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A Novel Constrained Car-Following Control System
for Autonomous Vehicles with Only Relative

Distance and Angle Measurements
Khoshnam Shojaei and Allahyar Montazeri

Abstract—This paper proposes a novel coordinated car-
following controller for two connected Ackermann steering vehi-
cles subjected to actuator saturation, model uncertainties, limited
filed-of-view, limited sensing and communication ranges, without
velocity measurements, without collision between vehicles, and
with path curvature compensation. To comply with the controller
design, relative constrained distance and angle between vehicles
are transformed into an efficient Euler-Lagrange formulation
in terms of unconstrained errors. Then, two new sets of non-
linear filtered error variables are devised to propose a novel
saturated proportional-integral-derivative observer-based control
scheme which takes the advantages of the amplitude-limited PID
control structure. The unknown model parameters and external
disturbances are compensated via an operational combination of
an adaptive robust control (ARC) scheme and a neural network
(NN). The controller stability is proved by Lyapunov’s direct
method. Comparative simulation results will show the main
benefits of the proposed control system.

Index Terms—Adaptive neural controller, autonomous vehicle,
collision avoidance, path curvature, saturated PID control.

I. INTRODUCTION

THE coordinated tracking control of connected au-
tonomous vehicles is an interesting topic of researches

in intelligent transportation in recent decades. This interest
is growing fast due to many advantages of automated vehi-
cles platooning such as reducing fuel consumption, reducing
highway congestion, increasing road capacity and safety en-
hancement. In the coordinated control of connected vehicles
with a set of following vehicles and a leader one, each vehicle
receives required information from its neighbours via wireless
communication and the main control objective is to guarantee
a safe distance and spacing between two consecutive vehicles
while ensuring some pre-assigned constraints.

There exist many useful results on the motion control of
autonomous vehicles in the literature [1–7]. Recently, a robust
nonlinear controller has been presented for the lateral control
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of autonomous vehicles by using barrier Lyapunov function in
[8]. A passivity-based path tracking controller was proposed
for the autonomous vehicles in [9] by considering the yaw
stability. A lateral and longitudinal dynamics control system
has been addressed in [10] for autonomous vehicles based on
multi-parameter joint estimation. In [11], a robust adaptive
path-tracking controller was proposed for autonomous ground
vehicles by considering backlash nonlinearity in the steering
system. An event-triggered fixed-time controller has been pre-
sented for the planar vehicles platoon with distance constraints
in [12]. A time-varying control-dependent barrier function
method was used in [13] to design a tracking controller
for autonomous ground vehicles. An adaptive constrained
path following control system has been proposed for electric
autonomous vehicles in [14]. An adaptive model predictive
controller was presented for autonomous vehicles in [15]. In
[16], a path tracking controller has been proposed for under-
actuated vehicles in the presence of matched and mismatched
uncertainties. In [17], a cooperative constrained controller was
proposed for autonomous vehicles without any collision with
non-uniform input quantization via the backstepping design
procedure. Very recently, some interesting results on the con-
trol of autonomous vehicles are presented in [18], [19], [20],
[21], [22], [23] and [24]. However, there exist the following
common drawbacks and shortcomings in the previous works:
(i) most of the available results often rely on the proportional,
or proportional-derivative (PD) feedback control schemes and
there are few works that take the advantages of proportional-
integral-derivative (PID) controller to simultaneously and ef-
ficiently tune the transient and steady-state characteristics of
tracking errors [21], [25]; (ii) the previous controllers require
the absolute x − y positions of the vehicle from a global
positioning system for outdoor applications; (iii) unfortunately,
the majority of previous controllers in the recent literature
focus on the backstepping design approach that experiences a
design complexity; (iv) the most of the proposed controllers in
the literature are not able to ensure the prescribed performance
and their singularity is unavoidable in practice; (v) it is often
assumed that the real onboard sensors are able to measure
every possible value of posture variables and their limited
sensing range and field-of-view are ignored in the previous
works; (vi) the previous controllers suffer from unwanted
deviations due to the path curvature during the turning of the
vehicles on the corners; (vii) the most of proposed controllers
absolutely require the measurements of linear and angular
velocities for their implementations in practice; and (viii) the



2

adverse effects of the vehicle’s actuator saturation due to the
generation of large control signals from the controllers are
neglected in the most of available works.

Based on the above mentioned deficiencies in the previous
works, the main motivation of this paper is the proposing
of a novel saturated nonlinear PID output-feedback controller
(OFBC) for the cooperative car-following for an autonomous
vehicle based on relative distance and angle measurements
from the local onboard sensors with limited sensing range and
field-of-view in the presence of the actuator saturation, model
uncertainties, path curvature and in the absence of velocity
signals while avoiding collisions and preserving a continuous
connectivity. Main novelties and contributions in this paper
are listed as follows with respect to the current literature [8]-
[25]: (C1) By introducing new auxiliary filtered error vari-
ables, a saturated proportional-integral-derivative controller is
heuristically proposed which reduces the amplitude of the
generated control efforts by employing a class of saturation
functions. The controller only depends on relative distance
and angle measurements between vehicles. (C2) The con-
troller prevents undesirable singularities due to an unwanted
overshoot or undershoot during the transient response, avoids
possible collisions between succeeding and preceding vehicles
and preserves their continuous connectivity by utilizing the
prescribed performance control (PPC) technique [26] which
allows the designer to pre-assign maximum overshoot or
undershoot, convergence speed and steady-state error for a safe
car-following system. (C3) The proposed controller diminishes
undesirable deviations of the preceding vehicle during the
turning of the succeeding vehicle via compensating the path
curvature by incorporating a correction angle in the definition
of the relative angle error between vehicles. (C4) A novel
nonlinear velocity observer is proposed to exclude linear and
angular velocity sensors from the vehicle due to their inaccu-
racies in practice because of communication delays and noise
contamination. The proposed observer is independent from
the vehicle dynamics and prevent unwanted peaking. (C5)
The danger of actuator saturation is reduced by restricting the
amplitudes of tracking and observation errors in the controller
and observer and by estimating the actuator saturation non-
linearity. (C6) Parametric uncertainties, external disturbances,
unmodeled dynamics and neural network (NN) approximation
errors are compensated by an operational combination of NN,
adaptive and robust control schemes.

In the remaining sections, the following order is considered
for the results in this paper. The problem formulation is
described in Section II. Main results are given in Section III.
Numerical computer simulation results are shown in Section
IV and Section V concludes this paper finally.

II. PROBLEM STATEMENT

A. Notations

During the whole of this article, the operator ∥ • ∥F
represents the Frobenius norm of an arbitrary matrix, ∥ • ∥
depicts the Euclidean norm, tr{•} displays the trace op-
erator, R+ shows real positive number set, λmin{•} and
λmax{•} respectively denote minimum and maximum values

of an arbitrary matrix, diag[•] is a diagonal matrix, Proj(•)
stands for the projection operator which is defined in [27],
{ai}ni=1 := {a1, a2, . . . , an}, Nf (x) := [nf1(x), ..., nfn(x)]

T

and Sf (x) := [sf1(x), ..., sfn(x)]
T show vectors of nonlinear

differentiable saturation functions which are defined later.

Preceding vehicle 

Succeeding vehicle 

Fig. 1: The planar configuration of autonomous car tracking.

