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Abstract. We investigate a novel setting for polytope rigidity, where a flex

must preserve edge lengths and the planarity of faces, but is allowed to change
the shapes of faces. For instance, the regular cube is flexible in this notion. We

present techniques for constructing flexible polytopes and find that flexibility

seems to be an exceptional property. Based on this observation, we introduce
a notion of generic realizations for polytopes and conjecture that convex poly-

topes are generically rigid in dimension d ≥ 3. We prove this conjecture in

dimension d = 3. Motivated by our findings we also pose several questions that
are intended to inspire future research into this notion of polytope rigidity.

1. Introduction

We study the rigidity theory of point-hyperplane frameworks obtained from con-
vex polytopes. That is, we ask which convex polytopes P ⊂ Rd permit continuous
deformations that preserve the combinatorial type, edge lengths and the planarity
of faces; but not necessarily the shapes of the faces. Examples for d = 3 are shown
in Figure 1.

(a) Continuous flex of a cube.

(b) Continuous flex of a zonotope. (c) Continuous flex of the cuboctahedron.

Figure 1. Examples of continuously flexing 3-dimensional polytopes.

Initial observations suggest that flexible polytopes (that is, polytopes that per-
mit a deformation in this sense) are rare, not only among combinatorial types, but
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also among realizations of a fixed combinatorial type. This is not entirely unexpec-
ted: the Legendre-Steinitz theorem states that a 3-dimensional polytope has as many
edges as there are degrees of freedom in its realization space (see e.g. [26, Corollary
4.10]). This suggests that imposing one length constraint per edge should indeed be
sufficient to yield rigidity. In higher dimensions one could argue that polytopes are
even overconstrained [23, Remark 27.4].

While the existence of flexible polytopes shows that this heuristic is too simplis-
tic, we still believe that it applies “almost always”. We will make this precise using
a notion of generic rigidity for polytopes and propose the following conjecture:

Conjecture 1.1. Polytopes of dimension d ≥ 3 are generically rigid.

A precise formulation, with all terms defined, requires some preparation and will
be presented in Section 5. The reader unfamiliar with “generic rigidity” should read
this statement as

A randomly chosen realization of a polytope is rigid.

The main result of this article is the proof of Conjecture 1.1 in dimension d = 3:

Theorem 1.2. Polytopes of dimension d = 3 are generically rigid.

We emphasize that a generic realization does not assume convexity. Instead, it
suffices to assume Zariski convex – a weaker condition than standard convexity, and
potentially quite general in dimension three (see Definition 5.6).

Remark 1.3. Theorem 1.2 combines features of several classical rigidity results for
polytopes (for further details on the classical results we refer to [23, Chapter 26+]):

• Cauchy’s rigidity theorem states that a convex polytope is determined by the
shapes of its faces. Note that this not only asserts local rigidity, but global rigid-
ity within the class of convex polytopes. In contrast to Theorem 1.2 it assumes
that the shapes of faces do not change.

• Dehn’s theorem asserts that any simplicial convex polytope is first-order rigid.
An extension by Alexandrov (and later Whiteley) generalizes this statement to
non-simplicial polytopes where non-simplicial faces are triangulated without
introducing new vertices in the interior, but potentially in the natural edges of
the polytope [1, 31]. Even when allowing new vertices in the interior of faces,
the resulting frameworks are second-order rigid (in fact, prestress stable) due
to Connelly and Gortler [5, 7].

• Gluck’s theorem states that simplicial polytopes (not necessarily convex) are
generically rigid [14]. In contrast to earlier results, which focus on the convex
setting, non-convex polytopes can in fact be flexible, marking genericity as an
essential assumption. Famous examples of flexible polytopes are Bricard’s oc-
tahedra [3] as well as Connelly’s [4] and Steffen’s [29, 20] flexible spheres. A new
flexible polyhedron without self-intersections and attaining the theoretical min-
imum of eight vertices was recently found by Gallet, Grasegger, Legerský and
Schicho [13].

An overview of the assumptions and conclusions of these results including The-
orem 1.2 is given in Table 1. This comparison also reveals that Theorem 1.2 is best
understood as an extension of Gluck’s theorem to general combinatorial types.
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assumes assumes assumes assumes extends
rigid faces convex simplicial generic to d > 3 proves

Cauchy Yes Yes No No Yes global cvx
Dehn (Yes) Yes Yes No Yes first-order
Alex/Whit (Yes) Yes No No Yes first-order
Conn/Gor (Yes) Yes No No ? second-order
Gluck (Yes) No Yes Yes Yes first-order
ours No No No Yes ? first-order

Table 1. Comparison of assumptions and conclusions for classical rigi-
dity results and Theorem 1.2. For Dehn and Gluck the rigidity of faces
is implicit since the polytopes are simplicial. For Alexandrov/Whiteley
and Connelly/Gortler the faces might change their shape only in so far
as they are allowed to fold at triangulation edges.

The rigidity and flexibility analysis of polytopes with fixed edge lengths and
planar, yet deformable, faces has potential applications in engineering and robot-
ics. In particular, it may inform the design of deployable and adaptable structures
whose faces are made from stretchable materials or membranes. The structures’
geometrically-controlled deformations enable targeted functionality design such as
compact storage and dynamic shape-shifting [22, 34]. Similar principles may also
apply to biological systems, including the self-assembly of viruses, where capsids of-
ten arrange in polyhedral shapes [24, 25]. Finally, these principles extend naturally
to the design of quad meshes and origami-based structures, which offer compelling
possibilities for use in architecture [19, 28]. Given that most polytopes are rigid, the
design of any of the previously mentioned structures relies on a good understanding
of the conditions under which flexibility can occur.

1.1. Structure of the paper. In Section 2 we recall the necessary notions from
polytopal combinatorics and geometry. Our notion of rigidity is formally introduced
in Section 3, including the corresponding first-order theory. In Section 4 we provide
the few examples of flexible polytopes that we are aware of and pose question
derived from their structure.

Section 5 defines “generic rigidity” for polytopes and proves Theorem 1.2. The
proof will span several subsections and makes use of a number of tools from the
theory of planar graphs and polyhedral geometry, including the Maxwell-Cremona
correspondence and Tutte embeddings.

Section 6 contains brief discussions of further aspects of polytope rigidity, such
as higher dimensions, second-order rigidity and edge-length perturbations.

The paper also contains an appendix (Appendix A) in which we prove that both
the Maxwell-Cremona correspondence and Tutte embeddings behave well under cer-
tain limit operations. This result is not unexpected and is applicable in more general
settings; still, we were not able to locate it in the literature. The proof is not hard,
but technical. Since a detailed treatment would distract from the main content, we
decided to move it to the appendix.

2. Polytopes, combinatorial types and realizations

Throughout this article let P ⊂ Rd denote a d-dimensional convex polytope with
non-empty interior and vertices p1, ..., pn (i.e., P is the convex hull conv{p1, ..., pn}).
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For our purpose, the combinatorics of a polytope can be described using its vertex-
facet incidence structure. Recall that facet refers to a maximal proper face, i.e., a
face of dimension d− 1. A combinatorial type P = (V, F,∼) is a triple consisting of
an (abstract) vertex set V , an (abstract) facet set F and a vertex-facet incidence
relation ∼ ⊆ V × F .1 Each convex polytope gives rise to such a structure.

To later enforce edge length constraints we also need to access vertex adjacency
information in P: we say that vertices i, j ∈ V are adjacent in P, and denote this
by i ∼ j, if there are facets σ1, ..., σr ∈ F so that i and j are the only two vertices
incident to all of them. This defines a graph structure on V which we call the edge
graph GP = (V,E). If P is the combinatorial type of a convex polytope P , this
notion agrees with the usual edge graph of P . To emphasize the presence of this
graph structure we also denote a combinatorial type by (V,E, F,∼).

A d-dimensional polytopal realization of P is a pair (p,a) consisting of a vertex
map p : V → Rd and a facet normal map a : F → Rd, so that for each σ ∈ F we
have ∥aσ∥ = 1 and the points (or vertices) {pi | i ∼ σ} lie on a common affine hy-
perplane (the facet hyperplane) with normal vector aσ (the facet normal). This can
be formally expressed as

⟨pj − pi, aσ⟩ = 0, whenever i, j ∼ σ.

We say that a realization is (strictly) convex if additionally

⟨pj − pi, aσ⟩ < 0, whenever i ∼ σ, j ̸∼ σ.

Observe that each convex polytope P with combinatorial type P gives rise to a con-
vex realization in this sense and that the convex realizations are precisely the re-
alizations obtained from convex polytopes. We often identify a polytope with the
corresponding realization and use P and (p,a) interchangeably.

All realizations of P taken together form the realization space of P:

real(P) :=
{
p : V → Rd

a : F → Rd

∣∣∣ ∥aσ∥ = 1 for all σ ∈ F
⟨pj − pi, aσ⟩ = 0 whenever i, j ∼ σ

}
,

Analogously, the convex realization space is defined as

realc(P) :=

p : V → Rd

a : F → Rd

∣∣∣∣∣ ∥aσ∥ = 1 for all σ ∈ F
⟨pj − pi, aσ⟩ = 0 whenever i, j ∼ σ
⟨pj − pi, aσ⟩ < 0 whenever i ∼ σ, s ̸∼ σ

 ,

Clearly real(P) is a real algebraic set in RdV ⊕RdF, and realc(P) is a real semi-
algebraic set in RdV ⊕ RdF .

In later sections we focus specifically on polytopes in dimension three, which we
call polyhedra. We refer to Section 5.4 for any specific notation and background.

3. Polytope rigidity

We examine continuous deformations of P that preserve edge lengths, analogous
to bar-joint framework rigidity. Unlike in the framework setting, these motions must
also preserve the polytope’s structure, that is, facet planarity and the combinatorial
type.

1Usually, the combinatorial type of a polytope is defined via its face lattice, that is, the partially

ordered set made from the polytope’s faces of all dimensions ordered by inclusion. Since the face-
lattice can be reconstructed from the vertex-facet incidences, and vice versa, these notions are

equivalent.
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Formally, we say that two realizations (p,a), (p̃, ã) ∈ real(P) are

equivalent if ∥pj − pi∥ = ∥p̃j − p̃i∥ for each edge ij ∈ E,

congruent if ∥pj − pi∥ = ∥p̃j − p̃i∥ for each pair i, j ∈ V .

