uses

the input graph Gji to determine the precision matrix � ji . Speci�cally, numerical optimisation

is only required for non-trivial graphical structures since a closed-form expression exists for

�̂ ji , and hence also for̂� ji , for both the independent and saturated models, i.e. the identity

and inverse correlation matrix, respectively. For the graphical model, the graph Gji is chosen

a priori ; see Section 3.3.2 for details. As discussed, if fj; kg =2 Eji then (�̂ ji ) j;k must be 0, a

condition which can be enforced by using the graphical lasso (Friedman et al., 2007, Remark

2.1) to estimate � ji . This is the only complex step in the algorithm, however, provided that

the underlying data, W ji , is Gaussian and the dependence structure is correctly speci�ed by

the graph Gji , there should be few issues.

Although Algorithm 3.1 should converge, as it is iterating between maximising pro�le likeli-

hoods and can be seen as adjacent to other optimisation techniques such as conjugate gradient

methods (Shewchuk et al., 1994) and Gibbs sampling (Yildirim, 2012), the procedure has lim-

itations. For example, the estimates of �dji and � ji are not independent: the estimate of �jji
(� jji ) in
uences the mode (variance) of the residual distribution. Consequently, while joint
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Algorithm 3.2 Estimating � �
ji

1: Initialise �̂ d
ji , �̂ ji , and Gji = (V ji ; E ji );

2: Obtain ẑ ji using equation (3.2.3) and�̂ d
ji ;

3: Obtain ŵ ji such that ŵjji = � �1 (FZ jji
(ẑjji ; �̂ jji )) for j 2 V ji ;

4: if jE ji j = 0 then Independence
5: �̂ �

ji = I d�1 (the (d � 1)-dimensional identity matrix);
6: else if jE ji j = d(d � 1)=2 then Saturated
7: �̂ �

ji = (corr( Ŵ ji )) �1 ;
8: else Graphical
9: �̂ �

ji is estimated using a graphical lasso (Friedman et al., 2019) on̂W ji ;

10: return �̂ �
ji

estimation may result in a model with good predictive abilities (see Supplementary Material),

the �rst-order extremal dependence structure is not entirely captured by the dependence pa-

rameters � d
ji . Further, since AD is an edge case in the parameter space, this procedure is

more likely to suggest that pairs of variables are AI when they are AD. Therefore, conver-

gence of the algorithm should be investigated more thoroughly. Another limitation is that

�nding suitable initial values for the numerical optimisation becomes increasingly di�cult for

large d. Even for a sparse precision matrix �ji , the parameter space grows at least linearly

in d.

Thus, the one-step approach is only applicable in low dimensions, and even then, it is not

recommended due to potential o�setting between the CMEVM dependence and MVAGG

parameters. To address these issues, two- and three-step estimation procedures are described

in Algorithm 3.3 and Algorithm 3.4, respectively.

The two-step approach in Algorithm 3.3 �rst estimates the SCMEVM dependence parameters

� d
ji using the original CMEVM approach, i.e. we assume the residuals are independently

Gaussian. Treating these parameters as �xed, similar to a plug-in estimator, we obtain

the �tted residuals and then �t the MVAGG in equation (3.2.5) by again iterating between

maximising the pro�le likelihood for � �
ji and maximising the pro�le likelihood for � ji . This

method is attractive because it ensures that the �rst-order extremal dependence structure is

entirely captured by the dependence parameters �dji . Convergence of the algorithm should

be reviewed due to the plug-in nature of the dependence parameters �d
ji . However, the

separation of � d
ji and � ji means the former will converge at the same rate as the original

CMEVM (He�ernan and Resnick, 2007) and the latter converges at the rate of a Gaussian

distribution since it is a Gaussian copula.
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Algorithm 3.3 Two-step parameter estimation for the MVAGG SCMEVM

1: Initialise � d
ji , � ji , Gji = (V ji ; E ji ), and ";

2: Assuming independent Gaussian residuals, obtain̂� d
ji by maximising likelihood (3.2.2);

3: Using equation (3.2.3) and�̂ d
ji , obtain ẑ ji and treat them as �xed;

4: The current value of � ji is � �
ji ;

5: Obtain �̂ �
ji = argmax

� �
ji

L ji

�
�̂ d

ji ; � �
ji ; � �

ji

�
, where Lji is likelihood (3.3.2) using Algo-

rithm 3.2;
6: Obtain �̂ ji = argmax

� ji

L ji

�
�̂ d

ji ; � ji ; �̂ �
ji

�
;

7: if jj �̂ ji ; � �
ji jj> " then

8: set � �
ji = �̂ ji ;

9: repeat 5 - 6;
10: else
11: return �̂ ji and �̂ �

ji .
12: end if
13: return �̂ d

ji , �̂ ji and �̂ �
ji

The two-step approach still requires a computationally expensive numerical optimisation

procedure for the (d � 1)-dimensional MVAGG distribution and so is only applicable in low

dimensions. To circumvent this, we propose a three-step approach in Algorithm 3.4. Rather

than maximising the full (d � 1)-dimensional MVAGG distribution, we separate estimation

of the margins and dependence structure. This results in a much smaller parameter space

to maximise over, leading to computational gains over the two-step approach and making it

scalable to high dimensions. Furthermore, separating inference in this manner should not

impact the parameter estimates or convergence since the MVAGG distribution is a Gaussian

copula. Thus, we also don't lose information or convergence properties. Hence, the three-step

approach is our preferred method.

We make two �nal observations. Firstly, in contrast to the stationary spatial CMEVM

(Richards et al., 2022; Wadsworth and Tawn, 2022), in the SCMEVM, the parameter values

di�er with the conditioning variable. Hence, there is no information to be gained by jointly

�tting the d conditional models. Secondly, by construction, Algorithm 3.4 avoids maximis-

ing the joint likelihood. Consequently, we cannot obtain uncertainty estimates using the

standard asymptotic properties of the likelihood and the maximum likelihood estimators.

To obtain these, we recommend using a non-parametric bootstrapping algorithm. This re-

quires sampling with replacement from the original data to create arti�cial datasets, �tting

the model to each dataset, and hence obtaining a bootstrap approximation to the sampling

distributions of parameter estimates and model predictions.
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Algorithm 3.4 Three-step parameter estimation for the MVAGG SCMEVM

1: Initialise � d
ji , � ji , and Gji = (V ji ; E ji );

2: Assuming independent Gaussian residuals, obtain̂� d
ji by maximising likelihood (3.2.2);

3: Using equation (3.2.3) and�̂ d
ji , obtain ẑ ji and treat them as �xed;

4: Assuming the components of̂Z ji are independent, obtain�̂ ji = argmax
� ji

f i (ẑ ji ; � ji ; I d�1 )

where fi is given by equation (3.2.5), and Id�1 is a (d � 1)-dimensional identity matrix;

5: Obtain �̂ �
ji = argmax

� �
ji

L ji

�
�̂ d

ji ; �̂ ji ; � �
ji

�
, where Lji is likelihood (3.3.2) using Algo-

rithm 3.2;
6: return �̂ d

ji , �̂ ji and �̂ �
ji

3.3.2 Graph selection

We now discuss selection of the graphs Gj1; : : : ; Gjd . Recall that we assume that these graphs

are all derived from a unifying graph G. In most cases, G will be unknown and must be

learnt. Several such learning algorithms have been proposed for multivariate generalised

Pareto distributions. Engelke and Hitz (2020) iteratively add edges to G to minimise the AIC,

but this is costly in higher dimensions. Wan and Zhou (2025) present the extremal graphical

lasso, an extension of the graphical lasso (Friedman et al., 2007; Yuan and Lin, 2007), while

Engelke et al. (2025) propose \EGlearn", which combines a majority rule with either the

graphical lasso or neighbourhood selection (Meinshausen and B•uhlmann, 2006).

For consistency with Algorithm 3.2, our approach, detailed in Algorithm 3.5, also uses the

graphical lasso and a majority rule. The algorithm has two tuning parameters: the thresholds

uY1 ; : : : ; uYd and the majority rule proportion p. The graphical lasso penalty parameter � is

not a tuning parameter as it is selected objectively by comparing the composite AIC scores.

While other metrics are available, the AIC gives the graph with the best predictive properties.

Returning to the tuning parameters, the thresholds should not be so low that limit (3.2.1)

is a poor approximation; at the same time, if they are too high, there will be insu�cient

data to accurately identify the conditional dependence structure. The choice of the majority

rule proportion p results in a similar trade-o�: too high a value of p risks inferring a very

sparse structure that predicts poorly; too low a value of p infers a dense graph that is

computationally expensive to work with. In our applications, we set p = 0:5. We chose this

because the inferred structure is not sensitive to the choice of p (see Supplementary Material)

and is consistent with other majority rules used in extremal graphical selection (Engelke and

Hitz, 2020; Engelke et al., 2025).

Algorithm 3.5 requires us to �rst set the majority rule proportion p and the SCMEVM
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Algorithm 3.5 Graphical selection using the MVAGG SCMEVM

1: Initialise �, p and u Y1 ; : : : ; uYd .
2: for j = 1; : : : ; j�j do
3: for i = 1; : : : ; d do
4: Assuming independent Gaussian residuals, obtain̂� d

ji by maximising likelihood
(3.2.2) with threshold uYi ;

5: Using equation (3.2.3) and�̂ d
ji , obtain ẑ ji and treat them as �xed;

6: Assuming the components of Ẑ ji are independent, obtain �̂ ji =
argmax

� ji

f i (ẑ ji ; � ji ; I d�1 ) where fi is given by equation (3.2.5) and Id�1 is a

(d � 1)-dimensional identity matrix;
7: Set � ji = �̂ ji and treating as �xed marginally transform ẑ ji onto standard Gaussian

margins ŵ ji ;
8: Apply a graphical lasso with penalisation parameter �j to Ŵ ji to infer Gji ;
9: end for

10: Obtain a weighted graph G� by combining the subgraphs Gji ;
11: Create G0 by pruning the edges of G� that do not occur at least (p �100)% of the time;

12: for i = 1; : : : ; d do
13: Maximise likelihood (3.3.2) using Algorithm 3.4 and G0ji obtained by removing the

ith node and its incident edges from G0;
14: end for
15: Calculate and store the composite AIC
16: end for
17: return G 0 that minimises the composite AIC from step 15.

dependence thresholds uYi for each i 2 V . We also need to specify the penalisation parameters

� 2 (0; 1) that will be used in the graphical lasso. For each penalisation parameter �, we

obtain the �tted residuals on Gaussian margins for each conditioning site i 2 V . This is

achieved by �rst obtaining the �tted residuals Z ji using the original CMEVM, and then

transforming them onto Gaussian margins Wji using marginally �tted AGG models under

the assumption the components of Zji are independent. This is consistent with the three-step

inference procedure proposed in Algorithm 3.4. Now, we can infer Gji for each i 2 V using the

graphical lasso with the speci�ed penalisation parameter. As discussed, these graphs may not

necessarily be consistent. Thus, we combine them into a single weighted graph G� and prune

the edges that do not occur at least (p �100)% of the time to create G0. The idea is that G0 is

the best average graph over the d conditioning sites. We then re�t the d conditioning models

using the three-step inference procedure, assuming the dependence structure is consistent

with G0. These d model �ts are used to calculate d AIC scores, which we combine to give a

single composite AIC score. We repeat this for each penalisation parameter �, and return

the value of � and its associated graph G0 that minimises the composite AIC score. Note
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that the composite AIC scores cannot be treated as a true composite score, since they do

not account for the overlap of information in the d models. However, the same data is used

over each penalisation parameter �, since the dependence thresholds uYi for i 2 V are �xed.

