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Abstract. We consider any fixed d ∈ Z>0 number of second class particles in the asymmetric simple

exclusion process (ASEP), constructed via a basic coupling of two ASEPs. We give the joint distribution
of the positions of the second class particles and also the probability of there being a second class particle

at a given site, under the natural blocking measure for ASEP. In order to find these distributions we use

results about the number of particles in half-infinite and finite site ranges of ASEP. Our investigations
also lead to probabilistic proofs of well-known combinatorial identities; the Durfee rectangles identity,

Euler’s identity, and the q-Binomial Theorem.

1. Introduction

The Asymmetric Simple Exclusion Process (ASEP) is a classic nearest-neighbour interacting particle
system on Z, introduced in 1970 by Spitzer [28]. In 1976, Liggett [26] showed that ASEP has reversible
stationary measures known as blocking measures. Blocking measures concentrate on a countable set of
states where informally speaking an ASEP state can be split into blocks, an infinite block of empty sites
to the left, an infinite block of full sites to the right and some block in the middle of empty and full sites.
The infinite block of full sites to the right means that any given particle can only drift so far to the right,
i.e. it’s motion is blocked, hence the name blocking measure. The simplest form of blocking measures are
of product structure, however these are not ergodic as they possess a conserved quantity. Conditioning
on this quantity gives rise to ergodic blocking measures.

These measures were further investigated for a family of interacting particle systems by Balázs and
Bowen in [7]; here we return to ASEP only and extend the work of [7] by considering the distribution of
second class particles. Whilst second class particles have been well studied under non-reversible scenarios,
the blocking case has been investigated much less.

Second class particles are natural coupling objects that arise from attractive interacting particle sys-
tems, like ASEP. The coupled particle systems are referred to as a multi-species particle system. Station-
ary measures of such systems have drawn lots of interest, for examples in the translation invariant case
see Angel [6], Ferrari and Martin [19] and also, in terms of last passage percolation, Fan and Seppäläinen
[17]. In [11], Belitsky and Schütz constructed stationary measures for the n-species priority ASEP on a
finite integer lattice, they also studied the hydrodynamic limit for this process.

Informally, a two-species ASEP can be described in the following way. Both species of particles attempt
to evolve as the single species ASEP would, i.e. obeying the exclusion rule within their own species. The
two species can interact as follows, a first class particle may jump into the space of a second and hence
swap position with the second class particle. However if a second class particle attempts to jump into
the space of a first class particle the jump is blocked.

In this paper we give explicit formulas for the distribution of a fixed number of second class particles
under both the product and ergodic blocking measures for ASEP. Along the way we identify the distri-
bution for the number of first class particles in finite and semi-infinite intervals in both the product and
ergodic blocking scenarios. The well known particle-hole symmetry of ASEP takes an interesting form in
this context which we also formulate.

A. Bufetov and K. Chen, [12], about the same time as our manuscript, achieved distributional results
on second and higher class particles via arguments involving the Mallows measure. Instead, our second
class particle arguments rely on an interpretation of the two species ASEP as a single species ASEP with
a second ASEP on the particle labels using the first as a dynamic background. It turns out that both
these ASEPs are in their stationary blocking distributions, which allows us to perform calculations. Both
for the distribution of the number of particles and positions of second class particles, we use probabilistic
arguments that lead to various recursions. Finding the solutions of these gives rise to our proofs.

Blocking measures have a special algebraic structure which allowed Balázs and Bowen [7] to derive
a probabilistic proof of the Jacobi triple product identity. In that paper the authors considered ASEP
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and its equivalent description in terms of the Asymmetric Zero-Range Process. Comparing the blocking
measures for each process led to their result. In 2022, this method was generalised by Balázs, Fretwell and
Jay [8], where new identities of combinatorial significance were proved by considering blocking measures
of more general particle systems. Other combinatorial identities were found by Jay and Lees [25], by
considering a family of inhomogeneous Ising chains and equivalent family of nearest neighbour particle
systems.

As a byproduct of our methods we give purely probabilistic proofs to further well-known and non-
trivial combinatorial identities. The ones we cover are the Durfee rectangles identity, Euler’s identity,
the q-Binomial Theorem and an identity relating to Dyson’s crank, each fundamental to the theory of
integer partitions. Probabilistic methods are certainly not the common way of proving such identities,
which gives a unique perspective to this paper.

1.1. Notation.
Throughout the paper we will use the q-Pochhammer symbol as well as the q-Binomial coefficient. For

some a ∈ R and n ∈ Z>0, the q-Pochhammer symbol is given by (a; q)n ··=
n−1∏
i=0

(1 − aqi). Also we set,

(a; q)0 ··= 1 and (a; q)∞ ··=
∞∏
i=0

(1− aqi). The q-Binomial coefficient is then,

[
n
m

]
q

··=
(q; q)n

(q; q)m(q; q)n−m
=

m−1∏
i=0

(1− qn−i)

(1− qi+1)
.

Sometimes we will use the shorthand notation (x)+ to mean max{x, 0}.

1.2. Results.

1.2.1. Distributional results for single species ASEP.

There is a one-parameter (c ∈ R) family of stationary reversible measures for ASEP, called blocking
measures. These measures are product measures where the occupation at each site is distributed as an
independent Bernoulli with parameter dependent on the asymmetry parameter q ∈ (0, 1) and the site i.

In particular, the probability a site i is occupied is given by qc−i

1+qc−i . We denote these blocking measures

by µc for any c ∈ R. We also let N
←
p

m+ 1
2

(z) denote the number of particles at and to the left of site m in

the state z. We will derive the distribution under the blocking measures of a given number of particles
on a half infinite volume, i.e. on the sites (−∞,m] for some m ∈ Z.

Theorem 1.1. For any m ∈ Z, k ∈ Z≥0 and c ∈ R,

µc({N
←
p

m+ 1
2

(z) = k}) = qk(c−m)+
k(k−1)

2

(q; q)k(−qc−m; q)∞
.

It is well known that the following quantity is conserved by ASEP dynamics and is finite µc-a.s.,

N(z) =

∞∑
i=1

(1− zi)−
0∑

i=−∞
zi.

This gives an ergodic decomposition of the state space (into states of a given conserved quantity value),
and we denote the unique ergodic stationary measure on the set of states with conserved quantity n by
νn(·) = µc(·|{N = n}). We will also derive the distribution of the number of particles on a half-infinite
volume under the ergodic measures νn for any n ∈ Z.

Theorem 1.2.
For any n,m, k ∈ Z, such that k ≥ (m− n)+,

νn({N
←
p

m+ 1
2

(z) = k}) = qk(n−m+k)(q; q)∞
(q; q)k(q; q)n−m+k

.

We also consider the distribution under the measures µc and νn of a given number of particles in a
finite volume, i.e. in the site range [m1 + 1,m2 − 1] for any m1 + 1 < m2 ∈ Z.
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Lemma 1.3. For any m1 + 1 < m2 ∈ Z, c ∈ R and k ∈ {0, 1, ..., m̂2} where m̂2 := m2 −m1 − 1,

µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) = qk(c+1−m2)+
k(k−1)

2

(−qc−m2+1; q)m̂2

[
m̂2

k

]
q

.

Lemma 1.4. For any n ∈ Z, any m1+1 < m2 ∈ Z, c ∈ R and k ∈ {0, 1, ..., m̂2} where m̂2 := m2−m1−1,

νn({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k})

= qk(n+1+k−m2)(q; q)∞ ·
[
m̂2

k

]
q

·
∞∑

j=(m2−1−n−k)+

qj(n+1−m2+k+j)+m̂2j

(q; q)j(q; q)n+1−m2+k+j
.

1.2.2. Distributional results for two species ASEP.

We define an ASEP with some d > 0 second class particles by considering a basic coupling of two
ASEPs, {η, ξ}. At any time, η and ξ differ in exactly d places (at these sites ξi > ηi), these differences
define the d second class particles. In this way we think of the process ξ as an ASEP with d second class
particles. Using this coupling we can give an alternative proof of Theorem 1.1 (see Section 3.3). This
proof follows by studying the stationary distribution of the label process for the d second class particles
(given in Theorem 3.4). The label of a particle is defined to be the number of particles to its left, which
by the blocking nature of the process will be finite. In order to compute the stationary distribution of
the label process we use probabilistic and dynamic arguments. First we show that the label process can
be viewed as the positions of particles in an ASEP on Z≥0 with exactly d particles (meaning closed left
boundary). The dynamics of this ASEP depends on the state of ξ, jumps are suppressed if the particles
with the corresponding labels in ξ are not nearest neighbours. We then use the fact that if a Markov chain
has a reversible stationary measure, the cut Markov chain (where some edges in its transition diagram
are removed) is also reversible stationary with respect to that distribution.

Using the basic coupling, we find the probability that a second class particle is at a given site, m.

Theorem 1.5. Assume that the coupled system is stationary and ξ ∼ µc. For a given m ∈ Z, we find a
second class particle at site m with probability,

P(ξm > ηm) =
(1− qd)qc−m

(1 + qc−m)(1 + qc+d−m)
.

We also give this distribution under the ergodic measure νn.

Proposition 1.6. Assume that the coupled system is stationary and ξ ∼ νn. For a given m ∈ Z, we find
a second class particle at site m with probability,

Pνn(ξm > ηm) = (q; q)∞


∞∑

k=(m−n−1)+

q(k+1)(n−m+k+1)

(q; q)k(q; q)n−m+k+1
−

∞∑
k=(m−n−d−1)+

q(k+1)(n+d−m+k+1)

(q; q)k(q; q)n+d−m+k+1

 .

We consider the case when there is a single second class particle (d = 1). By conditioning on the
number of particles to the left of the second class particle (i.e. it’s label) we find another formula for the
distribution of the second class particles position under the ergodic measure νn.

Proposition 1.7. Consider the coupling (η, ξ) when d = 1 (i.e. a single second class particle in ASEP).
Assume the coupled system is stationary with ξ ∼ νn. Then for any m ∈ Z the probability that the second
particle is at site m is,

Pνn(X = m) = (1− q)(q; q)∞

∞∑
k=(m−n−1)+

qk(n−m+k+1)+k+(n−m+k+1)

(q; q)k(q; q)n−m+k+1
.

We also consider the stationary distribution of the d second class particle positions process, for any
d > 0. When the ASEP with d second class particles is stationary under the blocking measure µc we find
the following.
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Theorem 1.8. Assuming that the coupled system is stationary and ξ ∼ µc, the stationary distribution
of X, the position of d > 0 second class particles, is given by,

P(X = m) =

d∏
i=1

(1− qi) · q
dc−

d∑
j=1

mj

d∏
j=1

(1 + qc+d−j−mj )(1 + qc+d+1−j−mj )

, for all m1 < m2 < ... < md ∈ Z.

Of course, when d = 1 Theorems 1.5 and 1.8 are the same. In this case, the position of a single second
class particle under µc is distributed according to −Y where Y is a discrete logistic with parameters q
and −c (introduced by Chakraborty and Chakravarty in 2016 [14]).

In order to prove Theorem 1.8, we first condition on the label process for the second class particles.
Then we split states up into the sites to the left of site m1 and for j ∈ {1, ..., d− 1} the sites between mj

and mj+1. From here we use the distributional results for particles in half infinite and finite volumes to
complete the proof.

By following similar reasoning we also find the joint distribution of the position of any d > 0 given
second class particles in ASEP under the ergodic measures νn (for any n ∈ Z); that is conditioned on the
of the conserved quantity N(ξ) = n.

Proposition 1.9. Assume that the coupled system is stationary and ξ ∼ νn. For any m = (m1, · · · ,md)
such that m1 < m2 < · · ·md ∈ Z, the probability that the positions of the second class particles, X, is m
is given by,

Pνn(X = m) = q
−

d∑
i=1

mi

(q; q)∞

d∏
i=1

(1− qi)
∑

k∈Zd
+:

∀j∈{1,2,··· ,d},
kj≥mj−n−1

q
k1(k1+1)

2 +k1(d−m1)+
kd(kd+1)

2 +(kd+1)(n+1)

(q; q)n−md+kd+1(q; q)k1

·
d∏

j=2

qk̂j(d+1−j−mj)+
k̂j(k̂j+1)

2 ·
[
m̂j

k̂j

]
q

,

where m̂j ··= mj −mj−1 − 1 and k̂j ··= kj − kj−1 − 1 for each j ∈ {2, · · · , d}.

1.2.3. Combinatorial Identities.

By considering very natural distributional questions for single species ASEP (including those from
Section 1.2.1), under its natural blocking measures, we give probabilistic proofs to classical combinatorial
identities (Section 2.3). For completeness, we also discuss these identities’ combinatorial meanings in
Section 4.

In Section 2.1, we look at the symmetry between particles and holes in ASEP under its blocking
measure. Using this symmetry we prove a well-known combinatorial identity, the Durfee rectangles
identity.

Theorem 1.10. Durfee Rectangles Identity (for example see equation (4) in Gessel [20])
For q ∈ (0, 1) and any fixed n ∈ Z,

1

(q; q)∞
=

∞∑
k=max{−n,0}

qk(n+k)

(q; q)n+k(q; q)k
.

Combinatorially this identity identity says that for a fixed integer n, any integer partition has a maximal
rectangle of side lengths n + k and k (for some k ≥ max{−n, 0}) in its Ferrers diagram known as its
Durfee rectangle. When n = 0, this identity is the well-known Durfee square identity (for example see
Andrews and Eriksson [4]).

In Section 2.2 we give the distribution of a single site under the ergodic measure νn for any n. Using
this distribution we prove the following combinatorial identity that looks similar to the Durfee rectangle
identity.
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Proposition 1.11.
For any n ∈ Z, q ∈ (0, 1) we have that,

∞∑
k=max{−n,0}

q(k+1)(n+k)

(q; q)k(q; q)n+k
+

∞∑
k=max{1−n,0}

qk(n+k)

(q; q)k(q; q)n−1+k
=

1

(q; q)∞
.

In combinatorics this identity is an equivalence of generating functions for integer partitions by splitting
them depending on the value of a certain associated quantity called the crank (this is discussed more in
Section 4).
We also prove the following results.

Theorem 1.12. Euler’s Identity (for example see equation E1 in Andrews [2])
For q ∈ (0, 1) and z ∈ R>0,

∞∑
k=0

q
k(k−1)

2 zk

(q; q)k
= (−z; q)∞.

In combinatorics, this identity gives equivalent ways of writing the generating function for integer parti-
tions into distinct parts. In a general term of the expansion, the power of z gives the number of parts in
the partition.

Theorem 1.13. q-Binomial Theorem (Heine [23], also Andrews [3])
For q ∈ (0, 1), z ∈ R>0 and any m ∈ Z≥0,

m∑
k=0

q
k(k−1)

2 zk
[
m
k

]
q

= (−z; q)m.

This identity gives equivalent forms of the generating function for integer partitions into distinct parts
of size at most m. Again here in a general term in the expansion, the power of z is the number of parts
in the partition. Euler’s identity can be thought of as the limiting identity when we take m → ∞ in the
q-Binomial theorem.

The proofs we give here are purely probabilistic using the blocking measures for ASEP and give natural
probabilistic interpretations to these combinatorial identities. It is the probabilistic nature that gives the
restriction on the values of p and z in the above identities; we note that these can be extended by analytic
continuation.
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2. The asymmetric simple exclusion process (ASEP)

The Asymmetric Simple Exclusion Process (ASEP) is a well known nearest neighbour particles system,
introduced by Spitzer [28]. In this paper we will consider ASEP on some state space Ω ⊂ {0, 1}Z.

To define Ω we consider the following functions N
←
p

m+ 1
2

, N
→
h
m+ 1

2

: {0, 1}Z → Z≥0 ∪ {∞} for any m ∈ Z
defined by,

N
←
p

m+ 1
2

(η) ··=
m∑
i=ℓ

ηi and N
→
h
m+ 1

2
(η) ··=

r∑
i=m+1

(1− ηi),

that is the number of ‘particles’ to the left and ‘holes’ to right of m + 1
2 respectively. When m = 0 we

simplify notation to N
←
p and N

→
h . Then Ω is given by,

Ω ··= {η ∈ {0, 1, }Z : N
←
p (η) < ∞ and

→
h < ∞}.
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The process evolves by particles attempting to make nearest neighbour jumps. Below we give the
Markov generator for this process. First we define η(i,j) denote the state reached from η ∈ Ω by a particle
jumping from site i to site j (when this is possible), that is,

(
η(i,j)

)
k
=


ηk if k ̸= i, j

ηi − 1 if k = i

ηj + 1 if k = j.

Then the generator is of the form,

(Lφ) (η) =

r−1∑
i=ℓ

{
ηi(1− ηi+1)

(
φ(η(i,i+1))− φ(η)

)
+ qηi+1(1− ηi)

(
φ(η(i+1,i))− φ(η)

)}
for some cylinder function φ : Ω → R and some asymmetry parameter q ∈ (0, 1).

