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ABSTRACT: Cosmic inflation is the leading theory to explain early Universe history and
structure formation. Non-oscillatory inflation is a class of models which can naturally
introduce a post-inflationary stiff period of the Universe’s evolution which boosts the signal
of primordial gravitational waves (GWs), making it possible to observe them in forthcoming
GW experiments. However, this pushes the GW energy density high enough to destabilise the
process of Big Bang Nucleosynthesis (BBN). This problem can be overcome by “softening” the
stiff period, so that the field is gradually tending towards freefall from a frozen start. Here, we
consider a modified hybrid inflation model where the stiff period is driven by the waterfall field,
allowing the barotropic parameter of the Universe to vary, so that it does not violate the A Neg
constraint but produces a characteristic gravitational wave spectrum soon to be observable.
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1 Introduction

The most compelling solution to the horizon and flatness problems as well as the origin of the
primordial curvature perturbation, necessary for structure formation to occur, is the theory
of cosmic inflation [1-4]. The curvature perturbation generated during inflation is reflected
onto the Cosmic Microwave Background (CMB) radiation [5]. Precision observations on the
primordial anisotropy in the CMB have confirmed the inflationary predictions of acoustic
peaks, which led to the collapse of the rival paradigm for structure formation, that of cosmic
strings [6]. Another prediction of inflation is a stochastic gravitational wave background
(SGWB), which is expected to be generated during inflation in a similar manner as the scalar
curvature perturbation. Many consider the eventual observation of the SGWB to be an
undeniable smoking gun for inflation [7].

The basic inflation paradigm considers that, after inflation ends, the thermal bath of the
hot big bang is promptly generated by the decay of the inflaton field (reheating) [8]. In this
case, the superhorizon modes of the tensor perturbations which were generated during inflation
reenter the horizon during the radiation era. Then, the corresponding SGWB spectrum is flat:
its spectral density Qaw does not depend on the frequency. Unfortunately, the amplitude of
this flat GW spectrum is too small to be observed at present. However, there are a number
of ways that observable (e.g. by LISA [9]) primordial GWs could be generated by inflation.

One prominent possibility is to consider a stiff post-inflationary period. Such a period
is a natural occurrence in non-oscillatory (NO) models of inflation, where the inflaton field
o is a runaway flat direction in field space. In NO models, after inflation, the Universe
continues to be dominated by the inflaton, but this time the field’s kinetic energy density



K (o) is much larger than its potential density V' (o), meaning that its barotropic parameter
(equation-of-state parameter) is approximately unity,

K-V 1
w = ~
K+V

(1.1)

Such a period is called kination [10]. During kination, the field’s equation of motion becomes
oblivious to the scalar potential. We then say that the field is in freefall, subject only to
Hubble friction.

1.1 Effects of stiff dynamics on primordial gravitational waves

It has previously been demonstrated that a short period of kination might lead to observable
primordial gravitational waves (GWs) [11], since it makes the spectral density parameter grow
with frequency, Qcow o f. However, there are severe restrictions on the length of a kination
period [12]: in particular, the GW enhancement scales so steeply with the frequency that high-
energy GWs threaten to disturb the delicate process of Big Bang Nucleosynthesis (BBN). This
is encoded as a constraint on the integrated density of gravitational waves at BBN, given by

/kl;:: dIn k hi Qaw(k, today) < 5.6 x 107, (1.2)
and is detailed further in section 2.5. We refer to this bound henceforth as the A Neg constraint.
Taking the ANeg constraint into account, the kination-generated peak in the GW spectrum
cannot extend to frequencies low enough to be observable in the near future.

More recent work, ref. [13], has shown that instead of kination, a stiff period with a
constant barotropic parameter % < w < 1 can produce a gentler gradient than kination
proper, namely [11]

1—3w)

Qaw oc f20F50) | (1.3)

This is expected to relax the restrictions on the length of the period. However, to maintain a
constant w, a delicate balance between the kinetic and potential energy densities is required,
as evident from eq. (1.1) In most cases, this seems artificial (see, however, ref. [14]). This is
why, in this work, we aim to demonstrate that a stiff period of gradually varying barotropic
parameter (from —1 to 1), caused by a gradually thawing scalar field on a steeply inclined
potential, has a similar effect on this constraint, producing, instead of a rising slope, a
distinctive rounded peak at the high end of the GW energy density spectrum.! Such a unique
observational signature could be observed in the near future. Figure 1 shows sketches of the
different spectra, demonstrating the merits of such a setup.