B. Autonomous Vehicle Model

Take into account the mathematical models of the au-
tonomous vehicle with Ackermann steering as follows [25]:

q̇j = H(qj)νj ,∀j = p, s, (1)

Mν(qj)ν̇j + Cν(qj , νj)νj +Dν(qj)νj + τνd(t) = Bν(qj)τsj ,
(2)

where qj = [xj , yj , φj , δj ]
T denotes the vehicle posture

in earth-fixed frame {OE , XE , YE} based on Fig. 1, νj =
[vj , ωj ]

T displays a vector of vehicle velocities such that
ωj and vj respectively show angular and linear velocities
of point OBj , H(qj) = [H1(qj), H2(qj)] ∈ R4×2 with
H1(qj) = [cos(φj), sin(φj), 1/ℓbjtan(δj), 0]

T and H2(qj) =
[0, 0, 0, 1]T show the vehicle kinematic matrix, Mν(qj) ∈
R2×2 is a symbol of the inertia matrix, Cν(qj , νj) ∈ R2×2

stands for a matrix of the Coriolis and centripetal forces,
Dν(qj) ∈ R2×2 denotes the damping matrix, τνd ∈ R2

displays the external disturbances so that ∥τνd∥ ≤ Bνd

in which Bνd ∈ R+ shows an unknown constant, Bν(qj)
corresponds to the inputs transformation matrix and, finally,
τsj := [τsj1, τsj2]

T ∈ R2 denotes a vector of saturated control
force and torque inputs. The control input τs is defined by the
following equation ∀j = p, s:

τsji =

{
sign(τji)χMji , |τji| ≥ χMji/mji,∀i = 1, 2,
mjiτji , |τji| < χMji/mji,

(3)
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in which τsji, τji, and χMji respectively show the saturated
control input, unsaturated control input, and the actuators
saturation limit. mji defines a ratio between τsji and τji.
Therefore, the saturation nonlinearity dsji(τji) = τsji − τji,
that is a nonlinear-in-parameter (NLIP) function and cannot be
implemented by the actuators, is defined as follows ∀j = p, s:

dsji =

{
sign(τji)χMji − τji , |τji| ≥ χMji/mji,∀i = 1, 2,
(mji − 1)τji , |τji| < χMji/mji.

(4)

C. Challenges and Control Objectives

In this paper, the main control objective is designing a
coordinated tracking system for an Ackermann steering vehicle
to track a reference vehicle which generates the desired
trajectory such that the following challenging constraints and
control objectives are satisfied:

R1: The preceding vehicle with the posture vector qp =
[xp, yp, φp, δp]

T and velocity vector νp = [vp, ωp]
T tracks

the succeeding or reference vehicle with the posture vector
qs = [xs, ys, φs, δs]

T and velocity vector νs = [vs, ωs]
T so

that the relative distance d and relative angle α in Fig. 1
between both vehicles exponentially tend to the zero neigh-
bourhood with prescribed convergence speed, maximum over-
shoot/undershoot and steady-state tracking accuracy.

R2: It is of interest to design a proportional-integral-
derivative control scheme to efficiently adjust the steady-state
and transient performance characteristics.

R3: The controller only depends on the relative distance and
angle measurements while velocity signals are not accessible
for the feedback.

R4: The field-of-view of the relative angle sensor on the
preceding vehicle is limited such that |β| ≤ βm and conse-
quently |α| ≤ αm according to Fig. 1.

R5: The sensing range of the relative distance sensor on the
preceding vehicle is restricted to dm ≤ d ≤ dM where dM
and dm are the maximum and minimum values of distance
measurements, respectively.

R6: Both preceding and succeeding vehicles should keep
their connectivity by maintaining their relative distance inside
their communication ranges such that d < Rc where Rc shows
the maximum range of the data communication.

R7: The controller should prevent every possible collision
between both vehicles according to predefined safe regions.

R8: The vehicle model is subjected to external disturbances,
unmodeled dynamics and unknown parameters that should be
compensated.

R9: The actuator saturation risk should be lessened as much
as possible.

R10: The controller should be robust against the reference
path curvature which is produced by the succeeding vehicle
as much as possible.

R11: The controller should be robust against unknown vehi-
cle’s kinematic and dynamic parameters, external disturbances
and unmodeled dynamics.

R12: The chattering on the control signals should be re-
duced as much as possible.

Designing a controller which solves all the above objectives
R1− R12 at the same time is very challenging. To this end,
the following assumptions are crucial to be satisfied:

Assumption 1. The relative distance, angles and orientation
of the preceding vehicle are measurable in real-time for the
feedback and the vehicle is not equipped with velocity sensors.

Assumption 2. The posture and estimations of velocity and
acceleration signals of the succeeding vehicle, i.e. qs, ν̂s and
˙̂νs, are transmitted to the preceding vehicle via a transmitter
with the communication range Rc.

Assumption 3. The external disturbance vector τνd is
bounded in the sense that ∥τνd∥ ≤ Bνd where Bνd ∈ R+

is an unknown constant.

D. Relative Distance and Orientation Errors

In this section, the relative position and orientation errors
between both vehicles are changed from the earth-fixed frame
{OE , XE , YE} to the preceding vehicle’s body-fixed frame
{OBp, XBp, YBp} as follows:

ex
ey
eφ
eδ

 =


cosφp sinφp 0 0
−sinφp cosφp 0 0

0 0 1 0
0 0 0 1




xt − xp

yt − yp
φs − φp

δs − δp

 ,

(5)

where (xt, yt) shows the position of the succeeding vehicle’s
transmitter in the earth-fixed frame as follows:

pt(t) =

[
xt(t)
yt(t)

]
=

[
xs(t) + rtcos(φs(t) + φt)
ys(t) + rtsin(φs(t) + φt)

]
, (6)

where (rt, φt) shows the polar coordinates of the trans-

Preceding vehicle 

Succeeding vehicle 

ICR 

Steering line 

Fig. 2: The planar illustration of the path curvature.
mitter position on the succeeding vehicle’s body-fixed frame
{OBs, XBs, YBs}. Now, the time derivative of (5) along (1)
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and (6) results in
ėx
ėy
ėφ
ėδ

 =


(ey/ℓbp)tanδp − 1 0
−(ex/ℓbp)tanδp 0
−(1/ℓbp)tanδp 0

0 −1

[ vp
ωp

]

+


vscoseφ − rtφ̇ssin(eφ + φt)
vssineφ + rtφ̇scos(eφ + φt)

(vs/ℓbs)tanδs
ωs

 . (7)

Now, the relative distance d and the relative steering angle
α = β − δp in Fig. 1 are defined as follows to force the
preceding vehicle to follow the succeeding vehicle.

re(t) =

[
de(t)
αe(t)

]
=

[
d− d0

α− (α0 + 0.5θc)

]
=

[ √
(ex − ℓbp)2 + e2y − d0

atan2(ey, ex − ℓbp)− δp − (α0 + 0.5θc)

]
, (8)

where atan2(y, x) stands for the arc tangent function of
y/x that generates the angle in (−π, π]. The parameter d0
shows the desirable relative distance and α0 represents the
desirable relative orientation angle which is corrected by an
intentional angle correction term 0.5θc as shown by Fig. 2 to
diminish unwanted deflection due to the path curvature of the
succeeding vehicle [28] which is given by

θc = 2arcsin
(
0.5rcκc(t)

)
, (9)

where rc = ∥Pfp − Pfs∥ is the distance between the point
Pfp and the point Pfs in Fig. 2 whose coordinates are given
by

Pfk =

[
xk(t) + ℓbkcos(φk)
yk(t) + ℓbksin(φk)

]
,∀k = p, s. (10)

The term κc(t) in (9) defines the path curvature of the
succeeding vehicle which is given by

κc =
φ̇s + δ̇s
vfs

=
φ̇s + ωs√
v2s + ℓ2bsφ̇

2
s

=
φ̇s + ωs

vs/cosδs

=
1

ℓbs
sinδs +

ωs

vs
cosδs (11)

such that vfs ̸= 0 shows the linear velocity of the point
Pfs on the succeeding vehicle. Because the steering angle is
physically restricted such that |δs| ≤ δs,max, ∀δs,max ∈ R+,
the path curvature is also limited such that |κc| ≤ κc,max,
∀κc,max ∈ R+. As a result, the correction angle θc is bounded
such that |θc| ≤ θc,max, ∀θc,max ∈ R+. To obtain the
transformed kinematics, the time derivatives of (8) and (9)
along (7) are given by

ṙe = J(d, β, δp)νp +ϖ(d, β, vs, eφ, φ̇s, θ̇c), (12)

where J and ϖ are derived as follows:

J =

[
−cosβ − sinβtanδp 0

(sinβ − cosβtanδp)/d− tanδp/ℓbp −1

]
, (13)

ϖ =

[
vscos(eφ − β)− rtφ̇ssin(eφ + φt − β)

vssin(eφ − β)/d− 0.5θ̇c − rtφ̇s/dcos(eφ + φt − β)

]
,

(14)

in which θ̇c denotes the change rate of the succeeding vehicle’s
path curvature that is given by

θ̇c =
rcκ̇c√

1− r2cκ
2
c/4

. (15)

E. Relative Errors Constraints

To achieve the expected results R1−R7 in Section II.C, the
following error constraints should be considered in the control
design process.