A motion of (p,a) is a curve (pt,at) : [0, 1]→ real(P) so that (pt,at) is equivalent
to (p,a) for all t ∈ [0, 1]; the motion is trivial if (pt,at) is congruent to (p,a) for
all t ∈ [0, 1]. A non-trivial motion is called a flex . If a realization (p,a) has a flex,
then we call it flexible, and rigid otherwise.

Several examples of flexes in polytopes are shown in Figure 1. More examples
and concrete constructions are provided in Section 4. The central question in this
setting is:

Question 3.1. Can one characterize the class of polytopes that are rigid or flexible?

The reader familiar with point-hyperplane frameworks (that is, bar-joint frame-
works with additional coplanarity constraints) recognizes our construction as a spe-
cial instance thereof. We refer to Eftekhari et al. [12] for a general introduction and
also for further details on their first-order theory. Our investigation can be seen as
an attempt at understanding where the origin of such a framework from a polytope
allows us to prove stronger results than in the more general setting. In particular
convexity and sphericity are properties known for having strong implications in
many contexts.

3.1. First-order theory. The first-order theory of polytope rigidity is the same
as for point-hyperplane frameworks. We recall the essentials.

A first-order motion (ṗ, ȧ) of P consisting of maps ṗ : V → Rd and ȧ : F → Rd,
that satisfy the following equations:

⟨pi − pj , ṗi − ṗj⟩ = 0, whenever ij ∈ E,(3.1)

⟨pi − pj , ȧσ⟩+ ⟨ṗi − ṗj , aσ⟩ = 0, whenever i, j ∼ σ.(3.2)

⟨aσ, ȧσ⟩ = 0, whenever σ ∈ F .(3.3)

A first-order motion is trivial if in addition it satisfies

⟨pi − pj , ṗi − ṗj⟩ = 0, for any i, j ∈ V ,(3.4)

⟨pi − pj , ȧσ⟩+ ⟨ṗi − ṗj , aσ⟩ = 0, for any i, j ∈ V and σ ∈ F .(3.5)

⟨aσ, ȧτ ⟩+ ⟨ȧσ, aτ ⟩ = 0, for any σ, τ ∈ F .(3.6)

A non-trivial first-order motion is called a first-order flex . A framework is first-order
rigid if it has no first-order flexes; it is first-order flexible otherwise. Many results
from the bar-joint framework setting transfer in the expected way. In particular, if
a polytope is first-order rigid, then it is rigid.

The first-order flex conditions (3.1) – (3.3) can be collected in a corresponding
rigidity matrix R(P ) which satisfies R(P )(ṗ, ȧ) = 0 if and only if (ṗ, ȧ) is a first-
order motion. Since we only consider polytopes with non-empty interior, they are
in particular affinely spanning and the rank condition of first-order rigidity applies:

Lemma 3.2. We have

corankR(P ) ≥
(
d+ 1

2

)
,

with equality if and only if P is first-order rigid.
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4. Flexible polytopes

Since flexible polytopes seem rare, this section is dedicated to collecting the few
constructions that we are aware of. Clearly, convex polytopes of dimension d = 2
(that is, polygons) are flexible if and only if they have more than three vertices (see
Figure 2). We shall focus on dimension d ≥ 3.

Figure 2. Flexible polygons.

4.1. Minkowski sums. Our most versatile tool for constructing flexible polytopes
are Minkowski sums: for polytopes P,Q ⊂ Rd the Minkowski sum is

P +Q := {p+ q | p ∈ P and q ∈ Q}.

Recall that if P +Q has an edge e in direction v ∈ Rd, then either P or Q (or both)
have an edge in direction v.

Consider motions P t and Qt (which might be trivial) for which P t +Qt stays of
a fixed combinatorial type. For simplicity we assume that P t and Qt do not share
edge directions. Then each edge of P t +Qt corresponds to an edge of either P t or
Qt. Since the motions P t and Qt preserve edge lengths, it follows that P t +Qt is
a motion as well.

There are generally two ways to obtain new flexible polytopes using this:

(1) Even if P t and Qt are trivial motions, P t+Qt can be a flex. For example, let
P t := P 0 be the constant motion, and let Qt be a continuous reorientation.
If the orientations of P 0 and Q0 are generic (i.e., have no parallel faces),
then the combinatorial type of P t + Qt is preserved initially, which yields
a flex (see Figure 3).

+ =

+ =

Figure 3. The cuboctahdron is the Minkowski sum of two simplices.
Continuously changing the orientation of the summands yields a flex of
the cuboctahedron.
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(2) The Cartesian product P t ×Qt is a special case of a Minkowski sum when
the summands are in orthogonal subspaces. This enables the construction
of new flexible polytopes using flexible polytopes from lower dimensions. In
particular, we can use flexible polygons to obtain many flexible polytopes
in dimensions d ≥ 3 (such as prisms or duoprisms).

We shall call flexes that are of the form P t +Qt Minkowski flexes.

4.2. Zonotopes. A zonotope Z = g1 + · · ·+ gr is the Minkowski sum of line seg-
ments gi. By the discussion of Section 4.1 we already know that a zonotope gener-
ated from generically oriented line segments is flexible. We demonstrate here that
in fact every zonotope is flexible (e.g. the permutahedron). The difficulty is that an
arbitrary reorientation of the gi does not necessarily preserve a zonotope’s combi-
natorial structure; and it is not immediately clear that a combinatorics-preserving
reorientation even exists.

For an arbitrary zonotope Z = g1 + · · ·+ gr we choose a continuous family At ∈
GL(Rd) of linear transformations that do not all preserve the angles between the
gi. Then,

gti := ∥gi∥ ·
Atgi
∥Atgi∥

has the direction of Atgi but the length of gi. The zonotope Z
t := gt1 + · · ·+ gtr has

the same combinatorics and edge lengths as Z, but since At does not preserve all
angles between the gi, Z

t has different face angles than Z. We therefore defined a
flex. An example of this is shown in Figure 1b where At are non-uniform scalings
along an axis.

4.3. Affine flexes and few edge directions. An affine flex is obtained through
applying a continuous family of affine transformations (similar to the construction
in Section 4.2, but without rescaling edges afterwards). It is known that a general
framework has an affine flex if and only if its edge directions lie on a quadric at in-
finity (see [6, Proposition 4.2] or [8, Proposition 1.4] for details). This happens in
particular if there are few edge directions. For example, in dimension d = 3 each
polytope with at most five edge directions has an affine flex because any five points
in the plane lie on a quadric. Examples are the cube and the polytope shown in Fig-
ure 4. The zonotope flex in Figure 1b is an example of an affine flex with more than
five edge directions (its edge directions lie on a circular cone, hence, “on a circle at
infinity”).

Figure 4. A 3-polytope that is affinely flexible because it has only five
edge direction. It is also a Minkowski sum of the shaded faces.

All examples of polytopes with affine flexes that we are aware of are Minkowski
sums, and it is not clear whether this is always the case.

Question 4.1. Is there an affine flex that is not a Minkowski flex?
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4.4. Stacking and irreducible flexes. All concrete examples we encountered so
far have been Minkowski sums. It is however not hard to come up with flexible po-
lytopes that are not Minkowski sums, e.g. by stacking pyramids onto some of their
flexing faces (see Figure 5).

Figure 5. The cuboctahedron with two stacked faces is not a Minkow-
ski sum, but is still flexible. This is because the stacking restricts only
one of the three degrees of freedom that come from the three relative
rotations of the Minkowski summands of the cuboctahedron.

Even though the resulting polytopes are not Minkowski sums, the construction
does not seem to yield a “completely separate type of flexibility” either.

A polytope flex P t is said to be dissectable if there is a family of hyperplanes Et

so that P t∩Ht
± are motions of full-dimensional polytopes, where Ht

+, H
t
− ⊂ Rd are

the closed halfspaces defined by Et (see Figure 6).

Figure 6. Each flex of the “cube with pyramid roof” is dissectable since
it can be split into a flexing cube and a rigid pyramid using the shown
hyperplane.

Question 4.2. Are there non-dissectable polytope flexes other than the Minkowski
flexes?

4.5. Further questions. Based on the examples of flexible polytopes that we are
aware of, a number of questions arise.

Question 4.3. Is polytope rigidity preserved under affine transformations?

This is in particular the case for Minkowski flexes and affine flexes. Observe that
already for Minkowski flexes it is not obvious how the flex changes under an affine
transformation unless one knows a Minkowski decomposition. One should note that
not even bar-joint rigidity, let alone point-hyperplane rigidity, is preserved under
general affine transformations (see e.g. the classifications of flexible frameworks of
K3,3 [33, 18]).

Question 4.4. Does a flexible polytope with d ≥ 3 necessarily have parallel edges?
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Once again, this question is inspired by the examples that we know of and is our
best guess for what a necessary structural property might look like.

5. Generic rigidity of polytopes

In this section, we address Conjecture 1.1, clarify the meaning of generic in the
context of polytopes, and prove our main result Theorem 1.2. We first provide a
more precise formulation of the conjecture:

Conjecture 5.1. If P is the combinatorial type of a convex polytope of dimension
d ≥ 3 then P is generically (first-order) rigid.

The precise definitions of “generic” and “generically rigid” in our setting are not
obvious and we will discuss their subtleties in Section 5.3 (culminating in Defini-
tions 5.3 and 5.6). A suitable definition of “generic” is expected to capture a notion
of “almost all realizations”, or of “a randomly chosen realization” of P. In analogy
to other settings it is furthermore expected that a generic realization is rigid if and
only if it is first-order rigid (hence the parentheses in the conjecture).

Our main result is the resolution of Conjecture 1.1 in the special case d = 3:

Theorem 5.2. If P is the combinatorial type of a convex polyhedron (that is, P is a
polyhedral graph, see Section 5.4), then P is generically (first-order) rigid.

Although Conjecture 5.1 remains open for d ≥ 4, we will discuss potential ap-
proaches in Section 6.1.

5.1. Overview of this section. In Section 5.2 we recall generic rigidity of simpli-
cial polyhedra (in particular, Gluck’s theorem). Based on this we work towards def-
initions of “generic” and “generically rigid” for general combinatorial types in Sec-
tion 5.3 (cf. Definitions 5.3 and 5.6). In Section 5.4 we recall the necessary prereq-
uisites of polyhedral combinatorics and geometry. We shall see that our definition
of “generically rigid” is especially natural for d = 3.

