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Abstract

Let G be a locally compact group. If GG is finite then the amenability constant
of its Fourier algebra, denoted by AM(A(G)), admits an explicit formula [Johnson,
JLMS 1994]; if G is infinite then no such formula for AM(A(G)) is known, although
lower and upper bounds were established by Runde [PAMS 2006]. Using non-abelian
Fourier analysis, we obtain a sharper upper bound for AM(A(G)) when G is discrete.
Combining this with previous work of the first author [Choi, IMRN 2023], we exhibit
new examples of discrete groups and compact groups where AM(A(G)) can be calcu-
lated explicitly; previously this was only known for groups that are products of finite
groups with “degenerate” cases. Our new examples also provide additional evidence
to support the conjecture that Runde’s lower bound for the amenability constant is
in fact an equality.

MSC2020: 43A30, 46H20 (primary); 20C15, 22D10 (secondary)

1 Introduction

1.1 Background context

The Fourier algebra of a locally compact group G, denoted by A(G), is a Banach alge-
bra of continuous functions on G, whose norm encodes the unitary representation theory
of G. Unlike the commutative C*-algebra Cy(G), which only remembers the underlying
topological space of G, the Fourier algebra A(G) remembers both the underlying topo-
logical space of G and the group structure. More precisely, if G; and Go are locally
compact groups, then the Banach algebras A(G1) and A(G2) are isometrically isomorphic
if and only if G; and G5 are isomorphic as topological groups; this is a theorem of Walter
[Wal72]. One is therefore led to study how structural properties of a group are reflected
in Banach-algebraic properties of its Fourier algebra.

One important structural property of Banach algebras is the notion of amenability,
whose study has inspired some deep work within particular classes of Banach algebras
such as L'-(semi)group algebras or C*-algebras. For instance, it was shown in the early
1970s that the L'-convolution algebra of a locally compact group G is amenable if and
only if G is amenable; and it was shown in the 1970s-1980s, through the combined work
of many authors, that a C*-algebra is amenable precisely when it is nuclear. (For self-
contained presentations of both results, a good recent source is the book [Run20].) The
corresponding characterization for Fourier algebras proved to be more elusive, but was
finally obtained by Forrest and Runde in a 2005 paper [FR05]: they proved that the
Fourier algebra of a locally compact group G is amenable if and only if G is virtually
abelian (that is, has an abelian subgroup of finite index).



Within the class of amenable Banach algebras, one can hope to capture more infor-
mation by considering a quantitative variant. This leads to the notion of the amenability
constant of a Banach algebra A, which we denote by AM(A). A formal definition will be
given in Section 2.2; for the current discussion, we merely note the following properties.

e AM(A) € [1,00];
e A is amenable if and only if AM(A) < oo;

e if A and B are isometrically isomorphic, then AM(A) = AM(B).

While there is a large body of work during the last 50 years that studies amenability
for Banach algebras, there has been relatively little investigation of amenability constants.
One possible reason is that for L'-group algebras and C*-algebras, there is a dichotomy:
if A is a Banach algebra from one of these two classes, then AM(A) is either 1 or oo, and
so the amenability constant is not capturing any further information. The situation for
Fourier algebras is very different, as Johnson showed in [Joh94, Section 4], and thirty years
after his paper many fundamental questions about the amenability constants of Fourier
algebras remain open. In particular, the following question represents a significant gap in
our current state of knowledge.

Question 1.1. Let G; and G2 be locally compact groups. Is AM(A(G; x G2)) equal to
AM(A(G1)) AM(A(G2))?

To date, no counterexamples are known, but there is no general principle that would
imply a positive answer. As we will see in Section 1.2, the answer is positive if both G
and G9 are finite, but the proof breaks down as soon as one of the groups is infinite. The
answer is also positive if either G; or G3 is abelian: this result was probably known to
Johnson, and was certainly known to the authors of [FR05], although we did not find it
stated explicitly in the literature. (See Proposition 3.2 for a proof.)

A positive answer to Question 1.1 would follow from a conjecture of the first author
that was implicitly made in [Cho23]. The precise statement will be given as Conjecture
1.2; in order to motivate the conjecture, we need to review some results from the papers
[Joh94] and [Run06].

1.2 Bounds for the amenability constant of the Fourier algebra

The amenability constant of the Fourier algebra was first studied by Johnson in [Joh94].
The present paper is in some sense complementary to Johnson’s, since we shall focus on
discrete groups while [Joh94] deals exclusively with compact groups.

One of Johnson’s discoveries was that when G is finite, there is a remarkable formula
for the amenability constant of its Fourier algebra:

AM(A(G) = 5 2 () (1.1)

where G denotes the set of irreducible representations of G (up to equivalence) and d,
denotes the degree of the representation 7. See [Joh94, Theorem 4.1] for a proof.

It follows easily from (1.1) that Question 1.1 has a positive answer for finite groups,
and as an application of this, Johnson was able to provide explicit examples of compact



groups G for which A(G) is non-amenable. However, he did not discuss the problem of
calculating the exact value of AM(A(G)) for infinite non-abelian groups. This seems to be
a challenging problem, because we currently do not have any analogue of (1.1) for infinite
groups. Nevertheless, approximately ten years later, Runde showed in [Run06] that one
can give useful upper and lower bounds on AM(A(G)), in terms of representation-theoretic
data associated to G. Namely,

1 < AD(G) < AM(A(G)) < maxdeg(G), (1.2)

where maxdeg(G) denotes the supremum of degrees of irreducible unitary representations
of G, and AD(G) denotes® the Fourier-Stieltjes norm of the anti-diagonal subset of G x G.
(Further details will be given in Definition 2.6.) The upper bound is proved in [Run06,
Lemma 2.7], while the lower bound is proved in [Run06, Lemma 3.1].

Runde’s proof of the inequality AM(A(G)) < maxdeg(G) requires techniques from
the theory of operator spaces. However, as he himself observed, for finite groups this
inequality is an elementary consequence of Equation (1.1). Indeed, for finite G, one can
actually obtain a sharper upper bound

AM(A(G)) < 1+ (maxdeg(G) — 1) (1 — 1> , (1.3)
G. G
where [G, G] denotes the commutator subgroup of G. (The proof just uses basic facts from
the character theory of finite groups; details of the calculation will be given in Section 3.)
Furthermore: if G is finite and non-abelian, the right-hand side of (1.3) is strictly less
than maxdeg(G), so that for such groups the upper bound in (1.2) is never sharp. We will
return to this point in the next section.

Returning to the setting of general groups: it is not immediately clear what we gain
from the lower bound in (1.2), since AD(G) seems just as hard to calculate as AM(A(G)).
However, results of the first author in [Cho23] indicate that one can say quite a lot about
AD(G) for particular examples. By [Run06, Proposition 3.2], AD(G) is finite if and only
if G is virtually abelian, and so we can restrict attention to this class of groups. It turns
out that for countable virtually abelian G, there is an explicit formula for AD(G) in terms
of the Plancherel measure on G (see [Cho23, Theorem 1.5)).

When G is finite, it turns out that AD(G) = AM(A(G)) ([Cho23, Theorem 1.4]). This
was unexpected: the proof in [Run06] of the inequality AD(G) < AM(A(G)) gives no
reason to suppose that equality should hold for finite groups. For, as discussed in [Cho23,
Section 6], the inequality arises from considering a norm-decreasing map between two
Banach spaces which is known to be non-isometric for every non-abelian group, even the
finite ones.

1.3 New results

It was asked in [Cho23, Question 6.1] if the inequality AD(G) < AM(A(G)) is actually an
equality in all cases. We now state this as a formal conjecture.

Conjecture 1.2. AM(A(G)) = AD(G) for every locally compact group G.

IThis notation is not used in Runde’s paper. It is taken from [Cho23], with the caveat that there AD
was only considered for discrete groups. What we denote by AD(G) in this paper corresponds to AD(Gq)
in the notation of [Cho23].



By [Cho23, Proposition 2.9], AD is “multiplicative” with respect to direct products
of groups. Hence Conjecture 1.2 implies that Question 1.1 has a positive answer. It
also follows from [Cho23, Proposition 2.9] that if § : H — G is any continuous injec-
tive group homomorphism, then AD(H) < AD(G), and so Conjecture 1.2 implies that
AM(A(H)) < AM(A(G)). These improved functorial properties of AM(A(-)) would then
provide powerful additional tools to aid in calculating or estimating amenability constants
of Fourier algebras.

Prior to the present paper, the reasons to believe Conjecture 1.2 were more theoretical
than empirical. Indeed, the conjecture was only known to hold in the following cases.