Thus, comparing the scores in this manner again gives the best average graph over the d

conditioning sites.

3.3.3 Prediction

By construction, the CMEVM and, by extension, the SCMEVM do not permit closed forms

for either tail probabilities or quantiles. He�ernan and Tawn (2004) use a simulation-based

prediction algorithm based on the empirical distribution of the �tted residualsẐ ji . A key

motivation for introducing the SCMEVM in Section 3.2 was the observation that this pre-

diction procedure fails in high dimensions. We now explain how the SCMEVM can be used

to obtain fully parametric predictions using a method very similar to Wadsworth and Tawn

(2022, Section 5.2.2) and Richards et al. (2022, Section 3.3).

For u > max(u Yi : i 2 V ), the SCMEVM describes the distribution of X given that the

largest component of Y exceeds u, that is

n
~F �1

X i
(FL (Yi )) : i 2 V

o �
�
�
�

�
max
i2V

Yi > u
�

; (3.3.3)

where uYi is the SCMEVM dependence threshold for conditioning component Yi , FL is the

distribution function of the standard Laplace distribution, and ~FX i is the estimated marginal

distribution of X i . To create realisations of X, we draw samples from equation (3.3.3) using

Algorithm 3.6 with probability

P
�

max
i2V

Yi > u
�

=
1
n

nX

k=1

1
�

max
i2V

yk
i > u

�
:

Otherwise, we draw realisations from the empirical distribution of X

�
�
�
�

�
max
i2V

Yi < u
�

.

Algorithm 3.6 can be explained as follows. First, we set a threshold u > max(uYi : i 2 V )

above which to simulate our extreme events. Next, we randomly select a conditioning site

i 2 V and simulate the excesses for this site from a standard Exponential distribution due to

limit (3.2.1). For the dependent site, we simulate these from the MVAGG in equation (3.2.5),

which we achieve by simulating from a (d�1)-dimensional multivariate Gaussian distribution

with correlation matrix � ji and marginally transforming onto AGG margins using � ji . These

are then transformed onto standard Laplace margins using limit (3.2.1) and the previously
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Algorithm 3.6 Simulating data with at least one extreme event

1: Initialise u;
2: for l = 1; : : : N such that N > n do
3: Draw a conditioning random variable i from i 2 V with uniform probability;
4: Simulate El � Exp(1) and set y l

i = u + E l ;
5: Simulate zl

ji from the distribution described in Section 3.2.2;

6: Calculate yl
jji = �̂ jji yl

i +
�
yk

i

� �̂ jji zl
jji for j 2 V ji ;

7: Calculate an importance weight wl =
�

1
d

P d
m=1 1fy l

m > ug
� �1

.
8: end for
9: Sub-sample n realisations from fy1; : : : ; yN g with probabilities proportional to their im-

portance weights;
10: Transform the sub-sample fy1; : : : ; yng to fx 1; : : : ; x ng via a double application of the

PIT;
11: return fx 1; : : : ; x ng

simulated excesses. These are combined with the excesses to obtain a simulated vector

of Y j Yi > u. We repeat this N times. We subsample n of these N vectors according to

some importance weights. The weights aim to upweight/downweight samples with few/many

extreme events so that samples with many extreme events are not overrepresented in the

simulated data. In a spatial setting, this can be interpreted as downweighting samples in

the centre of the domain and upweighting those towards the edge of the domain. These n

samples are then transformed back onto the scale of the original data using the inverse of

equation (3.3.1).

3.4 Simulation Study

In this section, we use simulation studies to assess the performance of the SCMEVM. We

compare the three stepwise inference procedures and assess the graphical selection process.

Finally, we compare the SCMEVM to existing methods.

3.4.1 Stepwise inference procedures

We consider the 5-dimensional SCMEVM with dependence structure given by the graph G

with edge set E = ff1; 2g; f1; 3g; f2; 3g; f3; 4g; f3; 5g; f4; 5gg. Using data simulated from this

true model, we compare the performance of the one-(Algorithm 3.1), two-(Algorithm 3.3),

and three-step (Algorithm 3.4) estimation procedures for each of three candidate dependence

structures: independent, graphical, and saturated.

For each i 2 V , the conditioning variable Yi j Yi > u Yi is simulated from a standard Laplace
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distribution with u Yi the 0:80-quantile of this distribution. To simulate the residual vector

Z ji from the MVAGG, the PIT is used to transform the margins of Wji , which are drawn

from a MVG with standard margins and correlation matrix � ji . Finally, the vector Y ji is

obtained by applying the inverse normalisation of limit (3.2.1). We generate 200 samples of

Y j Yi > u Yi and consider n 2 f250; 500g. The true parameters are independently sampled

from a uniform distribution on (0:1; 0:5) for � j , (0:1; 0:3) for � j , (�5; 5) for � j , (0:5; 2) for

� 1j , (1:5; 3) for � 2j , and (0:8; 2:5) for �j , for each j 2 V . Correlations in � ji correspond to

weak positive associations; see Supplementary Material for the cases of weak negative and

strong positive associations.

Note, since we are simulating data directly from the limiting distribution, the model should

converge to the true parameter estimates almost instantly. Thus, we do not require a large

sample size to assess the bias. However, the small sample size may impact the variability of

the estimates. Also note that data are sampled from each component, yielding �ve unique

datasets for analysis. We then condition on the corresponding component being large in the

subsequent model �tting. To obtain a single dataset in which at least one component is large,

we could use importance sampling (similar to Algorithm 3.6). However, this complicates the

analysis of sensitivity to sample size, so we do not investigate this here. We choose the

true model in this manner to (i) allow for comparisons between the di�erent stepwise �tting

procedures (a larger dimension would have made �tting the one-step model numerically

di�cult), (ii) the graphical structure is simple but o�ers conditional independence properties

to highlight when certain models would be inappropriate, (iii) the range of correlation options

allows us to assess if the model is underperforming in certain scenarios, and (iv) the parameter

values should exhibit a range of behaviour in the �rst-order extremal dependence structure

as well as in the residual distribution. The Supplementary Material provides more detail on

each of these.

By construction, the estimates of � d
ji are the same under the two- and three-step proce-

dures, regardless of the residual dependence structure. Consequently, we only compare�̂ d
ji

for the one-step (all three dependence structures) and two-step (independence only) proce-

dures. Figure 3.2 shows the bias in̂� ji , with results for the other parameters found to be

similar (see Supplementary Material). Reassuringly, even when using the stepwise procedure,

the true parameter values are recovered. The biases from the one-step method do have a

slightly narrower range, while the two-step method has fewer instances of unusually large

bias. As expected, the variability in bias decreases as the sample size increases for both

procedures.

Table 3.1 presents the biases of the �tted maximum log-likelihood values. Although the



88 CHAPTER 3. CONDITIONAL EXTREMES WITH GRAPHICAL MODELS

Figure 3.2: Boxplots detailing the bias of �̂jji for distinct i; j 2 V . Each row corresponds to
the conditioning variable i, and each column corresponds to the sample size. The �ll of the
boxplots denotes the di�erent models. The red dashed line indicates the y = 0 line.

SCMEVMs with graphical or saturated covariance exhibit slightly higher bias than the in-

dependent residuals model, the bias is consistent across all three stepwise procedures. Fur-

thermore, we observe that the bias increases with sample size for the independent residual

models, while for the graphical and saturated residual models, it remains similar for both

n = 250 and n = 500. This suggests that the structured models are more robust to sample

size changes.

Having assessed the accuracy of the stepwise procedures, we now evaluate computational e�-

ciency. We consider n 2 f250; 500; 1000; 2000; 4000g excesses above the dependence threshold

and dimensions d 2 f5; 10; 15g. For each combination of sample size and dimension, a sin-

gle sample is drawn from the SCMEVM. For comparison across dimensions, the number of

edges in each graph is set to 60% of the maximum possible number of edges. Inference is

performed on a Dell Latitude 7,420 machine with 16GB of RAM and an 11th generation

Intel Core i5 processor with 8 cores. Figure 3.6 (left panel) shows the time taken to �t the

one-, two-, and three-step SCMEVMs with graphical and saturated covariance structures.
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Table 3.1: Median (2.5% and 97.5% quantiles) bias in the �tted maximum log-likelihood
values. Bold values denote the least biased stepwise inference procedure for each covariance
structure type and conditioning variable.

