Lancaster E<=
University © ¢

A relation of families of two and
three-dimensional magnetic

Weyl-Dirac operators

Nikolaos Alexandrakis,
BSc, MSc (First Class Honours), MPhil
School of Mathematical Sciences

Lancaster University

A thesis submitted for the degree of
Doctor of Philosophy

March, 2025



Abstract

Based on ideas mainly developed in Erdés and Solovej, 2001| and Aharonov and Casher,
1979, we consider a certain class of magnetic potentials, whose corresponding magnetic
field is parallel to a particular class of Conformal Killing Fields, and the related magnetic
Dirac operators. We deduce an equation interlacing these Dirac operators on R?® with
a class of Dirac operators on R?. In the process, we introduce a one-parameter family
of typically non-Hausdorff coordinate spaces, on members of which we map R? using a
Riemann-type submersion and show that standard Differential Geometry results hold

for such spaces too.
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Chapter 1: Introduction

Motivated by quantum mechanics, the magnetic Weyl-Dirac equation is a modification
to the stationary version of the massless Dirac equation (Weyl equation), which
describes the spin of massless fermions named Weyl fermions. Usually, these equations
can be viewed as eigenvalue problems of the associated operators (Weyl-Dirac and
Dirac operator) and the non-trivial and bounded in L? eigenstates that correspond
to the 0 eigenvalue are called zero-modes. Generally speaking, these operators are
“square roots” of Schrédinger operators, in the sense that when the operator is applied
to itself, we obtain a Schrédinger operator. The peculiarity of the Dirac equation
quickly sparked the development of the related theory, such as Spin Geometry, while
also settling the ground for applications of Clifford Algebra. Early particular advances
include the celebrated Atiyah-Singer index theorem and the Lichnerowicz formula, see
mainly Berline, Getzler, and Vergne, 2003| or Friedrich, 2000 and Cnops, 2012 for more
details. Some related open questions are: For which potentials A can the Weyl-Dirac
operator have a zero mode? If it has, in which space do they lie? What happens
asymptotically as the magnetic potential becomes stronger (A +— tA, as ¢ grows
to infinity)? What generic properties can we obtain about the Weyl-Dirac operator
when the potential possesses certain singularities? Such questions have partially been
answered in pieces of literature such as Elton, 2016, Elton, 2000,Elton, 2018, Elton,
2002, Erdés and Solovej, 2001 and Arai, 1993, A particular physical motivation for the
study of these operators stems from the study of properties of graphene, see Eshghi and

Mehraban, [2017 and the references there (mainly in the introduction) for more details.



1.1 Preliminaries

1.1.1 Basic nomenclature

Unless otherwise stated, the following rules on notation are used throughout the text:

FEinstein’s summation convention may be used (if there is no risk of confusion): when
an index repeats as subscript and as superscript, we denote that the summation is
taken over the set of indices. For example, consider the standard inner product of
vectors (denoted in bold) in R™: (a,b)gs := a;b' = >_7" | a;b; (or just >, a;b;) for a,b
(= (by,...,b,), resp. for a) € R™. Similar to more abstract vector spaces. Also, the
inner product is a special case of the “dot” product a.b (“term by term”product).

We will denote the imaginary unit by “i”. The symbols “z, j, £” will usually be used as

indices, mainly as subscripts, unless another convention is being followed.

The sets of positive and non-negative natural numbers will be denoted as N and N,
respectively. The sets of complex, real, rational, irrational numbers and integers are
denoted as usual (with subscripts 4,* used to denote the respective positive/negative,

zero-excluding subsets where applicable).

The standard Pauli matrices (which act on C*—vectors) are denoted as:

0 1 0 —i 1 0
o] = , 09 = , O3 = )
"1 oo 7\ o T \o -1

We set o = (01, 09, 03) the “vector” in SU(2) with entries the standard Pauli matrices
(see at the end of this subsection), which will often be treated as a typical R? vector,

by which the product will be denoted as o.c = c.o = ¢;o" for any ¢ € R3.

The gradient (grad) of a scalar function and curl and divergence (div) of a vector
are denoted as V,Vx and V. (= (V,+)) respectively. These symbols may be used
interchangeably with grad, curl, div since the former enables us to focus on the operation

on R?® whilst the latter can be used more generally, such as in curvilinear coordinates.



Vector fields are denoted in big capitals (as magnetic potential and fields) with the
exception of vector fields that correspond to standard orthonormal basis-vectors, which
are denoted as e;, and whose respective dual I-forms are denoted as e’. The set of
smooth vector fields mapping a subset U C R” (for n € N) to R* will be denoted as
X(U;R¥). When it is obvious what the co-domain is, it will be denoted simply as X(U).

Magnetic potentials and fields are denoted respectively as A(x) = A, B(x) =B € R?
pointwise (here “=" means set/denote), x = (x1, 29, 73) € R®. We set the standard
magnetic Weyl-Dirac operator, acting on C?—valued functions on R3, with magnetic

potential A, as:
3
Dy=0.(D-A) =) 0i(-iV,, — Ai(x)) (1.1.1)
i=1

where D := (D;, Dy, D3) = —iV (—i times the gradient in 3 dimensions). Analytically:
D := —i(V,,, Va,, Va,) with V,, = 52 the partial derivative with respect to z; (when
on R? or R?). When there is no risk of confusion, we may denote the partial derivatives

simply as V; or 0,,.

In the case where dimensions are two, i.e. X = (x,y) € R? and the magnetic potential is
in R? (pointwise), the latter will be denoted as A and the respective version of (T.1.1))

«

will be referred to as (massless) Dirac operator in two dimensions. The tilde, ¢ 7, will

be used on two-dimensional objects and/or objects defined on two (real) dimensions.

When an operator is decomposed into other operators, as in Lemma [2.3.4] the scalars
in the decomposition stand for “scalar times the identity matrix I5”. The dot “-” when
used on the right or inside of an operator, and isn’t being followed by another object,

denotes an arbitrary element of the space of the domain of definition of that operator.

The bracket [-, -] denotes the commutator of two operators and the bracket {-,-} the
anticommutator (not to be confused with the Poisson bracket in the Dynamical System’s
literature). Unless there are no operators involved, {, } denotes a set with 2 elements

(this type of bracket is used to denote arbitrary, finite of infinite, distinct sets too).
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The set of k-continuously differentiable functions from N C R" to M C R™ are denoted
as C*(N, M) or C*(N) if the target set is obvious (such as R for some | € N). Here
k € NoU {oo}, n,m € N and in the case where k = oo the corresponding function will
be called smooth. If moreover, the set consists only of compactly supported functions
on N, then it will be denoted as C*(N, M) (resp. C*(N)). Similarly, the respective
spaces of p-integrable functions and the respective Sobolev spaces are denoted as usual
(LP and WP resp.); if the subscript “loc” is used, it will indicate their respective locally
integrable sub-spaces. The spaces of holomorphic and real-analytic functions on some
U C C and I C R respectively will be denoted as A(U) and C¥(I). For a set K # (),
the space of K-valued n-forms on a (smooth) manifold M will be denoted as Q" (M, K).

Let n € N, the unit sphere in R"*! will be denoted as S™, whilst the open unit disk
on R? (equivalently for C) will be denoted as D. Moreover, we will often work on
D:=D x {0} C R3.

Definition 1.1.1. Consider an open U C R"”, for n = 2 or 3, and a magnetic Weyl-Dirac
Operator D4. A zero-mode on U is a continuously differentiable, square integrable, C2-
valued function ¢ that satisfies D1 = 0.

In other words, a zero-mode is aE| C1(U,C?), square-integrable eigenfunction of the
Weyl-Dirac operator, with corresponding eigenvalue 0 (if it exists).
These C?—valued functions are usually elements of an associated Hilbert space, ¥,

with an inner product defined via the standard inner product in complex spaces:

(U1, Y9)w = /(]/<¢17¢2><c2dx

down
1,2

up
for by 5 = ( 12 ) € U (€ C? pointwise), U’ C R" for n € N, and

(Y1, 92)c2 = Wfptb_gp + @Df"“’"W.

More generally, C?—valued functions on U C R" will be called Spinors.

In cases where the potential is smooth, standard theory on Elliptic reqularity can guarantee that
a zero-mode is actually smooth, i.e. it lies in C°° (U, C?), see Beck, 2016, It can also be easily shown,
that since it belongs to L?(U, C?), then by the equation D41 = 0 we get that ¢p € W12(U, C?)

11



1.1.2 Structure of the Thesis

In this thesis, we produce a generalisation of the results in Erdds and Solovej, 2001
first, and then Aharonov and Casher, 1979 In particular:

In this Chapter, we start by briefly mentioning a few earlier results in the area from
previous decades. Then we introduce some elementary quantities we’ll be working with
throughout this thesis. This can serve as an index, as it contains (generally non-trivial)
formulas of quantities that are used in the following chapters.

In Chapter 2, we first briefly present and comment on some key results that
have been produced since the 1970s, and introduce some of the basic tools we use
throughout this text, giving a brief description. In the end, we also introduce a
result, complementary to Elton, 2018 and define an operator, named (), whose spectral
properties are key to studying the Weyl-Dirac operator.

In Chapter 3, we introduce (without proofs) non-standard tools and results and
definitions that will be used in this Thesis. as well as special cases of (magnetic)
Dirac operators in two dimensions. In particular, we define the base space that we're
using, sections line bundles on that base, Spin® structure and Spin®-bundles. These are
generalized versions of the respective ones in Erdgs and Solovej, 2001. Having defined
these, we introduce connections, Clifford multiplication, and Weyl-Dirac operators and
a submersion map F : R? — C = R? of Riemann type.

In Chapter 4, we prove properties of the aforementioned objects and results in
Chapter 2 and provide justification on the well-posedness of the definitions we use.

In Chapter 5, the results mentioned above are used to conclude a relation between
the standard Weyl-Dirac operators in three dimensions and Weyl-Dirac operators in
two dimensions. This is prescribed by the aforementioned submersion, particularly by
studying how 1-forms, Clifford multiplication, spin® connections change when moving
from 3 dimensions to 2 through the aforementioned submersion.

Lastly, in Chapter 6 we have the Appendix, which consists of a Glossary, where
all the useful terms and formulae can be found quickly, as well as certain proofs of

particular properties and results regarding quantities used in this thesis.
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1.1.3 Brief review of early and recent literature

After more than 90 years since its derivation, the Dirac equation is still of particular
interest to Physicists and Mathematicians. The latter are interested in generalizing
explicit results obtained in low dimensions such as in R?® to higher dimensions on
arbitrary manifolds (Cnops, 2012, Friedrich, 2000), while the former are interested in
applications, for example, Eshghi and Mehraban, 2017 where the authors analytically
solve particular classes of the Weyl-Dirac equation in order to obtain information for
bound states of graphene.

Through the years, and especially in the second half of the 20th century, several
important ideas for studying these equations were developed. Some examples include
the techniques applied in Aharonov and Casher, 1979 as well as in Loss and Yau, 1986/,
where the authors construct explicit examples of magnetic fields and associated zero-
modes. See the introduction in Tri, 2009 and the references therein for a more thorough
presentation of these and related results.

In the late 90’s, Elton, 2000 constructed some new examples of magnetic potentials
that produce zero modes. Also, Erdés and Solovej, 2001, produced some results
essentially generalising Loss and Yau, 1986/ and Aharonov and Casher, [1979 to certain,
low-dimensional manifolds, which we will be focusing on presenting this work in Chapter
3. Interestingly, the study in Erdds and Solovej, 2001| involves considering Weyl-
Dirac operators on the 2-sphere, which is a compact manifold and therefore the Weyl-
Dirac operator has a discrete spectrum on it (more information on that is found here
Abrikosov Jr, 2002) (Reed, Simon, et al., 1972| also provides some useful information).
Moreover, the 2-sphere and the plane are conformally equivalent metric spaces, which
means that the induced (from the plane) Weyl-Dirac on the 2-sphere is weighted.
However, when dealing with zero-modes (i.e. eigenfunctions that correspond to the
zero eigenvalues), the weight at the front of the operator does not matter since the
zero-mode will annihilate the operator regardless of the weight the operator it has at
the front.

13



1.2 The Geometric framework: Magnetic potentials,

fields and related differential forms

The Dirac operator carries a vast range of possibilities for developements in a number of
areas in Geometry. To see that it suffices to consider the results of Loss and Yau, |1986
and Aharonov and Casher, 1979 intertwining the number of zero-modes for certain
Dirac operator and the flux of the operator’s magnetic field. The said magnetic field
can naturally identified as 2-form given by the exterior derivative of the 1-form that
corresponds the magnetic potential that produces it. Analytically, for the magnetic
potential A(x) = (A1(x), Aa(x), A3(x)) and the corresponding magnetic field B(x) =
(B1(x), Ba(x), Bs(x)) = V X A(x) we have the following identifications

a = Ay (x)dry + Ag(x)dzg + Az(X)dxs (1.2.1)

f =da = By(x)dxe A dxs + By(x)dzy A dxs + Bs(x)dzy A dxg (1.2.2)

where

By (X) = 8I2A3<X> - 0163142 (X)v
Ba(x) = =, Ag(%) + Bay A1 (%),
& Bs(x) = 0y A2(X) — Opy A (X).

Another nice geometric property of Dirac operators, is that they transform neatly under
conformal changes of metric/transformation. In particular, when moving from R3 with
the standard Euclidean metric to a space with a conformally equivalent metric with

weight Q, we have the following transformation rule:
Da — DY = 12D 0 (1.2.3)

as proved in Erdés and Solovej, [2001| when moving from R? to S? using the standard
stereographic projection. This identity is particularly useful as it allows as to study
zero-modes when working on either manifold; this is because the existence of zero modes

is not affected by € as they are eigenvectors corresponding to the 0-eigenvalue.
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We'll be focusing on Weyl-Dirac operators, D4, such that the magnetic field B := VX A
is parallel to a particular class of conformal Killing fields (on and in R3 with the usual

metric). The latter are vector fields in R? that satisfy:
2
0;.X; +0;X; = §V - X. (1.2.4)

Remark 1.2.1. The notion of conformal Killing fields extends on a generic manifold
of dimension n € N with pseudo-Riemannian metric g = g;;, for i, j € {1,2,...,n}. In

this case, the aforementioned condition becomes:
2 n
Vein +Veri = Egijzveka (125)
k=1

where g;; = g(e;, e;) for a (local) basis e;, i = 1,2, ..,n on the (tangent bundle of the)

manifold. Here, V denotes the Levi-Civita connection.

In particular, we’ll be working with Dirac operators with corresponding magnetic

fields parallel to the following (family of)conformal Killing field(s), X : R? — R3:
X(x) := k1 W1 (x) + ko Wa(x) (1.2.6)

where k15 > 0,
Wl(X> = (—2.]72, 25[}1, O), (127)

and

Wy (x) = (22123, 20923, 1 — 2] — o5 + 23) = (22173, 22073, 1 — [x[* + 223).  (1.2.8)

The vector fields W, 5 generate rotations on planes parallel to the x;xs-plane and on
half-planes with the xz-plane as its boundary (being perpendicular to the z;z5-plane).
Their integral curves are circles (of period m/k1, m/k2) on such planes. These integral

curves also lie on tori centred at the origin.

15



We also set the (positive) parameter:

K1
= — 1.2.9
o= 2L (129
The limiting cases where k; = 0 or k3 = 0 have been covered in Elton, 2018 where the

author proves that the (standard) Weyl-Dirac operator attains no zero-modes.

The case where k; = ko (> 0) has been covered in Erdés and Solovej, 2001), where the
authors generalize the Aharonov and Casher, [1979| zero-mode construction to generic 2

and 3-dimensional Riemannian manifolds.

We'll be focusing on the generic case when k3o > 0 and k1 # kg, and we’ll map
the R3 to R? by mapping integral curves of X(x) to discrete sets of points on R? via a

map F'.

We'll also be reducing the standard, weighted 3 dimensional Dirac operator DY to two
2-dimensional ones, 1521’2, and by studying the latter (based ideas from Aharonov and
Casher, 1979)), we’ll be able to convert results on the two-dimensional Dirac operators
to the three-dimensional by “inverting” the reduction process.

The weights arise naturally from the fact that the map F' is non-linear.

16



1.3  Spin‘-bundles and Clifford multiplication

In this section, we’ll briefly introduce some more objects we’ll be working with and
some further, non-standard notation. Let M be an orientable Riemannian manifold
of dimension m. The tangent space of M at a point p will be denoted as T,M, its
elements will be viewed as vector fields or just sections as usual if we're talking about
the respective tangent bundle. The cotangent space of M at p will be denoted as T M
and its elements are differential 1-forms (dual to vector fields in T, M). The cotangent
space can naturally be equipped with the metric that defines the inner product, as in
the case of the tangent space. Recall that the space of real and complex k-forms (where
k€ {0,1,2,...,m}, where m = dim(M)) over M will be denoted as Q& (M) or Q&(M)

respectively (when there no risk of confusion, we may drop the subscripts).

The space of Spinors is a (complex) vector space ¥ (with the inner product, (,)y -
identical to the one defined by , see the end of Section 1.1.1 too) which attains
an isometry o (usually in € SU(2)) such that 0 = ¢* and Tr(o) = 0. The space of
such isometries, W2, is a vector space that is produced by the standard Pauli matrices

01,09, 03 with the inner product:

1 1
(Ons 0p) g2 = 5{00”06} = §<Ja05 + 0304) = Tr(0005) o = (o, B) e la. (1.3.1)

The sigma-matrices are elements of the space of Endomorphisms of Spinors, which is
SU(2). In this setting, they are defined via a linear map (o) from the space Q'(T*M)
(T*M := U, ep Ty M) to SU(2), such that o(e’) = o, for i = 1,2, 3 (the standard Pauli
matrices) with {e’}3_; the basis of T*M (with the inner product (, )7+ defined by the

metric).

At this stage, we are able to define a simplified, but convenient version of the Clifford
multiplication: Let M a 3-dimensional, orientable Riemannian manifold. The Clifford
multiplication, -, of a 1-form o« € T*M (or a vector a € T M) with a spinor 1) is defined
as a g ¥ = o(a)y (resp. a-q ¢ = o(a*)y more generally. Clifford multiplication can

be extended to 0-forms via o(f(x)) := f(x)I2 (for any scalar function f) and to 2-forms

17



e’ A e’ via the identification e A e/ — —ie; e (for distinet 4,7,k € {1,2,3}), where €;;x

is the Levi-Civita symbol in 3 dimensions.

This is done by the linearity of the map o with the relations o(e’ Ae?) := o(—ie; re®) =
—ie;po(e¥) = —ie ro(et)o(e?) (“distributive” property of Clifford multiplication on 2-
forms). Similarly, we can inductively extend it to m-forms, generalising it naturally.
For a comprehensive introduction, with application to Physics, we refer the reader to
Doran et al., 2003|

Two-dimensional complex vector bundles with inner product and isometry as above

are called Spin® spinor bundles, and their sections are called Spinor fields.

A Spin¢ spinor bundle that admits an anti-linear bundle isometry, C, sending each
section to its perpendicular (satisfying (i,C¢))cz = 0) if the matrix is real values,
or/and a reflection of it (or a combination of those), satisfying C?1) = —1, is simply
called a Spin spinor bundle. In practice, the existence of such isometry means that
if we find just one nowhere vanishing Spinor field, 1)1, then by applying C to it, we get
an orthogonal basis of spinors made by v, 19 (= Ct)y).

Remark 1.3.1. Interestingly, having a local basis {{_,£,} of orthonormal Spinor
fields, we can create a (local) orthonormal basis {e1,e;} (and es additionally) for TN,
where N is a 2-dimensional (resp. 3-)orientable Riemannian manifold, by imposing the
condition a(e;) +ia(ey) = (€_,0(a)éy)w (resp. ales) = ({4, 0(a)és )y additionally) for
all (differential) 1-forms «, see Erdés and Solovej, 2001.

Further information on Spin/Spin® structures and Clifford Algebras can be found
in Friedrich, 2000, which includes the standard, more abstract definition of the Clifford

multiplication and defines the Dirac operator accordingly.
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We finish this subsection with Remark below and by noting that the standard
Weyl-Dirac operatOIﬂ Dy :=0.(D—-A) = —io.(V —iA) is essentially given by the
Spin® connectionf] (see for a full definition) V — iA, which transforms under
conformal changes of metric as illustrated in Erdds and Solovej, [2001] (transformations
under linear changes of variables are trivial). Recall, the magnetic field A = (A, Ag, A3)
can be treated as the real 1-form a = Ajdx, + Asdzs + Asdrs € QYR3) = T*R3, since
ale;) =A;,i=1,2,3.

Remark 1.3.2. In order to study the Weyl-Dirac operator on a (Riemannian) manifold,
it has to admit a Spin® structure. That is, it should enable us to define Spinor
bundles/fields, and endomorphisms on the respective defined spaces. Such manifolds
are called Spin® Manifolds. Orientable Riemannian manifolds are Spin or Spin®
(T'M can be properly defined locally or globally), or manifolds that admit a Laplacian;
however, there are non-orientable, pseudo-Riemannian manifolds that are Spin as well,
not necessarily non-orientable hyperbolic manifolds though. A manifold’s capacity to
admit a Spin® structure has to do with its algebro-topological properties, in particular,
the Stiefel-Whitney class. Moreover, in the late 1950s, it was proved that the only
spheres that are parallelizable (and hence attain Spin or Spin® structure) are S" for
n=1,3,7; see Atiyah and Hirzebruch, [1961| for more information and the references

there (mainly in the introduction).

2In other pieces of literature, Weyl-Dirac operator is defined as iDa, however, in this case the
operator is not self-adjoint (with respect to the inner product defined by ) in any space of
interest, not even formally.

3In the Quantum mechanics literature, this connection is usually called the Berry connection and
the induced “Riemannian” curvature is called Berry curvature.
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Chapter 2: Definitions and derivations of basic tools

and semi-standard results

2.1 A few analytic proofs on basic results

In standard Differential Geometry, the Levi-Civita connection is often viewed as a
“natural” generalization of the directional derivative to Riemannian manifolds. To
generalize this notion to Spin® spinor bundles we need to define the Spin® connections

accordingly, as well as check how they behave under conformal changes of metrics.

2.1.1 Connections on Spin‘“-bundles and their conformal trans-

formations

Following Erdés and Solovej, |2001, we define Spin®-connections by imposing the

conditions below:

Definition 2.1.1. A Spin®-connection on a Spinor bundle, ¥ over a Riemannian

manifold as base space, is a connection V on ¥ that satisfies:

X<§7 77>\I/’ = <VX€7 77>\I/’ + <€7 VXT/>\I/’7 (211)
[Vx,o(a)] = a(Via). (2.1.2)

Here U’ (typically C? in this context) is the Hilbert space on which the fibers of ¥ live,

and V¢ is the Levi-Civita connection, acting on 1-forms a.

In this Thesis, we’ll be working with (complex) vector bundles over certain Riemann

surfaces as base spaces. For this reason, the aforementioned definition is satisfactory
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for our purposes. However, projecting these Riemann surfaces onto R? = C produce
more generic geometric objects such as orbifolds (if k € Qs)and non-hausdord spaces
(if Kk € Ryp \ Q). On these peculiar objects, we can’t define operations such as
differentiation per se; however, these spaces are locally homeomorphic to the Euclidean
plane (identified as C, as every Riemann surface is) and therefore differentiation and
every other useful operation can be well-defined and the aforementioned definition of
a spin® connection is satisfactory. More information on connections on 1-dimensional

complex vector bundles are found on Chapter 1 in Kobayashi, [2014.

Condition (2.1.1)) represents the compatibility with the metric (induced by the un-
derlying inner product) and (2.1.2)) represents the Leibniz rule since Vx(o(a)§) =
o(a)Vx€ + [Vx, o(a)]¢ for each spinor field &.

We'll be working with weighted versions of the metric spaces R?® and R? - equipped
with weights denoted as {2 and w respectively. Specifically, given a metric g on R”, we
define the weighted version of that metric, with corresponding weight Q as go := Q%g
(resp. w if n = 2). In particular, the Levi-Civita connectionﬂ, V€, changes under a

LCQ
V

conformal transformation: The Levi-Civita connections V¢ , corresponding to

the standard Euclidean metric and gq respectively satisfy:
VLY = VEOY + Q7IX(Q)Y + Q'Y ()X — Q7YX Y)dQ* (2.1.3)
where X, Y € X(R") are arbitrary vector fields in R™.

To prove this, we just need to consider the Koszul formula and the fact that the

Levi-Civita connection is uniquely characterised by being Torsion-free:

VY - VX = X, Y]

4We use the same symbol as the gradient (although we slightly abuse notation by not writing it
in bold) because this connection is a convenient generalization of the directional derivative (from
Euclidean spaces to Riemannian manifolds).
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and preserves the metric:
(VX 9)(Y,Z) =0

for all vector fields X,Y,Z € X(R") (respectively for the conformal metric).

Moreover, the Levi-Civita connection corresponding to the conformal metric acts

on 1-forms (dual of vector fields) according to:
Vi&a = Vxa — Q71X (Q)a + Q Ha, dO) X* — Qa(X)dQ (2.1.4)

by the identity Q~2(VZ%a)* = V(2 2a*) where a*(resp. X*) denotes the dual

vector field (resp. one-form) corresponding to « (resp. X™*).

In (2.1.3))-(2.1.4) we just saw how the Levi-Civita connection changes under a conformal

change of variables. Whereas, for Spin® connections, we have:

Proposition 2.1.2. Let V be a spin®-connection on a spinor bundle endowed with a
metric g and Clifford multiplication o. Then following the conformal change of metrics
g — ga = Q2g, for some weight Q on M, the Clifford multiplication transforms to

oq = 2 o and the spin‘-connection becomes:

VY — Vx + %Q—l[a(x*), o (dQ). (2.1.5)

Proof. Regarding the transformation o — Q!0 = oq, this follows from the requirement
that oq needs to respect (1.3.1) when (o, B)r-ar — Q% a, B)rar for all 1-forms
a,feT*M.

Now, we check condition (2.1.2): Let o an arbitrary (smooth) 1-form (in R? or R?),

X,X* an arbitrary (smooth) vector field and its dual 1-form respectively and set

oo(a) = Q7 lo(a). By we obtain:
oo (Vi Pa) = Qo (Vifa — Q7 1dQ(X)a + Q71(dQ, ) X* — Q' a(X)dQ)

= Q0 '(VEC @) — Q20X (a) + Q2(dQ, a)o (X)) — Q~%a(X)o(d0)
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=0 lo(VEa) — Q72d(X)o(a) + Q72dQ, ) Lo (X*) — Q2(X* a) [0 (dQ)

= [Vx.00(a)] + "o {o(d2),0()}o(X*) — -~ {o(X*), a(a)}o(d2)

= [Vx,00(0)] + 705 (7(X"), {0(d), o(a)}} — o5 {0 (X*),0(0)}, 0 ()

= [Vx, o0(a)] + %[[g(x*), o(dQ)}, oa(a)].
(2.1.6)

(One power of 2 went inside the anticommutator to give us oq) where we've used
a(X) = (X* «) from standard Differential Geometry, and the inner product of 1-

forms on the RHS is a natural extension of the standard inner product to 1-forms. The
first term of the last equality in (2.1.6)) comes from the fact that:

[VEE oq(a)] = [Vx, Q7 lo(a)] = Q1o (VEa) + dQ (KX)o (a).
We've also used the identity [[A, B],C| = {{A, B},C} — {{A,C}, B} and:
{o(X7),0()}o(d2) = %({U(X*)aﬂ(a)}a(dﬁ) +o(d){o(X7),0(a)}) =

S {0d9), {o(X*),0(0)}} (= o(a{o(X*), 0(0)})
since {o(X*),o(a)} is scalar times the identity matrix I,. Similarly:
{o(X*),0(0)}(d2) = 3{o (@), {o(X*), 0(a)}} = o(dD{o(X*), o(a)}
Lastly, imposing gives [VZ, 0g(a)] = 0q(VEE"a) and by we get (2.1.5).
0

2.1.2 Rotations in R? and quaternions

In this subsection, we will investigate the correspondence between Special Unitary
matrices (SU(2)) and rotations in R? (SO(3)). There is a double covering (2:1 surjective
homomorphism) SU(2) — SO(3), with antipodal elements +a € SU(2) being mapped
to the same image in SO(3), which we are going to take advantage of. Convex (resp.
linear over C) combinations of the Pauli matrices together with the identity produce
SU(2) (resp. Ms(C)) exhaustively. In essence, quaternions can be expressed in terms of

Pauli matrices, with their algebra capturing the inner and cross product of vectors in R3.

23



First, consider (generally complex) scalars ag, by and vectors a, b and the matrices:
Se = ap +1ia.0, and S, = by + ib.o € SU(2), then

Sa - Sp = (aplz +ia.0)(bolz +ib.o) = apagly + i(agb + bpa).o — a;V’ (0,15 + i€;j,0%)
= (aphy — a.b)ls +i(agb + bpa —a x b).o
(2.1.7)
Also, det(S,) = a2 + a? + a3 + a2, and for S: = qyl, — ia.c we have that if a =
(a1, as,a3) € R3 then S, - S* = |(ag,a)|?ly = (a3 + a} + a3 + a2)Iy = det(S,) [, =
Se € SU(2) < det(S,) = 1, as it can be verified by simple calculations, in fact let
a; =x; +1iy; € C, 1 =1,2,3,4, we have:

Sa - Sk = (apay + aa)ls + i(@Gpa — apa + a X a).0

- 2, .2 (2.1.8)
- (Zmz + yz‘>]2 + (—on+y0x+ 2x X y)_g-
i=0

Clearly S, € SU(2) iff 327 (22 +y?) = 1 and —zoy +yox+2x xy = 0. We consider the
inner product of the LHS of the latter equation with x x y (by which we immediately
get [x X y| =0 = x|y since x X y L x,y) and we get yox = zgy.

Also: det(S,) = a2 + a? + a3 + a3 = (|(x0, x)|* — |(yo, ¥)|?) + 2i(xoyo + x.y)
= (2§ + i + 23+ a3 —yp —yi — Y5 — y3) + 2i(2oyo + T1y1 + Tays + T3Y3)

and so for S, to be in SU(2) we need |(z¢,x)]* = |(v0,y)]* + 1 and xoyo = —x.y, by
the latter we get zoyoy = —(x.y)y and xoyox = —(x.y)x. Multiplying by y and x
respectively and by oy = yox we get: |x|*(|y]* + y2) = 0 = |y|*(|x|* + z2).

Therefore, either (zg,x) or (yo,y) is zero, the first case cannot be true since then
det(S,) < —1 whilst we want it to be 1, therefore we're left with the case (y,yo) = 0, i.e.

(ap,a) = (ag, a1, as, az) € S? since it is a real vector with |(ag,a)|* = 1 (for S, € SU(2)).

Rotations in R3: Now, we’ll investigate the relation between quaternions/Pauli

matrices and rotation of vectors in R*®. In particular, if we consider a unit vector
n = (ny,ny,n3) € R® and a (unit quaternion ¢, = cos(6/2) + (iny + jns + kns) sin(6/2),
then for a(n) (imaginary) quaternion q = ig; +jg2 +kgs the map ¢ — ¢’ = ¢,qq,, * returns
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a(n) (imaginary) quaternion ¢’ = iq] + jgb + kqj such that the vector (¢, ¢}, q¢5) € R3
is the anti-clockwise rotation of the vector (¢, g2, q3) by a angle 6 around the vector n

We show this in the rest of this sub-section.

Consider a unit vector n € R? and it’s anti-clockwise rotation by 6 around an axis
in a direction a € R?, let R, be the matriz of the rotation and n’ the resulting vector,
ie. n' = Rn. We decompose n to nj = (an)a and n; = n — n| the projection
of n to the “a-axis” (respectively the parallel and vertical to a components of n).
Similarly, we have nh and n’, for n’. Clearly, n’H = n| and standard Geometry gives us

n’, = cos(f)n, +sin(f)a x n; = cos(f)(n — nj) + sin(f)a x (n — ny)

= Rn=n'=n' +nj = cos(f)(n—ny)+sin(f)a x (n —ny) +nj
= cos(f)(n — (a.n))a) +sin(f)a x (n — (a.n))a) + (a.nj)a
= (1 —cos(#))(a.n)a + cos(f)n + sin(f)(a x n).

It is clear that an anti-clockwise rotation by an angle 6 of a vector/point around a
vector a, has the same result as a rotation by an angle 2 — 6 (or just by —6 clockwise)

around the vector -a.

By the discussion before, we get that an S, can be written as:

S, = ( G +iaz oz + ial) . (2.1.9)

—a9 +1ia; ag — ias

We set a = iag + jas + kay the “complex” part of the quaternion: A generalisation
of complex number from 2 to 4 real dimensions, with 1 real part; quaternions were

introduces by R. W. Hamilton in 1863 to help model rotations in mechanics.

