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Abstract

This paper establishes combinatorial characterisations of forced-symmetric and forced-
periodic rigidity (under a fixed lattice) of bar-joint frameworks in non-Euclidean normed
planes. In £4-planes for g € (1,00)\{2}, we prove characterisations for forced-periodic rigidity
and forced-reflectionally-symmetric rigidity. We also characterise forced-symmetric rigidity
in this space with respect to the orientation-reversing wallpaper group Z2? x Cs, otherwise
known as pm in crystallography. In the ¢; and {..-planes, we provide characterisations for
forced-periodic rigidity and forced-Z* x Cs-symmetric rigidity. All of these characterisations
are proved by inductive constructions involving Henneberg-type graph operations.

Keywords: infinitesimal rigidity; forced-symmetric rigidity; non-Euclidean norm; crystallographic
framework; wallpaper group; gain graph.

1 Introduction and Preliminaries

1.1 Introduction

A 2-dimensional (bar-joint) framework is a pair (G, p) consisting of a simple graph G = (V(G), E(G))
and a map p : V(G) — R? assigning positions to the vertices of G, with p(v;) # p(v;) for
{vi,v;} € E(G). The map p is also called a configuration of G in R%. Bar-joint frameworks
can be used to model real-world structures made of stiff bars connected by freely rotational joints.
These appear in a variety of applications, including in engineering, materials science, structural
biology and crystallography. A primary interest in this area is to characterise when a bar-joint
framework is rigid, meaning that it cannot be continuously deformed while maintaining the edge
lengths. For a summary of the basics of rigidity theory in Euclidean spaces, see [32] 4 [36].

Over the last two decades, there has been significant interest in the forced-symmetric rigid-
ity of symmetric frameworks, including the forced-periodic rigidity of periodic frameworks. For
forced-symmetric rigidity, one only considers motions of the framework that preserve the original
symmetry. A separate area of study is incidental-symmetric rigidity, where motions are not required
to preserve the symmetry, but this is beyond the scope of this paper. When the configurations are
assumed to be as generic as possible within the symmetry constraints, forced-symmetric rigidity in
Euclidean spaces can be characterised in terms of group-labelled quotient graphs. For a summary
of combinatorial results regarding the rigidity of finite symmetric frameworks in Euclidean spaces,
we refer the reader to [33] 30].

For infinite periodic frameworks, the rigidity analysis has largely focused on the forced-periodic
setting. Here the theory splits into two parts, depending on whether the lattice representation is
fixed or is allowed to be flexible as the framework moves. In this article, we will focus only on the
case where the lattice is fixed. For periodic frameworks on a fixed lattice in the Euclidean plane,



a combinatorial characterisation for minimal forced-periodic rigidity was given by E. Ross in [27].
In a previous paper, we characterised conditions for forced-symmetric rigidity in the Euclidean
plane with respect to the orientation-reversing wallpaper group Z? x C, [12]. Characterisations for
forced-symmetric rigidity in the Euclidean plane with respect to orientation-preserving wallpaper
groups involving rotations were covered by D. Bernstein in [I].

In this paper, we are interested in finding similar results regarding forced-symmetric and forced-
periodic rigidity for non-Euclidean ¢,-planes, including the ¢;-plane and the {,-plane. The rigidity
of finite non-symmetric frameworks in these spaces has received a lot of attention lately, see e.g.
[1'7, 15, [6l @]. Note that we are only considering 2-dimensional spaces here. Currently, no combi-
natorial characterisation is known for finite non-symmetric rigidity for bar-joint frameworks in any
higher-dimensional ¢,-spaces (for ¢ € [1,00]), so there are no characterisations for symmetric or
periodic rigidity either. (Note that there exist results for rigidity in higher-dimensional spaces with
mixed norms, see [I0]. There also exist results for the special class of body-bar frameworks in all di-
mensions, both for finite symmetric ones and for periodic ones under a fixed lattice representation,
see [35].)

Like in Euclidean spaces, it is easier to linearise the problem of rigidity by differentiating
the length constraints and considering infinitesimal rigidity. The theory of infinitesimal rigidity
in general normed spaces is described in [I7] and we briefly summarise it here. In general, an
infinitesimal motion of a framework (G,p) in a normed plane (R?, || - ||) is a map u : V(G) — R?
such that, for all {v;,v,;} € E(G), ast — 0,

[(p(vi) + tu(vi)) = (p(v;) + tu(v;))| = lIp(vi) = p(v;)]| = o).

An infinitesimal motion is trivial if it corresponds to a rigid motion of (R?, || - ||) (i.e. a family
a = {ay }ere of continuous paths, differentiable at time 0 and satisfying o, (0) = z for all z € R?,
so that the distance between any pair of points remains the same along the paths) and non-trivial
otherwise [I7, Definition 2.2]. A framework is infinitesimally rigid if all of its infinitesimal motions
are trivial and infinitesimally flexible otherwise.

Our settings for this paper will be planes with ¢,-norms for ¢ € (1,00)\{2} and with the f«
(or equivalently, ¢1) norm. With all of these norms, the space of trivial infinitesimal motions is
2-dimensional, with a basis consisting of two translations [I7]. This is in contrast to the Euclidean
plane, where there is a 3-dimensional space of trivial infinitesimal motions, as rotations also yield
trivial infinitesimal motions.

Note that there is no notion of “genericity” of a configuration in the ¢;-plane or f.,-plane;
there may be open sets of configurations where the framework is rigid and other open sets where
the framework is flexible. In other words, the set of regular configurations (where the rigidity
matrix has maximum rank) of a particular graph in these spaces need not be dense in the space
of all configurations. However, the set of regular configurations will always be open. In contrast,
in £,-planes for ¢ € (1,00), the set of regular configurations is always dense in the space of all
configurations, so the usual ideas of genericity from Euclidean rigidity can be applied to these
spaces [15].

It is also important to note that the only relevant types of symmetry in a given normed space
are those that are compatible with the symmetries of the unit sphere. In the Euclidean plane, a
characterisation of forced-symmetric rigidity for any finite-order rotational symmetry was found
by J. Malestein and L. Theran in [22] Theorem 1]. However, only 2-fold and 4-fold rotational
symmetry can be considered in non-Euclidean ¢ -planes (including ¢; and /). Likewise, symmetry
with respect to dihedral groups of order 2k, where k is odd, is not relevant in these planes, although
a characterisation of forced-symmetric rigidity for these groups in the Euclidean plane was found
by T. Jorddn, V. Kaszanitzky and S. Tanigawa in [I3] Theorem 8.2]. No characterisations for
forced-symmetric rigidity in the Fuclidean plane are known for dihedral groups of order 2k, where
k is even.

In [I7, Theorem 3.6], D. Kitson and S. Power proved that a regular framework in a non-
Euclidean ¢,-plane is minimally rigid if and only if its graph is (2, 2)-tight. They also showed that
the same condition is necessary and sufficient for minimal rigidity in polytopic planes with a quadri-
lateral unit circle, including the ¢1-plane and the £.-plane [I7, Theorem 4.10]. This work opened
questions regarding forced-symmetric rigidity in these non-Euclidean planes. Forced-reflectionally-
symmetric rigidity in polytopic planes with a quadrilateral unit circle was characterised by D.



Kitson and B. Schulze in [I8, Theorem 22]. A characterisation for half-turn forced-rotationally-
symmetric rigidity in polytopic planes with a quadrilateral unit circle was proved by D. Kitson, A.
Nixon and B. Schulze in [I6] Theorem 4.3].

In this paper, we prove characterisations for forced-periodic rigidity (Theorem , forced-
reflectionally-symmetric rigidity (Theorem and forced-Z? x C,-symmetric rigidity (Theorem
in ¢,-planes with ¢ € (1,00)\{2}. For the ¢; and /..-planes, we prove characterisations for
forced-periodic rigidity (Theorem and forced-Z? x Cs-symmetric rigidity (Theorem . Table
summarises known and unknown results for forced-symmetric rigidity in these spaces with
respect to various symmetry groups.

Symmetry lo-plane Lg-plane for g € (1,00)\{2} | ¢1-plane and {-plane
No symmetry || [25][19] [I'7, Theorem 3.6] [I'7, Theorem 4.10]

Cs [22], Theorem 2] Theorem |2.4 [I8, Theorem 22]

Co [22, Theorem 1] Unknown [16, Theorem 4.3]

Cy [22] Theorem 1] Unknown Unknown

Z? [27, Theorem 5.1] | Theorem [2.1 Theorem

72 % C, [12, Theorem 3.2] | Theorem [2.10 Theorem

Z* x Cy [, Theorem 5.10] | Unknown Unknown

72 xCy [T, Theorem 5.10] | Unknown Unknown

Table 1.1: A table showing known and unknown characterisations of forced-symmetric rigidity for
different symmetry groups in normed planes.