Covariance Structure Independent Graphical Saturated
Number

of Excesses
Conditioning

Variable
One-step Two-step Three-step One-step Two-step Three-step One-step Two-step Three-step

250

1
-4.8

(-18.3, 8.7)
-6.2

(-19.3, 8.2)
-6.2

(-19.3, 8.2)
14.0

(7.6, 22.5)
12.8

(6.3, 21.5)
12.7

(6.7, 21.4)
14.8

(7.6, 25.1)
13.6

(6.4, 24.1)
13.5

(7.0, 24.0)

2
-4.2

(-20.6, 11.7)
-4.9

(-18.9, 10.0)
-4.9

(-18.9, 10.0)
14.2

(7.2, 23.6)
11.9

(5.4, 21.8)
11.9

(5.4, 21.7)
15.3

(8.0, 25.1)
13.2

(6.4, 23.0)
13.1

(6.2, 22.9)

3
0.1

(-11.9, 13.1)
-1.6

(-12.3, 10.7)
-1.6

(-12.3, 10.7)
13.2

(7.1, 22.7)
11.1

(4.7, 21.3)
11.1

(4.8, 21.2)
15.1

(7.8, 25.6)
13.2

(5.4, 24.3)
13.4

(5.6, 24.2)

4
-3.7

(-18.2, 11.5)
-5.2

(-19.4, 9.9)
-5.2

(-19.4, 9.9)
13.6

(8.2, 21.5)
12.3

(5.9, 20.0)
12.2

(5.9, 19.9)
14.5

(7.7, 23.1)
13.3

(6.6, 21.6)
13.3

(6.7, 21.6)

5
-13.3

(-34.1, 3.3)
-14.8

(-30.0, 2.3)
-14.8

(-30.0, 2.3)
13.5

(7.6, 22.2)
12.2

(4.7, 21.3)
12.0

(5.3, 21.0)
14.4

(8.7, 24.1)
12.9

(5.2, 22.5)
12.9

(6.2, 22.4)

500

1
-20.9

(-35.9, -4.9)
-22.4

(-39.0, -6.0)
-22.4

(-39.0, -6.0)
14.4

(9.0, 21.3)
12.8

(7.1, 20.1)
12.8

(7.1, 20.0)
15.2

(9.1, 22.7)
13.6

(7.6, 21.0)
13.6

(7.5, 20.9)

2
-20.1

(-36.5, -0.3)
-22.0

(-37.0, -2.1)
-22.0

(-37.0, -2.1)
13.8

(7.4, 22.0)
12.0

(4.8, 20.7)
11.9

(5.4, 20.6)
14.9

(8.4, 23.4)
13.4

(5.9, 22.4)
13.3

(6.0, 22.3)

3
-13.4

(-30.9, 2.6)
-16.2

(-31.5, 1.3)
-16.2

(-31.5, 1.3)
13.0

(7.1, 20.9)
10.5

(3.4, 19.3)
10.6

(3.6, 19.3)
14.9

(8.9, 22.9)
12.9

(5.4, 20.8)
12.8

(5.2, 20.7)

4
-17.9

(-33.9, -0.7)
-19.9

(-36.2, -3.8)
-19.9

(-36.2, -3.8)
14.2

(8.2, 24.3)
12.1

(5.0, 21.3)
12.1

(5.0, 21.3)
15.1

(8.5, 24.8)
13.2

(5.4, 22.1)
13.2

(5.4, 22.0)

5
-37.0

(-58.1, -18.8)
-39.0

(-60.3, -20.7)
-39.0

(-60.3, -20.7)
13.8

(7.5, 21.9)
12.0

(5.1, 20.5)
12.0

(5.1, 20.4)
14.7

(8.6, 24.1)
12.9

(6.3, 21.7)
13.0

(6.4, 21.6)

Table 3.2: Comparison of the average time (seconds) to complete each step of the three-step
model �tting procedure across di�erent dimensions.

Dimension
Inference step 100 200 300 400 500
Dependence parameters 1.34 2.07 2.84 3.65 4.42
AGG parameters 0.94 1.71 2.65 3.64 4.61
Graphical covariance structure 0.10 0.81 3.61 11.06 30.25
Saturated covariance structure 0.03 0.10 0.22 0.38 0.60

The one- and two-step methods are considerably slower as they require joint maximisation

of likelihood functions over parameter spaces with a minimum dimension per conditioning

variable of 6(d�1) (one-step) and 4(d�1) (two-step). Additionally, the higher the dimension

of the parameter space, the harder it is to �nd initial values for the numerical optimisation.

The three-step method is more e�cient, with considerable time savings when n, d, or both

are large.

Figure 3.6 (left panel) suggests that for the three-step method, it may be faster to use the

saturated covariance than its sparse graphical counterpart. We repeat the study for these two

cases with n = 4 � 10 3 and d 2 f100; 200; 300; 400; 500g, setting the proportion of edges in

each graph to be 10% of the maximum possible number of edges. Table 3.2 shows the average

time taken to complete each inference step. As expected, the high cost is due to estimation

of the graphical structure via the graphical lasso (Friedman et al., 2007). In contrast, the

saturated covariance is estimated empirically, i.e., no numerical maximisation is required,
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and the computational cost from inverting a (d � 1)-dimensional correlation matrix is lower.

For the saturated model, the inversion could be bypassed if only the correlation matrix were

required. However, to be consistent with the other stepwise inference procedures, we use the

precision matrix to �t the model, thus inversion of the (d �1)-dimensional correlation matrix

is required in our case.

3.4.2 Graphical selection

We now replicate the simulation study of Engelke and Hitz (2020, Section 5.5) to assess how

well the SCMEVM identi�es a speci�c graphical structure. In this study, d = 16 and the data

generating mechanism is the H•usler-Reiss distribution with dependence structure determined

by the graph G shown in Figure 3.3 (left panel). The parameters for each of the p = 18 edges

are sampled independently from a uniform distribution on (0:5; 1), subject to the constraint

that the parameter matrix must be conditionally negative de�nite on cliques of size three.

We take 100 simulated datasets, each of size 103.

Algorithm 3.5 is used to infer the optimal graphical structure. We take a majority rule

proportion p of 0.5. Setting the dependence thresholds uYi to the 0:90-quantile of the standard

Laplace distribution results in approximately 100 observations for inferring the graph. Figure

3.3 (right panel) shows a weighted graph with line width and darkness proportional to the

number of times the edge is selected across the 100 datasets. After pruning this graph using

the majority rule, the true form of G is clearly identi�ed.

For the graphical lasso step we set � = f0:4; 0:41; : : : ; 0:8g. Across the simulated datasets,

all inferred values of the penalty parameter lay between 0:61 and 0:73. The number of edges,

equivalently the density of the dependence structure, was slightly overestimated; graphs with

f18; 19; 20; 21; 22; 23; 24g edges were selected for f38; 29; 14; 8; 7; 2; 2g out of the 100 datasets.

The results are not overly sensitive to the dependence threshold, with similar �ndings when

using the 0:80- or 0:95�quantiles. Sensitivity to the majority rule proportion p is also minimal

(see Supplementary Material).

Despite using di�erent underlying models and having di�erent graphical selection processes,

both our method and the Engelke and Hitz (2020) method accurately infer the underlying

graphical structure. Not unexpectedly, the Engelke and Hitz (2020) method performs slightly

better, either because their model is also the data generating mechanism Engelke and Hitz

(2020) or because the data are AD. In contrast, AD is an edge case in the SCMEVM. We

could more accurately capture AD data by setting �jji = 1 and � jji = 0, but in practice, it is

usually preferable to retain the 
exibility to capture both AD and AI. A second simulation
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Figure 3.3: True underlying graphical structure (left) and the inferred graphical structure
(right), with line width and darkness indicating the number of times each edge was selected
across 100 samples.

study, with data generated from the asymptotically independent MVG, is provided in the

Supplementary Material. The results there demonstrate that our method is more generally

applicable than that of Engelke and Hitz (2020).

3.4.3 Mixture data

To test the 
exibility of our model, we consider data with a mixture of extremal behaviour;

comparable studies for either full AI or AD can be found in the Supplementary Material. The

mixture data is sampled as follows. Firstly, (X1; X 2; X 3) are sampled from a multivariate

Pareto distribution with a fully connected graph and transformed to standard Gaussian

margins. Secondly, (X4; X 5) j X 3 = x 3 are sampled from a MVG distribution with a fully

connected graph. Then X = (X 1; : : : ; X 5) has dependence structure consistent with G in

Section 3.4.1. A total of 200 datasets are simulated. Note, while such a data structure may

not be realistic in practice, this example is helpful to assess the range of behaviour that can

be captured by the model.

Each of the one-(Algorithm 3.1), two-(Algorithm 3.3), and three-step (Algorithm 3.4) pro-

cedures are used to �t the SCMEVM with graphical covariance. The SCMEVMs with in-

dependent and saturated covariances are only implemented for the three-step procedure.

For comparison with existing methods, we �t the CMEVM as described in He�ernan and
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Figure 3.4: Boxplots of empirical and model-based estimates of �ji , for each i 2 V , when
the data is generated from a mixture distribution. Each row corresponds to the conditioning
variable i, and each column corresponds to the correlation parameter. The colour of the
boxplots distinguishes the di�erent models. The black dashed line indicates the y = 0 line.

Tawn (2004) and the graphical extremes model of Engelke and Hitz (2020) (EHM). For the

SCMEVMs with graphical covariance structure and the EHM, we use the graph G de�ned in

Section 3.4.1.

Selection of the threshold uYi requires some consideration since subsets of the components

may be fully AD, fully AI, or a mixture of both. Consequently, the rate of convergence to

the limiting dependence structure varies by conditioning variable. Theoretically, it would

be preferable to use a di�erent threshold for each conditioning variable. However, since

convergence rates are unknown in practice, we proceed by setting the threshold for each

component to be the 0:90-quantile of the standard Laplace distribution, giving approximately

500 excesses per conditioning variable.

Figure 3.4 shows empirical and model-based estimates of the conditional precision matrix

� ji . The empirical estimates are obtained by inverting the empirical correlation matrix of

Y j Yi > u Yi and then excluding the ith row and column. We �rst compare the precision
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matrix estimates across models; the estimates are almost identical for the graphical and

saturated SCMEVMs, con�rming there is negligible loss in using the former. The magnitudes

of the non-zero entries in the residual precision matrices cannot be directly compared with

their empirical equivalents due to the non-linear transformation (3.2.1). We can compare the

location of the zero entries and �nd that the graphical and saturated SCMEVM estimates

are consistent with their empirical equivalents. This suggests that the graphical structure of

the residual distribution is inherited from the underlying multivariate distribution, a result

consistent with the theoretical �ndings of Casey and Papastathopoulos (2023) and similar

simulation studies for cases with full AI or full AD (see Supplementary Material).

Figure 3.5 shows the bias in the estimates for the tail probabilities p1 = P[X 1 > v 1; X 2 > v 2 j

X 3 > u 3] and p2 = P[X 3 > v 3; X 4 > v 4 j X 5 > u 5], where ui and vi are the 0:90-quantile and

0:95-quantile of Xi , respectively. Note that the quantiles and \true" probabilities are obtained

from a sample of size 106 from the underlying generating mechanism; their their actual values

could be derived by disentangling the complex conditioning in the underlying generating

mechanism. Estimates from the CMEVM and the SCMEVM with graphical or saturated

covariances are unbiased for p1 and exhibit a small positive bias for p2. The EHM estimates

of p1 are similarly unbiased. However, the estimates of p2 are considerably more positively

biased compared to (S)CMEVM models. These patterns are consistent across estimates of

the remaining 73 conditional probabilities of the form P[XA > v j X i > v] for A � V ji and

i 2 V . When conditioning on sites 4 and 5, estimates from the CMEVM and SCMEVM

always exhibit some small positive bias. Since the bias is consistent across the two models,

we postulate that the cause is the rate at which the di�erent components of the generating

distribution converge to the tail distribution. For instance, the Pareto (Gaussian) distribution

converges quickly (slowly) to its limiting distribution. Thus, conditioning on a component

with quick/slow convergence will likely impact the rate of convergence of the dependent

component. Since components 4 and 5 are (conditionally) Gaussian, their convergence will

be slow, impacting the subsequent probability estimates if the model has not fully converged.