1) Limited Field-of-View and Singularity Avoidance: In
order to ensure the system controllability and to prevent the
singularity of the controller according to (13), the condi-
tions d ̸= 0 and det(J) = cosβ + sinβtanδp ̸= 0 are
necessary to be satisfied. This condition equivalently implies
that tanβ tanδp ̸= −1 which leads to β − δp ̸= ±π/2
and subsequently |β − δp| < π/2. On the other side, since
|δp| < δp,max and |β| < βm from R4, the following condition
should be satisfied:

|β − δp| < min
{
π/2, βm + δp,max

}
:= αm. (16)

Therefore, the following constraint is necessary to be consid-
ered:

−αm − α0 − 0.5θc < αe < αm − α0 − 0.5θc. (17)

2) Limited Sensing Range, Collision Avoidance and Con-
tinuous Connectivity: Since (i) the sensing range of the
onboard distance sensor on the preceding vehicle is restricted
to dm ≤ d ≤ dM according to R5; (ii) the collision between
two vehicles should be avoided by ensuring d > Rp + Rs

in which Rp and Rs are the radii of safe areas around the
vehicles in Fig. 1; and (iii) the communication between both
vehicles should be maintained by considering d < Rc, the
following overall condition is necessary to be satisfied for the
relative range error:

max
{
Rp +Rs, dm

}
− d0 < de < min

{
Rc, dM

}
− d0.

(18)

To ensure the above conditions on the relative distance and
angle between both vehicles, a constrained control technique
is of interest.

F. Error Transformation

In this paper, the prescribed performance control strategy
[26] is adopted to realize all the presented control objectives
for the relative distance and orientation angle errors between
both vehicles.

Definition 1 [26]. A bounded and smooth function ρj(t):
R+ → R+ is called a performance one, if ρj(t) is decreasing,
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and lim
t→∞

ρj(t) = ρj∞,∀j = d, α.
One possible choice for ρj(t) is given by

ρj(t) =

{
(ρj0 − ρj∞)e−cjh(t) + ρj∞, if t < T

ρj∞, if t ≥ T,
(19)

where h(t) is an increasing time-function in such a way that
lim
t→T

h(t) → ∞ ∀T ∈ R+, ρj0 := ρj(0) ≥ ρj(t), ρj∞, and
cj denote positive constant scalars. To ensure (16)-(18), the
tracking errors should be restricted by the following bounds:

ρld(t) = −adρd(t) ≤ de(t) ≤ ρud(t) = bdρd(t),

ρlα(t) = −aαρα(t) ≤ αe(t) ≤ ρuα(t) = bαρα(t), (20)

where aj , bj ∈ R+ are design scalars. To ensure (20), the
following bounds on aj and bj should be satisfied:

ad <
(
d0 −max

{
Rp +Rs, dm

})
/ρd(0),

bd <
(
min

{
Rc, dM

}
− d0

)
/ρd(0),

aα <
(
αm + α0 + 0.5θc

)
/ρα(0),

bα <
(
αm − α0 − 0.5θc

)
/ρα(0).

According to [26], a strictly increasing and smooth bijective
nonlinear mapping is utilized bellow to ensure (20) on de and
αe:

zed = Td(d̄e(t)) : Ωd → R, Td(0) = 0,

zeα = Tα(ᾱe(t)) : Ωα → R, Tα(0) = 0, (21)

where d̄e(t) = de(t)/ρd(t) and ᾱe(t) = αe(t)/ρα(t) denote
modulated tracking error and Ωd := {d̄e(t) : d̄e ∈ (−ad, bd)}
and Ωα := {ᾱe(t) : α̂e ∈ (−aα, bα)}. Provided that
−adρd(0) < de(0) < bdρd(0) and −aαρα(0) < αe(0) <
bαρα(0) and the controller ensures that zej ∈ L∞ ∀t ≥ 0,
then, d̄e(t) ∈ Ωd, ᾱe(t) ∈ Ωα and ρlj(t) < je(t) < ρuj(t),
∀j = d, α. On the basis of the properties mentioned above, the
following nonlinear transformation from je to zej is introduced
here [29]:

zej = Tj(j̄e) = tan
(π
2
× 2j̄e − bj + aj

bj + aj

)
,∀j = d, α. (22)

Then, the derivative of (22) with respect to the time gives

żej =
∂Tj(j̄e)

∂j̄e
=

∂Tj(j̄e)

∂je

dje
dt

+ Ξj ,∀j = d, α, (23)

Ξj =
∂Tj(j̄e)

∂ρuj
ρ̇uj +

∂Tj(j̄e)

∂ρlj
ρ̇lj . (24)

Now, one may achieve the following transformed error equa-
tion at the kinematic level by substituting (12) into (23):

że =R(u)νp + h(d, β, vs, eφ, φ̇s, θc, θ̇c, ρd, ρ̇d, ρα, ρ̇α), (25)

where ze := [zed, zeα]
T , u := [rTe , ρ

T , δp]
T ρ := [ρd, ρα]

T , re
is defined in (8) and R and h are derived as follows:

R(u) =

[
∂Td

∂d̂e

J11

ρd

∂Td

∂d̂e

J12

ρd
∂Tα

∂α̂e

J21

ρα

∂Tα

∂α̂e

J22

ρα

]
, (26)

h =

[
1
ρd

∂Td

∂d̂e
(ϖ1 − ρ̇d

ρd
de)

1
ρα

∂Tα

∂α̂e
(ϖ2 − ρ̇α

ρα
αe)

]
, (27)

where Jij ,∀i, j = 1, 2 and ϖi,∀i = 1, 2 show elements of J
and ϖ in (13) and (14) and ∂Tj/∂j̄e,∀j = d, α is given as
follows:

∂Tj(j̄e)

∂j̄e
=

π

aj + bj
sec2

(
π

2
× 2j̄e − bj + aj

aj + bj

)
, (28)

where it is clear that ∂Tj/∂j̄e > 0. As a result, provided that
zej ∈ L∞, then, constraints in (20) are fulfilled. Moreover, if
zej converges to the origin vicinity as t → ∞, je, ∀j = d, α
tends to a small bound around the zero.

Assumption 4. The initial relative errors for the autonomous
car are selected in such a way that

ρlj(0) < je(0) < ρuj(0),∀j = d, α. (29)

G. Transformed Open-Loop Error Equation

Recall structural properties of (2) and write the velocity and
acceleration of the preceding vehicle from (25) as follows:

νp =R−1że −R−1h, (30)

ν̇p =R−1z̈e −R−1ṘR−1że +R−1ṘR−1h−R−1ḣ. (31)

Now, replace νp and ν̇p into (2), and multiply every side of the
obtained equation by R−T to get the following key dynamic
model. In order to make the controller independent from the
kinematic parameters in the matrix Bν(qp) in (2), we also add
and subtract R−T τp to the right-hand side of the resulting
equation.