ASEP has a one parameter family of reversible stationary measures, known as blocking measures,
which were first found by Liggett in 1976 [26] (Theorem 1.4). The natural product blocking measure for
any c ∈ R is given by,

µc(η) =

∞∏
i=−∞

q−(i−c)ηi

1 + q−(i−c)
=

0∏
i=−∞

q−(i−c)ηi

1 + q−(i−c)

∞∏
i=1

q(i−c)(1−ηi)

1 + q(i−c)
.

The state space is not irreducible but decomposes into irreducible components according to a conserved
quantity. For any m ∈ Z the quantity,

Nm+ 1
2
(η) ··= N

→
h
m+ 1

2
(η)−N

←
p

m+ 1
2

(η) =

∞∑
i=m+1

(1− ηi)−
m∑

i=−∞
ηi

is finite by definition and conserved by the dynamics of the process. As before when m = 0 we simplify
notation to N . Then,

Ω =
⋃
n∈Z

Ωn where Ωn ··= {η ∈ Ω : N(η) = n}.

We note that the left shift operator, τ such that (τη)i = ηi+1, defines a bijection Ωn τ−→ Ωn−1 (i.e if
η ∈ Ωn then, N(τη) = n− 1).

We can then find the unique stationary distribution on Ωn,

νn(·) ··= µc(·|N(·) = n) =
µc(·)I{· ∈ Ωn}
µc({N = n})

.

The results of [26] (Theorem 1.4) and [7] (Corollary 6.2 and Equation 6.2) give us that,

µc({N = n}) = q
n(n+1)

2 −nc

∞∑
ℓ=−∞

q
ℓ(ℓ+1)

2 −ℓc

, (1)

and so,

νn(η) =

∞∑
ℓ=−∞

q
ℓ(ℓ+1)

2 −ℓc

q
n(n+1)

2 −nc

0∏
i=−∞

q−(i−c)ηi

1 + q−(i−c)

∞∏
i=1

q(i−c)(1−ηi)

1 + qi−c
· I{N(η) = n}.

Note that this is in fact independent of the parameter c.

It is natural to ask about the distribution of the number of particles or holes in a certain region of
sites under both µc and νn. In Section 2.2 we will answer this for any half-infinite or finite range of sites.
Before this we will prove a particle-hole symmetry for ASEP which will allow us to compare the number
of particles to the left of a site with the number of holes to the right (Corollary 2.3).
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2.1. Symmetry of ASEP.
The following lemma gives a precise symmetry between the particles and holes in ASEP.

Lemma 2.1. Let η be an ASEP with right drift and blocking measure (for any c ∈ R),

µc(η) =

∞∏
i=−∞

q−(i−c)ηi

1 + q−(i−c)
.

Consider the process given by η̂ ··= 1− η. This process is an ASEP with left drift on the state space

Ω̂ ··= {z ∈ {0, 1}Z :

∞∑
i=1

zi,

0∑
i=−∞

(1− zi) < ∞}

and has stationary measure (for any c ∈ R),

µ̂c(η̂) =

∞∏
i=−∞

q(i−c)η̂i

1 + qi−c
.

Let N
→
p

m+ 1
2

(z) ··=
∞∑

i=m+1

zi. Then for any m ∈ Z, k ∈ Z≥0, and c ∈ R,

µc({N
→
h
m+ 1

2
(z) = k}) = µ̂c({N

→
p

m+ 1
2

(z) = k}).

Proof. By definition of η̂, particles in η̂ move like holes in η. That is, particles jump to the left at rate 1
and to the right at rate q, unless the jump is blocked. Thus, the probability there is a particle at site i,
is exactly the probability that there isn’t in η and similarly for when there isn’t a particle in η̂. So we
have that µ̂c =

⊗
i∈Z

µ̂c
i given by,

µ̂c
i (1) = µc

i (0) =
1

1 + q−(i−c)
=

qi−c

1 + qi−c

µ̂c
i (0) = µc

i (1) =
q−(i−c)

1 + q−(i−c)
=

1

1 + qi−c

is reversible stationary for this ASEP with left drift. Hence if we define, N
→
p

m+ 1
2

(z) ··=
∞∑

i=m+1

zi, it

immediately follows that for any m ∈ Z, k ∈ Z≥0, and c ∈ R,

µc({N
→
h
m+ 1

2
(z) = k}) = µ̂c({N

→
p

m+ 1
2

(z) = k}).

□

We will now see that considering particles to the right of say m + 1
2 in η̂ is similar to considering

particles to the left of m+ 1
2 in η.

Lemma 2.2. For any m ∈ Z, k ∈ Z≥0, and c ∈ R,

µ̂c({N
→
p

m+ 1
2

(z) = k}) = µ2m+1−c({N
←
p

m+ 1
2

(z) = k}).

Proof. We have that,

µ̂c({N
→
p

m+ 1
2

(z) = k}) =
∑
z∈Ω̂:
∞∑

i=m+1
zi=k

∞∏
i=m+1

µ̂c
i (zi) =

∑
z∈Ω̂:
∞∑

i=m+1
zi=k

∞∏
i=0

µ̂c
m+1+i(zm+1+i)

and

µ2m+1−c({N
←
p

m+ 1
2

(z) = k}) =
∑
z∈Ω:

m∑
i=−∞

zi=k

m∏
i=−∞

µ2m+1−c
i (zi) =

∑
z∈Ω:

m∑
i=−∞

zi=k

∞∏
i=0

µ2m+1−c
m−i (zm−i).
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We see that for i ≥ 0 the marginals µ2m+1−c
m−i and µ̂c

m+1+i agree, for z ∈ {0, 1}

µ2m+1−c
m−i (z) =

q−(m−i−(2m+1−c))z

1 + q−(m−i−(2m+1−c))
=

q(m+1+i−c)z

1 + qm+1+i−c
= µ̂c

m+1+i(z).

Thus for any m ∈ Z, k ∈ Z≥0 and c ∈ R,

µ̂c({N
→
p

m+ 1
2

(z) = k}) = µ2m+1−c({N
←
p

m+ 1
2

(z) = k}).

□

By combining Lemmas 2.1 and 2.2 we have the following result.

Corollary 2.3. For any m ∈ Z, k ∈ Z≥0, and c ∈ R,

µc({N
→
h
m+ 1

2
(z) = k}) = µ2m+1−c({N

←
p

m+ 1
2

(z) = k}).

2.2. Distributional Results.
The blocking measures for ASEP are a one parameter family with parameter c ∈ R. We will now see

that this parameter is closely linked to shifting states. Firstly if we shift the entire system this corresponds
to an integer shift in the parameter c.

Lemma 2.4. For any c ∈ R and η ∈ Ω

µc(τη) = µc+1(η).

Proof. Writing the blocking measure compactly we have,

µc(τη) =

∞∏
i=−∞

q(c−i)(τη)i

1 + qc−i
=

∞∏
i=−∞

q(c−i)ηi+1

1 + qc−i
=

∞∏
j=−∞

q(c−(j−1))ηj

1 + q−c−(j−1)
=

∞∏
j=−∞

q((c+1)−j)ηj

1 + qc+1−j
= µc+1(η).

□

Using this fact we see that shifting the site at which we are interested the distribution of the quantities

N
←
p
• , N

→
h
• any N• also corresponds to a shift in the parameter c.

Corollary 2.5. For any c ∈ R and m, k ∈ Z,

a) µc({N
←
p

m+ 1
2

(z) = k}) = µc+1({N
←
p

m+1+ 1
2

(z) = k})

b) µc({N
→
h
m+ 1

2

(z) = k}) = µc+1({N
→
h
m+1+ 1

2

(z) = k})
c) µc({Nm+ 1

2
(z) = k}) = µc+1({Nm+1+ 1

2
(z) = k})

Proof. Firstly we note that for any r ∈ Z,

N
→
p

r+ 1
2

(τη) =

r∑
i=−∞

ηi+1 =

r+1∑
i=−∞

ηi = N
→
p

r+1+ 1
2

(η)

N
→
h
r+ 1

2
(τη) =

∞∑
i=r+1

(1− ηi+1) =

∞∑
i=r+2

(1− ηi) = N
→
h
r+1+ 1

2
(η)

Nr+ 1
2
(τη) = N

→
h
r+ 1

2
(τη)−N

→
p

r+ 1
2

(τη) = N
→
h
r+1+ 1

2
(η)−N

→
p

r+1+ 1
2

(η) = Nr+1+ 1
2
(η).

So we have that,

µc({N
←
p

m+ 1
2

(z) = k}) = µc({z : N
←
p

m+1+ 1
2

(τ−1z) = k})

=
∑

y:N
←
p

m+1+1
2

(y)=k

µc(τy) =
∑

y:N
←
p

m+1+1
2

(y)=k

µc+1(y) = µc+1({N
←
p

m+1+ 1
2

(z) = k}).

Similar arguments hold for µc({N
→
h
m+ 1

2

(z) = k}) and µc({Nm+ 1
2
(z) = k}). □

We can also give results where we only change the parameter c and not the quantity we wish to
understand the probability of.
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Lemma 2.6. For any c ∈ R, m, k ∈ Z we have that,

(a) µc−1({N
←
p

m+ 1
2

(z) = k}) = q−k

1+qc−m−1 · µc({N
←
p

m+ 1
2

(z) = k})

(b) µc−1({N
→
h
m+ 1

2

(z) = k}) = qk+m+1−c(1 + qc−m−1) · µc({N
→
h
m+ 1

2

(z) = k})
(c) µc−1({Nm+ 1

2
(z) = k}) = qk+m+1−c · µc({Nm+ 1

2
(z) = k}).

Proof.

(a) We have that,

µc−1({N
←
p

m+ 1
2

(z) = k}) =
∑

z: N
←
p

m+1
2

(z)=k

µc−1(z) =
∑

z: N
←
p

m+1
2

(z)=k

m∏
j=−∞

q(c−1−j)zj

(1 + qc−1−j)

=
∑

z: N
←
p

m+1
2

(z)=k

q
−

m∑
j=−∞

zj

(1 + qc−1−m)

m∏
j=−∞

q(c−j)zj

1 + qc−j

=
q−k

1 + qc−m−1
· µc({N

←
p

m+ 1
2

(z) = k}).

(b) We have that,

µc−1({N
→
h
m+ 1

2
(z) = k}) =

∑
z: N

→
h

m+1
2

(z)=k

µc−1(z)

=
∑

z: N
→
h

m+1
2

(z)=k

∞∏
j=m+1

q(c−1−j)zj

1 + qc−1−j

=
∑

z: N
→
h

m+1
2

(z)=k

∞∏
j=m+1

q(1−zj)(j−c+1)

q(j−c+1)(1 + qc−1−j)

=
∑

z: N
→
h

m+1
2

(z)=k

q

∞∑
j=m+1

(1−zj)

· qm+1−c(1 + qc−m−1)

∞∏
j=m+1

q(1−zj)(j−c)

q(j−c)(1 + qc−j)

= qk+m+1−c(1 + qc−m−1) · µc({N
→
h
m+ 1

2
(z) = k}).

(c) We notice that,

µc−1({Nm+ 1
2
(z) = k}) =

∑
k1,k2∈Z

µc−1({Nm+ 1
2
(z) = k} ∩ {N

←
p

m+ 1
2

(z) = k1} ∩ {N
→
h
m+ 1

2
(z) = k2})

=
∑

k1,k2∈Z:
k2−k1=k

µc−1({N
←
p

m+ 1
2

(z) = k1} ∩ {N
→
h
m+ 1

2
(z) = k2})

=
∑

k1,k2∈Z:
k2−k1=k

µc−1({N
←
p

m+ 1
2

(z) = k1}) · µc−1({N
→
h
m+ 1

2
(z) = k2}).

Using (a) and (b) we have that,∑
k1,k2:

k2−k1=k

µc−1({N
←
p

m+ 1
2

(z) = k1}) · µc−1({N
→
h
m+ 1

2
(z) = k2})

=
∑
k1,k2:

k2−k1=k

q−k1

(1 + qc−m−1)
· µc({N

←
p

m+ 1
2

(z) = k1}) · qk2+m+1−c(1 + qc−m−1) · µc({N
→
h
m+ 1

2
(z) = k2})
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= qk+m+1−c
∑
k1,k2:

k2−k1=k

µc({N
←
p

m+ 1
2

(z) = k1}) · µc({N
→
h
m+ 1

2
(z) = k2})

= qk+m+1−c · µc({Nm+ 1
2
(z) = k}).

□

Remark 2.7. We note that the proofs given in this section can be easily extended to give similar results
for all processes in the blocking family as defined by Balázs and Bowen, [7].

Using the above results we will now find explicit formulae for the distribution of N
←
p
• , N

→
h
• any N•

under the natural product blocking measure µc.
Equation (1) gave the distribution under µc of the conserved quantity about the site 0, that is,

µc({N = n}). By considering shifts of ASEP states we can find the distribution of the conserved quantity
about any site m ∈ Z.

Lemma 2.8. For any n,m ∈ Z and c ∈ R,

µc({Nm+ 1
2
= n}) = q

(n+m)(n+m+1)
2 −(n+m)c

∞∑
ℓ=−∞

q
ℓ(ℓ+1)

2 −ℓc

Proof. As we saw in the proof of Corollary 2.5, Nm+ 1
2
(z) = Nm−1+ 1

2
(τz). Thus we have that, Nm+ 1

2
(z) =

N(τmz). And as we have seen before, a left shift decreases the conserved quantity by 1 and so, N(τmz) =
N(z)−m. Then, by (1) we have that,

µc({Nm+ 1
2
= n}) = µc({N = n+m}) = q

(n+m)(n+m+1)
2 −(n+m)c

∞∑
ℓ=−∞

q
ℓ(ℓ+1)

2 −ℓc

.

□

We now consider the probability under the blocking measure that there is some k ∈ Z≥0 particles to
left of a site m ∈ Z (inclusive).

Theorem 1.1. For any m ∈ Z, k ∈ Z≥0 and c ∈ R,

µc({N
←
p

m+ 1
2

(z) = k}) = qk(c−m)+
k(k−1)

2

(q; q)k(−qc−m; q)∞
.

Proof. Conditioning on site m we have that (for k ≥ 1),

µc({N
←
p

m+ 1
2

(z) = k}) = µc({N
←
p

m+ 1
2

(z) = k|zm = 0})µc
m(0) + µc({N

←
p

m+ 1
2

(z) = k|zm = 1})µc
m(1)

= µc({N
←
p

m−1+ 1
2

(z) = k}) 1

1 + qc−m
+ µc({N

←
p

m−1+ 1
2

(z) = k − 1}) qc−m

1 + qc−m
.

We want to look at N
←
p

m+ 1
2

(z) not N
←
p

m−1+ 1
2

(z) so we use the result of Corollary 2.5:

µc({N
←
p

m−1+ 1
2

(z) = k}) = µc+1({N
←
p

m+ 1
2

(z) = k}).

Hence,

µc({N
←
p

m+ 1
2

(z) = k}) = µc+1({N
←
p

m+ 1
2

(z) = k}) 1

1 + qc−m
+ µc+1({N

←
p

m+ 1
2

(z) = k − 1}) qc−m

1 + qc−m
.

By Lemma 2.6,

µc+1({N
←
p

m+ 1
2

(z) = k}) = qk(1 + qc−m)µc({N
←
p

m+ 1
2

(z) = k}).
And so we have,

µc({N
←
p

m+ 1
2

(z) = k}) = µc({N
←
p

m+ 1
2

(z) = k})qk + µc({N
←
p

m+ 1
2

(z) = k − 1})qc−m+k−1.

Giving the recurrence relation,

µc({N
←
p

m+ 1
2

(z) = k}) = qk−1+c−m

1− qk
µc({N

←
p

m+ 1
2

(z) = k − 1})
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which we solve by,

µc({N
←
p

m+ 1
2

(z) = k}) =

(
k∏

i=1

qi−1+c−m

1− qi

)
µc({N

←
p

m+ 1
2

(z) = 0})

=

k∏
i=1

qi−1+c−m

1− qi
·

m∏
j=−∞

1

1 + qc−j

=
qk(c−m−1)+

k(k+1)
2

(q; q)k(−qc−m; q)∞

=
qk(c−m)+

k(k−1)
2

(q; q)k(−qc−m; q)∞
.

□

Remark 2.9. An alternative proof of this result by considering two coupled ASEPs can be given. We will
see this in Section 3.3.

It is also natural to ask what is the distribution of this quantity given we consider a fixed conserved
quantity n ∈ Z, i.e. under νn the unique distribution on the irreducible component Ωn. First we give the
distribution of a single site under the conditional measure νn.

Lemma 2.10. For any n,m ∈ Z we have that,

νn({zm = 1}) = (q; q)∞

∞∑
k=(m−n−1)+

q(k+1)(n−m+k+1)

(q; q)k(q; q)n−m+k+1

νn({zm = 0}) = (q; q)∞

∞∑
k=(m−n)+

qk(n−m+k+1)

(q; q)k(q; q)n−m+k
.