The bias may be reduced if lower dependence thresholds were employed for these sites.

Finally, we consider the mean absolute error (MAE) and root mean square error (RMSE)

of the estimates for all 75 conditional tail probabilities. The SCMEVM outperforms both

the EHM and CMEVM, minimising the MAE for 73% of the probabilities and the RMSE

for 76% of them. In contrast, the CMEVM (EHM) minimises the MAE 15% (12%) and the

RMSE 12% (12%) of the time. This suggests that even for moderate d, the SCMEVM has

greater predictive precision and accuracy than competitor methods.
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Figure 3.5: Boxplots of the bias in p1 = P[X 1 > v 1; X 2 > v 2 j X 3 > u 3] (left) and p2 =
P[X3 > v 3; X 4 > v 4 j X 5 > u 5] (right). The �ll of the boxplots distinguishes the di�erent
models. The black dashed line indicates the y = 0 line.

3.5 Application

We apply our model to discharge data from the upper Danube River basin described in

Section 3.1. For the margins, we use the empirical-generalised Pareto distribution model

from Section 3.3. The dependence threshold uYi used is the 0:80-quantile of the standard

Laplace distribution for all i 2 V , resulting in around 85 excesses per station.

We use the three-step procedure to �t the SCMEVM with graphical covariance structure

given by the undirected tree induced by the 
ow connections of the river (Figure 3.1, left

panel); we also �t the EHM with the same structure. Since the 
ow connection tree may not

be the optimal structure for describing the dependence structure of the extremes, we also

apply the three-step procedure to �t both the SCMEVM with saturated covariance and the

SCMEVM with an inferred graphical structure. The inferred graphical structure, obtained

from Algorithm 3.5 is shown in Figure 3.6 (right panel). This graph has 127 edges compared

to the maximum possible 465 edges. Lastly, for prediction, we simulate datasets from the

�tted models using Algorithm 3.6 with N = 20n and u = u Yi .

Bootstrapped estimates of the coe�cient of tail dependence �i;j (u) for i; j 2 V , i > j,

and u 2 f0:8; 0:85; 0:9g, are obtained using 200 bootstrapped samples of the data. For each

bootstrapped dataset, both empirical and model-based estimates of �i;j (u) are obtained. The

point estimates in Figure 3.7 are the medians of the two sets of estimates. The SCMEVMs



3.5. APPLICATION 95

Figure 3.6: Timing comparison (log scale) of the SCMEVMs (left) for various sample sizes,
dimensions, denoted by the line type, and models, denoted by the line colour. Inferred
graphical structure of the upper Danube River basin using Algorithm 3.5 (right).

describe the empirical dependence better than the EHM for both 
ow-connected (triangles)

and 
ow-unconnected (circles) stations, and across all values of u. This highlights the value of

a model that captures a range of extremal dependence classes. As noted, numerous extensions

to the EHM have been proposed (Engelke et al., 2024a) that allow for any sparse graphical

structure. Therefore, we compare both the learnt graphical structure and the predictive

performance of the learnt model, for the SCMEVM and EGlearn (Engelke et al., 2025) in

the Supplementary Material.

Figure 3.7 shows that all pairs of stations appear to exhibit AI with positive association,

�(u) 2 (0:5; 1), while analogous plots of �(u) (see Supplementary Material) imply all pairs

have AD. However, for stations with weaker (stronger) extremal dependence, the two mea-

sures decrease (stay close to 1) as u increases. This supports the plausible conclusion that

some pairs of stations, particularly those that are 
ow-unconnected, exhibit AI while others,

particularly those that are 
ow-connected, exhibit AD.

For u = 0:8, the SCMEVM with saturated covariance performs noticeably better than the

graphical SCMEVM with structure given by the undirected tree induced by the 
ow con-

nections. This suggests that the extremal dependence is in
uenced by factors beyond the

river structure (see also Asadi et al. (2015)). To support this hypothesis, Figure 3.8 shows

the di�erence in the empirical and model-based estimates of �i;j (0:8) for each pair i; j 2 V ,

where the model-based estimates are from the SCMEVM with graphical covariance using
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Figure 3.7: Empirical and model-based estimates of �i;j (u) for u 2 f0:8; 0:85; 0:9g (top to
bottom), and i; j 2 V but i > j. Model-based estimates use the EHM (an AD based model)
(left) and the three-step SCMEVM (an AI based model) with graphical covariance (centre
left), both with structure given in Figure 3.1 (left panel), the three-step SCMEVM with
saturated covariance (centre right) and graphical covariance (right) with structure given in
Figure 3.6 (right panel). Black dashed lines show y = x. Circles (triangles) show 
ow-
connected (
ow-unconnected). The colour shows the standard error of the model-based
estimates.

the induced undirected tree. We observe that underestimation predominantly occurs for


ow-unconnected stations. For example, the dependence between stations 11-12 and 16-22

is considerably underestimated. While these two sets of stations are 
ow-unconnected, the

sources of their tributaries are geographically close and at similar altitudes, thus, stronger

dependence than suggested by the lack of 
ow connection is not unexpected. Similar ob-

servations are made when comparing the Isar (stations 14 - 19) and Salzach (stations 28 -

31) tributaries, as well as stations 23 - 24 and 25 - 27. Furthermore, the inferred graphical
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structure in Figure 3.6 (right panel) shows many connections between sites on geographically

neighbouring tributaries. Indeed, using the inferred graphical structure in the SCMEVM

drastically improves the model �t (Figure 3.7, right panel), and resolves the systematic un-

derestimation caused by using a saturated covariance structure.

Returning to Figure 3.7, we observe that the SCMEVMs underestimate dependence at higher

thresholds, particularly for 
ow-unconnected stations with weaker associations. In contrast,

the EHM becomes less biased as the threshold increases, although its bias at lower thresholds

is larger than the bias in the SCMEVMs at higher thresholds. Moreover, the cross-site vari-

ability in the model-based estimates is higher for the EHM than the SCMEVMs, regardless

of level, particularly for stations with weaker associations. In conclusion, the SCMEVMs

more accurately and consistently represent the extremal dependence in the data than the

EHM.

3.6 Discussion

In this paper, we have extended the conditional multivariate extreme value model (He�ernan

and Tawn, 2004) by replacing the non-parametric residual distribution with a 
exible, fully

parametric model. This overcomes the curse of dimensionality that arises when extrapolating

from a non-parametric estimate of a high-dimensional distribution, resulting in more accurate

and reliable predictions in high dimensions. Our proposed parametric model is the MVAGG

distribution. The copula-based construction of the MVAGG, which combines asymmetric

generalised Gaussian margins with a multivariate Gaussian dependence structure, facilitates

e�cient statistical inference, as the margins and dependence structures can be inferred sep-

arately in a stepwise manner. Further, separate estimation of the marginal and dependence

parameters for the MVAGG is computationally e�cient and loses no information compared

to joint estimation of all parameters.

To reduce the parameter space, we propose using a graphical structure to induce sparsity into

the precision matrix of the MVG copula. In addition to reducing the number of unknown

parameters to be estimated, this provides a mechanism to infer the dependence structure

if it is not already known. Despite the sparsity induced by the graphical structure, model

�tting is substantially more expensive than using a saturated covariance structure due to

the required numerical optimisation. Therefore, while graphical structures can be learnt and

implemented, the model in its current form may not be suitable for very large dimensions

and further work is needed to address this computational hurdle.

Our analysis of the upper Danube River basin dataset suggests the SCMEVM captures the
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Figure 3.8: Di�erence between empirical and median of model-based estimates of �i;j (0:8) for
each i; j 2 V for the SCMEVM with a graphical covariance, where the graphical structure
is assumed to be the undirected tree induced by the 
ow connections in Figure 3.1 (left
panel). Under- and over-estimation from the model is represented by red and gold squares,
respectively. Flow-connected and 
ow-unconnected stations are represented by blue and
black borders, respectively.

dependence between stations more e�ectively than the graphical extremes model of Engelke

and Hitz (2020), highlighting the bene�t of a model that can capture both AD and AI.

Furthermore, the SCMEVM, based on the undirected tree inferred from the 
ow connections

of the river network, does not perform as well as either the graphical structure inferred from

the graphical lasso or the saturated covariance matrix, highlighting the complex dependence

structure in the data that is not solely captured by the data's underlying graphical structure.

Thus, a possible alternative that incorporates the river network structure would be to add

a second covariance matrix based on Euclidean distance (Asadi et al., 2015) into the MVG

copula component of the SCMEVM.
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Finally, as with the graphical extremes model of Engelke and Hitz (2020), our model only

allows predictions at measured locations. Parameterising the Gaussian copula kernel with a

Mat�ern or Whittle-Mat�ern correlation function (Bolin et al., 2024), where distance is mea-

sured along the graphical structure, would allow extrapolation to unobserved locations. The

generally strong correspondence between the empirical and model-based estimates of � for

the 
ow-connected sites from the SCMEVM provides con�dence that such a model would

result in reliable extrapolations.
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Supplementary Material to \Conditional Ex-
tremes with Graphical Models"

S3.1 Prediction from the conditional multivariate ex-

treme value model

The original conditional multivariate extreme value model (CMEVM) uses a semi-parametric

algorithm for prediction to avoid over-reliance on the working distributional assumptions

used for parameter estimation (see Section 2.1 of the main text). Speci�cally, prediction is

performed by non-parametrically sampling with replacement from the empirical distribution

of the �tted residuals. Such sampling su�ers from the curse of the dimensionality (Nagler

and Czado, 2016), meaning the predictive performance of the CMEVM decreases as the

dimension increase. To demonstrate this, we perform a simple simulation study and compare

the predictive performance of the CMEVM to the structured CMEVM (SCMEVM) proposed

in Section 2 of the main text.