In our paper, we build a concrete example model that demonstrates the viability of the
above scenario. We consider hybrid inflation, where evolution first proceeds in the direction
of a primordial inflaton field, but later turns into the direction of a waterfall field, a runaway

! An additional bound on the duration of kination (or another stiff era) is due to the danger of the freefalling
scalar field condensate becoming overwhelmed by its own perturbations. As the Universe expands, the
perturbations are diluted less drastically than the condensate [15]. Indeed, the perturbations behave identically
to the GW amplitude, so a gradual increase of the barotropic parameter from -1 to 1 equally ameliorates this
constraint.
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Figure 1. Conceptual sketch of how the Qgw spectrum behaves when subject to a scalar-field-driven
period directly after (GUT-scale) inflation, with different barotropic parameters. Kination (blue) has
the steepest proportionality and violates the AN.g constraint (shown here as the integrated BBN

constraint) if it continues for too long, so even if kination does occur, it is unlikely to be observable.

Unlike a stiff period of fixed barotropic parameter w = % (orange), a period of varying barotropic

parameter (green) is expected to form a curved peak; this allows a larger signal for f 2> 10 Hz while
still satisfying the BBN and A N.g bounds, making the spectrum more accessible to future observations.
Here the variation in w is modelled as linear in log(f) for illustrative purposes. The purple dashed
line shows an example of how an instrumental observation curve can overlap with this slowly varying
stiff period but not a stiff period of constant barotropic parameter. For f < 10717 Hz, the spectrum
rises again due to the matter-dominated period at late times, and will eventually turn downward once
more during the A-dominated era, forming a second peak.

flat direction in field space. To maximize the amplitude of the stochastic gravitational wave
background, we assume inflation at the scale of grand unification (GUT-scale), but we remain
agnostic to its details. We take the waterfall field’s potential to have the shape of a double
exponential, which can be motivated by string theory. We show that the double exponential
results in the desired gradual increase in the barotropic parameter, which in turn results
in a characteristic rounded peak in the GW spectrum. Furthermore, we find that at late
times, the field adopts a pseudo-scaling behaviour on the runaway potential, which allows
its energy density to slowly decay away in a natural manner.

Our paper is structured as follows. In section 2 we introduce the model and its expected
behaviour and give an overview of our numerical treatment. In section 3 we show the results
of our numerical analysis and the form of the primordial gravitational wave spectrum. Finally,
in section 4 we discuss our results and conclusions.



Throughout the paper we employ natural units with ¢ = h = kp = 1 and Newton’s gravi-
tational constant 87G = m1§2, with mp = 2.43 x 10'® GeV being the reduced Planck mass.

2 The model

2.1 Field content and primordial inflation
The Lagrangian density of our model is
1 Iz 1 I
L= —§8M08 o— 58,@8 ¢ —W(o, o), (2.1)

with
Wi(o,¢) =U(o)+ V(o) + AV (0, ¢), (2.2)

where U(o) and V(¢) are the potentials of the inflaton field o and the waterfall field ¢
and AV(c,¢) is their interaction term. At the background level, the metric takes the
Friedmann-Lemaitre-Robertson-Walker (FLRW) form

ds? = —dt* + a?(t)da?, (2.3)

where ¢ is the cosmic time and a is the scale factor; the equations of motion become

G+ 3Ho + 0,U(0) + 0,AV (0,¢) =0, (2.4)
¢+ 3Ho + AV (d) + 0yAV (a,9) =0,
BHmi = 6%+ S0+ W(0,9), (2.6)

where dots denote derivatives with respect to ¢t and H = a/a is the Hubble parameter.
We assume the inflaton potential to feature a gentle slope, e.g., characterised by a
Coleman-Weinberg form U (o) ln(%—z + 1), where @ is some renormalisation scale, as in
supersymmetric hybrid inflation [16]. This slope results in the usual slow-roll inflation, and
we assume it conforms to the CMB observations at large scales.
The waterfall field ¢ is a spectator during primordial inflation.? We take its potential to be

V(¢) = Vp exp (—Ae“¢/mP) , (2.7)

where k and A\ are dimensionless constants and Vj is a constant energy density scale. The
shape of this potential is shown in figure 2. This type of potential is naturally obtained in
many string theory realisations [17]. The second exponential in eq. (2.7) can be approximated
by a Taylor series in the k¢ < mp region,

)\+)\ﬁ¢ +;M2<¢>2+---]}. (2.8)

V:V()exp{— . p—

The potential decays exponentially, with a rate of decay that grows exponentially.

2Throughout the paper, ‘primordial inflation’ refers to inflation driven by ¢ it may be followed by a short
period of additional inflation driven by the waterfall field ¢.
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Figure 2. Schematic representation of the V(¢) potential given in eq. (2.7). The units appearing in
the graph are fiducial.

Figure 3. Schematic representation of the W (o, ¢) potential. For o > 0, the system is driven inside a
deep valley with ¢ = 0 as dictated by the potential AV. The valley is characterised by a gentle slope
given by V (o), which brings the system towards o = 0. There, the valley opens up and the system
slides along the ¢-direction, following the potential V(¢) given in eq. (2.7). The units appearing in
the graph are fiducial.