Proof. By the product structure of µc, Corollary 2.3 and Theorem 1.1 we have that,

νn({zm = 1}) = µc(zm = 1|N(z) = n)

=
µc({zm = 1}

⋂
{N(z) = n})

µc({N(z) = n})

=
µc({zm = 1}

⋂
{Nm+ 1

2
(z) = n−m})

µc({N(z) = n})

=

∞∑
k=(m−n−1)+

µc({zm = 1}
⋂
{N

←
p

m−1+ 1
2

(z) = k}
⋂
{N

→
h
m+ 1

2

(z) = n−m+ k + 1})

µc({N(z) = n})

=

∞∑
k=(m−n−1)+

µc
m(1)µc({N

←
p

m−1+ 1
2

(z) = k})µc({N
→
h
m+ 1

2

(z) = n−m+ k + 1})

µc({N(z) = n})

=

∞∑
k=(m−n−1)+

µc
m(1)µc({N

←
p

m−1+ 1
2

(z) = k})µ2m+1−c({N
←
p

m+ 1
2

(z) = n−m+ k + 1})

µc({N(z) = n})

=

∑
ℓ∈Z

q
ℓ(ℓ+1)

2 −ℓc

q
n(n+1)

2 −nc
· qc−m

(1 + qc−m)
·

∞∑
k=(m−n−1)+

qk(c+1−m)+
k(k−1)

2

(q; q)k(−qc+1−m; q)∞
· q

(n−m+k+1)(m+1−c)+
(n−m+k+1)(n−m+k)

2

(q; q)n−m+k+1(−qm+1−c; q)∞
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=
∑
ℓ∈Z

q
ℓ(ℓ+1)

2 −ℓc · qmc−m(m+1)
2

(−qc−m; q)∞(−qm+1−c; q)∞

∞∑
k=(m−n−1)+

q(k+1)(n−m+k+1)

(q; q)n−m+k+1(q; q)k
.

Lemma A.1 gives us that,

q
mc−m(m+1)

2

(−qc−m; q)∞(−qm+1−c; q)∞
=

1

(−q1−c; q)∞(−qc; q)∞
.

The Jacobi Triple Product identity states that, for q, z ∈ R such that |q| < 1 and z ̸= 0,
∞∑

l=−∞

q
ℓ(ℓ+1)

2 zℓ = (q; q)∞(−qz; q)∞(−z−1; q)∞.

Then by setting z ··= q−c we have that,
∞∑

l=−∞

q
ℓ(ℓ+1)

2 −ℓc = (q; q)∞(−q1−c; q)∞(−qc; q)∞. (2)

Putting this together we find that,

νn({zm = 1}) = (q; q)∞

∞∑
k=(m−n−1)+

q(k+1)(n−m+k+1)

(q; q)k(q; q)n−m+k+1
.

By similar reasoning we have that,

νn({zm = 0}) =
∞∑

k=(m−n)+

µc
m(0)µc({N

←
p

m−1+ 1
2

(z) = k})µc({N
→
h
m+ 1

2

(z) = n−m+ k})

µc({N(z) = n})

=

∞∑
k=(m−n)+

µc
m(0)µc({N

←
p

m−1+ 1
2

(z) = k})µ2m+1−c({N
←
p

m+ 1
2

(z) = n−m+ k})

µc({N(z) = n})

=

∑
ℓ∈Z

q
ℓ(ℓ+1)

2 −ℓc

q
n(n+1)

2 −nc
· 1

(1 + qc−m)
·

∞∑
k=(m−n)+

qk(c+1−m)+
k(k−1)

2

(q; q)k(−qc+1−m; q)∞
· q

(n−m+k)(m+1−c)+
(n−m+k)(n−m+k−1)

2

(q; q)n−m+k(−qm+1−c; q)∞

=
∑
ℓ∈Z

q
ℓ(ell+1)

2 −ℓc · qmc−m(m+1)
2

(−qc−m; q)∞(−qm+1−c; q)∞
·

∞∑
k=(m−n)+

qk(n−m+k+1)

(q; q)k(q; q)n−m+k
.

By Lemma A.1 and the Jacobi triple product identity, equation (2), we find that,

νn({zm = 0}) = (q; q)∞

∞∑
k=(m−n)+

qk(n−m+k+1)

(q; q)k(q; q)n−m+k
.

□

Now we find the distribution of ASEP particles in a half infinite range under νn.

Theorem 1.2.
For any n,m, k ∈ Z, such that k ≥ (m− n)+,

νn({N
←
p

m+ 1
2

(z) = k}) = qk(n−m+k)(q; q)∞
(q; q)k(q; q)n−m+k

.
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Proof. By definition (for any c ∈ R),

νn({N
←
p

m+ 1
2

(z) = k}) = µc({N
←
p

m+ 1
2

(z) = k}|{N(z) = n}) =
µc({N

←
p

m+ 1
2

(z) = k} ∩ {N(z) = n})

µc({N(z) = n})
.

We notice that,

{N
←
p

m+ 1
2

(z) = k} ∩ {N(z) = n} = {N
←
p

m+ 1
2

(z) = k} ∩ {Nm+ 1
2
(z) = n−m}

= {N
←
p

m+ 1
2

(z) = k} ∩ {N
→
h
m+ 1

2
(z) = n−m+ k}.

Since both the number of particles to the left and holes to the right of (m+ 1
2 ) must be positive we see

that νn({N
←
p

m+ 1
2

(z) = k}) is only well defined for k ≥ max{m− n, 0}.
Since µc is a product measure we have that,

νn({N
←
p

m+ 1
2

(z) = k}) =
µc({N

←
p

m+ 1
2

(z) = k}) · µc({N
→
h
m+ 1

2

(z) = n−m+ k})

µc({N(z) = n})
.

By Corollary 2.3 that is,

νn({N
←
p

m+ 1
2

(z) = k}) =
µc({N

←
p

m+ 1
2

(z) = k}) · µ2m+1−c({N
←
p

m+ 1
2

(z) = n−m+ k})

µc({N(z) = n})
.

Theorem 1.1 and equation (1) give,

νn({N
←
p

m+ 1
2

(z) = k}) =

∑
ℓ∈Z

q
ℓ(ℓ+1)

2 −ℓc · qk(n−m+k)−m(m+1)
2 +mc

(q; q)k(−qc−m; q)∞(q; q)n−m+k(−qm+1−c; q)∞
.

Now we can use Lemma A.1 and find that,

νn({N
←
p

m+ 1
2

(z) = k}) =

∑
ℓ∈Z

q
ℓ(ℓ+1)

2 −ℓc · qk(n−m+k)

(q; q)k(q; q)n−m+k(−q1−c; q)∞(−qc; q)∞
.

Finally the Jacobi triple product identity, equation (2) gives us that,

νn({N
←
p

m+ 1
2

(z) = k}) = qk(n−m+k)(q; q)∞
(q; q)k(q; q)n−m+k

.

□

We also consider the probability under the blocking measure that there is some k particles in between
two sites.

Lemma 1.3. For any m1 + 1 < m2 ∈ Z, c ∈ R and k ∈ {0, 1, ..., m̂2} where m̂2 := m2 −m1 − 1,

µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) = qk(c+1−m2)+
k(k−1)

2

(−qc−m2+1; q)m̂2

[
m̂2

k

]
q

.

Proof. Firstly, let us consider the cases where k = 0 or k = m̂2. These cases are directly computable

since there is only 1 state in each case for which N
←
p

m2−1+ 1
2

(z) −N
←
p

m1+
1
2

(z) = k. If k = 0 then the state

is such that all the sites in [m1 + 1,m2 − 1] are empty and so,

µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = 0}) = 1
m2−1∏

i=m1+1

(1 + qc−i)

=
1

m̂2∏
i=1

(1 + qc−m2+i)

=
1

(−qc−m2+1; q)m̂2

. (3)

If k = m̂2 then the state is such that all the sites in [m1 + 1,m2 − 1] are full and so,

µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = m̂2}) =
m2−1∏

i=m1+1

qc−i

(1 + qc−i)
=

qm̂2(c+1−m2)+
m̂2(m̂2−1)

2

(−qc−m2+1; q)m̂2

. (4)
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Now, let us consider k ∈ {1, ..., m̂2 − 1}, we see that

µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k})

=µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k|zm2−1 = 0}) · µc
m2−1(0)

+ µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k|zm2−1 = 1}) · µc
m2−1(1)

=µc({N
←
p

m2−2+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) · 1

1 + qc−m2+1

+ µc({N
←
p

m2−2+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k − 1}) · qc−m2+1

1 + qc−m2+1
. (5)

We now show that µc({N
←
p

m2−1+ 1
2

(z) − N
←
p

m1+
1
2

(z) = k}) = qk(c+1−m2)+
k(k−1)

2

(−qc−m2+1;q)m̂2

[
m̂2

k

]
q

satisfies (5). This

formula is inspired by a combinatorial argument using integer partitions. As additional material this
argument is given in Appendix B but those parts are not needed for any of the proofs in this article,
since these are self-contained and purely probabilistic.

Start with the RHS of (5),

1

1 + qc−m2+1

(
µc({N

←
p

m2−2+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) + qc−m2+1 · µc({N
←
p

m2−2+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k − 1})
)

=
1

1 + qc−m2+1

(
qk(c+2−m2)+

k(k−1)
2

(−qc−m2+2; q)m̂2−1

[
m̂2 − 1

k

]
q

+ qc−m2+1 q
(k−1)(c+2−m2)+

(k−1)(k−2)
2

(−qc−m2+2; q)m̂2−1

[
m̂2 − 1
k − 1

]
q

)

=
qk(c+1−m2)+

k(k−1)
2

(−qc−m2+1; q)m̂2

(
qk
[
m̂2 − 1

k

]
q

+

[
m̂2 − 1
k − 1

]
q

)
.

Using the q-binomial analogue of Pascal’s identity (Lemma A.2) we have that,

qk
[
m̂2 − 1

k

]
q

+

[
m̂2 − 1
k − 1

]
q

=

[
m̂2

k

]
q

.

Thus (5) holds with µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) = qk(c+1−m2)+
k(k−1)

2

(−qc−m2+1;q)m̂2

[
m̂2

k

]
q

.

To complete the proof we first notice that the boundary conditions given by (3) and (4) conform with
the solution above and show that with the recursion (5) the distribution is completely fixed. To find the

value of µc({N
←
p

m2−1+ 1
2

(z) − N
←
p

m1+
1
2

(z) = k}) at a point (m̂2, k) the recursion (5) requires values at the

points (m̂2 − 1, k) and (m̂2 − 1, k − 1). Using the recursion iteratively we arrive to the boundary points
(x, x) and (x, 0) for any x ∈ {1, . . . , k}. The former case is handled by (4) and the latter by (3). □

Remark 2.11. Notice that Theorem 1.1 can be seen by taking m ··= m2 − 1 and the limit as m1 → −∞
in Lemma 1.3. This gives it yet another alternative proof.

Again it is natural to ask what is the distribution of this quantity under νn?

Lemma 1.4. For any n ∈ Z, any m1+1 < m2 ∈ Z, c ∈ R and k ∈ {0, 1, ..., m̂2} where m̂2 := m2−m1−1,

νn({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k})

= qk(n+1+k−m2)(q; q)∞ ·
[
m̂2

k

]
q

·
∞∑

j=(m2−1−n−k)+

qj(n+1−m2+k+j)+m̂2j

(q; q)j(q; q)n+1−m2+k+j
.

Proof. By definition (for any c ∈ R),

νn({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) = µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}|{N(z) = n})

=
µc({N

←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k} ∩ {N(z) = n})

µc({N(z) = n})
.
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We notice that any state z that satisfies the event,

{N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k} ∩ {N(z) = n},

is such that for some j,

{N
→
h
m2−1+ 1

2
= n+ 1 + k + j −m2} ∩ {N

←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k} ∩ {N
←
p

m1+
1
2

(z) = j}.

Since the number of particles to the left of m1 +
1
2 and the number of holes to the right of m2 − 1 + 1

2

must both be positive we see that if N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k then j ≥ (m2 − n− 1− k)+.

Since µc is a product measure we have that,

νn({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k})

=
1

µc({N(z) = n})

∞∑
j=(m2−n−1−k)+

µc({N
→
h
m2−1+ 1

2
= n+ 1 + k + j −m2})

· µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) · µc({N
←
p

m1+
1
2

(z) = j}).

By Corollary 2.3 that is,

νn({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k})

=
1

µc({N(z) = n})

∞∑
j=(m2−n−1−k)+

µ2m2−1−c({N
←
p

m2−1+ 1
2

= n+ 1 + k + j −m2})

· µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) · µc({N
←
p

m1+
1
2

(z) = j}).

Theorem 1.1, Lemma 1.3 and equation (1) give,

νn({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k})

=

∑
ℓ∈Z

q
ℓ(ℓ+1)

2 −ℓc

q
n(n+1)

2 −nc
·

∞∑
j=(m2−n−1−k)+

q(n+1+k+j−m2)(m2−c)+
(n+1+k+j−m2)(n+k+j−m2)

2

(q; q)n+1+k+j−m2(−qm2−c; q)∞

· qj(c−m1)+
j(j−1)

2

(q; q)j(−qc−m1 ; q)∞
· q

k(c+1−m2)+
k(k−1)

2

(−qc−m2+1; q)m̂2

·
[
m̂2

k

]
q

=

qk(n+1+k−m2)+(m2−1)c−m2(m2−1)
2

∑
ℓ∈Z

q
ℓ(ℓ+1)

2 −ℓc

(−qc−m2+1; q)m̂2
(−qc−m1 ; q)∞(−qm2−c; q)∞

·
[
m̂2

k

]
q

·
∞∑

j=(m2−1−n−k)+

qj(n−m1+k+j)

(q; q)j(q; q)n+1−m2+k+j
.

We notice that,

(−qc−m2+1; q)m̂2
(−qc−m1 ; q)∞ = (−qc−m2+1; q)∞.

So by Lemma A.1 with m ··= m2 − 1 we find that,

νn({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k})

=

qk(n+1+k−m2)
∑
ℓ∈Z

q
ℓ(ℓ+1)

2 −ℓc

(−q1−c; q)∞(−qc; q)∞
·
[
m̂2

k

]
q

·
∞∑

j=(m2−1−n−k)+

qj(n−m1+k+j)

(q; q)j(q; q)n+1−m2+k+j

=

qk(n+1+k−m2)
∑
ℓ∈Z

q
ℓ(ℓ+1)

2 −ℓc

(−q1−c; q)∞(−qc; q)∞
·
[
m̂2

k

]
q

·
∞∑

j=(m2−1−n−k)+

qj(n+1−m2+k+j)+m̂2j

(q; q)j(q; q)n+1−m2+k+j
.
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Finally the Jacobi triple product identity, equation (2), gives,∑
ℓ∈Z

qℓ(ℓ+1)−ℓc

(−q1−c; q)∞(−qc; q)∞
= (q; q)∞.

Thus,

νn({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k})

= qk(n+1+k−m2)(q; q)∞ ·
[
m̂2

k

]
q

·
∞∑

j=(m2−1−n−k)+

qj(n+1−m2+k+j)+m̂2j

(q; q)j(q; q)n+1−m2+k+j
.

□

Remark 2.12. It seems that this can not be simplified further. The sum,
∞∑

j=(m2−1−n−k)+

qj(n+1−m2+k+j)+m̂2j

(q; q)j(q; q)n+1−m2+k+j

looks very similar to the sum in the Durfee rectangles identity, in fact if the qjm̂2 factor was not there it
could be simplified using the Durfee rectangles identity (see Theorem 1.10).

2.3. Combinatorial Identities coming from ASEP.
Certain probabilistic questions for blocking family interacting particle systems, such as stationarity

and equivalences between systems, lead to proofs of identities of combinatorial significance. For example,
in 2018 Balázs and Bowen [7] gave a probabilistic proof of the Jacobi triple product identity using the
Exclusion - Zero-range correspondence. Also, in 2022 Balázs, Fretwell and Jay [8] found new 3-variable
combinatorial identities as well as known identities by considering the family of 0-1-2 blocking particle
systems and also the k-Exclusion process. Here we see that other well-known combinatorial identities with
interpretations in terms of integer partitions (explained in Section 4) can be explained probabilistically
by considering certain quantities for ASEP.

By considering the symmetry between particles and holes for the asymmetric simple exclusion process
we can give a probabilistic interpretation to a well-known identity from the theory of integer partitions,
the Durfee rectangles identity.

Theorem 1.10. Durfee Rectangles Identity (for example see equation (4) in Gessel [20])
For q ∈ (0, 1) and any fixed n ∈ Z,

1

(q; q)∞
=

∞∑
k=max{−n,0}

qk(n+k)

(q; q)n+k(q; q)k
.