We set: 5 5
N Raviearne (2.1.10)
the associated unitary quaternion (clearly a = a if |ag| = 0). We have: qy =
T(cos(@) +1) > 0 and if > 0 set a = Sm(a)é. It can easily be seen that
aZ +|aj* = 1 as well as cos(f) = 2a2 — 1 = a?)a— |a)?, sin(f)a = 2apa and lastly,
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1 —cos(f) = 2(1 — a) = 2|a|?, so:
R.n = (ai — |a]*)n + 2(A.n)a + 2apa x n. (2.1.11)

Since the map R, remains invariant with respect to the reversal (ap,a) — (—ag, —a)
we get that the respective map S, — R, is a 2:1 covering. The existence of such
R,’s is clear since SU(2) < U(2) < GL(2) and therefore by conjugating an element n.o
(In] = 1) of SU(2) in U(2) or GL(n) we get an alternative element n’.a of SU(2) which
can be simpler to work with when transforming Spinors. Clearly there are two rotation

matrices Ry such that n" = Rin. Analytically, we have the following stronger lemma:

Lemma 2.1.3. Conjugation of Pauli matrices in SU(2) gives us alternative Pauli
matrices, in terms of rotations in R3. Specifically, consider S, as in (2.1.9) above,
and R, as in (2.1.11)), these two quantities are related via:

(Ryn).oc = Si(n.o)S,. (2.1.12)

Proof. Let o = (01,09,03) be the standard Pauli matrices, n = (ny,ny,n3) € R® and
S, = aply +ia.c € SU(2)(ag € R, a = (ay,as,a3) € R¥: a2 +]a|*> = 1), then:

Sr(n.o)S, =
(aply —ia.o)n.o(agly +ia.0) = an.o —i(a.0)(n.o) +i(n.o)(a.o) + (a.o)n.o(a.o)
= ain.o +ina;(c'c’ — ol0") + (a.0)n;a0' 0’
= a2n.o — 2enialo” + (A.o)n'al (015 + iegjror)
"ol = aln.o +2(a X n).o + a;nka;(0ipls + i€00)0;
(2.1.13)

and proceed by writing i€ 010, = i€ (0112 + i€1jm0m) = i€ikjl2 — €igi€1jmonm, and notice

=an.o —2(n X a).0 + ania;o'o

the following property of the Levi-Civita symbol: €;x1€5m = 0;0km — 0im0jx and re-write
the “RHS” of the very last part of (2.1.13]) as:

) A .
agn.o +2(a X n).o + a;na;0;;0; + ianga;€in;la — ainga;(0;;0km — im0k )0m =

A

agn.o +2(a X n).o + (an)(a.o) +i((a x n).a)l; — |aj*(n.o) + (an)(a.o) =
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(a2 — |a*)n.o +2(a X n).o0 +2(an)(a.o) = (R,n).o
by we conclude (R,n).oc = S’ (n.o)S,. O

Remark 2.1.4. The group of unitary quaternions is isomorphic to the group of special
unitary matrices via the map S : Qg — SU(2), S(a) := S, as in (2.1.9)) (equivalently
for certain obvious choices of ag, ay, as, az in the RHS of (2.1.9))), a = (ag,a) € S* (with

ap € R, a = (ay,as,a3) € R?) viewed as a quaternion.

More information can be found in Stillwell, 2008 Also, quaternions are also regarded
as a Clifford algebra; information on this and Clifford algebras “in higher dimensions”
can be found in Atiyah, Bott, and Shapiro, 1964\
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2.2  Further preliminaries and special cases

2.2.1 Basic facts on the Weyl-Dirac operator

In this section, we present some special cases of potentials A that make up the Weyl-
Dirac operator D 4, for which we are able to obtain explicit solutions to D41 = 0, even
zero-modes. First, we notice that the Weyl-Dirac operator is gauge invariant, that is,
certain qualitative information is preserved under unitary transformations ¢ s e~%1)

(for some scalar function ¢). Specifically:
Dale ) = e Dyy) — e (0. Vo)) = e “Dyp for A’=A+Vep (22.1)

This means that if e77) is an eigenvector of D4 with eigenvalue A, then v is an
eigenvector of D 4 for A’ easily derived from A and ¢ by (2.2.1]), corresponding to the
same eigenvalue A\, and vice-versa.

Therefore, in order to study the existence of zero-modes, it is enough to focus on
classes of potentials identified by the magnetic field they produce (since VA’ = Vx A
for A, A’ as above). In fact, by standard differential geometry, we know that if A, A’
satisfy V. X A = V X A’ then there exists a scalar ¢ such that A’ = A + V¢. Since
qualitative information such as the existence of zero modes is not affected under such
transformations A — A’, in applications, we're free to choose “simple” potentials, even
divergence free if convenient. Moreover, for each potential A there exists a ¢ such that

A’ := A+ V¢ is divergeless (see Bourne, 2018 for more information):
0=V.A =VA+V.V6=V.A+Ap «= —Ap=V.A (2.2.2)

which is a (free) Poisson equation and always has a solution, which can even be found

explicitly with the help of the associated Green’s functionsﬂ:

600 = [ Dx—y)V.AWNy, x= (w10eima) ¥ = (01ss00)

5These are fundamental solutions of the Laplace equation in particular, and are found by looking
for radially symmetric solutions, a recipe prescribed by the orthogonal (“rotational”) symmetry of the
Laplace operator.
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1
n(n — 2)|Vol(B")||x|—2

1
where ®(x) = —2—ln(|x|) if n = 2 and for n > 3, where
T
7.(.n/2
Vol(B") = ————, the volume of the unit-ball in R".
(3 +1)

Specifically for uni-directional fields, we have:

Lemma 2.2.1. Let A(x) : R* — R?® a smooth vector field on R?® that satisfies: V X
A(x) = (0,0, f(x1,z2)) for some continuous f : R? — R. Then we can decompose:
Ay(x) = (A1 4(x1,22), Ag y(21,72),0) + Vg(x) for a scalar function g(x).
Proof. Let A(x) = (A1(x), Ay(x), A3(x)) and f(x1,z5) such that:

ViAs — VoA; = f(z1,22)
where V, =V, , fori=1,2.

We pick (wlog) 1211(331,562), 1212(1:1,:1:2) such that V Ay — VoA, = f(z1,x2) (standard
theory of PDEs guarantees the existence of such A(x), A172($1,1’2) for any given

piecewise continuous f(x1,x3)).

It is sufficient to show that for all such A;(x), A;(x) (i = 1,2) there exists a scalar
g(x) such that:

A’L(X) = Ai(x17x2) + v:mg<x> for i = 17 2 and A3<X> = vzsg(x>

By the former equation, we have g(x) = [ As(x)dxs—+h(x1, x5) for some h(zy, z2) which

has to satisfy the latter as well, equivalently:
Vah = (A — Ay) — / V,Asdzs, and
Vlh = Al — Al — /V1A3d$3

By the condition V X A(x) || (0,0,1), and since A; 5 are arbitrary functions of (1, z5)
we can simplify (after slightly abusing notation) the RHS’s of the above equations to
just Voh = —flz and Vih = —Al. Finally, the existence as well as the regularity of
such h(xy,zy) is guaranteed by the standard theory of PDEs. O
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2.2.2 Special cases of the Weyl-Dirac operator in two dimen-

sions

If we're looking for planar zero-modes (z1,zo-dependent), by Lemma 1.3.1 above we
can consider the magnetic field to be two-dimensional. Also, since the zero mode will

not depend on z3, the two-dimensional Dirac operator can be defined as:
D = 01(—iVy — Ay) + 04(=iV,y — Ay) (2.2.3)

More explicitly:

0 —i(Vy; —iVy) — (1211 - i;b)) (2.2.4)

Di=| . : i A
—1(V1 + IVQ) — (Al + 1A2) 0

notice that Vi —iVy = 20, (for z = x + iy) and V; + iV, = 29- and we can turn the
respective PDEs into two ODEs with respect to z and z, as in Aharonov and Casher,
1979.

In certain cases where the potential A(x) is x1, 25 - dependent, we can easily obtain
non-trivial solutions explicitly (even zero modes) for the Weyl-Dirac operator, especially

when the corresponding magnetic field is uni-directional, for example:
A(x) = (—22,21,0) = B(x) =V x A(x) =2(0,0,1) (2.2.5)

We want to construct a specific magnetic potential A, such that the corresponding
magnetic field V X A.(x) is compactly supported on a set of co-dimension 2, such the
xg—axis in R3. To construct it, we proceed heuristically: Assume that it is of the form

A (x) = c¢(x)A(x) for some scalar function c(x), then its curl is:

V X A.(x) = Ve(x) X A(x) + ¢(x)(V X A(x)) = Ve(x) x A(x) + (0,0, ¢(x))

= (2105,¢(x), 2205,¢(X), 210y, ¢(X) + 2205, ¢(x) + 2¢(x)).
(2.2.6)

We want the last quantity to be zero almost everywhere, and so we set J,,c = 0, i.e.

¢ = ¢(x1,x2). The differential operator x10,, + 220,, is the differential operator ro,
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(with » = \/a? + 23), expressed in Cartesian coordinates. Indeed, let r = /2% 4 x3

and 6 = arctan(xs/x1), then the differential form dr evaluates:

dr = (0p,r)dxy + (Opyr)dzy =

L e+ ——2
T1 i)
Vi + a3 Vi + a3
by which we immediately see (using the anticommutativity property of differential
forms) that its dual, the vector field 0, satisfies:

Oor = (83?17')8361 + (amzr>ax2 = aﬂ?g - ra,, = xlaxl + 372812

X1 9 i )
N R
We'll look for spherically symmetric solutions of: x10,,¢+ x20,,¢+2c = 0, r # 0, that
is ¢ = ¢(r) for r = y/2? + 23, which turns the equation for ¢ into the ODE:

2
d(r)+=c(r)=0, 10 = c(r) =cor ? for some ¢y € R (2.2.7)
r

We just saw that for all non-zero ¢y € R the magnetic potential:

ACO(X):<— G2 | “h 0) (2.2.8)

2 25 2 23
r]+ a3 x+ x5

generates a magnetic field B, (x) := V X A, (x) that is singular on the z3-axis.
Writing it as a differential 1-form helps us work on different manifolds easily since the
exterior derivative (which can be identified as the curl in R?) can easily be transformed

when changing variables (coordinates). We have:

T2 1z, + 28, 2.2.9
2 2

co — —
xi+ a3 x5+ x5

It is worth mentioning that this is a standard example of a differential 1-form that is
closed but not exact when (z1,zs) belongs in a region punctured at the origin (such
a region is not contractible and therefore Poincaré’s lemma does not apply). In the
case of such magnetic potentials the corresponding Weyl-Dirac operator Dy, has two
linearly independent and real zero modes, namely ¥ (r) = (r~%/2,0)” and

Yo (r) = (0, r%/2)T in Polar coordinates, respectively in Cartesian:

1@3(951,%2) = ((95% + $%)_CO/4, 0)T7 Voo (71, 22) = (O, (27 + $§)CO/4)T‘ (2.2.10)
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However, there is no value of ¢y such that w(f) is a zero mode on R2?, because by
integration we’ll have a power of r that will tend to infinity either at 0 or at co. This
is consistent with the Aharonov-Casher Theorem, since the corresponding magnetic

2-form satisfies 3., = da,, = 0, i.e. the total flux satisfies:

1 1
dla,, ) = — 1i do,, = — li . = 0.
(0co) 27 Rosoo D(O.R) %o = 9r Rb D(O’R)ﬁo

However, this is not the case for &, = —cxodr; + cxidrs (as in (2.2.5)), for ¢ # 0), which

satisfies:

1
®(a.) ;== — lim da. = < lim 2dxydxs = sgn(c)oo
27T R—o0 D(0,R) 27T R—o0 D(0,R)

The corresponding D A, has solutions

7c(z%+z§) c(z%+z%)
2

70)T7 and 725(371,1’2) = (an

)T

which are easily found by heuristically searching for real-valued spinors. Complex

&j(xlaxQ) = (6

valued spinors can be obtained by multiplying &ci with an (arbitrary in this case)
entire function f(x; & izy). Clearly, only i) ¢ L*(R?), hence it is a zero-mode. In
search of real zero-modes, we can re-write the two-dimensional Weyl-Dirac Operator

as:

0 —Vy = Ay —i(Vy - fh)) (2.2.11)

D; = o )
VQ _Al —1(V1 +A2) 0

essentially separating the real and imaginary parts of the operator.

This makes things a lot easier since if we're looking for a ‘“real” zero-mode v,, =

(b )T (L are the “up” and “down” components of the Spinor respectively), for

re’ re

each component we have:
(ﬂ:Vg—A1> ,,:.te:O & (vlﬂ:A2> i:O

These equations can easily be solved by standard techniques and obtain unique (up to

scalar multiplication) respective solutions:

£ _ E([ Avdey— [ Ayday) (2.2.12)

re
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As we can see, the signs on the exponents of the last two equations are opposite, which
means that if one solution decays at infinity (at any rate), then the other will explode.
Consequently, we can have at most one solution in L? (zero-mode), either “up” or
“down”. In the case of the following class of potentials (with ¢, ¢y > 0), we have:

~ CO

A, (x1,19) = ————(—x2, 11). 2.2.13
70(1 2) C+w%+mg( 2 1) ( )

which satisfies

~ 1
P(A..,)=—1 AYe.co = 2¢p.
(Acey) = 5 lim o e = 20
The respective solutions 1= that emerge are (corresponding to the up/down compo-
nents):
(r1,m2) = (c+ 2} —I—:L"%)RO/2 (2.2.14)

re

and we have a zero-mode iff |cq| > 4, which can only be hramico),

Clearly, we have no zero-modes in the case where ¢y = 0 (and the case ¢ = 0
corresponds to (2.2.8)). In the case where ¢ < 0, the same problem can be studied
similarly in the open disk {2% 4+ 23 < —c} or its complement.

These particular examples are a simplified illustration of the Aharonov-Casher ideas
(Aharonov and Casher, [1979)), although we mostly looked for real solutions instead of
complex ones. The results are perfectly in line with these ideas and the last example will
be used in the next Chapter where we construct zero-modes for the three-dimensional

Weyl-Dirac operator based on that.
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2.3 Operators commuting with the Weyl-Dirac oper-

ator

In the last few decades, certain methods have been developed in order to investigate
the existence and certain properties of zero modes of Dirac or Weyl-Dirac operator
Dy = o.(D— A). Asimple, analytic approach is presented and explained in Schluter,
Wietschorke, and Greiner, [1983|

Regarding the question of existence of zero modes of the Weyl-Dirac operator, it
turns out that in some cases the problem is equivalent to investigating the existence of
zero modes of the Pauli Operator P4 := D?%. This equivalency lies on the fact that
D 4, if defined on certain domains, like H := C°(R?, C?) or W?(R?, C?) the operator

is self-adjoint (see Elton, 2018)) when associated with the inner product
(z, W)y ::/ (z,w)c2dx, dx = dridradrs with (z,w)cz = 2171 + 2w5.  (2.3.1)
R3

In fact, ¢ € H is a zero mode of Dy iff it is a zero mode of D% since:

= [|[Dadll> = (Da¢, Dad)u = (6. D d)n- (2.32)

The second order operator D% is sometimes easier to work with as we have the
Lichnerowicz formula (see Erdds and Solovej, 2001 and /or Berline, Getzler, and Vergne,
2003Friedrich, 2000, the graduate books in references). The Lichnerowicz formula
involves the Laplacian as well as curvature terms. In matrix form, when working on R3

(where we have 0 scalar curvature) it can be written as:

— 3 2
B, +iB, P24 B;) Z<_lvi —A)°L,—0.B (2.33)

i=1

P2— By B, —iB ’
Di,:P%;IQ—a.B:( oo 2)
with P? = (-iV — A)2.

In some cases, the RHS in equation ([2.3.3) can be diagonalised, and under some

conditions on A, the problem boils down to finding solutions to Poisson-type equations,

on which there is an abundance of helpful results, Aharonov and Casher, [1979.
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2.3.1 Commuting second order operators with Spin fields

Standard operator theory gives us that when two (bounded) operators commute, they
have related eigenstates (not necessarily the same eigenvalues, unless perhaps in non-
degenerate cases). Under certain conditions, certain such relations still hold when one
of the operators in unbounded. We will start the study of zero modes of the Weyl-Dirac
equation by studying whether a weighted version of the aforementioned Pauli operator
commutes with a certain spin field - whose eigenfunctions are simpler to study.

Generality is not affected by the fact that these operators are weighted, because
we're looking for zero-modes. Hence the respective eigenvalue problem is equivalent to
the one related to the non-weighted version of the operator.

Consider a magnetic potential A(x) (simply noted as A), a 3-dimensional vector
field X(x) on R3, and Q : R® — Ry, a weight on R?® (positive in an open region of

interest). Then we have the following:

Proposition 2.3.1. Consider the operator (D4 (2-))? := Da(QDA(Q-)) and the spin
field S = 0. X. We have that S and (D4 (€2-))? commute iff QX is a conformal Killing
field, parallel to B := V x A, Q!X is irrotational and V.(272X) = 0.

Remark 2.3.2. Regarding the conformal Killing field QX we have: QX.V x (QX) =
OX.V x (22(Q71X)) = OX. (V) x (271 X)+ 022V x (271X)) = 20X (VO x X) = 0,
since 271X is irrotational. The magnetic field is parallel to X (and so to QX too)
Therefore the conditions imposed in Proposition 2.3.1 include the required conditions
for the main result (Theorem 1.1) in Elton, 2018, i.e. the Weyl-Dirac operator with a

magnetic potential that produces such a field possesses no zero modes.

Corollary 2.3.3. Under Proposition 2.3.1 we have that for such potentials A, the

corresponding Weyl-Dirac operator has no zero modes. Moreover, |X| is constant.

Proof. VX Q11X =0 = OX.V X (2X) = P3X.(V x (X)) +X.(VQ x X) =0,
and since it is parallel to the magnetic field B, we have the conditions of the main
result in Elton, 2018 (Theorem 1.1), i.e. no zero-modes. The fact that |X] is constant,
follows by the conformal Killing field condition, after multiplying by 2X; and summing
up for all j to obtain: QV;|X]? = 0. O
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In order to prove the aforementioned this Proposition 1.3.1, we’ll use the following

auxiliary results::

Lemma 2.3.4. For all a,b € R* k € {1,2,3} and for A, B, § and D4(Q:) as
previously defined, the following identities hold:

i) [o.a,0.b]=i0.(a xb), (2.3.4)

i) [o), D%] = —2i(o x By, (2.3.5)

i) [S,Da] =20.(X X V) —2i6.(Xx A)+iV.X — 6.V XX, (2.3.6)

iv) (Da())’ = QD4 +Q(0.D(Q))Da+22DLUD)+Q(AQ) - (Vi)*. (2.3.7)

Proof of Lemma 2.3.4. Now, we prove the equations (2.3.4) to (2.3.7):

i) Let a, b € R3, we have:
[O’.a, O'b] = [aiai, O'jbj] = O'Z'O'jaibj — O'jO'iClibj = (O'iO'j — O'jO'i>Clibj = ZiGijkO'k&ibj
where €, is the Levi-Civita symbol, and so we obtain: [o.a, o.b] = 2io.(a X b).

ii) Regarding (2.3.5) we have that since D% can be decomposed to a multiple (that

commutes with o;) of the identity matrix plus .B we obtain:
(o), DA] = [0k, 0.B| = [0k, 0:B"] = 0y0:B'—0,0,B" = (0y0;—0,04)B' = 2iey;j0,B" =

[0, D] = 2i(o x B).

iii) For (2.3.6)), we have:
[g, DA} = [O'iXi,O'ij—O'jAj] = [O'iXi,O'ij]—[O'Z‘Xi,O'jAj] = [O'ZXl,O'JDJ]—210'(XXA)

by eq. (1.2.4) holds and by the linearity of the commutator. The other term satisfies:

[O’iXi, O'ij] = O'Z'XiO'j,Dj — O'j,Dj<O'7;Xi‘) = O',L'XiO'ij — O'inO'iDj — O'jO'l',Dj<Xi) —
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[0: X", 0,D7] = i€;jxox X'D? +1V.X — €401V, X! = (X X V) +iV.X — 0.V X X.

and follows. Lastly, we have:

iv) (Da(Q))? := DA(QDA(2)) = 0.(D — A)2(0 (D — A)2).

where: o.(D — A)(Q) = Q(0.(D — A)) + 0.DQ = QD4 + oD and so:
(Da(Q))? = 0.(D — A)QUQD4 + 0. DY) = 0.(D — A) (2D + Q0. D)) =

Q*D4 +Q(0i0, (D)) (D' — AY) +20, (D' () (D — A;)+ (0. D(Q))*+Qo.D(a.D(N))

— (Da())’ = P*D3 + Q0.(DQ)Da — 2(VYV) + 3 (Dy(Q))* + QAQ,

=1

[
Corollary 2.3.5. The quantity [S, (Da(Q-))? satisfies:

Q7S (Da(2))? = Q[S, DA]+1[S,0.D(Q)]Da+ (0. D(N))[S, Dal +20,(V;Q) VI X
(2.3.8)
Proof. By (2.3.7) and the identity [U, VW] = [U, V]W + V[U, W]. O

Proof of Prop. 2.3.1: We will start by analysing each term on the RHS of (2.3.6).
i) [S,DA] =[S, 3.(=iVi — AL, — 0. B] = [0, X%, 3, (—1V,; — AD2], — 0;BY] =
(S, D3] = [0, X7, 3..(=iV; — A)2Ly] — [0: X7, 0, BY).

Regarding the first term of the RHS of the last equation, we have:
[0: X3 (—1V — A L] = [0 X7, — A+ > .(24,V, + A?) +iV.A]

Since o; commutes with the identity matrix we have: [0;, V.A] = [0;, A3] = 0, and by

linearity of the Poisson bracket we get:

(S, D] = —[0: X", Al + 2A;[0:X", V] — [0:X", 0, B (2.3.9)
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Regarding the next term in the RHS of (2.3.8) we have:

(8,6 D(Q)| Dy = [0.X,0.D(Q)].(6.D-) — [0.X,0.D(Q)].(c.A)
=2i(0.(X x D())).((6.D) — (¢.A)) =2(0.(X x VQ)).((6.D) — (6.A))
= 2i(0.(X x VQ)).(6.V) - 2(0.(X x VQ)).(0.A)

=20. (X x VQ) x V) = 2i(X x VQ).V = 2i0.(X x VQ) x A) —2(X x VQ).A.
(2.3.10)
Lastly, considering the last term on the RHS of (2.3.8) we get (from ([2.3.6)):

(0. D()[S,D4] = —i(0.VQ).(20.(X x V) - 2ic.(X x A) +iV.X — 0.V xX).
We will first deal with thfirst-orderer (with respect to differentiation) term:
—i(0.VQ).(20.(X x V)) =20.(VQ x (X x V)) = 2iVQ(X x V) (2.3.11)

where from standard theory we have a.(b x ¢) = (a x b).c = —(b X a).c which means
that: —2iVQ.(X x V) =2i(X x V).V and thus ({2.3.8) we get:

S, (Da())?] = 20%(V;X7)0; Vi +200. (X x VQ) x V) +2Q0.(VQ x (X x V)) +0s
(2.3.12)

where by 0s we denote the “zero-order terms” (with respect to differentiation).

Considering the triple cross product formula: (a x b) x ¢ = —(c.b)a + (c.a)b and
ax(bxc) = (c.a)b—(a.b)c and the anti-commutative property of the exterior product
we get (after setting a =X, b=VQ, c=V):

[S. (Da())?] = 203(V,X;)0? V' - +2Q0.((X.V-)VQ) — 2Q0.(X.VQ)V - +0s
(2.3.13)

where:

200.(X.V)VQ) = 200.(VQ(X.V)) = 200.((VQ) X, V') = 20.X,(VQ);0'V'
(2.3.14)
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and
—200.(X.VQ)V = —2Q(X;V'Q))0; V'’

S0
S, (Da(2))?] = QQ((QVZ-X]- + X,(VQ);) 0V — (X, V)0,V + os>,
In order for § and (D4 (€))% to commute we require:
OV, X; + X, V,;Q — (X, VFQ)s,; = 0.
In particular QV,;X; 4+ X;V,;Q = 0 for all 7 # j.
However, X.VQ = X, V¥Q and so equation for ¢+ = j simplifies to
(V:(0X),) = X.VQ.

and summing it all over ¢ we obtain V.(QX) = 3X.VQ or equivalently:
OV.X -2X.VQ =0 = Q2V.X -2073X.VQ = 0 or simply

V.(Q7%X) = 0.

(2.3.15)

(2.3.16)

(2.3.17)

(2.3.18)

(2.3.19)

Returning to equation (2.3.17) for ¢ # j and setting a the RHS of it and b the RHS
of the “same” equation but with ¢ and j reversed we get, from standard linear algebra
that (2.3.17) holds iff a — b = a+b = 0, i.e. a = b = 0, in particular (the case of

subtraction):

Multiplying the last equation by 2~2 and grouping together the terms that include the

same partial derivatives, we get: V;(Q7'X;) — V;(271X;) = 0 or equivalently

VvV x (Q7'X) =0.

Now, in the case of addition, we get:
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OV, X; + X;V,Q + OV, X, + X;V,Q = 25,;(X.VQ)

or equivalently (since the RHS of this equation equation (2/3)d;(V.X)):

VL(OX;) + V;(0X,) = gaﬁv.(mq. (2.3.21)
This equation is precisely the condition that defines a conformal Killing field (Q2X).
To prove that the magnetic field B should be parallel to X recall:

[S, DAl =[S, X0, (—iVi — Ai)? — 0. B] = [0.X", 307 (—iV; — A))%] — [0.X", 0, B
= oo X', —A+ 214,V + 370 | A2 +iV.A] —i0 (X x B)
= —[o: X", A] + 2i[0; X", A; V] + [0:.X 7, Z?Zl A% +i[o; X", V.A] —io.(X x B)
= —[o: X", A] + 2i[0; X", A; V7] —io.(X x B)
=20;,V; X'V’ + 0;AX" 4 2i0; A;VIX' — ig.(X x B)
— %S, D3] = 20%0, A,V X' — Q%i(0.(X x B)) + Q’0,AX' +1s. (2.3.22)

here by 1s we denote the first-order (regarding differentiation) terms. We proceed:

Q[S, 0. DD, = —iQo, X", 0;VIQ)(o.(D — A)) = 2Q(0.(X x VQ))(0.(D — A))
= —20(0.(X x VQ))(0.A) + 2Q(0.(X x VQ))o.D, so:
Q[S, 0. DDy = —20i0.(X x VQ) x A) — 20(X x VQ).A + 1s. (2.3.23)
Q(.DN)[S, Da] = —Qi(6.VQ)(20.(X x V) — 2i0.(X x A) +iV.X — .(V x X)
= —Qi(0.VQ)(-2i0.(X x A) +iV.X — 0.(V x X) + 1s
= —20(c.VQ)(0.(X x A)) + Q(6.VQV.X + Qi(6.VQ)(6.(V x X)) + 1s

— Q6. DQ)[S,Da] = —200.(VQ x (X x A)) — 20(VQ.(X x A))+

(2.3.24)
V(6. VQ)V.X — Q0. (VQ x (V X X)) + Qi(V(V x X)) + 1s
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and lastly:
—20[S, VQ.V] = 2Q0,(V,;Q) VI X' (2.3.25)

by standard differential geometry, the terms —2Q(X x V2).A and —2Q(VQ).(X x A)
cancel each other out. We also notice that
VQ.(VxX)=VQ(VX(Q2'X))) = VLAV X (Q7'X))+ VQA(VQ2x (Q'X))

and since 271X is irrotational and VQ x (Q7!'X) L VQ we get VQ.(V x X) =0.

We proceed by grouping together the remaining terms that do not include products
with the components of A or B. For the component of o; we see that the following is

true:
Q(QAX; + (Vi) V.X — (VQ x (V x X)) + 2(V;Q)ViX;)o; = 0. (2.3.26)

In fact, we have:
(VQ x (V x
Q)

(=D ((V,;2)(~
- —<—1)i+kvj§zvjxi + (-

X)) = (=)' ((V;2)(V x X — (ViQ)(V x X);) =
DF(ViX; — ViXy) = (Vi) (1) (Vi X — Vi X))
DY QVX, + (DY QX — (—1)74FV,0V,X,
— V,QVIX, 4+ V,QV,X7,

The latest equality came from the fact that ¢, j, k fill the set {1,2,3} while varying in
a circular manner, so k = i 4 2mod3 = j 4+ 1lmod3 and we also added and subtracted
V.iQV;X;. Therefore, equation (2.3.26) just above becomes:

QAX; + (Vi) V.X — V;QV, X! + 3(V;,Q) VX = 0.
We proceed by noticing that taking (2.3.17]), multiplying it with V;{2 and summing all
over i we get V,QV'X; + X;V'QV,Q — XkVZ-QVkQ(S;- = 0 which implies V,QV'X; =0

for each 7 = 1,2,3. That leaves us with

QAX; + (ViQV.X — V,QViXI =0
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which is produced by taking the ¢-th derivative of (2.3.17)) and summing all over ¢ and

switching ¢ and j, i.e. this terms evaluates at 0 as well.

After switching A with V we notice the terms regarding the components A should
satisfy the same equations as the first order (regarding differentiation) terms; therefore,
it has already been proven that they equal 0.

The last remaining term is —Q%o.(X x B), which is 0 iff X x B = 0, i.e. iff X is
parallel to B. This completes the proof. ]

2.3.2 Commuting diagonal first-order operators with Dirac

operators

As we just saw, the set of zero-order hermitian operators that commute with the Weyl-
Dirac operator (hence potentially shedding some light on the eigenstates of the latter) is
very limited. Even when they do, we don’t get zero modes for the Weyl-Dirac operator.
So, we're going to start looking at first-order operators. Now, since we’re interested
in square-integrable eigenstates, we’ll investigate whether “simple” first-order operators
(with diagonal first-order terms), like the operator(s) @ in Erdds and Solovej, 2001 and
Elton, 2018, commute with a suitably weighted version of the Weyl-Dirac operator,
DS = O ?D4(Q). In this case, the set of resulting commuting operators is still

relatively small, but we get some fruitful results.

Standard operator theory yields that when two normal operators commute, they share a
common basis for their eigenvectors. The operators D% and Qx (see below), are
unbounded, but their respective resolvents ()\1[2—’1)%)_1 and (Aol,—Qx)™!, A2 € C\R
are bounded (and normal since D% and Qx are self-adjoint in L3 (R?, C?)) (see (3.5.4)),
and they commute with one another. Hence these operators share a common spectral
resolution. Moreover, since we're working on a particular weighted version of R? the
Dirac operator has compact resolvent and so they have a common basis of eigenvectors,
see Reed and Simon, 1981.

Also, given that (AT, — D%)~! is compact, the vector field Q@ 'A is bounded (see
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(5.2.16)) and the discussion right below) and (A I, — DY) ' = (M Lo — D%+ Qo .A)!
then the spectrum o(A I, — D® + Q' .A)~1\ {0} is equal to the respective point
spectrum, o,(A\Jo — D4+ Q 'a.A)~1\ {0}

Complementary to prop. 5.2 i) in Elton, 2018, we have the following result:

Proposition 2.3.6. Consider non-negative functions €, on R3, positive in a
region of interest. Let X a smooth vector field on R?, and a first-order operator
Qx = —i(X.V) + Qq, where Q) is some zero-order operator. Then for Qx to commute
with Q1D 4(Q-), X must be a conformal Killing field. Moreover, this implies that

(©219)(x) = ¢|X(x)|, for some positive constant c.
Proof. We have: Q1D (221)) = —i21(0.VQy)1) + Q195D 410 where 9 is a spinor on
R3. This expression can be rewritten as:

Due to it being a zero-order operator acting on Weyl-Dirac spinors, )y has the form
agly +Yi01+ Ya00 4+ Y303 = agls + .Y (for Y = (Y7, Y5,Y3) € R pointwise). Where ag

and Y;, i € {1,2,3} are (not necessarily constant) complex scalars.

We start by separating the brackets and identifying 2nd-order terms. By linearity

of the commutator, we have:
(U DA(Q), Qx] = [0 (0. VD) + 210D 4, Qx] =

[—i1Q1(0.V Q) + % Qoo (—1V — A), —1(X.V) + Qo]
= [ Q0. V, —iX. V] + [-iQ0.VQy, —iX.V] + [-i Qo . A, —iX.V]
+ 0 Q[o.(—iV — A), Qo] + Qi [—io. Vs, Qo]
= — Do (VX)) V) + (X VD)oV + Q) [~i0.VQy, —iX.V]+
[—iQ1 Q0. A, —iX. V] + Qs [—i0.V, Qo] + U Q[—0.A, Q] + Q1 [—ic. Vs, Qo]

where it is easy to see how the 2nd-order terms (who are only present in the first from
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the right bracket in the last equation) cancel each other out.