The interaction term is
1
AV(o,¢) = §g2¢2a2, (2.9)

where 0 < g < O(1) for perturbativity. The coupling constant g is assumed to be large
enough to pass most of the inflaton’s energy density to the waterfall field at the end of
primordial inflation [18].

The full potential with the interaction term is depicted in figure 3. During primordial
inflation, the inflaton o is large and the interaction potential (2.9) keeps ¢ close to zero. At



the end of this period, ¢ approaches zero and starts to oscillate. The expectation value of
the waterfall field ¢, no longer bound by the interaction, starts to grow in turn, and the
interaction quickly pins the inflaton down to the origin. After this phase transition, ¢ is
oblivious to the interaction and simply rolls down its potential, given in eq. (2.7), starting
near the origin. Since the inflaton plays no role at this stage, we omit it in our numerical
analysis below and concentrate on the rolling waterfall field.

2.2 After primordial inflation

After the phase transition releases the waterfall field from the origin, the field comes to
dominate the Universe. At some point, however, the Universe has to reheat and transition
to standard cosmology dominated by radiation and matter. In the original hybrid scenario
in ref. [19], oscillations of the waterfall field brought about reheating. In our scenario, the
waterfall field does not oscillate but instead rolls down its runaway direction, similar to
ref. [14], and the Universe has to reheat by other means.® Several mechanisms have been
proposed to this end. Probably the least complicated of these proceeds through an additional
spectator field as curvaton reheating [20, 21] or, if the spectator is non-minimally coupled
to gravity, as Ricci reheating [22-24]. Other possibilities also exist, for example, reheating
due to the evaporation of primordial black holes [25].* In this work, we are agnostic to the
details, and simply assume that some mechanism generates the thermal bath of the hot big
bang, which eventually comes to dominate and reheats the Universe.

After the thermal bath has been generated, the Universe consists of radiation, cold matter
(baryonic and dark), dark energy, and the waterfall field, whose energy densities we denote
as Pr, Pm, PA, and py, respectively. We also introduce the combined ‘background’ energy
density pp = pr + pm + pa for convenience. We denote the Universe’s total energy density
simply as p. The pressures p, and the barotropic parameters w, = p,/p, follow the same
subscript convention; we have w, = 1/3, w,, = 1, and wy = —1. For ¢, we have

K(¢) = V(¢)

po = K(9)+V(9),  ps=KO)=V(9),  wy=p ooy

(2.10)

where K(¢) = %(bQ is the field’s kinetic energy density.
The combined equations of motion for the waterfall field and the matter components read

¢+ 3Ho+ 9,V (p) =0, (2.11)
pu+ 3Hpy(1+ws,) =0, (2.12)
3Hmi = L3+ V() + i, (2.13)

where x = r,m, A. Initially, radiation dominates over the other background components.
Let us discuss the various stages of evolution in more detail. They are characterized
by the total barotropic parameter w = p/p.

3Some radiation can be produced by the decay of the oscillating inflaton field o, but such radiation is
diluted drastically by a limited period of inflation driven by the waterfall field ¢. The efficiency of such a
mechanism is also limited by the fact that most of the energy density of primordial inflation is passed on to
the waterfall field, away from the inflaton.

“Such primordial black holes might be generated at the end of hybrid inflation [18] but their abundance is
expected to be small in our scenario, because the waterfall field is not initially on the top of a potential hill.
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Figure 4. Schematic graph of the expected form of the spectral density parameter Qgw(f) as a
function of frequency f when the barotropic parameter of the Universe w(t) is growing gradually from
—% up to unity, and then falls to % in the radiation era. Stages 1-4 are explained in the text. The
dashed line depicts the peak in GWs when kination proper, with w = 1, immediately follows the end
of inflation. In both cases, the GW spectra saturate the ANgg constraint, depicted by the horizontal
dotted line. We see that the case of a rounded peak, corresponding to a gradually increasing w(t),
leads to an enhancement of lower frequencies, which facilitate better contact with forthcoming GW
observations.

0. Inflation from the waterfall field (—1 < w < —%)

Because the waterfall field begins with a very small initial velocity (determined solely by
random quantum fluctuations), and because the potential in eq. (2.7) becomes gradually
steeper, there may be a very small number of efolds where its barotropic parameter
wy ~ w is smaller than —%. In this fashion, inflation may continue for a short time
along the waterfall direction.” The contribution to the energy density budget from the
inflaton o, which oscillates around the origin, soon becomes suppressed compared with
that of the waterfall field ¢. As time passes, the ¢-field rolls faster and faster, with an
increasing barotropic parameter wg.