Proof. It is clear by definition of N(·) that,

µc({N(z) = n}) =
∞∑

k=max{−n,0}

µc({N
→
h (z) = n+ k}) · µc({N

←
p (z) = k}).

By (1) as well as Theorem 1.1 and Corollary 2.3 (for m = 0) we have that,

q
n(n+1)

2 −nc

∞∑
ℓ=−∞

q
ℓ(ℓ+1)

2 −ℓc

=

∞∑
k=max{−n,0}

q−(n+k)c+
(n+k)(n+k+1)

2

(−q1−c; q)∞(q; q)n+k
· qk(c−1)+

k(k+1)
2

(−qc; q)∞(q; q)k

=

∞∑
k=max{−n,0}

q
n(n+1)

2 +k(n+k)−nc

(−q1−c; q)∞(q; q)n+k(−qc; q)∞(q; q)k
.

By using the Jacobi triple product identity, equation 2, we find that,

1

(q; q)∞
=

∞∑
k=max{−n,0}

qk(n+k)

(q; q)n+k(q; q)k
.

□
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Remark 2.13. Notice that if we instead consider µc({Nm+ 1
2
(z) = n}) for any m ∈ Z we prove the same

identity. This is since m is just a shift for the the state and the factors involving m cancel out. Also

since the particle-hole symmetry was used to find νn({N
←
p

m+ 1
2

(z) = k}) in Theorem 1.2, if we sum this

distribution over k we again recover the Durfee rectangles identity.
By considering the distribution of a single site under νn (Lemma 2.10) we find a combinatorial identity

that seems to be related to the Durfee rectangle identity.

Proposition 1.11.
For any n ∈ Z, q ∈ (0, 1) we have that,

∞∑
k=max{−n,0}

q(k+1)(n+k)

(q; q)k(q; q)n+k
+

∞∑
k=max{1−n,0}

qk(n+k)

(q; q)k(q; q)n−1+k
=

1

(q; q)∞
.

Proof. Clearly for any n ∈ Z,
νn({z1 = 1}) + νn({z1 = 0}) = 1.

By Lemma 2.10 and rearranging we find that,∑
k=max{−n,0}

q(k+1)(n+k)

(q; q)k(q; q)n+k
+

∑
k=max{1−n,0}

qk(n+k)

(q; q)k(q; q)n−1+k
=

1

(q; q)∞
.

□

We now demonstrate that two other well-known combinatorial identities (Euler’s identity and the
q-Binomial Theorem) arise as consequences of Theorem 1.1 and Lemma 1.3.

Theorem 1.12. Euler’s Identity (for example see equation E1 in Andrews [2])
For q ∈ (0, 1) and z ∈ R>0,

∞∑
k=0

q
k(k−1)

2 zk

(q; q)k
= (−z; q)∞.

Proof. For any m ∈ Z and c ∈ R it is clear that,
∞∑
k=0

µc({N
←
p
m (z) = k}) = 1. By Theorem 1.1, that is

∞∑
k=0

qk(c−m)q
k(k−1)

2

(q; q)k(−qc−m; q)∞
= 1.

If we let z := qc−m and rearrange we find Euler’s identity,

∞∑
k=0

q
k(k−1)

2 zk

(q; q)k
= (−z; q)∞.

□

We also see the q-Binomial Theorem:

Theorem 1.13. q-Binomial Theorem (Heine [23], also Andrews [3])
For q ∈ (0, 1), z ∈ R>0 and any m ∈ Z≥0,

m∑
k=0

q
k(k−1)

2 zk
[
m
k

]
q

= (−z; q)m.

Proof. For any m1 < m2 ∈ Z and c ∈ R it is clear that,
m2−m1−1∑

k=0

µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) = 1.

By Lemma 1.3, that is

m2−m1−1∑
k=0

qk(c+1−m2)q
k(k−1)

2

(−qc+1−m2 ; q)m2−m1−1

[
m2 −m1 − 1

k

]
q

= 1.
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Now if we let z := qc+1−m2 , m := m2 −m1 − 1 and rearrange we have the q-binomial theorem,

m∑
k=0

q
k(k−1)

2 zk
[
m
k

]
q

= (−z; q)m.

□

All of these proofs are purely probabilistic. In Appendix B we give alternative, combinatorial proofs
to Theorem 1.1 and Lemma 1.3 which shed light on why we should expect combinatorial identities from
these probabilistic questions.

3. The asymmetric simple exclusion process with second class particles

Now we consider the asymmetric simple exclusion process with 2 species of particles, first and second
class particles. Both species of particles evolve according to ASEP dynamics obeying the exclusion rule
within their own class, with first class particles viewing second class as ‘holes’. That is if,

• a second class particle tries to jump into a space occupied by a first class particle the jump is
blocked and nothing changes

• a first class particle tries to jump into a space occupied by a second class particle it takes that
space and the two particles swap positions.

To construct an ASEP with first class particles and some fixed d > 0 second class particles we use the
basic coupling method. This idea of defining second class particles via a basic coupling is similar to the
work of Ferrari, Kipnis and Saada [18] and later work of Tracy and Widom [29] as well as Balázs and
Seppäläinen [9] (also work of Liggett [26] in 1976 considered coupling for simple exclusion processes).

We will study the behaviour of these second class particles under the blocking measure.

3.1. Constructing a Basic Coupling of Two ASEPs.
To construct a basic coupling we start with an ASEP on Z, {ξ(t)}, and also a process on the particle

labels. For some given d > 0, this label process is defined by an ASEP on the half infinite line Z≥0 with
exactly d particles moving with a left drift, {γ(t)}. The dynamics of {γ(t)} is restricted by the state of
{ξ(t)}, such that a particle jump over the edge (i, i+1) in γ(t) can only occur if the particles i and i+1 in
ξ(t) are nearest neighbours. Lastly we construct a second ASEP on Z, {η(t)}, by at each time removing
the particles corresponding to the label process from ξ(t). We see that this defines a basic coupling of two
ASEPs with the second class particles being defined as the particles corresponding to the label process.
We make this procedure precise below.

3.1.1. ASEP on Z.
We consider an asymmetric simple exclusion process on , Ω ··= {z ∈ {0, 1}Z : N

←
p (η), N

→
h (η) < ∞},

under the blocking measure µc (as in Section 2) At time t ∈ R≥0 we will denote the state of the process
by ξ(t) ∈ Ω.

At any time t ∈ R≥0 we attach to the state ξ(t) a labelling of the particles. That is, we enumerate
the particles in ξ(t) from left to right starting from 0 for the left most particle and increasing as we go
to the right. So a particle’s label is simply the number of particles to its left. When we consider second
class particles we will be interested in the label of only d > 0 certain particles.

3.1.2. ASEP on Z≥0 with exactly d particles (Label process).
Alongside the asymmetric simple exclusion process {ξ(t)}t∈R≥0

we also consider an ASEP on the half
infinite integer line, with exactly d > 0 particles moving with a left drift. That is, an interacting particle

system on the state space Ω̂ ··= {z ∈ {0, 1}Z≥0 :
∞∑
i=0

zi = d}, which evolves according to nearest neighbour

particle jumps with jump rates, (for i ≥ 0)

p̂(zi, zi+1) = qI{zi ̸= 0}I{zi+1 ̸= 1} and q̂(zi, zi+1) = I{zi+1 ̸= 0}I{zi ̸= 1}.

Note that by the definition of the state space Ω̂ any state has exactly d particles and so there is a closed
boundary to the left of site 0. At time t ∈ R≥0 we will denote the state of this process by γ(t).
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Let y(t) = (y1(t), ..., yd(t)), with 0 ≤ y1(t) < y2(t) < ... < yd(t), be the vector of sites where the
particles are in γ(t), i.e. ∀j ∈ {1, .., d},

yj(t) = i if γi = 1 and

i∑
k=0

γk = j.

In fact, we will consider a restriction of the process {γ(t)}t∈R≥0
by conditioning on the process

{ξ(t)}t∈R≥0
. We say that a particle jump which is possible over the edge (i, i + 1) in the half-infinite

ASEP can only happen if the particles with labels i and i+ 1 are nearest neighbours at that time in the
ASEP on Ω. So, we adjust the jump rates p̂ and q̂ to,

p̂∗(γi(t), γi+1(t)) = qI{γi(t) ̸= 0}I{γi+1(t) ̸= 1}

∑
j∈Z

I

{
j−1∑

k=−∞

ξk(t) = i

}
I{ξj(t) = 1}I{ξj+1(t) = 1}


and, q̂∗(γi(t), γi+1(t)) = I{γi+1(t) ̸= 0}I{γi(t) ̸= 1}

∑
j∈Z

I

{
j−1∑

k=−∞

ξk(t) = i

}
I{ξj(t) = 1}I{ξj+1(t) = 1}

 .

For this restricted process, let the vector of sites where particles are in γ(t) be x(t). Once we define a
coupling and thus define d second class particles, {x(t)}t∈R≥0

will be process that gives the labels for the
second class particles.

So we have an ASEP {ξ(t)}t∈R≥0
with some label process sitting on top where the d particles of interest

can swap only when they are neighbouring another particle. For example see Figure 1 below (the red
particles in ξ(t) are those which correspond to the process {x(t)}t∈R≥0

). In this example the particle
jump at sites 2 and 3 is allowed but not the jump at sites 6 and 7 in γ(t).

0 1 2 3 4 5 6 7 8 9 10
γ(t) and so x(t) = (0, 1, 3, 5, 6)

−10−9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9 10

210 3 8 9 104 5 6 7 ξ(t)

X
q

q

Figure 1. An example of the pair (ξ(t), x(t)) when d = 5. The red arrows correspond
to a possible second class particle label jump.

We will be interested in where the second class particles are at time t. As discussed the red particles
in the above figure for example will eventually be the second class particles. We denote the positions of
the particles in ξ(t) corresponding to the label process x(t) by, X(t) = (X1(t), ..., Xd(t)), i.e. Xj(t) is the
position of the particle with label xj(t) in ξ(t). So for each j ∈ {1, ..., d},

Xj(t) = i if ξi(t) = 1 and

i−1∑
k=0

ξk(t) = xj(t).

It is clear to see by construction that at any time t ≥ 0 we have that X1(t) < X2(t) < ... < Xd(t).

3.1.3. Basic Coupling of Two ASEPs.
We now construct another process {η(t)}t∈R≥0

, by taking the state of the ASEP at time t, ξ(t), and
removing the particles which correspond to the label process x(t). That is, at any time t ≥ 0,

η(t) ··= ξ(t)−
d∑

j=1

δXj(t)
.

For example see Figure 2 below.
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Suppose ξ(t) and x(t) are as follows,

0 1 2 3 4 5 6 7 8 9 10
γ(t) and so x(t) = (0, 1, 3, 5, 6)

−10−9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9 10

210 3 8 9 104 5 6 7 ξ(t)

then η(t) is,

−10−9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9 10
η(t)

Figure 2. An example of constructing η(t) from the pair (ξ(t), x(t)) (when d = 5).

Lemma 3.1. The process {η(t)}t∈R≥0
is an ASEP and the pair {η(t), ξ(t)}t∈R≥0

is a basic coupling of two
asymmetric simple exclusion processes which only differ at d many sites at any time (i.e. the processes
evolve together with the same Poison clocks describing the particle jumps).

Proof. First we confirm that {η(t)}t∈R≥0
is an asymmetric simple exclusion process. Since ξ(t) takes values

in the state space Ω = {z ∈ {0, 1}Z : N
←
p (η), N

→
h (η) < ∞} and by definition η(t) = ξ(t)−

∑d
j=1 δXj(t)

, it

is clear that the process {η(t)}t∈R≥0
also has state space Ω. Now we will show that the process {η(t)}t∈R≥0

evolves according to ASEP dynamics; that is each particle jumps left with rate q and right with rate 1
unless the jump is blocked. Let us consider the following possible cases for particle jumps in {ξ(t)}t∈R≥0

:

• A particle associated to the label process (red particles in Figure 2) makes a particle jump.
When this happens the particles in ξ(t) that are not associated with the label process x(t) are
not affected and so there is no change to η(t).

• A particle not associated to the label process makes a particle jump. When this jump happens
in ξ(t) it will happen in η(t) with the same jump rate (q to the left and 1 to the right).

• Lastly, the label process may evolve resulting in the swapping of neighbouring particles in ξ(t)
(one associated with the label process and one that is not).

– Suppose a particle at site i ≥ 0 in γ(t) jumps right (meaning particle i and i + 1 are
neighbours in ξ(t) say at sites j and j + 1). Then in ξ(t) this results in particle i no longer
being associated with the label process and particle i+ 1 becomes associated with the label
process. That is in η(t) the particle at site j + 1 jumps to the left with rate equal to a right
jump in {γ(t)}t∈R≥0

so with rate q.
– Similarly suppose that the particle at site i > 0 in γ(t) jumps left (meaning particle i − 1

and i are neighbours in ξ(t) say at sites j and j + 1). Then in ξ(t) this results in particle i
no longer being associated with the label process and particle i− 1 becomes associated with
the label process. That is in η(t) the particle at site j jumps to the right with rate equal to
a left jump in {γ(t)}t∈R≥0

so with rate 1.

Thus {η(t)}t∈R≥0
evolves according to particle jumps at rates,

p(ηi(t), ηi+1(t)) = I{ξi(t) ̸= 0}I{ξi+1(t) ̸= 1}
+ I{γ i∑

j=−∞
ξ(t)

(t) ̸= 0}I{γ i∑
j=−∞

ξ(t)−1
(t) ̸= 1}I{ξi(t) = 1}I{ξi+1(t) = 1}

and,

q(ηi(t), ηi+1(t)) = q
(
I{ξi+1(t) ̸= 0}I{ξi(t) ̸= 1}

+ I{γ i−1∑
j=−∞

ξ(t)
(t) ̸= 0}I{γ i−1∑

j=−∞
ξ(t)+1

(t) ̸= 1}I{ξi(t) = 1}I{ξi+1(t) = 1}
)
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or equivalently written only in terms of η(t),

p(ηi(t), ηi+1(t)) = I{ηi(t) ̸= 0}I{ηi+1(t) ̸= 1} and q(ηi(t), ηi+1(t)) = qI{ηi+1(t) ̸= 0}I{ηi(t) ̸= 1}.
By construction it is clear that the two processes {η(t)}t∈R≥0

and {ξ(t)}t∈R≥0
evolve together according

to ASEP dynamics and thus the pair gives a basic coupling. □

This coupling defines the asymmetric exclusion process with d second class particles. Here, x(t) is the
label process for the second class particles and X(t) gives the positions of the second class particles at
time t.

3.2. Distributional results for the basic coupling.
Let us now look at some distributional results for the process with second class particles given we

know the distribution of the ASEP with only first class particles.

Lemma 3.2. With the relation η = ξ −
d∑

j=1

δXj
, when we reach stationarity for the coupling, we have

that,
ξ ∼ νn ⇐⇒ η ∼ νn+d.

Proof. This is clear by definition of νn and since,

N(ξ) =

∞∑
i=1

(1− ξi)−
0∑

i=−∞
ξi

=

∞∑
i=1

(1− {η +

d∑
j=1

δXj
}i)−

0∑
i=−∞

{η +

d∑
j=1

δXj
}i

= N(η)−
d∑

j=1

∞∑
i=−∞

(δXj
)i

= N(η)− d.

Since νn is the unique stationary distribution for the marginal process conditioned on having conserved
quantity n it holds that ξ ∼ νn ⇐⇒ η ∼ νn+d. □

Lemma 3.3. With the relation η = ξ −
d∑

j=1

δXj
, when we reach stationarity for the coupling we have

that,
ξ ∼ µc−d ⇐⇒ η ∼ µc.

Proof. First let us show that ξ ∼ µc−d ⇒ η ∼ µc. Assume ξ ∼ µc−d and consider,

P(η = z) = P
(
η = z,N(η) = N(z)

)
= νN(z)(z) · P

(
N(η) = N(z)

)
.

Let τ denote the left shift (τy)i = yi+1, by Lemma 2.4 we have that µc(τ jy) = µc+j(y), and so

P
(
N(η) = N(z)

)
= P

(
N(ξ) = N(z)− d

)
=

∑
y:N(y)=N(z)−d

µc−d(y)

=
∑

u:N(u)=N(z)

µc−d(τdu)

=
∑

u:N(u)=N(z)

µc(u)

= µc
(
{N(η) = N(z)}

)
.

Hence, P(η = z) = νN(z)(z) · µc
(
{N(η) = N(z)}

)
= µc(z). By a similar argument we can show that

η ∼ µc ⇒ ξ ∼ µc−d. □
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3.3. Stationary Distribution for the Label Process.
Let us now look at stationarity for the label process for the second class particles, x(t). By construction,

x(t) gives the positions of the particles in a half infinite ASEP with exactly d particles, γ(t), at time
t. The evolution of this half infinite ASEP depends on the state of the ASEP on Z, ξ(t), as previously
described.