The proof of Theorem 1.2 is presented starting from Section 5.5. Some partic-
ularly technical parts of the proof are moved to Sections 5.8 and 5.9. Additional
intermediate Sections 5.6 and 5.7 recall essential tools, such as Tutte embeddings
and the Maxwell-Cremona correspondence.

5.2. Simplicial polyhedra. From the perspective of rigidity theory, simplicial po-
lytopes are merely bar-joint frameworks. Hence, their notion of generic rigidity is
directly inherited from the framework setting: a framework is said to be generic (or
regular) if its rigidity matrix has maximal possible rank among all frameworks of
the same graph (see for example [2, p. 176] or [32, p. 13]). This notion of “generic”
is derived from the fact that the rigidity matrix of a framework is, up to a factor,
precisely the Jacobian of the underlying polynomial system. Rank deficiency of the
Jacobian is the standard criterion for detecting singular points, away from which
the configuration space behaves like a smooth manifold [16, Section I.5]. Since rank
deficiency is also an algebraic condition, generic frameworks form a dense open sub-
set of (Rd)V . A graph G is generically rigid if every generic framework of G is (first-
order) rigid.

Once Dehn’s theorem is available, a generic version (i.e.,Gluck’s theorem) follows
quickly (see Remark 1.3 to recall the statements of these theorems).
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First, recall that a d-dimensional bar-joint framework (with at least d+1 vertices)

is first-order rigid if and only if its rigidity matrix has corank
(
d+1
2

)
. It is immediate

from our definition of “generic” that then either all generic frameworks are first-
order rigid, or all frameworks (including non-generic ones) are first-order flexible.
Nevertheless, by Dehn’s theorem we know that the latter cannot be the case for
skeleta of simplicial polytopes: all convex realizations of P (which always exist) are
first-order rigid. We conclude that P is generically rigid.

5.3. Generic rigidity for general polytopes. The discussion of the simplicial
case suggests an analogous definition for generic realizations of a general combina-
torial type P: the realizations that have maximal rank among all realizations of P,
where the rank of a realization refers to the rank of its associated rigidity matrix.
We do however encounter several problems with this straightforward definition.

In contrast to the simplicial case, realization spaces of general polytopes can be
arbitrarily complicated, already for convex polytopes and in dimensions as low as
d = 4 [27]. Most relevant here, the (convex) realization space might be reducible as
a (semi-)algebraic set. In this case the maximal rank of the rigidity matrix can be
different on each irreducible component, and the realizations of maximal rank might
no longer be dense in real(P). One option to deal with this is to accept that rigidity
is no longer a generic property. A second option is to provide a notion of “generic”
that works “per irreducible component”. We go with the latter:

Definition 5.3. A realization (p,a) ∈ real(P) is generic if it has maximal rank
among all realizations that lie in the same irreducible component(s) of real(P).

When considering each component of an irreducible decomposition of real(P)
separately, this definition is consistent with the standard algebro-geometric notion
of genericity that is, for example, given in [9, Definition 5.6]. In particular, the ge-
neric realizations of P form an open and dense subset of real(P). Lastly, Defini-
tion 5.3 also interacts well with the convex part of the realization space:

Remark 5.4. Recall that realc(P) is open in its Zariski closure (in the Euclidean
sense), and that the intersection of a dense set with a non-empty open set is dense
in this open set. From this we conclude: if P has convex realizations at all, then
there are convex generic realizations among them, and the latter are actually dense
in realc(P).

For defining “generic rigidity” we encounter a second problem: for non-simplicial
P certain “degenerate realizations” can form irreducible components of realizations
that are first-order flexible.

Example 5.5. Let P be the combinatorial type of the 3-dimensional cube. Con-
sider the set S ⊂ real(P) of realizations that are not affinely spanning and note
that here coplanarity constraints are vacuous. Hence, the (local) dimension of S is

V ·
max. dimension of aff(p)︷ ︸︸ ︷

(d− 1)+dimGr(d, d− 1)︸ ︷︷ ︸
ways to choose aff(p)

= 8 · 2 + 3 = 19,

at almost all points (where Gr denotes the Grassmannian). This is larger than the
dimension of the convex realization space, which is E+6 = 18 (see also [26, Example
3.4]). Consequently, the Zariski closure of realc(P) will not contain S.
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While we expect (and later prove in Theorem 1.2) that convex realizations of P
are (almost always) first-order rigid, all realizations in S are first-order flexible. To
construct a flex (ṗ, ȧ), fix i ∈ V , set ṗj = 0 for all j ∈ V \ {i}, ȧσ = 0 for all σ ∈ F ,
and choose ṗi ⊥ aff(p) non-zero and orthogonal to the affine span of p.

We did not encounter this problem for simplicial polytopes because for them the
realization space real(P) ≃ (Rd)V is irreducible and contains these degenerate re-
alizations as a proper algebraic (and hence, measure zero) subset.

The solution to this problem is to remove the irreducible components of “degen-
erate realizations” from consideration. To avoid a detailed discussion of what makes
a realizations degenerate (e.g. coplanar faces, confluent vertices, etc.) and since we
are mainly interested in convex realizations anyway, we go with the following:

Definition 5.6. A realization of P is Zariski convex if it lies in the Zariski closure
realc(P) of the convex realization space. P is generically rigid if each generic Za-
riski convex realization is (first-order) rigid.

With this definition of “generically rigid” the extent of Theorem 1.2 hinges on the
generality of the notion “Zariski convex”. Zariski convex realizations include certain
non-convex realizations, and we believe they are, in fact, quite general. Especially
in dimension three we consider it as the “right” analogue of the non-convexity per-
mitted by Gluck’s theorem. An alternative description of the class of Zariski convex
realizations is currently open.

5.4. Polyhedra, planar graphs and their realizations. The combinatorics and
geometry of polyhedra is much better behaved than that of general polytopes. This
is what eventually enables us to prove Conjecture 1.1 for d = 3. We recall here the
most relevant facts (for details, see [10, Chapter 4] and [35, Chapter 4]).

The combinatorial type of a polyhedron is determined by its edge graph. More-
over, Steinitz’s Theorem states that the graphs that appear as such edge graphs are
precisely the 3-connected planar graphs, which are for this reason also known as
polyhedral graphs. In the following we will use the graph G instead of P to denote
the combinatorial type of a polyhedron.

A polyhedral graph has an essentially unique planar embedding, in particular,
the notion of face (as a connected component of the complement of the embedding;
respectively its boundary cycle in the graph) is well-defined for the graph without
specifying an embedding. We will write polyhedral graphs as triples G = (V,E, F )
with vertex set V , edge set E, and face set F .

In contrast to general polytopes, realization spaces of polyhedra are well-under-
stood. Most relevant to us, realc(G) is an irreducible semi-algebraic set, and con-
sequently, realc(G) is an irreducible algebraic set (see [26, Corollary 4.10]). These
simplified circumstances allow us to apply Gluck’s trick almost verbatim:

Lemma 5.7. Given a polyhedral graph G, the following are equivalent:

(i) G is generically rigid (in the sense of Definition 5.6).
(ii) there exists a convex realization of G that is first-order rigid.
(iii) there exists a Zariski convex realization of G that is first-order rigid.

Proof. By Steinitz’s Theorem, G has a convex realizationsand hence (i) =⇒ (ii) is
a consequence of Remark 5.4. The implication (ii) =⇒ (iii) is clear. It remains to
show ¬(i) =⇒ ¬(iii).
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Suppose that G is not generically rigid. Then there is a generic Zariski convex re-
alization (p,a) ∈ realc(G) that is first-order flexible. By Lemma 3.2 the corank of
(p,a) is larger than six. Since (p,a) is generic, the corank of all realizations in the
same irreducible component(s) of realc(G) is larger than six as well. For polyhe-
dral graphs realc(G) is irreducible, and so this lower bound applies to all Zariski
convex realizations of G. Applying Lemma 3.2 again yields that all Zariski convex
realizations are first-order flexible. This shows ¬(iii). □

There are further specifically 3-dimensional tools that we will make use of in the
proof of Theorem 1.2, most prominently, Tutte embeddings and the Maxwell-Cre-
mona correspondence. They are introduced later in Section 5.6.

5.5. Proof of Theorem 1.2. Throughout this section, we fix a polyhedral graph
G = (V,E, F ). To show that G is generically rigid, by Lemma 5.7 it suffices to find
a single convex (actually, Zariski convex) realization of G that is first-order rigid. In
contrast to the simplicial case, however, we do not have a counterpart of Dehn’s the-
orem, that is, we cannot just point to an arbitrary convex realization. In fact, such
a counterpart cannot exist since we already know that there are flexible polyhedra
(cf. Section 4).

Instead we proceed by induction on the size of G, establishing the existence of
a first-order rigid realization by using the generic rigidity of all smaller polyhedral
graphs. The general strategy is rather simple, but there are several technical steps
in between. We therefore first sketch the proof, then fill in the details step by step,
before we present the full proof of Theorem 1.2 in the end of this section. Some
particularly technical parts are postponed to Section 5.8 and Section 5.9.

The core of the proof is the induction step which is reminiscent of a “reverse
vertex-splitting argument”: for the following sketch, suppose that generic rigidity
has been established for all polyhedral graphs with fewer vertices or edges than G.
Then proceed as follows:

(1) Choose an edge e ∈ E so that G̃ := G/e is still a polyhedral graph but with
fewer vertices and edges than G. Here G/e denotes edge contraction, that
is, we remove e, identify its former end vertices, and we delete any parallel
edges that are created in the process.

(2) Choose a generic convex polyhedral realization P̃ of G̃. By induction hypo-

thesis we know that P̃ is first-order rigid.

(3) Choose a sequence P 1, P 2, P 3, ... ⊂ R3 of convex polyhedral realizations of
G that converges to P̃ . If, for sake of contradiction, we assume that there
are no first-order rigid realizations of G, then all Pn are first-order flexible.

(4) Show that the limit of a sequence of first-order flexible polyhedra is itself
first-order flexible. Thus, if Pn is first-order flexible for all n ≥ 1, then P̃ is
first-order flexible as well.