Our characterisations are variations of standard inductive arguments, including Henneberg-
type graph extension moves, which are used to construct all gain graphs that satisfy the relevant
conditions. To this end, we introduce new orbit rigidity matrices for symmetric frameworks in
the relevant spaces. We then need to prove that the relevant Henneberg-type extension moves
preserve minimal rigidity. Some of these geometric proofs require new techniques, building on
work in [I7) 13| 24 27]. For the ¢; and {.-planes we use symmetric variants of the framework
colouring technique seen in [I6, 17, I8]. Some of these proofs require new inductive constructions
and reduction arguments, specifically the proofs for Z? x Cs in the ¢ ,-planes with ¢ € (1,00)\{2}
(Section and for Z? and Z? x C, in the £; and f-planes (Sections [3.2| and [3.3| respectively).

The paper is organised as follows. In Section [1.2] we introduce the basic theory of symmetric
frameworks. Section [1.3] introduces the basic extension moves, which form a larger gain graph
from a smaller one. These are used for the inductive constructions throughout the paper. In
Section [2.1] we introduce the basic theory needed to understand rigidity and symmetric rigidity
in ¢,-planes for g € (1,00)\{2}. In Section this is used to characterise conditions for periodic
rigidity in these spaces. Likewise, Sections [2.3] and [2:4] characterise conditions for C,-symmetric
rigidity and Z2? x Cs-symmetric rigidity respectively in these ¢4-planes. Section introduces
the basics of rigidity in the ¢;-plane and the /. .-plane. By isometric isomorphism, this theory
also applies to other polytopic planes with two basis vectors. We build on this in Section to
characterise periodic rigidity in the ¢;-plane and /o-plane and then in Section [3.3] to characterise
72 x Cs-symmetric rigidity in ¢;-plane and ¢.-plane. Finally, Section discusses avenues for future
research.

1.2 Background on symmetric frameworks

We fix an arbitrary norm in the plane R2. Let I' be a group of isometries in the plane with respect
to this norm. We refer to such a group as a symmetry group. A simple graph G is I'-symmetric if
there is a group action I' — Aut(é). If T contains translations, then we say that a I'-symmetric
graph is periodic and the term “periodic” is often used in place of “symmetric” for these graphs.
In this paper, we are only considering actions that are free on the vertex set, meaning that no
non-identity elements of I' fix any vertices. We are also assuming that symmetric graphs have a
finite number of vertex orbits and a finite number of edge orbits, so a I'-symmetric graph is infinite
if and only if T is infinite. A useful tool for studying symmetric graphs is the (group-labelled) gain
graph, which we now define. For more details, see [I3] [26] [§] for example.



Let G be a multigraph. Choose an arbitrary orientation for G and let E(G) be the resulting
oriented edge set. A I'-gain assignment for G is a map m : E(G) — I such that loops receive
non-identity gains, parallel edges with the same orientation receive different gains and parallel
edges with opposite orientations receive gains that are not inverses of each other. A I'-gain graph
is a pair (G,m) consisting of a multigraph G and a I-gain assignment m : E(G) — I'. For a given
edge e € E(G), the element m(e) is known as the gain of e. An edge e in a gain graph from v; to
vj with gain m(e) is denoted by e = (v;,v;;m(e)) € E(G).

A gain graph can be used to represent a larger symmetric simple graph by using only one
vertex for each vertex orbit and one edge for each edge orbit. From a I-symmetric graph G,
we can construct its quotient I'-gain graph (G,m), as follows. Choose any set of vertex orbit
representatives to form V(G) = {vy, ..., v,}. Each edge in G takes the form {y;v;,v;v;} for some
v;,v; € V(G) and v;,; € I'. For each such edge, represent the corresponding edge orbit by adding
(vi,v537: ;) to the gain graph. In this construction, the choice of orientation for each gained
edge is unimportant, as two gain graphs can be regarded as equivalent if one can be obtained from
the other by reversing edge orientations and replacing associated gains with their inverses.

Conversely, given a I'-gain graph (G, m), we can construct its derived I'-symmetric graph G as
follows. Let V(G) = {(v,7) : v € V(G),y € T'}. For brevity, (v,7) is often abbreviated to yv.
Then {v;v;,v;0;} is in E(G) if and only if there exists (v, vj;7 ;) € E(G).

A T-symmetric configuration of a T-symmetric graph G is a configuration p : V(é) — R?
such that, for all v € V(G) and v € T, we have yp(v) = p(yv). A T-symmetric framework
is a pair (@,13) consisting of a I-symmetric graph G and a D-symmetric configuration p of G.
Note that a configuration p : V(G) — R? can also be defined on a I'-gain graph (G,m). This
configuration p derives a I'-symmetric configuration p : V(G) — R? of the derived I'-symmetric
graph G. Conversely, a T-symmetric configuration  : V(G) — R of G naturally restricts to a
configuration p : V(G) — R? on the quotient I'-gain graph (G, m).

Given an isometry v € T', let ; denote the linear part of . For a I'-symmetric framework (G P)
an infinitesimal motion @ : V(G) — R? of (G,7) is said to be T-symmetric if, for all v € V(G)
and v € T, @(yv) = yya(v). A T-symmetric framework is T'-symmetrically infinitesimally rigid if it
has no non-trivial I'-symmetric infinitesimal motions. Otherwise, it is I'-symmetrically infinitesi-
mally flexible. 1t is minimally T-symmetrically infinitesimally rigid if either it is ['-symmetrically
infinitesimally rigid and has no bars, or it is I'-symmetrically infinitesimally rigid and the removal
of any orbit of bars results in a I'-symmetrically infinitesimally flexible framework.

If T" contains translations, then a I-symmetric framework is infinite and periodic. In this paper,
we are assuming that the periodicity lattice remains fixed under all infinitesimal motions, as the
isometry group I is fixed.

The orbit rigidity matriz of a symmetric framework is a matrix that encodes the constraints
that edge orbits impose on symmetric infinitesimal motions. For Euclidean spaces, the orbit
rigidity matrix is defined for finite symmetry groups in [31] and for translation groups in [27]. We
will formally define the orbit rigidity matrix for non-Euclidean ¢,-planes with ¢ € (1,00)\{2} in
Section [2:1] The formal definition of the orbit rigidity matrix in the ¢; and ¢o-planes will be given
in Section A more general formal definition is given in [14].

A T-symmetric configuration is said to be I'-regular if it achieves the maximum possible rank
of the orbit rigidity matrix. Equivalently, a symmetric configuration is I'-regular if it achieves the
minimum possible dimension of the infinitesimal motion space among all configurations of this gain
graph. In ¢,-normed planes for ¢ € (1,00), the set of regular configurations is dense in the space
of all configurations. However, this is not the case in the #; or £,.-planes. As a result, there is no
notion of a gain graph being generically rigid in these spaces.

A walk in a gain graph (G, m) can be denoted by e;* es®2...e,*, where €1, e, ..., € E(G)
and the values a1, as, ..., i are +1 for edges that are traversed forwards, and —1 for edges that are
traversed backwards. The net gain of such a walk is the element Hle m(e;)®. Given some I'-gain
graph (G, m) with v € V(G), the gain space ((G,m)), is the subgroup of I that is generated by
the net gains of all closed walks in (G, m) that start and end at v.

A gain graph (G, m) is said to be balanced if, for all starting vertices v € V(G), the gain space
((G,m)), is trivial. Otherwise, the gain graph is said to be unbalanced. The gain graph is said to
be purely periodic if, for all v € V(G), the gain space ((G,m)), consists only of translations.



Let (G, m) be a I'-gain graph and choose a vertex v € V(G). Let v € I'. A switching operation
at v by v defines a new gain assignment m’ : E(G) — T on G as follows:

ym(e)y~t if e is a loop incident to v;

m(e) = ~vym(e) if e is a non-loop edge directed from v;
m(e)y~t  if e is a non-loop edge directed to v;
m(e) otherwise.

Intuitively, switching operations change the choice of vertex orbit representatives used in the con-
struction of the quotient gain graph. Since the derived graph does not change, switching operations
preserve rigidity and flexibility properties. They also preserve the balanced and purely periodic
properties. Two gain graphs are said to be equivalent if one can be reached from the other by a
sequence of switching operations or by reversing edge orientations and inverting the corresponding
gains.

It is possible to use switching operations to assign identity gain to the edges of any spanning tree
in a connected I'-gain graph. From this, we have the following result, which is a straightforward
extension of [I3] Lemma 2.3].

Lemma 1.1. Let (G, m) be a T'-gain graph such that, for every vertex v € V(G), the gain space
((G,m)), is contained in some subgroup I" < T'. Then there is an equivalent gain graph (G,m’)
in which every gain is an element of T".

Let k € N and I,n € Ng. A multigraph G is said to be (k,[)-sparse if all subgraphs G' C G
with |E(G")| > 1 satisfy |[E(G")| < k|V(G')| — I. The multigraph G is said to be (k,1)-tight if it is
(k,l)-sparse and it satisfies |E(G)| = k|V(G)| —I. A gain graph (G, m) is said to be (k,I,n)-gain
tight if it is (k, n)-tight and every balanced subgraph is (k,1)-sparse.

1.3 Extensions

In this paper, we will be making use of several extension moves, which are operations that form
a larger gain graph from a smaller one. This section describes the types of extension moves that
will be used. These are variations of some well-known moves in symmetric rigidity theory, as seen
in papers such as [13], [I6], [18] and [27] (see also []]).