The stationary distribution for the label process {x(t)}t∈R≥0
is as given below, where we use the

notation, Zd
+
··= {x ∈ Zd : 0 ≤ x1 < x2 < ... < xd}.

Theorem 3.4. The process x(t) has reversible stationary distribution π where,

π(x) =

d∏
i=1

(
1− qi

)
· q

d∑
i=1

xi− d(d−1)
2

for any x ∈ Zd
+.

Proof. (We adapt the proofs of Balázs and Seppäläinen [9], Lemma 4.1 and also [10], Proposition 3.1).

First we show that,
∑

x∈Zd
+

π(x) = 1.

∑
x∈Zd

+

π(x) =

d∏
i=1

(1− qi)q−
d(d−1)

2 ·
∑
x∈Zd

+

q

d∑
i=1

xi

=

d∏
i=1

(1− qi)q−
d(d−1)

2 ·
∞∑

x1=0

∞∑
x2=x1+1

· · ·
∞∑

xd=xd−1+1

q

d∑
i=1

xi

=

d∏
i=1

(1− qi)q−
d(d−1)

2 ·
∞∑

x1=0

· · ·
∞∑

xd−1=xd−2+1

∞∑
n=1

q

d−2∑
i=1

xi+2xd−1+n

...

=

d∏
i=1

(1− qi)q−
d(d−1)

2 ·
∞∑

x1=0

qdx1

∞∑
nd−1=1

q(d−1)nd−1 · · ·
∞∑

n1=1

qn1

=

d∏
i=1

(1− qi)q−
d(d−1)

2 · 1

1− qd

d−1∏
i=1

qi

1− qi

= q−
d(d−1)

2 · q
d−1∑
i=1

i
= 1.

Let’s consider the label process without the restrictions on the evolution given by the underlying
asymmetric exclusion process on Z, {ξ(t)}t∈R≥0

. That is the process y(t), which gives the positions of the
particles in an ASEP on Z≥0 with exactly d particles and closed left boundary, {γ(t)}t∈R≥0

. The jump
rates for this process are (for i ≥ 0),

p̂(zi, zi+1) = qI{zi ̸= 0}I{zi+1 ̸= 1} and q̂(zi, zi+1) = I{zi+1 ̸= 0}I{zi ̸= 1}.

For j ∈ {1, .., d}, let ej be the d long vector such that (ej)k = I{k = j}. When the jth particle jumps

left then its position is decreased by 1, y(t) 7→ y(t)− ej . Similarly, if the jth particle jumps right then its
position increases by 1, y(t) 7→ y(t) + ej .

We now show that,

π(y) =

d∏
i=1

(
1− qi

)
· q

d∑
i=1

yi− d(d−1)
2

for any y ∈ Zd
+,

is stationary for {y(t)}t∈Rt≥0
. To do this we check that detailed balance holds; that is for any y ∈ Zd

+

and j ∈ {1, ..., d}, we check that,

π(y)qI{zi ̸= 0}I{zi+1 ̸= 1} = π(y + ej)I{z
(i,i+1)
i+1 ̸= 0}I{z(i,i+1)

i ̸= 1},
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where z ∈ Ω̂ is the current state of {γ(t)}t∈R≥0
with the jth particle at site i ≥ 0. This trivially holds

when a jump is not possible over the edge (i, i+ 1). Now consider the case when zi = 1 and zi+1 = 0,

π(y)q =

d∏
i=1

(
1− qi

)
· q

d∑
i=1

yi− d(d−1)
2 · q

=

d∏
i=1

(
1− qi

)
· q

d∑
i=1

yi+1− d(d−1)
2

=

d∏
i=1

(
1− qi

)
· q

d∑
i=1

(y+ej)i−
d(d−1)

2

= π(y + ej).

Now we re-introduce the restriction coming from the process {ξ(t)}t∈R≥0
. Consider an approximating

process xm(t) for somem ∈ Z≥0 which has the same initial value, xm(0) = x(0). The process {xm(t)}t∈R≥0

evolves so that the underlying process {ξ(t)}t∈R≥0
only restricts its motion between states in the range

{x ∈ Zd
+ : xd < m}. We couple the processes together so that x(t) = xm(t) until the first time that one

of them exits the range {x ∈ Zd
+ : xd < m}.

Suppose we fix m for now. Let 0 = t0 < t1 < t2 < ... be a partition of time such that tj ↗ ∞ and the
state of the process ξ(t) on the sites (−∞, jm(ti)] (where jm(ti) is the site of the mth particle at time ti)
is constant on each time interval t ∈ [ti, ti+1). Then on each time interval [ti, ti+1) the process xm(t) is
a continuous time Markov chain with jump rates, (for k ∈ {1, ..., d}) when x+ ek ∈ Z+

d ,

ρ(x, x+ ek) =

qI{γxk (t) = 1}I{γxk+1 = 0}

(∑
j∈Z

I

{
j−1∑

ℓ=−∞
ξℓ(t) = k

}
I{ξj(t) = 1}I{ξj+1 = 1}

)
if xk ≤ m

qI{γxk (t) = 1}I{γxk+1 = 0} if xk > m,

with this rate being 0 if x+ ek /∈ Z+
d ; and when x− ek ∈ Z+

d ,

ρ(x, x−ek) =

I{γxk (t) = 1}I{γxk−1 = 0}

(∑
j∈Z

I

{
j−1∑

ℓ=−∞
ξℓ(t) = k − 1

}
I{ξj(t) = 1}I{ξj+1 = 1}

)
if xk ≤ m+ 1

I{γxk (t) = 1}I{γxk−1 = 0} if xk > m+ 1,

with this rate being 0 when x− ek /∈ Z+
d .

Since in the time intervals [ti, ti+1) the background giving the restriction of {y(t)}t∈R≥0
to {xm(t)}t∈R≥0

is fixed we are in the setting of Proposition 5.10 of Liggett [II.,[27]] and so on each interval t ∈ [ti, ti+1)
the measure π is also reversible stationary for xm(t). Thus π is reversible stationary for {xm(t)}t∈R≥0

.
The coupling between {xm(t)}t∈R≥0

and {x(t)}t∈R≥0
gives us that xm(t) −−−−→

m→∞
x(t) a.s. , thus the

measure π is also reversible stationary for the process {x(t)}t∈R≥0
. □

Remark 3.5. From the proof of the above theorem we see that the distribution of the labels of the second
class particles is independent of the distribution of the process {ξ(t)}t∈R≥0

.
Using the coupling we give an alternative proof of Theorem 1.1 (the distribution of the number of

particles in a half infinite volume).

Alternative proof of Theorem 1.1. We prove this by considering the coupling for the case of a single
second class particle, η = ξ − δX . Under the coupling we see that if there are k particles to the left of
site m+ 1 in η this is the same as one of two possible events in ξ:

• There are k particles to the left of the site m+ 1 and the second class particle is to the right of
site m. In this case the label of the second class particle is at least k.

• There are k+1 particles to the left of site m+1 and the second class particle is one of them. In
this case the label of the second class particle is at most k.

Using Lemma 3.3 we then have that,

µc({N
←
p

m+ 1
2

(η) = k}) = µc−1({N
←
p

m+ 1
2

(ξ) = k})P(x ≥ k) + µc−1({N
←
p

m+ 1
2

(ξ) = k + 1})P(x ≤ k), (6)

where x denotes the label of the second class particle.
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We want the measures above to all have the same parameter so we look to change c−1 to c; by Lemma
2.6 we have that,

µc−1(({N
←
p

m+ 1
2

(z) = k}) = q−k

1 + qc−1−m
µc({N

←
p

m+ 1
2

(z) = k}).

Hence (6) becomes,

µc({N
←
p

m+ 1
2

(z) = k}) = q−k

1 + qc−1−m
µc(({N

←
p

m+ 1
2

(z) = k}) · P(x ≥ k)

+
q−(k+1)

1 + qc−1−m
µc(({N

←
p

m+ 1
2

(z) = k + 1}) · P(x ≤ k).

By Theorem 3.4 for d = 1,

P(x ≥ k) =

∞∑
i=k

(1− q)qi = qk and P(x ≤ k) =

k∑
i=0

(1− q)qi = 1− qk+1

thus we have that,

µc({N
←
p

m+ 1
2

(z) = k}) =
µc(({N

←
p

m+ 1
2

(z) = k})

1 + qc−1−m
+

q−(k+1) − 1

1 + qc−1−m
µc({N

←
p

m+ 1
2

(z) = k + 1}).

Rearranging gives the following recurrence,

µc({N
←
p

m+ 1
2

(z) = k + 1}) = qc−1−m

q−(k+1) − 1
µc({N

←
p

m+ 1
2

(z) = k}).

We now solve this recurrence,

µc({N
←
p

m+ 1
2

(z) = k}) = qc−1−m

q−k − 1
µc({N

←
p

m+ 1
2

(z) = k − 1})

=
q2(c−1−m)

(q−k − 1)(q−(k−1) − 1)
µc({N

←
p

m+ 1
2

(z) = k − 2})

...

=
qk(c−1−m)

k−1∏
j=0

(q−(k−j) − 1)

µc({N
←
p

m+ 1
2

(z) = 0})

=
qk(c−1−m)(−1)k

k−1∏
j=0

(1− q−(k−j))

µc({N
←
p

m+ 1
2

(z) = 0}).

We can calculate µc({N
←
p

m+ 1
2

(z) = 0}) explicitly to be
∏

j≤m

1
1+qc−j and so we have that,

µc({N
←
p

m+ 1
2

(z) = k}) = qk(c−1−m)(−1)k

k−1∏
j=0

(1− q−(k−j))

∏
j≤m

1

1 + qc−j

=
qk(c−1−m)(−1)k

(q−k; q)k

∞∏
i=0

1

1 + qi+c−m

=
qk(c−1−m)(−1)k

(q−k; q)k(−qc−m; q)∞
.

Finally we use the Pochhammer relation of Lemma A.3 giving,

µc({N
←
p

m+ 1
2

(z) = k}) = qk(c−m−1)+
k(k+1)

2

(q, q)k(−qc−m, q)∞
=

qk(c−m)+
k(k−1)

2

(q; q)k(−qc−m; q)∞
.

□
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3.4. Second Class Particles Positions Distribution under µc.
Now we look to describe the distribution of the positions of the second class particles within the system.

We will consider two questions:

(1) For a given site what is the probability (under the blocking measure µc) that there is a second
class particle there?

(2) For a given d distinct sites what is the probability (under the blocking measure µc) that the d
second class particles lie on these exact sites?

The first question can be easily computed by looking at expectations under the blocking measures for η
and ξ.

Theorem 1.5. Assume that the coupled system is stationary and ξ ∼ µc. For a given m ∈ Z, we find a
second class particle at site m with probability,

P(ξm > ηm) =
(1− qd)qc−m

(1 + qc−m)(1 + qc+d−m)
.

Proof. By the coupling we have that, ηm = ξm −
d∑

i=1

(δXi
)m. We see that the event {ξm > ηm} is exactly

the event that {
d∑

i=1

(δXi
)m > 0} or equivalently that {

d∑
i=1

(δXi
)m = 1} since we are in the simple exclusion

setting. Now if we take expectations over the coupling equation we have that,

E[ηm] = E[ξm]− E

[
d∑

i=1

(δXi
)m

]
⇐⇒ P(ηm = 1) = P(ξm = 1)− P

(
d∑

i=1

(δXi
)m = 1

)
.

Recall Lemma 3.3 and so by the assumption that ξ ∼ µc, it must be that η ∼ µc+d. Hence,

P(ξm > ηm) = P(ξm = 1)− P(ηm = 1) =
qc−m

1 + qc−m
− qc+d−m

1 + qc+d−m
=

(1− qd)qc−m

(1 + qc−m)(1 + qc+d−m)

□

Remark 3.6. We see that this is equal to P(Y = −m) for some Y which is distributed according to the
discrete logistic distribution with parameters (q,−c) (as defined by Chakraborty and Chakravarty in 2016
[14]).

To answer the second question we will make use of the label process for the second class particles.
We then use the product structure of the blocking measure to split the state space up into the piece to
the left of where we want the first second class particle and the pieces between the sites for the other
second class particles. The following Theorem gives the stationary distribution for the positions of all
the d second class particles.

Theorem 1.8. Assuming that the coupled system is stationary and ξ ∼ µc, the stationary distribution
of X, the position of d > 0 second class particles, is given by,

P(X = m) =

d∏
i=1

(1− qi) · q
dc−

d∑
j=1

mj

d∏
j=1

(1 + qc+d−j−mj )(1 + qc+d+1−j−mj )

, for all m1 < m2 < ... < md ∈ Z.

Remark 3.7. Of course when d = 1 the two questions we considered are the same and so Theorems 1.5
and 1.8 are equal:

P(X = m) =
(1− q)qc−m

(1 + qc−m)(1 + qc+1−m)
.

When d > 1 we see that this distribution is product in the mj ’s other than the exclusion phenomenon
represented by the strict ordering of the mj ’s.
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In order to prove Theorem 1.8 we first condition on the labels of the second class particles. By the
independence of the label process and ξ we have that,

P(X = (m1, ..,md)) =
∑
k∈Zd

+

π(k) · µc

ξ : ξmi
= 1,

mi−1∑
j=−∞

ξj = ki for i ∈ {1, .., d}


 .

Let us focus on the probability under µc in the above.

Lemma 3.8. For m1 < m2 < ... < md ∈ Z and k1 < k2 < ... < kd ∈ Z≥0,

µc

({
ξ : ξmi = 1,

mi−1∑
j=−∞

ξj = ki for i ∈ {1, .., d}

})
=

q(k1+1)(c−m1)+
k1(k1+1)

2

(q; q)k1(−qc−md ; q)∞

d∏
j=2

q(k̂j+1)(c−mj)+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j

where k̂j := kj − kj−1 − 1 and m̂j := mj −mj−1 − 1 for j ∈ {2, ..., d}.

Proof. Take some m1 < m2 < ... < md ∈ Z and k1 < k2 < ... < kd ∈ Z≥0 and define for j ∈ {2, ..., d}
k̂j := kj − kj−1 − 1, then

µc

({
ξ :ξmi

= 1,

mi−1∑
j=−∞

ξj = ki for i ∈ {1, .., d}

})

= µc

z : zmi = 1,

m1−1∑
i=−∞

zi = k1,

mj−1∑
i=mj−1+1

zi = k̂j for j ∈ {2, .., d}


 .

So the event we are interested in (once we have fixed a value k for the label process) consists of:

• Particles in ξ at sites m1, ...,md.
• k1 particles to the left of site m1.

• For each j ∈ {2, ..d}, k̂j particles on the sites in the range [mj−1 + 1,mj+1 − 1].

Moreover, by the product structure of µc these are independent and so the above is equal to,

d∏
i=1

µc
mi

(1) · µc({N
←
p

m1−1+ 1
2

(z) = k1}) ·
d∏

j=2

µc({N
←
p

mj−1+ 1
2

(z)−N
←
p

mj−1+
1
2

(z) = k̂j}). (7)

By Theorem 1.1 and Lemma 1.3 we have,

Equation (7) =

d∏
i=1

qc−mi

1 + qc−mi
· qk1(c−m1)+

k1(k1+1)
2

(q; q)k1(−qc−m1+1; q)∞

d∏
j=2

qk̂j(c−mj)+
k̂j(k̂j+1)

2 (q; q)m̂j

(−qc−mj+1; q)m̂j (q; q)k̂j
(q; q)m̂j−k̂j

.

Let us consider,

(1 + qc−m1)(−qc+m1+1; q)∞

d∏
j=2

(1 + qc−mj )(−qc−mj+1; q)m̂j

= (1 + qc−m1)

∞∏
i=0

(1 + qc−m1+1+i) ·
d∏

j=2

(1 + qc−mj )

m̂j−1∏
i=0

(1 + qc−mj+1+i)


=

∞∏
i=0

(1 + qc−m1+i) ·
d∏

j=2


m̂j∏
i=0

(1 + qc−mj+i)

 =

∞∏
i=−m1

(1 + qc+i) ·
d∏

j=2


−mj−1−1∏
i=−mj

(1 + qc+i)


=

∞∏
i=−md

(1 + qc+i) =

∞∏
i=0

(1 + qc−md+i) = (−qc−md ; q)∞.

Hence,

µc

({
ξ : ξmi = 1,

mi−1∑
j=−∞

ξj = ki for i ∈ {1, .., d}

})
=

q(k1+1)(c−m1)+
k1(k1+1)

2

(q; q)k1(−qc−md ; q)∞

d∏
j=2

q(k̂j+1)(c−mj)+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j

.

□
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Using Lemma 3.8, Euler’s Identity and the q-Binomial Theorem we prove Theorem 1.8, and find the
stationary distribution of the positions of the second-class particles.

Proof of Theorem 1.8.