Consider a simple undirected graph G = (V; E) with vertex set V = f1; : : : ; dg and edge

set E � ffj; kg j j; k 2 V; j 6= kg. We set d = 20 and randomly select the edges in the

graph such that the number of edges is approximately 20% of the number of edges in the

full graph. We simulate 200 datasets of size 250 for Y j Yi > u Yi as per Section 4.1 of the

main text i.e., we simulate Yi jYi > u Yi from a standard exponential distribution and obtain

Y ji j Yi > u Yi using equation (2.3) of the main text with Zji simulated from a multivariate

asymmetric generalised Gaussian (MVAGG) distribution (Section 2.2 of the main text). We

set the dependence threshold uYi to the 0:8-quantile of the standard Laplace distribution.

True dependence and asymmetric generalised Gaussian (AGG) parameters are independently

sampled from uniform distributions on (0:1; 0:3) for �j , (0:1; 0:2) for � j , (�1; 1) for � j , (0:5; 1)

for � 1j , (1:5; 2) for � 2j , and (0:8; 2:5) for �j , for each j 2 V .

For computational purposes, we consider a single conditioning component i selected at ran-

dom from V ; similar results can be obtained when conditioning on di�erent components.

Predictive performance is assessed on Laplace margins only since the probability integral

transform (PIT) used to back-transform to the original margins does not alter the depen-

dence structure. For each data set, we �t the (i) CMEVM, (ii) three-step SCMEVM with

graphical covariance structure, and (iii) three-step SCMEVM with saturated covariance. For

(ii), the graph is assumed to be known and correctly speci�ed above. For prediction, we used

datasets of size 5 � 106 for Y j Yi > u Yi simulated from the �tted models using the methods

described in Section 4.4 of He�ernan and Tawn (2004) for (i) and Algorithm 1 in Section 5.1
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of Wadsworth and Tawn (2022) for (ii) and (iii).

Figure S3.1 shows P[YA > v j Y i > v], on the exponential scale, for 500 di�erent sets

A � V ji = V nfig such that jAj = 3; the sets were chosen at random. We set v to be the

0:999-quantile of the standard Laplace distribution, which would approximately correspond

to a 1 in 10 year event if we had daily data. The truth is obtained empirically using a

single sample of size 107 from the true distribution, while the model-based estimates are the

median of the model-based point estimates from each of the 200 samples. The CMEVM

consistently underestimates the probabilities, whereas the SCMEVMs perform much better,

particularly for those probabilities that are very close to 0. The standard error of the model-

based estimates (on the original scale) appear to be lower for the SCMEVMs compared to the

CMEVM. The SCMEVMs do slightly underestimate the probabilities, however, we anticipate

this could be resolved by increasing the size of the prediction datasets.

The CMEVM underestimates the probabilities because it allows neither interpolation nor

extrapolation of the �tted residuals, resulting in \rays" in data simulated from the �tted

model. This can be seen in Figure S3.2, which shows 2; 000 randomly selected points from

data simulated from the �tted models for (i) and (ii). Data used to �t the models is also

shown. The CMEVM does not accurately capture dependence between components 2 and 13,

but the SCMEVM does much better. This pattern will only be exacerbated as the dimension

increases. Therefore, the predictive power of the CMEVM will diminish as (1) v approaches

the upper end-point of the distribution, (2) the size of set A increases, and (3) the dimension

of the problem increases. The SCMEVM overcomes such limitations by using a 
exible, fully

parametric distribution for the residuals.

S3.2 Marginal distributions for the residuals

In Section 2.2 of the main text, we propose an adaptation of the generalised Gaussian model

used by Wadsworth and Tawn (2022). Here we show that the proposed alternative, the

asymmetric generalised Gaussian distribution, improves the overall model �t. For d = 20

and a graph G = (V; E) with edges randomly selected such that the number of edges is

approximately 20% of the number of edges in the full graph, we simulate 200 datasets of size

5000 from a multivariate Gaussian (MVG) distribution with mean vector � and correlation

matrix �. The components � j are independently sampled from a uniform distribution on

(�5; 5), and the correlation matrix is associated with G. For each replicate X, we transform

the margins onto standard Laplace margins Y , as per Section 3.1 of the main text, before

�tting the SCMEVM. We set the dependence thresholds uYi to the 0.90-quantile of the
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Figure S3.1: Empirical and model-based estimates of P[YA > v j Y i > v] for a randomly
selected component i 2 V , 500 randomly selected sets A � Vji such that jAj = 3, and v is the
0:999-quantile of the standard Laplace distribution. Model-based estimates use the CMEVM
(left), the three-step SCMEVM with graphical covariance (centre) with structure described
in Section S3.1, and the three-step SCMEVM with saturated covariance (right). The colour
shows the standard error of the model-based estimates. Black dashed lines show the y = x.

standard Laplace distribution.

To �t the SCMEVM, we use the three-step (Algorithm 3.4 of the main text) procedure and

assume a saturated covariance structure. For comparison, we �t the same model but with
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Figure S3.2: Scatter plots for Y2 and Y13 given Y20 > u Y20 . The points correspond to 2; 000
randomly selected data points from a sample of size 5 � 106 simulated from the �tted model
for the CMEVM (left), and the three-step SCMEVM with graphical covariance (centre) with
structure described in Section S3.1. Also shown are the 250 points used to �t the models
(right).

generalised Gaussian margins for the residual distribution. We then simulate samples of

size N = 20n from each of the conditional models (see Section 3.3 of the main text for the

simulation algorithm). Figure S3.3 compares the median of the empirical and model-based

estimates of �i;j (u) for i; j 2 V; i > j, and u 2 f0:95; 0:99g, over the 200 datasets. The only

di�erence between the left and right panels is the margins used in the residual distribution,
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Figure S3.3: Empirical and model-based estimates of �i;j (u) for u 2 f0:95; 0:99g (top to
bottom), and i; j 2 V , but i > j. Model-based estimates use the three-step SCMEVM with
residuals having a saturated covariance and either asymmetric generalised Gaussian (left)
and generalised Gaussian (right) margins. Black dashed lines show y = x. The colour shows
the standard error of the model-based estimates.

which are AGG and generalised Gaussian, respectively. The generalised Gaussian underesti-

mates the true value of �, particularly for the pairs with weaker dependence. In contrast, the

AGG tends to capture � reasonably well with no increase in the standard error despite the

additional model parameter. Therefore, the AGG is necessary to obtain accurate predictions

from the model.
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S3.3 Additional �gures and simulation studies for Sec-

tion 4.1

Section S3.3.1 contains additional �gures for the simulation study of Section 4.1 in the

main text. Also shown are two additional simulation studies to assess the model per-

formance in the presence of either strong positive (Section S3.3.2) or weak negative (Sec-

tion S3.3.3) associations. Throughout this section, data are simulated from the SCMEVM

with a graphical covariance structure given by G = (V; E), V = f1; : : : ; 5g, and E =

ff1; 2g; f1; 3g; f2; 3g; f3; 4g; f3; 5g; f4; 5gg.

S3.3.1 Weak positive dependence

For this study, recall that the true dependence and AGG parameters were selected at random

by sampling from a uniform distribution on (0:1; 0:5) for �j , (0:1; 0:3) for � j , (�5; 5) for � j ,

(0:5; 2) for � 1j , (1:5; 3) for � 2j , and (0:8; 2:5) for �j , for each j 2 V . Figures S3.4, S3.5

and S3.6 show the bias in̂� ji , the AGG parameters, and�̂ ji respectively. Similar to the

plot for �̂ ji in the main text, we omit the maximum likelihood estimates (MLEs) from the

stepwise methods in cases where they are, by construction, identical to estimates that are

already presented. For̂� ji we exclude those models that assume independent residuals since

these are consistently biased. The �ndings are very similar to the main text: all models are

unbiased across all parameters; the two- and three-step methods show slightly more cross-

sample variability in their bias; variability in bias decreases as sample size increases.

S3.3.2 Strong positive dependence

We repeat the simulation study from Section 4.1 of the main text but with strong, positive

correlations (> 0:48). The other parameters remain unchanged from Section S3.3.1. Boxplots

of the parameter estimates (not included) are almost identical to what was seen with weak

positive associations. To compare the three stepwise procedures, we compare the bias in

the maximum log-likelihood values, see Table S3.1. The models with independent residuals

are biased; this is expected because the dependence structure is clearly misspeci�ed. The

bias is lower in the case when we condition on component 3 because this results in exact

independence between (W1; W2) and (W4; W5). This result was not seen in the study from

the main text due to the lower correlations used there. Similar to the results shown in the

main text, models with a graphical or saturated dependence exhibit a small positive bias,

but its magnitude is similar across all stepwise procedures. This supports our claim that

the stepwise inference procedures result in no loss of information. Further, the three-step



106 CHAPTER 3. CONDITIONAL EXTREMES WITH GRAPHICAL MODELS

Figure S3.4: Boxplots detailing the bias of̂� jji for distinct i; j 2 V . Each row corresponds to
the conditioning variable i, and each column corresponds to the sample size. The di�erent
models are denoted by the �ll of the boxplots. Red dashed lines show y = 0.

model is least biased when we assume the residuals have a graphical or saturated dependence

structure. Finally, the bias for the models with independent residuals increases with sample

size, while the bias is of similar magnitude for both sample sizes for models with graphical

and saturated covariance structures. This suggests the latter models are more robust to

changes in the sample size.

Table S3.1: Median (2.5% and 97.5% quantiles) bias in the �tted maximum log-likelihood
values for data from the SCMEVM with strong positive associations. Bold values denote the
least biased stepwise inference procedure for each covariance structure type and conditioning
variable.