Definition 1.2. Let I' be a symmetry group of a given 2-dimensional normed vector space and
let (G, m) be a T'-gain graph. A gained O-extension forms a new gain graph (G',m’) by letting
m'|p@) = m and adding a new vertex vy with incident edges ey = (vo,vi;m’(e1)) and ey =
(v, v2;m/(e2)), for some (not necessarily distinct) vi,ve € V(G). This move is illustrated in
Figure[I.1l A gained O-reduction is the inverse move of a gained 0-extension.

Vo Vo
ey e2 €1 €2
) ° —> ° ° —> .
V1 V2 V1 V2 (%1 U1
(a) Two neighbours. (b) One neighbour.

Figure 1.1: The two variations of the gained 0-extension.

A gained 1-extension forms a new gain graph (G',m') by letting m'| gy = m, removing an edge
e = (v1,v2;m(e)) € E(G) and adding a new vertex vo with incident edges ey = (vg,v1;m’(e1)),
e2 = (vg,v2;m/ (€2)) and es = (vg,v3;m/(e3)), for some vz € V(G), with the additional requirement
that (m’(e1))~'m/(e2) = m(e). Note that the vertices vy, ve,v3 € V(G) need not be distinct. This
move is illustrated in Figure[I. A gained l-reduction is the inverse move of a gained 1-extension.



Vo Vo

€3
m el es
€ €
*—>-0 ° —> ° —e | —
U1 U2 U3 U1 U2 U3 U1 U2 U1 V2
(a) Non-loop to three neighbours. (b) Non-loop to two neighbours.
Vo Vo
e1
¢ A € el ez | es
¢ N ¢ o
U1 U3 U1 U3 U1 U1
(¢) Loop to two neighbours. (d) Loop to one neighbour.

Figure 1.2: The four variations of the gained 1-extension.

A gained loop-1-extension forms a new gain graph (G',m') by letting m'| gy = m and adding
a new vertex vy with incident edges | = (v, vo;m'(l)) and e = (vg,v1;m/(e)), for some vy €
V(G), with the additional requirement that m’(l) has a non-trivial linear component. This move
is illustrated in Figure [I.3 A gained loop-1-reduction is the inverse move of a gained loop-1-
extension.

Figure 1.3: The gained loop-1l-extension. Note that the gain m/(l) must have a non-trivial linear
component.

A gained vertex-to-4-cycle move forms a new gain graph (G',m’) by letting m'|gcy = m,
choosing a vertex vy € V(G) with incident edges e1a = (v1,v2;m(e12)) and e1g = (v1,v3;m(e1s)) to
distinct vertices va, v € V(G) and adding a new vertez vy with incident edges egs = (vg, v2; m’(eg2))
and ep3 = (vo,v3;m’(eo3)) such that (m'(ep2)) tm/(eo3) = (m(e12))"tm(e13). Every other edge
of the form (vi,w;m(e)) € E(G) (for some w € V(Q)) is either left unchanged or replaced by
(vo,w;m(e)). In the case where w = vy, the edge may be left unchanged or be replaced by either
(vo,v1;m(€)), (vi,v0;m(e)) or (vo,vo;m(e)). This move is illustrated in Figure [1.J} A gained
4-cycle-to-vertex move is the inverse move of a gained vertex-to-4-cycle move.

V2 @ ® U3 V2 ® U3

€12 €13 €12 €13

V1 —> U1

Figure 1.4: The gained vertex-to-4-cycle move.

A gained vertex-to-Ky move forms a new gain graph (G',m') by letting m/|pqy = m and
replacing a vertex v1 € V(G) with a copy of K4 in which all edges have identity gain. Every other
edge of the form (vi,w;m(ey)) € E(G) (for some w € V(G) which may be equal to vy) is either
left unchanged or replaced by (vy, w;m(ey)), where vy is another vertex in the copy of K4. Note
that different edges of this form may use different choices of vy. In the case where w = vy, either
end vertex can be replaced by any vertex in the copy of Ka. This move is illustrated in Figure[1.5



A gained Kj-to-vertex move is the inverse move of a gained vertex-to-K, move.

N

Figure 1.5: The gained vertex-to-K4 move.

A gained edge-to-K3 move (also known as a vertex-splitting move) forms a new gain graph
(G',m') by letting m'|g(q) = m, choosing an edge e = (v1,v2;m(e)) € E(G) and adding a new ver-
tex vo with incident edges e; = (vg,v1;m’(e1)) and ea = (vo, v2;m'(€2)) such that (m'(e1))1m/(ex) =
m(e). Every other edge of the form (vi,w;m(e)) € E(G) (for some w € V(G)) is either left un-
changed or replaced by (v, w;m(e)). In the case where w = vy, the edge may be left unchanged
or be replaced by either (vo,vi;m(e)), (vi,vo;m(e)) or (vo,vo;m(e)). This move is illustrated in
Figure[1.6, A gained K3-to-edge move is the inverse move of a gained edge-to-Ks move.

1 ¢ vy 1 ¢ V2

Figure 1.6: The gained edge-to-K3 move.

Let (Gy,mq) and (Ga,mg) be disjoint T'-gain graphs. An edge-joining move forms a new T'-
gain graph (G @ Ga,m') by taking the disjoint union G1 U G, letting m/|gq,) = my, letting
m'|g(a,) = M2 and adding an edge e = (vi,v2;m/(€)), where vi € V(G1) and vy € V(Gz). This
creates the I'-gain graph

G1® Go = (V(G1) UV(Ga), E(G1) U E(G2) U ((v1,v2;m'(€))))-

This move is illustrated in Figure[1.7]

Figure 1.7: The edge-joining move

2 Rigidity in /,-planes for ¢ € (1,00)\{2}

2.1 Preliminaries on Rigidity and Symmetric Rigidity in /,-planes for

q € (1,00)\{2}

Given some g € [1,00), the £,-norm || - ||, on R? is defined, for all a = (ay,as) € R?, by

lally = Vla1]? +|az]?.

Note that the fy-norm is simply the familiar Euclidean norm on R2.

In this section, we briefly summarise the basics of rigidity in the space (R?, || - |,) for ¢ €
(1,00)\{2}. For more details, see [I7]. Forced-symmetric and periodic rigidity in this setting will
be studied in Sections to Note that studying rigidity in the ¢;-plane or the ¢,,-plane
requires different techniques, which will be discussed in Sections to



For a point a = (ay,az) € R? and a scalar k € (0, 00), define
o™ = (sgn(a1)a1|*, sgn(az)laz|").

We can now see how the general definition of an infinitesimal motion applies with these norms, as
proved in [I7, Proposition 3.2]. Let G be a simple undirected graph and let (G, p) be a framework
in (R%,|| - ||,) for some q € (1,00)\{2}. An infinitesimal motion of (G,p) is a map u : V(G) — R?
such that, for all edges {v;,v;} € E(G),

(p(vi) — p(v;)) ™V - (u(v;) — u(vy)) = 0.

We can also define the rigidity matrix for a framework in these spaces, which is analogous to
the standard rigidity matrix for Euclidean spaces. The rigidity matriz R,(G,p) of (G,p) is the
|E(G)| x 2|[V(G)| matrix with one row for each edge in E(G) and a 2-tuple of columns for each
vertex in V(G), where the row for an edge e = {v;,v;} € E(G) is

(3 Uj

el0 .. 0 (p(vi) —p(v;) @D 0 .. 0 (p(v;)—p(w))aH 0 .. 0 ].

From this, it is clear that u € R?IV(%) is an infinitesimal motion for (G, p) if and only if R, (G,p)u=
0, so the kernel of the rigidity matrix represents the space of infinitesimal motions [I'7, Proposition
3.2].

We now define the orbit rigidity matrix for the general /,-plane. This is analogous to the Eu-
clidean orbit rigidity matrix, which is described in [31] for finite symmetries and [26] for translation
symmetries. Let I be a group of isometries on (R?, | - ||,) and let (G,m) be a I'-gain graph with
a configuration p : V(G) — R? that derives a I-symmetric framework (G, p) in (R?,]| - ||,). The
orbit rigidity matriz O4(G,p,T) of (G,p) is the |E(G)| x 2|V (G)| matrix with one row for each
edge in (G, m) and a 2-tuple of columns for each vertex in (G, m), defined as follows. There are
two different possibilities for the row corresponding to an edge e = (v;,v;;m(e)) € E(G):

1. Suppose that e is not a loop (v; # v;). Then the row for e is

V; Uy

el0 .. 0 (p(vs)— m(e)p(v;) = 0 ... 0 (p(vy) — (m(e)) p(v;))@ 0 .. 0 ]
2. Suppose that e is a loop (v; = v;). Then the row for e is

Ui

e0 ... 0 (p(v;)—m(e)pv:)) =Y + (p(v;) — (m(e))'pvy)) e 0 .. 0 ]

As in the Euclidean plane, the kernel of the orbit rigidity matrix corresponds to the space of
symmetric infinitesimal motions. The proof is an immediate extension of that seen for the Euclidean
orbit rigidity matrix in [31]. See [II] for details.