1. If G is not virtually abelian, then it satisfies Conjecture 1.2, but for a somewhat
unsatisfying reason: namely, for such G, we have AD(G) = +oc. This follows from
the results in [FRO5].

2. If G is finite, then it satisfies Conjecture 1.2 (as already discussed).

3. If G is virtually abelian and AD(G) = maxdeg(G), then it satisfies Conjecture 1.2.
(This is immediate from the inequalities in (1.2).) For convenience, we shall call
groups with these properties AD-maximal.

The main purpose of this paper is to obtain new examples of groups G for which
AM(A(G)) can be calculated explicitly, which then provide further evidence for Conjec-
ture 1.2. We start by presenting some new results that can be proved with soft techniques.

Theorem 1.3 (Countable saturation). Let G be a discrete group. Then there is a countable
subgroup I' < G such that AM(A(G)) = AM(A(T")).

Theorem 1.3 is slightly counterintuitive, because when I' is a subgroup of G every
bounded approximate diagonal for A(I") annihilates any element of A(G) whose support
is disjoint from T'.

Combining Theorem 1.3 with known hereditary properties of AD yields the following
result.

Corollary 1.4. If Conjecture 1.2 holds for all countable groups, then it holds for all discrete
groups.

As we already mentioned, AD is “multiplicative” with respect to direct products of
groups. It follows that the class of groups satisfying Conjecture 1.2 is closed under taking
finite products (Proposition 3.3). Applying this to the known examples that were listed
earlier yields the following result.

Corollary 1.5. Let F be a finite group and let H be an AD-mazximal group. Then F x H
satisfies Conjecture 1.2.

Remark 1.6. It is tempting to state a more general version of Corollary 1.5, where one
takes products of finitely many groups, each of which are either finite or AD-maximal.
However, this would not lead to a larger class of groups, because of the following fact:
the product of two AD-maximal groups is AD-maximal. This fact is a straightforward
consequence of known results; details are given in Appendix A.1.

It is natural to ask how wide the class of groups covered by Corollary 1.5 is. It is
clear from the definition that all locally compact abelian groups are AD-maximal, but



not clear that there are any other examples. However, [Cho23, Theorem 1.10] shows
how to construct non-abelian examples of AD-maximal groups that are either discrete,
non-connected Lie, or compact.

While Corollary 1.5 provides new examples to confirm Conjecture 1.2, these examples
may seem somewhat artificial. The next result, which is one of the main results of this
paper, shows that we can find natural examples of groups that satisfy Conjecture 1.2 and
are not covered by Corollary 1.5.

Theorem 1.7. Let p > 2 be prime. There exist a discrete group Hrp(Z) and a compact
group Hryp(Z,) with the following properties.

(a) AM(A(Hry(2))) = AD(Hry(Z)) =p—1+p~".
(b) AM(A(Hry(Zp))) = AD(Hry(Zp)) =p—1+p~".

(c) Neither Hr,(Z) nor Hr,(Z,) are isomorphic to groups of the form described in Corol-
lary 1.5.

The groups Hry,(Z) and Hr,(Z,) arise as quotients of Heisenberg groups over the integers
and p-adic integers, respectively; details are given in Section 5.

In fact, part (a) of Theorem 1.7 is a special case of the following new result.

Theorem 1.8 (Groups with two degrees of irreducible representations). Let d € N. Suppose
that G is a countable group such that {d.: m € G} = {1,d}. Then

AM(A(G)) = AD(G) = 1 + (d— 1) (1 _ |[G1G]> .

The proof of Theorem 1.8 has two separate ingredients. The first ingredient is the
formula for AD(G) in terms of the Plancherel measure of G, obtained in [Cho23, Theo-
rem 1.5]. The second ingredient, which will be stated later as Theorem 4.1, is the fact that
when G is discrete and virtually abelian then AM(A(G)) satisfies the same sharper upper
bound that was described in (1.3). This is a surprising result, since the existing proof of
(1.3) is based on Johnson’s formula (1.1) which is not available for infinite groups. Instead,
our proof uses the noncommutative Fourier transform and inverse Fourier transform for
countable virtually abelian groups, together with a bootstrapping argument that reduces
the general case to the countable case.

Our final new result is another application of Theorem 4.1, motivated by [Cho23,
Question 6.2]. To make our narrative more self-contained, we combine the relevant results
from the older paper with the new result, and state the combination as the following
theorem.

Theorem 1.9. Let G be a locally compact non-abelian group.
(a) AM(A(G)) > AD(G) > 3/2.
(b) AD(G) = 3/2 if and only if |G : Z(G)| = 4.
(¢) If G is discrete and |G : Z(G)| = 4, then AM(A(G)) = 3/2.

Part (a) is [Cho23, Theorem 1.6] and part (b) is [Cho23, Theorem 1.7]; it is part (c)
that is new. Taken together, the three parts of this theorem characterize those discrete



non-abelian groups for which AM(A(G)) attains its minimal value, and provide a positive
answer to [Cho23, Question 6.2] in the special case of discrete groups.

We now summarize the structure of this paper. Since it is aimed at a general audience,
we shall start by reviewing the necessary background material on amenability constants,
Fourier algebras, and the operator-valued Fourier transform; this takes up most of Sec-
tion 2.

In Section 3 we give proofs for the “soft” results that were stated earlier in this section;
these are proved by general functional-analytic principles. Section 4 is the heart of the
paper, in which we state and prove the sharper upper bound on AM(A(G)) when G is
discrete, and use it to prove Theorems 1.8 and 1.9. In Section 5, we draw on results proved
in the earlier sections to show that the groups Hr,(Z) and Hr,(Z,) satisfy the properties
listed in Theorem 1.7. We finish with some concluding remarks and suggestions for future
work, in Section 6.

Some results on which we rely appear to be folklore: they are known to experts, but
we were unable to find references in the literature that stated these results in the form
that we needed. To make the paper more self-contained, we have included some of the
relevant details and explanations of these folklore results in an appendix.

2 Preliminaries

2.1 Notation and other conventions

We start by fixing some conventions and notation. All vector spaces and algebras are over
the complex field. The tensor product of two vector spaces V and W is denoted by V@ W;
if V and W are Banach spaces, then V&W denotes their projective tensor product. If
A is a Banach algebra, then the multiplication map on A extends to a contractive linear
map A : ARA — A.

Given a Hausdorff topological space X and a continuous function f : X — C, we
denote the support of f by supp(f). If X is a locally compact Hausdorff space, we write
C.(X) for the set of compactly supported functions X — C. If X is discrete, this space is
the same as the space of finitely supported functions X — C, and in this setting we shall
use the notation coo(X).

By a directed set, we mean a non-empty partially ordered set (I, <) with the following
additional property: for each i,j € I, there exists k € I such that i < k and j < k. A
subset I’ C I is said to be cofinal (with respect to <) if, for each j € I, there exists some
k € I' such that j < k.

Given a directed set (I, =) and some set S, a directed system of subsets of S is a
family of sets (S;)icr such that S; € S; C S for all i < j. One defines a directed system
of subgroups of some given group G, or a directed system of (closed) subalgebras of some
given (Banach) algebra A, in the same way.

To reduce repetition: all representations of topological groups on Hilbert spaces are
assumed to be unitary and SOT-continuous. As a further notational simplification: given
such a representation 7 : G — U(H,) and p € [1,00), we write SP(w) for the space of
Schatten-p operators on the Hilbert space H.



2.2 Amenability constants of Banach algebras

The following is not Johnson’s original definition of amenability for Banach algebras, but
was shown by him in [Joh72] to be an equivalent definition.

Definition 2.1. Let A be a Banach algebra. A bounded approximate diagonal for A
(b.a.d. for short) is a bounded net (m,) in A®A with the following two properties:

(a) for each a € A, |la-mqg —mq - a|| = 0;

(b) for each a € A, |[aA(mq) — al| — 0.

If A has a b.a.d. we say that A is amenable. The amenability constant of A, denoted
by AM(A), is defined to be the infimum of sup,, ||ma|| over all choices of b.a.d. for A, with
the convention that AM(A) = 400 when A is non-amenable.

Remark 2.2. Taking a weak*-cluster point of a b.a.d. for A, inside (A®A)**, leads to the
concept of a virtual diagonal for A, and one can equivalently define AM(A) to be the
infimum of norms of all possible virtual diagonals for A. In fact, since the set of virtual
diagonals for A is a weak*-closed subset of (A®A)**, the proof of [Joh72, Lemma 1.2]
shows that whenever A is amenable, there exists a b.a.d. for A whose norm is equal to
AM(A).