Regarding the first-order terms, we have that the coefficient of V; is

ainﬂQVin — (lel(Ql + QQ))Uj — 2€iijinQQYk,

recall €;;, is the Levi-Civita symbol. Equivalently, we have the following form for the

aforementioned first-order coefficient:
ngg(JiVin — (Xi(ghQQ)_lvi(Qng))O'j — 261’]’1:02'}/;6) =

Qlﬁg(aiVin - (XZVZ(IH(ngg)))UJ — 2€ijk0'iyk>‘

Since §2,€)5 is positive on a region of interest, the latter quantity is zero iff:
O'ivin - (XV(IH(ngg)»O'] - 2€iijiYk =0.
Multiplying this by ¢; and summing for all 7 € {1,2,3} we have:

VZ‘Xj — 2€ijkYk == O,

(2.3.27)

if i # 7. We can multiply by ¢;;; and add for all distinct 4, j and get €;;,V,;X; —4Y; =0

1
for all k& other than 4, j. This is equivalent to: Y(x) = ZV X X(x).
For i = j, we get:
where by summing for all ¢ € {1,2,3} we get

1
V.-X= 3(XV(1H(9192))) — X.V ln(9192) = §V . X,

(2.3.28)

However, we notice that the solution to the differential equation (2.3.28) above (with

unknown function (£2,€2:)(x)) is |X(x)| (up to a multiplicative constant). So, without
loss of generality we can set (£21€2%)(x) = ¢|X(x)|, for some ¢ € R.y and (2.3.27)

becomes:

O'Z'Vin - (1/3)(V . X)O'j - 2€iijiYk =0.
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By Y(x) = (1/4)V x X(x) we get that for all distinct 7, j, k € {1,2,3} we have:
Y, = (1/4)ez]k(Vsz — VJXZ) —

—2€,,Yr = —(1/2)(V, X; — V;X)).

So (2.3.27)) becomes

1 1
éo-z(sz] + VJXI) = gO’j(V . X)

Given that i # j, the linear independence of Pauli matrices gives us that

If, however, i = j we have V,;X; = %V - X. Combining the last two relations we get:

2
which is precisely the condition that defines Conformal Killing Fields on R3 with the

standard Euclidean metric. O]

Following Elton, 2018 and the calculation we've made so far, we understand that
1 2i
a neat and useful choice for ) is 10.(V X A)— glV +- X — X.A. Moreover, one can

make the ansatz Qx = X.Ps+ Qo, where P, = —iV — A is the magnetic momentum
operator and for Qy = dg(x)I> 4+ .Y (x) is just some suitable first order operator to be
determined (in our case it’s (1/4)V X X(x)). This operator is of great importance in
mathematical physics as when squared it produces a magnetic Schrodinger Operator.
The form of the condition ([2.3.27)) will remain intact. Lastly, in order for @Jx and
Q{Dﬁz to commute, we see by doing the respective calculation that the rest of the zero

order terms have to satisfy:
X x (V x A) +Re(ap) =0, (2.3.30)
and

V(X.V In () + Im(do)) + }Lv % (V % X) = 0, (2.3.31)
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Clearly, the magnetic field, B = V X A need not necessarily be parallel to X. However,
for the sake of producing a commuting operator, (Jx, as simple as possible, as well as
generalizing the results in Erdds and Solovej, 2001, we can pick ag to be imaginary (i.e.
Re(ag) = 0). In this case, its spectrum and eigenstates of Qx, (hence the eigenstates
of QD2 as well, if (2,9)(x) = const.|X(x)|) are easier to find. So, for a conformal
Killing field X and a magnetic potential A that produces a magnetic field B, parallel

to X, we define the operator:
. 1 2i
Qx = X.(-iV—-A)+ Za.(V X X)— §V - X. (2.3.32)

This operator acts on Weyl-Dirac (or just C%)spinors. In Erdés and Solovej, 2001| we
have that Qs(x) = |X|™! and Q;(x) = (Qx(x))72 = |X|2

Moreover, for  := |X|~!, the operator Qx is self-adjoint on the Sobolev space Wé’2(R3),
and to see that, it suffices to study the first-order term —iV. Considering, ¢ € C.(R?),

and vol® (often denoted as d*vol) the standard form on R?, we have:
/ —iX.VoQvol® = [ Q3 (—iX; V7 (Q3¢))2vol®.
R3 R3
And from the details of the previous proof, we get that the RHS is

/]R (PX(~iV9)) + P(~1V X — 301X V) QPvol’ =

/R (D(X(=iV9)) — 10 (AV.X + 3X.VQ))Dvol’ = | (X (=i V)2 vol”

R3

Regarding the divergence term in ([2.3.32), we have:

9
Proposition 2.3.7. The term —§1V - X(x) does not contribute to the spectrum of
the operator Qx (they have equal spectrum). It only transforms its eigenvectors by a

scalar multiplication by |X(x)[*.
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Proof. The vector field X = (X, Xy, X3) is a Killing vector field, i.e. it satisfies

2
—(5Z-jV - X

and we notice: X.V|X|? = X.V(X? + X7 + X3) =

XiViX1 + XoViXo + X3V X3 3
2(X1, Xo, Xs). | X1VaXi + XoVo Xy + X3VoXy | =2) X7V, X+
X1V Xy + XoV3Xo + X3V3 X3 =1

2(X1XoViXs + X1 X3V X3 + X1 XoVo Xy + XoX3Vo X3 + X3 X Vi X) + X3XoV3Xo)

However, the fact that X is conformal implies:

and )
VX =3V-X.
Hence 5
X.VIX]’ = XPV - X
and o .
—glv X = —iW(X.V]XF) = —iX.VIn(|X[?) = —iVx In(]X])

so if we make the transformation u(x) — |X(x)[2u(x) (= "X u(x)) we get:

—iX.V(|X[*u(x)) = —i|X[’X.Vu(x) — i(X.V|X]*) Vu(x)

N
= —i|X[2X.Vu(x) — gl

(XPV - X)Vau(x) = |X[2(—iX.V — %(v - X)u(x))

which equals A|X|?u(x) if A and wu(x) (resp. |X|*u(x)) are a pair of eigenvalue-
eigenvector (A, u(x)) (resp. (A, |X|*u(x))).

1
By considering the zero-order terms —X.A and Za.(V X X) we get that the eigenvalues

2i
for the operator ()x remain intact when we remove the term §V - X. O

47



Corollary 2.3.8. To describe the spectrum of the operator Qx qualitatively, it suffices
to study the spectrum of the operator

1
Qx = —IX.V + 10.(V x X). (2.3.33)

The proof of this corollary follows from the previous two lemmas. In particular, the
term —X.A only adds a constant to the eigenvalues and transforms the eigenvectors by

scalar multiplication.
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Chapter 3: Summary of results

In this Chapter, we present the main results of the Thesis (without the proofs), starting
with outlning the process of submersing R? into R? and finishing with the statement of
the main Theorem, [5.2.5

3.1 Outline of the reduction process

In this paragraph, we’ll briefly describe the aforemention process of reducing the 3-
dimensional space to 2 dimensions. In particular, we’ll be working with weighted spaces
of R3 and R?. The main reason is that the process we apply to submerse R3 to R? does
not preserve lengths between different the charts of R?® we’ll be working with, so we’ll
need to introduce weights on R?, as well as on R? that’s not only “compatible” (length-
preserving) with the aforementioned weights on R?, but also a suitable choice so that

the respective weighted version of the Weyl-Dirac operator commutes with particular

operators (see operator ([2.3.32)) and (2.3.6])) whose eigenstates are easier to study.

We construct the submersion map, F : R?* — R? = C, is done by utilizing the
symmetries of the magnetic field A(x), in particular, the magnetic potential, V X A it
produces. Since the latter is parallel to the conformal Killing field X(x), we’ll use it’s
symmetries, such as the integral curves of X(x) and map every such curve to a (set of)

point(s) on the plane.
This is done by considering two charts of R3: R} := R3\ {(z1,7,,0) € R® : 22 + 23 = 1}

and R3 := R*\ {(0,0,23) € R®}; which is R*® excluding the sets containing the
singularities the components Wy(x) and Wy (x) of X(x) respectively.
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Essentially, the map F' is a collection of two maps R}, — R?.

The way a point x in R} , are mapped to points on C is by first following the (flow of the)

integral curve (denoted as y(t); 7(0) = x and is unique given x € R?), x belongs to until

a) y(t) € {(z1,72,0) € R® : 2 + 23 < 1;} if we're working on R?, (x € R¥) and
then mapped to C using a radial function (denoted as f;) while keeping the argument

(phase) the same, and if otherwise

b) ~(t) € {(x1,0,23) : ; > 0}; then map the respective point on the half-plane
{(x1,0,23) : &1 > 0}, to the unit disk {(z1,79,0) € R : 2 + 23 < 1;} using a Cayley
transform and lastly use a radially symmetric function f; to map it to C similar to the

previous case.

The (generally multi-valued) maps that map the aforementioned curves onto R? are:
X1 X112 R‘iQ — C (or simply denoted as xio if there is no need emphasizing the

parameter k) as:

X1 (X) = —e(Z)(e(2) " (3.1.1)

and 1 | |2 |~‘ |~‘
+ X7+ 22| — |21 -, - 1.
= elz welZ9). 3.1.2

Xn—1,2(x)

Using these maps, we can introduce functions (single-valued maps) x;, ; : R3 — C and
X1y - R3 — C by considering particular branches, €1, €,-19, of the exponentials

&(1)(é(22)) 7 and (é(31)) = é(Z) respectively.

Then, these maps y,.+: are composed with functions Fia:D—C respectively, of

the form
F‘Hil (Zo) = Zofﬁil(’ZOP), zo €D (313)

where f,+1:[0,1) — R, satisfy:

iig - 2_15(_ Ly /14 %) (3.1.4)
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and we finally get the map(s) Fi,: R}, — C

Fy(x) = x;(x) fos—2 (x5 (x)) (3.1.5)

where x1(x) is x,1(x) and j = 1,2.

The aforementioned two copies of R? (equiv. C) are equipped with weights w; o will
be denoted as (R? wy5) (equiv. (C,ws o)) respectively. Points on these two copies are
identified by the (generally multivalued) map 7, which is formally defined taking values
C* to itself as:

m(2) = (1 + k)AL 5 >0 (3.1.6)

The union of these (weighted) copies will be noted as O, (see (3.3.1)) for full definition

- and the discussion below it for a well-posed definition of the map 7).

The main work of this thesis consists firstly of defining Dirac operators on the
aforementioned orbit space O, (i.e. the space of orbits/integral curves of X) and lifting
them to respective Weyl-Dirac operators on R? across a Riemannian-type submersion
(i.e. submersion from one Riemannian manifold to another that respects the metrics -
Do Carmo and Flaherty Francis, [1992)) map F' that maps points (in particular, curves)
on R? to (sets of) points on C (identified as R?). The derivation of the map F
yields it to be multivalued; however, choosing different branches of a suitable Riemann
surface, we are able to obtain well-defined, single-valued maps. This process includes
defining /constructing forms, line and Spin® bundles on O, and connections and Spin‘-
connections on these bundles respectively; as well as Clifford multiplication that acts
on the Spin® bundles. Then we study how these building blocks are lifted to R? across
the map(s) F, (see also (4.1.60)), (4.1.52))).

This work leads to an interesting relation between between (families of ) Dirac operators
on the orbit space @, and (families of) Weyl-Dirac operators on R? (see (5.2.5))). This

relation sheds light on the number of zero-modes in strong fields.
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3.2 List of useful quantities and definitions

This section can be treated as collection of every non-standard tool used in this Thesis.
We provide the definitions and formulas we’ve came up with in order to pursue the

study of the aforementioned peculiar class of Dirac operators.
3.2.1 New variables and useful scalar functions
For x = (z1, %9, 73) € R® we set the complex variables:
21(X) = 21 = 2!E1 + 2[E21 (321)

and
H(X) = Z =1 — [x|* + 2w3i. (3.2.2)

For z € C*, we can define the function é : C* — (0, 1) (the unit circle on the complex
plane) by:
é(z) := =z e 0= Arg(z). (3.2.3)

o
Recall that we’ll be working with the vector field(s)
X(x) := ki Wi(x) + ko Wa(x)
given k12 € Ry which define the constant (parameter) x by k := k1/k2 and
X9 (x) = Wi(x) + Wy(x). (3.2.4)
The latter is the vector field considered in Erdés and Solovej, 2001
Also, recall that the components of these vectors fields are given by

Wi (x) = (—219,221,0), Wa(x) = (20173, 20013, 1 — |x|* + 273) (3.2.5)

and they have fixed points on the xs-axis and the unit circle on the xjxs-plane

respectively (the variables Z; 5 are zero there respectively).
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We have the weight Q : R?* — R

1 1
= R~ WP R Wa P (3.26)

These allow us to rewrite:

1 1
% e B TG W e o T e vy xS

as since simple calculations show that |Z;]? = |[W;(x)]? and |Z|* = [Wa(x)]?.

We proceed by presenting some information on the submersion.

3.2.2 On the formula for the submersion

Recall that we map subsets R? to C = R? by submersing two charts [f] to R:
R} := R*\ {(z1,2,0) € R®: 27 + 235 = 1} (3.2.8)
using which we can define single-valued maps from R}, — C and
R3 :=R*\ {(0,0,23) € R® : 23 € R}. (3.2.9)

This submersion we’ll be working with is denoted as: F' = Re F+ilm I : R? — C = R?,

or more analytically as ' = F} 5 : R?}Q — C = R?. In particular we have the following

Theorem 3.2.1. There exist surjective maps F} o : R?}Q — C, such that X.VF;, =0
and |VIH1F172‘ = ’V ReFLQ\.

Corollary 3.2.2. Up to a choice of a suitable branch of a Riemann surface due to

the emerging multivaluedness, Fj o defines a Riemannian submersion from (RiQ, Q) to
(C, WLQ) .

6The sets that have been excluded from the unit circle on the x;29-plane and the x3—axis are two
integral curves for X, each one even corresponding to the vector field W7 and Wy respectively.
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Note that a Riemannian submersion, f, from a (Riemannian) manifold M to N
(all smooth) is an isomorphism between the orthogonal complement of ker(df) and the
tangent space(s) of N that is an isometry. See Do Carmo and Flaherty Francis, 1992
for more information. See the proof on for more details, which also includes the

following identities:

Vi 5(x) = Fi2(x)(P12(x) +1Q, 5(x)) (3.2.10)
where
2 2K 2 2K
Q,(x) = le(x) — WWQ(X) = WWI(X) — ng(x) (3.2.11)
and ) 5 .
Q,(x) = —le(x) + WWﬂX) = —EQl(X% (3.2.12)
while
Pix) = — 2 JEP T REEW, () xWa) = —22 X o W),
22|21 (W1 (x)[?[Wa(x)|?
(3.2.13)
Similarly, we get:
P, (x) = —%Pl(x) (3.2.14)

where €} (2) (z € C*, b € R) denotes a branch of the exponential é®(z) = (z/]z|)?,
indexed by . These functions are found by mapping each x € R? (resp. R3),
to the points where the integral curve that x belongs to and the unit (resp. the
{(21,0,23), 2y > 0}) intersect (with the respective points on said half-plane then

mapped to the unit disk via a Cayley transform).

3.2.3 Weights on the plane and further terms

In applications, we’ll have s = s; » depending on whether we're working on Rim where:

s12 = |x12(%)]*. (3.2.15)
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We have the functions hy 5 : [0,1) — [0, 00) defined as
ho(s) = 5f74(s) (3.2.16)

where f; 5 satisfy [3.1.4] with f;5(s) — 1 as s — O(for neatness) and are increasing (so

invertible).

We also set:
2 2
1-— S1 1-— S9
Equivalently
5.\ 3-25
§ = <@> , J=12 (3.2.18)
E2

The following “mass” terms will also be involved in our calculations:

( ) 1 1 + hl_é(w) 1 1 + 81,2
m w) = = .
T (U= b)) + 422 3 (w)) 2 oy /(T = s10)” + 4571
(3.2.19)
where w > 0, and
XES W 2 A% 2\1/2 1 2
Mg = B (WWGOR + WaGI) 2 g
X&) (RHIWL)? + w3 Wa(x)[2)2 (k]2 + K3]Z2[?)Y
The latter can equivalently be written as:
(1 + 124"
M(x) = = 3.2.21
N ET s PO 3221
or equivalently,
2 1 1/2 1 2\1/2
M(x) = (& . )7 (0+&) i (3.2.22)
ko(K2E2 4+ 1)YV2 k(1 4 k—283)1/2
The last two equations satisfy:
TTLLQ(FLQ(X)) = M(X) (3223)
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This follows by substituting equations (3.2.15)) to (3.2.22)) and doing simple calculations.

The weights on R? satisfying:

! /iy (o= hy ) w>0 (3.2.24)

o (1= B ()2 + 4r2E =20y w))

wj(w) =

Here, h;' (j = 1,%) is the inverse of h; : [0,1) — Ry defined as hia(s) = sf7,(s)
which is equal to |Fjs-2 (x;(x))]? if s = |x;(x)[*
The weight(s) w; 2 above may also be written in complex coordinates as

wio(2,7) = wia(l2]?). (3.2.25)

Slightly abusing notation, (3.2.24) (and (3.2.25) resp.), may be denoted simply as wf ()

(resp. wio(x,y) for z,y € R? corresponding to z = x +iy) depending on whether we’re

working on C or R2.

Regarding the aforementioned weights we have:

Proposition 3.2.3. The weights w; o and Q on R? and R? and the maps Fj 5 satisfy:
wl(\Fl(X)|2)]V Re F1(x)| = wg(]FQ(X)\Q)]V Re Fy(x)| = Q(x). (3.2.26)

Also, the additional equation are satisfied to ensure that the map(s) F' define a partial

isometry /Riemannian submersion:
|V RGFLQ(XN = |VIH’1F172(X)|. (3227)

In particular, the weights w; o satisfy:

o) = 22B0 (32.28)
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The latter follows from the fact that F» = 7(F}), which implies
g1
VE(x) = (R (x)VA(X) = C.F,  *(x)VF(x), xecRNRS (3.2.29)

where C\, = k(1 + 1)1 x.
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3.3 The building blocks of the Weyl-Dirac operator

on orbifold-like spaces

3.3.1 Orbit spaces

In this paragraph, we look at the aforementioned quantities in more detail and introduce
some more. The Weyl-Dirac operator is typically defined on Riemannian manifolds,
where the underlying geometry is well-understood. Here, we define on more generalized
spaces like pg-football type of orbifolds and certain non-Hausdorff spaces. However, we
first need to define the objects that make up the operator: the base space (also referred
to as the orbit space), forms on that space, line bundles and connections thereon, and
Spin® bundles and corresponding Spin® connections and Clifford multiplication on the

aforementioned bundles.

Definition 3.3.1. Let k := k1 /ky € Ry and j € {1,2}. We define the spaces C,3-2; as
the complex plane equipped with the weighted Euclidean metrics, with corresponding
weight(s) w;, see (4.2.15)), (4.2.16). respectively

We'll also be working with certain topological spaces, including what we’ll refer to
as the orbit space (which is going to be the space the integral curves/orbits of X “live”)

we have:

2 .3—27 .
2mis"™ will be denotes as

Definition 3.3.2. The complex plane(s) C quotient-ed by e
O,3-2;. The pair (collection) of these two spaces, will be denoted O, and will be referred

to as the orbit space.

The maps Fj 5 (see the beginning of subsection 3.2.2) map points (curves of X(x))
in RY, to (sets of) points z on C, related via certain rotations. Moreover, given a point
x € RINR3, the maps F} 5 map it to (generally distinct) points 21 o respectively; we’ll
identify these points by the following map 7 : C,, — C; /. (given a parameter x > 0):

7(2) = k(1 + k) ITVELTYR, (3.3.1)

This map is multivalued for K € Qs \ {1}, because if we write the complex number z
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in its polar form z = re®:

S1/E 7,—1/5(619)—1/5 _ {T—l/ne—ig—”ji :n e N} (3.3.2)

i.e. the map z — 27+ is a set-valued map; which has finitely many elements if K € Q~g
and infinitely many if R.o\ Q. In other words, the logarithmic Riemann surface covers
the complex plane finitely or infinitely many times (if K € Qs or Ryo \ Q). This
means we have a make a choice for the value we’re working with. We see that the
aforementioned spaces C,+1 (and their respective weighted versions) can be though as
a branch (after being quotient-ed by the respective group actions) of the logarithmic

. . +1; . . _1 .
function with arguments €™ 1. In particular, the expression 2z~ can be written as

Z_% = e_% log(2)

which allows us to make the natural choice of value to work with, by considering
the principal branch of the logarithmic function. This removes the ambiguity of
multivalued-ness and makes the map 7 a well-defined, holomorphic map between

(logarithmic) Riemann surfaces. See Hille, 2012 and Forster, 2012.

More generally, having made a particular choice of value (by choosing a particular
branch of the corresponding Riemann surface - the one of the logarithm). In particular,

given such a choice for 7, we have (at least formally):
Fy(x) =7(Fi(x)), for xcR}NR3 (3.3.3)

Remark 3.3.3. If x € Q, each space Q,+1 is an orbifold. In particular, O, = S? iff
k = 1 (see Erdés and Solovej, 2001)). If k € Ryp \ Q, O,+1 is not even a Hausdorff
space. However, we’ll still be able to do calculus on it using standard complex analysis.
In any case, each such space is equivalent to the unit sphere (excluding a pole) in R3,

quotiented by a group action generating a rotation.
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3.3.2 Line bundles on O,

We'll work with sections of line bundles, indexed by k; o € Z, on our base space, which
will then be used to produce the related spin® bundles and their corresponding sections.
In essence, the latter are the “direct” sum of two line bundles. Such sections are defined

as follows:

Definition 3.3.4. Given ky, ko € Z, we define a section of the line bundle ]32k2,{2+2k1,ﬂ,

as the collection of the maps uy; satisfying:

iy (e ™z) = Mg (2), (3.3.4)
Ty(e™ 2) = € ¥y 2), (3.3.5)
& "2 (29)in(2) = @ (21)t (=), (3.3.6)
where 2 5 satisfy:
29 =T(21) (3.3.7)

Remark 3.3.5. Sections of this line bundle is the only object associated with the bundle
that is useful to us, therefore we’ll limit ourselves to just defining this; skipping the
intricate definition of the line bundle on O, (which is a generalization of the respective
line bundles on Erdés and Solovej, 2001). These sections (and their respective space)
will be denoted @ = (uy,u2) € I'; (0,), where the latter symbol denotes the space of

such sections of the line bundle on O,,.

Given z;2 € C* such that zp = 7(21), we have: Uy(7(e?™21)) = (e 7(21)) =
Ug(R-m7(21)) = &-2m* g, (7(2,)) which makes these rotations perfectly consistent

with the definition of our orbit space.

The first two conditions are in order for the bundle to be well-defined, whereas the
last condition captures the compatibility of the bundle(s) (by mapping fibres from one
bundle to another) and so will be referred to as the compatibility condition. However,
the two charts also need to be compatible with each other, and for that, they need
to satisfy the last condition (3.3.6]) respectively for z;, 25 belonging in each respective

chart, satisfying zo = 7(21).
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The fact C \ {0} is not simply connected (instead, it is homomorphic to a circle)
indicates that transition maps from one circle that is quotient-ed by the group action

2mi/% have to satisfy an equation of that form

e?"™ to another one quotient-ed by e
(3.3.6). This equation captures how many times the fibers @y of the (line) bundle on
O,-1 rotate depending on the degree of the map 7 and how many times rotation of the

fibers @, of the (line) bundle on O, rotate as z; makes a full rotation around the origin.

Recall that this map 7 is multivalued, unless x # 1. Moreover, given any choice of
value for 7(z;) we make, will be consistent with the compatibility condition of the
bundle, (3.3.6)), given the well-defined condition, , as shown in (6.1.3)).

In the case where we have the trivial bundle (k; = ks = 0), the aforementioned
sections are simple, complex valued functions on C,+1. The said sections of line bundles,
produce the eigenvectors of the operator —iX.V, which is the truncation of order 1 of
the operator Qx, . It is reasonable to start by studying these objects, in order to
obtain information about the eigenvectors of our Dirac operators. Orthonormal sections
of the spin® bundles, which are produced by section of the aforementioned line bundles,

act as basis for the solution space of the Dirac operator.

To see the correspondence: sections of Loy, x,+2k.r, <> €igenvectors of —iX.V, we have

the following;:

Proposition 3.3.6. Let k1 » € Z and the associated (complex) line bundle igkmﬁgkzm.
Consider a section u of Loy, x, 42kory- Then, letting g = (2k; + 1)ry + (2ka 4 1) kg, u can
be lifted to a single function Pl}ful,g : R, — R that satisfies:

XV (P, %u10) (%) = MNP 0)(x) <= A = 2kiki + 2k (3.3.8)
Moreover, the respective lifting operator is given by

(Pl_uy)(x) = &+ () (Fruy)(x), 4,5 € {12}, j#7. (3.3.9)

The proof diverges from the purpose of this thesis so it’s not included.
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This operator takes section of the line bundle Egkmﬁg;@m and maps them to typical

(smooth) C-valued functions on R?.

Remark 3.3.7. The subscript “u—" of P?, on the right-hand side of (3.3.9)) simply
denote that @ is a section of the line bundle L, (s, ry) (1 = (2k1 + )iy + (2k2 + 1)k2).
Respectively if ky o — k1o + 1 we'll use the “p+" subscript (u£ = £ (k1 + K2)).

3.3.3 Forms and connections on line bundles

Definition 3.3.8. Let n = 0,1,2. A global n-form, & = (&;,as) on the base space,
orbit-space (O,) is a form that is invariant under certain rotations and preserved under
the transition map 7:

Ris o0 =aq;, j=1,2 (3.3.10)

7'*612 = 5&1 (3311)

Remark 3.3.9. A O-form on the orbit space O, is a collection of two complex-valued

functions, defined on C each.

Example 3.3.10. The “mass” terms my 5, (3.2.19)), on the plane and M (x), [3.2.22f can

be viewed as examples of 0-forms on C and R? respectively. Moreover, they satisfy:
(Fl*gmm)(x) =my2(Fl2(x)) = M(x) (3.3.12)
As well as the well-defined condition
(T7m2)(21) = ma(7(21)) = ma(z2) = ma(z1)
where 212 = F} 2(x) when working on R*, which for x € R} N R3 implies

(Fyma)(x) = ma(Fa(x)) = ma(Fi(x)) = (F'ma)(x) (3.3.13)

Remark 3.3.11. The aforementioned forms, constitute a global forms, i.e. a form that
can be defined throughout the orbit space. However, we need to define connections
acting on the line bundles szmﬁg;@m (k12 € Z), and consequently spin® for this, we

need local 1-forms (that act as the zero-order coefficients when composed with vector
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fields). That is, 1-forms that are defined on C and satisfy (3.3.10) but not necessarily
(3.3.11)). In particular, the local 1-forms on Q,, ¢ = (¢*, ¢®), that are of interest satisfy

an equation of the form:

T = —2%(; +é (3.3.14)
where ] 11 1

This is the formula, 1-forms need to satisfy in order for us to construct well-defined
connections on Ly that act as building blocks to spin® connections. Moreover, we'll be
working on weighted versions of R?| with weights w; » as discussed before. Also, in the
previous Chapter (in particular (2.1.5))), which introduce extra terms to the connection
(see (3.4.1F))). Therefore, by slightly abusing notation, the condition that 1-forms (who

define the magnetic potential) needs to satisfy:

_r

o Co+al, =2k + iy + (2ks + 1)k (3.3.16)
1

*~2
T O, =

Remark 3.3.12. Lifts of 1-forms via the map P

In the end of the previous sub-section, we introduced the maps Py (k12 € Z) act and
lift sections of the bundle L,. It is apparent to see how these it behaves on objects like
(60) (%) := (6x(Dp 4 0,) )iz, y) € Q(U)@T(U x C) where U is a connected component

of C and x = (z,y). Given such 1-form ¢ we have:
(Pa(ea))(x) = ((F"ex)(9: + 0,))((Prii)(x))

where P = Pajypyiok,e, and @ € Egk%ﬁ%m, and & satisfies (4.2.3) (with A\ = 2ksks +
2k1k1). Where we’ve chosen a branch of é(Z;)e™(%,), e /%(%;)é(Z,) on the map F, and

the form Gy = @, is the (pair of) 1-form(s) on C satisfying (4.2.3)).

Now, we’ll look at connections on relevant line bundles. Given an open, connected
U C Cand & QY(C). A mapping V®: X(U) x I'(U x C) + I(U x C) given by:
V& =d—ia (3.3.17)

defines a connection acting on I'(U x C).

63



Moreover, a connection on a line bundle L) can be defined as a map

Ve :T(L,) — QY0 L,)
mapping sections of the line bundle Eu to Eu-valued 1-forms on the base space O.

The “d” in equation (3.3.17) above denotes the differential (first-order coefficient) part
of the connection. In particular, given an X = X,9, + X:0; € X(U)and u € I'(U x C),
we have the formula

Viu= Xu—ia(X)u. (3.3.18)

2

Remark 3.3.13. Is it straightforward to see that for any X € %(C), % satisfies,

X (uy,ug)c = (Vgur,uz)c + (ur, Viuo)c. (3.3.19)
This equation confirms that V‘;ﬁ( is, indeed, a connection. Recall (uq,us)c = u1s.

As a direct consequence of the definition of Py = Pj, j € {1,2}, we have:
Corollary 3.3.14. Let &; € Q'(C) and o := Fja/ € Q' (R?), j = 1,2, we have:
Py(d —iaj)u = (d — iaj) Pyu. (3.3.20)

Remark 3.3.15. Although the aforementioned corollary holds for any &; € Q'(C) and
related o := Ffa/ € Q'(R?), we'll use this result for local 1-forms &’ on Q'(0,) that

satisfy (13.3.10)) and (3.3.14]). See the proof of (5.1.11)) for more details.
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3.4 Spin‘ bundles, spin® connections and Clifford mul-
tiplication

Now that we've defined line bundles on the orbit space and connections acting on
sections of them, we re ready to define Spin® bundles (bundles whose sections that are
C?-valued) and connections acting on sections of those, as well as SU(2)-automorphisms

(Clifford multiplication). These will help us to define Weyl-Dirac operators.

Definition 3.4.1. Given, p = (2ky + 1)k1 + (2ka + 1)k2 (k12 € Z), the corresponding

Spin® bundles on O, are given by the direct sum:

Sy=1Luys®Lyx, K=k +Ho (3.4.1)

at
The “sections” of the aforementioned bundle, are denoted as <~ .
U

The respective compatibility conditions ({3.3.6) can be summarized as

il (2)) _ [e"E)em(r(2)) 0 ()
(ﬂf(@) ( 0 €k1+1(z)6k2+1(7_(z))) <ﬂ;(7(z))>’ #0 (342

These sections can then be lifted to sections of the (trivial) spin¢ bundle on R?® by
considering the respective lifts P,4 on each respective bundle ZN;Hi = f}#ﬂ and the

considering the “direct sum” of those.

Specifically, we define the map(s) P, : I'(L,) — I'(R* x C?):

(3.4.3)

i) — v [Pt
(P,i)(x) = U ><(PM+Q_)(X)’>

where the matrix U(x) € SU(2) (pointwise) is introduced in order to revert the resulting
Dirac operator back into it’s standard form (with the standard Pauli matrices). In

particular, the aforementioned SU(2)—matrix U(x) is given by:
U(x) = Up(x)U;(x) (3.4.4)
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with

B 1 W —Hw o) — iy (x) 0
Uo(x) = (8] X (x)]v(x))1/2 (21w w )7 Ui(x) ( 0 —ﬁ“’(x)) (345)

where:
W = Koy + Kil (3.4.6)
74(x) = e(|X(x)] + 1 XFH )] + (k1 — K2)Z2) (3.4.7)
and
O (x) —Re(1 = [x[P+223)  QM(x) — Xs(x) lwl|?
v(x) = 12 + 22) STEE 0 Gey o8

More details can be found in the first section of Chapter 5.

The process of defining Clifford multiplication on O, is done by first defining it as usual
on the two charts, O,s-2;, of Q. Recall these charts are identified as the respective
weighted versions of C, quotient-ed by the corresponding group action. The definition

of Clifford multiplication and then imposing the proper compatibility conditions.

Definition 3.4.2. Given a l-form & = dgé = &%di + &%dg € QM0us-2), j = 1,2,
we define the (weighted) Clifford multiplication, o, : T*Ogs-2 — End(S,)|o ,_,; (the
space of Endomorphisms of the spin®-bundle S,, restricted on O,s-2;) as the traceless,

self-adjoint isometry:

. 0 & _id
am<dz~c>=w;1<~j o 0‘) j=1,2 (3.4.9)
oz + i 0

where w; = w; (2?4 ¢?) is introduced in (3.2.24). If & is a global 1-form, then the pair of
these sigma matrices, as described above, will constitute what we define as the Clifford

multiplication on S, o, : T*0,, — End(S,)|o,

This definition follows from choosing the standard Pauli matrices being chosen

corresponding to the standard basis 03 = ¢(dZ) and oo = o(dg) and the condition
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that the map o is linear. Equation (3.4.9) can be re-written as

0w, (@) = w;l(o?éal + 64%0'2)7

with the (inverted) weights w; ' being introduced so that the map(s) oy, : T*Qa-2 —
End(S,)|o_s_,; Will be an isometry with respect to the (weighted) metric (-, )a1(0 ,_,;) =
wjz(-, )aoic) on the co-tangent bundle. Given the definition of forms on O, and the
properties they satisfy, and considering real-valued 1-forms on Oy, &/ := &’ dz + &, dz

(satisfying &’ = &, so that the form is real-valued):
Rus2 &, = X2 Y5l j=1,2. (3.4.10)

By imposing the conditions interlacing the basis of spinor bundles with the basis of the
tangent bundle on the manifold, see Erdds and Solovej, 2001 (Proposition 7) we get
that the index (2k;k; + 2kokso) of the line bundles that compose the spin® bundle must
differ by 2k + 2ks.