P(X = m) =
∑
k∈Zd

+

π(k) · µc

ξ : ξmi
= 1,

mi−1∑
j=−∞

ξj = ki for i ∈ {1, .., d}




=

∞∑
k1=0

k1+1+m̂2∑
k2=k1+1

· · ·
kd−1+1+m̂d∑
kd=kd−1+1

d∏
i=1

(1− qi)q

d∑
i=1

ki− d(d−1)
2

µc

ξ : ξmi = 1,

mi−1∑
j=−∞

ξj = ki for i ∈ {1, .., d}




=

∞∑
k1=0

m̂2∑
k̂2=0

· · ·
m̂d∑

k̂d=0

d∏
i=1

(1− qi)q
dk1+

d∑
i=2

(d+1−i)k̂i q(k1+1)(c−m1)+
k1(k1+1)

2

(q; q)k1(−qc−md ; q)∞

d∏
j=2

q(k̂j+1)(c−mj)+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j

=

d∏
i=1

(1− qi) · q
dc−

d∑
j=1

mj

(−qc−md ; q)∞

∞∑
k1=0

m̂2∑
k̂2=0

· · ·
m̂d∑

k̂d=0

qk1(c+d−m1)+
k1(k1+1)

2

(q; q)k1

d∏
j=2

qk̂j(c+d+1−j−mj)+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j

Euler’s identity gives us that,

∞∑
k1=0

qk1(c+d−m1)+
k1(k1+1)

2

(q; q)k1

= (−qc+d+1−m1 ; q)∞.

For each j ∈ {2, ..., d} the q-Binomial Theorem gives,

m̂j∑
k̂j=0

qk̂j(c+d+1−j−mj)+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j

= (−qc+d+2−j−mj ; q)m̂j
.

Thus,

P(X = m) =

d∏
i=1

(1− qi) · q
dc−

d∑
j=1

mj

(−qc+d+1−m1 ; q)∞
d∏

j=2

(−qc+d+2−j−mj ; q)m̂j

(−qc−md ; q)∞
.

By iteratively applying Lemma A.4 we have,

P(X = m) =

d∏
i=1

(1− qi) · q
dc−

d∑
j=1

mj

(−qc+d+1−m1 ; q)∞
d∏

j=2

(−qc+d+2−j−mj ; q)m̂j

(−qc−md ; q)∞

=

d∏
i=1

(1− qi) · q
dc−

d∑
j=1

mj

(−qc+d+1−m1 ; q)∞
d−1∏
j=2

(−qc+d+2−j−mj ; q)m̂j

(1 + qc−md)(1 + qc+1−md)(−qc+1−md−1 ; q)∞

=

d∏
i=1

(1− qi) · q
dc−

d∑
j=1

mj

(−qc+d+1−m1 ; q)∞
d−2∏
j=2

(−qc+d+2−j−mj ; q)m̂j

(1 + qc−md)(1 + qc+1−md)(1 + qc+1−md−1)(1 + qc+2−md−1)(−qc+2−md−2 ; q)∞
...

=

d∏
i=1

(1− qi) · q
dc−

d∑
j=1

mj

(−qc+d+1−m1 ; q)∞

d∏
j=2

(1 + qc+d−j−mj )(1 + qc+d+1−j−mj )(qc+d−1−m1 ; q)∞

.
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Lastly we see that,

(−qc+d+1−m1 ; q)∞
(qc+d−1−m1 ; q)∞

=
1

(1 + qc+d−1−m1)(1 + qc+d−m1)

and thus,

P(X = m) =

d∏
i=1

(1− qi) · q
dc−

d∑
j=1

mj

d∏
j=1

(1 + qc+d−j−mj )(1 + qc+d+1−j−mj )

.

□

Thus, we have found the distribution under the blocking measure for the positions of any given d
second class particles in ASEP.

3.5. Second Class Particles Positions Distribution under νn.
We will now consider the same questions under the ergodic measure. To recall the questions we consider

are as follows.

(1) For a given site what is the probability (under the ergodic measure νn) that there is a second
class particle there?

(2) For a given d distinct sites what is the probability (under the ergodic measure νn) that the d
second class particles lie on these exact sites?

Just as in Section 3.4, the first question can be easily computed by looking at expectations under the
ergodic measures for η and ξ.

Proposition 1.6. Assume that the coupled system is stationary and ξ ∼ νn. For a given m ∈ Z, we find
a second class particle at site m with probability,

Pνn(ξm > ηm) = (q; q)∞


∞∑

k=(m−n−1)+

q(k+1)(n−m+k+1)

(q; q)k(q; q)n−m+k+1
−

∞∑
k=(m−n−d−1)+

q(k+1)(n+d−m+k+1)

(q; q)k(q; q)n+d−m+k+1

 .

Proof. By the coupling we have that, ηm = ξm −
d∑

i=1

(δXi
)m. We see that the event {ξm > ηm} is exactly

the event that {
d∑

i=1

(δXi
)m > 0} or equivalently that {

d∑
i=1

(δXi
)m = 1} since we are in the simple exclusion

setting. Recall Lemma 3.2 and so by the assumption that ξ ∼ νn, it must be that η ∼ νn+d. Now if we
take expectations over the coupling equation we have that,

E[ηm] = E[ξm]− E

[
d∑

i=1

(δXi
)m

]
⇐⇒ Pνn+d(ηm = 1) = Pνn(ξm = 1)− Pνn

(
d∑

i=1

(δXi
)m = 1

)
.

Hence by Lemma 2.10 we have that,

Pνn(ξm > ηm) = Pνn(ξm = 1)− Pνn+d(ηm = 1)

= (q; q)∞


∞∑

k=(m−n−1)+

q(k+1)(n−m+k+1)

(q; q)k(q; q)n−m+k+1
−

∞∑
k=(m−n−d−1)+

q(k+1)(n+d−m+k+1)

(q; q)k(q; q)n+d−m+k+1

 .

□

As before the second question we ask is what is the joint distribution of the positions of all d second
class particles. We will first study the case when d = 1, of course this is equivalent to taking d = 1 in
Proposition 1.6. However by conditioning on the label of the second class particle we find an alternative
form for this distribution.
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Proposition 1.7. Consider the coupling (η, ξ) when d = 1 (i.e. a single second class particle in ASEP).
Assume the coupled system is stationary with ξ ∼ νn. Then for any m ∈ Z the probability that the second
particle is at site m is,

Pνn(X = m) = (1− q)(q; q)∞

∞∑
k=(m−n−1)+

qk(n−m+k+1)+k+(n−m+k+1)

(q; q)k(q; q)n−m+k+1
.

Proof. We begin by conditioning on the label of the second class particle. By the independence of the
label process and ξ we have that,

Pνn(X = m) =

∞∑
k=0

π(k) · νn
({

ξ : ξm = 1,

m−1∑
i=−∞

ξi = k

})

=

∞∑
k=(m−n−1)+

π(k) ·
µc

({
ξ : ξm = 1,

m−1∑
i=−∞

ξi = k

}
∩ {N = n}

)
µc({N = n})

=

∞∑
k=(m−n−1)+

π(k)
µc({N

←
p

m−1+ 1
2

(z) = k} ∩ {ξm = 1} ∩ {N
→
h
m+ 1

2

(z) = n−m+ k + 1})

µc({N = n})

=
∑

k=(m−n−1)+

π(k)
µc({N

←
p

m−1+ 1
2

(z) = k}) · µc
m(1) · µ2m+1−c({N

←
p

m+ 1
2

(z) = n−m+ k + 1})

µc({N = n})

=

∞∑
k=(m−n−1)+

(1− q)qk
∑
ℓ∈Z

q
ℓ(ℓ+1)

2 −ℓc

q
n(n+1)

2 −nc
· qk(c+1−m)+

k(k−1)
2

(q; q)k(−qc+1−m; q)∞
· qc−m

(1 + qc−m)

· q
(n−m+k+1)(m+1−c)+

(n−m+k+1)(n−m+k)
2

(q; q)n−m+k+1(−qm+1−c; q)∞
.

Then by Lemma A.1 and the Jacobi triple product identity, (2), we have that,

Pνn(X = m) = (1− q)(q; q)∞

∞∑
k=(m−n−1)+

qk(n−m+k+1)+k+(n−m+k+1)

(q; q)k(q; q)n−m+k+1
.

□

Under the ergodic measure νn (for any n ∈ Z) there is a unique ground state, ηn ∈ Ωn given by,

ηni =

{
1 if i > n

0 if i ≤ n
.

If the ASEP with a single second class particle is distributed according to the ergodic measure (i.e.
ξ ∼ νn) then in the ground state ηn the second class particle is at site n + 1. It is therefore natural to
consider the displacement of the second class particle from its (most probable) position in the ground
state. We will call this displacement D and we notice that, D = X − (n+ 1). Using Proposition 1.7 we
give the distribution of the displacement of a single second class particle in ASEP.

Corollary 3.9. Consider the coupling (η, ξ) when d = 1 (i.e. a single second class particle in ASEP).
Assume the coupled system is stationary with ξ ∼ νn. Then for any ℓ ∈ Z the probability that the
displacement of the second class particle is ℓ is,

Pνn(D = ℓ) = (1− q)(q; q)∞

∞∑
k=(ℓ)+

qk(k−ℓ)+k+(k−ℓ)

(q; q)k(q; q)k−ℓ
.

Proof. By definition, D = X − (n+ 1) and so,

Pνn(D = ℓ) = Pνn(X = ℓ+ n+ 1) = (1− q)(q; q)∞

∞∑
k=(ℓ)+

qk(k−ℓ)+k+(k−ℓ)

(q; q)k(q; q)k−ℓ
.
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□

Remark 3.10. In 2012, Gnedin and Olshanski, [22], defined the two-sided infinite Mallows model for
random permutations of the integers. We will denote the set of all permutations of Z (i.e. bijections
σ : Z → Z) by S. Here we will see how the above result links to these random permutations. First we
give a short introduction to Mallows measures (for full details see [22]).

The two sided infinite Mallows measure is a probability distribution on permutations of the integers
that concentrates on,

Sbal ··= {σ ∈ S : |{i ∈ Z≤0 : σ(i) ∈ Z>0}| < ∞ and, |{j ∈ Z>0 : σ(j) ∈ Z≤0}| < ∞} .

That is, far to the left (i ≪ 0) in the permutation we only see negative numbers and far to right (i ≫ 0)
we only see positive numbers. Note that this is similar to the blocking states in ASEP, where far to the
left there are only holes and far to the right only particles.

As described in [[22], Equation (3)], such a permutation, σ, of Z can be given by permutations,
σ+ and σ−, of Z>0 and Z≤0 respectively, and an interlacing pattern, given by an integer partition λ,
which encodes how to fit the two permutations together. For a given σ ∈ Sbal consider the associated
permutation word,

w = (· · ·w−1w0w1w2 · · · ) = (· · ·σ(−1)σ(0)σ(1)σ(2) · · · ).

From this we derive a binary word,

ε = (· · · ε−1ε0ε1ε2 · · · ) ∈ {−1,+1}Z,

where,

εi =

{
+1 if σ(i) ∈ Z>0

−1 if σ(i) ∈ Z≤0.

The binary word ε can be encoded into an integer partition λ by splitting Z into the disjoint union of
the set of positions where εi = −1 and the set of positions where ε = 1. That is,

Z = σ−1(Z≤0) ∪ σ−1(Z>0) = {· · · < j−2 < j−1 < j0} ∪ {i1 < i2 < i3 < · · · }.

Then λ is given by,

λℓ = ℓ− iℓ ∀ℓ ≥ 0.

Or equivalently the conjugate partition, λ′, is given by,

λ′
ℓ = j−ℓ+1 + ℓ− 1 ∀ℓ ≥ 0.

With this we can define the permutations σ+ and σ− of Z>0 and Z≤0 respectively. We define this via
the associated permutation words,

w+ ··= (σ+(1)σ+(2)σ+(3) · · · ) = (wi1wi2wi3 · · · ),

and,

w− ··= (· · ·σ−(−2)σ−(−1)σ−(0)) = (· · ·wj−2
wj−1

wj0).

This gives the triple (w+, w−, ε), or equivalently (w+, w−, λ); w can be recovered from the this by
replacing each +1 entry of ε from left-to-right by the entries of w+ and similarly the −1 entries of ε from
right-to-left with the entries of w−.

Then, as given in [[22], Equation (4)], the two sided infinite Mallows measure of parameter q ∈ (0, 1),
Q, is defined as a product measure,

Q ··= Q+ ⊗Q− ⊗ P,

where Q+ is the Mallows measure on permutations of Z>0, similarly Q− is the Mallows measure on
permutations of Z≤0 and P is the natural probability distribution on integer partitions given by,

P(λ) =
q|λ|

(q; q)∞
for any integer partition λ.
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For a detailed construction of the Mallows measure on Z>0 see Gnedin and Olshanski [21] (in particular
Q+ is defined in Definition 4.4). First consider the Mallows measure on permutations of {1, · · · , n} for
any n ∈ Z>0,

Qn(σ) =
qinv(σ)(q; q)n
(1− q)n

.

Then as n → ∞, Qn weakly converge to Q+ [[21], Proposition A.1.]. The Mallows measure, Q−, on Z≤0

can be similarly defined.
Consider a permutation, σ ∈ S. For any integer, j, its displacement is defined to be Dj = σ(j)−j. We

see that Corollary 3.9 gives exactly the distribution of displacement for any integer under the two-sided
infinite Mallows measure with parameter q as given in [[22], Theorem 5.1],

PQ(D = ℓ) = (1− q)(q; q)∞
∑

r,s≥0:
r−s=ℓ

qrs+r+s

(q; q)r(q; q)s
∀ℓ ∈ Z.

This is clear since the connection between ASEP under blocking measures and permutations of the
integers distributed according to the Mallows measure has been well studied, for example by Bufetov
and Nejjar [13]. Indeed, if we let any i ∈ Z>n+1 be equivalent to a first class particle, any j ∈ Z<n+1

be equivalent to a hole and n + 1 represent a single second class particle then, any Mallows distributed
permutation of Z gives an ASEP state with a single second class particle distributed according to the
ergodic measure νn.

Now we consider the joint distribution of any given d > 0 second class particles in ASEP under the
ergodic measure νn for any n ∈ Z.

Proposition 1.9. Assume that the coupled system is stationary and ξ ∼ νn. For any m = (m1, · · · ,md)
such that m1 < m2 < · · ·md ∈ Z, the probability that the positions of the second class particles, X, is m
is given by,

Pνn(X = m) = q
−

d∑
i=1

mi

(q; q)∞

d∏
i=1

(1− qi)
∑

k∈Zd
+:

∀j∈{1,2,··· ,d},
kj≥mj−n−1

q
k1(k1+1)

2 +k1(d−m1)+
kd(kd+1)

2 +(kd+1)(n+1)

(q; q)n−md+kd+1(q; q)k1

·
d∏

j=2

qk̂j(d+1−j−mj)+
k̂j(k̂j+1)

2 ·
[
m̂j

k̂j

]
q

,

where m̂j ··= mj −mj−1 − 1 and k̂j ··= kj − kj−1 − 1 for each j ∈ {2, · · · , d}.

Remark 3.11. The proof follows the same reasoning as used in the proofs of Theorem 1.8 and Proposition
1.7.

Proof. We first condition on the labels of the d second class particles. Since the label process and the
distribution of ξ are independent we have that,

Pνn(X = m) =
∑
k∈Zd

+

π(k) · νn
({

ξ : ξmi = 1,

mi−1∑
j=−∞

ξj = ki ∀i ∈ {1, · · · , d}
})

=
∑
k∈Zd

+

π(k) · νn
({

ξ : ξmi
= 1 ∀i ∈ {1, · · · , d},

m1−1∑
i=−∞

ξi = k1,

mj−1∑
i=mj−1+1

ξi = k̂j ∀j ∈ {2, · · · , d}
})

,

(8)

where k̂j ··= kj − kj−1 − 1. We note that for some values of k ∈ Zd
+ the probability of the quantity under

νn above will be 0 (we will make this more precise below).
Let’s concentrate on the quantity under νn. For any c ∈ R we have that,

νn

({
ξ :ξmi

= 1 ∀i ∈ {1, · · · , d},
m1−1∑
i=−∞

ξi = k1,

mj−1∑
i=mj−1+1

ξi = k̂j ∀j ∈ {2, · · · , d}
})

(9)
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= µc

({
ξ : ξmi = 1 ∀i ∈ {1, · · · , d},

m1−1∑
i=−∞

ξi = k1,

mj−1∑
i=mj−1+1

ξi = k̂j ∀j ∈ {2, · · · , d}
}∣∣∣∣N(ξ) = n

)

=

µc

({
ξ : ξmi

= 1 ∀i ∈ {1, · · · , d},
m1−1∑
i=−∞

ξi = k1,
mj−1∑

i=mj−1+1

ξi = k̂j ∀j ∈ {2, · · · , d}
}⋂

{N(ξ) = n}

)
µc({N(z) = n})

.

As we have already seen, for any n,m ∈ Z,
{N(z) = n} ⇐⇒ {Nm+ 1

2
(z) = n−m}.