2.3 General properties of Fourier algebras

As in the introduction, the Fourier algebra of a locally compact group G is denoted by
A(G). Most of what we need can be found in the original paper of Eymard [Eym64], but
a convenient reference that we shall use for specific details is the book [KL18].

There are several different ways to define A(G). All of them give the same object
in the end, but in any given situation, one definition may be more convenient than the
others. For this paper, the most natural definition (not the original one) is as follows:
fix a Haar measure on G, and let A : G — U(L*(G)) be the left regular representation.
There is a bounded bilinear map L?(G) x L?(G) — Cy(G), which sends a pair (£,7) to

the coefficient function
s (e = [ e 0m) ar

Therefore, by the universal property of the projective tensor product, we obtain a con-
tractive linear map ag : L>(G)®L?*(G) — Co(G) that satisfies ag(é @7) = (A(-)€,n). We
now define A(G) to be the image of g, equipped with the quotient norm inherited from
(L*(G)RLA(G))/ ker ag.

Remark 2.3. It follows from deep results about group von Neumann algebras that each
f € A(G) can be realized as a single coefficient function f = ag(é®n) for some &, € L?(G)
that satisfy || fllag) = €Il lInll. (See e.g. [KL18, Theorem 2.4.3].) This is sometimes
convenient for calculations, since it bypasses the need to consider linear combinations of
elementary tensors.

Another result about Fourier algebras is sufficiently useful that we state it here for
emphasis, and also to set up some notation.



Lemma 2.4. If G is a discrete group and H is a subgroup, and f : H — C, define

tf:G—C by
) f(x) ifzeH
(@) = {0 otherwise.

Then the following properties hold:
(a) vy is an isometric algebra homomorphism from A(H) into A(G);

(b) restriction of functions from G to H defines a contractive algebra homomorphism
pi : A(G) — A(H);

(¢) ea(A(H)) ={f € A(G): supp(f) € H}.

Proof. Parts (a) and (b) are special cases of more general results for open subgroups of
locally compact groups: see e.g. [KL18, Proposition 2.4.1]. Part (c) is a straightforward
consequence of (a) and (b); details are left to the reader. O

Remark 2.5. Lemma 2.4(b) can be generalized significantly, although the proof is sub-
stantially harder. Namely: for any locally compact group G and any closed subgroup H,
restriction of functions from G to H defines a contractive and surjective algebra homomor-
phism pg : A(G) — A(H). This is commonly known as Herz’s restriction theorem:
see [KL18, Section 2.6] for a readable account.

2.4 The Fourier anti-diagonal constant of a group

The lower bound on AM(A(G)) in (1.2) is given by an invariant AD(G); although it is not
the main object of interest in this paper, we briefly give its definition and state some of
the properties that we will need. For the background context and definitions concerning
Fourier—Stieltjes algebras, the reader is referred to [KL18, Section 2.1].

Given a locally compact group G we write G4 for the same group but equipped with
the discrete topology. We write adiag(G) for the set {(z,771): 2 € G} C G x G. The
key part of Forrest and Runde’s proof that amenability of A(G) forces G to be virtually
abelian, is the (deep) fact that 1,4i.4() belongs to the Fourier-Stieltjes algebra B(Gax Gy)
if and only if G4 is virtually abelian.

Definition 2.6. We define AD(G) := ”ladiag(G)HB(deGd)’
equals infinity if the function does not belong to B(Gy x Gy).

with the convention that this

Note, in particular, that AD(G) does not depend on the original topology of G.
Proposition 2.7 (Functorial properties of AD).
(a) (Monotonicity) Let G be a group and let H be a subgroup of G. Then AD(H) <
AD(G).
(b) (Respects products) Let G1 and Go be groups. Then AD(G1xG2) = AD(G1)AD(G2).

Proof. See [Cho23, Proposition 2.9]. O

Remark 2.8. It is also shown in [Cho23, Proposition 2.10] that AD has a “countable
saturation” property: for any G we can always find a countable subgroup I' < G such that
AD(I') = AD(G). Although we do not need this result, we note that if Conjecture 1.2
is true then it would imply that AM(A(-)) has the same countable saturation property.
Theorem 1.3 is therefore a partial confirmation of this prediction.



2.5 The operator-valued Fourier transform

Given a locally compact group G, a representation 7 : G — U(H;), and a finite Borel
measure p on G, we define

wmwzéfmmmmeswa

where the integral is understood in the weak sense. In the specific case where 7 is irre-
ducible, we refer to w(u) as an operator-valued Fourier coefficient of ;. Note that
when G is discrete, a finite measure on G is simply given by some f € ¢1(G), and we have

m(f) = Xseq f(s)m(s).

Proposition 2.9. Let G be a locally compact group, let K be a compact normal subgroup
of G, and let px be the pushforward of Haar measure on K along the inclusion map
K — G, normalized such that pr(K) = 1.

Let # : G — U(Hy) be an irreducible unitary representation, and let I, denote the
identity operator on Hr. If m factors through the quotient homomorphism G — G/K,
then m(pg) = Ir; if not, then w(ug) = 0.

Proof. Suppose that 7 factors through the quotient homomorphism ¢ : G — G/K, i.e.,
7(k) = I for every k € K. Then, for arbitrary &£, € H,, we have

wM%m=1ﬁummwmw=Avmmmwmm=@mémmm=@w,

and so m(ug) = Ir.

Now suppose that 7 does not factor through ¢. For each g € G, conjugation by g is a
continuous automorphism of K, so by uniqueness of normalized Haar measure on K we
see that 8¢ x pr * 6,-1 = pg. Hence, w(g)m(ur)w(g)~! = m(uk) for all g € G, which
implies by Schur’s lemma that 7m(ux) = Arl; for some A\ € C. Since 7 does not factor
through ¢, there exists some k € K with n(k) # I;. But since 0y * ux = px, we have
Arm(k) = AgI. This forces Ax = 0. O

We now specialize to cases where G is second-countable, unimodular and Type I. Given
such a group G and a fixed choice of Haar measure on G, there exists a unique Radon
measure v on G (the Plancherel measure for G) that satisfies

1715 = /éTr (@(Hm(f)) dv(m) (f € Ce(G)). (2.1)

Equation (2.1) is often referred to as the Plancherel formula for Gj; for further context
and references, see [DE14, Section 8.5], [Fol16, Theorem 7.36] or [Fih05, Theorem 3.31].

Remark 2.10. We will apply this machinery in the setting of countable virtually abelian
groups. To justify this, we note that every virtually abelian group G has a normal abelian
subgroup M of finite index (this is a standard observation in group theory), and hence
if we regard G as a discrete group, it is Type I and satisfies maxdeg(G) < |G : M| (see
for example [Tho68, Satz 5]). More generally, if G is locally compact and has an abelian
subgroup Hy of finite index, then the closure of Hy in G is an open abelian subgroup of
finite index. This implies that maxdeg(G) < oo (see [Moo72, Proposition 2.1] for a proof
using a version of Frobenius reciprocity), which in particular implies that G is Type L.



Later in the paper, to prove Theorem 4.1, we rely on the fact that when G and N
are countable virtually abelian groups one can express the norms on A(G), A(G)®A(N)
and A(G x N) in terms of the Fourier transforms for G and N. Since it is not immediate
how to extract these known results from the literature, we shall give a precise statement
in Proposition 2.11 below, and then provide further details/explanation in the appendix
(Section A.2).

Our approach goes via the Plancherel theorem for second-countable unimodular Type 1
groups, and so we shall state the required results for this more general class of groups, in
case this is useful for future work. Let (L' N L?)(G) denote the intersection of L!(G) and
L?(G), and let

VE = span{ag(€ @ n): & € (L} N LA)(G)} (2.2)

(this is the uncompleted linear span). Note that VS is a dense subspace of A(G).

Proposition 2.11. Let G and N be second-countable unimodular Type I groups. Fiz Haar
measures on G and N, and let vg and vy be the corresponding Plancherel measures on G
and N respectively.

(a) For every f € VS, we have

s = [__In)lsicn dvot). 23)
meG
(b) For every w € V§ @ VIV, we have
lwlla)zamy = /@ 5 [(m @ o) (W)l s1mzs1(0) Ava x vv)(m,0). (2.4)
X

(c) For every w € V§ @ VY, we have

[wlla@xny = /@xﬁ I(m @ o) (W)l 51(rg0) dve x VN )(T,0). (2.5)

Remark 2.12. One can show that part (a) of Proposition 2.11 remains valid for all f €
A(G) N LY(G), but doing so requires careful consideration of the pointwise behaviour
of the non-abelian Fourier transform and Fourier inversion formula. Similar comments
apply to parts (b) and (c). For technical reasons, the space VS is easier to handle than
A(G)N LY(G), and it suffices for our needs.