We proceed with elaborating on the structure of the spin® bundles on O, and set the

matrix in (3.4.2)):

ek (2)ek2(1(2)) 0
(c;kl ko Z) = ~ ~ A,
#a(2) < 0 eh+%zkb+%7@»> (3.4.11)

which maps sections of the spin® bundle on O, to the respective sections on Q,-1.
We've defined it like this because if z = z; (which is what we consider when working
towards the main result of this work), we have Arg(z;) = 2rym ( mod 2m)and
Arg(z9) = Arg((21)) = 2kom, making the exponents e (z;) (j = 1,2) equal to 2k;x;
(and €e**1(z;) equal to (2k; + 2)k;) acting on sections of line bundle indexed by 2k;
(resp. 2k;+2). This is part of a generalisation of the respective construction in the case
of Erdds and Solovej, 2001, being consistent with /satisfying all the respective properties
related to the Clifford multiplication.

We need to check whether Clifford multiplication defined on O is compatible with

the (3.4.2), while respecting the (conformal) metrics (with weights w; o respectively).

[ (2) v oy (U3 (7(2))
ow(a) | - =&k (2)ow,(Thaz) | 7
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1.e.

Uy (2

w1212V o (6L ﬂf(z) — W (T (2) PV ko (2)o(7*E2 ﬁ;(T(Z»
1(||)(z)(~()> 2 (IT(R))Eky ks (2) 0 ( z)<,&( )

which given (3.4.2)) is true iff

1

Eria(2) = [T(2)| %07 H(A2) Ey s (Z)U(di(z))

which can easily be verified by calculations considering the definition/behaviour of o
on 1-forms &2, Thus, we've showed that Clifford multiplication on S, is well-defined.
Recall here that we have 7* a2 = a!. Tt is also easy to see that this o; respects (1.3.1))

while still being an endomorphism

Note that on C*, for distinct j, j* € {1,2}, the aforementioned matrix &, x, satisfies:

~k2j 5. ’“k’j/ ~'/
Envs(2) = (e (23 (%) 0 ) for z =2 (3.4.12)

0 ekt (z;)elhr T (z)

on R? NR3. This matrix can further be factorized as &, y, = Ex, Ex, Where

5k(z):<ék(z> 0 ) (3.4.13)

Remark 3.4.3. It can be shown that the aforementioned Spin® bundles, are (up to
diffeomorphism) the only Spin® bundles on Q. The proof of this is very closely related
to the definition of Clifford multiplication below, which given the definition of forms,
is the only natural definition of Clifford multiplication. A sketch of a proof is the
following:

The dimension of the base space (and of the related tangent bundle, which is 2),
combined with the fact that the O, N Q-1 (the intersection of each chart of the base
space) is topologicaly equivalent with the unit circle and with stardard decomposition
techniques of unitary matrices allow us to classify (up to diffeomorphism) the bundles
on Oy, subject to the compatibility condition (3.4.2)) written (roughly speaking) as
“U(1) x (diagonal U(2))”. The “U(1)” factor is responsible for capturing the degree of

the transition map from unit circle to itself, and the “diagonal U(2)” ensures that all
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the other relevant conditions are satisfied (in particular the correspondence of the basis
of the bundle with a local basis of the base space, and the compatibility condition).

These ideas follow from the respective proof in Erdds and Solovej, 2001

Considering how 1-forms lift from the plane to R3 via F, we get that the
aforementioned Clifford multiplication can be lifted as well. In particular, we have
(See Chapter 5.1 for the proof):

Proposition 3.4.4. Lifts of Pauli matrices via P.
Given kg € Z, and the weights w,  on R? and R? respectively, (5.2.3)), the map P,

satisfies:
Pu(0u(6)0) = oo(F*a)(Pu¢) (3.4.14)

Lastly, by introducing the forms:

wh? = @5 5(2)¢s, (3.4.15)
e e L shall) _ 14ia(eP) 510
W0 o(2) i = — : = —0——5 =
b2 r1+r2wip(|z?) Rwia(lz]?)
and

-1 1/1, 1
= — (zdz — zdz :—<—d ——d‘),
G = g (e = 2d2) = 5 (Sd= — &2

to account for the conformal change of metric, we can now define Spin® connections on

the spin®bundle, S, (recall = (2k; + 1)1 + (2ks + 1)K2)).

Definition 3.4.5. Given a 1-form «, a Spin® connection that acts on the spin® bundle(s)
S,, on Oy, is defined as:

- d — 1 + 1IRW° 0
Vel = o U (3.4.17)
0 d—ia — ikW*

see (3.4.15)) and (3.4.16)) for the component w° and its relation to w, here & = k1 + Ka.

The formula right above can be re-written as:

o d_.~_.£/~ 0
Vel — i =150 U (3.4.18)
0 d—ia+1%(



and simply denoted as V¥ or in tensor-notation:

= 7C

VP = (d —ia) ® I + ikwos (3.4.19)

where \ = 2]{311‘411 + 2k’2/€2, k’LQ € 7. Unlike dLQ, C~Y1’2

22 are local 1-forms (except when

k1 = ko = 0 when both are global). The form @w¢ has corresponding “\” equal to 1.
Given the duality vector fields<— 1-forms we get that vector fields on O, are defined

subject to satisfying the conditions:
T*Xl == XQ, (3420)

(RH372j)*XVj = (Rnsﬁj)*szaz + (R,@ﬁj%)?f@g = X]Zaz + f(f&;, j=1,2 (3.4.21)

Recall that R, is a rotation by 27wa (quantized as €™ here) and the subscript * denotes
the pushforward. As a consequence of (3.4.20)) and (j3.4.21)) we have respectively:

Xi(r(2),7(2)) = Coz ™2 X3(2,2),  Xi(r(2),7(2)) = oz 7w Xi(2,2), z€C"
(3.4.22)
X:, j=12 (3.4.23)

3-25

z vZ _ _—2imk
Xj, (Rn3—2j)*Xj =€

3—2j

(Rn3—2j)*Xf = 62i7m

Before proceeding to state the highlights of this work, we present how spin® connections
are lifted across F'. Combing the results on lifts of connections on line bundles at the
end of previous sections, alongside with a number of lemmas in the beginning of Chapter

5, we’'ve proved:

Proposition 3.4.6. Lifts of spin® connections via P.
Given koy € Z and p = (2ky + 1)Ky + (2k2 + 1)k3. The map P, as defined in ((5.1.16]),

when acting on a spinor after a spin® connection V¥ has been applied to, satisfies:
Puvei = (V2 = ka3 M(x) (o) = 2(X(x).0)X;) ) (Pu)) (3.4.24)

where o(-) = (dzy, dzy, dxs).o (= (dzy, dxy, dxs).(o1, 02, 03)), and V¥ is defined in

(13.4.17)) after setting & = 0.

The proof can be found at the end of Chapter 5.2.
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3.5 The main results of the thesis

In this section we define Weyl-Dirac operators on the orbit space O, and describe how

the said operators on Q,, are related to certain Weyl-Dirac operators on R3.

3.5.1 Dirac operators on the orbit space

Recall that the orbit space O, is a collection of two planes, equipped with weights w 2,
see (13.2.24)) and the discussion right below), satisfying certain “compatibility” conditions
(3.2.28)). A Dirac operator on R? = C with metric weight omega is defined as follows:

Definition 3.5.1. Consider é;, &, a local basis of coordinate vector fields, and V&% a
Spin“-connection as defined in (3.4.17]) with weight w and respective magnetic potential
defined by the form &. The Weyl-Dirac operator on R?, with corresponding magnetic
potential given by A(%,7) := (@(é1), @(€2))| .4, and weighted metric w is defined as

DY = —io (&) Ve® —io(é)VEE (3.5.1)

where €, 5 are the 1-forms dual to the vector fields €; .
These operators acts on sections of the Spin®-bundle(s) T'(C, C?).
Now, in order to define a Dirac operator on O, we just need to consider two suitable

copies of the Dirac operator defined right above. In particular we need the forms

and weights in the corresponding copies of the operator to satisfy the the respective

compatibility conditions ((3.2.28)) for the weights and ({3.3.16|) for the forms).

Definition 3.5.2. The Dirac operator on Q) is defined as the collection of two copies

(indelxed by j = 1,2) of Dirac operators, as defined in (3.5.1)), with the respective

coordinate vector fields é; ;, €, ;, 1-forms &/ satisfying (3.4.20)), (3.4.21)), and weights

w; satisfying wy = |2| =1~ %ws o 7. This operator will be denoted as f)z.

These operators acts on sections of the Spin®-bundle(s) S,.
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3.5.2 Interlacing 2 and 3-dimensional Dirac operators

The main aim of this study is to investigate the existence of zero-modes for a certain
family of 3-dimensional Weyl-Dirac operators. We have a submersion that maps 2 and
3 dimensions, and since the 2-dimensional Dirac operators are generally easier to study,
we want find a relation between the 2 and 3-dimensional Dirac operators according the

said submersion.

Dirac operators are automorphisms of sections of a spin® bundle. So, we want to
find an operator, indexed by the same index as the respective spin® bundle on Oy
that “connects” these two. In other words, given an L ,-section QZ, we're looking for an

operator P, that, roughly speaking satisfies a relation such as
DL (Puip) = P, (f)z@ﬁ) + (0-order terms).

where A, A are the magnetic potentials in 2 and 3 dimensions respectively, 15;% is the

2-dimensional Dirac operator and DY, is the 3-dimensional Dirac operator given by:

3 3
) ; 1 .
QL J\\7ha J _ e J
Div - ;:1 o(e')Ve JEZl o(e?)(Ve, — a”(e;) + 10 [o(e?), o (dQ)]) (3.5.2)
where
ol = vPX | + FF (&), (3.5.3)

for v € R (which gives us the fluz) and some &; € Q'(0,), is the respective 1-form
(evaluated at x) producing the magnetic potential by A”(x) = (a%(ey), a%(ez), a%(es))
(recall that Q(x) = |X(x)|71).

Moreover, it is shown that any such magnetic 1-form of interest, i.e. 1-form that

produces magnetic potentials whose corresponding magnetic field is parallel to X (x) is

the form ([3.5.3)).

Finally, we get:
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Theorem 3.5.3. Let p = (2k; + 1)k + (2ky + 1)Ko, k12 € Z, v € R and the Dirac

operators D%, and D as defined in (3.5.2) and (3.5.2) respectively. Then for any
section ¢ of the spin® bundle, (3.4.1)), on Oy, we have:

DL (P)) = 73#((152 + Kikamls + (1 — v)o3)) (3.5.4)

where P, is defined in (5.1.16) and m is defined in (3.2.19)).

Remark 3.5.4. The Dirac operators D%, and ﬁﬁ, and , also act on
elements ¢ € Wé’Q(R:J’,CQ), ) e Wéf(RQ,(CQ) (resp. LZ(R? C?) and LZ (R? C?))
satisfying DS € L3 (R?, C?) and D%y € L(R?, C?) (respectively € D'(R?) and D'(R?)
- which are corresponding spaces of distributions). The respective “weighted” spaces
L3, LZ], and W52, Wf}f are defined as the spaces of C%valued functions on R3, R?
respectively, such that they (and their first derivatives - in the sense of distributions -

for the cases of the Sobolev spaces W) are bounded with respect to the norms:

1/2
191122 (s c2) = (/]R3 Qg(X)W;WC?dX) (3.5.5)

and
3 1/2
HwHWS}Z’Q(R3,C2) = (/}; QS(X)«waw)CQ + Z(aﬁzwaaxzw>c2)dx> (356)
=1

for x = (71, 29,73) € R® and dx = dx dwadrs. Respectively, for the case when the
weight is w;, the formulas still hold by replacing © +— w and 3 +— 2 (as we are in 2

dimensions).
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Chapter 4: Line and Spin® Bundles on a quotient

space and a Riemann-type submersion

In a paper by Erdés and Solovej, 2001, the authors demonstrate the existence of zero-

modes for magnetic fields that are parallel to:
XF%(x) := Wi (x) + Wy(x) (4.0.7)
where:
W (x) = (—279,271,0) & Woy(x) := (22129, 27273, 1 — 2] — 25 + 23).

The two components of the sum right above are the fields denoted by Wj(x) and
W (x) respectively. In Elton, 2018, it is proved that the Weyl-Dirac operator possesses
no zero-modes when the magnetic field is parallel to Wy (x), Wy (x) or (0,0,1). Here,
we study the existence of zero-modes in cases where the magnetic field is parallel to a
linear combination k1 Wy (x) + ko Wa(x) for k19 € Rog, k1 # Ke. For such k1, kg > 0,
recall we’'ve defined

X(x) := k1 W1 (x) + ko Wa(x). (4.0.8)

The Dirac operator is rather complicated, mainly because it strongly couples the
two components of a Weyl spinor it acts on. The contributions of Elton, 2018 Elton,
2016/ and Erddés and Solovej, 2001] respectively make use of the first-order operator Qx,
(for X defined as W, W, or X% respectively) , which has diagonal first-order terms
and commutes with the Weyl-Dirac Operator. The latter fact is particularly useful as
it implies that these two operators have the related eigenstates, and that enables us to

get information on zero-modes of D 4. In this chapter, we’ll investigate the spectrum
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of this respective operator, as well as construct a suitable submersion from R? to R2.
Unlike the Erdds-Solovej case, the respective geometric objects we’ll be working
with here, are not Riemannian manifolds. Instead, we get a collection of two orbifolds
when k € Q-¢, and a more general object otherwise. However, we can treat both cases,
concerning the calculations performed, as if they were Riemannian manifolds.
In the first section of this chapter, we define the basic objects we’ll be working with
throughout this thesis.

4.1 A family of multivalued Riemannian submersions

We want to derive with a map F', that maps points in R? to points on R? (equivalently
C), such that it is constant along the vector field X and respects orthonormality of the

normal and binormal directions of X. In particular, we want F' to satisfy:
X.VF =0. (4.1.1)

This is a necessary condition. Moreoever, we’ll find such a map to submerse charts of
(R?, Q) into copies of (R* w), (R? wy ), where Q(x) = |X(x)|™! and w; o are given by

(4.2.15) and (4.2.16]). Particular versions of Dirac operators on such weighted space can

commute with the operator(s) Qx

The construction of the submersion F will be broken into two steps:

First step consists of mapping R3 onto the open unit disk D on C. This is done using
the following maps x.-12, Xx1 defined on charts Rj := R?\ {(0,0,23) € R3|z3 € R}
and R3 := R3\ {(z,72,0) € R3|2? 4+ 23 = 1} respectively:

—é(Z1)(é(22)) 7" (4.1.2)

Xf{,l(x) -

and

Xr-12(X) = (é(z1)) =é(29) (4.1.3)
where Z; = 11 + izy, 2o = 1 — |x|? + 2iz3 and é(z) = 2/|z| for z € C*.
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Remark 4.1.1. The subscripts &, x~! may be dropped from the Y’s, F’s and F’s

((3.1.1)),(3.1.2)) and (4.1.6]),(4.1.7))) for the sake of simplicity and neatness if there is no

need emphasizing the value of the parameter k.

Now, we can define a map v such that v(x,1(x)) = xx-12(x). To find such a
function explicitly, we just need to pay attention to the radial and angular factors in

the polar form of y,.:(x). By the equation in the top half of this page, we have (where
XKkFl = XkF1 (X))

1- |Xf€,1(x)|

— = = |y,-19(X)],
T e Go] 2!

- 1

arg(xs12) = & (21)E(52) = (E(21)8(52) ™) 7 = arg(xnn) T+

Therefore, slightly abusing notation we define the map v : D — D and its inverse

respectively:
1 - |Xli,l‘ _1
U(Xe1) = T [onal arg(Xe,1)” * (4.1.4)
— 11— Xk—1 K
v (Xe-12) = ﬁ arg(Xu-12) " = Xu1(X). (4.1.5)

The maps x and v are obviously multivalued, but we can work with single-valued

versions of them by considering branches of the respective exponentials

Remark 4.1.2. These maps X, can be derived if we consider a point x € R$ (resp.
R3) and we write it in the parametric form x = 7(t) where ~(-) is the integral curve of
X(x) passing through x and follow the integral curve (forward of backwards) until it
reaches the unit disk D on the xjxo-plane (resp. the right zyzs-plane and then get it

mapped onto D via a Cayley transform).

The second step involves finding maps F,, F,.—1 from the unit disk on the complex
plane (naturally identified with D) to C such that the compositions with x1 2 : R}, — D
produce a Riemann-type submersion. In particular, we want them to preserve the

orthonormality of the two normal and binormal vectors of X.

Foi = Fy 01 (4.1.6)
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and
Forgi=Fe 10X, (4.1.7)

defined on R? and Rj respectively, produce a (generally multivalued) submersion of

Riemann-type. In other words, we want them to preserve the orthonormality of the

normal and bi-normal vectors (of the integral curve ~(+; p,ty) of the vector field X).
This search of maps, F,+1 consists of looking for functions with a “radially

symmetric” component f.+1, in the form:

Fo1(2,2) = 2f01(32) = 20 (|2])
which may be loosely be denoted as F,:1(%) (where 2 = y.# respectively). We're
considering f.+1 (and consequently F,{il) to be a smooth function of 2 so that it will

be smooth rear |Z| = 0.

The derivation of these maps partially relies on information given by the integral curves
of the vector field X,; (or equivalently X, (x) := x; ' X(x) if k2 # 0 since the shape and
geometric properties of these curves remain intact). This information is given in the

next subsection.

4.1.1 Integral curves of the vector field X

Following the respective results in Elton, 2018, by simply inspecting the vector field
X(x), the integral curves of X are given by:

Y(t) = (n(t),72(1),75(1)), (4.1.8)

where ) .
(1 — p?) cos(2k1t + to — t})

t) = : 41.9
n(®) 1+ p? + 2pcos(2kat + to + 1) ( )
1 — p?)sin(2k1t + ty — t!
Y(t) = ( Qp) 2rat 1 fo 0), , (4.1.10)
1+ p? + 2pcos(2kat + to + tf)
2psin(2kot +t t;
3 (t) psin(2ral +lo + ) (4.1.11)

T 1+ 2+ 2pc0o8(2kat £t + 1)
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fop € [0,1) and (t) = (0,0, tan(2kat + to + ty)) for p =1 (t € R, to, £}, € [0,27)).

Remark 4.1.3. The parameters ¢, t, € [0,27) and p € [0, 1] are used to describe the
initial condition 4(0) = xo € R3. In particular, the integral curves of X lie on a torus,

parametrised by p, t;, with p describing the “thickness” of the torus.

The fact that these curves are integral curves of X (x) can be seen easily by inspecting
the integral curves of each of its components (k1 Wi(x) and kaWy(x)), which are
respectively:

() = co(cos(2k1t + to — th), sin(2k1t +to — ty), ¢) (4.1.12)

(for Ky W1(x)) where ¢, c € R, and for p € (0,1), ¢1, co € R such that ¢ +c2 =1— p?,
the case for ko Wy(x):

1

2
t) =
Y ( ) 14 :02 + 2p COS(QKJQt + 1o + t6>

(cl, Ca, 2psin(2kat + to + tg)). (4.1.13)

This comes essentially from a direct inspection of the cases where ko = 0 and xk; = 0

respectively, see Elton, [2018|

4.1.2 Derivation of maps from R? to the unit disk

Given that we have the formulae for (), we can find the points on them that are on the
unit disk (and the plane {(x1,0,23) : z; > 0}) explicitly, givenﬁt € R. In particular,

we have:

Proposition 4.1.4. Let x € R},. The integral curve(s) of X intersects the open unit
disk D := {(21,22,0) € R? : 22 + 22 < 1} at points given by:

2¢/2? + 23
= \/m é(xy +izp)e (1 — |x|* 4 2ix3) (4.1.14)
1+ |x)2 4+ /(1 — [x[2)? + 4a

Xﬁ,l(x)

"In the case where k := k1 /K2 = 1, p corresponds to distinct Hopf fibers. In particular (1—p?)/(1+
p?) = sin(n) (and 2p/(1 + p?) = cos(n)) where n € [0,7/2] is one of the Hopf coordinates by the
standard Hopf parametrization. Note that the variable p corresponds to the rational parametrization
of the circle.

81f k = p/q for p,q € Z, q # 0 with ged(p,q) = 1, then ~ is periodic with period T = ¢r.
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and 1+ x> + 2] — 4]
+ |x|* 4+ |Z2| — |21] - R 2 :
= . —e(x1 +1xg) re(1l — |x|° + 2ix3). 4.1.15
1 |X|2 |22| |Zl| ( 1 2) ( | | 3) ( )

X%,Q(X)

Proof. This is done by solving the equation 3(t + t1;p,t9) = 0 (which collapses the
integral curve down to z3 = 0 for ¢; € R, i.e. sin(2rka(t + t1) + 2ty) = 0 which implies
2k9(t + t1) + to + 1y = km and cos(2ka(t + 1) + to +ty) = (—1)%, however, we want
the points which are in the unit disk, so by the previous formulae we get that we need
cos(2ra(t +t1) +to + 1) = 1.

This means k& must be even and so 2ky(t+1t1) 4+t +1t, = 2k 7 for some k; € Z means
that t; = kym — to — t. In this case, we notice that (1 —p?)/(1+p)2 = (1—-p)/(1+ p)

we can define the map y,1 : R? — D using the formula:

1__peﬂ@q+nﬁw—ﬂ+nﬁ@__ 1__peﬂhﬁﬂe—ﬂu+ﬁﬂo (4.1.16)

1+4p S 1+p
where we've identified x = (21, 22, z3) € R? naturally with ~(t; p, t9) for (¢; p,ty) such
that x = ~(¢; p,to). Note that we can re-write the previous formula by writing p and

to in terms of x1, xo, x3. To proceed, we set

_ , (1 — p?) cos(2k1t + to — ty)) . (1= p?)sin(2k4t + to — tf)
T e oS (2rat + o+ 1) L4 P2+ 2pcos(2rat + To + 1)
(4.1.17)
and
Zy =1 —|x|? + 2izs. (4.1.18)

In terms of (¢, p, ty) we get:

1o (1) (20’ sin?(26at + t + 1))
B (14 p% + 2pcos(2kat +tg +14))2 (1 + p2 + 2pcos(2t + to + t}))2
L sin?(n) _cos?(n)(1 + cos?(2kat + to — ty))

(1 4+ cos(n) cos(2rat +to +1;))? (1 4 cos(n) cos(2kat + to + t,))?

(1 4 cos(n) cos(2kat + to + t4)* — sin®(n) — cos?(n)(1 + cos?(2kat + to + t}))
(1 4 cos(n) cos(2kat + to + t7))?

—2 cos(n) cos(2kat + to + ty) + cos®(n) cos?

(2Kt + to + to) + cos?(n) cos? (2kat + to + tf)
(

(1 4 cos(n) cos(2kat + to + tf))?
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where we’ve substituted (1 — p?)/(1 + p?) = sin(n) (2p(1 + p*)~! = cos(n)) and
[Zo]* = (1 — [x[*)” + da3.
Also, é(%,) = e2:(t=%) and é(%,) = ¢2+%) which turn (3.1.14) (for k1 = 0) to

L=p otimpe _ L= Psis s
e U — " 8(Z)e7"(Zy) = Yk1(X). 4.1.19
T, 1+p(1) (22) =1 X1 (x) ( )

Which is a map from R? to the unit disk in R? (recall, Z; 5 and p are functions of x).

In the x = (21, x9, x3) variables:

2/x? + a3

L2+ /(1 [xP)? + 423

X1 (X) é(xy +img)e (1 — |x|? + 2izs)  (4.1.20)

where we easily see that x,1(z1,x2,0) = 21 + izg is multi-valued otherwise.

e First, we map points x of «(¢) to the first point on the half-plane
{(x1,0,z3) : 1 > 0} that x is mapped to when moving forward (or backwards)

in time ¢ along ~(¢).

e Secondly, we map the half-plane {(x1,0,23) : 1 > 0} onto the open unit disk
D := {(21,22,0) : 22 + 22 < 1}. This is done using a Cayley transform.

Lastly, we map the planar unit open disk D to the whole plane, as we did before. This
time, however, to ease the calculations and make the results neater, we “normalise” the
vector field X(x) — X, (x) = 12X(X); this only affects the parametrization (turning ¢

K

to Ky lt), the extrinsic geometric properties remain intact.
Step 1:

Given a (t,tg,p) € [0,7/K) X [0,7/Kk) x [0,1) (= R/(7rx™1) x R/(7x™!) x [0,1)) we
just need to find a min{t; > 0} such that ~,(t + t1,t0,p) € {(x1,0,23) : 1 > 0},
Le. Yea(t + t1,t0, p) > 0 that v, o(t + t1,t0,p) =0 = sin(2k(t + t1) — 2tp) = 0 i.e.
. nm + 2t,
2k(t +t1) — to = nm for some n € Z, ie. t, = ——— — 1.
K
However, we also want cos(2k(t + t1) + 2tg) > 0 which means that we want n to be

an even integer, i.e n = 2k for some k € Z (clearly cos(2k(t + t1) — 2tg) = 1).
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We can pick x to be 1 without loss of generality, or 0 if we are going backwards in
time, let it be 0.

Now, the half-plane {(z1,0,z3) : 1 > 0} can naturally be identified with the complex
half-plane with complex variable x; + irs (where now w3 are functions of (t,to,p),
effectively of (to, p)). We have:

) 1—p? -7
x f— p— .
! L+ p2+2pcos(2(t+ 2 —t) +2tg) 14 p? 4 2pcos(2(1 4 2)to)

(4.1.21)

Recall p € [0,1) so the above is clearly positive, and after the re-scaling (resp. re-

parametrisation), we have X — x,'X (resp. t — k5 't) we have respectively:

2psin(2(1 + L)to)
I3 — 1 .
1+ p? +2pcos(2(1 + L)to)

(4.1.22)

Step 2: We want to map 71 + iZ3 onto the unit disk D. We will do that with the help
of a Cayley transform: z — €(az + b)(z + ¢)~! for suitable choices of a,b,c € C and
0 € ]0,27). A relatively simple and neat choice of such constants will be to pick a = 1,
b = —1, so that the point 1 4 i0 = (1,0) will be mapped to the origin, and now by

picking ¢ = 1 we make sure that the modulus will be less than 1. Then we have:

) 1— p? 2psin(2(1 + L)to)
3-1= < - — ) 3 1
1+ p2 +2pcos(2(1 + L)to) 1+ p® +2pcos(2(1 + L)to)
~ =2p(p+ peos(2(1 + 1)to)) 2psin(2(1 + L)to)
1424+ 2pcos(2(1+ L)tg) 1+ p? +2pcos(2(1 + L)ty)
and
1— 2 2psin(2(1 + )t
2—1—1:( P 1 +1) P (< K>0)1 i
1+ p? +2pcos(2(1+ L)to) 1+ p? + 2pcos(2(1 + L)to)
2(1+ peos((1+ L)to)) 2psin(2(1 + 1)to)
= i.
1+ p2+2pcos(2(1+ 2)tg) 14 p> +2pcos(2(1 4 1)to)
Therefore

G+D)E+1D)=]z2+1*=ZP+2+2+1=|Z?+2Re(2) + 1=
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(1= p*)* +4p*sin*(2(1 + 1)to))

2(1 - p°) i1
(1402 +2pcos(2(1 + L)tg))* 1+ p* +2pcos(2(1+ ;)to)
(1= P+ 4 — 4 021 + Do) 21 ) L
(14 p2 + 2pcos(2(1 + 1)) 1+ p% +2pcos(2(1 + )to)
(14 p%)? = 4p° cos®(2(1 + )t)) 2(1 = p*) 1
(14 p2 4+ 2pcos(2(1+ 1)t))® 1+ p* +2pcos(2(1 + ;)to)
1+ p* —2pcos((1+ )to) 2(1 — p%) 1
L+ p2+2pcos(2(1+ L)tg) 14 p*+2pcos(2(1+ L))
_ 3_p2_2pcos(2(1+%)t0) N 1+ p? +2pcos(2 E )
1+ p2+2pcos(2(1+ L)tg) 1+ p>+2pcos(2(1 + L)tg)
4
= |7+ 1)° =

1+ p? +2pcos(2(1+ L)tg)
and (Z—1)Z+1) =2 -Z+2—-1=|z22+2Im(Z) — 1=
(1= p?)* + 4p%sin’(2 ( %)HJr

Apsin(2(1 + L)to)
(1+p +2pcos( 0))

i
1+ p? +2pcos(2(1 + L)to)

_ (14 p?)? — 4p? cos?(2(1 + £)to)

4psin(2(1 + £)to)
(1 +p?+ 2pcos( (1+ ; tg))

-1
1+ p?+2pcos(2(1 + %)to)l
4psin(2(1+ L)) .
1+ p? +2pcos(2(1 + L)to) '

1+ p*—2pcos(2(1+ 1 )t0)+
1+ p2+2pcos(2(1 + L)tg)

_ —4p cos(2(1 + = )tg) + 4ps1n(2(1 + ;)to)j

4p o121+t
- =
1+ p? +2pcos(2(1 + L)tg) 142 +2pcos( (14 1))
| . -1
therefore: f n —/)6"2(”r )% and so for § = m we have: ™
Z

712(1+ )to
zZ+1 - re

Now, by conjugating the latter we obtain a neat map

X1o(x(t,to, p)) 1= pei2itelto

(4.1.23)
in “local” coordinates (¢, p,tg). In order to revert it into Euclidean coordinates, we
_— El 1=y
notice: — =
1+ x2+ 12 1+p
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1—A
1+ A’

14 x| + \/(1 — |x|?)2 + 422 — 2/ 2% + 22 1+ 1x|2 + |Z2| — |Z1]
1+ 24+ /(1= [x]2)2 + 423 +2¢/2F + 23 L+IxP+ ]2+ 7]

and setting the LHS as A we have solve for p and we have: p = analytically:

Recall ; = 21 + iz and Z, = 1 — |x|? + 2iz3 and since we have: é(Z;) = e?(*=%)i and
&(Zp) = 2H0)l we get that é(x1 ,(x)) = &(2,) ~é(%) and so
1+‘X’2+‘22’—‘§1|~~ 1,
X) = — —€(Z1) =€e(Zq). 4.1.24
X%,Q( ) 1+ |X|2 + |Z2| + |Zl| ( 1) ( 2) ( )

When there is no serious risk of confusion, we’ll abuse notation and denote Yy, ; and

X1 simply as x,.+1 respectively. O

4.1.3 Mapping the unit disk to the complex plane

In order to deduce a (suitable) Riemannian-type submersion from (charts of) R? to
copies of R?, we'll look for functions F': D +— C such that when composed with y, 1(x)
we'll get a function F' = F 5 that’s a Riemannian submersion from R? to a Riemann

surface. To find such [ 2, we make the following ansatz:
Fo1(2) = 2fe (|2°) (4.1.25)

where 7 = VZZ = |Z| (we've put a square in f,+1 in order to ensure smoothness at
the origin), and compose it with y.+:. Regarding the case of Fy composed with y1, by

slightly abusing of notation we have:

(Fi 0 xe) (%) = Fi(xa (%)) =[x (0 fi(Ixs () [*)E(Z1)E"(2) (4.1.26)

This is going to be a radial scaling of x,.. To have a Riemannian submersion, we want:
d(Fy o xx(7(1) =0 =

X(x).V(FH o xx(x)) = 0, (where x = ~(¢) for an integral curve v of X and ¢ € R).
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2 2 2
Tt T ), and to do that
L+ [x]? + /(1 = [x[?)? + 423
2\/x3 + a3 B EA 1+ %P — |3

14 x4+ /(1= [xP)2+ 422 1+ xP+[z B

We want to calculate: V|y,(x)| = V(

we re-write:

We proceed with these calculations in steps. First, we calculate the gradients:

V|§2‘ == V\/ ‘,%2'2 == V 222_2

| | (ZQVZQ + ZQVZQ) (4127)
22

VIZ|=VV|Z]2P =V 2 z1V21 + 4 VZ). (4.1.28)

Remark 4.1.5. Note that when defining F,i(z) we've naturally identified the usual
plane R? as the complex plane (C). Assuming that F.(z) can produce a Riemannian
submersion from R? to R? (when composed with ), i.e. it (locally) preserves lengths
and orthogonality of the basis of some 2-dimensional subspace of R?, without loss of
generality, we assume that V Re(F,), V Im(F,) (or equivalently Re VF,, and Im V F,)
correspond to the vectors whose lengths and orthogonality is preserved (i.e. they have
the same length and they are orthogonal too). In fact, since we just need to show
that some two orthogonal linear combinations of vectors dy,(F, o x.(x(t,to,p))) and
d,(F 0 xx(x(t,to, p))) (both of these vectors are perpendicular to dy(F} o x.(x(t, o, p)),
producing a plane) remain orthogonal (and have the same length) under dF)

span{dy, (F,, o xu(x(t,t0,p)))}* — C = R? and both are linear combinations of
ReV(FR o Xn) and ImV(F,.i o Xn)- Then, since for any F‘Kil we can choose a linear
transformation that satisfies this, we can pick Fj (which is yet unknown) to satisfy this

in the first place.