2.2 Periodic Rigidity in /,-planes for ¢ € (1,00)\{2}

In this section, we fill an important gap in the theory, as we study forced-periodic rigidity in non-
Euclidean £4-planes for the first time, although the proof uses a considerable amount of previous
work. Note that we are only considering fixed-lattice periodic rigidity here. When considering
periodic frameworks in any plane, we can assume, without loss of generality, that the periodicity
lattice vectors are (1,0) and (0,1). Put otherwise, we are considering I'-symmetric frameworks,
where T' is the group of isometries generated by translations by (1,0) and (0,1). For ease, we
identify this group with Z?. The following result characterises periodic rigidity in the ¢,-plane for

q € (1,00)\{2}.
Theorem 2.1. Let ¢ € (1,00)\{2}. Let (G,p) be a Z?-regular framework in (R2,| - |,) with
s

underlying Z2-gain graph (G,m). Then (G,p) is minimally periodically infinitesimally rigid if and
only if (G,m) is (2,2)-tight.



The necessity part of Theorem is proved in the standard way, see e.g. [I7], noting that
the ¢,-plane admits a 2-dimensional space of trivial periodic infinitesimal motions (induced by
all translations) and therefore the required rank is 2|V (G)| — 2. It can then be shown that any
subgraph G’ C G with |E(G")| > 2|V (G’)|—2 creates a row-dependence in the orbit rigidity matrix,
contradicting minimal rigidity.

To prove the sufficiency part of Theorem we use an inductive approach, which is similar
to the proofs of [I7, Theorem 3.6] and [27, Theorem 5.1]. The inductive method involves gained
0-extensions, 1-extensions, vertex-to-4-cycle moves and vertex-to-K, moves. The first step is to
show that each of these extensions preserves minimal rigidity of Z?-gain graphs in (R?, ||-||,). This
can be done using straightforward adaptations of standard methods.

Proposition 2.2. Let (G,p) be a periodic framework in (R?, || - ||,) that is minimally periodically
infinitesimally rigid. Let (G, m) be the underlying Z2-gain graph of (G,p). Let (G',m’) be formed
by a gained 0-extension, 1-extension, vertex-to-4-cycle move or vertez-to-K, move of (G,m). Let
(G',7') be a Z*-regular framework derived from (G',m'). Then (G',§) is minimally periodically
infinitesimally rigid.

Proof. The fact that a gained 0-extension preserves minimal periodic rigidity can be proved by a
slight modification of the method seen in [I7, Lemma 3.8]. This involves choosing a configuration
in which the new vertex is not collinear with its derived neighbours. Then basic linear algebra can
be used to show that the orbit rigidity matrix is row-independent.

The fact that a gained 1-extension preserves minimal periodic rigidity can be proved by com-
bining the standard methods seen in [I7, Lemma 3.10] and [27, Proposition 3.2]. After choosing
a configuration in which the new vertex is placed on the line corresponding to the edge that was
removed, basic linear algebra can be used to show that the orbit rigidity matrix is row-independent.
Note that (2, 2)-tight multigraphs have no loops, so the 1-extension variations seen in Figures m
and [[L.2d] are not relevant here.

Vertex-to-4-cycle moves and vertex-to-K, moves can be proved to preserve minimal periodic
rigidity by adapting the methods used to prove [I7, Lemma 3.12] and [I7, Lemma 3.14] respectively.
We refer the reader to [II] for details. O

The following result provides the inductive construction of (2, 2)-tight Z?-gain graphs.

Theorem 2.3. [2], Theorem 15] A Z*-gain graph is (2, 2)-tight if and only if it can be formed from
Ky by a sequence of gained 0-extensions, 1-extensions, vertex-to-4-cycle moves and verter-to-Ky
moves.

This allows the proof of sufficiency for Theorem to be completed.

Proof of sufficiency for Theorem [2-1] 1t is clear that any framework derived from a Z2-gain graph
on K3 is minimally periodically infinitesimally rigid in this space. By Theorem every (2,2)-
tight Z2-gain graph can be formed from K; by a sequence of gained 0-extensions, 1-extensions,
vertex-to-4-cycle moves and vertex-to-K4 moves. Proposition shows that all of these moves
preserve minimal periodic infinitesimal rigidity of Z2-regular derived frameworks. Hence, every Z2-
regular framework in (R?, | -||,) derived from a (2,2)-tight Z2-gain graph is minimally periodically
infinitesimally rigid. O

2.3 Reflective Symmetric Rigidity in /,-planes for ¢ € (1,00)\{2}

In this section, we present a combinatorial characterisation for minimal reflectionally-symmetric
infinitesimal rigidity in the ¢4-plane for ¢ € (1,00)\{2}. Let C; = {0, s} be a reflection symmetry
group. Note that, in these planes, symmetry groups must be compatible with the symmetries of
the unit ball. Hence, the linear part of the symmetry group must be a subset of the dihedral group
of order 8. This means that axes of reflection must be either the xz-axis, the y-axis or one of the
diagonals. Since the geometric results here do not rely on the position of the reflection line, we
can, without loss of generality, assume that the reflection s is in the z-axis.



Theorem 2.4. Let ¢ € (1,00)\{2}. Let (G,p) be a Cs-regular framework in (R2,| - |,) with
underlying Cs-gain graph (G,m). Then (G,p) is minimally Cs-symmetrically infinitesimally rigid
if and only if (G, m) is (2,2,1)-gain-tight.

Necessity of this condition is again proved in the standard way using the new orbit rigidity
matrix. Note that there is a 1-dimensional space of trivial Cs-symmetric infinitesimal motions
(induced by translations parallel to the axis of reflection), so the required overall count for the
gain graph is |E(G)| = 2|[V(G)| — 1. It can be seen that any subgraph that breaks the sparsity
conditions will create a row-dependence in the orbit rigidity matrix.

We now prove sufficiency. Again, we prove this inductively. The relevant extension types are
gained 0-extensions, l-extensions, loop-1-extensions, vertex-to-4-cycle moves, vertex-to- K, moves
and edge-joining moves. The first four of these can easily be proved to preserve minimal Cs-
symmetric rigidity of Cs-regular derived frameworks by adapting standard methods, such as those
seen in [13] and [17].

Proposition 2.5. Let (G,p) be a Cs-symmetric framework in (R2, || - lq) that is minimally C,-
symmetrically infinitesimally rigid. Let (G,m) be the underlying Cs-gain graph of (G,p). Let
(G',m) be formed by a gained 0-extension, 1-extension, loop-1-extension or vertex-to-4-cycle move
of (G,m). Let (G',§') be a Cs-regular framework derived from (G',m'). Then (G',p') is minimally
Cs-symmetrically infinitesimally rigid.

To prove that vertex-to-K4 moves preserve minimal rigidity, we adapt a method from [24]
Lemma 9]. Note that the method used in [I7, Lemma 3.14] does not work for Cs-symmetric
frameworks, as vertical translations are not Cs-symmetric.

Proposition 2.6. Let (G,p) be a Cy-symmetric framework in (R2,| - ||,) that is minimally Cs-
symmetrically infinitesimally rigid. Let (G,m) be the underlying Cs-gain graph of (é,ﬁ). Let
(G',m’) be formed by a gained vertez-to-K4 move of (G,m). Let (G', ) be a Cs-regular framework
derived from (G',m’). Then (G', ') is minimally Cs-symmetrically infinitesimally rigid.

Proof. Note first that the move preserves (2, 1)-tightness, so it is sufficient to show that the move
preserves rigidity. Suppose that the vertex-to-K4 move replaces v; € V(G) with the balanced
subgraph K4(v1,ws,ws,ws). By Lemma it can be assumed that every edge in this copy of
K4 has identity gain. For contradiction, suppose that (G, ) is Cs-symmetrically infinitesimally
flexible.

Let p : V(G) — R?V(&I be a C,-regular configuration of (G,m). Define a sequence of Cy-
regular configurations (p¥)ren of (G’,m’) with pk|v(é) = p for all k € N. Let p* be the derived
configuration of each p¥. Suppose that, for i € {2,3,4}, we have that p*(w;) — p(v;) as k — oo.
Hence, (p*)ren is convergent. Let p> denote its limit, deriving a configuration 5> of G

Since (G', p) is assumed to be Cy-regular and C,-symmetrically infinitesimally flexible, it must be
that each (G, p*) is also Cy-symmetrically infinitesimally flexible. For each k € N, let u* € R2IV(G")]
be a unit (with respect to the Euclidean norm) vector that derives a non-trivial Cs-symmetric
infinitesimal motion of (G’,*). This can be chosen so that it is orthogonal (in the Euclidean sense)
to the 1-dimensional space of trivial infinitesimal motions. Since the sequence (u*)ey is formed
only of unit vectors, this is a bounded sequence and it therefore has a convergent subsequence by
the Bolzano-Weierstrass Theorem. Let u € RV ()l be the limit of this convergent subsequence.
We aim to show that « derives an infinitesimal motion of (G, ). By passing to a subsequence
if necessary, it can be assumed that u* — u.