(5) But P̃ was first-order rigid by the induction hypothesis. This yields a con-
tradiction. Hence, some realization Pn must have been first-order rigid.

(6) Using Lemma 5.7, G is therefore generically rigid.

Many steps in the above outline require further technical elaborations or adjust-
ments. We go through them step by step.
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Figure 7. The figure shows the edge graph of an octagonal antiprism
with a stacked K4 on each triangular face. Note that through the stack-
ing the edges of the antiprism are not contractible, whereas the edges of
the stackedK4’s shown in gray are contractible but not well-contractible.

First, for (1) we require that G has an edge e ∈ E that after contraction leaves
us with a polyhedral graph G̃ = (Ṽ, Ẽ, F̃ ) := G/e. This is guaranteed by a classical
theorem due to Tutte:

Theorem 5.8 ([10, Lemma 3.2.4.]). If G is a 3-connected graph other than K4,
then there is an edge e ∈ E(G) so that G/e is still 3-connected.

We shall call such an edge contractible. In the following let e ∈ E be such a con-
tractible edge. Since planarity is also preserved under edge contractions, we con-
clude that G̃ := G/e is still polyhedral.

We encounter a first technical point: later (in step (4)) we need that e is not only
contractible, but well-contractible, which shall mean

(i) e is incident to a non-triangular face, or
(ii) e is not incident to a vertex of degree three.

Not every polyhedral graph has a well-contractible edge (see Figure 7). For the case
that it has none we provide a lemma of alternatives. For this, say that a polyhedral
graph G has a stacked K4 if it has a vertex i ∈ V of degree three that is incident
to three triangular faces (note that then i and its neighbors form a K4).

Lemma 5.9. For a polyhedral graph G, at least one of the following is true:

(i) G = K4,
(ii) G has a well-contractible edge, or
(iii) G has a stacked K4.

Proof. If G ̸= K4 then by Theorem 5.8 there is a contractible edge ı̂ȷ̂ ∈ E(G).
Suppose that ı̂ȷ̂ is not well-contractible, that is, ı̂ȷ̂ is incident to two triangles
σ1, σ2, and incident to a vertex of degree three. W.l.o.g. we may assume that ı̂ is
the degree three vertex. Let ik be the vertex of σk \ ı̂ȷ̂ for k ∈ {1, 2}. The vertex ı̂
is incident to three faces, two of which are σ1 and σ2. Let τ be the third face. If τ
is a triangle, then ı̂, together with σ1, σ2 and τ form a stacked K4, and (iii) holds.
If τ is not a triangle, then we claim that ı̂i1 is contractible, hence satisfies (ii).
Suppose ı̂i1 is not contractible. Then G/ı̂i1 is 2-connected, and each 2-separator
must use the contraction vertex and a third vertex, say j. Hence, ı̂, i1 and j form
a 3-separator of G. The vertex ı̂ must then have neighbors in different connected
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Figure 8. A well-shaped realization (left) and not well-shaped realiza-
tion (right).

components of G\{ı̂, i1, j}. But ı̂ has only three neighbors, one of them, i1, is in the
separator, and the other two, i2 and ȷ̂, are adjacent. This yields a contradiction. □

In the following we shall assume that e is well-contractible. The other case will
be dealt with once we give the full proof of Theorem 1.2.

Following the outline of the proof, we now choose a generic convex realization P̃
of G̃ (which exists by Remark 5.4). In preparation for step (4) we once again need
to make a technical assumption about our choice: if e is incident to precisely one
non-triangular face σ in G, then we require P̃ to lie “above” σ. This means that the
orthogonal projection of each vertex of P̃ \σ onto σ ends up in the relative interior

of σ (see Figure 8). We call a convex realization P̃ well-shaped if this is the case.
Note that this can always be arranged using a projective transformation: choose a
point x outside P but “close to σ”; a suitable projective transformation now fixes
σ and moves x to the infinite point orthogonal to σ (this is a standard step in the
construction of Schlegel diagrams for polytopes, see for example [35, Exercise 2.18]).

Moreover, since being well-shaped is clearly stable under small perturbations of
the realization, we can guarantee that P̃ is both well-shaped and generic. For later
reference we state this as a proposition:

Proposition 5.10. There exists a convex realization P̃ of G̃ that is both generic
and well-shaped.

In the following we assume that P̃ is a well-shaped generic realization of G̃.
In step (3) of the outline we choose a sequence P 1, P 2, P 3, ... of convex realizati-

ons of G that converges to P̃ . For the precise definition of convergence we refer to
Section 5.8. The existence of this sequence is not obvious, and is actually very spe-
cific to dimension three. The proof builds on Tutte embeddings and the Maxwell-
Cremona correspondence (which we recall in Section 5.6), as well as the limit be-
havior of these tools under topology changes (something that seems not available
in the literature, see Appendix A.4). Due to this complexity, we moved the proof
of existence to its own section (Section 5.8). Below we refer to it in the form of the
following lemma:

Lemma 5.11. Given a contractible edge e ∈ E and a convex polyhedral realization
P̃ of G̃ := G/e. There exists a sequence P 1, P 2, P 3, ... ⊂ R3 of convex polyhedral

realizations of G with Pn → P̃ .

The sequence given by Lemma 5.11 will be called a contraction sequence for the
edge e.

Step (4) (the limit transfer of first-order flexibility) has a very technical proof as
well. We moved it to Section 5.9. It is here that we need our technical assumptions,
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that e is well-contractible and that P̃ is well-shaped. We refer to it using the follo-
wing lemma:

Lemma 5.12. If G is polyhedral, e ∈ E is a well-contractible edge, P̃ is a well-
shaped convex realization of G̃ := G/e, and P 1, P 2, P 3, ... → P̃ is a contraction se-

quence of first-order flexible convex polyhedra, then P̃ is first-order flexible as well.

The remaining steps of the outline are straightforward. We now collect all these
pieces to present the full proof of the main result:

Theorem 5.2. If G is the combinatorial type of a 3-polytope (i.e., G is a polyhedral
graph), then it is generically (first-order) rigid.

Proof. The proof proceeds by induction on the number of vertices of G.
The minimal number of vertices of a polyhedral graph is attained for G = K4.

Its polyhedral realizations are tetrahedra, which are always first-order rigid (for ex-
ample due to Dehn’s theorem, cf. Remark 1.3). If G has more than four vertices,
then by Lemma 5.9 there are two cases to consider. In both cases we construct a
first-order rigid convex realization of G and in this way show that G is generically
rigid by applying Lemma 5.7 (ii) =⇒ (i).

Case 1: G has a well-contractible edge e. Then G̃ := G/e is polyhedral with fewer

vertices than G. By Proposition 5.10 there is a convex realization P̃ of G̃ that is
both generic and well-shaped. Since by induction hypothesis G̃ is generically rigid,
P̃ is first-order rigid. By Lemma 5.11 there is a contraction sequence P 1, P 2, P 3, ... of
convex realizations of G with Pn → P̃ . Suppose, for the sake of contradiction, that
all Pn are first-order flexible. Since P̃ is well-shaped and e is well-contractible, we
can apply Lemma 5.12 to conclude that P̃ is first-order flexible. This is in contra-
diction to its initial choice. We conclude that the sequence Pn must contain first-
order rigid polyhedra.

Case 2: G has a stacked K4. Let i ∈ V (G) be the corresponding 3-vertex. Then

G̃ := G − i is still polyhedral with a distinguished triangular face ∆. Since G̃ has
fewer vertices than G, by induction hypothesis there is a first-order rigid convex
realization P̃ of G̃. We obtain a convex realization P of G by stacking a sufficiently
flat tetrahedron onto the face ∆ of P̃ . We show that P is first-order rigid: suppose
that (ṗ, ȧ) is a first-order motion of P . Since tetrahedra are first-order rigid, even
as bar-joint frameworks, adding a suitable trivial motion to ṗ ensures ṗj = 0 for all

j ∈ V (∆)∪ {i}. Let (ṗ, ȧ)G̃ be the restriction of this first-order motion to G̃. This

yields a first-order motion of P̃ and must be trivial since P̃ is first-order rigid. But
a trivial motion that vanishes on the triangular face ∆ must be zero. Hence (ṗ, ȧ)
is zero. This shows that P is first-order rigid. □

It remains to prove Lemma 5.11 and Lemma 5.12. We first recall some necessary
tools and introduce suitable notation.

5.6. Tutte embeddings and the Maxwell-Cremona correspondence. Tutte’s
embedding theorem together with the Maxwell-Cremona correspondence constitute
a powerful toolbox for controlling convex polyhedral realizations. A great source dis-
cussing these tools is [21, Section 3.2.1 and 3.2.2]. We recall the essentials.
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A stress on a framework (G,p) is a map ω : E → R. It is a self-stress (sometimes
equilibrium stress) if at each vertex it satisfies the stress equilibrium condition:

(5.1)
∑

j:ij∈E

ωij(pj − pi) = 0, for all i ∈ V .

A framework (G,p) together with a self-stress ω we shall call a self-stressed frame-

work (G,p,ω). A map ω̂ : Ê → R defined on a subset of edges Ê ⊂ E we shall call
a partial stress.

Theorem 5.13 (Tutte embedding [30]). Let G = (V,E, F ) be a polyhedral graph
with a triangular face ∆ ∈ F . For each positive partial stress ω̂ : E \∆→ R+ there
exists a unique (up to linear transformations) 2-dimensional self-stressed framework
(G,v,ω) whose self-stress ω extends ω̂. Moreover, (G,v) is a planar straight-line
drawing (i.e., no two edges are crossing) with ∆ as its outer face and all other faces
convex.

A polyhedral lifting of a 2-dimensional framework (G,p) is a triple (G,p,h) with a
height function h : V → R so that for each face σ ∈ F the points (pi, hi) ∈ R3, i ∼ σ
lie on a common plane.

Theorem 5.14 (Maxwell-Cremona correspondence). Given a polyhedral graph G
and a 2-dimensional framework (G,v), there is a one-to-one correspondence between

(i) self-stressed frameworks (G,v,ω), and
(ii) polyhedral liftings (G,v,h) (up to certain projective transformations; or uni-

quely if we prescribe hi = 0 for all vertices i ∼ σ on a fixed face σ ∈ F ).

Moreover, if ωe < 0 for all edges of some fixed face σ ∈ F , and ωe > 0 for all other
edges, then (G,v,h) yields a convex realization of G.