Consider F,in the form is a fruitful idea because it preserves angles and
re-scales the radial part of the complex number r : [0,1) — [0,00). Given the fact
that Vﬁ’m is a complex vector, the ideas above can be translated to the equations
(VE.1)?=0= (VT}J){ equivalently:

(Re VE,)? — (ImVE,)?) + 2i(Re VE,).(ImVF,) = 0, (4.1.29)
ie. (ReVF,)?=(ImVE,)? = |ReVE,| =|ImVF,| and
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(Re VE,).(ImVE,) = 0 (persistence of lengths and orthogonality respectively).

We have:

Lemma 4.1.6. The gradient of x,(x) satisfies:

|Xc]
Vi = — Xl vy W, (x). 4.1.30
|X | 2‘22’(1,% +$g) 1(X) X Q(X) ( )

Proof. We calculate:

121 1 i i o
V< ~>: — V4| + AV + x]*+ |2
L+ [x|* + |Z| 1+ |x|2 + |2 2] + [Z] ( x| | 2|)
z 2z
: 1 1 = 2 | 1 V15
p— — . :L‘ o N x Z
].+ |X|2+ ’22| \/m 02 (1+ |X|2+ |22|)2 2 2
I3
z x (1 — |x[2
@irad) 2 ) 4v/elead |- 1E1 : :2;
1+ [x[* + | 2] 2 (14 |x|% + |22])? L2 2 T2 X )
0 x3 —x3(1+ ’X| )
(4.1.31)
which simplifies to
1+ [x]2 + 2|
T 1 (1 — |X‘2>
- o+ | 1+ |x|? + | %] 2 2 2 )
s —as(1+ xP?)
(4.1.32)
—
(L) _
1+ |x]2 + | %]
11 0 4.1.33
ol - e (1~ ) [ - e (1.133
T\af e TP 2 %] JRE

0 I3
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The coefficient of the first term in the RHS is

el <<1 + [x[* +|22)| 22| — 2(2F + 23)(|122] + |x|* — 1))
" (14 %2 + [22])|Z2|(2F + 23)

By observing that the numerator inside the parentheses is
(14 [x[* = 2(21 + 23)) 22| + |22 — 2(at + 23)[x|* + 2(a2¥ + 23) =

(1 — 2% — 23 +23)| %] + (1 — [x]*)* + 4a; — 2(2] + 23)|x|* + 2(2F + 23)
= (1 —af — a5 +a3)|Z| + (1 — [x[*)? + 4(aF + 25 + 23) — 2(2] + 23)[x[* — 2(27 + 23)
= (1 —af — a3+ 23) |2 + (1 = [x[*)” + 4fx|* — 2(a? + 23) [x|* — 2(a7F + 23)
= (1 —af — a5 +a3) |2 + (1 + [x[*)? = 2(aF + 23) (1 + [x*)
= (1 —a} — a3+ 23) |2 + (1 + [x[*)(1 + [x[* = 2(z] + 23))
= (1 —a} — a3 +a3)|%| + (1 + [x[*)(1 — 27 — 23 + 23)
= (1 —af — a5+ a3)(1+ x> + |2)).

Therefore, we have:

I 0

|Xn71| 2 2 2 2 2
V|Xn,1| = —|22|($% —I—x%) (1 -2 — a3 +I3) T2 | — (xl +x3) | 0 =
0 T3
|X/£ 1|

Vel = —"">——W x W 4.1.34

’X ,1| 2|ZQ|(.T%+:C%) 1(X> 2<X> ( )

where Wi (x) = (=21, 221,0) and Wy(x) = (27123, 27013, 1 — |x[* + 222). O

3

This is an important step towards deriving the equations since:
V(Fn © X,{(X)) = VFN(XH(X)) = (VXV»)];KOX%P) + XN]Z(’XKJP)V‘XKJP

= Tf//s,l (TQ)(VT)é(Xn) + JFR(T2>(VT2)é<Xn) + TJEF»(TQ)Vé(XH)
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where we calculate the gradient of é(x,1) by calculating each one of its components

(é(Z2,1)) individually, and we do that by noticing:

Vé(5) = v( 21 ) LV arg(Z,1). (4.1.35)
|22,1\ \22 1|

For future reference, we have:

Lemma 4.1.7. The auxiliary variables z; 5 satisfy:

1

Varg(z) = —5——<
ST )

W, (x) (4.1.36)

and
2

(1= [x[?)? + 4a3

Varg(z) = — Wy (x). (4.1.37)

Proof. We have:

5 iz, z iz,
Varg(zm) = — ~2’1 V( ~271 ) = — :271 <’221|V221 +ZQ 1V|ZQ 1| 1)

|2271| ’2271\ |22,1|

iE2,1 1 ~ 22 1 122 1 52,1 ~ =
= =T <~—VZ2,1 V|22 1| = VZ2 1— ~—V(21,221,2)

B3 BNETE 2|Z2,1|2

17 ~ 2 = ~ ~ —
= _~_2’1 <V22,1 — ﬁ(?«“g@vzgl + ZQJVZQJ)).

We recall: V|Z| = V\/2? + 23 = (2? + 22)7Y/2(x1, 12,0)" or equivalently:

1

B

— _ 1 - 1
VIz| =V 212 = V(§1§1) = MV(%%) 2| Al (21V21 + zlv,zl) (4.1.38)

Analytically: V2, = V(21 +ixs) = (1,i,0)T, V2, = V(21 — izp) = (1, —i,0)T and

Vi, = V(1 - [x|*+2izs) = V(1 — 27 — 2} — 23 + 2ix3) = (—2x1, —222, —233 + 2i) and
V7, = V(1 - |x[* = 2iz5) = V(1 — 2f — 23 — 23 — 2ix3) = (21, — 229, —225 — 2i),

and we calculate 2, V2 = (11 — i)V (21 + iz2) = (71 — iz2)(1,1,0)T and so
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21V§1 = (23'1 + 1$2)V($1 — 1.272) = (23'1 + 1272)(1, —i, O)T

1 T
~ Nl ~ = = ~ . 1 + im?
— Vz; — W(szl + 21V21) =11]— ZE% T l’% o
0
= ‘~ |2 . 1 1 X1
Z1 - 21 - = = ~ T — IXg .
=5 Vi — (a1 Vi) ="222 -
‘21|2 21 2|21|4(21 21 +Zl Zl) Qf%"‘l’% 1 x%+$% 02
That is,
. —ixy 1
i
\v4 ) = ————= | 1 =— W . 4.1.39
arg(’zl) x% + ;C% 1}(;1 2(37% + x%> 1(X> ( )
Similarly, by (4.1.27)), we compute
1 —I1 —T
V |z = 1 — |x|? — 2ix —x + (1 — x> +ix —x
ol = e (2w | [0 |
—x3+1 —T3 —1
=2z, (1 = [x[?)
1
\ 2u3(1+ [x]%)

We could bring it all together to compute
Ve (z) =

R (5)VE(Z) = —kie TN (5)E(5)V arg(5) = —%5_“(52>‘f_2|v<é>

Z9 ’22‘
e P2l e s es ey ena (L os 1 ~
= — ke (22)2—(|22] Vi + 2,V |%)| ) = —ke (%) =Vz — WV|ZQ|
2 2

1

B

= —keé (%) (%Vfég — V|22|) = —:‘ié—”(%)(ivgz - NLV 52§2>
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—2z —2x1(1 — |x/|?
1 ! 1 (1= Ix)

2 - —225(1 — |x|?

1 — |x|2 + 2ixg T2 (1 — |x[2)2 + 4a2 z2(1 — [x[%)

—2x3+ 21 2z3(1 + [x/?)

—2z —2z1(1 — |x|?
1 _ |X|2 _ 21:63 2 1 1 2 1(1 | |2)
1 —|x|?)? + 423 o (1—x]2)2+4a2 |~ zo(1 = [x[%)
—2r3+ 21 223(1 + [x]?)

211‘1273

(6(Z))~" B 2ik(€(Z9)) 7"

21I2[E3

2 2+4$2
P e 2n)

= TPy g Ve

2

= Vo) =~ pE g

W (x). (4.1.40)
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4.1.4 Properties of weights on R? and R?
Proposition 4.1.8. The weights, w5, Q on R? and R? respectively, satisfy:

w1 2(|FLa(%)[*)[P1a(x)| = wia(|F12(x)[*)]Qy o (x)] = Q(x) (4.1.41)
for x € R} ,.

Proof. From the last part of the proof of the previous proposition, in particular, (4.2.30)),

and for distinct 7,7’ = 1,2 we have:

1 B (IE ()12) (1 = by (| F () )
Ry [ ()|((1 = hy (| F5(x)[2))? + 4s3 =2 by (|F (x)]%))

VSi(l = s5) |
/T (s;) (1 = 55)% + 4r2G=20)s)

wi(|F5(x))[*) =

Now, for €2 we have:

1 1 1
Q(X) = = = - = = )
XE) (WA +R5312)Y7 ks T+ 828 kAl +E28

recall & = |%]|%| ™ and & = &' Now, from (4.1.48) and having set s; = |x.1/|* =

- 481

|X1‘27 by ‘ ; We get’: 5% - (1 _ 31)2 =
-1 4 2 -1 —1
<\/1 + /<;2§f> = ( 1+ —(1 P 21)2) = ((1 —51) (1 —s1)2 + 4&231>
- o1

1— S1
V(1 = 51)2 4 4k2s;

Similarly,
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1—81 1—82

= Qx) = = .
( Hg’gg‘\/(l — 81)2 + 4/41251 K,lygly\/(l — 52)2 + 4/‘%7282
So,
VSi(l = s))
(F , = , ; :
w]( ](X))|Q](X)| /{j/((l . sj)g +4/€2(372J)Sj)|QJ(X)|
Now,
1 4K2
Qulx \/ac1 + x2 (1- |X| ) + 423 \/xf + a3 * (1 — |x[?)% + 4a3
_ 4/<;2a:1+x2) 1 |+ 22 — ; L+ 452312
NEEY S 1—\X’ 24422 |z |Z1] (1—s1)
1 /(1= s1)? +4k2sy
|51| (1 - 81)
NG
— wy(Fi(x
{(FG)IQ o) = e
However, \/_ \/? and now because & = V5L we have:
NETRRIE — 51
(1—s1)
wi([Fi(x)*)|Qy(x)] = E = Q(x).

/€2|2’2|\/ 1 —s1)2 + 4K%s4

Similarly for Q,(x). From the definition of Q(x) and P(x). Simple calculations show

that |P1s(x)| = |Q o(x)].

As a result, the map F' = Fi5 : R}, — C = R* defines a Riemannian submersion

on the respective spaces with weights 2 and w. This is true because, for F' := Fj o =

(Re Fi2,Im Fy5) : R}, — R? to act as a submersion from 3 (Euclidean) dimensions to

2, we need to introduce (smooth) weights, wy o : R* — R in order to make this map

a partial isometry. where Ci5 3 210 = 212+ iy12 = (212, %12) € R2. The equation

corresponding to the imaginary parts is the same since |V Re F); 1(x)| = |V Im F}; 1 (x)).
Simple calculation. This condition is satisfied for any choice of weights satisfying (4.2.7))

introduced in (4.2.15)), (4.2.16]).
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4.1.5 The complete formula for the submersion

We want to obtain a Riemann-type submersion, F', from the R? (or at least, charts of
it) to R? (or copies of it) such that X.VF(x) = 0. In this particular, we derive such

maps Fy from R}, to C = R? explicitly. First, slightly abusing notation, we write:
VFLQ(X) = V Re FLQ (X) + iV Im FLQ(X)

and we notice that if we make the ansatz Fj(x) = Fj(x;(x)) = x;(xX)fes—2 (|x;(x)[?)

(where the k-dependence has been dropped from x’s for simplicity, j = 1,2) we have:
VFi = ferr(Ixi2l) Vi + x12Vixe fro (Ixi2l?)
for some f:[0,1) — [0,00). To find a formula for Fj 5 we’ll use the following:

Lemma 4.1.9. The maps y,1 : R} — D, X1g: R3 — D satisfy:

1 i 2K1

ViXer =Xei| 572 2 W1 X Wo+ o5——5- W, — W2 ).

Xkl = Xr,1 <2\z2|(.r% a2 ! 222442 (1 —[x[?)? + 442 2>
(4.1.42)

VXAQ =
Xk—1, - —— Wl X W2 - —Wl + W2 '
| (= Tt PP 2n(af+ad) (1= PP+ dad

(4.1.43)

Proof. We have:
Vet = (VIxe1l)E(20)E (%) + xwa| (VE(21)E7"(32)))

= (Vixeal)€(z21)e 7" (22) + Ixunl (VE(21)) " (22) + |Xn1l€(Z1) VET"(Z)

|Xﬁl|~~ ~— e~ ( 1 i 4Ki )
= 2nle(z)e " (5) | ———— Wi X Wy + ———— W — W
? (@ Fmr gV Wt Y T e A
—
1 1 2K1
Vi1 =Xei| ———— W x Wyt —— W, — W, .
Xt ”(mmw+@>lx S TP O—MW+M§2)
(4.1.44)
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Regarding the other map, we have:
Sl s TN
Vx1s = (Vxe-12])e= (21)é(2) + [xam1l (Ve (21)é(22)))

= (Vxe1a)e 5 (20)E(Z2) + |Xun| (Ve 5 (21))E(Z2) + [Xunle 7 (21) VE(Z)
2

@) A )RR T 4x§W2>>'

]

4|\ )
= Xk—12 (_< |X 71| W, XW2—|—1(—

L — |xwa]?)| 22|21

Now we’re ready for:

Theorem 4.1.10. There exist surjective maps F} o : R?}Q — C, such that X.VF}, =
0 and |VImFi5| = |VReFis|. Consequently, Fi, defines a Riemannian-type
submersion from R}, to C up to a choice of a suitable branch of a Riemann surface due

to the emerging multivaluedness. These maps satisfy:

Fi(x) = (Froxa)(x) = Cie V8 6(2)6%(%), & =|al/lnl  (4.145)
and

1+;§

dé2

J

Fo(x) = fora(|Xa10]?) = Coe @VHE  VN(2)E(2,), & =|%[/|7]  (4.1.46)

a

where €,(z) (z € C*, b € R) denotes a branch of the exponential €°(z) = (z/|z])?,

indexed by ¥ in the sense €}, (z) = e(Arg()+i2rt)

Proof. We have,

VFo1 = fer(IXe1]) VXt + X1 (VX ) foa (X ]?)

= fﬁ,l(’Xﬁ,1’2)VXn,1 + Xﬂ,1<V(XK,1yn,1))fé,l(‘XH,l‘2)
= fn,1(|Xn,1|2)VXn,1 + Xn,1(<VXn,1)Yn,1 + Xﬂ,lvym,l))fflﬁ,l(|xﬂgl|2>

= fﬁ,l(’Xﬁ,IP)VXH,l + 2Xk1 Re(yf-uvxm,l)f//{,l(’xm,l|2)'
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where

Yﬁ,lVXH,IZ

1 1 2K
XXl =———— W, x W '(——W— W)
XX ’1<21zQ|<x%+x%> RO N ey A Gy e E Ry e >
-

_ |XI{1’2 4’X:‘{1|2

2 Re VH :~—7W ><VV:~ — W, xW

RV = g gy Ve T Rllap W

—

2
(FD) ' Far = (F)~ (£ ) VXt + 021 (W W) £ ()

|2112| 2|

1 2K
2@ ad) A PR

4 <1 Xt |2 fla (X [?)

= (= W, xW —i(—
21222 \2 0 fea(xsal?) > B

Notice that we can safely divide by F; because we work away from singularities on this

particular chart, i.e. Fy # 0.

Also, recall that: |z1]? = [2x1+2ix5|* = 422 +423 = |[W|? and |Z|? = |1—|x|*+2x23i|* =
(1= [x[*)* + 425 = [W*.

We notice that the real and imaginary parts (corresponding to the two directions

defining the plane(s) that R}, is submersed to) are perpendicular. So, we have:

(F)(VER) =

2
16 (1 \xn,ﬂ?f;(lxﬁ,#)) W, kWP Wl K2 W,

EEEIRV Fellxwal?) At +a3)? (1= [xP)? + 4a3)?

= (Re(VF))? — (Im(V FY))2.

However, given that we wish F' is a Riemannian submersion, we should have that
the lengths of the Re(V Fy),Im(V Fy) should be equal. Le. (VFy)? = 0 or simply
|Re(VFy)| = |Im(VFy)|. In other words:
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(W, [? 4K |Wo|?
Azt +23)2 (1 — |x[?)? +4a3)?

L(l PR ACT:

N\ 2
W W, |* =
EaE\z T fihear) ) W W

Given that W1, Wy are perpendicular, we notice that [W; x Wy| = |[W;|[W;| and the

equation above simplifies to:

i(l |Xn,1|2fé(|Xn,1|2)>2: |W1|2 4/{2|W2|2
P2 T fellel?) AT+ (= P+ 4

And with the RHS simplified, we get the following:

R L
FPAZ 0 fallxeal?) 16(a7 +a3) 41— [xP)? +dag) 42 43P
1 . 241 . 2 2 1 /{2 3 2
N ()
2 Fullxnal?) 2 2\3|
—

AN \/ (w)Q 1 1\/ (W)Q
: a : = — = 1+l€2 —_ = —= 4 = 1+I§J2 - . 4147
Felhoeal) 2 B 273 %) G

We chose the “+7 sign when applying the square root so that f,. is increasing and

fellxsal?) = o0 as |xea| = 1 (ie. as 27 + 23 — 1 and 23 — 0).

Z1 : .
Now, we've set & = H the new “independent” variable and we have:
z2

2
. . &l
N T - Y =Y N (),
Kk, — ~ — = = ~ -
L+ [xP 4120 (VAR + 2P+ %)? (1+ 14 <\21 )2>2

& .
(14 /1+€2)?2

— |XI€,1‘2 =
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Setting z = /14 &2 (> 1) as a new dummy variable, we get the quadratic for z:
Xk |2 (1 + 2)? = |xu1]?(1 + 22 + 22) = 2% — 1, which gives:

(1= Ixeal*)z* =22 = (1 + [xeal*) =0

1 2
Solving this quadratic, we get z = % and then solving for £&; = v/22 — 1 keeping
— [ Xk,1
in mind that & > 0 we get:
2|XH 1|
— ArIL 4.1.48
ST P 19
So we set e
2 i
K = Jk K = Jr > 07
(60 = Sl ) = 1 =)
and we have:
d 52 ) 52
/ _ (. * 1 / 1
9:(&1) (%xu+wﬂ+ﬁﬁ>ﬁxa+wq+ﬁV)
261 2
= I Xk,
G vizagryizarel)
i) 0 VTTEPVITE LG _ VT E )
T fellxeal?) " 26 9x(&1) 2 9x(&1)

So the equation becomes

S/1+& g (&) 1 /
T ge(&1) 5( B K2§%>’ (4.1.49)

From these equations, we see that g, 1(&1) is increasing. This is essentially a first-order

linear equation and can be solved explicitly via standard methods. We have:

&) _ 1 /1+eg
9:(&)  HV1I+g LV1+g

and using standard trigonometric substitutions, such as setting 6; = tan(&;), we

eventually get (also see Edition, [2007| for a table of indefinite integrals):
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1 [(V1+&8+1
In(g. () = 1 + (i VAESED) o [y
2 \WVi+g -1 §Siv1+&
—
1 241 1 2¢2
n(gx(1)) = €1 + (In Yt +/—V+“§;d§1)
1+&—1 Siv1+&;
— \/—
14r2¢2
\/ 2 J X3
9x(&1) = C1 + AR TR FeAvAEE (4.1.50)
1+& -1
Therefore
\/ 2 1/2 fiang%dfl
Fullxwal?) = Cy VIFSTINE Ca g (4.1.51)
’ 1+& -1
2
where & = 1|>|<—H’1||2, and C7 > 0 is a constant. To complete the picture, the maps
— | Xk,1

Fi(x), 13’,@71 are given by:

Fi(x) = (F 0 Xp1)(x) = Cre V™ (56" (5) (4.1.52)
where recall €,%(Z;) is a branch of the (é(Z))™" (recall z; = 2x; + 2izy, Z, =

1 — |x|? + 2iz3).

By MacLaurin asymptotic expansion, we see: g.1(&1) — C1 (= O(1)) as & — 0
and oo as £ — oo (it is also increasing). Using this fact, we get that & — 0 —

F..(xx1) — 0, the integral may be considered definite with endpoints from 0(limiting)

to &;. Similarly for the “second” chart, we have:
Va2 = (Vxera])e " (21)E(5) + X1 2] (Ve = (21)E(2)))

= (Vxa1a])e 7 (21)8(Z2) + [Xu-12] (Ve (21))&(Z2) + [xu-12]e ™= (51) VE(%)

4‘XN1’ . 1 2 )
— e - WX Wy ti(— o Wit W) ).
* ( T R N T =) R (W B E A Pl

VEF, = f2(|Xn—1,2|2)VXn—1,2 + Xn_l,Z(V|Xn_1,2|2)f:f1(|Xn_1,2|2)
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= [t ([Xu-121) VX122 + Xu12(V (Xum1.2X01.2) ) famr ([Xa-1.2]7)
= fﬁ_l(’XH_1,2‘2>VXﬁ_l,2 + Xn—l,z((VXn—l,z)le,Q + Xn—1,2Vle,2))f:fl(’Xn—1,2|2)
=
VE1 = for(IXe121) VXu-12 + 2Xn-12 Re(X1 5 VXe-12) fro1 ([Xi-1.2]7)

By (4.1.43) we have:

Viet2 = (Ve ia)e (21)E(%) + a2 (Ve = (21)é(2)))

4’XI€1| . 1 2
— o — U W, xW (— W W>
X 1’2( P RIFIE . 2 2k (27 + 73) 1+(1—!X\2)2+4x§ ’

—
8Xw1 2% Xk 1]

(1= aP)zlEP

2 Re(?n—l,ZVXfifl,Q) =

Given that F,-15 # 0 in an area of interest, we can have:

(VE)? =0 <= () 3(VFE)*=0

|2M>2
(Ixs-1.21%)

|XH 1|2 <
— : 1+ 2|y,
T PR oy T2
1 4

+
Rt +23) (1= [x]?)? + 4a3

—

/ 2\ \ 2 2\ 2 2 2
(= 1—|v. 1 A(2? +
(1+2|an,z|2—f“ LSS )) = (—|X 4 ) (?2 + i) 2). (4.1.53)

S (Ixm121%) 2[ X1 (1= [x[?)? + 4a3

1
The last factor in the RHS can be written as — + ——
K2 z2|2
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. L= el
We set a new variable & = 1/& = @ = X
21| 2|XF\Z,1|

and vice versa). By (4.1.48]), we have:

& & 1
|Xn, |2 = =
1 (14 +/1+&%)? <1+§1 1+(£i1)2>2 <£i1-|- 1+§§>2

(we want £ — 0o when & — 0

We also have:

2
1—- —1
|X _12‘2: (1— |XH,1|)2 B < §2+\/1+§§> o <€2+\/1+£§—1)2

— - =
L+ [Xn1 (1+ . b+ V/1+E&+1
Eo+v/1+63

As in the case of “first” chart, we set: g,-1(&) = fe-1(]Xx-12/*) and we have:

d , d
d_&gn_1(€2) = f;-rl(lxn—l’2)d_£2(|xn—1,2|2)7
where
i(b( 71|2) _ i(€2 + \V 1+€§ B 1)2
dg, " Ao\ + 1t +1
e VIFE - DG+ VI+E)
G+ VI+G+12V/1+8
Thus , 9
2|X,~rl72|2—fﬁ_1(‘xvl’2’ ) =

fe1(IXk12%)
1(52 +/1+€ - 1)2 E+V1+E+13/1+8  ¢..(&)
2\6E+V1+E+1) (G+V1+E -1 (&4 V/1+8) 9a1(&2)

VI )EHVIHE - D1+ 8) g (&)
206+ /1+8) 9n-1(82)
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(e V1+8)° -1)V1+8g. (&)
4+ /1462 gr—1(&2)

<§2+1+§2+2§2\/1+§2_1 \/1+ 229,.; 1
£2+\/1+£2 Gk— 1(5)

(52 +§2\/1+§2)\/1+52 9,.€ 1(62) - 29,271(52)
&+ /14 & gr-1(&2) 2 ge1(&)
So becomes:
(& 11 £
14+ & /1+ 3;_125:5 Ftp=\{1t s (4.1.54)
goa(&) 1 1 1+ 4

(4.1.55)

&) o/ite &\itrg

g 1(62) 1 1 1+ 8
5 A= - —F—=+ 52 ) dés.
7 gi(&) @ ( Eay/1+ 2 G 1+§§> &

Again, we've picked the “+” sign when taking the square root in (4.1.53) so that we

can have g.-1(&2) — 0 (resp. c0) as & — 0 (resp. oo) respectively, and is increasing.

So similarly as in the “first” case (for zi;), we get:

VIEAR /\/ 2

In(g.-12(&)) = Const. —1—2 (

1 + 52 — 1 1+ £
and by exponentiating, we get:
/ 14 1\1/2 f
g1(&2) = Cz( &+ ) /i (4.1.56)
NCESES
for some constant Cy > 0, where again, using asymptotics (as in the case for g,), we
get that g,—1 — C,—1 = O(1) (and non-zero). Equation (4.1.46|) follows. O
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Remark 4.1.11. The changes of variables x12 — &2 also satisfy the following

identities, confirming the previous calculation for &;:

‘Xn,llfl =1- |Xn,1\ 1+ 512 = ’Xn,1|\/ 1+ (51)2 =1~ 51’X/<,1|

— et P+ &) = (1= &lxwal)?

1— |XH,1|2 (: 2|X/€*1| )
2|Xf-i,1| 1- |XH*1|2

- |Xz~:,1|2 =1-24|xs1| = & =

Moreover, we have that the exponent is given via the following formula (for £ # 1)
SENE] 1+ K2 5{2
gVI+er

T+ 28 — /11 & 1 112
(|\\§1 +§ i\/1\/+ :2? ) +xn ('KV +§1|%2 l/1| Gas ) (4.1.57)
1 1 V

which yields:

and satisfies:

dgy =

|F(x)| = Con (l\/1+/i251 \/1+§%|)1/2<\/1+§%+/€\/1+I€25%>H (4.1.58)
1 V1+ 26+ 1+ k2 K% =1 -

On the other hand, the indefinite integral on the exponent satisfies:

/5252 1+Z‘ 1=

VI (&/E = VIFEIN 1 (VIFE RV (&/R)
<\/1 N +\/1+§2>+51( = ) (4.1.59)

so for Fy(x) we have that this is equal to:

(Fet 0 x1) (%) = Xt St (X1 (0)°) = X191 (&) = Xt |91 (€2 (21)é(3)

—

Xt |? = (52+\/1+€§—1>2
i 52-1—\/@—#1
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_ 5%4-1—!—252\/@—2&_2\/@_’_522_'_1
(E+1+20V1+G+20+2/1+8+G+1)

_GH1+eVI+E -6 —V1+E  (VI+E+&)(WVI+E 1)
G+1+6V1+8++V1+8  (V1+8+&)W1+8)
VI EW1+8-1D)+6(/1+8-1) Ji+&-1
CVIHEWT+E+ D+ e(V1+E+1)  VI+E+1

(
() ()

VET1-1

S e
— o ralge1a(6) = Coe EVIE

—

\F(x>|=const<|ﬂ+€2/ﬁ ¢1+52>”2<¢T53+KW)”
2 | V14 (&/k)? +\/1—|—52 K2 — 1

(4.1.60)
Recall & = &(x). Now, keeping in mind that Fy-1, = 7(Fy ;) (recall 7(z) = C,271/%)

as well as

1 n 452
i+ a5 (1 —[x[2)? 4 4a3

[V Re Fi1(x)] = [V Im Fi(x)] = |F1(X)|\/

1 4
— F — K —k—1 )
Hl 1(X)|\//{2(I% + :L’%) + (1 _ |X|2)2 + 4:)3% H|CHHF2(X)| |III1 VF2(X)|

The last equation was derived using F» = 7(F7) and

4
1= x[2)2 + 422

|V Im F>(x)| = |V Re F»(x)| = |F2(X)|\/,i2(x%1+ z2) * (

So, in order for F' to define a submersion of (weighted) spaces R? to (R?, w), we therefore

need the weights, wy o (corresponding to the copies R%,Z of plane, respectively) to satisfy:
kw1 |CF||Fo| " Im V By | = wy|V Im F| (4.1.61)
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which is equivalent to
wi(2) = Kl2|"TVEC T wy(1(2)), 2 € Cyuo (4.1.62)

Recall that, when these weights are used in relation to the process of submersing R? to
R?, the argument z = x + i is naturally identified with the point (z,%) on the plane.
In particular, when this point (z,y) is the image of the map F, the variable z effectively

becomes a function of x = (x1, x9, z3).

Now, if we equip R® with a weight © then a sufficient and necessary condition for

F to define a submersion is:
(| Fi ()Y Re Fi(x)] = wa(| B X))V Re F(x)] = Q(x) (4.1.63)

and similarly for Im Fy, Im F5.

Remark 4.1.12. The value C,, > 0 in
Co=r(1+r)V k>0 (4.1.64)

we notice that Cy,, = CF. This is probably the most neat choice of C). (considering
it a function of k) if we think Cj/, as the constant such that 771(z) = 25" for
29 = F,-15 € Cy (pointwise). The results are not particularly affected by the choice of

value, so we’ll pick that for the sake of neatness.

Picking weight-functions w; 5 : R? = R~ and Q : R* — R on (the two respective

copies of) R? and R? respectively we have the following.

Corollary 4.1.13. The maps Fi s : ]Ri2 — C, define a Riemannian submersion from
the weighted space(s) (R} ,, Q) to (R* w1 ).

Remark 4.1.14. The aforementioned weights w, are defined on R?, which is naturally
identified by C. However, the variables 2 = x + yi € C and (z,y) € R? may be used
interchangeably as arguments, slightly abusing notation, because working on C is easier
than on R2.
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4.2 On the construction Weyl-Dirac operators on Oy

In this section, we’ll construct the building blocks of Weyl-Dirac operators that act on
sections of a suitable Spin¢ bundle. This Spin¢ bundle is made up of two line bundles
on O, (by taking their direct, tensor product). In particular, we define 1-forms on Q,,
connections and Clifford multiplication acting on sections of the aforementioned line
bundles, Spin® connections acting on sections of the respective Spin® bundle. Recall O,
is a pair of complex planes, with non-zero points on each plane identified via the map
7(2) = k(1 + k)RR,

In the previous section, we saw that the submersion which works for us is given in
terms of a (countable) multivalued map (finite or infinite), at least formally. In other
words, each point x € R3 is mapped to a countable set of points on R? (identified with
C). Hence, constructing line or Spin® bundles on that space may only be possible when
suitable equivalence relations are met.

Recall definition of Spinc-bundles and note that sections of these bundles are

wt
naturally identified with C2-valued maps _), with (“up” and “down”) components
u

u* from respective sections from L¥. Each such component satisfies (3.3.4), (3.3.5) (for
each respective k12 € Z) on each respective chart of the orbit space O, and (3.3.6]) on

the overlap of these charts.

Remark 4.2.1. The charts for the base space for the complex line and Spin® bundles
can naturally be identified with the quotient space(s): S?V/S / ~.x1 . This space is the
unit sphere S? on R? excluding the North/South pole, respectively when considering
points 291 € C (= R?, naturally identified as the punctured sphere using stereographic
projections) on each such chart, identified if they are related via an expression of
the form z; = ez or 2y = €%z (for some k € Z) respectively. That is
identification via a rotation by 27k or 2wk ! around the “z”-axis. The identification of C
(equivalently R?) with the punctured unit sphere S%, /g On R? is done via stereographic
projection from the North/South pole respectively. This identification does not affect
any qualitative properties of the space, as stereographic projections are conformal

(they preserve angles). Essentially, the stereographic projection sets up a conformal
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isomorphism between S?\ {(0,0,41)} and C*. There is a group action of Z? on C* via

. 1.
(m7n) IR 62n7rm+2m7r;1'

Remark 4.2.2. In order to identify suitable classes of 1-forms and vector fields on Oy,
we’ll work on 2 charts of O, namely two copies of R?2. However, as it’s been evident
from the previous section, it is often more convenient to work on C rather than R?. So,
a 1-form on R? given by a,(x,y)dr + dy,(z,y)dy on R?* may be identified as a 1-form

on C given by &, (z,2)dz + a_(z,%z)dz. These two forms may be used interchangeably.

We proceed by defining the basic objects we’ll be working with on Ox3.

4.2.1 Forms and U(1)-connections on line bundles on O,

Before we define Weyl-Dirac operators on the aforementioned Spin®-bundle, we first
need to deﬁneﬁ a U(1)-connection, V =d—idd, acting on each of the components of
the fibre, where &’ is a real 1-form on the Q,s-2;. Then, we want these connections to
respect — as well as note how they behave under a change of variables.