In fact, we will only apply Proposition 2.11 when G and N are countable (in particular,
discrete). For such groups, note that each point mass J, arises as ag(de ® d05), and so by
taking linear combinations we have coo(G) € V. Then, upon tensoring, we have

C()()(G X N) = Coo(G) X Coo(N) - VQG ®Vév .

Hence, in the intended applications, we can apply Proposition 2.11 to any f € cyo(G) and
any w € coo(G x N).

3 General results for the amenability constant

We start by honouring a promise made in the introduction: namely, we show how to
improve on Runde’s upper bound AM(A(G)) < maxdeg(G) when G is finite.
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Let G be a finite group, and write £ for the set of 1-dimensional representations of G.
Using Johnson’s formula (1.1), we have

- L 3_ 1 2
AM(A(G)) —1 |G|§;<dw> G 2 (d)

TeG

S X )=

reG\L
maxdeg(G) — 1 9 maxdeg(G) — 1
< (dr)” = (G =1£]) -
o o

WG@\E

Let [G,G] denote the commutator subgroup of G. Then G/[G,G]| is abelian and its
Pontrjagin dual can be naturally identified with £. In particular, |£| = |G| |[G, G]| 7}, and
we thus obtain

1
AM(A(G)) < 1+ (maxdeg(G) — 1) (1 - ) ,
G, G
which is precisely the inequality stated in (1.3). As we will see in Section 4, the same
inequality remains true for infinite discrete groups G, but instead of Johnson’s formula we
have to use norm estimates in tensor products of Fourier algebras.

Next, we give proofs for some properties of AM(A(-)) that were stated in the intro-
duction. It is convenient to isolate a common part of these proofs as a separate lemma.

Lemma 3.1. Let G and H be locally compact groups. Then
AM(A(G x H)) < AM(A(G)) AM(A(H)).

Proof. There is a natural contractive homomorphism A(G)®A(H) — A(G x H), defined
by sending an elementary tensor f ® g to the function (s,t) — f(s)g(t). By standard
hereditary properties of amenability constants (see e.g. [Run20, Propositions 2.3.1 and
2.3.14]), it follows that

AM(A(G x H)) < AM(A(G)) AM(A(H)),
as claimed. n

Proposition 3.2. Let G and H be locally compact groups with H abelian. Then AM(A(G)) =
AM(A(G x H)).

Proof. There is a contractive algebra homomorphism pg : A(G x H) — A(G), obtained
by identifying G with the subgroup G x {e} C G x H and appealing to Herz’s restriction
theorem (see Remark 2.5). Therefore, by a standard property of amenability constants
(see e.g. [Run20, Proposition 2.3.1]) we have AM(A(G)) < AM(A(G x H)).

We now prove the converse inequality. Since H is abelian, we have AM(A(H)) = 1.
(One can deduce this from results concerning operator space tensor products and operator
amenability. Alternatively, note that if I' denotes the Pontrjagin dual of H, then A(H)
is isometrically isomorphic to the convolution algebra L'(I'), and AM(L'(I')) = 1 by
[Sto04, Corollary 1.10].) Therefore, Lemma 3.1 gives AM(A(G x H)) < AM(A(G)), as
required. ]
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Proposition 3.3. Let G1,...,Gy be locally compact virtually abelian groups and let G =
[Li= Gi (with the product topology). If AM(A(G;)) = AD(G;) for all i, then AM(A(G)) =
AD(G).

Proof. We give the proof for n = 2; the general case follows by induction.

From Runde’s lower bound (1.2) we know that AM(A(G; x G2)) > AD(G1 x Ga), so
it suffices to prove the converse inequality. Since GG; and G satisfy Conjecture 1.2, and
since AD respects direct products (Proposition 2.7(b)), we have

AM(A(G1)) AM(A(G»)) = AD(G1) AD(Gs) = AD(G1 x Gb).

Applying Lemma 3.1 to the left-hand side yields AM(A(G; x G2)) < AD(G; x G3), as
required. O

We now prove that when G is discrete, there is always some countable subgroup I' < G
such that AM(A(T")) = AM(A(G)) (Theorem 1.3). The key idea is that since G is discrete,
we can write A(G) as an inductive limit of Fourier algebras of countable subgroups of G.
Before spelling this out precisely, we review some general facts concerning amenability
constants of inductive limits of Banach algebras.

Lemma 3.4 ([Run20, Proposition 2.3.15]). Let A be a Banach algebra, let (I, =) be a directed
set, and let (A;)ier be a directed system of closed subalgebras of A. If A =J,c; Ai, then
AM(A) < sup;e; AM(4;).

Note that in this result we do not presuppose that A is amenable. Indeed, in many
applications, amenability of A is shown to follow from the existence of a suitable “ex-
haustion” of A by a family (A;) of amenable subalgebras with control on the amenability
constant.

Remark 3.5. Given a directed set (I, <) and a function h : I — R, we write lim sup;c; h(7)
for inf;e; sup;<; k(7). Since the union | J;c; A; is unchanged if we replace I by some cofinal
subset I, it follows that AM(A) < limsup;c; AM(A4;).

The previous lemma and remark are well known to specialists in the amenability of
Banach algebras. However, the following refinement seems to be new.

Proposition 3.6 (Sequential control of the amenability constant of an inductive limit). Let A
be a Banach algebra. Let (I,=) be a directed set, and let (A;)icr be a directed system of
closed subalgebras of A, such that A = |J;c; Ai. Then there exists an increasing sequence
i(1) 2i(2) =2 ... such that AM(A) < limsup,,»; AM(4;(,))-

Proof. We first deal with the case where AM(A) < co. By Lemma 3.4 we can choose
i(1) € I such that AM(A;q)) > AM(A) — 27!, Now suppose that n > 1 and we have
chosen i(n) such that AM(4;q,)) > AM(A) —27". Let I,, = {j € I: j = i(n)}. Since I,
is cofinal in I, we have |J jer, Aj = Uier Ai, so by using Lemma 3.4 again we can choose
i(n +1) = i(n) such that AM(A;;,41)) > AM(A) — 2-("+1) Continuing by induction, we
obtain an increasing sequence i(1) < i(2) < ... with the desired property.

If AM(A) = oo (i.e. if A is not amenable) then the argument is similar, except that
our inductive hypothesis has the form AM(A;(,)) > n. (The key point is that Lemma 3.4
remains true if AM(A) = 00.) O

Remark 3.7. In the previous result, two points seem worth highlighting.

12



(a) The conclusion does not imply that the bounded approximate diagonals for each
Aj(n) can be assembled to provide a bounded approximate diagonal for A itself. For
although Un21 Ajn) is a subalgebra of A, it need not be norm dense in A. Indeed,
if A is not unital, then there could exist a non-zero b € A such that a,b = 0 = ba,,
for all a,, € Az(n)

(b) Without further information or restrictions on the directed system (A;);er, it does
not seem possible to directly relate the amenability constant of A4;(,,;1) with that of
Aj(n)- For certain nested inclusions of Fourier algebras, it is possible to say more, as
will be seen in the proof of Theorem 1.3.

The proof of Theorem 1.3. Let S be the set of countable subgroups of G. Given f € A(G),
note that f has countable support, since A(G) C ¢o(G) and G is discrete, and hence it
belongs to 1y (A(H)) for some H € S, by Lemma 2.4. Thus A(G) = Uycsta(A(H)) (we
do not need to take closures). Moreover, S is a directed set when ordered by inclusion,
and (v (A(H)))ges is a directed system of closed subalgebras of A(G).

By Proposition 3.6, there is an increasing sequence H; < Hs < ... in § such that
AM(A(G)) < sup, AM(A(H,)). Put I' = U,~; Hn € S. Since the restriction maps
A(G) — A() and A(T) — A(H,) are contractive algebra homomorphisms, we have
AM(A(G)) > AM(A(T")) > AM(A(H,,)) for all n. The result now follows. O

The proof of Corollary 1.4. Suppose that there is a discrete counterexample to Conjec-
ture 1.2, i.e. a discrete group G such that AM(A(G)) > AD(G). By Theorem 1.3 there
is a countable subgroup I' < G satisfying AM(A(T")) = AM(A(G)) > AD(G). Since
I' < G, we have AD(G) > AD(T") by [Cho23, Proposition 2.9]. Therefore I" is also a
counterexample to Conjecture 1.2. O

4 A sharper upper bound for the amenability constant

4.1 The statement of our main upper bound

Our goal is to prove the following result.