For constructing the contraction sequence Pn → P̃ in Section 5.8 we will use that
both Tutte embeddings and Maxwell-Cremona lifts behave well under edge contrac-
tion. The precise meaning will be made clear at first use. The proofs are straightfor-
ward but tedious and distract from the main proof. They are given in Appendix A.

5.7. Contraction-only minors. This section introduces a language that is slightly
more general than needed but will enable us to be more concise later on.

If G is a graph, a contraction-only minor G̃ ≤ G is a graph G̃ = (Ṽ, Ẽ) obtained
from G by contracting some of the edges, but not by deleting edges. Equivalently,
G̃ = G/∼c is a quotient w.r.t. an equivalence relation ∼c on the vertices (the “c”
is for “contraction”) where each equivalence class induces a connected subgraph of

G. We shall use the vertices of G̃ interchangeably with these equivalence classes,
which we denote by capital letters I, J ∈ Ṽ . In the case of a single edge contraction
ı̂ȷ̂ → ı̂ȷ (the most relevant case for us), the contraction vertex ı̂ȷ corresponds to a

class I = {ı̂, ȷ̂}, and all other classes are singletons. Edges in G̃ are denoted by IJ
and we identify them with the set {ij ∈ E | i ∈ I and j ∈ J}.

Suppose now that both G = (V,E, F ) and G̃ = (Ṽ, Ẽ, F̃ ) are polyhedral. We say

that a face σ ∈ F persists in G̃ if its vertices are part of at least three ∼c-equivalence
classes. If this is not the case then σ collapses either into an edge (if there are only
two equivalence classes) or into a vertex (if there is only one equivalence class). Since

G̃ is a contraction-only minor (as opposed to a minor with edge deletions), no two

faces of G can “join” into a single face in G̃. For this reason we can write F̃ ⊆ F .
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5.8. Proof of Lemma 5.11: the existence of a contraction sequence. For
this section we are given a polyhedral graph G = (V,E, F ) with an edge ı̂ȷ̂ ∈ E(G)

so that G̃ = (Ṽ, Ẽ, F̃ ) := G/ı̂ȷ̂ is a polyhedral graph as well. The goal is to prove the
following:

Lemma 5.11. Given a convex polyhedral realization P̃ of G̃, there exists a sequence
P 1, P 2, P 3, ... of convex polyhedral realizations of G with Pn → P̃ .

The convergence Pn → P̃ is meant in the following sense: if Pn = (pn,an) and

P̃ = (p̃, ã), then

pni → p̃I , whenever i ∈ I,

anσ → ãσ, whenever σ ∈ F̃ .

Our strategy is to transform the problem into the language of planar self-stressed
frameworks (via the Maxwell-Cremona correspondence, Theorem 5.14), where we
then construct the required sequence using Tutte embeddings (Theorem 5.13).

Recall that Tutte embeddings require a choice of facial triangle in G. We addi-
tionally require that this triangle survives the edge contraction and persists in G̃.
We shall first assume that such a triangle exists, and deal with the other case later.

Case 1: Assume that G contains a triangular face ∆ that persists in G̃. We can
choose a projective transformation T so that Q̃ := T (P̃ ) is a Maxwell-Cremona lift-

ing of a planar self-stressed framework (G̃, ṽ, ω̃) whose outer face is ∆, hence, with

a positive self-stress on E \∆. In particular, (G̃, ṽ, ω̃) is also a Tutte embedding.
We next construct a sequence of self-stressed embeddings (G,vn,ωn) that “con-

verges” to (G̃, ṽ, ω̃) in the sense

vni −→ ṽI , whenever i ∈ I.

In particular, the edge ı̂ȷ̂ shrinks to length zero, while other edges stay of positive
length. This is achieved using Tutte embeddings, where the key observation is the
following: if the self-stress on an edge goes to infinity, then the length of that edge
in a Tutte embedding goes to zero. This is intuitive: the edge models a spring of in-
creasing spring constant, trying to contract ever stronger. A rigorous formulation
requires some care and can be found in Appendix A.1 (specifically Lemma A.1).

Let ω̂n : E \∆→ R > 0 be a sequence of partial stresses with ω̂n
ı̂ȷ̂ →∞ and that

converges to ω̃ on E \∆ in the following sense: the limit ω̂n
ij → ω̂∗

ij exists whenever
i ̸∼c j and ∑

i∈I
j∈J

ω̂∗
ij = ω̃IJ , for all IJ ∈ Ẽ \∆.

For example, for ij ∈ IJ we could set ω̂n
ij = ω̂∗

ij := ω̃IJ/|IJ |. Recall that |IJ | de-
notes the number of elements of {ij ∈ E | i ∈ I and j ∈ J}.

Let (G,vn,ωn) be a Tutte embedding extending the partial stress ω̂n, and where
we set vni := ṽ[i ] if i ∈ ∆ so as to make it unique (here [i] denotes the equivalence

class of i in G̃). We will now use that Tutte embeddings behave continuously in the
following sense: the limit vn → v∗ exists, satisfies v∗i = ṽI whenever i ∈ I, and is a
Tutte embedding for the self-stresses ω̃. For details see Appendix A.2 (specifically
Lemma A.2).

Having built the contraction sequence for planar self-stressed frameworks, it re-
mains to lift it back to a contraction sequence of polyhedra. Let then Qn ≃ (p̄n, ān)
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be the Maxwell-Cremona lift of (G,vn,ωn), where we assume p̄ni := p̄n[i ] for all i ∈ ∆
so as to make the lifting unique. Now we use that Maxwell-Cremona lifts behave
continuously under limits. The details can be found in Appendix A.4. We conclude
that Qn → Q̃, and hence that Pn := T−1Qn is the desired sequence with Pn → P .
This concludes Case 1.

For Case 1 we relied on the existence of a facial triangle that survives contraction.
The following lemma shows that if there is no such triangle then there must be a
3-vertex that survives contraction:

Lemma 5.15. Either G contains a facial triangle that is not incident to ı̂ȷ̂, or G
contains a 3-vertex that is not incident to ı̂ȷ̂.

Proof. At most two triangles are incident to ı̂ȷ̂, and at most two 3-vertices are in-
cident to ı̂ȷ̂. The result then follows from the claim that G contains either at least
three triangles or at least three 3-vertices. Suppose the contrary, that there are at
most two triangles and 3-vertices, then

2|E| =
∑
i∈V

deg(i) ≥ 2 · 3 + (|V | − 2) · 4 = 4|V | − 2 =⇒ |V | ≤ |E|+1
2 ,

2|E| =
∑
σ∈F

gon(σ) ≥ 2 · 3 + (|F | − 2) · 4 = 4|F | − 2 =⇒ |F | ≤ |E|+1
2 .

where gon(σ) denotes the gonality of the polygon σ, i.e., its number of edges.
Using Euler’s polyhedral formula |V |−|E|+|F | = 2, we arrive at a contradiction:

|E|+ 2 = |V |+ |F | ≤ |E|+1
2 + |E|+1

2 = |E|+ 1.  
□

Therefore, if we are not in Case 1, then by Lemma 5.15 there is a 3-vertex which
will be our second and final case to consider.

Figure 9. Transforming a 3-vertex into a triangular face.

Case 2: G contains a 3-vertex that persists in G̃. Let then i ∈ V \ {ı̂, ȷ̂} be a 3-
vertex. The following operation on i yields a polyhedral graph H with a triangular
face ∆: subdivide all edges incident to i with new vertices j1, j2, j3, delete i, and add
edges to form the triangle ∆ := j1j2j3. Geometrically this corresponds to “cutting
off” the 3-vertex using a hyperplane that separates it from all other vertices (see
Figure 9). Since ı̂ȷ̂ is not incident to the 3-vertex i, this operation can be equally

performed in G̃ to construct a graph H̃, and we have H̃ = H/ı̂ȷ̂.

Given any polyhedral realization Q̃ of H̃, using Case 1 there is a sequence Q1,
Q2, Q3, ... of polyhedral realizations of H with Qn → Q̃. For n sufficiently large,
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the inequalities defining the triangular face in Qn can be removed and the resulting
polyhedron, call it Pn, is bounded and necessarily a realization of G. This yields
the desired sequence Pn → P̃ .

This finalizes the proof of Lemma 5.11. □

Remark 5.16. It seems plausible that Lemma 5.11 can be extended to general
polyhedral minors G̃ ≤ G (i.e., allowing edge deletions and more than one contrac-
tion). This result would then allow us to prove Case 2 using the dual polyhedron
instead of cutting off a vertex (cf. Figure 9) using that edge contractions turn into
edge deletions in the dual. However, this approach would also rely on extending the
continuity results of Tutte embeddings and Maxwell-Cremona lifts, so it is beyond
the scope of this paper.

5.9. Proof of Lemma 5.12: first-order flexibility in the limit. We recall the
statement to be proven:

Lemma 5.12. If G = (V,E, F ) is polyhedral, e ∈ E is a well-contractible edge, P̃ is

a well-shaped convex realization of G̃ = (Ṽ, Ẽ, F̃ ) := G/e, and P 1, P 2, P 3, ...→ P̃ is

a contraction sequence of first-order flexible convex polyhedra, then P̃ is first-order
flexible as well.

By assumption, each Pn has a first-order flex (ṗn, ȧn). Since they are non-zero,
we can rescale each (ṗn, ȧn) so that∑

i∈V

∥ṗni ∥2 +
∑
σ∈F

∥ȧnσ∥2 = 1.

This rescaled sequence lies in the compact unit sphere of RdV+dF, and so it contains
a convergent subsequence to which we can restrict. We can now assume that the
limit (ṗn, ȧn)→ (ṗ∗, ȧ∗) exists and is non-zero. We set

˙̃pI :=

{
ṗ∗i if I ̸= ı̂ȷ

0 if I = ı̂ȷ
, for all I ∈ Ṽ , ˙̃aσ := ȧ∗σ, whenever σ ∈ F̃ .

We verify that ( ˙̃p, ˙̃a) is a non-zero first-order motion of the contracted polyhedron

P̃ . This follows mostly from the fact that conditions (3.1) – (3.3) hold for (ṗn, ȧn)
and are preserved in the limit. To deal with topology changes in verifying (3.1) and

(3.2) we use that ṗnı̂ = ṗnȷ̂ = 0. It now remains to show that ( ˙̃p, ˙̃a) is a non-trivial
first-order motion.