Covariance Structure Independent Graphical Saturated
Number

of Excesses
Conditioning

Variable
One-step Two-step Three-step One-step Two-step Three-step One-step Two-step Three-step

250

1 -135.7 (-170.2, -98.9) -137.3 (-171.1, -99.6) -137.3 (-171.1, -99.6) 14.7 (8.0, 22.5) 12.7 (6.1, 20.8) 11.9 (5.2, 20.6) 15.6 (8.4, 24.0) 13.5 (6.6, 22.1) 12.8 (5.9, 21.4)
2 -138.5 (-176.4, -100.0) -139.7 (-172.4, -101.3) -139.7 (-172.4, -101.3) 14.5 (8.0, 23.0) 11.8 (4.7, 21.6) 11.3 (4.1, 21.0) 15.4 (9.1, 24.8) 12.8 (5.8, 23.2) 12.1 (4.9, 22.3)
3 -39.8 (-86.1, -18.7) -41.4 (-59.2, -20.4) -41.4 (-59.2, -20.4) 13.3 (6.7, 22.8) 11.1 (4.3, 20.6) 11.0 (4.1, 20.3) 15.1 (7.8, 25.7) 13.2 (4.8, 23.6) 13.1 (5.2, 23.2)
4 -140.0 (-174.1, -94.0) -140.8 (-175.2, -96.7) -140.8 (-175.3, -96.7) 14.1 (6.9, 22.9) 11.9 (4.7, 19.3) 11.3 (4.2, 18.7) 15.2 (8.3, 24.1) 12.9 (5.5, 20.6) 12.2 (4.4, 20.2)
5 -137.5 (-178.1, -105.5) -137.8 (-174.8, -106.5) -137.8 (-174.8, -106.5) 14.0 (8.0, 22.6) 11.5 (3.2, 20.8) 10.7 (2.8, 20.5) 15.1 (8.9, 24.3) 12.5 (4.8, 22.1) 11.8 (4.4, 21.7)

500

1 -280.2 (-326.7, -226.3) -281.9 (-327.7, -228.3) -281.9 (-327.7, -228.3) 13.7 (7.6, 21.1) 11.9 (5.3, 19.2) 11.2 (4.7, 18.3) 14.7 (8.7, 22.2) 13.0 (6.2, 20.7) 12.1 (5.6, 19.9)
2 -286.9 (-332.7, -240.5) -289.0 (-333.7, -242.0) -289.0 (-333.7, -242.0) 13.7 (7.7, 22.8) 11.0 (3.3, 19.5) 10.5 (2.6, 18.7) 14.7 (7.6, 24.1) 11.7 (3.8, 21.3) 11.3 (3.1, 20.3)
3 -95.3 (-126.8, -67.7) -97.1 (-123.7, -71.9) -97.1 (-123.7, -71.9) 12.9 (7.1, 21.3) 10.3 (3.7, 18.7) 10.1 (3.5, 18.3) 14.8 (8.0, 23.4) 12.3 (4.5, 20.6) 12.1 (4.9, 20.1)
4 -282.0 (-332.8, -229.4) -283.7 (-333.4, -231.2) -283.7 (-333.4, -231.2) 14.0 (8.5, 21.1) 11.4 (1.9, 19.2) 10.9 (1.0, 18.7) 14.9 (9.3, 23.6) 12.5 (2.0, 20.6) 11.8 (1.2, 19.8)
5 -286.3 (-342.2, -234.9) -286.9 (-338.3, -236.3) -286.9 (-338.3, -236.3) 14.1 (7.4, 20.7) 11.3 (2.1, 18.4) 10.7 (1.4, 17.6) 14.9 (8.1, 22.3) 12.4 (4.2, 20.4) 11.7 (2.8, 19.2)
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Figure S3.5: Boxplots detailing the bias of �̂jji (top left), �̂ jji (top right), �̂ 1jji
(bottom

left), and �̂ 2jji
(bottom right) for distinct i; j 2 V . Each row corresponds to the conditioning

variable i, and each column corresponds to the sample size. The di�erent models are denoted
by the �ll of the boxplots. Red dashed lines show y = 0.

S3.3.3 Negative dependence

Similar to Section S3.3.2, we repeat the simulation from Section 4.1 of the main text but

with negative associations between some components. Equation (S3.3.1) shows the true

correlation matrix. All other parameters remain unchanged from Section S3.3.1.

� =

2

6
6
6
6
6
6
6
4

1:000 �0:308 �0:134 0:034 0:019

�0:308 1:000 �0:160 0:041 0:023

�0:134 �0:160 1:000 �0:254 �0:141

0:034 0:041 �0:254 1:000 �0:209

0:019 0:023 �0:141 �0:209 1:000

3

7
7
7
7
7
7
7
5

: (S3.3.1)
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Figure S3.6: Boxplots for the bias of̂� ji for each i 2 V . Each row corresponds to the
conditioning variable i, and each column corresponds to the sample size. The various models
are denoted by the �ll of the boxplots. Red dashed lines show y = 0.

Parameter estimates have been omitted as they are similar to those presented for the weak

positive association example in the main text. To compare the stepwise inference procedures,

Table S3.2 gives the biases of the �tted maximum log-likelihood values. As in the strong

positive association study (Section S3.3.2), models with independent residuals have negative

bias that increases with the sample size, while those with graphical or saturated dependence

have small positive bias that is impervious to the sample size. Again, the magnitude of

the bias is similar across all stepwise procedures, con�rming no loss of information in using

these.

S3.4 Majority rule proportion sensitivity analysis

In Section 3.2 of the main text, we introduce a method for selecting the optimal graphical

structure. The algorithm relies on the appropriate selection of the thresholds used to �t the
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Table S3.2: Median (2.5% and 97.5% quantiles) bias in the �tted maximum log-likelihood
values for data from the SCMEVM with weak negative associations. Bold values denote the
least biased stepwise inference procedure for each covariance structure type and conditioning
variable.

Covariance Structure Independent Graphical Saturated
Number

of Excesses
Conditioning

Variable
One-step Two-step Three-step One-step Two-step Three-step One-step Two-step Three-step

250

1 -13.3 (-26.7, 1.0) -14.2 (-27.6, -0.4) -14.2 (-27.6, -0.4) 13.9 (8.0, 22.7) 12.5 (6.1, 21.7) 12.4 (6.0, 21.6) 14.9 (8.1, 27.0) 13.2 (6.8, 24.8) 13.1 (7.0, 24.8)
2 -11.6 (-28.4, 3.8) -13.3 (-27.6, 1.3) -13.3 (-27.6, 1.3) 14.6 (7.5, 23.4) 12.6 (3.3, 20.6) 12.7 (4.8, 21.4) 15.9 (7.6, 25.1) 13.6 (4.6, 23.5) 13.6 (5.5, 23.1)
3 -13.3 (-46.8, 2.3) -14.6 (-28.7, 2.5) -14.6 (-28.7, 2.5) 13.6 (6.9, 23.4) 11.3 (4.6, 21.0) 11.2 (4.6, 20.8) 15.6 (8.1, 26.3) 13.1 (5.2, 23.9) 13.0 (5.7, 23.7)
4 -12.9 (-48.7, 1.6) -14.3 (-26.4, -0.2) -14.3 (-26.4, -0.2) 13.8 (7.3, 21.9) 12.3 (5.4, 20.5) 12.2 (5.9, 20.3) 14.6 (5.1, 23.2) 13.0 (6.7, 21.6) 12.9 (6.8, 21.6)
5 -19.7 (-35.6, -4.7) -21.0 (-35.7, -5.7) -21.0 (-35.7, -5.7) 13.6 (7.3, 21.9) 12.0 (4.7, 20.2) 12.0 (4.9, 20.0) 14.7 (8.1, 23.6) 13.1 (5.7, 22.3) 13.0 (5.6, 22.1)

500

1 -37.6 (-59.8, -20.8) -38.8 (-61.0, -22.2) -38.8 (-61.0, -22.2) 14.4 (8.9, 22.7) 12.9 (6.1, 20.8) 12.8 (6.0, 20.7) 15.1 (9.4, 23.2) 13.8 (6.9, 21.5) 13.7 (6.8, 21.4)
2 -34.9 (-57.8, -12.8) -36.9 (-59.3, -13.1) -36.9 (-59.3, -13.1) 14.3 (7.7, 23.1) 12.3 (4.4, 21.7) 12.2 (4.3, 21.5) 15.1 (8.5, 24.0) 13.2 (5.4, 22.8) 13.1 (5.3, 22.5)
3 -33.8 (-51.9, -15.4) -35.4 (-54.2, -17.1) -35.4 (-54.2, -17.1) 13.1 (6.9, 20.3) 10.7 (2.1, 18.6) 10.6 (2.5, 18.5) 14.8 (8.2, 23.0) 12.3 (3.1, 20.3) 12.3 (3.0, 20.2)
4 -40.5 (-57.8, -19.5) -41.7 (-59.7, -20.9) -41.7 (-59.7, -20.9) 13.9 (8.2, 22.9) 11.9 (5.1, 20.6) 11.7 (5.0, 20.5) 14.7 (9.1, 24.1) 12.8 (5.4, 21.9) 12.7 (5.4, 21.7)
5 -51.2 (-70.9, -31.4) -52.8 (-70.6, -33.2) -52.8 (-70.6, -33.2) 13.8 (8.5, 22.6) 12.0 (5.3, 21.3) 11.9 (5.1, 20.9) 14.5 (9.3, 23.9) 12.9 (6.4, 22.3) 12.7 (6.2, 22.0)

Figure S3.7: Inferred graphical structure for data generated from the multivariate Pareto
distribution when the majority rule proportion p in Algorithm 3.5 of the main text is set to
0:3 (left), 0:5 (centre), and 0:7 (right). The line width and darkness in each panel correspond
to the number of times each edge was selected across 100 samples. Black and grey edges
correspond to true and additional edges, respectively.

CMEVMs and the majority-rule proportion used to obtain the �nal uni�ed structure (step

11 of Algorithm 3.5). In Section 4.2 of the main text, we explored sensitivity to threshold

choice. We now assess sensitivity to the majority-rule proportion.

Continuing the simulation study in Section 4.2 of the main text, we rerun Algorithm 3.5

with u Yi set to the 0:8-quantile of the standard Laplace distribution for all i 2 V . We then

compare results using three majority-rule proportions, p 2 f0:3; 0:5; 0:7g. Figure S3.7 shows

weighted graphs, with line width and darkness proportional to the number of times the edge

is selected across the 100 datasets, for p = 0:3 (left), p = 0:5 (centre) and p = 0:7 (right).

The true graph is identi�ed in all cases with very few incorrect (grey) edges. This suggests

that the graphical selection algorithm is not overly sensitive to the choice of majority-rule

proportion. Nevertheless, it is important to include it to remove spurious edges that may

only occur in one of the conditioned subgraphs.

To check that these results are not con�ned to the multivariate Pareto distribution, we repeat
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Figure S3.8: Inferred graphical structure for data generated from the multivariate Gaussian
distribution when the majority rule proportion p in Algorithm 3.5 of the main text is set to
0:3 (left), 0:5 (centre), and 0:7 (right). The line width and darkness in each panel correspond
to the number of times each edge was selected across 100 samples. Black and grey edges
correspond to true and additional edges, respectively.

the simulation study, taking the underlying generating mechanism to be the multivariate

Gaussian distribution. Taking d = 16 and G as in the left panel of Figure 3 in the main text,

we simulate 1; 000 points from a multivariate Gaussian distribution with the components

of the mean vector � independently sampled from a uniform distribution on (�5; 5) and

correlation matrix consistent with G. We use 100 replicates for this study.