M(q)z̈e + C(ϱ, że)że +D(q)że − ξ(xw) + τd = R−T τp (32)

where M , C, D, ξ, τd and B are given by

M(q) = R−TMν(qp)R
−1, D(q) = R−TDν(qp)R

−1,

C = R−TCν(qp, R
−1że)R

−1 −R−TMν(qp)R
−1ṘR−1,

τd = R−T τνd(t),

ξ(xw) = ξ1(y) + ξ2(x, że),

ξ1(y) = −R−TCν(qp, R
−1h)R−1h+D(q)h

+R−TBν(qp)dsp(τp) +R−T (Bν(qp)− I2×2)τp,

ξ2(x, że) = R−TCν(qp, R
−1że)R

−1h+M(q)ḣ

−R−TMνR
−1ṘR−1h+R−TCν(qp, R

−1h)R−1że, (33)

where q := [qTp , u
T ]T , ϱ := [qT , u̇T ]T ,

xw = [xT , żTe ]
T , x = [yT , ρ̈T , v̈s,

...
φ s, θ̈c]

T and
y = [τTp , rTe , θc, θ̇c, ρ

T , ρ̇T , φp, δp, vs, v̇s, φ̇s, φ̈s]
T . Since

R(u) is full-rank, following properties are valid for (32):
Property 1. Inertia matrix satisfies M(q) = MT (q) > 0

and λm∥y∥2 ≤ yTMy ≤ λM∥y∥2 ∀y ∈ R2 where
0 < λm < λM < ∞, and λm := min{λmin(M(q))},
λM := max{λmax(M(q))}.

Property 2. The conditions D(q) = DT (q) > 0 and
λd∥y∥2 ≤ yTDy ≤ λD∥y∥2 ∀y ∈ R2 hold true for
damping matrix where 0 < λd < λD < ∞, and λd :=
min{λmin(D(q))}, λD := max{λmax(D(q))}.
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Property 3. The matrix C(ϱ, że) satisfies the followings
∀y, y1, y2 ∈ R2:

1) yT (Ṁ(q)− 2C(ϱ, że))y = 0;
2) C(ϱ, y1)y2 = C(ϱ, y2)y1;
3) C(ϱ, y1 + y2)y = C(ϱ, y1)y + C(ϱ, y2)y;
4) ∥C(ϱ, y1)y2∥ ≤ λc∥y1∥∥y2∥ where λc ∈ R+.

III. MAIN RESULTS
A. Nonlinear PID-OFBC Design
In this section, a trajectory tracking control law is proposed to
force the autonomous vehicle to track a desired trajectory with
an arbitrary curvature. The following Lemmas and definition
are necessary for the controller development and stability
analysis.

Definition 2 [30]. A class of continuously differentiable
functions Nf := [nf1, ..., nfn]

T whose elements are non-
decreasing and locally Lipschitz and satisfying the following
properties, are called saturation functions:
D1: Boundedness: |nfi(x)| ≤ bfi < ∞ ∀x ∈ R;
D2: Sector condition: xnfi(x) > 0 for x ̸= 0 and nfi(0) =

0;
D3: Strictly increasing bounded derivative: 0 <

dnfi(x)
dx <

bpi < ∞ with dnfi(∞)
dx = 0.

Lemma 1 [31]. For a given function nfi(x) in Definition
2, the following properties hold true:
L1: n2

fi(x)/(2bpi) ≤
∫ x

0
nfi(z)dz ≤ bpix

2/2 ∀x ∈ R;
L2:

∫ x

0
nfi(z)dz > 0, ∀x ̸= 0;

L3:
∫ x

0
nfi(z)dz → ∞, as |x| → ∞.

Lemma 2 [31], [32]. There exist a class of saturation
functions Sf := [sf1, ..., sfn]

T such that |sfi| ≤ Mfi and
satisfy the following relation ∀ζ ∈ Rn, γt(t) > 0 and
∀cs ∈ R+:

∥ζ∥ − ζTSf (ζ/γt(t)) ≤ csnγt(t). (34)

Remark 1. The only difference between these two classes
of saturation functions is that Sf (x) satisfies (34) while Nf (x)
do not necessarily satisfy this inequality. Simple examples of
sfi(x) and nfi(x) are respectively sfi(x) = tanh(x) with
cs = 0.2785 and nfi(x) = bpix/

√
1 + b2x2 with b := bpib

−1
fi .

To commence the design, the following nonlinear PID-like
filtered error variables are proposed in this paper:

µ(t) = że(t) +GpNf (ẑe(t)) +Giσi(t), (35)

η(t) = ˙̃ze(t) +GpNf

(
z̃e(t)

)
+Giδi(t), (36)

σ̇i = −ℓdσi + kf

(
że(t) +GpNf (ẑe(t)) +Giσi

)
, (37)

δ̇i = −ℓdδi + kf

(
˙̃ze(t) +GpNf

(
z̃e(t)

)
+Giδi

)
, (38)

where Nf (ẑe) := [nf1(ẑe1), nf2(ẑe2)]
T , Nf (z̃e) :=

[nf1(z̃e1), nf2(z̃e2)]
T , nfi(•) is defined in Definition 2,

z̃e(t) = ze(t) − ẑe(t) is the observation error, Gp :=
diag[gp1, gp2] ∈ R2×2 is a positive-definite gain matrix, σi(t)

and δi(t) represent integral actions in the above definitions
of the error variables µ(t) and η(t), and ℓd and kf are some
positive design parameters. By replacing (35) in (32), we get:

M(q)µ̇ =− C(ϱ, że)µ+R−T τp + χc −D(q)µ

+ ξ(x̂w)− τd, (39)

where χc is described by

χc =M(q)Gp
∂Nf (ẑe)

∂ẑe

(
że − ˙̃ze

)
−M(q)Giℓdσi

+ kfM(q)Giµ+ C(ϱ, że)GpNf

(
ze(t)− z̃e(t)

)
+ C(ϱ, że)Giσi +D(q)GpNf

(
ze(t)− z̃e(t)

)
+D(q)Giσi + ξ(xw)− ξ(x̂w). (40)

where

∂Nf (x)

∂ẑe
= diag

[
dnf1(ẑe1)

dẑe1
,
dnf2(ẑe2)

dẑe2

]
, (41)

and one may obtain the following bound for χc:

∥χc∥ ≤ c1∥Z∥+ c2∥Z∥2, (42)

in which c1, c2 ∈ R+ are unknown constants and Z is
explained by

Z = [N T
f

(
ze − z̃e

)
, σT

i , µ
T ,N T

f

(
z̃e
)
, δTi , η

T ]T . (43)

Then, the following novel nonlinear PID-like controller is
proposed in this paper:

τp =RT
(
−Kp

˙̂ze(t)−KpGpNf (ẑe) +KpGpNf (z̃e)

−KpGiκi(t)− Θ̂(t)Φ(x̂w)− p̂(t)Sf

(
(µ̂+ η̂)/γt

))
,

(44)

where Kp := diag[kp1, kp2] ∈ R2×2 is a positive-definite gain
matrix, Sf (•) depicts the saturation function that is described
in Lemma 2, Θ̂(t)Φ(x̂w) shows the NN control action which
is defined later and µ̂ + η̂ displays an estimation of µ + η
which is given by

µ̂+ η̂ = ˙̂ze +GpNf (ẑe) +GpNf (z̃e) +Gi(σ̂i + δ̂i). (45)

in which σ̂i + δ̂i represents an estimation of σi + δi and it is
updated by

˙̂σi +
˙̂
δi = −ℓd(σ̂i + δ̂i) + kf (µ̂+ η̂). (46)

The term κi = σi− δi in (44) is accessible due to the absence
of że in its computation and it reconstructs the nonlinear
integral action which is updated by the following designed
law:

κ̇i = −ℓdκi + kf

(
˙̂ze +GpNf (ẑe)−GpNf (z̃e) +Giκi

)
.