We also note that,{
ξ : ξmi

= 1 ∀i ∈ {1, · · · , d},
m1−1∑
i=−∞

ξi = k1,

mj−1∑
i=mj−1+1

ξi = k̂j ∀j ∈ {2, · · · , d}
}

⇒ {N
←
p

md+
1
2

(ξ) = kd + 1}.

By definition,

Nmd+
1
2
(z) = N

→
h
md+

1
2
(z)−N

←
p

md+
1
2

(z),

and so for any n,m ∈ Z and k ∈ Z≥0,

{N
←
p

m+ 1
2

(z) = k} ∩ {Nm+ 1
2
(z) = n−m} ⇐⇒ {N

←
p

m+ 1
2

(z) = k} ∩ {N
→
h
m+ 1

2
(z) = n−m+ k}.

Putting this together we see that,{
ξ : ξmi = 1 ∀i ∈ {1, · · · , d},

m1−1∑
i=−∞

ξi = k1,

mj−1∑
i=mj−1+1

ξi = k̂j ∀j ∈ {2, · · · , d}
}⋂

{N(z) = n}

⇐⇒
{
ξ : ξmi

= 1 ∀i ∈ {1, · · · , d},
m1−1∑
i=−∞

ξi = k1,

mj−1∑
i=mj−1+1

ξi = k̂j ∀j ∈ {2, · · · , d}
}

⋂
{N

→
h
md+

1
2
(z) = n−md + kd + 1}.

Using the product structure of µc and Corollary 2.3 we find that,

Equation(9) =
1

µc({N(z) = n})
·

d∏
i=1

µc
mi

(1) ·
d∏

j=2

µc({N
←
p

mj−1+ 1
2

(z)−N
←
p

mj−1+
1
2

(z) = k̂j})

· µc({N
←
p

m1−1+ 1
2

(z) = k1}) · µc({N
→
h
md+

1
2
(z) = n−md + kd + 1})

=
1

µc({N(z) = n})
·

d∏
i=1

µc
mi

(1) ·
d∏

j=2

µc({N
←
p

mj−1+ 1
2

(z)−N
←
p

mj−1+
1
2

(z) = k̂j})

· µc({N
←
p

m1−1+ 1
2

(z) = k1}) · µ2md+1−c({N
←
p

md+
1
2

(z) = n−md + kd + 1}).

By Lemma 3.8 that is, for permissible configurations,

Equation (9) =
1

µc({N(z) = n})
· µ2md+1−c({N

←
p

md+
1
2

(z) = n−md + kd + 1})

· q
(k1+1)(c−m1)+

k1(k1+1)
2

(q; q)k1(−qc−md ; q)∞

d∏
j=2

q(k̂j+1)(c−mj)+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j

=

∞∑
ℓ=−∞

q
ℓ(ℓ+1)

2 −ℓc

q
n(n+1)

2 −nc
· q

(n−md+kd+1)(md+1−c)+
(n−md+kd)(n−md+kd+1)

2

(q; q)n−md+kd+1(−qmd+1−c; q)∞

· q
(k1+1)(c−m1)+

k1(k1+1)
2

(q; q)k1(−qc−md ; q)∞

d∏
j=2

q(k̂j+1)(c−mj)+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j
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=

∞∑
ℓ=−∞

q
ℓ(ℓ+1)

2 −ℓc q
mdc−

md(md+1)

2 +
kd(kd+1)

2 +(kd+1)(n+1)

(q; q)n−md+kd+1(−qmd+1−c; q)∞

· q−m1(k1+1)+
k1(k1+1)

2

(q; q)k1
(−qc−md ; q)∞

d∏
j=2

q−mj(k̂j+1)+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j

,

where m̂j ··= mj −mj−1 − 1 for each j ∈ {2, 3, · · · , d}.
By Lemma A.1 and the Jacobi triple product identity, equation (2), we have that,

νn

({
ξ : ξmi

= 1 ∀i ∈ {1, · · · , d},
m1−1∑
i=−∞

ξi = k1,

mj−1∑
i=mj−1+1

ξi = k̂j ∀j ∈ {2, · · · , d}
})

=
q

kd(kd+1)

2 +(kd+1)(n+1)−m1(k1+1)+
k1(k1+1)

2 (q; q)∞
(q; q)n−md+kd+1(q; q)k1

d∏
j=2

q−mj(k̂j+1)+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j

.

Now let’s return to the sum over possible label configurations of the second class particles as in (8).
Apriori we have that k ∈ Zd

+ that is,

0 ≤ k1 < k2 < · · · < kd =⇒ k1 ≥ 0, k2 ≥ 1, · · · , kd ≥ d− 1. (10)

In order for the calculations above for the quantity under νn to hold we have to consider extra
conditions on k. In particular, any state, ξ, must be such that N(ξ) = n, and so for each j ∈ {1, 2, · · · , d}

Nmj+
1
2
(ξ) = n − mj . The states we are considering are such that N

←
p

mj+
1
2

(ξ) = kj + 1 for each j ∈
{1, 2, · · · , d}. Thus by the definition of Nmj+

1
2
these states are also such that,

N
→
h
mj+

1
2
(ξ) = n−mj + kj + 1 ∀j ∈ {1, 2, · · · , d}.

Since the number of holes to the right of a site must be non-negative this gives that k must satisfy,

kj ≥ mj − n− 1 ∀j ∈ {1, 2, · · · , d}. (11)

Putting (10) and (11) together we find that any possible k is such that,

0 ≤ k1 < k2 < · · · < kd, and kj ≥ mj − n− 1 ∀j ∈ {1, 2, · · · , d},

or equivalently,

kj ≥ max{mj − n− 1, j − 1} = (mj − n− j)+ + (j − 1) ∀j ∈ {1, 2, · · · , d}.

Thus we have that,

Pνn(X = m)

=
∑

k∈Zd
+

π(k) · νn

({
ξ : ξmi = 1,

mi−1∑
j=−∞

ξj = ki ∀i ∈ {1, · · · , d}
})

=
∑

k∈Zd
+:

∀j∈{1,2,··· ,d},
kj≥mj−n−1

q

d∑
i=1

ki−
d(d−1)

2
d∏

i=1

(
1− qi

) q
kd(kd+1)

2
+(kd+1)(n+1)−m1(k1+1)+

k1(k1+1)
2 (q; q)∞

(q; q)n−md+kd+1(q; q)k1

d∏
j=2

q−mj(k̂j+1)+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j

= q
−

d∑
i=1

mi

(q; q)∞

d∏
i=1

(1− qi)
∑

k∈Zd
+:

∀j∈{1,2,··· ,d},
kj≥mj−n−1

q
dk1+

d∑
j=2

(d+1−j)k̂j q
kd(kd+1)

2
+(kd+1)(n+1)−m1k1+

k1(k1+1)
2

(q; q)n−md+kd+1(q; q)k1

d∏
j=2

q−mj k̂j+
k̂j(k̂j+1)

2 (q; q)m̂j

(q; q)k̂j
(q; q)m̂j−k̂j

= q
−

d∑
i=1

mi

(q; q)∞

d∏
i=1

(1− qi)
∑

k∈Zd
+:

∀j∈{1,2,··· ,d},
kj≥mj−n−1

q
k1(k1+1)

2
+k1(d−m1)+

kd(kd+1)

2
+(kd+1)(n+1)

(q; q)n−md+kd+1(q; q)k1

d∏
j=2

qk̂j(d+1−j−mj)+
k̂j(k̂j+1)

2 ·
[
m̂j

k̂j

]
q

.

□
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Remark 3.12. It seems we cannot simplify the sum in Proposition 1.9 further. For example let’s consider
the case where md − n − 1 < 0, and therefore mj − n − 1 < 0 for any j ∈ {1, 2, · · · , d}. In this case
the condition that kj ≥ mj − n− 1 for all j is automatically satisfied and the summation is simply over
any k ∈ Zd

+. So as we did in the proof of Theorem 1.8 we can rewrite the summation over k as the
summation,

∞∑
k1=0

m̂2∑
k̂2=0

· · ·
m̂d∑

k̂d=0

.

In the proof of Theorem 1.8 we could proceed to simplify the sum by using identities such as Euler and
the q-Binomial theorem.

However for the distribution given in Proposition 1.9 we cannot use such identities. This is due to the
factor of,

q
kd(kd+1)

2

in the summand. If we write kd as,

kd = k1 +

d∑
j=2

k̂j + d− 1,

we see that kd(kd+1)
2 gives cross terms such as k̂ik̂j and k1k̂j . So these identities cannot help us here.

In Corollary 3.9 we gave the distribution of the displacement of the second class particle from its
ground state position in the case of ASEP with a single second class particle. Now we can give the joint
distribution of displacements of d second class particles from their positions in the ground state. If the
ASEP with d second class particles is distributed according to the ergodic measure (i.e. ξ ∼ νn) then in
the ground state, ηn ∈ Ωn, the second class particles are at sites n+ 1, n+ 2, · · · , n+ d. We will denote
the displacement of the j-th second particle from it’s position in the ground state by D = (D1, · · · , Dd),
and note that Dj = Xj − (n + j) for each j ∈ {1, · · · , d}. We note that the second class particles stay
ordered which implies that the displacements are non-decreasing, D1 ≤ D2 ≤ · · · ≤ Dd.

Corollary 3.13. Assume that the coupled system is stationary and ξ ∼ νn. For any ℓ ∈ Zd, such that
ℓ1 ≤ ℓ2 ≤ · · · ≤ ℓd, the probability that the displacements of the d second class particles, D, is ℓ is,

Pνn(D = ℓ) = q
−

d∑
i=1

ℓi− d(d+1)
2

(q; q)∞

d∏
i=1

(1− qi)
∑

k∈Zd
+:

∀j∈{1,2,··· ,d},
kj≥ℓj+j−1

q
k1(k1+1)

2 +k1(d−1−ℓ1)+
kd(kd+1)

2 +kd+1

(q; q)kd−ℓd−d+1(q; q)k1

·
d∏

j=2

qk̂j(d+1−2j−ℓj)+
k̂j(k̂j+1)

2 ·
[
ℓj − ℓj−1

k̂j

]
q

,

where k̂j ··= kj − kj−1 − 1 for each j ∈ {2, · · · , d}.

Proof. In the ground state νn the position of the j-th second class particle is n+j, for each j ∈ {1, · · · , d}.
Thus we have that,

Pνn(D = ℓ) = Pνn(X = m),

where mj ··= ℓj + n+ j for each j ∈ {1, · · · , d}. The result then follows form Proposition 1.9. □

Remark 3.14. From our previous discussion (Remark 3.10) we see that Corollary 3.13 should be linked
to [[22], Theorem 6.1] the probability of the joint displacement of d integers under the two-sided infinite
Mallows measure on permutations of Z (in the case where D1 ≤ · · · ≤ Dd). That is for any d > 0 and
integers ℓ1 ≤ ℓ2 ≤ · · · ≤ ℓd,

PQ(D = ℓ) = (1−q)dq−
d(d+1)

2 (q; q)∞

d∏
j=2

(q; q)ℓj−ℓj−1

∑
0≤a1,··· ,ad,b1··· ,bd<∞:

∀j∈{1,··· ,d},
j∑

k=1

bk−
d∑

k=j

aj=ℓj

q

∑
1≤i≤j≤d

(bi+1)(aj+1)

(q; q)b1 · · · (q; q)bd(q; q)a1
· · · (q; q)ad

.
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As before we can equate a Mallows distributed permutation of Z with an ASEP state with d second
class particles distributed as νn. This is done by setting the integers i ≤ n to be holes, the integers
i ≥ n+ d+1 to be first class particles and the integers i ∈ {n+1, · · · , n+ d} to be second class particles.

As we have defined the ASEP with d second class particles, the second class particles remain ordered
(i.e. X1 < X2 < · · · < Xd) and so the displacements of them from their position in the ground state are
also ordered (D1 ≤ D2 ≤ · · · ≤ Dd). However, with Mallows permutations of Z it is not true that the
displacements of consecutive integers have to be ordered in this way. Thus, we see that Corollary 3.13
and [[22], Theorem 6.1] will not match exactly. In fact under the Mallows measure we need to consider
all possible permutations (e.g. if ℓi = ℓi+1 then the permutation that only swaps i and i+ 1 need not be
considered) of the displacements ℓ1, · · · , ℓd. That is, for any ℓ1 ≤ · · · ≤ ℓd,

Pνn(D = ℓ) = PQ(D = ℓ) +
∑

σ:{1,··· ,d} 1:1−→{1,··· ,d}:
σ(ℓ)̸=ℓ

PQ(D = σ(ℓ)),

where the formula of [[22], Theorem 6.1] gives PQ(D = ℓ). However as remarked in [22] the general case
can be handled by introducing an additional factor of qinv(d1+1,··· ,dd+d), thus all terms in the above sum
can be found.

4. Combinatorial identities and their meaning

In Section 2.3 we gave probabilistic proofs to three classical combinatorial identities. Here we discuss
their combinatorial meaning.

First, by considering the particle-hole symmetry of ASEP (Corollary 2.3) we proved the Durfee Rect-
angles Identity.

Theorem 1.10. Durfee Rectangles Identity (for example see equation (4) in Gessel [20])
For q ∈ (0, 1) and any fixed n ∈ Z,

1

(q; q)∞
=

∞∑
k=max{−n,0}

qk(n+k)

(q; q)n+k(q; q)k
.

Let us first consider the case when n = 0, then the identity is,

1

(q; q)∞
=

∞∑
k=0

qk
2

(q; q)2k
.

This is a well known identity, namely the identity for Durfee squares of integer partitions (for example
see Chapter 8 in Andrews and Eriksson [4]). For a given integer partition the Durfee square is the largest
square (anchored in the upper left-hand corner) in its Ferrers diagram. Equivalently, a given partition
with ℓ parts, (λ1 ≥ λ2 ≥ ... ≥ λℓ), has a Durfee square of side length k ≤ ℓ if λk ≥ k and λk+1 ≤ k. With
this definition, any integer partition decomposes into 3 pieces: its unique Durfee square of side length k,
a partition into up k parts to its right, and a partition with parts at most size k underneath (for example
see Figure 3 below). We denote this decomposition in the following way,

λ = (λ1, λ2, ..., λℓ) ≡ {k2, λ(r), λ(d)}

where λ(r) = (λ1−k, ..., λk−k) is the partition to the right of the Durfee square and λ(d) = (λk+1, ..., λℓ)
the partition underneath the Durfee square.

From this decomposition we see where the RHS of the identity comes from. Consider one term in the

sum, say qk
2

(q;q)2k
, for some k. This is the generating function for integer partitions whose Durfee square is

of side length k:

• qk
2

corresponds to the Durfee square.
• 1

(q;q)k
is the generating function for partitions into up to k parts (see Section 6.2 in Andrews and

Eriksson [4]) and so corresponds to the partition to the right of the Durfee square.
• By conjugation 1

(q;q)k
is also the generating function for partitions into parts of size at most k

(see Section 6.2 in Andrews and Eriksson [4]) so this corresponds to partition underneath the
Durfee square.
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The sum over all k considers Durfee squares of any size and so we recover all integer partitions, for which
the generating function is 1

(q;q)∞
, hence the identity holds.

λ=(8,8,7,3,2,1,1)

⇐⇒ λ ≡ {32, (5, 5, 4), (3, 2, 1, 1)}

Figure 3. An example of the Durfee square for an integer partition, λ, of 30.

Now let us consider what the identity means combinatorially for any fixed n ∈ Z. The identity now
states that, for n fixed, every integer partition has a unique Durfee rectangle, a generalisation of the
notion of Durfee square (see for example equation (4) in Gessel [20]). For some fixed n we say that a
given partition with ℓ parts, (λ1 ≥ λ2 ≥ ... ≥ λℓ) has a Durfee rectangle of side lengths n + k and k if
λk ≥ n + k and λk+1 ≤ n + k. From this definition we see that for fixed n each integer partition has a
unique Durfee rectangle (just as it had a unique Durfee square i.e. the case when n = 0). Now with this
definition, for each fixed n, any integer partition decomposes into 3 pieces: its unique Durfee rectangle
of side lengths k and n+ k, a partition into up to k parts to its right, and a partition with parts at most
size n+ k underneath. We denote this decomposition in the following way,

λ = (λ1, λ2, ..., λℓ) ≡ {k ∗ (n+ k), λ(n,r), λ(n,d)}

where λ(n,r) = (λ1 − (n + k), ..., λk − (n + k) is the partition to the right of the Durfee rectangle and
λ(n,d) = (λk+1, ..., λℓ) the partition underneath the Durfee rectangle. See Figure 4 below for an example
of the Durfee rectangle inside a given integer partition for different values of n.