Now, let z = z + iy, we have: dz = dx + idy, dz = dz — idy and 0. = $(9, — i9,),
0z = 5(0, +19,).

Recall the transition map 7 from (3.1.6]). Let’s first see how a U(1)-connection changes

under change of variables (z,z) — (7(z),7(2)):

Let X = X(2,%7) = X, (2,%2)0, + X_(2,%)9s, a vector field on C, and f(z,%) a function
on C. The push-forward of the vector-field X(z,%) i:

T X = )~(+(Z,E)T*8Z + X_(Z,E)T*@.

We have:
- ’ CK —l—l Cli
0. = (0.7(2))0r(z) + (0:7(2)) 055 = T'(2)Or(2) = - Or(z) = —Faf(z).

9Recall this object acts like functions f = f(x) as Vx f := (df)x — ia(X)f = X(f) — ia(X)f for
all vector fields X = X(x).
10We abuse notation and by 7 we mean the map(ing)/change of variables (z,%) +— (7(z),7(2))
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By recalling (3.1.6)), we have: d57(z) = 9,7(2) = 9,7(Z) = 0) and

0= = (057 (2))01c) + (07()) sy = ()0 = =

ie. 1.0, = —/flan_l_%ﬁT(z) and 7,05 = —Kk ! 55_1_%87(7),

141 w141
RZ~r RZk
&-(z) = — C,i az and (FT(Z) = — @ &z

Also, for &, = a4 (z,Z)dz + a_(z,Z)dz, we have:

(7™ H*a = (r7Y)*(ay(z,2)dz + a_(2,2)dz) =

Gy (77H(2), T (2))dr T (2) + G (7 (2), T H(2))dT T (2)

Recall, we have: 771(z) = C*27" and so

K 1 141
df%@=%w%=—m&**w=—§ﬁw:—ﬂléﬁ_dz
and B N
- o - — o
dT_l(Z) = C’:‘:dzfﬂ — _H;C’;;gz*nfldg _ _f_%dz _ _H(T E)) .
zZ" C.
therefore
Zl—"_% zl-}—%
7'*1 * &T ) = —H@Jr Z,E —dz — KO Z,E Iz
(2)

C. R
and since dz(0s) = 0 (resp. dz(0,) = 0), we get the expected identity:

(T_l)*@T(Z)(T*X) = d+(z,2) + &_(Z,Z) = ONzZ(X) = dT—l(T(Z))(T*_l(T*X))

This is true for any & € Q!(C). However, our main goal, for now, is to identify
connections that respect the conditions (3.3.4) and ([3.3.5)), i.e. given a rotation operator
R,(-) = e*™(-) we have:

Vi, xu(Ryz) = REV zu(z) (4.2.1)
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for X(2,Z) = X, (2,%)dz + X_(2,%)dZ where u(z) is either of ug(25,) and k is either

of — respectively.
R2.1

Proposition 4.2.3. Equation (4.2.1)) is true iff the zero-order component, & of the

connection V satisfies Ria = a.
Proof. We calculate:
(R,).X = X,(2,2)(R,).0. + X_(2,Z)(R,).0=
= ¢ X, (2,2)0r,. + € > X_(2,%)05; = R, X, (2,2)0r,. + R,X_(2,2)05

These equations are easy to derive since R,(z) = €™z (= R,(z) = e ?"¢Z), set:
eQ”ipE?szu(sz,R_pz) = e¥™P,ulp,. = 0.(uo R,)|. = 8z(R’;u) L = R’;@Zu|z
and > dp—u(R,z, R,z) = ¢ > 0zulg— = Oz(u o R,)|. = d:Ryul. = REdzul.
— R, X = ezWip)N(Jr(z,E)@szu(sz,R_pz) + 6_2”ipX_(z,§)3RTzu(sz,R_pz) = R"Xu.
We have (R,.X)ul.(= REdgul.) for all differentiable u defined (at least locally) at
z and R,z. Therefore:
Vi, xUlr,e = Vi, xt(Ry2) = dp xulr,= = (ar,: (R, X))u(R,2)
=dp x-u(lyz) — i(R;d)(Xz)u(sz) = Rbdgul. — iR’;&Z(X)u(z) = R’;@Xu(z)
if Rig = é.
O]

This condition ensures that the connection(s) is(are) well-defined on the (line)

bundle where « lives in.

Remark 4.2.4. Obviously, if X is an infinitesimal generator of rotation by p, i.e. if
(Rp)*fi = X, that would be enough, if imposed. However, the set of right invariant
(with respect to rotations R,) vector fields is relatively narrow, as is the set of 1-forms
subject to the condition Rja = a, which is related to the magnetic potential and we’ll

see that for certain choices of X there are fruitful relations between these two.
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However, given that we have two spaces, O,+1, and the compatibility condition
between the two charts, we should have connections on these, 65{: that respect
this compatibility condition on these bundles, i.e. for z5; € Cxy s.t. 2o = 7(21) and
X2 X2 = T*Xl we should have:

62wik2@§22u2<22) _ 2riky @%111&1(21)- (4.2.2)

Proposition 4.2.5. Let A\ = 2k1k; + 2kyry for some £y 2Z and uy 9 € Ly. In order for
the condition (4.2.2) to be true we must have:

A~
a2 = _Q_MC*" + al (4.2.3)

where a2 are the respective connection 1-forms (producing the 0-order coefficients) for
~ 12

AR

Proof. We set V&' = d —ia®!, recall z, = 7(2;) and re-write (3.3.6) as:
ur(z1) = e (z1)e ™ (7(21) Jua(7(21))

= Viu(z) = Vii(e ™ (z21)e ™2 (7(21))ua((21)))

— e*kl(21)64@(T(Zl))(@i)b%)(zl) = efkl(zl)eka(T(Zl))v%@uQ(zQ)

the top-left hand side equals X'u(z;) — ial (X1Yu(z;) whilst the terms in the bottom-

right equations equal

e (z1)e ™ (7(21)) (R Xu(r(21)) — a2, (R X u(T(21)))

We have:

X(2,2) = X4(2,2)0, + X_(2,2)0: = 7.X =X, (2,2)1.0. + X_(2,2)7.05

Y = v — Ci-i — CH —
=7'(2) X4 (2,2)0r(») + T (2) X_(2,2)0rz) = — T X (2,2)0x(z) — _1+lX,(z, z)%
Kz T KZ' 1w
Recall the equality right above is true since 7(z) = C.zr (and 7(2) = _,,@E_%):
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7_*82 = (6ZT(Z))67(Z) + (827'(2))% = T/(Z)az +0= —Tﬁf(z), similarly
KRZ™ 'k
_ roh
70z = (0:7(2))0r(e) + (0:7(2)) 0y = 0 + (0:7(2)) 05 = —— 1 05

Regarding the differential part of the connection, we have: dg1 = X!
_—
dsr (e (z1)e ™ (7(21) Jua(7(21))) = X (e (21)e 7™ (7(21) Jua(7(21)))
= (X! (e (z)))e ™ (m(z1) Jua(T(21)) + e (20) X (€72 (7(21)) Jua (7 (21)) +
e M (21))e ™R (7(21)) X (ua(7(21)).

We set z; = z for simplicity, as before, and Calculatdﬂ:

Xee M (2) = X1<i)_k1 _ XH%E)@(é)_kl +)~(i(z,§)a%<é> —k

z z
) vea ()
- —2|’21|2 (ZX1(2,%) — 2X'(2,7)) (%)_W —%e‘kl(z)(#dz - #dz)(Xl(z, 7))
- —kle-“(z);(% L)X (2.3) = ke ()R 2, 2)
We have (, = #dz - |z%d§ € 0'(C) and almost similarly we evaluate:

X! (e () = XM (e™(7(2)) = (nX'e™)(2)

HTn this setting, when we talk about the argument of a complex number (or function) we mean its
principal value. Also, for all real (number or function) 6 we set, Vel = ¢1¢/2,
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=X () T e e (2)

< z
ik e_kZ(Z an % — CKZ % z
e )(HZHXi(z,z) - X z)> = ke 2 (2)7*C oy (X (2, 7))

It is clear that (duy(7(21))) (1. X) = (dug(7(21)) (X)) = (dua(22)(X1), so we just need

to work with the 0-order terms, it suffices to have:

Pa2(RY) = (XY — B g(XY) +al(XY) (424)
However, we have: 2ir*( = 7 *(1dz — idz) = ( *dz) — (Z ( *dz)
= %(azwz) +0.7(2))dz - ﬁ@fw + o))z
——L T Z = T<) Z—Tz) Zzllz—li

O I
— =0 ="2¢,
K K1
Therefore, the condition on the 1-form of the connection becomes (recalling A = 2k;k1+

2]{?2/{2)1

a2 = ——CZ (4.2.5)

2%1

]

Now, we’d like to construct connections (acting) on the line bundles Ly. Since
sections of L, are naturally identified with C?-valued functions, we clearly need
the coefficients of the connection to be 2 x 2 matrix-valued functions. We also
need it to respect the conditions and - It is clear, that for any
My (R[z])—connection one-form @’ and any vector ﬁeld. 12| X5 € X£(R?), the connection
V@ = d —ia satisfies . However, before we identify such conditions on a’, we first
need to define Clifford multiplication on this bundle.

12We~often work on C (identified as the complex plane) and vector fields X, but we use the same
letter, X, to denote arbitrary vector fields on either. In equations, the subscript (z and Z) apart from
coordinates, automatically denotes whether this vector field belongs to X(R?) or X(C)
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4.2.2 Compatibility of forms and metrics

Let (x,y) the standard coordinates in R?:

a(d:B):cn:((l) (1)) & o(dy) —02( )

0 2
o(dz) = o(dx + idy) = o1 + 103 = (O 0>

& o(dz) = o(de —idy) = 01 — oy = (;)

and so o1 = %(a(dz) + 0(dz)) and o9 = 211( (dz) —o(dz)) = 2( o(dz) + o(dz))
We need to have: [Vg,o(a)] = o(Vi£a) for any form a € Q'(C), X € %(C), where

VE€ is the Levi-Civita connection acting on differential 1-forms. Let

a, = ay(z,2)dz + a_(z,z)dz € QY(C), where z = T + iy,

1

ay(z,2) = 5(543:(&) Fia,(x)), %€ R*and a;»(x) € C (pointwise),z = (7,9) € R>.

The map o is linear over the space of complex functions, so to properly define a Clifford
multiplication on the bundle L, (whose base-space can naturally be identified with
Ci2/R.+ where R, +1 = 25! generated a group of rotations on the complex plane).

2kmirt!

The quotient denotes 2] ~p ., 2 iff 2] =e 2}, for some k € Z. The consideration

of this equivalence class helps us tackle problems emerging from the multi-valuedness

2mir*!  To properly define Clifford multiplication on these bundles, we need to have

of e
an inner product of differential 1-forms on each of these bundles, according to the

compatibility condition:

Remark 4.2.6. In a normed vector space X, we can define a metric |(Z,7)|x (with
Z,7 € X) (such as a spin-c bundle, with X as the base manifold), via the norm || - || x
of this space X as |(Z,9)|x := ||Z — §||x. More generally, if X is an inner product space
the norm then can be naturally induced by the inner product (,)x of that space (for

example the one in (1.3.1) as |(Z,9)|x := || — J||x := (£ — 7, % — 7)x. However, in our
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case we have by definition a metric on a Riemannian manifold and in our case, we can
consider conformal metrics gy~ : T5S% v % TxS% n + Rxp as sums of direct products
of two differential one-forms (viewed as tensors of degree (0,1)), i.e. tensors of degree
(0,2): go* = gilf(f()daii@dij (recall this notation means the summation takes place over
all possible duos of indices i and j) in local coordinates Z;, ¢ = 1,2, ...,dim X. Farkas
and Kra, [1980 discuss Riemannian metrics on Riemann surfaces such as the Riemann

sphere.

Consider weights w;» : C — Ry and define the “weighted” norms || - [|o ;,;
O,3-25 — Ry of the form:
|| ) ||@,€372j = wj|| : ||Ql((C) (4.2.6)

where the latter is the standard Euclidean norm in the space of forms, induced by the

inner product (,)o1(c) as

& #]orc) = \/<&172,&172>91(@ = @A)

where Aj,(X) are the vector fields dual to the 1-forms &'?

respectively whose
components are the respective components of the 1-forms &2 respectively. However,
in order to define forms globally (all over) on O, we need forms &'? defined on Ci2
respectively, which are compatible with each other with respect to the map 7, i.e. we
want?] &' = 7*a%:

P6% = (7 (), 7(2) gz + 62 (+(2)), 7(2)) Lz

9 dT

= &(r(2), 7)) = + 62 (7(2)), 7)) ez

= —idi(T(z),T(z))dz _ G -a2 (7(2),7(2))dz = al(2,2)dz + aL(z,2)dz =: @,
kit Kzt
- o<1 —7_@ ~2 Ty o Al =y O oo PRy
if and only if &- (2,%) = _H;O‘JT(Z)’ 7(2)) & a3 (2,%) = 1 i (1(2),7(2)).
RZ" kK KZ Tk

13Notice that here we do not require compatibility with respect to a connection as in (2.1.2)) (where
we essentially consider two different 1-forms on the same bundle), but instead we require compatibility
in terms of charts that give us a global connection
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We also want the norms || - ||o ,_,; to be compatible with each other, for that we have:
Proposition 4.2.7. In order for (4.2.6) to hold, we need the weights wy o to satisfy:

Cwi(2)

K|z TR

wa(7(2)) = (4.2.7)

for some constant C\, € Ry such that 7(z) = C.z7'/* (see remark [4.1.12)).

Proof. Consider an arbitrary 1-form & = (Gy,as) € Q'(0,). We have that its norm

satisfies:

18zl o0 = a2 ller0,) <= wil@)lldzlloye) = wa(T(2)1A2 ) laxe

01
K

= wi(2)llazllay o) :W2(T(Z))||&i(z)||9§((1)

|C iz \/ () + (@2(7(2),7(2))) " =

/€|Z|1+7

= w(r ¢ () + (62 (r(2),7(2)))’

(7)) = j:ii?. (129

]

That’s the necessary condition the weights w; 2 need to satisfy in order for us to be
able to define a weighted metric for the space made up by the two copies, C; 5 (resp.
R%Q), of C, whose points are identified by the map z. This is guaranteed by (4.1.62)).

4.2.3 Clifford multiplication on the quotient space

Now that we have a comprehensive description of well-defined forms and related confor-
mal metrics and norms on the spin®-bundles S,, we can define Clifford multiplication
on that bundle. By definition of the o-matrices in 2 dimensions (with o(dz) = oy,

o(dy) = 09) and the linear property of Clifford multiplication, we have:

o(f(z,y)dz + g(z,y)dy) = f(x,y)o(dx) + g(x,y)o(dy) = f(x,y)o1 + g(z,y)o2
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We re-write the coordinates (x,y) as z and Z: dz = dzr + idy, dz = dr — idy,
1 1 1
de = §(dz + dz) and dz = g(dz —dz) = o = o(dzx) = 5(0((12) + o(dz))
i

1
and oy = o(dy) = 5 (0(dz) — o(dz)). Using these, by re-writing the (real) 1-form dz =

In (3.4.9)), we presented the natural generalization of “weighted” Clifford multiplication,

corresponding to the conformal change of metric (with weight w; )

g('> ) - gwl,Q(‘7 ) = wi2g(" )
Given the fact that we’ll mostly be working on C, we rewrite the weighted Clifford
multiplication, o, , on the Spin°-bundle over Cy5 (= R?,) as:

%) = wip(laf)o(az?) (4.2.9)

Gwl 2 (Oé z

where @12 = a'?dz + a%dz = a% (2, 2)(dx + idy) + @*(z, 2)(dx — idy) which equals
(@Y% (2, 2) + a*(2, 2))dx + i(al?(2, 2) — a3(z, ))dy = 2”12( )dz + 2a~ *(x)dj As a

direct consequence of the definition of o, given &2 = + dz + &"?dz we have:

Ouw, 2(a1 2) = Ouw, 2(a+ dz + al de)

= wiy(|2*)a3* (2, 2)o(dz) + wis(|2*)at* (2, 7)o (d2)

0 ar? (%) —ia?(x
i (%) y()’ c—Eai E=(39)

_2w12(|2\ )( 12(% )_{_1&{2()() 0

As in Erdés and Solovej, [2001, simple calculation can easily show that for any sections of
the spin®-bundle S,. We've introduced these weights so that this definition respects/is
consistent with the inner product for Pauli matrices as in (1.3.1), in fact, we first

see that the norms are respected (here ¥?(Q,+1) is the space of endomorphism of

Spinors/sections of S),):

0G940, 2= (0(6). 002000 = (@) o(a)

114



2w3(]2|?)
However,
1 W (2,2)d (2,2) ], = 1 ol (x) —idd (x)) (e (x) +iad (x
w](\z|2)a7( > ) +( ) )]2 w]z(‘z|2)< ;v( ) y( ))( a:( )+ y( ))IQ
1 AL (%)) dz>~<22:L5ﬂ'21 Zzi@z@zlu
= ey O+ (S = Ly 9l ey o = Gy e St

N ﬁ(]ﬂr(ﬁ(&iﬂgn = %(TT(%O‘%&&)]Q)).

More generally, for z = 2 +ig = X = (Z,9) and 2’ = &' + iy = X' = (¥,7') we can

easily see that the change from real to complex coordinates still respects (|1.3.1)):

I
&
[\
—
I
~
—
o
.
o
A
<~
2
Es
=
fon
I
S
£
W
~
jo
Y
£
—~
I
~
o
i
\/
2
G
=
~
I

These automorphisms o act on sections of S,, which can be thought of as spinors in
a+

the form (ﬂp ) , where the subscripts up,dn denote “up” and “down” respectively and
Ugn

the superscripts + the denote the line bundle INLW = INLMJF(MJF,@), where they belong to.

Remark 4.2.8. The aforementioned equations and definitions, most notably (4.2.7)),
hold for the case where the space(s) C;, j = 1,2 (consequently Rjz-, which are about to

2mik3—2

be equipped with weighted metric) are quotient by the from action e ’ respectively.
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4.2.4 Spin‘ connections and Weyl-Dirac Operators in local

coordinates

We follow the reasoning for constructing a Spin® connection in Erdés and Solovej, 2001
on different charts of our base (“orbit”) space, Q. 1-forms @l that satisfy (so
that they will be compatible with the connection). However, the connections V need to
satisfy (£.2.2). Also, recall than under a conformal change of metric g(-,-) = w?g(-, ),

a spin® connection V¥ changes to

1
4001,2

N

VY = Ve oK), o(dn)

»

for X € X(R?) (or X(C) depending on the coordinates we use) where V is the respective

standard (non-conformal) connection.

Analytically in two (Euclidean) dimensions, we let X = X(Z,7) € X¥(R?), so:
X(@g) = X3(&,9)05 + Xy(Z, )0y, this implies
X' = X3(2,§)dz + Xy(Z,5)dg
— J(X*) = Xf(.i’l, 532)0'1 + X@(fﬁl, .fQ)Uz
(denoting (Z;, ) the standard coordinates on the Euclidean plane) and

U(deg) = 0(8jw172di + angngj)
= ijQO'(di') + 833001720(6@) = (853w172)01 + (8@&)172)02

and so

[0(X%), 0(dwi2)] = [Xz(Z, §)or + Xy(&, §)02, (Osw1,2)01 + (Fgwi 2) 0]

= 2(Xz(Z,9)05w1 2 — X5(Z,9)0zw1 2)03.

Without loss of generality, we assume w9 = wy2(|2]?)

(= wi2(z} + 23), with w’ = dw(Z)/dZ) so the quantity above can be written as:

[0(X7), o(dw2)] =
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4w172(QX56(;%, g) — 2Xy(2,9))iog = 4iw172(gjda~c — zdy)(X)os

/

w ~
Vi = Vg + —2(§dt — 2dg)(X)os. (4.2.10)
W12

Now, we can define the corresponding (weighted) Weyl-Dirac operator as:

= W1,2

~W 1 ~ .
DIy =—6.(-iV "T—A

= W1,2

~ W ~ W W W
V= (V2 V) = (Ve 2,V — ),

the conformal “gradient” in two dimensions in standard coordinates defined as the
“coordinates” of the conformal connection ([#.2.10), V = (Vz,, Vz,) the usual gradient

in two dimensions. Analytically, we can write:

Dt 1 : w A ~ oW e ~
Diid = o (—1ou(V5" — AP(@) — (V5 — A7)
= i( —i0\ V5" — 01 A (&) — 10,V — o A%ﬂ(:z))

w12 tre 1 2V 2%

!/ /

_ L(m( N 121:152(53) + gﬁ) + 02< — i@g - A;Q({ﬁ) — :”é&))

W1,2 W1,2 W1,2

These operators are clearly simpler to study than the typical Weyl-Dirac Operator in
three dimensions. The good news is, that after studying such 2-dimensional operators,
we can still translate the results into three dimensions via the lifting operator(s) P,,
(5.1.16)). However, we should now investigate how magnetic potentials change under

such transformations, introduced by the map F'.

4We use tilde when notating objects in two dimensions to distinguish between objects in three
dimensions notated similarly. We use them now in order to avoid confusion with the coordinates in

R3.
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4.2.5 Useful differential forms

The magnetic potential(s) A(x), and respective fields B(x) := V X A(x) on R? are
naturally associated with 1 and 2-forms ayx and Sy = day respectively. In particular,

the magnetic potentials we’ll work with are of the form

ay = val + F*a (4.2.11)
where
1 1
ab = X2 (X(x).dx) = W(Xl(x)dxl + Xo(x)dry + X3(x)dzs)  (4.2.12)

and & is a 1-form on O, and F* denotes the pull-back to R3.

The respective magnetic potentials and fields on R? will be denoted with the respective
Greek characters with the tilde, & and B The volume forms in the weighted versions
of R* and the two copies R}, of the plane, are denoted as (recall Q(x) = [X(x)|™")

volf, = O*(x)dxy A dwy A drs (4.2.13)

and
wi1,2

1
vol2 = wi2(|z|2)( - E)d,z Adz = w?o(|2]?)di A dj (4.2.14)

where 2 = 219 = Z12 + 112 € Ci 9 = R%’Q (depending on the copy of the plane we're

working on) and the weights wy o : [0,00) — [0, 00) we’ll be using on R?

IR )
) = T ()7 20 ) 19
and
E i () (1 — hg'(w)
) = Ty (w))? 1 A 220y () 4210
In applications we have: w = [z]*> = |z = |[F(x)]? = ’Fn?’*?j(Xn%?J(X)NQ =

|25 (Z)|. For the sake of neatness, we've defined
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@f 5(2,2) = wip(]2]?). (4.2.17)

The aforementioned formulas for the weights can be deduced by imposing the weight
Q(x) in R} , and looking for weights to impose on R? such that the maps Fy : R, — R?
can define a Riemannian submersion between the respective weighted spaces. See
proposition for details.

We'll also be working with the following 1-forms, w2 corresponding to the respective

conformal change of metric(s) on R}, (see subsection 4.1.2 for some of their essential

propertial):
WP = 0 5(2)C (4.2.18)
where C2P)
- 1 wysllz
Wio(2) = — : 4.2.19
[2(2) K1+ o2 w1 2(|2]2) ( )
and 1 11 1
~Z _ : _d B d_ = — (_d _ _d—> 4220
¢ 21|Z]2<Z 2= 2dz) i\ 2% ( )

We'll often work in real, regular planar coordinates & = (Z, ) instead of the respective
complex ones 219 = 712 + 171 2. In this case, we’ll abuse notation again and denote z,
when used as subscripts, as @ in the aforementioned three formulas. In this case, the

closed 1-form ¢ will be written as:

(s = i(—gdfc + Zdj). (4.2.21)

|z[?
On R3, two useful 1-forms with similar notation are:
¢t = —modwy + 1day (4.2.22)

and
CZ = 11dz1 + T2d2s. (4.2.23)

Remark 4.2.9. When denoting forms on R? or C, we’ll be slightly abusing notation

and the only thing denoting whether we use the complex or real formulation (if the
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formula of the form is not written in full), as in (3.3.15)) and (4.2.21)) respectively, will
be the subscript (resp. z or &).

We further introduce the following scalar functions, {1 5 : [0,00) — [0, 00):

2 hit(w)

[ = — 4.2.24
) = T ()2 + 4oy ) 4224
2 hyt(w)
lh(w) = — : : 4.2.25
00 = Ty )2 + 4(1/m )2y () (42:29)
We are now ready to define the 1-forms on R? we’ll mostly be working with:
. 1 _ _ x
b2 = Lo(|2?)(Zdz — 2dZ) = l1o(|2*)C.. (4.2.26)

2i|z|?

To define Weyl-Dirac Operators on R? and R?® and how they are related via the
Riemannian submersion defined by F, we first need to see how connections on & € O,
behave when pulled-back via F'. In particular, we’ll need to define and study a specific

class of such forms, corresponding to magnetic fields parallel to X(x). and we have:

Proposition 4.2.10. The 1-form 52 is smooth all over C, is rotationally invariant
and further satisfies:

- I -
TV =~ g (4.2.27)

and dy}? = 4kikami p(2)voll, | = 4k1komi p(2)@F (2)dz A dZ.
Proof. The smoothness of 712 can be shown by noticing that:
Lia(|2]%) = O(|xex1[?) as |xesr| — 0,

since we have [z[* = |Fyp(xu1)|” =[xt P20 (et [*) = hllxer]?) = O(x1 )
(as |x.+1| — 0) while its denominator is positive and bounded from below (for fixed

k € (0,1)). The latter can be seen by setting s = s12 = |x1.2(x)|> € [0,1) and noticing:
(1—5)?+4r2s =14 s>+ 202k — 1)s =
1— (2 =124+ 8 +2026 2 = D)s+ (2672 = 1) =1 - (2™ = 1)+ (26T = 1 +5)* >
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1— (262 —1)? = 45™%(1 — £2) > 0

iff k*2 € (0,1), otherwise
(1—5)2?+4r2s = (1 —5)2 +4s +4(k2 = 1)s> (1 —s)2 +4s = (1 +5)* > 1.
So in each case:
(1—s12)*+ 4/{i23172 > min{4x*?|1 — x|, 1}. (4.2.28)

It follows that l12(|2]*)/|2]> = O(f 4 (Xxt1)) as Xt — 0, which is O(1) there (see
(4.1.45)) and the discussion below - in particular the limit is # 0). Moreover, the function
hi2(s) (mapping [0, 1) to [0,00)) is smooth & increasing, completing the argument for

the smoothness of 12,

The fact that it is rotationally invariant follows from the fact that all terms appearing

are radially symmetric.
*~2 1 * 2 2\ ~ 1 * 2 2\ _% ~
Lastly, we have: 7777 = o7 ((l2(12") /|2°)¢:) = 57" ((12%)/|21°)7"C

L () Py 2z — 2az) = — 2T,

207 (2)]2 p :

where the last equality follows from the discussion before the derivation of (4.2.3)).

Furthermore, we have:

1*|X»€,1| 2

b(r(2)P) = = ol

ki (q_ (17|Xn,1|>2 2+i(1*|xn,1|)2
1+|Xm,1| K2 1+|X.‘€,1|

- 2
_ 2 ()

B 1+‘XN 1|)27(17|X:‘€ ll)2 2 4 li‘XN 1| 2
K1 ( 2 > = ——1AR,21
=) + e ()

2 (1 — Ixwal)? _ 2 (1 — Ixnal?)?

2xr.1]2)2 2 K 2
i BBt (1 i) A (1= (e ?)
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K2 (1- |Xn,1|2)2 o K (1 4’f2|Xm,1|2 )

2k AR2 x> + (1 - |XH,1|2)2 2 —17|X“’1|)2 + 4K2|x.1]?

14+|xk,1]
BTN
= 2_%1( — L ([2]%)).
I 2 1 1
. 2(|7',(j)| )Cz _ QLKI(Zl(MQ) _ 1)@ = 2—@l1(|z|2)@ - 2—@@ = 7-*73.

Regarding the last fact, we have:
A3t = (dli(22)) A G+ 1(22) A dC, = dl(22)) A G
where we used the fact that d¢, = 0. We compute:
dly(22) = 0511 (22)dz + 0,11(22)dz = 21} (22)dz + zl}(22)dz

— dly(22)) ANC = (2l (22)dz + 2l (22)dz) N, =
1 1
(211(22)dz + Zl}(22)dz) A (;dz — %di) = —2l\(|z|*)dzdz = 4} (|1Z|*)dzdy

where & = (7,9) € R?.

We have:

T (e ( E U ()
D) = 2 ey e ()

and letting z = F}(x1(x)) and noticing:

(1) (w) = o = 1 - : - :
1 Ri(s)  f2(s) +2sf(s)f'(s) 25f2(s)(£ + %) h(s)( 1+ (1@525)2>.
And noticing hi*(|2]?) = s we get: —20(|z]?) =
R, = —2s(1 — s)(1 — 5?) _ —2s(1—s)(1+5)
F T hi(s)V/(T— s2)2 + AR2s((1— 5)2 + 4k2s)2 ha(s)((1 — 5)? + dr?s)>2
(4.2.29)

where the last part came from (4.1.47) after setting s = |x;(x)|?, whilst by (4.2.15)) and
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(4.2.17) we have

‘e o O = L (RO = b (IFX))
Fintw) =Bt = R el = i (B OB + 42k (B (OP)
(4.2.30)
and since |Fy(x)|> = [x1(x)2f2(]x1(x)[?)) = hi(]x1(x)[?) = hi(s), the RHS equates to:
V-8 mysi-s)

o /B (s) (1 — 5)2 + 4r25)  /Bu(s)(K2(1 — )2 + 4K2s)

We square this term, multiply it by ms(Fi(x)) and by (3.2.19) we get —2F}l; =
dk1ko B (my(2))Fr(0?(2)), and so

Fy(dy)) = dkiko B (my(2)(@0(2))3dz A dZ) = dy} = 4k1komy (2)@%(2)dz A dz.
Similarly for Fj(dy?). O
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Chapter 5: Interlacing Weyl-Dirac Operators on two

and three dimensions

5.1 Lifts of spinors, connections on line and Spin‘
bundles.

The primary aim of this thesis is to find a way to relate certain two-dimensional
operators to standard, three-dimensional ones. Having seen how Weyl-Dirac operators
behave under conformal change of variables, we want to transform the three-dimensional
Weyl-Dirac operators according to the map F' in particular. We’'ll construct lifts of
Spinor bundles by lifting sections of the line bundles Egkml+2k2m on O, to sections of
line bundles on R3, for given k;o € Z, and considering the “direct sum” [N/H_ &) [N/HJF
(recall Lyt = Lyi(nysn), o = (2k1 +1)k1 + (2ka +1)k2). Since the Weyl-Dirac operator
commutes with the operator Qx and the eigenvectors of the latter have components of
the form (zp)e™, where zp = F(x(t)) € C (for some choice of value for F(x)) and ¢ is

the “time” variable in the integral curves v of X(x) (see paragraph 3.1.1) that satisfies
v(t) = x if 7(0) = 0.

In particular, we’ll be lifting sections on iui back to R? via the following operator(s):

- ke ke g3—23 X~ .
(Patey +2kana ) (%) = €50 () Fray, - W # 5 € {1,2} (5.1.1)

for x € Rg, where the integers k; corresponds to the choice of bundle and the phase

kj/JrkjnB_Qj(

factor é zjr) = e for X\ = 2k1k1 + 2kaky and ¢ being dependent on x and the

choice of zj.
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5.1.1 Lifts of connections on the line bundles L,

In the previous chapter, we studied 1-forms, connections and Clifford multiplication
defined on the orbit space O, and acting on a section of the Spin® bundles L,. In this
subsection, we’ll see how the aforementioned operator Py, (3.3.9)), “commutes” with

connections on the line bundle Ly; we have:

Proposition 5.1.1. Consider V, a connection on L,, and let @ = & 4+ Ay for & €
QY(0y). Set o = F*a' € Q'(R3). Then for a section 1 € Q'(R?), we have

(d—i(a’ + ) Pyyp = PA(V). (5.1.2)

Proof. Letting F = F;, j = 1,2, (depending on the chart we’re on), and v = 47

respectively, we have

(s 1) S L (lor L) - Lp i) - (P-ia) -
F’V—ziF (Zdz gdz)—21<FVF FVF>_21(P]+1Qj) (P le))_Qj.

Also,

1

b
XPQ) = 2AXE (gWs — g W) for A iE{12)
J

y 1
|W 0|2

where the superscript b denotes the “flat” musical isomorphism on (R3, Q).