To infer the optimal graphical structure, we use Algorithm 3.5 of the main text. In the

algorithm, we set the dependence thresholds uYi to the 0:90-quantile of the standard Laplace

distribution for all i 2 V . Figure S3.8 shows weighted graphs of the 100 inferred graphical

structures, with line width and darkness proportional to the number of times the edge is

selected across the 100 datasets, when the majority rule proportion is set to 0:3 (left), 0:5

(centre), and 0:7 (right). Again, the true graph is well identi�ed with very few \incorrect"

(grey) edges.

Table S3.3 gives frequency counts of the number of edges inferred by Algorithm 3.5 of the

main text, for both the multivariate Pareto and the MVG generating mechanisms. For the

multivariate Pareto distribution, the distribution of edges in the selected graphs is very similar

across all three proportions, suggesting the more important tuning parameter is the threshold

above which the CMEVMs are �tted. For the MVG generating mechanism, increasing the

majority rule proportion shifts the distribution towards the true number of edges. This is

expected since edges are included in the �nal graph only if they are important most of the

time.
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Table S3.3: Number of times, out of the 100 samples, a graph with x edges is inferred
using Algorithm 3.5 of the main text for various majority rule proportions and underlying
generating mechanisms.

Generating
Mechanism

Majority Rule
Proportion

Number of edges in G

17 18 19 20 21 22 23 24 25 26 27 28

MVP
0.3 6 33 24 16 15 4 2 - - - - -
0.5 7 21 27 24 9 9 - 1 2 - - -
0.7 4 24 25 23 14 6 2 2 - - - -

MVN
0.3 2 30 22 20 10 5 5 3 1 1 1 -
0.5 - 38 29 14 8 7 2 2 - - - -
0.7 - 42 29 15 5 3 1 3 - 1 - 1

S3.5 Additional graph selection example

In Section 4.2 of the main text, we replicate the simulation study of Engelke and Hitz

(2020, Section 5.5) to assess how closely the SCMEVM can identify the graphical structure

of data generated from the H•usler-Reiss distribution. Here, we repeat the study for data

generated from the multivariate Gaussian distribution; see Section S3.4 for details of data

simulation.

For the SCMEVM, we use Algorithm 3.5 of the main text to infer the optimal graphical

structure, setting the dependence thresholds uYi to the 0:90-quantile of the standard Laplace

distribution for all i 2 V and the majority rule proportion to 0:5. Figure S3.9 (centre

panel) shows a weighted graph of inferred graphical structures with line width and darkness

proportional to the number of times the edge is selected across 100 simulated datasets. The

true graphical structure is clearly recovered.

For comparison, we also use the graphical selection method EGlearn (Engelke et al., 2025).

EGlearn uses a multivariate Pareto model but generalises the allowable graphical structure

beyond the block structure requirement in Engelke and Hitz (2020). The only tuning pa-

rameter is the threshold above which the data are assumed to follow the multivariate Pareto

distribution. We set this to be the 0:95-quantile of the standard Pareto distribution. The

resulting weighted graph over the 100 datasets is shown in Figure S3.9 (right panel). The

true graphical structure is largely identi�ed, but there are more \incorrect" edges compared

to the SCMEVM method. This result seems counter-intuitive since EGlearn is designed to

learn the graphical structure for AD data and not AI data. That being said, the results are

somewhat threshold sensitive. Using a lower threshold of the 0:8-quantile of the standard
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Figure S3.9: True underlying graphical structure (left) and inferred graphical structures using
the method proposed in Section 3.2 of the main text (centre) and using \EGlearn" (right).
Line width and darkness indicate the number of times each edge was selected across 100
replicates. Black and grey edges correspond to \true" and \additional" edges, respectively.

Pareto distribution results in 5 additional edges in the pruned weighted graph, while a higher

threshold of the 0:99-quantile of the standard Pareto distribution results in six missing edges

in the pruned weighted graph and the algorithm inferring fewer than 18 edges in 97% of cases.

In contrast, our method is relatively stable with respect to the threshold, as it identi�es the

true graph when uYi is set to the 0:8� and 0:95�quantile of the standard Laplace distribution

for all i 2 V .

These results suggest that the Engelke et al. (2025) method can struggle to correctly identify

the underlying structure of the data when the data-generating mechanism does not have

complete AD, while the method proposed in the main text does not have this limitation.

S3.6 Additional �gures and simulation studies for Sec-

tion 4.3

In the main text, we considered data with a mixture of extremal dependence structures.

We now repeat the simulation study in Section 4.3 of the main text for data that exhibits

either full asymptotic independence (AI) or full asymptotic dependence (AD). For AI, we

simulate from each of the (a) multivariate Gaussian (MVG), (b) symmetric multivariate

Laplace (MVL), and (c) multivariate t- (MVT) distributions. In all cases, both positive

and negative associations are investigated. For AD, we simulate from a multivariate Pareto

(MVP) distribution.

All simulation studies follow a similar pattern. For each true distribution, 200 datasets are

sampled using a dependence structure consistent with G in Section S3.3. Data are trans-
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formed from their canonical margins (e.g., Gaussian for the MVG distribution) to standard

Laplace margins as per Section 3.1 of the main text. For all datasets, each of the one-

, two- and three-step procedures is used to �t the SCMEVM with graphical covariance,

where the graph is assumed to be known and correctly speci�ed. The three-step procedure

is also used to �t the SCMEVM with independent and saturated covariances. For com-

parison, we also �t the original CMEVM (He�ernan and Tawn, 2004) and the graphical

extremes model (Engelke and Hitz, 2020) (EHM). The mean absolute error (MAE) and root

mean squared error (RMSE) of the model-based estimates form the basis of model compar-

ison. Such metrics are calculated via probabilities of the form P[XA > u X A j X i > u X i ]

(P[X A < u X A j X i > u X i ]) for simulations that have positive (negative) associations and for

all sets A � V ji and i 2 V

S3.6.1 Multivariate Gaussian distribution

In this section, we assume X follows a MVG distribution with mean vector �, where each �j
is independently sampled from a uniform distribution on (�5; 5), and correlation matrix �.

Various strengths of correlation are considered, however � = ��1 is always consistent with

G in Section S3.3. We set dependence thresholds uYi to the 0:90-quantile of the standard

Laplace distribution for all i 2 V . For prediction, we set uX i to the 0:95-quantile for the true

distribution of X i for each i 2 V .

Weak positive dependence

In the �rst study, correlations between all components lie in (0; 0:47). Figure S3.10 shows

MLEs of the dependence and AGG parameters. Here, and in the other studies in this section,

estimates from the three-step SCMEVM with graphical and saturated covariance structures

are omitted as they are identical to results for the three-step SCMEVM with independent

residuals. Also note that the MLEs for CMEVM dependence parameters are the same for

the two- and three-step methods. The MLEs of �ji (� ji ) from the one-step procedure are

consistently lower (higher) than the MLEs from the stepwise approaches, con�rming that

the one-step method does not guarantee that the �rst-order extremal dependence structure

will be captured by the dependence parameters. At best, by attributing some extremal

dependence structure to the residual distribution, the interpretability of the SCMEVMs

�tted with the one-step procedure is reduced. Potentially, it also makes the models less

reliable. In contrast, the MLEs of � ji , � 1 ji , � 2 ji , and � ji are similar across all the models and

�tting procedures.

Note that the estimates for �jji should be close to 0:5 when the underlying generating mech-
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anism is the MVG, and there is a positive association between components i and j. From the

top right panel of Figure S3.10, this is clearly not the case. Since the estimated parameters

for the one- and two-/three-step �ts are similar, the underestimation is likely due to the slow

convergence of the MVG distribution to its asymptotic limit. To improve convergence, one

would likely need to simulate a larger dataset (currently set at 5; 000) and/or use a lower

dependence threshold (currently set to the 0:9� quantile of the standard Laplace distribu-

tion). Another thing to note is the right-scale parameter �2jji
is almost always estimated to

be larger than the left-scale parameter �1jji
for distinct i; j 2 V , supporting the choice of an

asymmetric marginal distribution for Z ji .

Figure S3.11 shows empirical and model-based estimates of the conditional precision matrix

� ji . Empirical estimates are the inverse of the conditional correlation matrix for Y j Yi = y i ,

such that yi > u Yi , equivalently the inverse correlation matrix of Y j Yi > u Yi excluding

the ith row and column. Similar to the study in the main text, the estimated matrices are

the same for the graphical and saturated SCMEVMs, con�rming there is negligible loss in

using the former. Further, the estimated structure of the conditional precision matrices for

the graphical and saturated SCMEVMs is consistent with the empirical version. While it

is plausible that the results here are speci�c to the MVG generating mechanism, similar

patterns are observed for the other multivariate distributions.

We now compare predictions from the EHM and three-step SCMEVM with graphical co-

variance. Figure S3.12 (left panel) shows the bias in the conditional survival curves of

X j j X 1 > u X 1 for each j 2 Vj1. The SCMVEM is unbiased for all curves, whereas the

EHM has positive bias for lower values of uX j ; this decreases as uX j increases. The positive

bias of the EHM persists in bivariate conditional survival probabilities. Figure S3.12 (right

panel) shows the bias in P[X2 > u X 2 ; X 3 > u X 3 j X 1 > u X 1 ]. The three-step SCMEVM with

independent residuals exhibits negative bias because X2 is not conditionally independent

of X3 given X1. In contrast, the SCMEVMs with graphical and saturated covariances are

unbiased. The CMEVM predictions are also unbiased due to the low dimension d. Lastly,

the SCMEVMs with graphical covariance exhibit the least amount of bias and variability,

minimising the MAE and RMSE for 87% and 77% of the 75 conditional probabilities, respec-

tively. This con�rms that there is no loss in performance when using a graphical structure

over the more 
exible saturated one and that the fully parametric SCMEVM outperforms

the semi-parametric CMEVM. The EHM performs poorly in this case because the true data

have AI.
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Figure S3.10: Boxplots of MLEs for �jji (top left), � jji (top right), � jji (centre left), � jji

(centre right), � 1jji
(bottom left), and � 2jji

(bottom right) for distinct i; j 2 V . Each column
corresponds to the conditioning variable i. The di�erent models are denoted by the �ll of
the boxplots.

Strong positive dependence

We repeat the simulation study in Section S3.6.1, but the associations between the compo-

nents of X are strong and positive (> 0:52). We present only the predictive performances, as

the parameter estimates show similar patterns to those seen in Section S3.6.1. Figure S3.13

(left panel) shows bias in the conditional survivor curves for Xj j X 5 > u X 5 such that j 2 V j5
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Figure S3.11: Boxplots of empirical and model-based estimates of �ji , for each i 2 V , when
the data is generated from a MVG distribution with weak positive associations. Each row
corresponds to the conditioning variable i, and each column corresponds to the correlation
parameter. The di�erent models are denoted by the colour of the boxplots. Black dashed
lines show y = 0.

from both the EHM and the three-step SCMEVM with a graphical covariance structure.