Theorem 4.1 (A sharper upper bound for AM(A(G)) in the discrete case). Let G be a
discrete group that is virtually abelian. Then

AM(A(G)) <1+ (maxdeg(G) — 1) (1 - |[GlGH) .

To see where this upper bound comes from, we need to consider the (standard) method
for constructing bounded approximate diagonals for Fourier algebras of discrete groups.
Given a discrete group G, let A :={(s,s): s € G} be the diagonal subgroup of G x G.
If uw € A(A), then by Lemma 2.4 we may view u as an element of A(G x G) that is
supported inside A, with the same norm. Moreover, since A = G we have an isometric
algebra isomorphism A(G) = A(A). We thus obtain an isometric algebra homomorphism
A(G) — A(G x G), which (by slight abuse of notation) we denote by ta. Explicitly, if
f € A(G) then
f(s) ifs=t

0 otherwise.

LAf(Sat) = {
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For any locally compact group G, there is a canonical contractive linear map
J: A(G)BRA(G) — A(G x Q),

defined on elementary tensors by J(a ® b)(s,t) = a(s)b(t). If G is also virtually abelian,
then by [Los84, Theorem 1] J is bijective, so that J=' : A(G x G) — A(G)RA(G) is
well-defined and continuous.

Remark 4.2. When G is virtually abelian, [Los84, Remark (a)] provides the explicit upper
bound ||J7!|| < maxdeg(G). An alternative proof of this estimate is given in [Run06,
Corollary 2.6], but it relies on the fact that A(G x G) coincides with the operator-space
projective tensor square of A(G). (Warning: in [Run06], & denotes the operator-space
projective tensor product, not the Banach-space projective tensor product.)

Lemma 4.3. Let G be discrete and virtually abelian. Then AM(A(G)) < ||J  eall.

This result may be folklore (it was certainly known to the authors of [FR05]). For the
reader’s convenience, we provide the details.

Proof of Lemma 4.3. We start by noting that ta : A(G) — A(G xG) is an A(G)-bimodule
map. In particular, since A(G) is commutative, a - ta(f) = ta(f) - a for all a, f € A(G).

Since G is virtually abelian it is amenable, so by Leptin’s theorem A(G) has a bounded
approximate identity of norm 1, (fa) say. Put mq = J Lia(fa) € A(G)RA(G).

Since J is a bijective A(G)-bimodule map, so is J~!. Hence, a - my = myq - a for all
a € A(G). Moreover, since AJ 1ia is just the identity map on A(G), we have A(m,) =
fa- Thus (mg) is a bounded approximate diagonal for A(G), with norm bounded by
T Leall- O

Proposition 4.4. Let G be a discrete virtually abelian group. Then

177 At A(G) = A(G)BA(G)| < 1+ (maxdeg(G) — 1) <1 B I[GlG]I> ’

with the convention that if [G, G] is infinite then |[G,G]|~! = 0.

Note that Theorem 4.1 follows instantly from combining Lemma 4.3 with Proposi-
tion 4.4, and so it only remains to prove the proposition. This will be done in two stages.
In the first stage, we perform a reduction step that allows us to restrict attention to
countable virtually abelian groups. In the second stage, we use the Plancherel theorem
for countable virtually abelian groups, and the accompanying formulas for the A(G x G)-
norm and A(G)®A(G)-norm of a given function in terms of its matrix-valued Fourier
coefficients.

4.2 Reducing to the countable case

We introduce some notation, to simplify the calculations in this subsection. For a discrete
group G, define

Cg :=1+4 (maxdeg(G) — 1) (1 — ][GTG]\) € [1, 00].

This is the claimed upper bound on the norm of J~1ia : A(G) = A(G)RA(G).
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Lemma 4.5. Let G be discrete and satisfy maxdeg(G) < oo. Then for every subgroup
L < @G, we have

(a) maxdeg(L) < maxdeg(G);
(b) CL < Cg.

Proof. Part (a) appears to be folklore; a proof can be given by following the arguments
used in the proof of [Moo72, Proposition 3.1]. For the reader’s convenience, we have
included details in the appendix (Section A.1).

Combining part (a) with the trivial inequality |[L, L]| < |[G, G]| yields

Cr, — 1 = (maxdeg(L) — 1) (1 - ][L?LH)

< (maxdeg(G) — 1) <1 - HGIG]|> =Cg -1,

which proves part (b). O

Lemma 4.6. Let G be any discrete group and H < G any subgroup; let iy : A(H) — A(G)
be the canonical embedding. Then the following diagram commutes.

LHxH LHQLH

4

AG) — 2 A(G X Q) +—L—— AQ)RA(G)
A(H)

5 A(H x H) +——— A(H)®A(H)

LA
Proof. Since
J(LH@)LH)((SS ®0y) = (s 1) = tuxHJ(0s @ 0;) for all s,t € H,

it follows by linearity and continuity that J(¢ H@L 1) = tgxgJ. Thus the right-hand square
commutes. A similar argument shows that the left-hand square commutes (alternatively,
use the characterization of the ranges of 1y and (g« g given in Lemma 2.4). O

Reduction of Proposition 4.4 to the countable case. Suppose that for every countable vir-
tually abelian group H, we have ||J lia : A(H) = A(H)RA(H)| < Ch.

Now let G be a discrete virtually abelian group; recall that this implies maxdeg(G) < oo
(Remark 2.10). Moreover, since A(G) C ¢y(G) and G is discrete, every element of A(QG)
has countable support. Choose a sequence (f,) in A(G) such that

£l = 1 and [T Ya(fo)l| = [T ea s A(G) = A(G)RA(G)| — 27" for all n.

Let L be the subgroup of G generated by |J,, supp(f,). Then L is countable, and it is
virtually abelian (since G is). By Lemma 2.4, f,, can be viewed as a norm-1 element of
A(L). Then, by Lemma 4.6, we have

19 e lla@sae) < 9718 lagaac < e
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with the final inequality holding because of our starting assumption. Taking the supremum
over all n and using Lemma 4.5(b) gives

|77 A s A(G) = A(G)®A(G)| < CL < Cg,
as required. O

This “reduction to the countable case” is done mostly for technical convenience: it
allows us to invoke results from non-abelian Fourier analysis that are usually stated for 2nd-
countable unimodular Type I groups, without needing to discuss versions of the Plancherel
theorem for uncountable discrete virtually abelian groups. However, we believe that the
techniques used in this reduction step have some independent interest. In any case, the
main examples to which we will apply Theorem 4.1 are countable.

4.3 The proof of Proposition 4.4 for countable groups

Recall that discrete virtually abelian groups are Type I (see Remark 2.10).

Throughout this subsection, we adopt the following conventions unless explicitly
stated otherwise: G denotes a countable virtually abelian group; v denotes Plancherel
measure on @, normalized so that 1 = fé dr dv(m); © denotes the set of 1-dimensional
representations of G; and we write d for maxdeg(G).

As in [Run06], a key role is played by the following estimate, which is purely finite-
dimensional in nature. For a proof, see [Los84, Lemma] or [KL18, Lemma 3.6.1].

Lemma 4.7. Given n € N, let S'(C") denote the space of n x n matrices over C,
equipped with the Schatten-1 norm. Then for any m,n € N, the natural map Jy, ., :
SHC™)@SH(C™) — SHC™) satisfies ||(Jym.n) || = min(m,n).

(Strictly speaking, the statement of [Los84, Lemma] concerns the adjoint map @, ,, =
(Jm.n)*, but it is a standard fact that the norm of a linear map between Banach spaces is
equal to the norm of the adjoint map between the duals of these spaces.)

To simplify the formulas in the following calculations, define a function ¥ : coo(G x
G) — [0,00) by

W(u) = / @ @l gy () dvt. (4.1)

Remark 4.8. The notation in Equation (4.1) may require some explanation. If H, and H,
are the Hilbert spaces on which we represent y and o, then (x ® o)(u) is an operator on
the Hilbert space H, ®2 H,. But since H, is one-dimensional, H, ®? H, may be identified
isometrically with H,. Moreover, using the same convention for Schatten-classes as in
Equation (2.3), we have isometric identifications S'(x ® o) = S () = S (x)®S (o).

Lemma 4.9. Let u € cpo(G X G) C A(G x G). Then
1T ull g yzae) < dlulla@xe) — (@ = 1)P(w).