Recalling s; = |x;(x)|?, 7 = 1,2 we have:

5 5 (1= s;)° _ 5 (1 - /{3_2j§2‘> :
(1 . Sj)2 + 4/@2(372-7)8]' (1 — Sj)2 (1 — Sj)2 + 4/4)2(3723')5]' |2j/|2 ’
_e 132 _ 2 [Wl*
PRI Rz T X2

Regarding 7 respectively, we have:

F¢ = F;(1;¢) = (F} ) F; ¢

Kj Sj
— 94 Q,

K2 (1 —55)? + 4k26=30)s;
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and

Ry Sj
X =
K3 (1 —55)? + 4k2B5=20)s | Q; =
1 1
W b 3—2j _
Wl (o W = V) =
b b [W,[° b L XP o
I{JW —f—fi]/W (K \W E —I—/{j,>Wj = @y o ’W]’/|2Wj/‘
So,
. : o ix 1
P{(VY) = PL((d—i(& +)¢))) = P{(dy)—i(e/ +Aab)P§¢+ W, |2Wb /Pl (5.1.3)
.7
However,
s (3R () — e X P (51 5 X
€77 (2;)de" (2;) = ik;| X|’Im (2, 'V 5,)" = 2lkJ\W ‘ZW
However,
(3 TR () — e (X PTen (51 5 X
€77 (2;)de™ (25) = ik;| X |’Im (2, 'V 5,)" = 21k]|W |2W

Also, simple calculations show: &% (2)dé % (z) = —ik;(., for all k; € Z. So, by these
and the definition of (3.3.9) we have (again, for distinct 7,7’ = 1,2):

AP = d(e" (21)e" (22) F} (e 7M1)y)) =

(de™ (21))e" (Z2) Fy (e7Mapy) + €™ (21)(de™ (22)) F (e ;) +

M (218" (Z)d(F; (7" (2)95(2))) = Fd(e™" (2)95(2))-
Thus dPyy equals:

dé (21) dék2(2g) 1505k (3 (555 (Vb
(gkl(gl) + gk2(52)> (21)€™ (22) F (€7 (2)15(2))

&M (21)e" () Fy ((de™ (2))y(2) + €75 (2)dyy (2)) =

ky ko k; kjk3=% ket s o~ L
W+ W+ Wi )& (2)e () F (0
WiE W T W W ) R e

&M (21)e" () F} (e7M diby)

2i|X]2( 2w
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X[
W 0|2

= 2i(ky + &* k) Wi P\ + Py(d) = PA(VY) +1(a+ Aay) P, by (B.1.3).

]

5.1.2 Spin¢ connections on sections on L
7

In this subsection, we’ll define Spin® connections that act on the direct sum of the two
line bundles Zui, S, These spin® connections are going to be a tensor product of two
connections on the line bundles [Nmi respectively. To describe these connections, we

first establish some properties on the zero-order of these connections. In particular,

Lemma 5.1.2. Let z € C and s € [0, 1) such that h;(s) = |z]* (for j=1,2), then,

7 1+s 595 s(1+s)
i(2) =5z (1 o+ 8k -). 5.1.4
wj(z) 2/%( (1 — )%+ K26-2)g Ok (1—5)%+ k3 2s ( )

Proof. Letting our dummy variable w; = h;(s;), (j = 1,2) and recall that in

applications, s = s; = [x;(x)|* for x € R?. We have:

ds; d -1 s;(1 — sy)
22— (o n k(s = J J 5.1.5
w] d’wj (de n ](S])) \/(1 — Sj)2 T ,{3_2ij ( )

Then, for ¢;(s;) := (1 — s;)* + k3 ¥s;, we have:

wiei(w;) _wyd wjd (1 si(1 — ;)
w;(w;) 2 dt (e () 2 dt (/ej/ hi(s;)((1—s;)%+ %3233]-)2)

%%( — In(w;) + ln(((1 _Z()lz::s>2jsj)2>> B

1 wj;ds; d 2
—5 + Tjd—t]d—s‘j(ln(sj) =+ 21n(1 — 8]') — 21n((1 — Sj)2 —+ KiS]’) ) =
1 N 1 s;(1—s;) ( 1 2 2 2—2(1 —8;) + 4/@323') B
2 2(1—s;)2+rK3%s;)2\s;  1—s; 1—s; (1—sj)2+r3"2s; )
I 1+s; 5;(1 —s;
gt ST (g () (1 - s 41— ) =

20 205(5) ¢ (s;)(1 — 55)a5(s;)
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1 Lt+s; 4:2(3-23) s;(1+s5)

2 2y/q;(s;) (qs(s;))%/?
]
Moreover, we have:
Lemma 5.1.3. The 1-forms w§, with j = 1,2 satisfy:
~c ~c * ~C ~c I
Rys—2wi = w; and 7105 =w] — %C. (5.1.6)
1

Proof. The fact that wf, are radially symmetric in z implies rotational invariance,

consequently R, w{ = w{ and R,—1w§ = w§. Also, we have:

PR = (rrag)(r0) =~ ()

Now for w = |2]? € (0,00) (non-trivial z) and s;5 € (0, 1) satisfying hy(s;) = w and
ha(sy) = C?w™Y*, we have (for q;» as defined in the previous lemma):
(]_ + 82)2 (1 — 82)2 482 2 481 2 (1 - 81)2 2 (1 + 81)2

qa(s2) - q2(s2) +Q2(S2) :ﬁlql(sl)JrHl q1(s1) - ¢1(s1)

and considering the previous lemma we get:

~—1 *~c__i<1_ L+ s9 §52(1+52)>
w(s2) 5 g% (sy)

Y
:_i<1_ﬁl+82 +2/€(1 81) (1+81))

KR qa(s2) Qfﬂ(sl)
1 1+s s1(1+s l+xt . 1 -
(et b L
2K q1(31) q (81) 2K 2K

As discussed in the previous chapter, on C = R?, the standard definition of the
Clifford multiplication is given by
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~ [ ~ o 0 &Z
5(a) = (@z 0> (5.1.7)

for & = a,dz + azdz € Q'(C). However, under a conformal change of metric, by a
weight w(|z]?), a spin-c connection (given by V = (d — id) ® I5) changes according to

(2.1.5)), or more analytically:

1 . o Lo -
V=V —[6(),0(dw)] = (d —i6) ® I + —[5(), 5(dw)) (5.1.8)
where the - in &(-) denotes some SU(2)-valued 1-form on 01d% + 02dy. Regarding the
0-order term that emerges from the conformal change of metric, we have the following

lemma:

Lemma 5.1.4. Let a vector field X = #1095, + #20;, € X(R?). The following identity

1s true:

[6(X ), 6(dwy )] = R0 403, R = Ky + ko (5.1.9)

Proof. Recall wy s = w2(]2]?) which implies diy 2(2) = W'(|2]?)(Zdz + 2dz). Now, given

+ F9— on C=R?, it’s dual, X satisfies:

any vector field X =7 — oF
T2

014

~ X

1 i 1 i
X' = 0diy + Fadiy = (A — 1d32) (X)(dFy +idi) + 5 (diy +idEy)(X) (dF) —idiy) =

%(d?(fi’)dz + dx(X)dz).

Therefore, [6(X*), 5 (ddy )] =

= —difz["w] 5|2 ) |27 (2dz — 2d2)(X)os.
The result follows from the definitions of ¢ and wy 5. O

Considering the lemma above and the formula for the change of connection under

conformal change of metric, (5.1.8)), we can define a Spin® connection acting on sections
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of the Spin® bundle S, = Zu— & Z~LM+:

. d — iG + iRE° 0
o :=< e ) (5.1.10)

0 d —ia — ikw°

see (|3.4.15)) and (3.4.16|) for the component w°, here K = k1 + k9. Equivalently, this

connection can be written as:
V¥ = (d — i) ® I + ikuCos. (5.1.11)

Remark 5.1.5. The aforementioned 1-form « on O, is actually a collection (pair) of

forms &’ defined on C; (for j = 1,2 respectively), satisfying:

Reui@? =2 and ma?=al- ¢ (5.1.12)
2/‘61
while also having
Rys—2 (&) F kw;) = & F k; (5.1.13)
and )
™(&* F k?) = &t F Rt — o F 7)C (5.1.14)
R1

Before we move on to lifts on Spinors (sections of S,) we introduce the following:

Lemma 5.1.6. Consider u € ¥ := {(2k1+1)r1+ (2ko+ 1)Ko : k1o € Z} and & = k1 +ko.
Let &' € Q'(0,) and set o/ = F*&' € Q'(R?). Then,

(d—i(a’ + pow F o)) Pu—ithy = Py_z(d — i(& + py F k) (5.1.15)

for ¢ € I'(Lzz).

Proof. Considering the notation introduced in the previous lemmas in this subsection,

we have:

(Zj;;j))z _ (1 + a _SJ'Sj)Q) (1qj—<;j))2 _ —i—f?)(l +f€372jf]2-)71

130



2 P+ |%P ) [ X

7 "51|Zl‘2+’§2"22|2 7 |X‘2 '

Following the calculations in the proof of Proposition |5.1.1|and (3.4.15)), we get:

Fjw' = F} (050) = (F;&5)(F¢)

:i<1— S/ NS 2J—(lHj))IXI?Q"-
k q;(s5) (4;(s;)** !

:IXIQ(l_ ,/IXESI+2H2&,IIXES||Wj|2>( 1
7 X TEOX]X]?

b 3—25 b
W |W o)

WY )
1
W, [2
1
W |2

K

;mI»—‘

— — (1X[2 = XS QX + 262 5 XS |2 W )

= = (5504 Ry XS QW o, (1= 1y [XE51) W ) ey W

I =

(K2 (*% + k| XP1Q) W, 2 + R (K — Ky | XE51Q) Wi )

J

b
w?,

x| =

(W, |?
W2

1
= — (R0 X1 4+ 2 (1= iy XIQ) L ) Wit
1

b
W

.2
(K200 = iy [ XE510) [ W R X)W - —|X|2

I =

3—25 1 1
Keeping in mind that ———— = - —
K K Ky

one in lemma [B.1.1] O

the rest of the proof is almost identical to the

5.1.3 Lifts of L,-sections, 1-forms and Spin® connections

So now, we have all the tools to define a map P, that lifts spinors from the bundle L,

(2-dimensions) to three. Ideally, we would like to derive an equation of the form:
D ((Pui)(x)) = P.D5i.

for some suitable weights (), w = w; o, satisfying (3.2.26)).
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Define ¥ := {(2k; + D)k1 + (2ky + V)ro : (ko, k1) € Z*} C R. Given pu € 3, we
define P, : I'(L,) — T'(R?® x C?) (acting on & = (a+,4") € S, = L, ® L, ):

(Pua)(x) = U(x) <(P“‘a+)(x)> , (5.1.16)

(Pu+ﬂ7)(x)

where U(x) is a map introduced below to simplify the Weyl-Dirac operator. The
superscripts + on @ in the right-hand side of (5.1.16) simply denotes that @* is a

section of the line bundle [:u;(,{ﬁm).

We consider the following SU(2)—matrix:
U(x) = Up(x)U1 (%), (5.1.17)

where we’ve recalled:

B 1 W —Hw o) — iv¢(x) 0
Uolx) = (2] X (x)]v(x))1/2 (élw w ) » Uil = ( 0 —iie(x)> - (5:118)

W = KoXs + K1, (5.1.19)
74(x%) = E(X ()| + w1 [ X5 (x)] + (k1 = 2)Za), (5.1.20)
and
_ Q7N (x) — kel — x[P 4 223)  Q7H(x) — Xy(x) |w|?
o) = 123+ 1)) ST AP aimaeme O

recall that for z € C\ {0} we've set: é(2) := z/|z| = €49%) and

07 (x) = X ()| = /KWL ()2 + 3 Wa(x)? = /W[ + K322 (5.122)

The matrix U will be particularly useful as it will help us to conjugate the non-standard
sigma matrices that emerge through the process of submersing R? in R?, with the
standard ones. This is a consequence of the fact that SU(2) is a universal double cover

of SO(3) rotating the coordinates back to the original one. In fact, we notice that by
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applying the Weyl-Dirac operator directly to PHJF(MJFHQ)&i, not only do we get extra
zero-order terms, but also the Pauli matrices are non-constant. Some basic properties

of the matrix U(x) are summarized in the following two lemmas:

Lemma 5.1.7. The matrix U(x) defined in (5.1.17)) satisfies:
U(x)osU*(x) = Q(x)X(x).0 = [X(x)] ' X(x).0. (5.1.23)

Proof. We have:

U*(x) = (207 (x)o(x)) /2 (70 06>(‘f’ )
y —Z21v —w

One key thing to observe is:

7 0 ¥ 0 7 0\ (1 0\ [y 0
g =
0 ) "\0 7 0 ) \0o —1)\o 7
I e T e O Y o VA
o e e | ~e|2 = 03
0 ) \0 -7 0 —p

Therefore, we have:

U(x)osU* (x) = (227 (x)(x))"! <7 ‘5”’) o—3< v _>

210w —Ziv W
= (207 (x)u(x)) ! (f" ‘) (f" _>
v w Ziv —W
20 (x)u(x) ! lw|? — |Zv]? 220w
2z 0w —|w|* + |Zv?

We have, |w|* = k? + k322 and

|w|2 — |21v|2 = |w|2 + |21v|2 — 2|211)|2

(1 (x) = ma(1 — [x]* + 223))*
427 + 3)

while |w|* + |Z1v|* = k] + ko3 +

133



_ (461 +4R3a3)(aF + 23) + (71 (x) — ro(1 — |x|* + 223))°
(Il + x2)
_ (4K + 4k3a3)(aF + a3) + (1 (x)
4(z% + 23)
R (%) (1 = [x[* + 243)
A(a? + 23)

)? + r5(1 = [x[* + 225)°

—2

_ (8 R323) |57 + KA+ R W® 4+ w3(1 — [x]? + 225)?
4(x? + 23)
ke (%) (1 — |x|* + 223)
4(z? + 23)
(27 + 23) + 2r5(1 — [x[* + 225)
(21 +23)
Ko (x) (1 — |x|? + 222)
4(z? + 23)

—2

w N

(K} + R334 + ARde

W

263 + A + 263(1 = IxP + 203)? — 20,070 (1 =[x + 203)
At + a3)
2072(x) — 2k Q71 (%) (1 — |x|? + 222)
4(x3 + x3)
207 (x) (271 (%) — ma(1 = [x[* + 223))

_ =20 (x).
i+ a) v(x)

The second to last equality is true because (2(x))™? = [X(x)]> =

= K Wi(x)]” + r3[Wa(x) [ = 67|21 * + w3|2]* = (k] + w323)| 4 ]° + X3 (x).
Therefore, we have:
w? = |Z1o(x)* = 207 (x)v(x) = 2|Z0(x)* = 2(Q7 (x) — |2 *v(x))v(x)

= 2(Q7 (%) — (27} (x) — Xa(3)))u(x) = 2Xa(x)0(x)

_0x) ( 2.X5(x) 4wy + i) (iky +ﬁ2x3)> o)
A(zy — iz2) (iK1 + Kox3) —2X3(x)
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:Q(X>( Xo(x) () - X))
Xi(x) +1X(x) —X5(x)

Us (x)(X(x).0)Up(x) = [X(x)[|Ug (x)Us(x)o3Us(x)Ug (%) = [X(x)
Up () Up (x)(X(x).0)Un(x) U1 (x) = U™ (x)(X(x).0)U(x) = [X(x)|U}

. —iye 1 (1
However, U (x)o3U; (x ( ) 0 ) ( —1’y> = (O

Therefore, we have:

We also have the following two lemmas:
Lemma 5.1.8. The phase factor v¢ satisfies

—2 —iling(X) + I€25E3|X(X)|

’UJ%Q

Proof. We have: ro(|XE9(x)| + (25 +1)%) =

(5.1.25)

Ko(w3(1 + [x?) + 23(1 — %) — 223 +i(1 — |[x]* + 223)) = iX3(x)

— iz X(x)| — ik X3(X) + wEs = izg|X(x)| — ik |[XP5(x)] — k(a3 +1)32 + wEs

= 23(|X (%) — 51| XZ2(x)] + (k2 — K1) Zs).

Similarly,

(XS (00)] + (5 +1)%) = aa([X(0)] = w1[XP5 ()] + (k2 + 51)52).

Moreover, (|X(x)| — k1| X5 (x)])(|X(x)] + 51X 75 (x)])

= [X(x)]* = 1 X"F(x)[2 = 1(k3 — £7)|Wa(x)* = (13 — r7)| 2.
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Now, we have:

(IX )]+ ma[ X5 (30)) (23X ()| = i6X3(x) + wEr) =

w3(IX ()] + r2[ X5 () (1X(x)] = 2| X5 ()] + (2 = #1) Z2) =
w3((83 — mD)|2l* + (52 — 51) (1K) + m1 X (%)) =
(kg — k)23 (|X(X)] + £ | XEI(X)| 4 (k1 + ko) Z2) =
(Iig — lil)gg(l‘3|X<X>| — IiiX3<X> + wzg)
In other words, letting L = |X(x)| + s1| X% (x)| + (k1 — K2)Z, we get
L(z3(|X(x)] — £iX3(x))) = —LwZ,,

but v¢ = é(L) = (L/L) = —7°". O

Lemma 5.1.9. Consider I := ¢€(Z;)é(%2) and 7 € {1,2}. The matrix U(x), x € RINR3,

satisfies:
U () (P (x)-0)U (x) = (~1)1Q,(x) (E E) , (5.1.20)
. , 0 —il
U*(x)(Q;(x).0)U(x) = (—1)’|Q;(x)| (—iF 0 ) (5.1.27)

Xg(X) w_??l
wél Xg(X)
w]? = v(x)(IX(x)| + X3(x)) =

Proof. We have: X(x).00 = < ) Also, [Z1]?v(x) = |X(x)| — X3(x) and

1 _ JR— _~
_ A (A o,
20(x) \ —zZu(x) Zw w
— U*(XO')U = UTUS(XO')UoUl = Ug(ngg = |X’UTO'3U1 = ‘X'O’g.
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By (6.1.13) (see the Appendix), we have:

Pj(X) 1V 1
R ACL

X3ES(X>(xl7 L2, O) - |'%1|2(07 07 1)))

= (—1) 1 i ES(x)(xy, x —1%/?
_( 1) |W1(X)||W2(X)|(I{,2X3 ( )( 1 270) | |(O’O71))7

and so:
— K3 + X3(x)v(x) = (ik] — w)W + |w]? + | X(x)|v(x)

(iky — w)w + (|X(x)] + X3(x))v(x) = [X(X)|v(x) = —v(x)[X(x)[ + ir1 X3(x)

and

WX5(X) + kows|Z1[20(x) =
(ko3 — K1) X3(X) + koxs(| X (x)] — X3(x)) = Krox3|X(x)| — k1 X3(x).

So
Ud(x)((2X3(x) (1, 72,0) — |21 |*k223(0,0,1)).0)Up(x) =

1 w Zlv(x) —I€21’3‘§1’2 X3(X)§S w 211}(){)
20x)[XE)| \~20(x) @ Xs(x)5  mowla2) \~Zox)  w )

the product of the last two matrices yields

(|21|2<—v<x>|x<x>| + Wk ) 211 X3(x) >
Z1k1X3(x) 212 (—v(x) | X (x)| — iwk) )

and by noticing:
—wv|X| + ik |w|? + ikozs|X(X)| — K10 X5 = —iky (|X] + X3) + ik |w]* = 0
and |w|* = v(x)(|X(x)| + X3(x)), we get:

—| 21 Po(x) (—v(x)X (X)) + k1) 4+ W(koxs| X (x)| — ik X3(X))
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= (IX(x)| = X3(x)) (0(x) | X(x)| = im1w) + w(kows|X(x)] — ir1 X5(x))

= [ X®)[(v(x)(IX(x)] = X3(x) + |w]*)

_ POIXEON 1% 30)] = Xy (x)) + (X ()| + Xs(x))

w

— W(%@]X(X)\ — im X5 (%)) = —2r00(x) X (x)| 277",

where we’ve used ([5.1.25)).

So, since T := &(%,)é(%,) = Z12 |

we have:
21| 22|

UJ(X)(QXg(X)($1,1E27 0) — |§1|2I€2(ZL’3<0, 0, 1))0’)U0(X> = R9 (

L oa =22
—rz1227Y

and so

Q] 2|z —5 57

1 U*(x)(Pj.rf)U(x):<—1>ﬂ'#v*<x>( ’ ‘21%)(“))1]1(@

= (—1)YU; (x) ( 212 B _zilll?z(ve)z) 010

2
_ _~l~a €
R 0

c—e Z1Z2 e\2 L
— (-1 [ 0 0 , A ()7 (I 0
o o)\ 0 J\o i

(1) 0 é(z1)é(%) V(P (x). 0V () — (1Y 1O (x 0T
= (=1 <é(21)é(22) 0 ) — U'(x)(P;(x).0)U(x) = (=1)’|Q;( )\(F 0)-

Regarding U*(x)(Q,(x).0)U(x), by using (6.1.12) and standard properties of Pauli

J
matrices we have:

(X(x).0)(P;j(x).0) = (X(x).P;(x)) > +i(X(x) x Pj(x)).0 =i(X(x) x P;(x)).0
= (X(x).0)(P;(x).0) = i|X(x)[Q;(x).0
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= Q(x).0 = —i[X(x)|"(X(x).0)(P;(x).0)
= U"(x)(Q;(x).0)U(x) = —i|X(x)| "' U" (%) (X(x).0)(P;(x).0)U (x)
= —i|X(x)| "' U" (%) (X (x).0)U(x)U" (%) (P;(x).0)U (x).

Now, by lemma [5.1.7 we get U*(x)(X(x).0)(P;(x).0)U(x) = —i|X(x)|o3, s0

U*(x)(Q;(x).0)U(x) = —iosU*(x)(P(x).0)U(x) = (—1)i|Q;(x) o3 (g E)
0 T

-I' 0

— (~17iQu) ( o

. . 0 T
) — U'(x)(Q;(x).0)U(x) = (=1)'1]Q;(x)| < )
[
Now we can check how it behaves under SU(2)—transforms. We have:

Proposition 5.1.10. Lifts of Pauli matrices via P.
Given ks € Z, and the weights w (5.2.3), 2 on R? and R? respectively, the map P,

satisfies:

Pu(0u(@)Y) = oa(F*a)(Pua)). (5.1.28)

Proof. Let 0271 C C connected, on which we make a choice of a branch for
e~ V"5(2))é(%), é(21)e " (Z,) respectively. We have:
ax = F'a, = (az o F;(x))((V Re Fj(x)).dx) + (&5 o F;(x))((V Im F(x)).dx).

J

Also, recall the complex formulation of 1-forms:

Gy = &, = ayrdz + a_dZ = a,dz + a,dz where ay = a,(2,%) = = (a1 (x) — (X)),

for x = (2,9), z =2 + 7.
So Fy a. = Fy (G4 (2,2)dz + a_(z,Z)dZ)
= F2716(+(F271, FQJ) (VFQJ dX) + F&_ (FQJ, FQJ) (VFQJ.CZX)

= @+(F2,1,Fz,1)F2,1(P2,1 + iQ2,1)'dX + &f(FZ,laFQ,l)FZl(PQ,l - iQm)-dx
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= oa(ax) = oa(F5,0.) = 50(F£1dz)

1. — ) 1. = = )
= 504+(F2,1, F2,1)F2,1(P2,1 + 1Q271)'0' + _CY—(FQ,h F2,1)F2,1(P2,1 - 1Q2,1)'0'

o)

= a7t (F2*,1(Zd+) + F;l(éd_)Pm.o- + <F2*,1(Zd+) - F;,I(Zd—))iQQ,l'a)a
and using (5.1.26) and (5.1.27)) we get (for j,j' = 1,2, j # j'):

ool = (-1 2L (F; ) + By a0 (19 g) U (x)

_ (4)3‘%(@@@) _F(za)U(x) (_OF g) U (%) (5.1.29)

So recalling (P, u)(x)

_ (Pt (x)) etk (z)) 0 Frat
e ((P,Ha—)(x>> U ( 0 g(kj+1>+<kjf+l>ﬁ2”(zj>> (F *ﬂ‘>

—

(PLt) () = U(x)Epn (1) (F“)

F*u~
eki(z;)eM (2) 0 Frat
= U(x) I J D) (5 (A1) (5 e (5.1.30)
0 eWit(z)e T (z) ) \F*a
Where we recall, that we've set
ki (z;)eM (25) 0
Er k(1) = ! ! 5.1.31
khk?( 1) ( 0 é(kj+1)(§j)e(kj’+l)(§j/) ( )

and we have:

oalen) (Pa)(x) = (-1 22 ( 0 F;<zaz+>r> o (m) |
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So, in the case where the index is 1, we have:

0 Fy(2a4)T ~
(Fl*(Zd_)F 0 ) Eny ka (21)

U iafs s 0 (Fya )T\ (e (z)e"(2) 0
= |F1]e(Z1)e " (%) ((Fl*d)l“ 0 ) ( 0 é(k1+1)(gl)e(k2+1)(g2)) '

_ [ (G (z) 0 0 (fay)
et (z)e (%) ) \ (Fra-) 0

0 Qa
1 Nkl 21 0 ~ % ~
= 5 ( é(k;1+1) (21)€(k2+1)(22)> U(F Oé)

on R$ NR3, recall that ¢ is the Clifford multiplication in two dimensions. Now, on R?
(resp. R3), and since 6(F*&) = F*(5(a)), we have:

ék1(21)6k2(,§2) 0 .~ Fat
( 0 é(k1+1)(§1)6(k’2+1)(52)> F(o(a)) (F*ﬂ)
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ghathian™ (2 1) 0 F*(5(a)) o
0 é(k2,1+1)+(k1,2+1)f€i1 (22 1) o\ F*u~

Sko 1kt okt! 0 ~
T ) )@
0 e(k2,1+1)+(k1,2+1)ﬁ (ZZ,l) -
aJr
=U'(x)P.a(a)| . |.
u

Combining the above results we have:

ga(ax)(Puu)(x)

_1Qua(x)] < 5 at _ |V Im F o(x)]| 54 ut

S ) - o)
 Frae(EP)VIn RG] 1 N
- ) Falp) (‘“‘” <u)

 Fw(|2)|V Im F (%) e [T
- 00 Pu<w <|\><>< )

() VIm Fa(x)| L fat)) N
gt o (0) o o)

Now that we have all the information about how Clifford multiplication “commutes”

with the operator, we shall see how connections do so. We have the following;:

Proposition 5.1.11. Lifts of Spin° connections via P.
Given ko € Z, the map P, and p = (2k; + 1)Ky + (2k2 + 1)k2 when acting on spinor

under a spin® connection has been applied to, satisfies:
PV = (vﬂ — ik Qx) M (x) (o) — 2(X(x).a)x;*;)) (Pub), (5.1.32)

where V¥ =V + %[0(’)70(619)] =(d—ia)®@ L+ L[U(')u a(dQ)] for a = F*& + pX*

40)
for &/ € 0Y(Q,).
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To prove this proposition, we introduce the following quantities associated with it:

2 =W, (x).0 = < 0 _15_1> (5.1.33)

1z 0
and

0 =

S = (224, 222, 0).0 = ( Zl) . (5.1.34)
21 0

Now, we have the following lemmas:

Lemma 5.1.12. The following equation holds:

1 — koM (x)
— Q(x) X5(x)

Q(x)T(x)dl(x) =i . (X)|Wg(x) + ik Q2 . drs. (5.1.35)

Where W5(x) is the musical isomorphism of Wy(x) in (R?, Q).

Proof. We have [y¢| = 1, i.e. |[¥*]2 =97 =1 = 0 = (dy°)7° + 1°dy° =

Vdye = —7dy = —yedy® = °dy° € IR,

i.e. vdv® = ilm(y¢d7°). Since, |7y¢| = 1, we also have:

o1 1 1 d7° 1 1 o
d’)/ :d%:_<7ye)2d7 :—¥$:—%dln(’y ) :—2’_)/ed(ln(’}/ ) )
1 d(,rye)Z 1 d(*ing(x)inngc3|X(x)|)
. _ wZo
- 2;76 (,76)2 o 2;3/6 —ir1 X3 (x)+roz3| X (x)|

wZzo

where we’ve used for the last equation (5.1.25)). So, we have:

_ld(—iKJng(X) + IfQ.Tng(X)D d_w @
2 —ik1 X5(x) + Koxs| X (x)] 2w 2z

~e e __
Ydy© =
However, w = kox3 + K11, so dw = Kkodxs and

dZy = d(1 — |x|* 4+ 2x31) = —221d2; — 229dxs + 2(—25 +1)dws = =2 + 2(—23 + 1)dx3
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dég N ggdgg B (1 — |X|2 — 21‘31)(-2(2 + 2(—1‘3 -+ l)d.Ig)

o |RBP2 (1 — [x|?)? + 43
2%, % (—z3(1 — |x|?) + 2x3) +i(1 — |x|* + 223)
|Z2]? |Z0]2
—2Zy 5 w3(1+ |x]?) +i(1 — |x]* + 223)
_ — 2C —
E B
dZQ K9 —252 2 KoW 2 ES i
w w+ Zo W T3 = |52‘2C + |w|2 + ‘ |2 ($3| (X)| + Ko S(X)) T3
(1— ‘XP) 2 "53553 373’XES(X)| Kikg 1
= —2—— —|—< +2 — >dz —|—1<4— + + Xes d:zc)
g e P2 e U TR (x)) s
dzy 2 K1 Ko 2072(X) K1Ko
— 1 (d ):N—W B Gy = 2 b (x) - T2
m w A |ZQ|2 Q(X) |w|2 €3 |ZQ|2 2( ) |w|2 T3

Moreover,
23| X ()] — i X5 (%) " = 25X ()" + £7X5(x) = (25 + 17)[X(x)[* — £ (IX(x)| — X5 (x))

= (w5 + £ X(x)[* = £*(X7(x) + X3(x))

= (:c§ + /<;2)|X(x)|2 — K (4511:2 + 4%%1’%]3% + 4/<;1x1 + 4%%5631}%)

= (x5 + 1) X(x)[* — #* (4] (2] + 23) + 425 (2] + 23))

2

w ~

= (25 + KX — Ki(K" + 25) (do] + 423)) = ol /<;2| (X1 = 4672
2

2
Bl 215,12 4 w2zl = w2A) = w5l
2

and

ng(X) = /{2(—2x1dm1 — 2[L‘2dl’2 — 21‘3d$3 + 4!L‘3dl‘3) = —ZI{QCQ + 2/{2£L'3dl'3

1

whereas d|X(x)| = X )]

d|X(x)|* = %X)d\X(xﬂ2 and:

dIX(x)|* = w1d|21]* + k3d| %[
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= 8k2(21dwy + Todwy) + 265((1 — |X[*)(—221d2) — 239dTy — 223d23) + 223)dTs
= (8(k} — K3) + 4k5(1 + |x[?)) (z1day + zodws) + 4k3as ((x]* — 1) + 2)das
= (8(k7 — #3) +4r5(1 + [x[*))¢* + drjas| X (x)|des
= (8(kT — ) + 4r3| X7 (x)])C* + 4rjas| X5 (x)|das
= d|X(x)| = Qx) (4(k7 — £3) + 25X (x)[) * + 2Q(x) w523 X5 () | .

So
m (3] X (x)] + i6X3(x))d( (23] X (x)] — ik X3(x))) =

m ((x3|X(x)| + ik X3(x)) (23d| X (x)| + [X(x)|dzs — i/ing(X)))

and the second factor, x3d|X(x)| + |X(x)|dzs — ikdX3(x) is equal to:

23Q4(KT — K3) + 26323QXF))? + 263 X PP das) + | X|das — ikd X5

m (23| X(x)| + i6X3(x))d((23] X (x)] - 16 X3(x))) =
(4r92(x) 23 X5(%) (K] — 5) + 2rr5230(%) X3 (%) [ X7 (x)[) ¢+
(2rm523 (%) X3(x) | X5 ()] + 26 X3 (%) | X (%)) des — k5| X (x)|[d X5 (%)
= (4RQUx) 23 X3(x) (k7 — K3) + 2Rr505X3(x) Q) X (x)| + 205 X (x)]) P+
(k3 X5 (%) | X ()] + 20(x) 22 X5 (x) | X 25 (x)| — 2kerinr?| X (x)|das

where we've used the equation: dX3(x) = —2k9(? + 2kox3dr3. Now, we have:
(49 (x) 23 X3(x) (K] — K3) + 2rR523 X3 (%) (%) [ X2 (x)] + 26125 X (%)) ¢

= 2030(X) (26 X3(X) (K2 — K3) + KraX3(x) (1 + [x]?) + rozs X3(x)| X (x)[*) (2

Also,
ROU(x) (X(x) [ X (x)] + 2525 X3(x) [ X5 ()| = 2r923 | X (x)[*)dis

= £Q(x) (X3(x)| X (x)[* + 20525 X5 (%) [ X7 (x)| — 2m003] X (x) ) des.
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Re-writing the last two, we get respectively:
2230(x) (26 X3(x) (k7 — K3) + kK3 X3(x) (1 + |x]?) + r123X3(x) | X(x)[*) ¢

= 2/<;1x3§2(x)((1 — [x|? + 203) (267 — K2) + Ko X3(x)[x]? + |X(x)[})¢?
= 2r123Q(x) (1 — [x[* + 223) (27 — K3) + w5(1 — [x]* + 223) [x[* + [X (%) [*)¢?
= 2/11x3§2(x)((1 — |x|* + 223) (267 — K3 + K3|x|*) + |X(x)|2)g2.