<w<d)

1. Intermediate period (—%

As wy increases, it soon becomes larger than —% and inflation ends. From then on,
lengthscales which exited the horizon during inflation start reentering again. This
period corresponds to the higher-frequency side of a peak in the GW energy density
spectrum, where Qgw(f) is a decreasing function of the frequency f (from eq. (1.3),
the slope dIn Qgw/dIn f € [—00,0]). This region is denoted as ‘STAGE 1’ in figure 4

and extends to maximum frequency fmax, which corresponds to the end of inflation.

5These extra efolds of inflation may help the model have better agreement with observations, since hybrid
inflation with a Coleman-Weinberg potential gives rise to a spectral index of scalar curvature perturbations
that is not red enough, ns ~ 0.98. A brief period of subsequent inflation along the waterfall direction is
expected to bring this number down somewhat [26].



2. Mild stiff period (3 <w < 1)

The mild stiff period of the field corresponds to an epoch when the density of the field
is redshifting faster than radiation but its varying barotropic parameter has not yet hit
unity. This period is responsible for the gradual curve at the end of the energy density
spectrum for gravitational wave modes. In contrast to the previous period, Qaw/(f) is
increasing with f (dInQgw/dIn f € ]0,1]). Ideally, we would like this period to be as
long as possible within observational bounds, as this would produce a wider and larger
peak which would be accessible to upcoming observations. This region is denoted as
‘STAGE 2’ in figure 4.

3. Freefall (w = 1)

The waterfall field undergoes a period of freefall, where its energy density decays away
as pgy X a~%. During the period, the field is dominated solely by its kinetic energy
density K(¢), and the evolution becomes oblivious to the potential V(¢). This is
why the field is said to undergo freefall motion in field space. Since radiation scales
as p, o< a4, it eventually catches up with the field: reheating occurs and radiation
becomes the dominant component of the Universe. For a little while, the waterfall
field continues to freefall, with wy =1 > w =~ w, = % This region, up to reheating, is
denoted as ‘STAGE 3’ in figure 4. Up to reheating, the GW spectrum is still increasing

with dln Qgw/dIn f = 1; after reheating, the spectum is flat, dln Qgw/dIn f = 0.

4. Freezing (wy = —1 & w = %)
The kinetic energy density of the waterfall field is rapidly depleted by excessive Hubble

friction, which, after reheating, is determined by the less rapidly diluting radiation
background. As a result, we soon have K (¢) < V(¢) and the field freezes at a value ¢r
with the energy density py ~ V(¢r) = constant and the barotropic parameter wg ~ —1,
provided 8§V(¢F) < H?. This region, the radiation era of the hot big bang, is denoted
as ‘STAGE 4’ in figure 4 and corresponds to a flat GW spectrum.

1

3 and beyond)

5. Thawing and pseudo-scaling solution (wg =~ w =

At late times, the decreasing Hubble parameter H(t) becomes comparable to the field’s
effective mass, 8@‘/((]5 r) ~ H?, and we expect the waterfall field to unfreeze. Afterwards,
it turns out that ¢ scales with the dominant component of the Universe’s matter content,
which is first radiation, but later switches to matter and dark energy, in an attractor-like
manner. However, this is not a true attractor, but instead a “pseudo-attractor,” because
the attractor behaviour is asymptotic. This may be understood as follows.

Let us introduce the tracking parameter, defined as [27]

V(6)02V (9)

SR

(2.14)

A scalar field eventually adopts attractor behaviour if the tracking parameter satisfies
I' > 1. On the attractor, the field’s barotropic parameter and energy density fraction



become [27]

wp —2(I'—=1) Po 3
— O IR 1 2.15
We of — 1 ) ¢ s+ pB Eg(wqb—’— ) ( )

mp0yV(¢)
V(e)
If I" = 1, this is a scaling attractor with wg = wjp. The field energy density can be either

where / = — is the strength of the potential described in terms of an exponential.

dominant or subdominant compared to the background energy density [28], following

eq. (2.15).
Even if I' < 1 everywhere in a strict sense, we postulate that a pseudo-scaling attractor
exists if
lim I'=1, (2.16)
¢p—o0

so that in the large-field limit, the potential asymptotes to one supporting a scaling
attractor (i.e. an exponential [28]). As a result, the field tends towards, but never quite
reaches, the scaling behaviour: wg approaches wy, and €2y approaches a constant, but
at a rate that may be slow. To the best of our knowledge, such behaviour has not been
studied previously in the literature.

For our potential,

1 ¢p—00

\efd/mp

r=1- 1, (2.17)

so we expect pseudo-attractor behaviour at late times. Figures 5 and 6 show this in an
example case. At late times, wy approaches the background barotropic parameter but
stays above it. The density parameter {24 is subdominant and keeps decreasing slowly
during radiation domination, but plateaus during matter and dark energy domination
where the field is presumably almost on an attractor. The field seems to follow the
changes in the attractor very well, based on the dominant component of the Universe.
We leave further study of this behaviour to future work.