Proof. We use the formulas in Proposition 2.11 (see Remark 2.12 for why these formulas
are valid for elements of coo(G x G)).
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Using Fubini’s theorem to write [5 5 as an iterated integral, and then splitting
JeJa=JoJa+ Jaa Jg: we obtain

sy =¥+ [ [ 08 0 W)l dio) ()
TeG\Q JoeG
and
J 5 :\Ilu+/ / TR o) (u N85l (o) V(o) du(m) .
17 ls@pza = ¥+ [ [ @ o) lsiyzsi dlo) drin)
Applying Lemma 4.7 to the second term in each equation, we deduce that

17 s yzac — ¥ < d (el s@ra) — ¥@)
and rearranging gives the desired result. O

Lemma 4.10. Let f € coo(G). Then ¥(ea(f)) =v(Q) Hf||A(G)-

Proof. By definition,

U(ea(f)) = / ) / @ ) ealf) g1 o) dilo) di(x) -
XE o

eG

But for each o € G and each X € 2, we have

(x®@0)(talf) = D ealP)(s:x(s)a(t) =D fFE)x(D)a(t) = a(fx) ,

s,teG teG

and so
Va(f) = / ) / ol ) dvlo) i) = / ¥y )
XE oec X€E

where we used Proposition 2.11(a) on the inner integral.

We now recall a general result about Fourier algebras (valid for all locally compact
groups). Let B(G) denote the Fourier—Stieltjes algebra of G: then for each f € A(G) and
h € B(G) we have [|fh[[yq) < lfllae)llPllp(q)- Applying this with b = x and h =, for
some given x € (), yields

I xlay < 1flay = 1XXl Ay < 1 xlla) -

Thus, for each y € Q, multiplication by y acts as an isometry on A(G). Hence

U(ia(f)) = / fllag@ 400 =12 Ifllace)-
XE

as required. O

Our final ingredient, which explains the presence of |[G, G]| in Proposition 4.4, has
nothing to do with amenability constants or Fourier algebras. We suspect that it is not a
new result.

Proposition 4.11 (The Plancherel measure of the set of 1-dimensional representations). Let
G be a discrete group.
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(a) If [G,G] is infinite, then v(2) = 0.
(b) If [G,G] is finite, then v() = |[G,G]|~ .

was proved in [Cho23, Lemma 5.1], so we only need to prove part (b).

)
G, (] is finite, and define h € coo(G) by

Proof. Part (a
Suppose that |

ht) = {y[G,GH—l itte[q,al

0 otherwise.

Taking K = [G,G] in Proposition 2.9, the measure pg corresponds to the function h
defined above, while the set of 7 € G that factor through G — G/[G,G] is exactly the
set . We thus obtain y(h) = 1 for all x € Q and 7(h) = 0 for all 7 € G \ Q. Applying
Equation (2.1) (the Plancherel formula) now gives

_ 2 _ (1 T Y dy (1) — 2 y _
HG,G” _”h”Q_/éT( (h) (h) )d ( ) /Q‘X(h” d (X) (Q),

as required. ]

Remark 4.12. It was already shown in [Cho23, Section 4] that |[G,G]| =2 <= v(Q) =
1/2, and this played a crucial role in characterizing those non-abelian groups G on which
AD is minimized. However, the methods used in that paper do not seem to generalize to
larger values of |[G, G]|.

The proof of Proposition 4.4 for countable virtually abelian groups. Let f € coo(G). Com-
bining Lemmas 4.9 and 4.10, and recalling that [ta(f)l|a(exa) = [Ifa(e), We obtain

177 ea(HI < dll fllaey = (d = DrE)1Flla) - (*)
Since ¢go(G) is dense in A(G), we deduce that
[T all <d = (d—1Dv(Q) =14 (d—1)(1 — v(Q)).

Applying Proposition 4.11 completes the proof. O

4.4 Applications to discrete groups with two degrees of irreps
Proof of Theorem 1.8. Let G be a countable non-abelian group, let d € N, and suppose

that {ds: 7 € G} = {1,d}. (This implies, in particular, that G is virtually abelian.) Let
v be the Plancherel measure for G, normalized so that 1 = [ & dr dv ().

From Theorem 4.1 we have

AMA@) £ 1+ (@) (1 5 ) ()

We now seek a matching lower bound on AD(G). Let Q, = {7 € G:d; = n}. By
assumption, G = Q; U Qg, and so by [Cho23, Theorem 1.5]

AD(G) = /@(dﬂ)Qdu(w) = () + v(Qq)d>. ()

18



However, by our normalization of v, we have 1 = v(Q;) + v(Q4)d. Combining this with
(xx) gives
AD(G) = v() + (1 —v())d =1+ (d = (1 = v(th)),

and using Proposition 4.11, we deduce that

AD(G):1+(d—1)<1—HGlGH>. (5% %)

Since AM(A(G)) > AD(G), we deduce from (x) and (* * ) that

AM(A(G)) = AD(G) = 1 + (d — 1) <1 _ HG1GH> ,

as required. ]

Our second application is to discrete groups G for which |G : Z(G)| = 4. For context,
we recall the results stated in Theorem 1.9(a) and Theorem 1.9(b), which were already
proved in [Cho23]. Namely, given a locally compact non-abelian group G, we always
have AM(A(G)) > AD(G) > 3/2, and the second inequality is an equality precisely when
|G : Z(G)| = 4.

The proof of Theorem 1.9(c). Let G be discrete and satisfy |G:Z(G)| = 4. In particular, G
is non-abelian, so as remarked above, [Cho23, Theorem 1.6] implies that AM(A(G)) > 3/2.
We need to prove the converse inequality.

It is folklore that if |G : Z(G)| = 4 then |[G, G]| = 2 and that cach m € G satisfies
dr € {1,2}.(For details, see the proof of [Cho23, Theorem 4.6] and combine it with [Cho23,
Lemma 4.2(i)].) Substituting these values into Theorem 4.1 gives AM(A(G)) < 3/2, as
required. O

5 New examples of groups satisfying the main conjecture

Given a ring S (assumed to be unital and commutative), we define

1
H(S) :== 0 cx,y,z2 €8 (5.1)
0

S = 8
[ SR

which forms a group with respect to matrix multiplication. We refer to H(S) as the
Heisenberg group over S, or the S-Heisenberg group. It is convenient to view elements
of H(S) as ordered triples (z,y, z), with the group multiplication given by the formula

(z,y,2) (@', ¢, 2) = (x+ 2,y +y, 2+ 2y’ + ) (5.2)
and we will adopt this notation going forwards.

Remark 5.1. For studying the representation theory of H(S), it is useful to observe that it
decomposes as an internal semidirect product, with the subgroup {(z,0,0): x € S} acting
on the normal abelian subgroup {(0,y,z2): y,z € S} by conjugation:

(z,0,0)(0,, 2)(x,0,0)~! = (2,0,0)(0,y, 2)(—z,0,0) = (z,0,0)(—z,y,2) = (0,y, zy + 2).

We denote this decomposition by H(S) = S x (S & S5).
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The following facts are easily verified:

e the function (z,y, z) — (z,y) is a group homomorphism from H(S) onto the additive
group of S @ S;

e the subgroup {(0,0,z2): z € S} is contained in the centre of H(S), and is isomorphic
to (S, +).
p

——
Definition 5.2. Let p be prime, and assume that p (when viewed as 1g + ---+ 1g € S) is
not invertible in S. We define Hr,(.S) to be the quotient of H(.S) by the (central) subgroup
{(0,0,ps): s € S}.

Remark 5.3. The group H(RR) has centre isomorphic to (R, +), and quotienting by a central
copy of Z gives a Lie group, the so-called (real) reduced Heisenberg group, which turns
up naturally in connection with Gabor time-frequency analysis. The groups Hr,(S) may
be thought of as a discretized analogue of the “true” reduced Heisenberg group.

The condition p ¢ S*, which is part of our definition of Hry,(S), is satisfied in both
of the following cases: S = Z, the usual ring of integers; or S = Z,, the ring of p-adic
integers. It is convenient to establish some general properties of Hr,(S), allowing us to
treat both of these cases simultaneously.

We may identify Hr,(S) as a set with S x S x (S/pS) and denote its elements by
(x,y,[#]), with [z] denoting the image of z in S/pS. With this convention, we have

(1,0,[01)(0, 1, [0]) = (1,1, [1]) and (0, 1, [0])(1, 0, [0]) = (1,1, [0]),

showing that Hr,(S) is non-abelian. Note also that the semidirect product decomposition
H(S) = Sx (S®.S) from Remark 5.1 induces a semidirect product decomposition Hr,(S) =
S x (S®S/pS).

Proposition 5.4. Assume that the additive group of S is torsion-free, and suppose p is a
prime that is not invertible in S. If there exist groups B and C with B finite, such that
Hr,(S) = B x C, then B is trivial.