For this we need to make some retroactive assumptions about the contraction
sequence and choice of flexes. Let σ and τ be the two faces incident to ı̂ȷ̂. Further-
more, fix a line ℓ ⊂ R3. We shall assume that the polyhedra Pn are oriented so that
pnı̂ , p

n
ȷ̂ ∈ ℓ for all n ∈ N. Moreover, since (ṗn, ȧn) is non-trivial, we can add to it a

suitable trivial first-order motion to achieve ṗnı̂ = ṗnȷ̂ = ȧnσ = 0, while (ṗn, ȧn) re-
mains non-zero. Clearly, these modifications preserve generality and ( ˙̃p, ˙̃a) can be
defined as before. Our strategy is now to assume that ( ˙̃p, ˙̃a) is trivial, and deduce
that it must also be zero, in contradiction to its construction.

If σ is a triangle then the third vertex (next to ı̂ and ȷ̂) will be called iσ. Likewise
iτ for τ . For later use we now collect some useful relations for and between (pn,an)
and (ṗn, ȧn) which are preserved in the limit n→∞:

(R1) anσ, a
n
τ ⊥ ℓ because anσ and anτ are normal vectors to faces of Pn that contain

a segment of ℓ (namely, the edge ı̂ȷ̂).
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(R2) If ȧnτ ̸= 0 then ȧnτ ⊥ ℓ is a direct consequence of the first-order flex condition
(3.2), that is, 0 = ⟨ȧnτ , pnı̂ − pnȷ̂ ⟩ + ⟨anτ , ṗnı̂ − ṗnȷ̂ ⟩ = ⟨ȧnτ , pnı̂ − pnȷ̂ ⟩, where we
applied ṗnı̂ = ṗnȷ̂ = 0.

(R3) If ȧnτ ̸= 0 then ȧnτ ⊥ anτ is a direct consequence of the first-order flex condi-
tion (3.3), that is, ⟨ȧnτ , anτ ⟩ = 0.

If τ is a triangle we have the following additional relations:

(R4) anτ ⊥ pniτ −pnı̂ because pniτ −pnı̂ is the direction of an edge incident to τ . The
same clearly holds with ȷ̂ in place of ı̂.

(R5) If ṗniτ ̸= 0 then ṗniτ ⊥ pniτ − pnı̂ is a direct consequence of the first-order flex
condition (3.1), that is, 0 = ⟨pniτ − pnı̂ , ṗ

n
iτ
− ṗnı̂ ⟩ = ⟨pniτ − pnı̂ , ṗ

n
iτ
⟩, where we

applied ṗnı̂ = 0. The same clearly holds with ȷ̂ in place of ı̂.

(R6) If ṗniτ ̸= 0 then ṗniτ ∥ a
n
τ is a consequence of combining (R4) and (R5): both

ṗniτ and anτ are perpendicular to the edges iτ ı̂ and iτ ȷ̂.

We now distinguish three cases:

Case 1: both σ and τ are non-triangular. Then both faces persist in the limit. We
have a∗σ, a

∗
τ ⊥ ℓ by (R1). Since the faces persist, they cannot be parallel in the limit,

hence a∗σ ∦ a∗τ . In other words, a∗σ, a
∗
τ and (the direction vector of) ℓ form a basis

of R3. At the same time, if ȧ∗τ ̸= 0, then ȧ∗τ ⊥ a∗τ , ℓ by (R2) and (R3) respectively.
Hence, ȧ∗τ cannot also be perpendicular to a∗σ.

However, if (ṗ∗, ȧ∗) is a trivial first-order motion, then condition (3.6) applies
to the persisting faces σ, τ ∈ F and simplifies to

0 = ⟨a∗σ, ȧ∗τ ⟩+ ⟨ȧ∗σ, a∗τ ⟩ = ⟨a∗σ, ȧ∗τ ⟩, (we used ȧ∗σ = 0)

in contradiction to ȧ∗τ ̸⊥ a∗σ. We conclude ˙̃aτ = ȧ∗τ = 0.
But a trivial first-order motion with ˙̃pı̂ȷ = ˙̃aσ = ˙̃aτ = 0 must be zero: ˙̃pı̂ȷ = 0 pre-

vents infinitesimal translation; ˙̃aσ = ˙̃aτ = 0 prevents infinitesimal rotation.

Case 2: precisely one of σ and τ is a triangle. We may assume w.l.o.g. that τ is
the triangle (with third vertex iτ ). In particular, σ persists in the limit.

If (ṗ∗, ȧ∗) is a trivial first-order motion, then condition (3.5) applies to the ver-
tices ı̂, iτ ∈ V together with the persisting face σ ∈ F and simplifies to

0 = ⟨a∗σ, ṗ∗iτ − ṗ∗ı̂ ⟩+ ⟨ȧ∗σ, p∗iτ − p∗ı̂ ⟩ = ⟨a∗σ, ṗ∗iτ ⟩. (we used ȧ∗σ = ṗ∗ı̂ = 0)

If ṗ∗iτ ̸= 0, then this becomes ṗ∗iτ ⊥ a∗σ. Together with ṗ∗iτ ∥ a∗τ from (R5) we
obtain a∗σ ⊥ a∗τ . Note that even though a∗τ is not the normal vector of a face of P̃ ,
it is still the normal vector of a supporting hyperplane that contains the edge iτ ı̂ȷ.
However, by assumption P̃ is well-shaped, that is, p̃iτ lies “above” σ. Hence, no
such supporting hyperplane can be orthogonal to σ. We conclude ˙̃piτ = ṗ∗iτ = 0.

But a trivial first-order motion with ˙̃pı̂ȷ = ˙̃piτ = ˙̃aτ = 0 must be zero: by ˙̃pı̂ȷ = ˙̃piτ =
0 the infinitesimal motion must fix the line through p̃ı̂ȷ and p̃iτ ; ˙̃aτ = 0 prevents the
remaining infinitesimal rotation around this line.

Case 3: both σ and τ are triangles. If (ṗ∗, ȧ∗) is a trivial first-order motion, then
condition (3.4) applies to the pair iσ, iτ ∈ V and simplifies to

0 = ⟨p∗iτ − p∗iσ , ṗ
∗
iτ − ṗ∗iσ ⟩ = ⟨p

∗
iτ − p∗iσ , ṗ

∗
iτ ⟩. (we used ṗ∗iσ = 0)

If ṗ∗iτ ̸= 0 then ṗ∗iτ ∥ a
∗
τ by (R6), and we obtain ⟨p∗iτ−p

∗
iσ
, a∗τ ⟩ = 0. We also have ⟨p∗ı̂−

p∗iτ , a
∗
τ ⟩ = 0 from (R4). We conclude that p̃iσ , p̃iτ and p̃ı̂ȷ are coplanar. Note that
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even though a∗τ does not define a face of P̃ , it still defines a supporting hyperplane
that contains p̃iσ , p̃iτ and p̃ı̂ȷ. Since ı̂ȷiσ and ı̂ȷiτ are distinct edges of P̃ that lie in a
common supporting hyperplane, they must be edges of a common face κ of P̃ . But
then κ already existed in P , and there it must have been adjacent to both σ and
τ . Since σ and τ are themselves adjacent in P , this can only have been the case if
these three faces share a vertex, necessarily of degree three, which must be either
ı̂ or ȷ̂. This is in contradiction to our assumption that ı̂ȷ̂ is well-contractible, that
is, is either incident to a non-triangular face or non-incident to a 3-vertex. We
conclude that ˙̃piτ = ṗ∗iτ = 0.

But a trivial first-order motion with ˙̃pı̂ȷ = ˙̃piτ = ˙̃piσ = 0 is zero: the three vertices
p̃iσ , p̃iτ and p̃ı̂ȷ do not lie on a line because they define two distinct edges, that is,
they span a plane. A trivial first-order motion fixes this plane only if it is zero.

This finalizes the proof of Lemma 5.12. □

We comment here on a failed attempt at shortening the proof. It is well known
that every polyhedral graph contains a K4-minor [15, Section 11.3]. Thus, instead
of contracting one edge at a time, it appears plausible to circumvent induction by
contracting G into K4 in one step. We do believe that constructing a corresponding
contraction sequence P 1, P 2, P 3, · · · → P̃ is still possible, though certainly more
involved. However, the obstacle lies in the proof of this section: it is possible that a
sequence of first-order flexible polyhedra converges to a first-order rigid polyhedron:

Example 5.17. Let P be some first-order rigid polyhedron andQ some other gener-
ically oriented polyhedron. From Section 4.1 we know that R(t) := P+tQ is flexible
for every t > 0, in particular, first-order flexible. For t→ 0 the polytope R(t) con-
verges to P , which is first-order rigid.

As far as we can tell, proceeding inductively and contracting one edge at a time
cannot be avoided within our approach to Theorem 1.2.

6. Further discussion and outlook

6.1. Higher dimensions. Our proof of Theorem 1.2 uses tools that are available
only for 3-dimensional polytopes and have no direct analogues in dimension d ≥ 4.
Below we present a template for an argument that might eventually be used to ob-
tain similar results in higher dimensions.

Let P be the combinatorial type of a convex d-polytope with d ≥ 4. The goal is
to show that it is generically rigid by induction on the dimension:

(1) Fix a generic realization P of P.
(2) Conclude that then the facets of P are generic (d− 1)-polytopes.
(3) Any first-order motion ṗ of P induces a first-order motion on the facets.
(4) Since the facets are generic, this motion is trivial by induction hypothesis.

In other words, ṗ restricts to a trivial motion on each facet.
(5) This implies that ṗ is trivial by the Cauchy-Dehn theorem (see e.g.[31,

Theorem 8.1 and 8.6]).

The gap in the argument lies in step (2): it is far from clear that a generic realization
of P guarantees that its facets are generic as well.

In fact, given a d-polytope P (with algebraic coordinates) there exists a polytope
Q of dimension d+2 (a so-called stamp polytope of P ) which has a face P ′ ⊂ Q that
in each realization of Q is projectively equivalent to P [11]. In other words, in order
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to make the above approach work, it seems necessary for us to show that already
some projective transformation of P is first-order rigid.