2.3 Solving homogeneous dynamics

To verify the behaviour described in section 2.2, we wish to solve the system of equa-
tions (2.11)—(2.13) numerically. We follow the system from inflation until today with Mathe-
matica (we identify the time of today in the simulations by the correct density parameter
of the cosmological constant €2, = 0.6889 from Planck 2018 [29]). The input parameter
values and initial conditions are collected in table 1.

Since the evolution spans a wide range of time and energy scales, we take steps to
improve the system’s numerical behaviour.

N as the time variable. Instead of the cosmic time ¢, we use the number of efolds N = In a(t)
as the time variable. Writing dN = Hd¢, we get p, = Hp/,, where prime denotes a derivative
with respect to N. This lets us integrate the background continuity equations (2.12):

plx =-314wy)p = Pz = px(o)eigN(lerz) ) z=r,m,N\, (2.18)

where p,(0) are set by initial conditions.



Parameter

Initial Value

Explanation

Model parameters A, k

Varied in parameter space scans

Model parameter Vo

Vo=Vini =19 x10""m%

Maximal inflationary scale allowed
by [30] (GUT inflationary scale),
maximizes SGWB amplitude

Initial field value Gini = 112(17?1 From quantum fluctuations at wa-
terfall transition
Initial field velocity i = 112[17,;1 From quantum fluctuations at wa-

terfall transition

Initial radiation energy
density p.(0)

Varied as a model parameter

Sets the moment of reheating

Initial matter energy
density

pini = pedexp [% ln(’:j;l: )} where
P4 = 300 HE (20q +1)* as measured
by Planck 2018 (i.e. Q2, = 0.3111,
Hoy = 67.66 km/s Mpc,

Zeq = 3387) [29]

Chosen such that matter-radiation
equality occurs at the correct energy
density (1071%m%)

Cosmological constant
energy density

pa = 3HZQA as measured by Planck
2018 [29] (where Q4 = 0.6889 and
Hy = 67.66 km/s Mpc)

Set to be consistent with the Planck
2018 [29] measurement of dark en-

ergy

Table 1. Initial conditions and parameter values for the background dynamics.

For the waterfall field, we obtain ¢ = H¢' and ¢ = H2¢" + H¢'. The field equation (2.11)
becomes ]
H 0V
¢”+<H2+3>d+-§2=0. (2.19)
We deal with the Hubble factors H and H with the Friedmann equations.
The first Friedmann equation (2.13) becomes

1
BH?mp = p = py+pp = SH*¢" +V(6) + py (2.20)

(remember pp contains all the background components), and using this and the definition
of ps from eq. (2.10) lets us solve

%:&@V+mWV 1<%+W>WV—W@~

omE — (&2 T2

S (2.21)
These expressions are useful for keeping track of the waterfall field’s energy density and
equation of state; additionally, plugging eq. (2.21) back into eq. (2.20) gives us H? in terms
of the dynamic variables ¢, ¢’, and pp.

For H, we use the second Friedmann equation é/a = —(p + 3p)/(6m3) together with
the first to obtain

. a 1
H=--H=——+ =—— : 2.22
" 2n%(p+p) 2m%0w+1%+p¢+pw (2.22)
All in all, eq. (2.19) becomes
d 2
¢// 4 § 1— Do + Db / 7‘/ 3mp —0. (2.23>
2 pg + Db do pg + po

,10,



This is a closed equation for ¢ once the energy densities and pressures are plugged in using
egs. (2.18) and (2.21).

Logarithmic energy scale. To avoid extremely small or large numbers in the numerics, we
treat the energy densities logarithmically. In particular, in the denominators of eq. (2.23),
we write

(2.24)

1 1
+ pp = e In —pp —In— )—i—l
P T Po Pb[ XP( m%’ Pe m% Pb

which turns out to improve the behaviour of the computation. This gives the final form
of our numerical equations.

2.4 Solving gravitational wave spectrum

In section 2.2, we discussed our expectations for the SGWB spectrum in our model. To
confirm these expectations, we solve the gravitational wave mode equation numerically, using
the numerical solution of background dynamics.

Mode equation. We start by studying the transverse-traceless tensor perturbation h;;. At
linear order, its time evolution is governed by the sourceless Mukhanov-Sasaki equation

(972_hij + 2aH87hij — Vzhij =0, (2.25)

where the new time variable 7 is the conformal time, defined through d¢ = adr [31]. We can

Fourier expand the tensor perturbations and decompose them into two polarization modes as®
hij(T,%) = i > hi(r)es; (k)™ (2.26)
1] 9 - 27T 3/2 Y .
s=+,X
where ej; is symmetric (ef; = e3;), traceless (ej; = 0), and transverse (k‘"efj = 0). From now

on, we suppress the polarizatlon index ‘s’ The time evolution is contained in the mode
amplitudes hy, which follow

O%hy + 2aHO hy, + k*hy = 0. (2.27)

We again wish to solve this equation numerically, in terms of the efolds N. The change
of variables dN = aHdT gives

dH
Orhy = aHh),, 0%hy = (aZH

P a2H2> hj. 4+ a>H?hj, (2.28)

and using also the first Friedmann equation and a = e”, eq. (2.27) becomes

Py 1 dp / 21,2 —2N
L — 2.2
3hk+<6dN+p) r +mpk-e hp, =0, (2.29)

which we can integrate after solving the background behaviour p(V).