Proof. For this proof, we put G = Hr,(S5) and K = {(0,0,[s]): s € S} C G, to reduce
notational clutter. Observe that if F' is any finite subgroup of G, then F' C K (because
G/K = S® S is torsion-free); since K is cyclic of order p, it follows that F' is either trivial
or all of K.

Now suppose that G = B x C for some groups B and C' where B is finite and non-
trivial; we will derive a contradiction. The previous paragraph implies that the given
isomorphism B x C' — G maps B x {1¢} bijectively onto K. Hence, C 2 G/K =2 S @ S,
which is abelian. Since B = K is also abelian, we conclude that G is abelian, which is not
the case. O

The proof of Theorem 1.7(a). The unitary representations of Hr,(Z) can be worked out
using the Mackey machine (see [Foll6, Section 6.8.2] for a detailed explanation). In par-

ticular, if m € I-E(\Z) then d, € {1,p}. Moreover, a straightforward calculation shows that
the commutator subgroup of Hr,(Z) has order p. Applying Theorem 1.8, we deduce that

AM(A(Hr,(Z))) = AD(Hr,(Z)) =p— 1+ ; ,

as claimed. O
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We now turn to the proof of the corresponding statement for Hr,(Z,). This group is
not discrete, so we cannot apply Theorem 1.8; instead, our leverage comes from the fact
that this group is profinite. We require some basic facts concerning profinite groups and
their natural compact topologies: see the second half of [DE14, Section 1.8] for a quick
sketch, or [RZ10, Section 1.1] for a more comprehensive account.

The following proposition summarizes some general properties of Fourier algebras of
profinite groups, which all seem to be folklore.

Proposition 5.5. Let (I, =) be a directed set and let (G;)icr be an inverse system of finite
groups. Let G = @ie[ G; equipped with its natural compact topology. Write Q; : G — G;
for the canonical projection, and let QF : C(G;) — C(G) be the algebra homomorphism
induced by composition with QQ;. Then

(a) for eachi € I, QF maps A(G;) isometrically onto a norm-closed subalgebra of A(G);
(b) User @i (A(Gy)) is norm-dense in A(G);
(c) AM(A(G)) < sup;e; AM(A(G)).

Proof. Part (a) is a special case of general results concerning quotient homomorphisms
between locally compact groups and the maps that these induce between the respective
Fourier(—Stieltjes) algebras. See e.g. [KL18, Corollary 2.2.4] or [KL18, Proposition 2.4.2].

Since we could not find an explicit and self-contained reference for part (b), we provide
a proof here for the reader’s convenience. Consider the following space:

Foo = UQ:(O(G» C C(G).

It is easily checked that Fy is a subalgebra of C'(G) that is closed under complex con-
jugation. Moreover, the standard construction of G realizes it as a subset of [[, G; (see
[DE14, Proposition 1.8.9] or [RZ10, Proposition 1.1.1]); in particular, given z, 2’ € G with
x # «, there exists some j € I such that Q;(z) # Q;(2). Thus, Foo separates the points
of G. By the Stone-Weierstrass theorem, it follows that Foo is dense in C'(G) with respect
to the supremum norm, and therefore it is dense in L?(G) with respect to the L?-norm.
Now let f € A(G). Since f = ag(€ ® n) for some &,1 € L?(G), a routine approximation
argument produces &n, 7 € Foo such that [lag(&n @ mn) — flla() — 0- By the definition
of Foo, each function ag(§, ® n,) belongs to J,c; QF (A(G;)), and thus we have proved
part (b).

Finally, part (c) follows immediately from part (b) and Lemma 3.4. O

Remark 5.6. One can use Proposition 3.6 to give a slight refinement of Proposition 5.5(c):
namely, there is an increasing sequence (1) <i(2) < ... in I, such that

AM(A(G)) < limsup AM(A(Gj(r))) -
n>1
The proof of Theorem 1.7(b). To ease notation, let S,, denote the ring Z/p"Z.

By construction, Z, can be identified as a topological group with the inverse limit
@n Sy; this identification also respects the ring structure. It follows, either by direct
calculations or the universal property of inverse limits, that Hr,(Z,) can be identified as
a topological group with the inverse limit @n Hrp,(Sy).
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As previously mentioned (see the comments before Remark 5.3), we have a semidirect
product decomposition

Hrp(Syn) =Sy % (Sy, @ (Sn/pSn)) = Sp X (Sp, & S1),

and so the irreducible representations of Hr,(S,) can be determined (up to equivalence)
using Mackey theory. One finds that Hr,(S;,) has exactly p** 1-dimensional representations

and exactly p?"~! — p?>"~2 irreducible representations of degree p, and no others.

Thus, for each n, applying Johnson’s formula (1.1) yields

1

AM(A(Hrp(Sn))) = p2n+1

(an . 13 + (p2n—1 _an—2) X p3) =p— 1 +p—1.

We deduce, using Proposition 5.5(c), that AM(A(Hr,(Z,))) <p—1+p~ L.

Since AM(A(+)) > AD(-), to complete the proof of the theorem it suffices to prove that
AD(Hr,(Z,)) > p—1+p~t. The canonical injective ring homomorphism Z — Z, induces
an injective group homomorphism H(Z) — H(Z,), and a little book-keeping shows that
this descends to an injective group homomorphism Hr,(Z) — Hr,(Z,). We already showed
that AD(Hr,(Z)) =p — 1+ p~!, and so by monotonicity of AD with respect to subgroup
inclusion (Proposition 2.7(a)), we conclude that

AD(Hr,(Z,)) > AD(Hry(Z)) =p— 1+ p" |
as required. O

Finally, we show that neither Hr,(Z) nor Hry,(Z,) can be written as the product of a
finite group with an AD-maximal group.

The proof of Theorem 1.7(c) . Let G be either Hr,(Z) or Hr,(Z,), and suppose that G =
F x H where F is finite and H is AD-maximal. By Proposition 5.4 F has to be trivial,
so G = H is AD-maximal. This is a contradiction, since maxdeg takes positive integer
values while AD(G) =p — 1+ p~! is not an integer. O

6 Concluding remarks and questions

The results in this paper provide further evidence for Conjecture 1.2, and thus provide
further evidence for a positive answer to Question 1.1. Nevertheless, that question remains
open. We draw attention to a special case that might be more accessible.

Question 6.1. Let G be a discrete group and let F' be a finite group. Is AM(A(G x F))
equal to AM(A(G)) AM(A(F))?

Since AD(G) only depends on the underlying group of G, Conjecture 1.2 would also
imply a positive answer to the following question.

Question 6.2. Let G be a locally compact group and let G4 denote the same group
equipped with the discrete topology. Is AM(A(G)) equal to AM(A(Gy))?

Recall that Theorem 4.1 provides a sharper upper bound on AM(A(G)) for G discrete
and virtually abelian. Our proof of the theorem relies on the fact that the Plancherel
measure for such G is finite, but Plancherel measure does not appear in the conclusion of
the theorem. It is therefore natural to ask the following question.
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Question 6.3. Can Theorem 4.1 be extended to cover all locally compact virtually abelian
groups? (The question is only interesting if [G, G] is finite.)

A positive answer to Question 6.3 would lead to a stronger version of Theorem 1.9(c),
in which we do not need to assume that G is discrete. This would answer [Cho23, Ques-
tion 6.2] in full generality.

Finally, recall that in order to confirm Conjecture 1.2 for the groups Hr,(Z,), we
exploited their structure as profinite groups (not just as compact groups). A natural
avenue for further work would be to find more general classes of profinite groups G for
which AM(A(G)) can be explicitly calculated. Progress in this direction would be aided
by a positive answer to the following question.

Question 6.4. Is the upper bound in Proposition 5.5(c) an equality, possibly after passing
to a subsystem?
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A Additional proofs

A.1 Properties of the maxdeg function

In Remark 1.6, we mentioned that the product of two AD-maximal groups G and Gs is
itself AD-maximal. We now give a brief explanation. First note that G1 x G3 is virtually
abelian (since both G and G are). Then, since AD is multiplicative (Proposition 2.7(b)),
it suffices to show that maxdeg(G x G2) = maxdeg(G;) maxdeg(Ga). This will follow once

-

we know that the natural map from G xG3 to G1 X G2, given by tensoring representations,
is bijective. The quickest way to justify this (although it is overkill) is to recall that since
(1 is virtually abelian it is Type I (see Remark 2.10), and then appeal to [Fol16, Theorem
7.17].

We also stated, in Lemma 4.5(a), that for any discrete group G with maxdeg(G) < oo
and any subgroup L < G we have maxdeg(L) < maxdeg(G). For the reader’s convenience,
we provide a proof of this fact. Our argument is adapted from the proof of [Moo72, Propo-
sition 3.1], and in particular we use the following result of Amitsur and Levitzki [AL50].