(47)

The following learning laws are presented to obtain p̂(t) and
Θ̂(t) as follows in (44):

˙̂
Θ = ProjΘ̂

(
ΓΘ(µ̂+ η̂)ΦT (x̂w)− ΓΘσΘΘ̂

)
, (48)
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˙̂p = Projp̂
(
γp(µ̂+ η̂)TSf

(
(µ̂+ η̂)/γt(t)

)
− γpσpp̂

)
, (49)

γ̇t(t) = −cγγt(t) + g0(t) + g1∥Nf (ẑe)∥, γt(0) > 0, (50)

where g1 ∈ R+ and g0(t) > 0 is a time function that satisfies

lim
t→∞

∫ t

0

g0(s)ds = g0∞ < ∞ (51)

where g0∞ ∈ R+, x̂w = [x̂T , ˙̂zTe ]
T , in

which x̂ = [ŷT , ρ̈T , ¨̂vs,
...
φ̂ s]

T and ŷ =
[τTp , rTe , ρ

T , ρ̇T , φp, δp, v̂s, ˙̂vs, ˙̂φs, ¨̂φs]
T where •̂s denotes

the measured or estimated signals which are received from
the succeeding vehicle, Φ(x̂w) is a vector for radial basis
functions, Θ̂(0) ∈ ΩΘ := {Θ̂ ∈ Rno×nh : tr{Θ̂T Θ̂} ≤ Θm}
and p̂(0) ∈ Ωp := {p̂ ∈ R : 0 ≤ p̂ ≤ pm} and ΓΘ ∈ Rno×no

and γp, σΘ, σp, cγ ∈ R+ are adaptive laws parameters.
Because the chattering often occurs in the transient phase
[33], the update rule (50) leads to a bigger boundary layer
thickness since ∥Nf (ẑe)∥ is large in the transient response
and, as a result, we have a smaller chattering. On the other
hand, at the steady-state response, a smaller boundary layer
thickness is obtained since ∥Nf (ẑe)∥ is close to the origin
and, as a result, we may have a better tracking accuracy at the
steady-state. We employ g0(t) > 0 to maintain the thickness
of the boundary layer even when ẑe → 0.

Then, we propose the following nonlinear velocity estimator
in this paper:

ν̂p =R−1 ˙̂ze −R−1h, (52)

˙̂ze = ξo +GpNf (z̃e) + ℓdz̃e −Giκi, (53)

ξ̇o = ℓdGpNf (z̃e)−Gp
∂Nf (ẑe)

∂ẑe
˙̂ze, (54)

where ℓd ∈ R+ shows the velocity observer gain and ξo(0) =
−GpNf (z̃e(0)) − ℓdz̃e(0) + Giκi(0) and z̃e(0) = 0 show
its initial values. It should be noted that the above observer-
controller scheme is based on a Lyapunov-based systematic
design which will be presented in the sequel.

Remark 2: The employment of the saturation function
Nf (•) in the above observer definition effectively reduces
the unwanted peaking in the estimated velocity signals. As
a result, a smoother transient response will be obtained.

Remark 3. Main novel features of the proposed control
system are listed as follows: (i) the filtered error variables (35)-
(38) helped us to construct a PID-like controller to reach the
objectives R1-R2 in Section II.C; (ii) velocity and acceleration
measurements are not required by the proposed observer
(52)-(54) and the objective R3 is satisfied; (iii) the PPC is
effectively applied to the relative errors dynamics between
both vehicles to get the objectives R1 and R4-R7; (iv) an
operational combination of ARC scheme and NNs in the last
two terms of (44) effectively addresses the objectives R8 and
R11; (v) the objective R9 is satisfied by limiting the amplitudes
of the estimation and tracking errors and by estimating and
compensating the actuator saturation nonlinearity dsji(τji),
∀i = 1, 2, j = p, s in (4) by using NN; (vi) the inclusion
of the path curvature θc in the definition of αe in (8) and its

compensation by RBFNN helps us to reach R10; and finally
(vii) the chattering risk is diminished by using (50) and R12
is obtained.

Remark 4. It is worth noting that the sole aim of designing
observer in this paper is to estimate the speed of the preceding
vehicle ν̂p. As can be inferred from (52)-(53), this requires
calculation of the velocity signal ˙̂ze in (52), which in turn
needs the value of the observation error z̃e in (53) and (54).
In this case, the observation error z̃e can be calculated easily
as Assumption 1 allows us to measure the relative distance
and angles and orientation of the preceding vehicle. The
transformed version of these variables is represented by the
state ze and can be measured using (8), (22) and real sensors
such as laser range finder. However, based on a realistic
assumption, the relative velocity signal że is not measurable
via sensors and the aim of observer design is to estimate
this variable using the velocity observer (52)-(54). Thus, the
estimated state ẑe is generated by integrating the observer itself
and as such the observation error z̃e = ze − ẑe is known to
calculate or estimate the relative velocity ˙̂ze. It is possible to
optionally use each of these variables, i.e. ẑe, ˙̂ze and ze, in
the controller design as needed. Although the only purpose
of our proposed observer in (53)-(54) is the estimation of the
velocity signal ˙̂ze, it is also generating the estimated state ẑe.

Fig. 3 shows a detailed controller block diagram.

B. Stability and Error Convergence Analysis

In this section, the stability of the proposed controller-
observer system is examined on the basis of Lyapunov’s direct
method. To derive the closed-loop control error equations,
the approximation error for the expression µ̂ + η̂ in (44) is
computed as follows:

µ̃+ η̃ := µ+ η − (µ̂+ η̂) = 2
(
I − kfGi(sI + ℓdI)

−1
)−1

˙̃ze,

(55)

where ℓd > kfλmax{Gi}. The above approximation error is
bounded as follows:

∥µ̃+ η̃∥ ≤ c3∥Z∥, (56)

where c3 ∈ R+ is an unknown constant. Now, consider the
derivative of (53) with respect to the time along (54) as
follows:

¨̂ze =ℓdGpNf (z̃e)−Gp
∂Nf (ẑe)

∂ẑe
˙̂ze

+Gp
∂Nf (z̃e)

∂z̃e
˙̃ze + ℓd ˙̃ze −Giκ̇i, (57)

which is equivalent to

µ̇(t) = η̇(t) + ℓdη(t)− ℓdGiδi(t). (58)

By replacing (44) in (39), one achieves the following closed-
loop error equation:

M(q)µ̇ =− C(ϱ, że)µ−Kp
˙̂ze −KpGpNf (ẑe) +KpGpNf (z̃e)

−KpGiκi − Θ̂(t)Φ(x̂w)− p̂Sf

(
(µ̂+ η̂)/γt

)
+ χc −D(q)µ+ ξ(x̂w)− τd. (59)
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Fig. 3: A detailed block diagram of the proposed control system.

Then, the estimation property of the radial basis function NN
is adopted to write that

ξ(x̂w) = Θ∗Φ(x̂w) + ϵw(x̂w),∀x̂w ∈ ΩZ ⊂ Rni , (60)

where ni := dim{xw}, and the ideal network weights matrix
is explained by

Θ∗ := arg min
Θ̂⊂Rnh

{
sup

x̂w∈Ωxw

∥ξ(x̂w)− Θ̂Φ(x̂w)∥

}
,

in which Φ(x̂w) = [ϕ1(x̂w), ..., ϕnh
(x̂w)]

T , ∥Θ∗∥F ≤ ΘM

where ϕi(x̂w) = exp(−∥x̂w−µwi∥2/λ2
wi) describes ith Gaus-

sian basis function, nh shows the hidden-layer nodes number
and λwi and µwi denote the standard deviation and center
vector, respectively, whose descriptions are found in [34] in
detail. Now, by taking (60) into account and considering that

˙̂ze +GpNf (ẑe)−GpNf (z̃e) +Gi(σi − δi) := µ− η, (61)

from (35) and (36), the closed-loop error equation are obtained
as follows:

M(q)µ̇ =− C(ϱ, że)µ−Kp(µ− η) + Θ̃Φ(x̂w)

− p̂Sf

(
(µ̂+ η̂)/γt

)
+ χc −D(q)µ

+ ϵw(x̂w)− τd, (62)

where Θ̃ := Θ∗ − Θ̂ denotes the NN weights matrix approx-
imation error. By recalling (58) and (62), the observer error
dynamic equation is achieved as

M(q)η̇ =− C(ϱ, że)η −M(q)ℓdη −Kp(µ− η)