Now we can see where the RHS of the identity comes from. Consider one term in the sum, say
qk(n+k)

(q;q)k(q;q)n+k
, for some k. This is the generating function for integer partitions with Durfee rectangle of

side lengths k and n+ k:

• qk(n+k) corresponds to the Durfee rectangle.
• 1

(q;q)k
is the generating function for partitions into up to k parts and so corresponds to the

partition to the right of the Durfee rectangle.
• By conjugation 1

(q;q)n+k
is the generating function for partitions with parts of size at most n+ k

and so corresponds to the partition underneath the Durfee rectangle.

Summing these generating functions for all k from max{−n, 0} to ∞ (with n ∈ Z fixed) we get all
integer partitions, and thus the identity holds.

λ = (8, 8, 7, 3, 2, 1, 1)

≡ {3 ∗ 5, (3, 3, 2), (3, 2, 1, 1)}

If n = 2, then here k = 3

λ = (8, 8, 7, 3, 2, 1, 1)

≡ {5 ∗ 2, (6, 6, 5, 1), (1, 1)}

If n = −3, then here k = 5

Figure 4. An example of the Durfee rectangle for an integer partition, λ, of 30 when
n = 2 and n = −3.
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By considering the distribution of a site under νn (Lemma 2.10) we proved the following identity.

Proposition 1.11.
For any n ∈ Z, q ∈ (0, 1) we have that,

∞∑
k=max{−n,0}

q(k+1)(n+k)

(q; q)k(q; q)n+k
+

∞∑
k=max{1−n,0}

qk(n+k)

(q; q)k(q; q)n−1+k
=

1

(q; q)∞
.

Combinatorially this identity arises by considering all integer partitions depending on whether their
crank is greater than or less than n. Crank (or Dyson’s crank) is a quantity of any integer partition that
was first discussed by Dyson in 1944 [16] and then was formally defined by Andrews and Garvan in 1988,
[5]. Given an integer partition λ let l(λ) denote the largest part of λ, w(λ) denote the number of parts
of size 1 in λ, and µ(λ) denote the number of parts of λ that are larger than w(λ). The the crank, c(λ)
is defined to be

c(λ) =

{
l(λ) if w(λ) = 0,

µ(λ)− w(λ) if w(λ) > 0.

Example 4.1.

(a) Consider the partition λ1 = (7, 5, 5, 2).

We have that,

l(λ1) = 7, w(λ1) = 0, and, µ(λ1) = 4.

Thus the crank of λ1 is c(λ1) = 7.

(b) Consider the partition λ2 = (6, 4, 4, 2, 1, 1).

We have that,

l(λ2) = 6, w(λ2) = 2, and, µ(λ2) = 3.

Thus the crank of λ2 is c(λ2) = 1.

(c) Consider the partition λ3 = (5, 3, 2, 1, 1, 1).

We have that,

l(λ3) = 5, w(λ3) = 3, and, µ(λ3) = 1.

Thus the crank of λ3 is c(λ3) = −2.

In [5], Andrews and Garvan give the generating function for integer partitions with a given crank
value say m ∈ Z. In 2022, Hopkins, Sellers and Yee, [[24], Theorem 2.1], gave the generating function
for integer partitions with crank≥ n ≥ 0, by considering Durfee rectangles. This generating function is
given by, ∑

k≥0

q(k+1)(n+k)

(q; q)k(q; q)n+k
.

Also it is well-known that integer partitions with crank≤ −n are in one to one correspondence with
integer partitions of crank ≥ n (for any positive n) and so they have the same generating functions.
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Consider the identity in Proposition 1.11 for n = 1, that is,
∞∑
k=0

q(k+1)(k+1)

(q; q)k(q; q)k+1
+

∞∑
k=0

q(k+1)k

(q; q)k(q; q)k
=

1

(q; q)∞
.

We know that the right hand side is the generating function for all integer partitions. The left hand side
is splitting integer partitions depending on whether they have positive or negative crank. In particular
the first sum is the generating function for partitions with crank≥ 1 or equivalently ≤ −1 and the second
sum is the generating function for partitions with crank≥ 0.

The general statement for any n ∈ Z similarly splits integer partitions in terms of whether the crank
is greater than or less than or equal to n.

By considering the distribution of the number number of particles to the left of some given site in
ASEP (Theorem 1.1) we proved Euler’s identity.

Theorem 1.12. Euler’s Identity (for example see equation E1 in Andrews [2])
For q ∈ (0, 1) and z ∈ R>0,

∞∑
k=0

q
k(k−1)

2 zk

(q; q)k
= (−z; q)∞.

Combinatorially this identity gives two ways of writing the 2-variable generating function for integer
partitions into distinct parts. A general term is of the form dn,kq

nzk where dn,k gives the number of
partitions of n into exactly k distinct parts. The product on the LHS of the identity clearly counts
partitions into distinct parts (with a z in front of q to count the number of non-zero parts). For the sum

on the RHS, k gives the number of parts and it is well known that q
k(k+1)

2

(q;q)k
is the generating function

for partitions into exactly k distinct parts (see for example Section 2 of Cimpoeaş’s 2022 paper [15]). In
Appendix B we give an alternate proof of Theorem 1.1 by considering particles states with k particles to
the left of some site m as partitions of some s (left jumps away from a ground state) into up to k parts.
Instead we can think of a state that has k particles to the left of m as a partition of some n where each
particle denotes a part of size how far this particle is from the boundary site m. Since there can only be
one particle per site these distances must be distinct and thus we have a partition into exactly k distinct
parts. This explains why Euler’s identity arises a consequence of Theorem 1.1.

Similarly, by considering the distribution of the number of particles in between two given sites in ASEP
(Lemma 1.3) we proved the q-Binomial Theorem.

Theorem 1.13. q-Binomial Theorem (Heine [23], also Andrews [3])
For q ∈ (0, 1), z ∈ R>0 and any m ∈ Z≥0,

m∑
k=0

q
k(k−1)

2 zk
[
m
k

]
q

= (−z; q)m.

Combinatorially this identity gives two ways of writing the 2-variable generating function for integer
partitions into distinct parts of size at most m. It is known that the one-variable generating function for

partitions into distinct parts is given by
∞∏
i=1

(1 + qi), clearly if we truncate this product at i = m we have

distinct parts of size a most m (see for example Equation 5.4 of Andrews and Eriksson [4]). If we then

write
m∏
i=1

(1 + zqi) this is the two-variable generating function for these partitions with the power of z

counting the exact number of parts used. Now for the sum on the RHS, as before k gives the number of

parts. It is known that

[
m
k

]
q

is the generating function for partitions into up to k part of size up to m−k

(for example see Section 7.2 of Andrews and Eriksson [4]). If we add a triangle of side length k to the
Young diagram of such a partition we now have a partition with distinct parts of size up to m, as desired.

Note that adding this triangle is the same as multiplying the generating function by a factor of q
k(k+1)

2 .
We note that if we take m to infinity in the q-Binomial Theorem we get Euler’s Identity. In Appendix
B we give an alternative proof of Lemma 1.3 by considering particle states with 0 ≤ k ≤ m2 −m1 − 1
particles inside (m1,m2) as partitions of some s (left jumps away from a ground state) into up k parts of
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size up to m2 −m1 − 1− k. Instead we can think of the states as partitions into exactly k parts with size
up to m ··= m2 −m1 − 1 by letting each particle represent a part of size its distance away from the right
boundary site m2. Again we see that these distances must be distinct due to the exclusion rule and so
the parts in the corresponding partition are distinct. This explains why the q-Binomial Theorem arises
as a consequence of Lemma 1.3.

5. Future directions and open questions

As we saw in Section 2.3, natural questions for the particle system can lead to probabilistic proofs of
well-known combinatorial identities. The authors are exploring further directions.

In the paper of Balázs, Fretwell and Jay [8], it is shown that states of blocking particle systems
with 0-1-. . . -k (for k ≥ 2) particles per site correspond to generalised Frobenius partitions (these are a
generalisation of the notion of integer partitions). With this in mind, perhaps by considering the number
of particles to the left of some site or within a finite range or symmetry between holes and particles for
these more general blocking systems we would see GFP versions of the Euler, q-Binomial and Durfee
rectangles identities.

Recently Amir, Bahadoran, Busani and Saada, [1], characterised the blocking measures for asymmetric
simple exclusion on multiple lanes. There they comment that it would be interesting to see what combina-
torial identities can be found by studying equivalences between the multilane exclusion and other particle
systems like in the work of Balázs and Bowen, [7], and that of Balázs, Fretwell and Jay, [8]. It is natural
to ask what is the distribution of particles in half infinite and finite ranges in the multilane exclusion
under the natural blocking measure. These distributions should also lead to interesting combinatorial
identities as we have shown here for the single lane ASEP (Section 2.3).

Both directions are subjects of upcoming papers.
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Appendix A. Simple q-Pochhammer manipulations

Lemma A.1. For any m ∈ Z and c ∈ R,

q
m(m+1)

2 −mc(−q1+m−c; q)∞(−qc−m; q)∞
(−q1−c; q)∞(−qc; q)∞

= 1.

Proof. Clearly this holds for m = 0, so let’s consider the cases when m > 0 and m < 0 separately.
Firstly when m > 0 we have that,

q
m(m+1)

2 −mc(−q1+m−c; q)∞(−qc−m; q)∞
(−q1−c; q)∞(−qc; q)∞

= q
m(m+1)

2 −mc ·

−1∏
i=−m

(1 + qi+c)

m∏
i=1

(1 + qi−c)

= q
m(m+1)

2 −mc ·

m∏
i=1

qc−i(1 + qi−c)

m∏
i=1

(1 + qi−c)
= 1.

Similarly when m < 0. We suppose m = −l for some l ∈ Z>0 and so,

q
−l(−l+1)

2 +lc(−q1−l−c; q)∞(−qc+l; q)∞
(−q1−c; q)∞(−qc; q)∞

= q
−l(−l+1)

2 +lc ·

0∏
i=−l+1

(1 + qi−c)

l−1∏
i=0

(1 + qi+c)

= q
(l−1)l

2 +lc ·

l−1∏
i=0

q−i−c(1 + qi+c)

l−1∏
i=0

(1 + qi+c)

= 1.

□

Lemma A.2. q-Binomial analogue of Pascal’s identity (e.g. (7.1) in Andrews and Erikkson [4])
For any m ∈ Z>0 and k ∈ {0, . . . ,m},[

m
k

]
q

= qk
[
m− 1

k

]
q

+

[
m− 1
k − 1

]
q

.

Proof. Let us consider,

qk
[
m− 1

k

]
q

+

[
m− 1
k − 1

]
q

= qk
(q; q)m−1

(q; q)k(q; q)m−1−k
+

(q; q)m−1

(q; q)k−1(q; q)m−k

= qk
(q; q)m−1(1− qm−k)

(q; q)k(q; q)m−k
+

(q; q)m−1(1− qk)

(q; q)k(q; q)m−k

=
(q; q)m−1(1− qm)

(q; q)k(q; q)m−k
=

(q; q)m
(q; q)k(q; q)m−k

=

[
m
k

]
q

.

□

Lemma A.3. For any k ∈ Z≥0,

(q−k; q)k = (q−1; q−1)k =
(q; q)k

(−1)kq
k(k+1)

2

.

Proof. We have that,

(q−k; q)k =

k−1∏
j=0

(1− q−(k−j)) =

k∏
i=1

(1− q−i) = (q−1; q−1)k.

(q−1; q−1)k =

k∏
i=1

(1− q−i) = (1− q−1)(1− q−2) · · · (1− q−k) = q
−

k∑
i=1

i
k∏

j=1

(qi − 1) =
(q; q)k

(−1)kq
k(k+1)

2

.

□
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Lemma A.4. For any d ∈ Z>0, any m1 < m2 < ... < md ∈ Z, any c ∈ R, and for each j ∈ {2, .., d},

(−qc+d+2−j−mj ; q)m̂j

(−qc+d−j−mj ; q)∞
=

1

(1 + qc+d−j−mj )(1 + qc+d+1−j−mj )(−qc+d−(j−1)−mj−1 ; q)∞

where m̂j ··= mj −mj−1 − 1

Proof.

(−qc+d+2−j−mj ; q)m̂j

(−qc+d−j−mj ; q)∞
=

m̂j∏
i=1

(1 + qc+d+1−j−mj+i)

∞∏
i=0

(1 + qc+d−j−mj+i)

=

m̂j∏
i=1

(1 + qc+d+1−j−mj+i)

(1 + qc+d−j−mj )(1 + qc+d+1−j−mj )
∞∏
i=1

(1 + qc+d+1−j−mj+i)

=
1

(1 + qc+d−j−mj )(1 + qc+d+1−j−mj )
∞∏

i=m̂j+1

(1 + qc+d+1−j−mj+i)

=
1

(1 + qc+d−j−mj )(1 + qc+d+1−j−mj )
∞∏
i=0

(1 + qc+d+1−j−mj−1+i)

=
1

(1 + qc+d−j−mj )(1 + qc+d+1−j−mj )(−qc+d−(j−1)−mj−1 ; q)∞

□

Appendix B. Combinatorial Arguments

This section is included for completeness. Notice that no other parts of the paper rely on these
arguments.

Alternative proof of Theorem 1.1.

We notice that, any state z such that N
←
p

m+ 1
2

(z) = k is some s number of left jumps away from the

state ω̃, which is defined on the sites (−∞,m] as,

ω̃i =

{
1 if i ∈ {m− k + 1, ...,m}
0 o/w.

We see that a left particle jump changes the probability of a state, under µc, by a factor of q,

µc(z(j,j−1)) =
∏
i∈Z

q−(i−c)z
(j,j−1)
i

1 + q−(i−c)
= qj−c · q−(j−1−c) · µc(z) = q · µc(z).

Thus we have that,

µc({N
←
p

m+ 1
2

(z) = k}) = µc|(−∞,m](ω̃)

∞∑
s=0

qsĝ(k, s),

where ĝ(k, s) counts the number of states on (−∞,m] that are s left jumps away from ω̃. A state that
is s left jumps away from ω̃ can be viewed as a partition of s where the parts are the number of left
jumps each particle is away from its position in ω̃. So the partitions that these states correspond to are

partitions of s with up to k parts. Then
∞∑
s=0

qsĝ(k, s) is the generating function for such partitions, by

conjugation of partitions we know that
∞∑
s=0

qsĝ(k, s) = 1
(q;q)k

(for example see Section 6.2 of Andrews and



SECOND CLASS PARTICLE BEHAVIOUR IN BLOCKING ASEP 43

Eriksson [4]). Now we find,

µc|(−∞,m](ω̃) =

m∏
i=−∞

µc
i (ω̃i) =

m∏
i=m−k+1

qc−i

m∏
i=−∞

(1 + qc−i)
=

qk(c−m)+
k(k−1)

2

∞∏
i=0

(1 + qc−m+i)
=

qk(c−m)+
k(k−1)

2

(−qc−m; q)∞
.

Putting this together we have that,

µc({N
←
p

m+ 1
2

(z) = k}) = qk(c−m)+
k(k−1)

2

(q; q)k(−qc−m; q)∞
.

□

Alternative proof of Lemma 1.3.
For some k ∈ {0, ..., m̂2} define a state ω on [m1 + 1,m2 − 1] such that,

ωi =

{
1 for i ∈ {m2 − k, ...,m2 − 1}
0 for i ∈ {m1 + 1, ...,m2 − k − 1}.

We see that for any state z defined on [m1 + 1,m2 − 1] there is some minimal number of right particle
jumps needed to get to ω; that is z is some s left jumps away from ω. Thus, since a left jump changes
the measure by a factor of q,

µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) = µc|[m1+1,m2−1](ω)

k(m̂2−k)∑
s=0

qsg(k, s)

where g(k, s) counts the number of states on [m1 + 1,m2 − 1] that are s jumps away from ω. The
probability under µc|[m1+1,m2−1] of the state ω is,

µc|[m1+1,m2−1](ω) =

m2−1∏
i=m1+1

µc
i (ωi) =

m2−1∏
i=m2−k

qc−i

m2−1∏
i=m1+1

(1 + qc−i)

=
q
k(c+1−m2)+

k−1∑
i=1

i

m̂2∏
i=1

(1 + qc−m2+i)

=
qk(c+1−m2)+

k(k−1)
2

(−qc−m2+1; q)m̂2

.

A state that is s left jumps away from ω can be viewed as a partition of s where the parts are the number
of left jumps each particle is away from its position in ω. So the partitions which these states correspond

to are partitions of s with up to k parts of size up to m̂2 − k. Hence
k(m̂2−k)∑

s=0
qsg(k, s) is the generating

function for these such partitions which can be written in the following way (for example see Section 7.2
of Andrews and Eriksson [4]),

k(m̂2−k)∑
s=0

qsg(k, s) =

[
m̂2

k

]
q

=
(q; q)m̂2

(q; q)k(q; q)m̂2−k

Putting all this together we find that,

µc({N
←
p

m2−1+ 1
2

(z)−N
←
p

m1+
1
2

(z) = k}) = qk(c+1−m2)+
k(k−1)

2 (q; q)m̂2

(−qc−m2+1; q)m̂2(q; q)k(q; q)m̂2−k

□
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