As seen in [I7, Example 3.4], any Cs-regular framework derived from K is infinitesimally rigid.
The restriction of each u* to the copy of K, is therefore a trivial infinitesimal motion. This means
that, for all k € N, u*(v1) = u¥(wz) = u¥(w3) = u*(w4). Hence, u(vi) = u(ws) = u(wsz) = u(wy).

Since the sequence (p*(v))xen is constant for all v € V(G), the infinitesimal motion constraints
given by each edge between vertices of V(@) are unchanged as k — co. Bars of zero length do not
impose any constraints on infinitesimal motions, so the edges that are part of Kjy(v1,ws,ws, wy)
need not be considered for u.

Consider an edge e = (w,v;m/(e)) € E(G’), where w € {ws,ws, ws} and v € V(G)\{v1}. The
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constraint placed on u* by this edge is
(" (w) = m/(e)p(v)) @V - (uF (w) = m(e)u¥(v)) = 0.
Since p*(w) — p(v1) and u¥(w) — u(vy) and u*(v) — u(v), it can be seen that

(" (w) —m/(e)p(v) @™V - (u* (w) — m/(e)u* (v)) = (p(vr) —m/()p(v) ™Y - (u(vr) — M/ (e)u(v)).

Since the sequence on the left is constrained to be a constant zero sequence, it can be seen that

(p(v1) = m/(e)p(v)) @™V - (u(vr) — m' (e)u(v)) = 0.

Hence, u satisfies the infinitesimal motion constraint imposed by e.

It remains to consider edges of non-identity gain between vertices within the copy of K4, which
arise from loops at v; under the extension. Let e = (w;, w;;m/(e)) € E(G’) be such an edge for

some distinct pair w;,w; € {v1, wa, w3, wys}. This imposes the following constraint on uk:

(" (wi) = m/ (e)p* (w;) ™ - (¥ (w;) — m' (e)u” (wy)) = 0.
Like before, note that

(" (wi) = m/ (€)p* (w;)) ™Y - (¥ (w;) — m' (e)u” (wy)) — (p(vr) —m/ (€)p(v1)) - (u(vr) — m'(e)u(vr)).
Since the sequence on the left is constrained to be a constant zero sequence,

(p(v1) —m’(e)p(v1)) - (u(vr) —m/(e)u(vr)) = 0.

Hence, u satisfies the infinitesimal motion constraint imposed by e. Hence, u is an infinitesimal
motion of (G, p>).

Note that each u* is a non-trivial infinitesimal motion that has unit norm and is orthogonal to
every trivial infinitesimal motion. For any trivial infinitesimal motion x and any k € N, we have
that u* - 2 = 0. By continuity of the dot product, u - z = 0. By continuity of the norm, |jul[; = 1.
Hence, u derives a non-trivial Cs-symmetric infinitesimal motion of (G” ,p™). Since u is constant
on {v1,ws,ws,wy}, it can be seen that the restriction u|V(G) derives a non-trivial Cs-symmetric
infinitesimal motion on the C,-regular framework (G,7), which contradicts the fact that this is
Cs-symmetrically infinitesimally rigid. Hence, vertex-to- K4 moves preserve minimal Cs-symmetric
infinitesimal rigidity. O

We now show that edge-joining moves preserve minimal Cs-symmetric infinitesimal rigidity,
following the idea seen in [24, Lemma 11].

Proposition 2.7. Let (G1,p1) and (Ga,p2) be Cs-symmetric frameworks in (R?,|| - ||,) that are
minimally Cs-symmetrically infinitesimally rigid. Let (G1,m1) and (Ga,m2) be the underlying Cs-
gain graphs of (G1,p1) and (Ga,P2) respectively. Let (G',m’) be formed by a gained edge-joining
move that combines (G1,m’) and (Gy,m’). Let (G',§') be a Cs-regular framework derived from
(G',m'). Then (G',§) is minimally Cs-symmetrically infinitesimally rigid.

Proof. Suppose that the edge-joining move gives G' = G1 ®G2 = (V(G1)UV(G2), E(G1)UE(G2)U
{(v1,v2;m/(e))}), where v1 € V(G1) and vy € V(G2). It is clear that this move preserves (2, 1)-
tightness, so it remains only to prove that it preserves row-independence of the orbit rigidity matrix.
Since translating a framework does not change its rigidity properties, without loss of generality,
we may assume that pj(vi) # m/(e)p2(v2), and we may further assume that ]5/|V(G'1) = p; and
ﬁ/|v(ég) = po. If we prove that a framework following these assumptions is Cs-symmetrically
infinitesimally rigid, then Cs-symmetric infinitesimal rigidity follows for all Cs-regular configurations
of G. Observe that the orbit rigidity matrix of (G, ') takes the following form:

o Oq(é17ﬁl|v(él),cs) ) 0
OQ(G 7]5 7CS) = 0 Oq(G27ﬁ/|V(é2)st)
(7' (01) =m/ () (v2)) ™1 0 (F'(v2) — (m/(e))"'p' (v1)) "1 0O
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It is clear that the rows for E(G1) U E(G2) are linearly independent, so it remains only to show
that the row for the new edge e is independent of the others.

The rank of Oq(é1,ﬁ/|v(é1),CS)@Oq(éz,ﬁ/|v(5;2), Cs) is 2|V (G)|—2, so the resulting kernel is 2-
dimensional. One element of this kernel is the vector u € RV defined by setting u(v) = (1,0) if
v € V(Gy) and u(v) = (0,0) if v € V(G2). By regularity, it can be assumed that p'(v1)—m/(e)p’ (ve)
has a non-zero horizontal component. From this, it follows that e eliminates u from the kernel,
which leaves only a 1-dimensional kernel, as required. O

Having seen that each of these extensions preserves minimal rigidity, consider the following
theorem.

Theorem 2.8. [2], Theorem 17] A Cs-gain graph is (2,2,1)-gain-tight if and only if it can be
constructed from either an unbalanced gain graph on Ki (the multigraph consisting of a single
vertex with a single loop) or a gain graph on K4 + e, where every edge except e has identity gain,
by a sequence of gained 0-extensions, 1-extensions, loop-1-extensions, vertex-to-K4 mowves, vertex-
to-4-cycle moves and edge-joining moves.

This allows the proof of sufficiency for Theorem to be completed.

Proof of sufficiency for Theorem[2.4) It is easy to see that all Cs-regular frameworks derived from
gain graphs on K{ are minimally Cs-symmetrically infinitesimally rigid. The same applies for
Cs-regular frameworks derived from Cs-gain graphs on K4 + e, where every edge except e has
identity gain. Theorem states that every (2,2, 1)-gain-tight graph can be constructed from one
of these base graphs by a sequence of gained 0-extensions, 1-extensions, loop-1-extensions, vertex-
to-K4 moves, vertex-to-4-cycle moves and edge-joining moves. Propositions and show
that all of these moves preserve minimal Cs-symmetric infinitesimal rigidity of Cs-regular derived
frameworks. Hence, every Cs-regular framework in (R?,| - ||,) derived from a (2,2,1)-gain-tight
Cs-gain graph is minimally C-symmetrically infinitesimally rigid. O

2.4 7? x C,~-Symmetric Rigidity in /,-planes for ¢ € (1,00)\{2}

We now consider frameworks that are symmetric with respect to the wallpaper group Z? x C,. This
is the wallpaper group formed by taking the semi-direct product of the group Z? of translations
(w.lo.g. generated by the vectors (1,0) and (0, 1)) with the reflectional group Cs, generated by the
reflection s, in the plane (where w.l.o.g. the mirror line of s is the z-axis) [34] Section 3.2]. In the
Hermann—Mauguin notation used in crystallography, this group is denoted by pm [29] 28], while
in the orbifold notation advocated by J.H. Conway, this group is known as x [5].

For ease, we will use the following notation for elements of Z? x C,. Let a,b € Z and let
r € Cs. Then (a,b,7) € Z% x C, is the isometry formed by composing the reflection r, followed by
a translation by the vector (a,b).

In [I2, Theorem 3.2], we characterised conditions for Z? x Cy-symmetric rigidity in the Euclidean
plane. In this section, we do the same in non-Euclidean ¢4-planes with ¢ € (1,00)\{2}. As before,
we are assuming that the periodicity lattice must remain fixed.

Definition 2.9. A Z? x Cs-gain graph (G,m) is said to be (Z* x Cs),-tight if it satisfies the
following conditions:

1. (2,1)-tight Condition: G is (2, 1)-tight;
2. Purely Periodic Condition: Every purely periodic subgraph of G is (2,2)-sparse.
Theorem 2.10. Let g € (1,00)\{2}. Let (G,p) be a Z? x Cs-regular framework in (R?,|| - ||,) with

underlying Z* x Cs-gain graph (G,m). Then (G,p) is minimally Z> x Cy-symmetrically infinitesi-
mally rigid if and only if (G, m) is (Z* x Cs),-tight.

As with the other cases, the proof of necessity here is straightforward. Note that there is a

1-dimensional space of trivial Z? x Cs-symmetric infinitesimal motions (induced by translations
parallel to the axis of reflection), so the required rank is 2|V(G)| — 1. We focus on proving
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sufficiency, and again we will do this by using an inductive construction. The relevant extension
types are gained 0-extensions, 1-extensions, loop-1-extensions, vertex-to-4-cycle moves and vertex-
to-K, moves. While the 1-extension requires extra work to show that it preserves minimal Z?2 x C,-
symmetric rigidity, the other extensions follow readily from standard adaptations.