+M(q)ℓdGiδi + Θ̃Φ(x̂w) + χo

− p̂Sf

(
(µ̂+ η̂)/γt

)
+ ϵw(x̂w)− τd, (63)

where χo includes additional terms which is explained by

χo := −D(q)µ− C(ϱ, że)µ+ C(ϱ, że)η + χc, (64)

where χo is bounded by the following statement:

∥χo∥ ≤ c4∥Z∥+ c5∥Z∥2, (65)

in which c4, c5 ∈ R+ are unknown parameters and Z was
defined in (43).
Now, main results are wrapped up by the following theorem
in this paper:
Theorem 1. Take into account the autonomous vehicle’s
models described by (1) and (2) in which Assumptions 1− 4
hold true. Then, the proposed control laws (44)-(54) under
the following gain conditions for 0 < ϵ < 1

λmin{KpG
2
p} >0.5λmax{KpG

2
p}

+ Λkpgp + λmax{KpGpGi}, (66)

λmin{Kp +D(q)} >0.5ϵΛkpgp + 0.5kf ϵ

+ 0.5(c1 + c2)/ϵ, (67)

ℓd > max{Ldm1, Ldm2, Ldm3}, (68)

cγ > 0.5ϵ+ 0.5g1ϵ (69)

where Ldmi, i = 1, 2, 3 are defined as follows:

Ldm1 = 0.5kf/ϵ+ 0.5ϵλmax{KpGpGi}, (70)

Ldm2 =
0.5kf/ϵ+ ϵλmax{KpGpGi}
1− 0.5ϵλmax{M(q)Gi}

, (71)
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Ldm3 =
λkp

+ 0.5kf ϵ+ ϵΛkpgp + 0.5(c4 + c5)/ϵ

λm − 0.5λmax{M(q)Gi}/ϵ
, (72)

and λkp
:= λmin{Kp}, Λkpgp := λmax{KpGp}, λm :=

min{λmin(M(q))}, ensures that (i) the relative tracking
errors, i.e. re, the position and velocity estimation errors, i.e.
z̃e and ˙̃ze, are semi-globally uniformly ultimately bounded
(SGUUB) and tend to the zero neighbourhood exponentially
with prescribed performance criteria; (ii) all available signals
in the designed closed-loop control system stay bounded, and
(iii) the following attraction region

RA =

{
ϑ ∈ Rm

∣∣∣∥ϑ∥ <

√
2am − (c1 + c3 + c4)ϵ

(c2 + c5)ϵ(λϑ/λZ)

}
, (73)

(with m = 13 + nonh) may be expanded freely to contain
every possible initial condition by a fair tuning of the control
parameters where am, λZ , λϑ, cj , ∀j = 1, . . . , 5 and ϑ will be
clarified later in the proof section.
Proof: Consider the Lyapunov function below:

L =kp1gp1

∫ ẑe1

0

nf1(z)dz + kp2gp2

∫ ẑe2

0

nf2(z)dz

+ kp1gp1

∫ z̃e1

0

nf1(z)dz + kp2gp2

∫ z̃e2

0

nf2(z)dz

+ 0.5
(
µTM(q)µ+ ηTM(q)η + δTi δi + σT

i σi

)
+ 0.5tr

{
Θ̃TΓ−1

Θ Θ̃
}
+ 0.5γ−1

p p̃2 + 0.5γ2
t (t), (74)

with p̃ = p∗− p̂ and applying Lemma 1, it can be proved that

λZ∥Z∥2 ≤ λυ∥υ∥2 ≤ L(t) ≤ λϑ∥ϑ∥2, (75)

where Z was defined in (43), υ = [ZT , θ̃11, ..., θ̃nonh
, p̃, γt]

T ,
ϑ = [ẑTe , σ

T
i , µ

T , z̃Te , δ
T
i , η

T , θ̃11, ..., θ̃nonh
, p̃, γt]

T , and

λZ = 0.5min{1, kp1gp1/bp1, kp2gp2/bp2, λm},
λυ = 0.5min{2λZ , λmin{Γ−1

Θ }, γ−1
p },

λϑ = 0.5max{1, kp1gp1bp1, kp2gp2bp2, λM , λmax{Γ−1
Θ }, γ−1

p }.
(76)

By taking the time derivative of (74) along (62) and (63) and
employing item 1 of Property 3 and (35)-(36), one gets

L̇ =−N T
f (ẑe)KpG

2
pNf (ẑe)−N T

f (z̃e)KpG
2
pNf (z̃e)− ℓdσ

T
i σi

− ℓdδ
T
i δi − µT (Kp +D(q))µ− ηT (ℓdM(q)−Kp)η

+N T
f (ẑe)KpGpµ−N T

f (ẑe)KpGpη +N T
f (ẑe)KpG

2
pNf (z̃e)

−N T
f (ẑe)KpGpGiσ +N T

f (ẑe)KpGpGiδ + kfσ
T
i µ

+ (µ+ η)T Θ̃Φ(x̂w)− p̂(µ+ η)TSf

(
(µ̂+ η̂)/γt

)
+ (µ+ η)T (ϵw(x̂w)− τd) +N T

f (z̃e)KpGpη

−N T
f (z̃e)KpGpGiδi + kfδ

T
i η + ℓdη

TM(q)Giδi

− tr
{
Θ̃TΓ−1

Θ
˙̂
Θ
}
− γ−1

p p̃ ˙̂p+ µTχc + ηTχo

− cγγ
2
t + g0(t)γt + g1∥Nf (ẑe)∥γt.

By considering that ab ≤ 0.5a2/ϵ + 0.5ϵb2 ∀ϵ ∈ R+ and
recalling (42) and (65), it can be verified that

∥µTχc + ηTχo∥ ≤0.5(c1 + c2)∥µ∥2/ϵ+ 0.5(c1 + c4)ϵ∥Z∥2

+ 0.5(c4 + c5)∥η∥2/ϵ+ 0.5(c2 + c5)ϵ∥Z∥4.
(77)

By substituting (55) and applying (77), the following inequal-
ity after some mathematical manipulation can be achieved:

L̇ ≤ − a1∥Nf (ẑe)∥2 − a2∥σi∥2 − a3∥µ∥2 − a4∥Nf (z̃e)∥2

− a5∥δi∥2 − a6∥η∥2 + 0.5(c1 + c4)ϵ∥Z∥2

+ 0.5(c2 + c5)ϵ∥Z∥4 + (µ̂+ η̂)T Θ̃Φ(x̂w)

+ (µ̃+ η̃)TΩ− p̂(µ̂+ η̂)TSf

(
(µ̂+ η̂)/γt

)
+ (µ̂+ η̂)T (ϵw − τd)− tr

{
Θ̃TΓ−1

Θ
˙̂
Θ
}
− γ−1

p p̃ ˙̂p

−
(
cγ − 0.5ϵ− 0.5g1ϵ

)
γ2
t + 0.5g20(t)/ϵ, (78)

in which ai,∀i = 1, . . . , 6 are given by

a1 :=λmin{KpG
2
p} − λmax{KpGp}/ϵ− 0.5g1/ϵ

− 0.5λmax{KpG
2
p}/ϵ− λmax{KpGpGi}/ϵ,

a2 :=ℓd − 0.5kf/ϵ− 0.5ϵλmax{KpGpGi},
a3 :=λmin{Kp +D(q)} − 0.5ϵλmax{KpGp} − 0.5kf ϵ

− 0.5(c1 + c2)/ϵ,

a4 :=λmin{KpG
2
p} − 0.5ϵλmax{KpG

2
p}

− 0.5λmax{KpGpGi}/ϵ− 0.5λmax{KpGp}/ϵ,
a5 :=ℓd − 0.5kf/ϵ− ϵλmax{KpGpGi}

− 0.5ϵλmax{ℓdM(q)Gi},
a6 :=λmin{ℓdM(q)−Kp} − 0.5kf ϵ− ϵλmax{KpGp}

− 0.5(c4 + c5)/ϵ− 0.5λmax{ℓdM(q)Gi}/ϵ,

and Ω in (78) is expressed as

Ω = Θ̃Φ(x̂w)− p̂Sf

(
(µ̂+ η̂)/γt

)
+ ϵw − τd. (79)