5This equation is schematic: in a more detailed treatment, h;; is a quantum field and hj are mode functions
multiplying the ladder operators. We omit the details which are standard [§].

— 11 —



Solving the mode equation. During cosmic inflation, assuming the Hubble parameter
H = Hj,¢ is approximately constant, the mode functions follow the solution

1 i ,
hy, = <1— > —ikT 2.30
F aVv 2k kT € ( )

This is chosen to comply with the Bunch-Davies initial conditions in the sub-Hubble limit

kT — —oo [31]. In the opposite limit, well after Hubble exit, the mode function freezes to

] 1 , H,
hy, kT—0 1 _ 7 mf7 h;g kT—0 0, (231)

Ca2kkT 2k K

where we used 7 = —1/(aHinf). We take Hipr = | /3‘/37“5, where Vi = 1.9 x 107%m% is the
P
initial value of the waterfall field potential.
We start our numerical simulations from the frozen state in eq. (2.31) at super-Hubble
scales and evolve the modes with eq. (2.29) up to three efolds beyond the mode’s horizon

entry. We repeat this for a wide range of k-values spaced logarithmically.

Energy density of gravitational waves. We use the numerically obtained mode functions
to compute the energy density spectrum of the gravitational waves. The spectral density
parameter is [31]

1K [0rhi(N)[? + k| hyy(N) 2
p(N) 272 a’(N)

E (1 |dhg|? k2 )
= | ———|h 2.33

av | " aaEm)
and it gives the energy in a logarithmic bin around k. The total density parameter of SGWB
is Qow(N) = [dInkQgw(k, N). We first compute Qgw(k, N) at the end time of our

numerical mode evolution, that is, three efolds after the mode’s horizon entry; afterwards,
—4

Qew(k, N) = (2.32)

we utilize the fact that the GW energy density scales as a~* inside the horizon to project
Qaw(k, N) to present day.

When modelling the background dynamics, we assumed a fixed number of degrees of
freedom in radiation, so that w, stays constant. In reality, phase transitions change the
degrees of freedom and leave a mark on the SGWB spectrum. This can be taken into account

with a step-function type correction, as established in ref. [13]. We make the replacement
ng(k,N) — CAQ*(k)ng(k,N) s (2.34)

where the correction factor is

4
Gk (Gs ks Gs ) ek \ (950 \°
Chage(k) = : : , vk Os k) = : = , 2.35
Agx(K) G, (10.75, 10.75) Gk (Gs k> 9s ) YA (2.35)

g« 1 is the effective number of relativistic degrees of freedom for relativistic energy density

when the scale k re-enters the horizon, g, is the same for the entropy of the relativistic
component, the subscript ‘0’ refers to the present time, and 10.75 is our chosen reference value.
We model G;. with two steps, one at the QCD phase transition at T = 200 MeV, before which
g« =~ gs ~ 106.75 and after which g, ~ gs ~ 10.75, and the other at the electron-positron
annihilation at 7' = 0.5 MeV, after which g, ~ 3.36 and g, ~ 3.91. As noted in ref. [13], this
is not a large effect, and produces a correction in all cases around order unity.
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2.5 Observational constraints

Big Bang Nucleosynthesis is sensitive to deviations from standard cosmology, and hence sets
constraints on models. After obtaining the solutions for the background evolution and the
SGWB spectrum, we check them against ANgg constraints. We find BBN by the point at
which the radiation density has a temperature of 1 MeV.

Density parameter of the field at BBIN. The scalar field’s high energy density may
disrupt BBN [32]. The constraint on the energy density depends on the field’s barotropic

parameter as follows:”
wy=1: Pol <140 (2.36)
i Pr IBBN 7
,,
we=—1: 22/ <o2x107, (2.37)
Pr IBBN
1
wy =3 : % <0.11. (2.38)
r IBBN

We check each of our simulations for the value of the field’s barotropic parameter and apply
the relevant constraint if |wy — Weonstraint| < 0.02, discarding any other points. In practice,
we have found that for the majority of the parameter space tested, the field is following the
subdominant attractor at BBN and the barotropic parameter is close to %

Integrated density of gravitational waves at BBIN. The energy density of gravitational
waves can also disrupt BBN. In light of this, ref. [34] finds the integrated constraint

ken
/k ’ dlnk hZ Qaw(k, today) < 5.6 x 1079, (2.39)

BBN
where we use the conservative value ANeg = 1 from the corresponding constraint ANeg < 1
for the extra relativistic degrees of freedom (where kenq corresponds to the end of inflation
and kppN corresponds to BBN). When applying this constraint, we use hg = 0.6762 where
hg is the dimensionless Hubble constant as found by ACT [35]. In practice, the constraint
constrains the height of the SGWB’s high-frequency peak.