Proposition 2.11. Let (G, p) be a Z*? x Cs-symmetric framework in (R2, || - ||,) that is minimally
72 x Cs-symmetrically infinitesimally rigid. Let (G,m) be the underlying Z? x Cs-gain graph of
(G,p). Let (G',m/) be formed by a gained 0-extension, loop-1-extension, vertex-to-4-cycle move or
vertez-to-Ky4 move of (G,m). Let (G',§) be a Z* x Cs-regular framework derived from (G',m’).
Then (G, §) is minimally Z* x Cy-symmetrically infinitesimally rigid.

Proof. The proofs that gained 0-extensions, loop-1-extensions and vertex-to-4-cycle moves preserve
minimal Z? x Cs-symmetric rigidity follow by adapting the methods seen in [17, Lemma 3.8], [13}
Lemma 6.1] and [I7, Lemma 3.12] respectively. The proof for gained vertex-to-K, moves follows
by adapting the proof of Proposition See [I1] for details. O

Proposition 2.12. Let (G,p) be a Z* x Cs-symmetric framework in (R, || - ||,) that is minimally
72 x Cy-symmetrically infinitesimally rigid. Let (G,m) be the underlying Z* x Cs-gain graph of
(G,p). Let (G',m') be formed by a gained 1-extension of (G,m). Let (G',§') be a Z* x Cs-regular
framework derived from (G',m’). Then (G', ) is minimally Z? x Cs-symmetrically infinitesimally
rigid.

Proof. In the cases where the new vertex in the gain graph has 2 or 3 neighbours, the usual method
can be applied. See [I3, Lemma 6.1], for example. This involves using regularity to assume that
the derived neighbours of the new vertex are not collinear.

This leaves the case where a 1-extension is performed on a loop to give a triple of parallel edges,
as illustrated in Figure A different method is required to complete the proof in this case,
which we now describe. The method is similar to that seen in [I2] Proposition 4.3].

Suppose that (G’,m’) is formed from (G,m) by a gained l-extension that removes a loop
e = (v1,v1;m(e)) € E(G) and adds a new vertex vy with incident edges e; = (vg, v1;m/(e1)),
ea = (vg,v1;m/(e2)) and ez = (vg,v1;m’ (e3)) such that (m’(e1))~tm/(e2) = m(e). A switching
operation involving a reflection allows us to assume that m/(es) has a trivial Cs-component. A
switching operation with a horizontal translation allows us to assume that m/(e;) has a trivial
horizontal translation component and a switching operation with a vertical translation allows us
to assume that m/(es) has a trivial vertical translation component. Since (G,p) is minimally
72 x Cs-symmetrically infinitesimally rigid, every row of the corresponding orbit rigidity matrix
must be non-zero. Since a loop with translation gain corresponds to a zero row in the matrix, it
can be seen that m(e) has a non-trivial Cs-component and therefore exactly one of m’(e1) or m/(ez)
has a non-trivial Cs-component. Without loss of generality, suppose that this is m/(e;). Hence, let
m/(e1) = (0,dq,s), m'(e2) = (c2,0,0) and m/(eg) = (c3,ds,0).

Choose a Z?* x Cs-regular configuration p : V(G) — R? of (G, m) (deriving p) and extend this
to a configuration p’ : V(G') — R? of (G',m/) (deriving ') with p/|v(c) = p.

We now split the proof into two cases: the case where ds # 0 and the case where d3 = 0. First,
suppose that d3 # 0. For this case, consider a configuration that aligns p’(vg) horizontally with
p'(v1). Let p'(v1) = (a1,b) and p'(vg) = (ag, b) for some ag, a1,b € R, where b # 0. Suppose that
some u : V(G') — R? derives a Z? x Cy-symmetric infinitesimal motion @ of (G', ). By adding a
trivial infinitesimal motion induced by a horizontal translation, it can be assumed that u(vy) is a

vertical vector. Hence, let u(vy) = (0,y1) and u(vg) = (xo,yo) for some zg,yo,y1 € R. We aim to
show that u(vy) = u(vy) = (0,0).

The constraint on v that is imposed by es is

sgn(ag — a1 — ca)|ap —ar — |91\ Zo _0
0 Yo —

Equivalently, xo(ap — a; — ¢3) = 0. An appropriate choice of configuration will ensure that ag —
a1 — co # 0, so this constraint implies that g = 0. Given this, the constraint on u that is imposed
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by e; is

sgn(ap — a1)|ag — a1 0 —0

sgn(2b — dq)|2b — dp |71 Yo + 11
Equivalently, (yo+y1)(2b—d;) = 0. An appropriate choice of b € R\{0} will ensure that 2b—d; # 0,
so this constraint implies that yg + y; = 0. The constraint imposed by e3 is

(sgn(ao —a; —c3)|lag —ay — 03|q_1> ) ( 0 ) —0

sgn(—ds)| — dz|7" Yo—y1)
Equivalently, ds(yo —y1) = 0. Since d3 # 0, it can be seen that yo —y1 = 0. Since it was previously
shown that yo + y1 = 0, it must be that yo = y; = 0. This shows that u(vg) = u(v1) = (0,0).
Hence, the infinitesimal motion 4 is trivial in this case, as otherwise (G’ ,P) is Z? x1 C4-symmetrically
infinitesimally flexible.

We now consider the case where dg = 0, for which a different configuration will be needed.
This time, consider aligning the joints vertically with p’(v1) = (a,b1) and p’(vg) = (a, by) for some
a,bo,by € R. Again, let u : V(G') — R? with u(vy) = (0,y1) and u(vg) = (z0,y0). As before, the
aim is to show that u derives a trivial infinitesimal motion @ by showing that u(vg) = u(v1) = (0, 0).
The constraint imposed on u by e; is

0 . o —0
Sgn(b0+b1 —dl)‘bo+b1 —d1|q71 Yo + Y1 -

Equivalently, (yo + %1)(bo + b1 — d1) = 0. An appropriate choice of configuration ensures that
bo + b1 — dy # 0, so this constraint implies that yo + y1 = 0. The constraint imposed by es is

( sgn(—cz)| — cal17! )( zo ):0
sgn(bo — b1)|bo — by |77? Yo — Y1

The constraint imposed by e3 is

sgn(—cs)| —c3|?7! A ooy
sgn(bo — b1)lbo — b1 ) \yo — w1
Combining these constraints, it can be seen that

xosgn(—cq)| — et = xosgn(—cs)| — 03|‘1_1.

Since parallel edges must have different gains, co # c3. It therefore follows that o = 0. Applying
this to the constraint imposed by es shows that

(yo — y1)sgn(by — b1)|by — b1 |71 = 0.

An appropriate choice of configuration ensures that by—b; # 0 and therefore yo—y; = 0. Combining
this with earlier findings shows that yo = y1 = 0 and thus u(vg) = u(v1) = (0,0). Given this, the
constraints imposed by edges in E(G) — e imply that u(vi) = u(ve) = ... = u(vjv () = (0,0).
Hence, 4 is a trivial infinitesimal motion. O]

The inductive step of the proof of Theorem [2.10]is given by the following result.

Theorem 2.13. A Z2 x Cs-gain graph is (Z* x Cs)4-tight if and only if it can be constructed from
a (Z* x Cs)q-tight gain graph on K| by a sequence of gained 0-extensions, 1-extensions, loop-1-
extensions, vertex-to-4-cycle moves and vertex-to-K4 moves.

We now present a proof of this theorem by a sequence of several propositions and lemmas. This
is similar to inductive constructions of (2, 2, 1)-gain-tight gain graphs. However, it is made different
by the fact that (2,2)-sparsity is required on all purely periodic subgraphs, not just balanced ones.

Basic counting arguments show that every (2, 1)-tight multigraph has a vertex of degree 2 or 3.
It is therefore enough to show that every vertex of degree 2 or 3 in a (Z? x Cs),-tight gain graph
admits a reduction that preserves the conditions. Since K7 is the only (2, 1)-tight multigraph on
a single vertex, any sequence of such reductions will eventually terminate at a gain graph on Ki.

Consider each possible neighbourhood of a vertex of degree 2 or 3. For a vertex of degree 2, it
is straightforward to see that a 0-reduction is admissible.
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Proposition 2.14. Suppose that (G,m) is a (Z? x Cs),-tight gain graph that has a vertex vy of
degree 2. Form the gain graph G — vy by a gained 0-reduction on G at vg. Then G — vy is a
(Z2 % Cs)4-tight gain graph.

Likewise, it is easy to see that a loop-1-reduction is admissible on any vertex of degree 3 with
an incident loop.

Proposition 2.15. Suppose that (G,m) is a (Z* x Cs)4-tight gain graph that has a vertez vy of
degree 3 with an incident loop. Form the gain graph G — vy by a gained loop-1-reduction on G at
vo. Then G —vg is a (Z* x Cs)4-tight gain graph.

Now consider the case of a vertex of degree 3 with one neighbour.