By considering (56), ∥Θ∗∥F ≤ ΘM , ∥ϵw − τd∥ ≤ p∗, and the
projection operator property, it is easy to prove that

∥Ω∥ ≤
√
Θmnh +ΘM

√
nh

+
√
2max{Mf1,Mf2}pm + p∗ := ΩM . (80)

Recalling p̂ = p∗ − p̃ and replacing (48), (49), and (80) in
(78), and applying ab ≤ 0.5a2/ϵ+ 0.5ϵb2 ∀ϵ ∈ R+ one gets:

L̇ ≤ − az∥Z∥2 + 0.5c3Ω
2
M/ϵ+ ∥µ̂+ η̂∥p∗

+ (p̃− p∗)(µ̂+ η̂)TSf

(
(µ̂+ η̂)/γt

)
+ (µ̂+ η̂)T Θ̃Φ(x̂w)

− tr
{
Θ̃TΓ−1

Θ ProjΘ̂
(
ΓΘ(µ̂+ η̂)ΦT (x̂w)− ΓΘσΘΘ̂

)}
− γ−1

p p̃Projp̂
(
γp(µ̂+ η̂)TSf

(
(µ̂+ η̂)/γt

)
− γpσpp̂

)
,

(81)

where az is defined by

az = am − 0.5(c1 + c3 + c4)ϵ− 0.5(c2 + c5)ϵ∥Z∥2, (82)
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in which am = min{aj}6j=1. Now, by considering Lemma 2
and the following inequalities:

(µ̂+ η̂)T Θ̃Φ− tr
{
Θ̃T ProjΘ̂

(
(µ̂+ η̂)ΦT

)}
≤ 0, (83)

p̃(µ̂+ η̂)TSf

(
(µ̂+ η̂)/γt

)
− γ−1

p p̃Projp̂
(
γp(µ̂+ η̂)TSf

(
(µ̂+ η̂)/γt

))
≤ 0, (84)

∥µ̂+ η̂∥p∗ − p∗(µ̂+ η̂)TSf

(
(µ̂+ η̂)/γt

)
≤ 2csp

∗γt, (85)

σpp̃p̂ ≤ −(1− 0.5/ϵ2p)σpp̃
2 + 0.5ϵ2pσpp

∗2,∀ϵp ∈ R, (86)

σΘtr{Θ̃T Θ̂} ≤ − (1− 0.5/ϵ2Θ)σΘ∥Θ̃∥2F
+ 0.5ϵ2ΘσΘ∥Θ∗∥2F , ∀ϵΘ ∈ R, (87)

the inequality (81) is expressed as follows:

L̇(t) ≤− a∥υ(t)∥2 + γ(t), (88)

where a and γ(t) are given by

a := min{az, (1− 0.5/ϵ2p)σp, (1− 0.5/ϵ2Θ)σΘ},

γ(t) :=0.5ϵ2pσpp
∗2 + 0.5ϵ2ΘσΘ∥Θ∗∥2F

+ 2csp
∗γt(t) + 0.5c3Ω

2
M/ϵ+ 0.5g20(t)/ϵ. (89)

As a result, if the gains Kp, Gp, and ℓd are selected sufficiently
large such that the inequalities (66)-(68) are satisfied and
scalars aj ,∀j = 1, . . . , 6 and az remain positive, then, the
following condition could be derived for the closed-loop
system stability:

am > 0.5(c1 + c3 + c4)ϵ+ 0.5(c2 + c5)ϵ∥Z∥2. (90)

By considering the analysis above, L̇(t) in (88) is strictly
negative-definite when ∥υ∥ is outside the compact set Ωυ :=
{υ(t) : 0 ≤ ∥υ∥ ≤

√
γ∞/a} in which γ∞ := limt→∞ γ(t).

This indicates that the elements of υ(t) are decreasing outside
the compact set Ωυ and one infers from (75) that λZ∥Z∥2 ≤
L(t) ≤ L(0) ≤ λϑ∥ϑ(0)∥2, ∀t ≥ 0, leading to ∥Z∥2 ≤
(λϑ/λZ)∥ϑ(0)∥2, ∀t ≥ 0. Subsequently, a sufficient condition
for (90) is given by am > 0.5(c1 + c3 + c4)ϵ + 0.5(c2 +
c5)ϵ(λϑ/λZ)∥ϑ(0)∥2. This shows that attraction region RA in
(73) could be chosen arbitrarily large to contain every desired
initial condition via a suitable choice of the control parameters
Kp, Gp, and ℓd. Thereafter, the closed-loop control system is
SGUUB such that Nf (ẑe), Nf (z̃e), µ, η, σi, δi θ̃11,...,θ̃nonh

,
p̃, γt(t) ∈ L∞ and the tracking and observation errors tend
to their own residual sets containing the zero. From (35)-
(36), że, ˙̃ze ∈ L∞. Thus, from (44), and Assumption 3, it
is clear that ẑe, ˙̂ze, p̂, θ̂11,...,θ̂nonh

, τ ∈ L∞. The discussion
above shows that ze and z̃e are SGUUB and converge to
small residual sets including the origin. Since zej(t) ∈ L∞
and ρlj(0) < je(0) < ρuj(0), ∀t ≥ 0, one concludes that
ρlj(t) < je(t) < ρuj(t), ∀j = d, α which indicates that ze(t)
exponentially tends to small compact set containing zero with
a prescribed performance. This finalizes the proof.

IV. SIMULATION EXAMPLE

A. Simulation Results

In this section, computer simulations have been performed
and their results are displayed to examine the effectiveness
of the proposed control system for our cooperative control
problem. The first autonomous vehicle which is called the
succeeding vehicle is forced to move along a reference
path and the second vehicle that is called preceding
vehicle should follow the first vehicle while satisfying
all the control objectives R1 − R12 in Section II.C. The
matrices describing dynamic model of the system are
given by Mν(qj) = HT (qj)Mq(qj)H(qj), Cν(qj , νj) =
HT (qj)Mq(qj)Ḣ(qj) + HT (qj)Cq(qj , H(qj)νj)H(qj),
Dν(qj) = HT (qj)Dq(qj)H(qj) and Bν(qj) =
HT (qj)Bq(qj), ∀j = p, s for which

Mq =


mcj 0 −ajsinφj 0
0 mcj ajcosφj 0

−ajsinφj ajcosφj Icj + Ifj Ifj
0 0 Ifj Ifj

 , (91)

Cq q̇j =


−ajφ̇

2
jcosφj

−ajφ̇
2
jsinφj

0
0

 , Bq =


cosφj 0
sinφj 0

ℓbsinδjcosδj 0
0 1

 ,

(92)

where aj := mcjℓcj and Dq(qj) = diag[5, 5, 2, 2]. The vehicle
parameters are listed in Table I. The controller parameters are
given in Table II. One possible choice for the parameters of
(50) is g0(t) = 100e−0.01t, g1 = 5 and cγ = 1. The nonlinear
functions in the control laws (44) are selected as follows:

nfi(zi) = zi/
√

1 + z2i , i = 1, 2,

Sf

(
(µ̂+ η̂)/γt

)
= (µ̂+ η̂)/

√
γ2
t + ∥µ̂+ η̂∥2. (93)

It is assumed that the control torque and force are saturated
according to |τpi| ≤ 50,∀i = 1, 2. Also, the communication
range of the succeeding vehicle is limited inside a circle with
the radius Rc = 10m. A transmitter is placed on the succeed-
ing vehicle at the polar coordinates (rt, φt) = (0.25,−π/6).
The safety regions around the preceding and succeeding
vehicles are defined as circles with radii Rp = 0.6m and
Rs = 1.25m, respectively. Moreover, the field-of-view and
range of the onboard sensor on the preceding vehicle are
limited such that αm = 75◦, dm = 0.25m and dM = 6m.
Both vehicles start at the initial postures qp = [0, 1.5, 0, 0]T

and qs = [2.5, 5.5, 0, 0]T at the same time. The succeeding
vehicle is commanded to move along a trajectory generated
by the following open-loop torque command:

τs =[τs1, τs2]
T , τs1 = 8,

τs2 =0.4sech2(0.2(t− 50))− 0.9sech2(0.2(t− 110))

+ 0.9sech2(0.2(t− 170))− 0.9sech2(0.2(t− 190)).
(94)

The preceding vehicle should keep the desired distance d0 =
1.9m and the relative angle α0 = 0 with respect to the suc-
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ceeding vehicle while it is subjected to the disturbance vector
τνd(t) = τdp(t) + fp(νp) where τdp(t) = 20sin(t/20)[1, 1]T

and the vector fp(νp) = Fcsign(νp) + Fvνp simulates
Coulomb and viscous frictions. The constants Fc = 0.5 and
Fv = 0.75 are considered. It is assumed that the dynamic
parameters for the succeeding vehicle are unknown. The
desired path curvature and speed variations are generated by
the succeeding vehicle according to the reference command
(94). A random noise is added to the vehicle states by using
randn(•) function to reflect the sensor noise. Numerical
results are illustrated in Figs. 4-10. To highlight the salient
features of the proposed controller, the output-feedback linear
PID controller in [25] has been simulated and compared
with our proposed constrained output-feedback nonlinear PID
controller. Figures 4 and 5 show the x− y trajectories of the
preceding and succeeding vehicles for both controllers. As
shown by these figures, the preceding vehicle tracks and keeps
the succeeding vehicle continuously inside its limited field-of-
view while avoiding any collision. Figures 6 and 7 illustrate
that the relative distance and angle errors converge to the origin
vicinity inside the performance bounds. The time evolution of
unconstrained errors, i.e ze, is shown in Fig. 8. Figure 9 shows
that the velocity estimation errors converge to the vicinity of
the zero very fast while no unwanted peaking phenomena is
observed. Figure 10 shows the time evolutions of the weights
and parameter estimations which are bounded and smooth.
Fig. 11 confirms that the proposed controller avoids every
possible collision between both vehicles throughout the path.
However, the controller [25] experiences a possible collision
because the preceding vehicle enters the safe regions, i.e.
d < Rp+Rs. Due to the lack of space, other signals have been
omitted here. As confirmed by the figures mentioned above,
the preceding vehicle is following the succeeding one very
accurately while satisfying all the control objectives mentioned
in Section II.C. However, the controller [25] is missing the
defined requirements and objectives.

TABLE I: Model parameters description and their values in Fig. 1.

Parameter Description value
Driving wheels radius rj 0.2 m
Distance between two rear wheels 2bj 1 m
The Length of the vehicle ℓvj 1.7 m
Distance between front and rear wheels ℓbj 1.2 m
Distance between OBj and Pcj ℓcj 0.55 m
The vehicle mass mcj 30 kg
The moment of inertia about vertical
axis through Pcj Icj 5 kgm2

The moment of inertia of the vehicle Ifj 10 kgm2

B. A Comparative Study on Robustness and Performance

As stated in Section I, all the previous works including [8]-
[25] suffer from at least one of the shortcomings (i)-(viii). The
proposed controller have successfully addressed such draw-
backs in theory in Sections II and III and they are also shown
by simulations. To further show the superior performance
and robustness of the proposed controller with respect to the
controller in [25], the amount of disturbance signal is increased

TABLE II: PID controller, observer, NN and PPF parameters.

Control gain Attributed values Control gain Attributed values
Kp 20I2×2 Gp 2I2×2

Gi 0.5I2×2 ℓd 10
kf 0.25 nh 9
ΓΘ 0.1 γp 0.25
σΘ 0.1ΓΘ σp 0.25γp
γt 100 µwi [-4,-3,-2,-1,0,1,2,3,4]
λwi 10 Θm 20
pm 10 cd, cα 0.5,0.5
ρd0, ρα0 2, 1 ρj∞ 0.08
ad, bd 0.825, 2.05 aα, bα 1.309± 0.5θc
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Fig. 4: The x − y trajectories of both vehicles for the proposed
controller and controller [25].
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Fig. 5: A magnified view of x− y trajectories for both vehicles.

up to three times with respect to the previous simulation
and the result is shown by Fig. 12. This figure confirms the
absolute competency of the proposed controller with respect to
the previous output-feedback linear PID controller in [25]. The
torque control signals are also plotted for both controllers in
Fig. 13 which shows that the proposed method successfully
prevents the control signals from the saturation. Another
simulation has been carried out to compare the controller in
[25] and proposed controller in a quantitative way and the
results based on some performance criteria are given by Table
III to demonstrate the effective performance of the proposed
controller. This table compares both controllers based on the
following criteria: (i) rms(ei), ∀i = 1, 2 stands for the errors
root mean square for the measure of average tracking perfor-
mance; (ii) eM,i := maxt{|ei(t)|} gives the errors maximum
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Fig. 6: Constrained relative distance and angle errors between preced-
ing and succeeding vehicles for the proposed controller and controller
[25].
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Fig. 7: An enlarged view of constrained relative distance and relative
angle errors for the proposed controller and controller [25].
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Fig. 8: The evolution of transformed errors with respect to the time.

absolute value for the evaluation of transient performance and
(iii) ef,i := maxTf−TL≤t≤Tf

{|ei(t)|} represents the errors
maximum absolute value within the last TL = 5 seconds for
the assessment of the final tracking accuracy and Tf shows the
total program run-time. The table confirms that the proposed
nonlinear PID-type controller performs quite better than the
PID controller in [25].
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Fig. 9: Linear and angular velocity estimation errors for the proposed
observer.
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Fig. 10: The estimation of Frobenius norm of weights matrix Θ and
unknown parameter p.
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Fig. 11: The relative distance d and collision possibility between both
vehicles.

V. CONCLUSION, FUTURE WORKS AND LIMITATIONS

The output-feedback control of two cooperative autonomous
vehicles with limited sensing range and limited field-of-view
sensors was addressed in this paper. To preserve continu-
ous communication between vehicles while preventing every
possible collision and compensating the path curvature, the
relative distance and angle errors between both vehicles were
transformed to construct an Euler-Lagrange error dynamic
equation in terms of the transformed errors. Then, a NN
adaptive robust saturated PID-like controller with a satu-
rated nonlinear velocity observer was proposed to force the
preceding vehicle to follow the succeeding vehicle with a
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Fig. 12: The x − y trajectories of both vehicles for the proposed
controller and controller [25] for a very large disturbance.
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Fig. 13: The control signals for the proposed controller and controller
[25] for a very large disturbance in the presence of actuator saturation.

limited torque and without velocity measurements. A semi-
global UUB stability of the controller-observer system was
successfully analyzed using the Lyapunov’s direct method.
Simulation results confirmed that the proposed controller is
a successful candidate for the cooperative vehicle-following
problem under some realistic conditions and assumptions. An
extension of the present work to a group of N autonomous
vehicles shows our future research program. An experimental
evaluation of the proposed controller on a real autonomous
vehicle is another direction of future studies. The main limita-
tions of the presented method are listed as follows which are
left to be addressed by interested readers in the future:

• Sensor errors and communication delays may result in
a poor performance or even instability of the proposed
controller in practice.

• Initial relative errors between the vehicles are restricted
to a compact set which prevents the global stability.

• The velocity and acceleration signals of the succeeding
vehicle need to be available for the preceding vehicle.

• The lateral slippage of the preceding vehicle may lead to
a poor performance or even instability which is neglected
in this paper.

TABLE III: The quantitative evaluation of both controllers’ perfor-
mances in both transient and steady-state responses.

Performance Index Proposed controller Controller [25]
rms(eℓ) (m) 1.48 3.8
rms(eα) (rad.) 0.47 3.3
eM,ℓ (m) 2.2 2.2
eM,α (rad.) 1.08 1.08
ef,ℓ (m) 7.8× 10−5 0.26
ef,α (rad.) 5.1× 10−5 0.26
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