3 Results and analysis

3.1 Field behaviour

Let us study the evolution of the field for an example point with model parameters A = 72,
k = 0.0226, and log;o(p!™/mp) = —15.25. The evolutions of the barotropic parameters,
density parameters, and absolute energy densities are depicted in figures 5, 6, and 7. The
behaviour agrees with the discussion of section 2.2.

The field starts in inflation after the waterfall transition at N = 0. The following
inflationary period is short, lasting around ~ 2 efolds, during which the field thaws from
w=—1tow = —%, see figure 5. As noted in section 2.2, the small number of extra
inflationary efolds can slightly red-tilt the scalar spectral index towards better agreement

with CMB observations for Coleman-Weinberg-like inflation.

"A more recent study, ref. [33], gives the more lenient constraint ps/pr|sgpy < 0.15 from w = 1/3.
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Figure 5. The barotropic parameter of the background (radiation, matter and A) of the Universe
(blue), the Universe overall (orange), and the field ¢ (green), for the point with model parameters
A =72, k = 0.0226, and log,,(pi" /mp) = —15.25, as a function of elapsing efolds.
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Figure 6. The density parameters of the field ¢ (blue), the cosmological constant A (orange), matter
(green) and radiation (red) for the point model parameters A = 72, x = 0.0226, and log,,(pi™/mp) =
—15.25, as a function of elapsing efolds. The density parameter of the field marginally saturates the

BBN density constraint in eq. (2.36) with €, = 0.1099.
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Figure 7. The logarithmic energy densities of the field ¢ (blue), radiation (orange), matter (green)
and A (red) for the point with model parameters A = 72, k = 0.0226, and log;,(pi™/mp) = —15.25,
as a function of elapsing efolds.

The subsequent intermediate period with —% <wyg < é (STAGE 1 as per the numbering
of section 2.2 and figure 4) lasts approximately twice as long as the inflationary one, from
N ~ 2 to N ~ 7. Next, the field undergoes an extended stiff period where the barotropic
parameter first climbs towards unity (STAGE 2), which it reaches at N ~ 12, and then
stays there for around 12 efolds (STAGE 3). At N = 20.42, the radiation energy density
catches up with the field and the Universe reheats (STAGE 4), as can be seen in figures 6, 7.
The field energy density quickly becomes negligible compared to radiation. The reheating
temperature is ~ 400 TeV.

Somewhat after reheating, at N = 25.77, freefall ends and the field briefly freezes, so that
wg = —1. The field’s energy density stays constant, starting to catch up with that of radiation.

The field thaws again as it approaches the pseudo-scaling attractor described in section 2.
The barotropic parameter w starts to oscillate around the background’s barotropic parameter
at N ~ 28 and settles to it after ~ 10 efolds, by N = 40.15, when BBN happens. The density
parameter reaches a peak 13 ~ 0.3 at N ~ 29, after which it starts to decrease. At BBN, we
have wy = 0.3468 and Q4 = 0.1257 (%’ = 0.1099), obeying the A Neg constraint in eq. (2.39).

After BBN, the field follows the attractor closely with a decreasing density parameter
and a barotropic parameter that always tends towards that of the background, even after the
transitions to matter and dark energy dominations at N = 54.48 and N ~ 62. The decreasing
density parameter ensures that the field has minimal effect on late-Universe dynamics. The
present day (identified by Q4 = 0.6889) corresponds to N = 62.66, with 2, = 0.0236.
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Figure 8. The solid purple line shows the gravitational wave spectrum of the point with model
parameters A = 72, £ = 0.0226, and log;,(pi™/m$) = —15.25, superimposed over the sensitivities of
upcoming and current observations. For comparison, the dashed blue line is a sketch of the same
spectrum with a period of kination which just saturates the A N g constraint. The expected sensitivity
curves of various operating and forthcoming GW observatories are also shown, including ground-
based interferometer detectors: LIGO/VIRGO [36—41], aLIGO/aVIRGO [42—44], ATION [45-48],
Einstein Telescope (ET) [49, 50], Cosmic Explorer (CE) [51, 52]; space-based interferometer detectors:
LISA [53, 54], BBO [55, 56], DECIGO/U-DECIGO [57-60], AEDGE [61], tARES, VOYAGER2050 [62];
CMB spectral distortions, PIXTE/Super-PIXIE [63]; recasts of star surveys: GAIA/THEIA [64]; CMB
polarization measurements, Planck 2018 [30] and BICEP 2/ Keck [65, 66], LiteBIRD [67], square-
kilometer array (SKA) [68-70], EPTA [71, 72], NANOGRAV [73-79]; conversion into electromagnetic
waves, the resonant cavity experiments [80-82], and next-generation CMB observations: CMB-
S4 [83], CMB-Bharat [84], CMB-HD [85]. It is clear that the period of varying barotropic parameter
makes better contact with observations, especially with the Einstein Telescope (ET) and the Cosmic
Explorer (CE).