Again, the EHM is biased for low values of uX j , but this diminishes as uX j increases; the

three-step SCMEVM with graphical structure is unbiased for all uX j . Figure S3.13 (right

panel) shows the bias in P[Xj5 > u X j5
j X 5 > u X 5 ]. The EHM has positive bias, whereas

both the CMEVM and the SCMEVMs with graphical or saturated covariance structures are

unbiased. The three-step SCMEVM with independent residuals exhibits negative bias; this

is expected since the components of Xj5 are not independent given X5 is large. Assessing

overall predictive performance, the SCMEVMs with graphical covariance structure are again

the least biased and variable, minimising the MAE and RMSE metrics 81% and 84% of the

time, respectively.
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Figure S3.12: Polygon plots detailing pointwise 95% con�dence intervals, over 200 samples,
of the bias in P[Xj > u X j j X 1 > u X 1 ], for each j 2 Vj1, where X follows a MVG distribution
with weak positive associations (left). The bias from the EHM and the three-step SCMEVM,
assuming a graphical covariance structure for the residuals, are in pink and blue, respectively.
Boxplots of the bias in P[X2 > u X 2 ; X 3 > u X 3 j X 1 > u X 1 ] (right). The bias from the various
models is denoted by the �ll of the boxplots. Black dashed lines show y = 0.

Negative dependence

We repeat the simulation study in Section S3.6.1, but the association between the compo-

nents of X are now allowed to be negative. The correlation matrix � is given in equa-

tion (S3.6.1).

� =

2

6
6
6
6
6
6
6
4

1:000 �0:468 �0:370 �0:136 0:134

�0:468 1:000 0:390 0:144 �0:141

�0:370 0:390 1:000 0:369 �0:362

�0:136 0:144 0:369 1:000 �0:346

0:134 �0:141 �0:362 �0:346 1:000

3

7
7
7
7
7
7
7
5

: (S3.6.1)

Figure S3.14 compares the MLEs of �1jji
and � 2jji

from the three-step SCMEVM with a

graphical covariance structure, for distinct i; j 2 V . In the other MVG examples, the right-

scale parameter is generally larger than the left-scale parameter, whereas here a range of

behaviour is observed. This further justi�es the need for a 
exible, asymmetric distribution

for Z ji .

Figure S3.15 (left panel) shows the bias in the conditional cumulative distribution curves for

X j j X 5 > u X 5 for the EHM and the three-step SCMEVM with graphical covariance structure.
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Figure S3.13: Polygon plots detailing pointwise 95% con�dence intervals, over 200 samples,
of the bias in P[Xj > u X j j X 5 > u X 5 ], for j 2 V j5 where X follows a MVG distribution with
strong positive associations (left). The bias from the EHM and the three-step SCMEVM
with a graphical covariance structure are in pink and blue, respectively. Boxplots of the bias
in P[X j5 > u X j5

j X 5 > u X 5 ] (right). The bias from the various models is denoted by the �ll
of the boxplots. Black dashed lines show y = 0.

The three-step SCMEVM exhibits no bias, but the EHM underestimates the curve over the

entire range. Again, this is not surprising, as the AD assumption is not satis�ed by the

data. Figure S3.15 (right panel) considers the bias in P[Xj5 < u X j5
j X 5 > u X 5 ]. The EHM

exhibits negative bias, while the CMEVM and SCMEVMs are unbiased. Finally, as in the

previous studies, the SCMEVMs with graphical covariance structures are the least biased

and variable, minimising the MAE and RMSE 76% and 87% of the time, respectively.

S3.6.2 Multivariate Laplace distribution

In this study, X follows a MVL distribution with mean vector �, where � j are independently

sampled from a uniform distribution on (�5; 5), and precision matrix consistent with G in

Section S3.3.

Weak positive dependence

In this simulation, associations between components are weakly positive i.e., the elements of

the true correlation matrix are strictly positive but less than 0:37. We set the dependence

threshold uYi to the 0:95-quantile of the standard Laplace distribution for all i 2 V , resulting
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Figure S3.14: Scatter plots comparing �̂1jji
and �̂ 2jji

from the three-step SCMEVM with
graphical covariance structure for distinct i; j 2 V . Red dashed lines show y = x.

in approximately 250 excesses per conditioning variable. For prediction, uX i is set to the 0:95-

quantile from a single sample of 106 from the true distribution. Figure S3.16 shows empirical

and model-based estimates of the conditional precision matrix �ji . The estimated structure

of the conditional precision matrix from both the graphical and the saturated SCMEVM

is consistent with the empirical version. Analysis of other parameter estimates has been

omitted, but they are very similar across all three stepwise procedures. The only point to

note is that estimates for the left- and right-scale parameters in the MVAGG are very similar,
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Figure S3.15: Polygon plots detailing pointwise 95% con�dence intervals, over 200 samples,
of P[Xj < u X j j X 5 > u X 5 ] for j 2 V j5, when X follows a MVG distribution with negative
associations (left). The estimated curves from the EHM and the three-step SCMEVM with
a graphical covariance structure are in pink and blue, respectively. The true conditional
cumulative distribution curves are given by the black dashed lines. Boxplots of the bias in
P[X j5 < u X j5

j X 5 > u X 5 ] (right). The bias from the various models is denoted by the �ll of
the boxplots. The y = 0 line is indicated by the black dashed line.

raising the question of whether the generalised Gaussian would be a better choice of marginal

residual distribution. However, other examples do have very di�erent scale parameters (see

Figures S3.10 and S3.14) and the more 
exible asymmetric generalised Gaussian distribution

is therefore recommended.

To compare predictive performance, Figure S3.17 (left panel) shows the bias in the conditional

survival curves of Xj j X 3 > u X 3 for j 2 V j3. Similar to the MVG examples, the SCMEVM

with graphical covariance structure is unbiased for all curves, whereas the EHM has positive

bias for low values of uX j , which decreases as uX j increases. Figure S3.17 (right panel)

shows the bias in P[Xj3 > u Xj3 j X 3 > u X 3 ]. The CMEVM and the SCMEVMs with

graphical or saturated covariance structures are unbiased, whereas the EHM has positive bias.

Again, the three-step SCMEVM with independent residuals has negative bias because not

all components of Xj3 are independent given X3. Similar �ndings are made when assessing

other conditional probabilities of the form P[XA > u A j X i > u i ] for all A � V ji and

i 2 V . Lastly, the SCMEVMs with graphical covariance have the least amount of bias

and variability, minimising the MAE and RMSE for 86% and 77% of the 75 conditional

probabilities, respectively.
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Figure S3.16: Boxplots of empirical and model-based estimates of �ji , for each i 2 V , when
the data is generated from a MVL distribution with weak positive associations. Each row
corresponds to the conditioning variable i, and each column corresponds to the correlation
parameter. The di�erent models are distinguished by the colour of the boxplots. Black
dashed lines show y = 0.

Strong positive dependence

We repeat the simulation study in Section S3.6.2 with strong positive association between

the components, i.e., the entries of the true correlation matrix are all greater than 0:69. The

dependence threshold uYi is set to the 0:9-quantile for the standard Laplace distribution, for

all i 2 V . For prediction, we set uX i to the 0:95-quantile from a dataset of size 106 simulated

from the true distribution for each i 2 V . We omit parameter estimates since the only point

to note is that a comparison of the estimates from the one-, two-, and three-step SCMEVMs

shows that the dependence parameters are slightly larger for the one-step method, while the

location and scale parameters are slightly lower.

Figure S3.18 shows the bias in two tail probabilities, p1 = P[X 2 > u X 2 ; X 3 > u X 3 j X 1 > u X 1 ]

and p2 = P[X j1 > u X j1
j X 1 > u X 1 ]. In this case, the EHM performs more similarly to

the CMEVM and SCMEVMs. However, the model exhibits a small positive bias for p2.




	Introduction
	Thesis outline
	Univariate extreme value theory
	Generalised extreme value distribution
	Generalised Pareto distribution

	Multivariate extreme value theory
	Dependence measures
	Conditional multivariate extreme value model

	Spatial extremes
	Graph theory

	Modelling the Degree Distribution of Networks
	Introduction
	Generative models
	Modelling the degree distribution

	Methodology
	Truncated Zipf-polylog distribution
	Integer generalised Pareto distribution
	Mixture distributions
	Threshold selection

	Inference
	Simulation study
	Why are discrete distributions necessary?
	Threshold selection performance

	Application

	Discussion
	Discrete distributions for discrete data
	Approximating discrete random variables
	Additional threshold selection examples
	ZM-IGP threshold selection
	Geometric threshold selection

	AIC and BIC tables for the application
	Conditional Extremes with Graphical Models
	Introduction
	Methodology
	Conditional Multivariate Extreme Value Model
	Multivariate Asymmetric Generalised Gaussian Distribution
	Structured Conditional Multivariate Extreme Value Model

	Inference
	Parameter estimation
	Graph selection
	Prediction
	Simulation Study
	Stepwise inference procedures
	Graphical selection
	Mixture data

	Application
	Discussion
	Prediction from the conditional multivariate extreme value model
	Marginal distributions for the residuals
	Additional figures and simulation studies for Section 4.1
	Weak positive dependence
	Strong positive dependence
	Negative dependence
	Majority rule proportion sensitivity analysis
	Additional graph selection example
	Additional figures and simulation studies for Section 4.3
	Multivariate Gaussian distribution
	Multivariate Laplace distribution
	Multivariate t-distribution
	Multivariate Pareto distribution

	Application to the upper Danube River basin
	Additional figures for Section 5
	Comparison with EGlearn


	Conditional Extremes with Metric Graphs
	Introduction
	Background
	Methodology
	Marginal Modelling
	Dependence Modelling
	Prediction

	Application
	Marginal modelling
	Dependence modelling
	Prediction

	Discussion
	Direct observations method
	Conditional correlations

	EVA (2023) Conference Data Challenge
	Introduction
	EVA background
	Univariate modelling
	Extremal dependence measures

	Challenges C1 and C2
	Exploratory data analysis
	Methods
	Uncertainty
	Results

	Challenge C3
	Exploratory data analysis
	Modelling of joint tail probabilities under asymptotic independence
	Accounting for non-stationary dependence
	Results

	Challenge C4
	Exploratory data analysis
	Conditional extremes
	Results

	Discussion
	Additional figures for Section 5.3
	Additional figures for Section 5.4
	Additional figures for Section 5.5