Since all our examples of flexible polytopes have parallel edges (see Question 4.4),
but a generically chosen projective transformation has no parallel edges, we think
this is at least plausible:

Conjecture 6.1. Given a convex polytope P ⊂ Rd of dimension d ≥ 3, a generic
projective transformation of P is (first-order) rigid.

Conveniently, it suffices to prove Conjecture 6.1 in dimension three. The state-
ment in higher dimensions follow via the above proof template. For step (2) we use
that the facets of a generic projective transformation of P are themselves generically
projectively transformed.

6.2. The dodecahedron and second-order rigidity for polytopes. Among
the Platonic solids only one remains with a non-obvious rigidity status: the regular
dodecahedron2 (Figure 10). In general, determining whether an arbitrary polytope
is rigid is theoretically and computationally difficult. Already the dodecahedron (ar-
guably, a relatively small polytope) needs 3V +3F = 96 variables to be represented.
We found this to be out of reach for exact solvers. The question for its rigidity also
attracted decent attention on MathOverflow [17], but remained unanswered.

Figure 10. The regular dodecahedron.

By now, the dodecahedron turned out to be an interesting toy example also for
other reasons. First, it is not first-order rigid, but has a 5-dimensional space of first-
order flexes. Second, all these flexes seem to disappear after a generic affine trans-
formation. This demonstrates that first-order rigidity of polytopes is not preserved
under affine transformations – a relevant point to consider in light of Question 4.3.

The question for the rigidity of the regular dodecahedron was eventually resolved
(through major contributions by Albert Zhang) by developing suitable second-order
tools for point-hyperplane frameworks. We therefore now know:

The regular dodecahedron is rigid.

The details of this will be reported in a separate paper focusing on the second-order
theory of polytope rigidity.

6.3. Edge length perturbations. Consider a polytope P ⊂ Rd with edge lengths
ℓe, e ∈ E. Is there a polytope P ′ combinatorially equivalent to P with edge lengths
ℓ′e := ℓe + ϵe as long as |ϵe| is sufficiently small for all e ∈ E? If so, we say that P
allows edge length perturbations.

2Recall that the regular tetrahedron, octahedron and icosahedron are simplicial, hence rigid
by Dehn’s theorem; and the cube is a zonotope, hence flexible (cf. Section 4.2).
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The fact that we need to respect the coplanarity constraints makes this appear
unlikely. It turns out that in dimension d = 3 this is a side effect of infinitesimal
rigidity: recall that realc(P) for a 3-polytope is a smooth manifold of dimension
E +6. Suitably restricting the six trivial degrees of freedom (e.g. by pinning or di-
rection constraints) leaves us with a realization space of dimension E. Infinitesimal
rigidity ensures that the projection realc(P) ∋ (p,a) 7→ (∥pi− pj∥)ij∈E ∈ RE is a
local homeomorphism at P , meaning P indeed allows edge length perturbations.

6.4. Other questions. We are aware of a few other settings in which our notion of
rigidity poses interesting challenges and where analogous question can be asked:

• non-convex polyhedra (e.g. toroidal polyhedra, periodic polyhedra, etc.),
• non-orientable polyhedra,
• polyhedra in spherical or hyperbolic space.

In particular, at time of writing we are not aware of any flexible convex polyhedra
in the non-Euclidean setting.
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Appendix A. Limit behavior of the Tutte-Maxwell-Cremona pipeline

In Section 5.8 we used that Tutte embeddings and Maxwell-Cremona lifts behave
continuously in the limit of a contraction sequence. We believe that this is natural,
but we were unable to locate these statements in the literature. We provide here a
proof for general contraction sequences. See Section 5.6 to recall Tutte embeddings
and Maxwell-Cremona lifts.

Throughout this appendix, let G be a graph and G̃ ≤ G a contraction-only minor
(see Section 5.7 to recall the notation and terminology of minors).

Given a sequence (G,vn) of frameworks, we write (G,vn)→ (G,v∗) if vn → v∗ as

n→∞. We call (G,v∗) the limit framework . We write (G,v∗) ≃ (G̃, ṽ) if v∗i = ṽI
for all i ∈ I. In particular, this implies v∗i = v∗j whenever i ∼c j. We call (G̃, ṽ) the
contracted framework and (G,vn) a contraction sequence.

Our goal is to show: constructing the Tutte embedding or Maxwell-Cremona lift
of a convergent sequence of input data and then taking the limit yields the same re-
sult as first taking the limit of the data and then constructing the Tutte embedding
or Maxwell-Cremona lift thereof. A schematic representation is given in Figure 11.

ω̂n ω̂∗ ˆ̃ω

(G,vn,ωn) (G,v∗,ω∗) (G̃, ṽ, ω̃)

(G,pn,hn) (G,p∗,h∗) (G̃, p̃, h̃)

n→∞

T

∼

T

n→∞

MC

∼

MC

n→∞ ∼

Figure 11. Schematic representation of the limit behavior of the Tutte-
Maxwell-Cremona pipeline as a commuting diagram. T stands for “con-
structing the Tutte embedding”; MC stands for “constructing the Max-
well-Cremona lift”.

A.1. Stresses. Suppose that (G,vn,ωn) is a sequence of self-stressed frameworks

with (G,vn)→ (G,v∗) ≃ (G̃, ṽ). Suppose further that ωn
ij → ω∗

ij whenever i ̸∼c j.
We can consider ω∗ as a partial stress on G and write (G,vn,ωn)→ (G,v∗,ω∗) to
denote a convergence that includes the stress.

Lemma A.1. In the setting above, (G̃, ṽ, ω̃) is a self-stressed framework, where

(A.1) ω̃ : E(G̃)→ R, ω̃IJ :=
∑
i∈I
j∈J

ω∗
ij .

Proof. We set fn
ij := ωn

ij(vj − vi). Then (∗)
∑

j f
n
ij = 0 for all i ∈ V (G). Moreover,

fn
ij = −fn

ji, and for each I ∈ V (G̃) holds (assuming some arbitrary order on V (G))

(∗∗)
∑
i,j∈I

fn
ij =

∑
i,j∈I
i<j

(fn
ij + fn

ji) =
∑
i,j∈I
i<j

(fn
ij − fn

ij) = 0
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Also, fn
ij → f∗

ij := ω∗
ij(v

∗
j − v∗i ) whenever i ̸∼c j. For I ̸= J we set

f̃IJ := ω̃IJ(ṽJ − ṽI) =
∑
i∈I
j∈J

ω∗
ij(v

∗
j − v∗i ) =

∑
i∈I
j∈J

f∗
ij .

We can now verify the equilibrium condition in (G̃, ṽ, ω̃): for each I ∈ V (G̃) holds∑
J:J ̸=I

f̃IJ =
∑

J:J ̸=I

∑
i∈I
j∈J

f∗
ij =

∑
i∈I

∑
j ̸∈I

f∗
ij

n→∞←−−−−
∑
i∈I

∑
j ̸∈I

fn
ij =

∑
i∈I

∑
j

fn
ij︸ ︷︷ ︸

=0 by (∗)

−
∑
i,j∈I

fn
ij︸ ︷︷ ︸

=0 by (∗∗)

= 0.

□

Justified by Lemma A.1 we will write (G,v∗,ω∗) ≃ (G̃, ṽ, ω̃).

A.2. Tutte embeddings. From this section on we assume that both G and G̃ are
polyhedral graphs. For this section we furthermore assume that G has a triangular
face ∆ ⊂ G that persists in G̃.

Let now ω̂n : E \∆ → R+ be a sequence of positive partial stresses on G, and
let (G,vn,ωn) be a corresponding Tutte embedding (cf. Theorem 5.13). Suppose
v0i , i ∈ ∆ are affinely independent, and fix vni := v0i for all i ∈ ∆, n > 0 to make a
consistent choice for the embeddings throughout the sequence.

Suppose now that ω̂n
ij → ω̂∗

ij ∈ R+ whenever i ̸∼c j and ω̂n
ij →∞ otherwise. We

define the partial stress

(A.2) ˆ̃ω : E(G̃) \∆→ R+, ˆ̃ωIJ :=
∑
i∈I
j∈J

ω̂∗
ij > 0.

Let (G̃, ṽ, ω̃) be the corresponding Tutte embedding with ṽ[i] := v0i for all i ∈ ∆.
Our goal is to show that we obtain the same self-stressed framework if we take the
limit of (G,vn,ωn) as n→∞, in particular, this limit exists in a relevant sense. In
other words, we show that the limit of Tutte embeddings is the Tutte embedding
of the limit.

Lemma A.2. In the setting above there exists a framework (G,v∗,ω∗), with ω∗ a
partial stress extending ω̂∗ to the edges of ∆, so that

(G,vn,ωn)→ (G,v∗,ω∗) ≃ (G̃, ṽ, ω̃).

Proof. Suppose for the proof that V (∆) = {i1, i2, i3}.
We need to show that the limit vn → v∗ exists. Recall from Theorem 5.13 that

vn ⊂ conv{vni1 , v
n
i2
, vni3}. Since the latter is a compact set independent of n, there

exists a convergent subsequence vnk . We will later see that the limit of vnk is inde-
pendent of the chosen subsequence and hence that the limit vn → v∗ does indeed
exist. For convenience we shall for now write vn instead of the convergent subse-
quence vnk , which, as we just explained, will be retroactively justified.

To have (G,v∗) ≃ (G, ṽ) we certainly need v∗i = v∗j whenever i, j ∈ I. Suppose
I ∈ V (G̃) is a counterexample. Note that I is finite, induces a connected subgraph
of G, and, since ∆ persists in G̃, contains at most one vertex of ∆. From this follow
that there is an i ∈ I \∆ for which v∗i is an extreme point (i.e., vertex) of the convex
polygon conv{v∗k | k ∈ I}, and that is furthermore adjacent to a j ∈ I with v∗j ̸= v∗i .