23


https://www.nsf.gov/awardsearch/show-award/?AWD_ID=2408008&HistoricalAwards=false

Lemma A.1. For each n € N, there exists a noncommutative polynomial Py, in 2n vari-
ables, with the following properties:

o if 1 <d<mn, then Po,(X1,...,X2,) =0 for all X; € My(C);

e ifd>n+1, then there exist Y1,..., Yo, € My(C) such that P, (Y1,...,Ya,) # 0.
We say that a unital ring A satisfies P, if Pap(ai,...,a2,) =0 for all ai,..., a2, € A.

Put m = maxdeg(G), and consider the complex group ring CG. For each m € G, the
ring 7(CQG) is contained in B(H,) where dr < m, and so it satisfies Pay,. It is a standard
but non-trivial fact that G separates the points of CG. (In fact, for any locally compact
group, its irreducible unitary representations separate the points of its L'-convolution
algebra: see e.g. [Foll6, Corollary 7.2].) We deduce that CG also satisfies Pa,,. Hence
CL, being a unital subring of CG, also satisfies Pay,.

However, for each o € E, it follows from Schur’s lemma and the bicommutant theorem
that o(CL) is SOT-dense in B(H,). Since multiplication in B(H,) is separately SOT-
continuous, by taking iterated limits it follows that B(H,) also satisfies the identity Pay,, =
0. This forces d, < m, as required.

A.2 The norm on the Fourier algebra in terms of the operator-valued Fourier
transform

In this section, we explain how the norm formulas in Proposition 2.11 can be deduced
from known results concerning the operator-valued Fourier transform for second-countable
unimodular Type I groups. The formulas express the fact that maps between certain
Banach spaces are isometries, and so we need to introduce the relevant spaces.

Given such a group G, fix a choice of Haar measure on G, and let v be the corresponding
Plancherel measure on G. We write L2(G S?) for the direct integral of Hilbert spaces
f 9 $2(n) dv(r). Elements of L%(G; S?) are (equivalence classes of) measurable fields of

Hllbert Schmidt operators; if C' = (Cy) re@ 18 such an operator field, then

, 1/2
1l s sy = [ 1C3agr) ()

(We are suppressing certain technicalities regarding measurable selections; see [Foll6, Sec-
tion 7.4] for an accessible summary.)

The Plancherel formula (2.1) is then a consequence of the following more precise result.
See e.g. [DE14, Section 8.5] for a concise account and references to a full proof.

Theorem A.2 (Pl:incherel theorem, precise version). There is a bijective linear isometry
Fo: L2(G) — L*(G; S?), that satisfies

Folf)w =7(f) forall f € (L' N LY (G) and v-a.e. 7 € G.

Note that if f € L'(G) then m(f) is defined unambiguously for each 7 € G, but if
f € L*(G) \ LY(G) then Fy(f), is only defined for v-a.e. 7 € G.

The other space we need to consider is Ll(CA;' S1). This denotes the space of (equiva-
lence classes of) measurable operator fields (Cr)__a such that Cr € S L(x) for v-ae. m € G
and |5 [Cx |1 (xy dv(m) < oo; this is a Banach space with respect to the natural norm.
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Theorem A.3 (Inverse Fourier transform). Given C = (Cr) _a € LY(G;8Y) and s € G,
define

Vo (C)(s) = /@ Te(Com(s~1)) du (). (A1)

Then W is a bijective linear isometry of LY(G; S') onto A(G).
Proof. See [Lip74, Theorem 3.1] or [Fiih05, Theorem 4.12]. O

Let V§ denote the linear span of the set {ag(¢ ®@n): &,n € (L' N L?)(G)}. For every
€ and 7 in (L' N L?)(G), we have

ag(§®n)(s) = (A&, Mr2(e) = /Gﬁ(s_lt)n(t) dt = (n&7)(s) (A.2)

where ¢V (p) ;= £(p~1). (Crucially, since G is unimodular, the map ¢ ~— £V is an isometric
involution on both L}(G) and L?(G).) In particular, VS C (AN LY)(G).

Proposition A.4. Let f € VS, and let C denote the operator field (7(f)eq- Then
C e Ll(é;Sl), and ¥ (C) = f.

Proof. By linearity, it suffices to verify these statements when f = ag({ ® n) for some
&n € (L' N L%)(G). Since n,¢Y € LY(G), the calculation in Equation (A.2) implies that
7(f) = m(n)m(€Y) for all # € G. But since 1,£Y € L2(G), it follows from Theorem A.2
that C is the pointwise product of the operator fields Fa(n), Fo(¢¥) € L2(G; 5?). Hence
C e LY(G: SY).

To finish, we need to show that for each s € G the following equality holds:

Ve (Fa(n)Fa(€Y))(s) = ag(E @n)(s) = (0, X&) 12(c) -

This calculation can be found in most accounts of Fourier inversion for G, see e.g. the
proofs of [Lip74, Theorem 3.1] or [Fiih05, Theorem 4.4]. (The trick is to use the definition
of U to rewrite the left-hand side as the inner product in LQ(CAJ; S?) of the operator fields
F2(n) and Fa(As), and then appeal to the “isometry” part of Theorem A.2.) O

Combining Proposition A.4 with the isometry part of Theorem A.3 yields

1 llacen = /G I7(F) g1y () for all £ € VS,

which is precisely the assertion of Proposition 2.11(a).

Now let N be another second-countable unimodular Type I group. Given w € V2G ®Vév ,
we have

Hw”A(G)@;A(N) = H(‘l’al(@\l’&l)(w)||L1(§;51)®L1(ﬁ;51)-

It is a standard result (due to Grothendieck) that, for measure spaces (21, p1) and (Qq, u2),
the natural map L' (€, ,ul)@Ll(Qg, o) — LY(Qq xQo; 11 X ) is an isometric isomorphism
of Banach spaces. One can build on this to show that the natural map

LY(G; SHRLY(N; 8Y) — LG x N; $'®S)

is an isometric isomorphism. The key technical point is that Ll(é : S1) can be decomposed
as an £!-direct sum of spaces of the form L'(,; S'(H,,)) for n € NU {oco}, where H, is a
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Hilbert space of dimension n for n € N and H,, := ¢%; and each summand can in turn be
identified with the projective tensor product L' (,)®S*(H,,). We omit the details, which
are measure-theoretic rather than anything particular to do with harmonic analysis.

After making this identification: by using Proposition A.4 for G and for N, we obtain

lwlla@zam) = (T ® J)(w))(ﬂﬁ)eéXﬁHLl(@xN;Sl@)sl) '

Writing out the norm on the right-hand side gives the statement in Proposition 2.11(b).

Finally, one would like to say that Proposition 2.11(c) just follows from Proposition
2.11(a) by replacing G with G x N. To make this rigorous: if we write v and vy for the
P@C\herel measures of G and N respectively, then we need to identify the measure space
(G X N,vgxn) with the product of the measure spaces (@,1/@) and (]V, vy). Although
this identification is often taken for granted, we could not find a suitable reference. (See
Remark A.5 for a discussion of some of the issues.)

We therefore indicate an alternative approach, based on the fact that we can identify
the Hilbert-space tensor product L2(G) ®%L*(N ) with LQ(G x N). By similar arguments,
one can identify L2(G; S?)®2 L%(N; $?) with L2(G x N; S?), where elements of the second
space are measurable operator fields (7{, ))(7r o)elxn such that Tir ;) € S2(m)®2S5%(0) =

S%(r ® o). It then follows from Theorem A.2 that we have a bijective linear isometry
g% . 12(G x N) = L*(G x N; 8?)

that satisfies ggG’N)(w)(w) = (r® o) (w) for all w € V§ ® V. Moreover, inspecting the
proof of Theorem A.3 shows that there is a bijective linear isometry

By : LG x N;SY) — A(G x N),

defined by the obvious two-variable analogue of the formula (A.1). We can now repeat the
argument used in the proof of Proposition A.4, to show that for all w € V2G ® Vév we have

la@xn) = 10T © @) g o1 agion

Writing out the norm on the right-hand side gives the statement in Proposition 2.11(c).

Remark A.5. It is known that for G and N in the class being considered, the natural
function G x N — G x N is a continuous bijection. However, to identify the two sets as
measure spaces, we have to ensure that the product o-algebra on G x N arising from the
l\%y Borel structures on the two factors, coincides with the Mackey Borel structure on
G x N. Moreover, even after one has verified this, a separate calculation would be needed
to show that v X vy satisfies the Plancherel formula for G x N.
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