3.2 Primordial gravitational wave spectrum

The gravitational wave energy density spectrum for the point with model parameters \ = 72,
x = 0.0226, and log;o(p™/m$) = —15.25 is shown in figure 8. As discussed above, the
distinctive feature that this model produces is a rounded peak at the high-frequency end
of the spectrum (where modes reentered the horizon earliest), produced by the varying
barotropic parameter of the field ¢ during its domination. The integrated energy density of
gravitational waves is [ ;;‘3;‘\] d(log f)h3Qaw(f) = 5.0978 x 10~7, which is inside the allowed
bound of eq. (2.39). In contrast to a period of pure kination, our setup allows the stiff period
to continue for longer and brings the GW spectrum in contact with more observations, whilst
avoiding violation of the integrated A Neg constraint. The spectrum of figure 8 makes contact
with forthcoming observations by the Einstein Telescope and the Cosmic Explorer.
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Figure 9. 3D parameter space of points which fit the constraints outlined in section 2.5.

0.027

690 (9202 )s0dvOr

Figure 10. 2-D projection of the 3-D parameter space in k — A of points which fit the constraints
outlined in section 2.5. We interpolate the underlying parameter space (blue) from the given points
(orange).

3.3 Parameter space

In figures 9 and 10 we show some of the viable parameter space for the model, in terms of
A, K, and the reheating temperature 7.}, subject to the constraints outlined in section 2.5.
Figure 9 shows the 3-d parameter space, while figure 10 shows the 2-d projection onto the
parameters of the scalar field potential.
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Along the low-A edge of the parameter space shown, the gravitational wave spectrum
is largest. This region of parameter space is most interesting to consider because it is more
likely to be observable within the next decade.

Examining the example point considered above, it can be illustrated which constraints
are saturated in different directions. In the direction of decreasing A, the scalar field has too
high an energy density at BBN. In the direction of decreasing reheating temperature, BBN is
disturbed by the saturation of the gravitational wave constraint. Finally, in the direction of
decreasing &, the constraint on the scalar field energy density at BBN is also saturated.®

The parameter space suggests that the values of x and A are O(1072) and O(10?), which
are fairly natural compared to the expectation of O(1). An enhanced SGWB spectrum can
be achieved anywhere on the low-\ edge of the allowed parameter space in figure 9, so no
great tuning is needed in any single parameter.

4 Conclusions

We have demonstrated, as a proof of concept, that a model which can produce a mild stiff
period with slowly varying (increasing) barotropic parameter with % < w(t) < 1 directly after
inflation, such that the combination of mild stiff period and kination proper can be elongated,
is able to overlap with the sensitivities of GW observations in the near future without
disturbing the process of BBN. The model produces a distinctive Qgw(f) spectrum with a
rounded peak at high frequencies f corresponding to the mild stiff period. We employed a toy
model realisation of this idea, using a potential of exp(-exp) form, which can be motivated
by string theory. We find that such a form of potential also has a pseudo-scaling attractor
at large field values, which allows the field’s energy density at late times to slowly decay
away relative to the background.

We found that this model has a large parameter space in which the desired behaviour
is observed, without requiring significant tuning to satisfy the observations. In figure 8,
we show an example point for which the peak of the GW spectrum is just short of the
AN.g constraint and which overlaps with the observation contours of multiple upcoming
experiments, especially with the observational capabilities of the Einstein Telescope (ET)
and the Cosmic Explorer (CE). Observation of the shape of the spectrum of primordial
gravitational waves can directly provide crucial information for the equation of state of the
Universe post-inflation, during an era which so far has been extremely difficult to probe.

Our results can be compared to previous studies with features in wy and the SGWB
spectrum. For example, a mild peak in the GW spectrum is obtained when, after inflation,
the inflaton oscillates in a higher order potential minimum [86]. Another example is studied in
ref. [87], where higher-order kinetic terms in the scalar field action produce a sharp ‘knee’ in
the spectrum. In ref. [88], a similar setup produces a gradual increase in wg towards kination,
similarly to our model. Many more possibilities are investigated in ref. [11]. However, our
rounded peak is distinct from all these proposals. It would be interesting to study the SGWB
signatures in these and other models further in the limit of a soft stiff period.

8Tt should be noted that the non-trivial shape of the parameter space at the upper reheating temperature
results from the range of reheating temperatures scanned over and is not due to the saturation of any constraint.
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