Expanding |X(x)|?, we have:
(1= [x|* + 225) (267 — K3 + m3[x[*) + [X (%) " =

(1= [x]* + 2@%)(2’1? — K+ w3 |x[?) + 4(kT + “2%)(% +x5) 4+ w51 — [x[° + 2x3)
= (1 —[x[*+ ng)@’f% Ky 4 kx| 4 w3 (1 — [x[* + 2353)) +4(k] + "f%xg)(% + 3)
=(1- ‘X|2 + 2'733)(2“1 + 2’{2333) + (267 + 2“2333)(2371 + 213)
= (1+ [x|*)(27 + 2r323) = 267|X"¥(x)] + 2r323 X7 (x) .

Now, regarding the coefficient of dx3 we have:
RO () (X3 (x) X () * + 20523 X5 () [ X ()| — 2w925|X (x)])

= £ (2 (1 — x| + 223) X () * + 2m525 (1 — [x|* + 225) | X (x)| — 225X (%))
= mQx) (1 = x| + 229) X (%) * + 2m525(1 — [x|* + 225) | X (x)| — 225X (%))
= mQx) (1 = [x)|X(x)]* + 2r525(1 — [x]* + 223)| X7 (x)])
= r1Q(2(k] + r323) [ X7 (1 — [x|? + 223) + 2|X P — [XP|( X[ + 263 (1 — |x|* + 223)))
= 21 [w]*[X*(3)|Q7 () W (%) + k1 Q%) (2(653 — #1) — (1 + [x[*)| 2] dvs.

Given that |X(x)|? + 2k2(1 — |x|? + 222) = 2x3| X5 (x) |2 4 k3|2 %
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Finally,

i iK1 €2
mwr_ET«rhﬂmewwg me@+%u — K2) — K2Q|XP|)da
i - ES p iR Q2 2
— Z|2(Q — k1| X*?)W3 — I ——— (ko] X| + K3 (1 — |x]?) — 2r3)dx3
X(x)| — k| XE? i X X
P g (o, KO o),
2
The result follows. O

Lemma 5.1.13. The matrix Uy(x) satisfies:

Q Q
dUoUS =1 (X) Ii1l€2d$30'3 — QiQ(X)U(X)ClUg +1 X) (Iﬂ?zdﬂf;gzl — /ig.rgdzz -+ H1d22)

20(x)
—iQ(x)

5 1 — KoM(x)

1— Q(x)X3(x) (20(x)G2 + Rawsdas)(—hows X' + K1 %7).

(5.1.36)

Proof. We have the following identities that eventually lead to neat simplifications:
I]()[ja< =1, — d(UgUg> = dly = 09,9

1
— (dUy)U; = 5((dU0)U5 — UpdUy)

1 do  —d(zZv) w o Zv [ w —Zv dw d(zv)
_4|X’U d(Zv) dw —Ziv W 210w —d(zZyv) dw

where
Vi(x) =1 (x) Im (wdw + 4v*(x)Z,dZ)) o3 (5.1.37)
20(x) ’
0 —wdz, + Zd
B =0 Wiz Eadwe) (5.1.38)
wdz, — Z dw 0
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and

v U)gl 0

Vs(x) = Q(x)d—” ( 0 _w_gl) . (5.1.39)

We have: w = ko3 +1iky = dw = kodrs — Im(wdwW) = K1kedxs, SO
Im(wdw) = kykodzs & Tm(Z,dz,) = Im((zy + izs)d(z1 + izy)) = —CL.

Hence, the V; matrices above become,

(k1kpdrs — 402 (x)()os, (5.1.40)

, 0 —iz 0 —id% 0 dz
Vo(x) =10(x) | K dxs — KoX + kK
2(x) ( )< 2(151 0 ) s 3<id51 0 > 1(d,§1 0 >>

= iQ(X)(KQdJ]ng — Iigfﬁgdzl + /ﬁdEQ)

(5.1.41)
and
_—imx% 0 _12_1 v(x ilﬁ% 02_1 vix
Va(x) = 2 3U(X) (igl 0 )d () + 1U<X) (51 O>d > (5.1.42)
——ir<;:z:Q<X>1vx M&X)Qq}x
= 23U<X>Zd()+ lv(x)zd().
However,

2(k} — #3) + w3 XFI ()] = 20 — £3) + K3(1+ [x|) = 27 — w3 + K3 |x[?

= 267 + Ry ([x|* — 1) = 267 + 3 (225 — (1 — |x[* + 223)

= 2(/‘1% + Hgﬁg) — HzliQ(l — |X’2 + 21‘:2,)) = 2(%% + Iigl’g) — I€2X3<X)

w|?| 2|2 wl?|Z]? + X23(x)) — X23(x
= 2|w|2—H2X3(X) ——2| ||21’|21| —8H2X3(X)<| | ’ 1| |Ef|(2 )> 3< )—HQX:%(X)
X(x)|? — X3(x
—8| ( )’~ 3( ) /@Xg(x)
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X(x)| - X
gl (x)’|51|2 )15 (3)] 4 X3 (x)) — 2 X (x) = 20(x) ((|X ()| + X3(x)) — ,Zj{)Xg(x)).
Lastly,
d =" (togxp —ax, - L (x| - xp)daP)
EAEAY: HTEAT HaaS
— 2|21 B (Q(Z(H%—I{%)—FK%|XES|)C2+R§Q(X)ZE3|XES(X)|d$3+H2I3C2—ﬁ2$3d$3—41)(x)g2>
1
= 2,2,2 (2057 = 3) 4+ R3IX ] + ol X| = 40[X[)? = oy (1X| = ol X7}y )
_ K2 [X] — o X
- T (=201 = 2)(1X| = Xa)¢? = waws(|X] — Xa) X —x ¢ ;)
—
dv(x) = —2Q(x)v(x)(1 — 21}“&) + ows)des (5.1.43)
and noticing:
L ke 1 ( Bk X (%) — X3(x) — %fﬂzl51|2> _X(x)] — R X ()]
0(x)  o(x) \[X(x)| - X3(x) 212 X (x)] — Q(x) X3(x)
. 1— IigM(X)
1= Q(x)X5(x)
- . _ X&) = X5(x) |w|? .
and given that: v(x) = B = X 500 the result is complete. [

Lemma 5.1.14. We have:

] :
m[a(-), o(d)] = i?v(|X]| + vX3)(2¢0° — dusXt) + %K%QQ(X)ZE3|XES|J?3dI3 (5.1.44)

Proof. Starting with the fact that:
Q7 (x)dQ(x) = [X(x)|d(1X(x)| ") =

S OCAIX () = ~ %) (4% — 53) + 2m3IX | (3))C? — 2307 ()| XS )l
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we get:
o(dQ(x)) = —20%(x)v(x)0(¢?) — 2k2Q% (x) 23| X5 (x) |03

Regarding any vector field, Y on R3, we have:

dzs(Y) (dxy — idx2)>

o((Y,)) = o{dey (V)dwy+daa(Y )dy+dag (Y ) drs) = ((dm ideo)(Y)  —das(Y)

o((Y, ) = %dzgm + ds(Y)os, (5.1.45)

SR I (LURETR W B U T I U £ e
) W G | I ) IS

—
[dX?, 03] = —2id%".
Finally,
0 dz 0 z -
[dy2, %2 = [(dz_ gl> , (2_ Z(;)] = iTm(3d5 )0y = —4iC'o®. (5.1.47)
1 1
Completing the result. O

Now, we're ready to move on to the proof of (5.1.11]).

. I+
Proof. We write, 1 = (g_) and using (3.3.9), we get:

a0 =0 (T ) ()

P,u-i—(d — l(d + (Iil + Iig)wc)

U((d — 104) X [2 + i(’%l —+ f<;,2)ac)) (i‘“éj) —
pt
P, ¢t

PM+Q7Z_> N <VQ -

((d—ia) @ I, — (dU)U* + ika UosU*)U (
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where

1

W=W(x)= m[a(-), o (dQ)] + (dUs(x))Ug (x) + Q(x)(T(x)dl(x) — ikaz)X(x).0
(5.1.48)
utilizing lemma [5.1.7] as well as the fact that
(dUYU* = (dUy)Ug + Up(dUL)UFUE = (dUp)Ug + Q(TdDlN) X0 (5.1.49)
However,
X(x).03 = kiWi(x).0 + keWa(x).00 + X3(x)03d (5.1.50)
and )
KO, = K,%((l + roM) — (1 — /igM))Wl{ + (1 — ko M) ||VV| PWZ{
1
B X, 1 b_
+(1 — ki M) WP + 13 (L + kM) — (1 — ki M)W = (5.1.51)
2
X] = ma|XP] X = ma X
2 M \%\%
Ki1ko M o + |21|2Q 1 + |§2‘2Q

where o = X = /@1Wl{ + /@WS, and from the equation for . above and lemma |5.1.12

we get:

QTdl — ika.)X.o =

X . XES
i(l | |;1|l |W§+/<;1S22d(1 - %)dxg—
2
5.1.52)
X| — ko|XES X| — gy | XES (
2/@1/£QQMab—’ | !%Tl lWl{—| | 1521|l ’Wg)X.a:

iQ2 (1 — %) [Iildl’g — 2U€1](:‘€121 + lin’gZz + X30'3) - 21K1I€QQMO%(X.O').
v

Also,

—2v(1 — %)(—Fogmgi}l + k5% — 20(1 — %

)<1<I€121 + H2$322) =
20(1 = 2 (kaw3) (CPE! = ('52) — sy (¢'8! + ¢*52) =
(X = Rl XP5)) (S — pads?).
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This, alongside the last two lemmas, gives us:

W =iQ%(|X| + (1 - %(mzxg))(g)[zglag — dzsSY + %K§Q2x3]XEs|dEl+

Q Q
12—K1H2d$30'3 — 2191)(10'3 + i§<l12d23321 — /€25L’3d21 + Hldzz)—f—
v

R2

2v
192(1 - %)("'Qldx?, - 2vC1)(mEl + 52.1'322 + X30'3) — 2iI€1I€QQMOéb<X.O') =
v

—iQ%(1 = ==) (2uC* + Kowsdas)(—RowsE' + k1 X%+

= 210%((|X] + (1 — g—z)Xg) —X| = (1~ %)Xi"»)flai">Jr

R2

oo+ i (L= 52)dey ) S drgt

iQQ(—v(|X’+ (1_ @)X3)+%\X\ +/§§x§(1— 20

2v
.9 /€1f€2’X’ Ra
iQ (T’X’ + Hl(l — %)Xg)dxigo-:;“—

%QQ(ﬁgx;g]XES]dEl + (IX] = (1X] = 52| X75)) (= how3dS! + k1dE?)) — 2ik1 ko QM 0y (X.07)

1
- im1/{2§22|X|(§d22 + odzs) — 2ik1 kM oy (X.0).

Noticing that

—o(|X] + (1 - %)Xg) + %|X| + k33 (1 — @) +r7(1 - @)

2v 2v
_ (12 201 _ F2y _
= —o(1 21))(|X| + X3) + |w[*(1 2v) 0, and
Ko K2 K2 ES
X|l=+(1-—=)X3=X]|— (1 - =)(X| = X3) = ka|X"|.
| |2U+( 27}) 5= X| = ( 2U)(| | 3) = k2 |
Lastly,
1 d[[’g dl‘l — ldl'g
—d¥? + dxy05 = = (dx1,dxy,dxs3).0 = o(-
2 o (da:l + idxo —dxs ) (d1, daz, ds) ©)
and QX% = M, the result follows. O

By the proof of this result, we get that conjugation identity, we have:
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+
Corollary 5.1.15. Let ¢ = (Z_) € I'(R? x C). The following equations holds:

(o9 _ ((d=i(a = rae))y™
U (V™ —ik1kQMo(+) — 204(X.0)) Ut = ((d ot Hac))¢) (5.1.53)

Now, we're ready to see how Dirac operators on R? and R?® interlace via the

submersion F'.
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5.2 Dirac Operators on R?, R? and O,

Recall that Dirac operators on D 1 and Dy, on R? and R® change under conformal

change of metric according to the following formulae respectively:

~W

D5 = w 32Dy (w'?) (5.2.1)

and
DY = Q7?D;(Q) (5.2.2)

where A and A be the corresponding magnetic fields.
w1 (| ()| T By (3)] = wa(| s 2(x) )|V Im Fyia(x)] = (%) (5.2.3)

Recall that |Im Fy i (x)] = [Fu1(x)]|Q;(xX)| = |Fu1(x)||P1(x)] = |ReF,1(x)| and
similarly for | Im F ;(x)|. Also, Q(x) = |X(x)| ™.

Given weights w; on two copies R? = C respectively, we can write the associated Dirac
operator(s) on L, analytically as follows: Given p € ¥ := {(2k1 + 1)r1 + (2ks + 1)Ko :
kis € Z}, C; (= R? each for j = 1,2) two copies of the complex plane and €;; é; ;,
i = 1,2 a orthonormal basis of vector fields and their dual 1-forms on (R? w;). Let
&/ = @) + pyd and V¥ the respective (“weighted”) Spin® connection on L, (as in
(3.4.17)) and o, = w0 the corresponding Clifford multiplication. We write the Dirac

operator on L, as the pair of the Dirac operators:

2
NWi . ~ ~ = ;.67

Dy = _1Zawj(ei,j)v~{_" (5.2.4)
This pair gives us well-defined mappings 15;‘){ : T(C;,C?) — I'(C;,C?). This is because,
if we let € ; = S 2 vi;€;; another set of orthonormal vector fields (with respective

forms € ,). Then considering the matrix that defines this transformation V' := (v;;),
i,j € {1,2}, it satisfies VVT = I, i.e. Zi:l VikUkj = Zi:l UiV = 0;; and so:
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2 2
f e WAl o cwdl
Z%j(ei,j)vgf = Z Uklvlko-wj(ei7j)vzif (5.2.5)
i=1 kli=1
2 ‘ 2 A
~ ~ = w. ol - - ~ WAl
= Z 5kl0'wj<€i,j>vzif = Z ij(e@j)vgi’ja.
kel j=1 kel j=1

Now that we’ve defined Dirac Operators on sections on the orbit space, we may show

that these mappings, are basically automorphisms. We have:

Lemma 5.2.1. Let ’QU = (¢(1),¢(2)) € F(EM) for n = (2]{31 + 1)/11 + (2]€2+ 1)1{2, k’172 € Z.
Set

o6) = DY)
Then ¢ = (d(1), ¢2)) € T(Ly).

Proof. Given j € {1,2}, consider open sets UfQ C C, such that Ul = Rus—U7. Let

. i1 ) .
i = 1,2, an orthonormal frame of 1-forms on U,, and set &/" = R*; ;€] (again

~j12
62 ;

i = 1,2), an orthonormal frame of 1-forms on Uf . Similarly, consider the respective

~17.2

vector fields é{’é and &' = (Rs-2),&7%, i = 1,2. We can easily see that

Ryaai (E-r, 1) = E-iyP0y) (5.2.6)
recalling

Ek(2) = (ék(z) ~k+(1)( )) for keZ (5.2.7)

This map satisfies (for i = 1,2):

Ris2i (Er, V) = Er 0 (5.2.8)
and
T*(S_kQ’QD(g)) = 5—k1¢(1) (529)
As well as:
R:372j (g_kj@wj’djgkj) = g—kj @wj’djgkj (5.2.10)
and
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TH(E_, VY ) = E_j VY & (5.2.11)
— stfaj<s_kjawj<é@-,j>@:~’f;djw<j))
= Risoas (€4, 0, ()80, ) R (€0, VI 2, (€, E00)) =
E b,y (R s03)Ex, Riass (€1, V¥ €. ), sy (E_1, 1)) =
€ty Gy (61)Eky (E i, VI E1) 4 E ity = € kG (60)Eky (-, V)

for i = 1,2. In other words,

R32i(E-1;0(j)) = E-k,00)- (5.2.12)

When transitioning via 7, (recall, we're working on particular branches of the

exponentials, indexed by a), on subsets U, 7,(U) C C*, we have:
(g*kz Owy (el)va a2w(2)) = 7—; (8*]?2 &WQ (éi)gkzg*/m @(g?de(Q))

=Ty (8—k20w2 (el)gkz) (5—k2)VW2a (gk‘zg—bw )
- g—/ﬂam (T 61)5k1 Ta (5— QVWQ OQS ) (8 k2¢( ))
= g_kl&wl(éi)gkfl (g_kl VWLO[ )éig—kfl,l/j(l) = g_kl 5-0-11 (éi)ﬁm’&lw(l)

for all + = 1,2. Hence,
To(E-i0@) = E-r o) (5.2.13)

In other words, for u € C*>(C;), j = {1, 2} we have:

R53—2j (5'wj (éz‘)@g’&ju) = 5k-(62m”3 27) ( )v 5,6 (5 .

J

(6271&53_2].) :3723'16) (5214)

J
on 7(U). Now summing these over i = 1,2 we get:

rs2 (DY Tu) = gkj(e%i“?’”")ﬁgi (E, (™) Ry o) (5.2.15)

]
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Consider an «a € Q'(R?) (a 1-form on R? corresponding to the magnetic potential
A(x)) and set 8 = da € Q*(R3) the respective 2-form corresponding to the magnetic
field and let it be such that d?a = 0 and tx(da) = 0. The former is equivalent to
V - (V x A) = 0 while the latter is equivalent to X x (V X A) = 0 (the magnetic field
V X A is parallel to X). We set the corresponding potentials A(f() (corresponding to

the 1-form &) in two dimensions and the respective Weyl-Dirac operators.

Definition 5.2.2. We define the following class of magnetic potentials:

v
AY(x) = ———X(x) + X7 (x) + Vo(x) (5.2.16)

X ()[? "
where X3 (x) is perpendicular to X (x) and satisfies Lx Xy = 0 (it’s Lie derivative with

respect to X is equal to zero) and ¢ is some scalar function on R3.

These fields are the only ones of interest towards the purpose of this thesis. (5.2.16)).
Moreover, it can be shown that these fields are such that X (x).A"(x) is bounded. When
there is risk of confusion or particular need to emphasize on the parameter v, we’ll

denote A" simply as A.

Theorem 5.2.3. Let a smooth A(x) € R? (pointwise) such that V x A(x) = //X(x).
Then A(x) is of the form (5.2.16)).

The proof diverges for the purpose of this Thesis, so it will be omitted.

Without loss of generality, we can set Xp (x) + V¢ (x) = A’(x) and re-write

AY(x) = mX(x) + A'(x) (5.2.17)
where A'(x) = (&/(e1),d/(e2),/(e3)) for o = Fyyd), € Q(R?) (the pull-back of a
I-form on Oy), &, € Q'(R},) (recall R? is identified as C). We can also define the
respective class Weyl-Dirac operators as usual: Da» (for the standard ones) and the
respective “weighted” versions D%.. Recall that our orbit space O, is defined as two
copies C15 (= R},) with points z # 0 identified via the map 7 : C} — Cj, with
7(2) = Coz Y% for Cp = k(14 k)5
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Now, we're ready to identify a proper choice of a local frame on R3, that’s related

to a suitable frame on O,. In particular, we have the following lemma:

Lemma 5.2.4. Assume we have a smooth branch, indexed by a, FY', : Uiy C R}, —

Uy C Cyo, where Uy 5 = Fiy (Ui ), given as

Fey = |Ffylé(2)en (5.2.18)

for €, being a branch of the exponential e=*" (%) (again, j # j/ € {1,2}). Let &"?

a positively oriented frame of 1-forms on (7172. Set €12 = (FTy)"€12 and €3 = ayly, ,-
Then €;, j = 1,2, 3 is a positively oriented frame of 1-forms on Uj » (with the weighted
metric). Also, considering the aforementioned frames of 1-forms on U; 5 and (71,2 we get

the respective dual vector fields on these sets; €, = (F}'y).€;2 and €3 = X (on U).

Proof. We have:
(@i, €j)a = (I7")«(€:1,€j)w, = (F]")dij = 0y (5.2.19)

for i,j = 1,2. Also for e = X® we have:

o B e ((Fe,).X) if 1=1,2
(€3, =€(X) = ’ . (5.2.20)
ap(X) if 1=3

In other words, (€%,e')q = 8;3. Therefore, &, j = 1,2,3 is an orthonormal frame of

1-forms on U. Now since for i,j = 1,2 we have:
0ij = ei(e;) = e;((Fy5)€)

we get that (Fi'y).€; = €; pointwise on F'y(U) = U,5. We also have
VF, = Fio(Pr2 +1Q 5)

by (3.2.10), from which we get:

(F)P1a = P1o(VF,0. + VF] ,05)|Qq o> (F,0: + Y ,02) (5.2.21)
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and
(Fla,2)*Q1,2 = QLQ(VFf,zaz + Vﬁiza%) - i|Q172]2(Ffﬁ282 - FCILQa?) <5~2~22)
However ¢! A €% = voL?, | and so
e AT (P12, Qo) =& NE(FoP12, F12:Q, 5) =

. a 1 —/ 1a —=a a —a
1“%,2(F1,2)‘Q1,2‘4<5>d2 NdZ(F{'90. + VF| 40z, F',0. — F ,07) =

a a 1 a a
W%,Q(F1,2)|Q1,2|4|F1,2|2 = Ew%J(Fl,Q)|Q1,2|2’VF1,2|2 = |Q1,2|2Q2-

We also note that
ég(PLg) = Q2XP - 0 - Q2XQ == 53(Q1’2)€1 A EQ(PLQ, Q1:2> (5223)
while €3(X) = 1. Hence,

@ A8 AE)OQ P 07 Qul X) = 07(Qu (@ A PP Qu)E(X) = 1

(5.2.24)
It can easily be shown that P2, Q, 5, X is a right handed frame, so €' A&* N &° = vol3,
and e!,e2,e® is also right-handed. O

Consider p € ¥ := {(2k1+1)k1+(2ka+1) ko : K19 € Z} (for k19 € Rog); & € QH0,,)

and & = &' + py where ¥ = I3 5(|2]?)C (see (4.2.26]) and the equations above).

For the associated Dirac operators, with weights Q and w5 on R? and RiQ, we have:

Theorem 5.2.5. Let 1 € & and the Weyl-Dirac operators DS, and Dy . Then:

DR (Pub) = Pu((DY4 + kikamls + ( — v)a3)1)). (5.2.25)

Proof. Since we can’t define Dirac operators on O, globally, we’ll show this result
locally. Consider é; 5 a basis of vector fields on R?, and set €; = F*€; for i = 1,2 and
e; = X(x). Bywe have: P,(0,(@)1) = oo(F*&)(P,b) which for & = &, 5 implies:
Po(0u(612)0) = 0a(212)(Pu1b). However, we also have: oq(e3)Puh = Py (00(€3)1)
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Pu(ou(e12)0) = oa(@12)(Puy) and o(e3)(Pu) = 0a(X3)Pub = Pu(o(e®)y) where
the flat co-vector X% of X(x) corresponds to the weighted metric (-,-)q. By [5.1.11| we

have:

o X" (x)| )

(V20 — iy S o) = 2AX(00.0)))e (Put) = PUT50) (5226
for i = 1,2 and “-” in o(-) denoting the dual 1-form of the vector field €. We also
have: 5S

X ~
(VAor i“l“ﬁ@f(-) — 2X(x).dX)z, )Pyth = 0 (5.2.27)

and plugging the matrices o;, i = 1, 2, 3 respectively we get:
(D — KikaM)Pou = P, DY) (5.2.28)

for all ¢» € I'(U x C?) for some open subset U € C where:
3
M =M oao(o(@))(o() — 2a(X.0))z,-
i=1

Now, for i = 1,2 we have ay(€;) = (X, €;)q and (¢;,-) = Q~2¢’, where the (-,-) denotes

the inner product on the space of vector fields and 1-forms respectively, so
oa(@)(o(-) — 20(X.0))e, = 00(E)Q 20 () = Q Hoa(E))* = Q'L
Moreover, ay(e3) = a(X) = (X, X)g =1 and
X.o = o((es,-)) = Q 20(e3) = Q log(es) =

50(2)(0() — 205(X.0))e, = 00(E3)(Q oa(Es) — 20 oq(E)) = —Q L.

Hence, M = QMQ 'L, = MI, = Fyomyo ((3.2.23)-given a particular choice of

value/branch of the exponential). This, alongside the first three equations on this
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page, gives:

DR (Puath) = (DRv — K1k M) (Prath) + (k162 M + (1 — v)oa(ey)) Path =

P/ﬁ,a(ﬁz&) + Pu7a((/ﬁ?1/€2mi[2 + (,U — V)O'd)@g)
where P, , refers to the operator P, for a particular choice of branch (of the exponentials

involved in the maps F} 5) indexed by a. O

This concludes the main results of this Thesis.
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Chapter 6: Supplementary results

6.1 Some useful & interesting calculations

In this section, we’ll prove some useful lemmas and propositions regarding the quantities

introduced previously.

6.1.1 Orthonogonal frames

Lemma 6.1.1. The vectors Py 5(x), Q; »(x) and X(x) satisfy:
P12(x)] = Qi 2(x)] (6.1.1)

P1a(x) x Qp5(x) = [Qu2(x)*2(x)X(x) (6.1.2)

Proof. The first property is derived via very simple calculations from the definitions of

these vectors. Regarding the second property, we calculate:
W (x) x Wy(x) = (=229, 271,0) X (22123, 21973, 1 — |X|* + 223)

€1 €9 €3
= —2.]]2 2.1'1 0

2r113 2T9m3 1 — |x|* + 223
=221 (1 — |[x|* + 223)e; — (—2x2)(1 — |x|* + 223)es — 4(2] + 23)x3€3
= 2(1— x| +222) (1, w2,0) —4(2? +23)23(0,0, 1) = 2XF5(x) (21, 79, 0) — 4(22 +23) 2383
SO

(W1 ()" [Wa(x)|*

2|XN<X)’ Pl(X) X Ql(x) =
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2 2K
(Wi(x) x Wa(x)) x (le(x) - W“’?(X))
2 2K
‘Wl( )|2(W1<X) X W2<X)) X Wl( ) |W2( )|2 (Wl(x) X WQ(X)) X WQ(X)‘

Now we have:

(ZEhZEQ, O) X (—CL’Q, X1, 0) = (ZL’% + 173)63, (613)
and

(0, O, ].) X (—(L’Q,Z‘h 0) = (—Il,ZEQ, O) (614)

So

(W1(x) x Wy(x)) x Wi(x) = (2XI5(x) (=21, 19,0) — 4(2? + 22)23€5) X W1(X)

— 4(1‘% + Jfg)st(x)eg + 8(1’% + :E%)mg)(—xl’ Ta, 0) — |W1(X)|2W2(x)
2 X X x) = 223(—21, o ES (). — J(x
— o (W00 X Wala0) x Wi (x) = 2ry(-1,22.0) + 2 (x)ey = 2Walo0).

Also, we have:

($1,$2, O) X Wg(X) = (1’1, X, O) X (2%’11’3, 21’2.1'3, 1— |X’2 + 21’%) =
(S5} €9 €3
) Ty 0 |=2X7 (x)er — 21X57 (x)er = — X357 (x) Wi (%),

27173 2wow3  XEFS(x)

(6.1.5)

and
es X Wy(x) = (0,0,1) x (2z123, 2z073, 1 — |x|* + 223)
() €9 €3
= 0 0 1 = — 2ZL'2$381 + 2.1‘11‘362 = ZE3W1 (X)
2z1w3 2woxy 1 — |x|* + 222
So

(W1(x) x Wy(x)) x Wy(x) = (2XF5(x) (21, 12,0) — 4(2? + 22)w3€3) X WH(X)
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= 2XE5(x)((w1, 12,0) x Wy(x)) — 8(2? + 22)z3(€3 x W(x))

= —2X5(x)Wi(x) — 8(] + 23) 23 W1 (x) = —|[Wa(x) "W (x)

2K
|W2(X)|2(W1(x) X Wa(x)) x Wy(x) = =26 W (x). (6.1.6)
Consequently,
2 2K
|W1(X)|2(W1<X) X Wa(x)) x Wy(x) — Wi )‘2(W1(x) x Wy(x)) X Wy(x)
= 26W1(x) + 2Wy(x)
PP 30 5 130 = (20 Wi () + 2Wa(x)
=
K] X
PO U W WL T W WO
_ 41y X (x)
Q(x)[ W1 (x) P[Wa(x)[2
Using the equations and we have:
O S o1 I W U <c 5 R
PR QL) B WL PWA G T R WG PWaG P
Ay X(x) = XX, a
T VRIW (X)W (x) [ (Wi (x)[2[W2(x)[?
Finally, we have:
2

Qi (x)| =

W EWa o ¥ W2 WG + 2 Wh () [f[Wa ()
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2
x)| = o Kk2|W 1 L (X
14091 = g VIV BT+ RIWAGIP] = ol X, )
265"
= 2 X(x
W0l Wi Go 0
(6.1.9)
and . -
L(x)] = =|Q,(x)] = i X (x)|. 6.1.10
Q200 = 119160 = 7 X9 (6.1.10)
The last two equations alongside with and give
P1o(x) % Qq(x) = [Qq2(3) %)X (x). (6.1.11)
m

As a consequence of the above, we have:

Corollary 6.1.2. The vectors P5(x), Q;(x) and X(x) are orthogonal and they
satisfy:

Qua(x) x X(x) = 0 0P1a(x), X(x) x Pia(x) = 0 (x)Qu,0x)  (6.1.12)
Proof. From (6.1.11]), and by the triple vector product formula we have:
Q(x) x X(x) = [Qq2(x)| 227 (x)(Q(x) x (P12(x) x Qq(x)))

= |Q1,2(X)‘72971(X)((Q1,2(X))'Ql,z(X»PlJ(X) - (Ql,z(x)-P1,2(X>)Q1,2(X))
= Qfl(x)PLg(x).

Also: X(x) x Ppa(x) = Q71Q, 5(x)[?((P12(x) X Q) 5(x)) X P1s(x))
= 071 (%)]Qy o (%) ?[(P12(%).Q 5(x)) P1a(x) — (P12(x).P12(x))Q, 5(x))

= Q7 (%)|Q1 2 (%) ¥ [P12(x)[*Qy 5(x) = 271 (x)Qy o (x).
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Moreover, from (3.2.13), (3.2.14) and (6.1.9), (3.2.12)), the respective normalized

version of Py »(x) satisfy

P (-1

Q] Wi ()[[Walx)
_

W ()W ()]

W (x) X Wy(x)
(6.1.13)

(QXfS(x) (21, 22,0) — (27 + 23)e3)

6.1.2 Compatibility condition invariance

As mentioned in Chapter 3; in particular in the parts where the transition map T,
(3.3.1]), is defined and discussed, the transition between the two charts Q,3-2; (j = 1, 2)

is not trivial. Instead, it depends on which value we give to the exponential z~1/#

. Now,
we prove that the definition of this transition map is well-posed, given (3.3.6)), as it’s
consistent with that “rotation” property of section of the line bundle, regardless of the

K —Lin(z)

choice of value we pick for the exponential 2=/ = e~

Proposition 6.1.3. The compatibility condition (3.3.6]), with zo = 7(z1) is invariant

under any choice of value for 7(z).

Proof. Let m € 7Z and ks € 7Z, we have:

_ 2mmi

7_<€2m7rizl) _ Cﬂ<€2mwizl)fl/n _ Cﬁzl_l/”e o

e—kQ(T(BQmwizl)) _ 64{32(0521_1/&6_%) _ ewek@mm(n)/n _ 6@6_@(7—(21))

However, uy(7(e2™™z)) =

mmi mmi ko .
u2(6_2 = 7(z1)) = u2(e_2 wT(21)) = u(RomT(21)) = e 2R Uy ((21)).
So (3.3.6) remains the same. O

This shows that given any choice of 7(z1), (3.3.6) still holds. In other words, it is

well-defined as it’s consistent with any possible choice of the value of 7(z;1) (21 € Cy).
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6.2 The Lichnerowicz formula

As mentioned in the introduction, an essential tool for advancements in this research
area is the Lichnerowicz formula (a formula for D3 ), which is used (in its original forms
or variants); in Elton, 2018 a variation of this is used. This is particularly useful as in

the case of a self-adjoint Dirac operator D4 on some Hilbert space H, we obtain

(DA, Dabyy = (1, Dat)u,

This can potentially help us get investigate existence and/or growth estimates for

solutions of the Weyl-Dirac equation. We have:
D3 =Du(Dy) = (6.(D—A)(o.(D—-A))=(60.D—-0.A).(c.D—0c.A)
—
D4 = (0D — 0;A").(0,D7 — 0,A7) = 0;0,D'D? — 0,0, A"D? — 0,0, D'(A?-) + 0,0, A" A7

Taking into account that the Dirac operators D; act on twice continuously differentiable
spinors, at least on the space(s) we're concerned with now, we have that D,D; = D, D;,
as well as A;A; = A;A;, and since 0,0, = —0j0;, Vi # j € {1,2,3}. Also, we note that:

O'iO'j’Di(Aj') = O'iO'j(’DiAj) . +O'iO'jAjDZ"
and so finally we get: D% = 02(D)? — 202A'D’ + 02(A")? — 0,0, D' AV =
Dy =—-A-2AV +Y,A2+iV-A — 0. VXA.

In our case, the Weyl-Dirac operator is equipped with a weight Q(x) = |X(x)|™!, and

so we recall (2.3.7):

Mw

(DA(Q))? = D% + Q0. D(Q))D + 2Q(DLD) + QAQ)

=1
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