Proposition 2.16. Suppose that (G,m) is a (Z* x Cs)4-tight gain graph that has a vertex vy of
degree 3 with a triple of parallel incident edges. Then (G,m) is reducible to a smaller (Z* x Cy),-
tight gain graph by a gained 1-reduction at vg.

Proof. Suppose that vy has a triple of parallel incident edges: e; = (vo,vi;m(e1)), ea = (vo, v1;m(ez))
and es = (vo,v1;m(es)) for some v; € V(G). To perform a l-reduction, remove vy and add
one of the candidate loops: eja = (v1,v1; (m(er)) tm(e2)), eaz = (vi,v1; (m(ez)) tm(ez)) or
e31 = (v1,v1; (m(e3))~tm(er)). The aim is therefore to show that one of G — vy + €12, G — vg + €23
or G —wvg + ez is a (Z? x Cs)q-tight gain graph. Note that there cannot be a loop at v; in G — vy,
as otherwise {vg, v1} would induce an overcounted subgraph of G.

Since the subgraph induced by {vg,v1} is (2, 1)-tight, it is not purely periodic. Hence, at least
one of the candidate loops must have a non-trivial Cs-gain component. Without loss of generality,
suppose that this is e;o. With this, consider performing a 1-reduction to G — vy + e12. Note that
any subgraph of G —wvg + €12 that contains e;s is not purely periodic. Any subgraph of G —vg+e12
that does not contain ej5 is itself a subgraph of G. Hence, G — v + e15 satisfies the purely periodic
condition.

It is easy to see that any subgraph of G —vg + €12 that contains e;s is (2, 1)-sparse, as otherwise
performing the l-extension that adds vy would break the (2,1)-sparsity of G. Any subgraph of
G — vg + e12 that does not contain ejs is itself a subgraph of G and is thus (2,1)-sparse. Hence,
G — v + €1 satisfies the (2, 1)-tight condition and is therefore (Z? x Cs),-tight. O

The next case to consider is a vertex of degree 3 with two distinct neighbours.

Proposition 2.17. Suppose that (G,m) is a (Z* x Cs),-tight gain graph that has a vertex vy of
degree 3 with two distinct neighbours. Then (G, m) is reducible to a smaller (Z? x Cs)4-tight gain
graph by a gained 1-reduction at vg.

There are a number of different cases to consider for the proof of Proposition 217 so we
present a proof by means of a sequence of lemmas. To begin this, suppose that vy has inci-
dent edges e; = (vg,v1;m(e1)), e2 = (vg,va;m(e2)) and es = (vo,ve;m(es)), for some distinct
vi,v2 € V(G). After deleting vy, the possible options for edges to add for a 1l-reduction are
erz = (vi,v2; (m(er))"'mle2)), e1s = (vi,v2; (mler))~'m(es)) or eaz = (v, v2; (M(e2)) 'mles)).
To prove Proposition 2.17} the aim is to show that one of G —vg +e12, G —vg +e13 or G —vg + €23
is a (Z2 x Cs)q-tight gain graph. Figure illustrates the neighbourhood of vy, with the candidate
edges e19, €13 and eqg3 represented by dashed lines.

Figure 2.1: A vertex vy of degree 3 with two neighbours.
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First, consider the case where ey and ez have different Cs-gain components and G — vg + ea3 is
(2,1)-tight.

Lemma 2.18. Suppose that (G, m) is a (Z* x Cs)4-tight gain graph that has a vertex vy of degree
3, with incident edges e = (vo,vi;m(e1)), ea = (vo,v2;m(e2)) and es = (vg,v2;m(es)) such
that m(ez) and m(es) have different Cs-components. If G — vg + eag is (2,1)-tight, then it is a
(Z2 % Cs)4-tight gain graph.

Proof. Since G — vy + ea3 is (2, 1)-tight, it is not possible for es3 to be parallel to any existing loop.
It therefore remains only to check that it satisfies the purely periodic condition. Since m(ez) and
m(e3) have different Cs-components, (m(e2)) 'm(e3) has a non-trivial Cs-component. Since ea3 is
a loop, any subgraph of G —vg + ea3 that contains es3 will not be purely periodic. Any subgraph of
G — vg + eo3 that does not contain eog is itself a subgraph of G and therefore satisfies the required
conditions on subgraphs. Hence, G — vy + ea3 is (Z? x1 Cs),-tight. O

For the other cases, the aim is to perform a reduction to either G — vg + €12 or G — vg + €13.
Any subgraph of either of these that does not contain the new edge is also a subgraph of G and
therefore satisfies all of the conditions required on subgraphs for (Z? x C),-tightness. Thus it is
only necessary to consider subgraphs that contain the new edge. The cases where G — vy + eq2
or G — vy + ey fails each condition can be characterised in terms of subgraphs of G, known as
blockers. These are described in the following definition.

Definition 2.19. Let (G,m) be a (Z* x Cs)q-tight gain graph. Let vy € V(G) be a vertex of degree
3, with two of its incident edges being e; = (vo,vi;m(e;)) and ej = (vo,vj;m(e;)), for some distinct
vi,v; € V(G). Let e; = (v;,v55 (m(e;)) " tm(e;)).

A (2,1)-tight blocker for the 1-reduction to G —vo + ;5 is a (2, 1)-tight subgraph G;; C G such
that v;,v; € V(Gij) and vy ¢ V(Gij).

A purely periodic blocker for the 1-reduction to G — vy + e;; is a (2,2)-tight purely periodic
subgraph Gi; C G such that v;,v; € V(Gij), vo ¢ V(Gij) and every path in G;; from v; to v; has
a net gain with the same Cs-component as (m(e;)) " m(e;).

Now consider the case where e; and es have different Cs-gain components and G — vy + ea3 is
not (2, 1)-tight.
Lemma 2.20. Suppose that (G, m) is a (Z* x Cs),-tight gain graph that has a vertex vy of degree
3, with incident edges ey = (vg,v1;m(er)), ea = (vo,v2;m(e2)) and e = (v, va;m(es)) such that
m(ez) and m(ez) have different Cs-components. Suppose that G —vg + ea3 is not (2,1)-tight. Then
one of G — vy + e1a or G — vy + €13 is a (Z* x Cs)4-tight gain graph.

Proof. Since G — vg + ea3 is not (2, 1)-tight, there is a (2, 1)-tight subgraph Gos C G with vy €
V(Gas) and vy ¢ V(Ga3). Note that v; ¢ V(Ga3), as otherwise adding vy with its incident edges
would break the (2, 1)-sparsity of G. It is easy to see that both G — vg + €12 and G — vy + ey3 are
(2,1)-tight, as otherwise performing the 1-extension on the new edge would result in an overcounted
subgraph of G.

Note that one of e or ej3 is not parallel to an existing edge with the same gain, for otherwise
V(Ga3) U{vg, vy} contradicts (2, 1)-sparsity (see Figure[2.2)). So suppose without loss of generality
that G — vy + e12 is a valid gain graph.

Figure 2.2: The subgraph induced by V(Gas) U {vg,v1} in the case where e;5 and ej3 are both
parallel to existing edges with equal gains.
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Suppose that G — vy + e12 fails the purely periodic condition, so there exists a purely periodic
blocker G152 C G. Consider G12 U Gaz. Since Gig is (2, 2)-tight and Gag is (2, 1)-tight, we have

|E(G12) U E(G23)| =+ |E(G12) N E(G23)| = 2|V(G12) U V(G23)| + 2|V(G12) n V(G23)| — 3. (21)

If E(G12) N E(Gaz) = 0, then clearly |E(G12) N E(Ga3)| < 2|V (G12) NV (Gas)| — 2. Otherwise,
since G1g is (2,2)-tight, |[E(G12) N E(Gas)| < 2|V(G12) N V(Ga3)| — 2. In either case, it follows
from Equation that |[E(G12) UE(Ga3)| > 2|V (G12) UV (Ga3)| — 1. Adding vy with its incident
edges to G2 U Gag breaks the (2, 1)-sparsity of G, which is a contradiction. Hence, G — vy + €12
satisfies the purely periodic condition.

Hence, one of the 1-reductions gives a (Z? x Cs),-tight gain graph. O

We now consider the case where m(e2) and m(e3) have the same Cs-component.

Lemma 2.21. Suppose that (G, m) is a (Z* x Cs),4-tight gain graph that has a vertex vy of degree
3, with incident edges ey = (vg,v1;m(er)), ea = (vo,v2;m(e2)) and es = (v, v2; m(es)) such that
m(e2) and m(eg) have the same Cs-component. Then one of G —vg + e12 or G — vy + €13 1S a
(Z2 x Cs)4-tight gain graph.

Proof. Again, it is clear that both candidate reductions preserve (2,1)-tightness. We now show
that one of G — vy + e12 or G — vy + €13 is a valid Z2? x C,-gain graph, by checking that there is
no pair of parallel edges with equal gains. For contradiction, suppose that both of them fail this,
so there is a pair of existing edges in G from v; to vy with the same gains as e;s and ey3. This
means that {vg,v1,v2} induces a (2, 1)-tight purely periodic subgraph of G. This contradicts the
fact that (G, m) satisfies the purely periodic condition. Hence, one of ej5 or e is not parallel to
any existing edge of the same gain and therefore the corresponding reduction gives a valid gain
graph. Without loss of generality, suppose that G — vg + e15 is a valid Z2 x C,-gain graph.