Since v∗i is an extreme point, there is a c ∈ R2 so that ⟨c, v∗k − v∗i ⟩ ≥ 0 for all k ∈ I,
an in particular ⟨c, v∗j − v∗i ⟩ > 0. Since i ̸∈ ∆ the self-stress on all incident edges is
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given by ω̂. Hence, the inner product of c with the stress equilibrium conditions at
i in vn becomes

0 =
〈
c,
∑
k:k∼i

ω̂n
ik(v

n
k − vni )

〉
=

∑
k:k∼i

ω̂n
ik⟨c, vnk − vni ⟩

=
∑
k:k∼i
k∼ci

→∞︷︸︸︷
ω̂n
ij ⟨c, vnj − vni ⟩︸ ︷︷ ︸

≥0

+
∑
k:k∼i
k ̸∼ci

ω̂n
ij⟨c, vnj − vni ⟩

The sum on the right converges (as established above) and hence the sum on the left
must converge as well. But since all terms in the left sum are positive and ω̂ik →∞,
this can only be the case if ⟨c, v∗k−v∗i ⟩ = 0 for all k in the sum. But this contradicts

⟨c, v∗j −v∗i ⟩ > 0. We conclude that v∗i = v∗j for all i, j ∈ I and that (G,v∗) ≃ (G̃, ṽ′)
for some ṽ′. We later show ṽ′ = ṽ.

We next show that the limit ωn
ij → ω∗

ij exists also for ij ∈ E(∆). For this, write
rnij := vnj − vni ; then rnij → r∗ij := v∗j − v∗i and the equilibrium condition at i1 reads

0 =
∑

j:j∼i1

ωn
i1jr

n
i1j = ωn

i1i2r
n
i1i2 + ωn

i1i3r
n
i1i3 +

∑
j:j∼i1
j ̸∈∆

ω̂n
i1jr

n
i1j .

By rearranging we find

ωn
i1i2r

n
i1i2 + ωn

i1i3r
n
i1i3 = −

∑
j:j∼i1
j ̸∈∆

ω̂n
i1jr

n
i1j

n→∞−−−−→ −
∑

j:j∼i1
j ̸∈∆

ω̂∗
i1jr

∗
i1j .

The right side is a finite number. Since rni1i2 = r0i1i2 and rni1i3 = r0i1i3 are linearly inde-
pendent and constant, ωn

i1i2
and ωn

i1i3
are uniquely determined and convergent. We

therefore established that ω∗ exists.
So far we have seen (G,vn)→ (G,v∗) ≃ (G̃, ṽ′) and ωn

ij → ω∗
ij whenever i ̸∼c j.

In other words, we have shown that the preconditions of Lemma A.1 are met. We
conclude that (G,vn,ωn) → (G,v∗,ω∗) ≃ (G̃, ṽ′, ω̃′), where ω̃′ is a self-stress ex-
tending ˆ̃ω (as defined in (A.2)). Hence, it is a Tutte embedding. By construction
it also has ṽ′[i] = v0i for all i ∈ V (∆). Since the Tutte embeddings with prescribed

vertices for the outer face is unique, we obtain (G̃, ṽ′, ω̃′) = (G̃, ṽ, ω̃). It is at this
point that we see that the limit v∗ must indeed have been independent of the chosen
convergent subsequence vnk . □

A.3. Reciprocal frameworks. To establish the limit behavior for the Maxwell-
Cremona correspondence (Theorem 5.14) we trace the path of its well-known proof
using reciprocal frameworks. In this version, given a 2-dimensional framework (G,v)
of a polyhedral graph G, one constructs a one-to one correspondence between

(i) self-stressed frameworks (G,v,ω),
(ii) reciprocal frameworks (G⋆,w) (up to translation), and
(iii) polyhedral liftings (G,v,h) (up to certain projective transformations).

In this section we carry the limit from (i) to (ii).
Recall that to each polyhedral graph G = (V,E, F ) there is a dual graph G⋆ =

(F,E⋆, V ), also polyhedral, whose vertices are the faces of G, two of which are ad-
jacent in G⋆ if they share an edge in G. Moreover, each edge ij ∈ E corresponds to
precisely one edge στ ∈ E⋆, a correspondence which we express by ij ⊥ στ .



RIGIDITY OF POLYTOPES 29

Given a 2-dimensional framework (G,v), a reciprocal framework is a framework
of the form (G⋆,w) so that

⟨vj − vi, wτ − wσ⟩ = 0, whenever ij ⊥ στ.

To obtain the one-to-one correspondence between self-stresses on (G,v) and recipro-
cal frameworks of (G,v) (up to translation) one shows that for a given self-stressed
framework (G,v,ω) the system of equations

(A.3) wτ − wσ = ωijRπ/2(vj − vi), whenever ij ⊥ στ

(where Rπ/2 denotes a 90◦-rotation) has a unique solution in w (up to translation),

and that it yields a reciprocal framework (G,w).3

As before, let now G and G̃ := G/∼c be polyhedral graphs, and let G⋆ and G̃⋆

be their corresponding dual graphs. Let (G,vn,ωn)→ (G,v∗,ω∗) ≃ (G̃, ṽ, ω̃) be a
contraction sequence of 2-dimensional self-stressed frameworks. Let (G⋆,wn) and

(G̃⋆, w̃) be the corresponding reciprocal frameworks, where we fix wn
σ̄ = w̃σ̄ for an

arbitrary face σ̄ ∈ F (G̃) so as to make a consistent choice throughout the sequence.

The goal is now to show that (G⋆,wn)→ (G̃⋆, w̃) in the sense wn
σ → w̃σ whenever

σ ∈ F (G̃).

Lemma A.3. In the setting above, there is a framework (G⋆,w∗) so that

(G⋆,wn)→ (G⋆,w∗) ≃ (G̃⋆, w̃).

Proof. Fix an edge στ ∈ E(G̃⋆) and let IJ ∈ E(G̃) be the corresponding dual edge.
We consider the following subgraph H ⊆ G⋆: a face ρ of G is a vertex of H if it

has an edge that lies in IJ ; two faces ρ, ρ′ are adjacent in H if they intersect in an
edge in IJ . We make two observations:

• σ, τ ∈ V (H) and are of degree one in H: if, say, σ would have two neighbors
ρ, ρ′ in H then it would have two edges e, e′ ∈ IJ in G, and since it persists in
G̃, it would have IJ as an edge twice in G̃, which is impossible.

• each ρ ∈ V (H) that persists in G̃ is incident to IJ . But since IJ is incident to

exactly two faces in G̃, which are σ and τ , each other faces ρ ∈ V (H) \ {σ, τ}
must have been collapsed in G̃. This means that all vertices of ρ are in I and
J , and hence, that ρ has an even number of edges in IJ , that is, an even degree
in H.

We can conclude that all vertices of H are of even degree, except for σ and τ , which
are of degree one. It follows from the handshaking lemma that then σ and τ lie
in the same connected component of H, that is, there is a path σ0, σ1, ..., σR from
σ = σ0 to τ = σR in H (hence G⋆) where σr−1σr form an edge.

Let er := irjr ⊥ σr−1σr be the dual edges with ir ∈ I and jr ∈ J . For those
(A.3) becomes

wn
σr
− wn

σr−1
= ωn

irjrRπ/2(v
n
jr − vnir )

n→∞−−−−→ ω∗
irjrRπ/2(v

∗
jr − v∗ir ) = ω∗

irjrRπ/2(ṽJ − ṽI).

Summing both sides over r ∈ {0, ..., R} (and then telescoping on the left) yields

(A.4) wn
τ − wn

σ
n→∞−−−−→

∑
r

ω∗
irjrRπ/2(ṽJ − ṽI) = ω̃IJRπ/2(ṽJ − ṽI).

3One can moreover show that 1/ω defines a self-stresses for the reciprocal framework, where
by 1/ω we mean the map στ 7→ 1/ωij with ij ⊥ στ .
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In particular, the limit of wn
τ − wn

σ exists.
Since στ ∈ E(G⋆) was arbitrary, G⋆ is connected, and we fixed wn

σ̄ := w̃σ̄, this
shows that the limit wn

σ → w∗
σ exists for all σ ∈ V (G⋆). Moreover, by (A.4) w∗ is

a solution to (A.3) applied to (G̃, ṽ, ω̃). Since the solution to (A.3) is unique up to

translation, and since we also have w∗
σ̄ = w̃σ̄, we obtain (G⋆,w∗) ≃ (G̃⋆, w̃). □

A.4. Maxwell-Cremona liftings. In this last step we show that the limit behav-
ior transfers from reciprocal frameworks to polyhedral lifts. We recall that a lifting
h is obtained from the reciprocal framework (G⋆,w) as a solution of the following
system of equations:

(A.5) hj − hi = ⟨wσ(ij), vj − vi⟩ for all ij ∈ E,

where σ(ij) is any face of G incident to ij. One can show that the solution to this
system exists, is independent of the choice of σ(ij), and is unique up to a choice of
hı̄ for an arbitrary ı̄ ∈ V (G).

Suppose now that we are given

(G,vn,ωn)→ (G,v∗,ω∗) ≃ (G̃, ṽ, ω̃)

and corresponding reciprocals

(G⋆,wn)→ (G⋆,w∗) ≃ (G̃⋆, w̃).

with wn
σ̄ = w̃σ̄ for all n (where σ̄ ∈ F (G) is an arbitrary face).

Let (G,vn,hn) and (G̃, ṽ, h̃) be corresponding Maxwell-Cremona lifts (cf. The-
orem 5.14) with hn

ı̄ = h̃[̄ı] for some arbitrary ı̄ ∈ V (G). Our goal is to show that
(G,vn,hn) converges to (G̃, ṽ, h̃) in the sense vni → ṽI and hn

i → h̃I whenever i ∈ I.

Lemma A.4. In the setting above there is a lifted framework (G,v∗,h∗) so that

(G,vn,hn)→ (G,v∗,h∗) ≃ (G̃, ṽ, h̃).

Proof. The convergence of vn is assumed, and so we focus on hn. We have

hn
j − hn

i = ⟨wn
σ , v

n
j − vni ⟩

n→∞−−−−→ ⟨w∗
σ, v

∗
j − v∗i ⟩ = ⟨w̃σ, ṽJ − ṽI⟩.

In particular, hn
j − hn

i converges for all ij ∈ E. Since G is connected and we fixed
hn
ı̄ = h̃[̄ı], we obtain that the limit hn

i → h∗
i exists for all i ∈ V (G). Moreover, h∗

satisfies (A.5) for (G̃, ṽ). Since h∗ agrees with h̃ on ı̄, and since the solution to (A.5)
is unique up to the choice of a single value, we conclude (G,v∗,h∗) ≃ (G̃, ṽ, h̃). □
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