Suppose that G — vy + ey2 fails the purely periodic condition, so there is a purely periodic
blocker Gi2 € G. Then it can be seen that adding vy with its incident edges to G2 gives a
(2,1)-tight purely periodic subgraph of G, contradicting the fact that (G, m) satisfies the purely
periodic condition. This shows that G — vg + e1a is (Z? x Cs),-tight. O

Proof of Proposition[2.17. Combining Lemmas[2.18] [2.20| and [2.21] shows that any vertex of degree
3 with exactly 2 neighbours admits a 1-reduction that preserves the (Z* x C),-tightness. This
completes the proof of Proposition [2.17] O

The last neighbourhood type to consider is a degree 3 vertex with 3 distinct neighbours. In
this case, the usual reduction to use is a gained 1-reduction. However, a different reduction will
be needed for the specific case when the vertex of degree 3 is contained in a balanced copy of Kj.
We will first assume that the vertex of degree 3 is not in a balanced copy of K.

Proposition 2.22. Suppose that (G,m) is a (Z* x Cs)4-tight gain graph that has a vertex vy of
degree 3 with 3 distinct neighbours, which is not contained in a balanced copy of K4. Then (G, m)
is reducible to a smaller (Z* x Cs)q-tight gain graph by a gained 1-reduction at vg.

Again, we split the proof of this proposition into a number of lemmas that cover different
cases. Suppose that vg € V(G) is a vertex of degree 3 with incident edges e; = (vg,v1;m(e1)),
es = (vo,v2;m(ez)) and ez = (vo,vs3; m(es)), for some distinct vy, ve,v3 € V(G). After deleting
v, the possible options for edges to add for a 1-reduction are e;n = (v, ve; (m(er)) tm(es)),
eas = (v2,v3; (m(e2)) " m(es)) or ez = (vs,v1; (m(es))'m(er)). Figure [2.3]illustrates the neigh-
bourhood of vy, with the candidate edges e12, €23 and ez represented by dashed lines.
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V2

Figure 2.3: A vertex vy of degree 3 with three neighbours.

To prove Proposition the aim is to show that one of G—vg+e12, G—vg+ea3 or G—vg+es;
is a (Z% x Cs),~tight gain graph. The following result can be proved by exactly the same proof that
was used for [I2] Lemma 5.21].

Lemma 2.23. Suppose that (G, m) is a (Z* x Cs),4-tight gain graph that has a vertex vy of degree
3, which is not in a balanced copy of K4, with edges e1, ea and e3 from vy to distinct vertices vy, vg
and vs respectively. Then at least two of G —vg + e12, G —vg + eag or G —vg + e31 are (2,1)-tight
multigraphs.

Note that Lemma does not imply that at least two of G—vg+e12, G—vg+ea3 or G—vg+esz;
have well-defined gain assignments; this requirement will be considered in subsequent lemmas. We
now consider the case where one of the reductions gives a gain graph that is not (2, 1)-tight.

Lemma 2.24. Suppose that (G, m) is a (Z* x Cs),4-tight gain graph that has a vertex vy of degree
3, which is not in a balanced copy of K4, with edges e1, es and es from vy to distinct vertices vy,
vy and vz Tespectively. Suppose that G — vy + e1a is not (2,1)-tight. Then one of G — vg + ea3 or
G — v + e31 is a (Z* x Cs)4-tight gain graph.

Proof. Since G — vg + e12 is not (2, 1)-tight, there is a (2, 1)-tight blocker G12 C G. We now show
that one of ea3 or esg; is not parallel to an existing edge with the same gain. Suppose that both
such edges exist. Then V(Gi2) U {vg,vs} induces a (2,0)-tight subgraph of G, as illustrated in
Figure This contradicts the (2, 1)-sparsity of G.

U3

Figure 2.4: The subgraph induced by V(G12) U {vg,v3} in the case where eg3 and e3; are both
parallel to existing edges with equal gains.

This shows that one of the reductions gives a valid Z? xC,-gain graph. Without loss of generality,
suppose that this is the reduction to G — vg + ea3.

Suppose that G — vy + ez fails the purely periodic condition, so there is a purely periodic
blocker Ga3 C G. Consider G12 U Gaz. Since Gy is (2, 1)-tight and Gag is (2, 2)-tight, we have

|E(G12) U E(G23)| + |E(G12) N E(G23)| = 2|V(G12) U V(G23)| + 2|V(G12) n V(G23)| - 3. (2.2)
If E(Gh2) N E(Gas) = 0, then clearly |E(Gh2) N E(Gas)| < 2|V(Gi2) N V(Gas)| — 2. Otherwise,
since Gagz is (2,2)-tight, |E(G12) N E(Gas)| < 2|V(G12) N V(Gas)| — 2. In either case, it follows
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from Equation (2.2)) that |E(G12) UE(Ga3)| > 2|V (G12) UV (Gas)| — 1. Adding vo with its incident
edges to G12 UG43 breaks (2, 1)-sparsity of G, which is a contradiction. Hence, G —vg + ea3 satisfies
the purely periodic condition. O

We now consider the case where all of the reductions give (2, 1)-tight multigraphs.

Lemma 2.25. Suppose that (G, m) is a (Z* x Cs),4-tight gain graph that has a vertex vy of degree
3, which is not in a balanced copy of K4, with edges e1, es and es from vy to distinct vertices vy,
vy and vs respectively. Suppose that G — vy +e12, G —vg + eaz and G —vg + ez1 are all (2,1)-tight.
Then at least two of them are (Z* x Cs)4-tight gain graphs.

Proof. Suppose that G — vy + e12 and G — vy + ea3 both fail the purely periodic condition. Then
they have purely periodic blockers G12 C G and Ga3 C G respectively. By [12, Lemma 5.17],

|E(G12) UE(Ga3)| = 2|V (G12) UV(Ga3)| — 2 and |E(G12) N E(Ga3)| = 2|V (G12) NV (Gas)| — 2.

Since G12NGag is (2, 2)-tight, [20, Theorem 5] shows that it is connected. Hence, [12] Lemma 5.20]
shows that G12 U Gag is purely periodic. Adding vy with its incident edges to G2 U Gz gives a
(2, 1)-tight purely periodic subgraph of G, contradicting the fact that G satisfies the purely periodic
condition. This same contradiction can be reached for each pair of candidate edges. Hence, no
more than one candidate reduction can give a graph that fails the purely periodic condition.

Now suppose that ejs fails the purely periodic condition due to the blocker subgraph Gis
described above and suppose that es3 and e3; both have parallel edges with the same gain. Then
V(G12) U {vg,v3} induces a (2,1)-tight balanced subgraph of G, contradicting the fact that G
satisfies the purely periodic condition.

The only case of failure that has not been ruled out is that where every candidate edge has
a parallel edge with the same gain. This means that vy is in a balanced copy of Ky, which
contradicts an assumption. Hence, every vertex of degree 3 that is not in a balanced copy of Ky
has an admissible gained 1-reduction that preserves (Z2 x Cs)q-tightness. O

Proof of Proposition[2.23 Combining Lemmas [2.23] [2.24] and [2:25] completes the proof of Propo-
sition [2.22) O

The only case left to consider is a vertex of degree 3 that is contained within a balanced copy
of K. In this case, there are no admissible 1-reductions, as any 1-reduction would result in a pair
of parallel edges with equal gains. Instead, the aim is to show that either a K4-to-vertex move or
a 4-cycle-to-vertex move is admissible.

Proposition 2.26. Suppose that (G,m) is a (Z* x Cs)q-tight gain graph that has a vertex vy of
degree 3, with edges e; = (vg,v1;m(er)), e = (vg,v2;m(e2)) and es = (vo,vs;m(esz)) to distinct
v1,v2,v3 € V(G) such that {vog,v1,v2,v3} induces a balanced copy of K4. Then there exists a
gained Ky-to-vertex move or a gained 4-cycle-to-vertex move that can be performed on (G, m) to
give a smaller (Z* x Cy)4-tight gain graph.

Proof. By Lemma it can be assumed that every edge in Ky(vg,v1,vs,vs) has identity gain.
Consider performing a K,-to-vertex move on K4(vg, v, v, v3). This move always preserves (Z2 x
Cs)q-tightness (as it preserves the sparsity and gain space of any subgraph), so the only possibility
of failure is by creating a pair of parallel edges with equal gain. This occurs when a pair of vertices
in the copy of K, share a neighbour outside the copy of K4 with edges to the common neighbour
that have the same gain. Suppose that this occurs, with v; and v, sharing a neighbour vy. By
switching operations, it can be assumed that both of the edges to vy have identity gain. This
situation is illustrated in Figure [2.5
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V3 U1

U0

V4

V2

Figure 2.5: The case where v; and vy both have a common neighbour vy, with the edges having
identity gain.

In this instance, note that vgvivsve forms a 4-cycle, so consider performing a 4-cycle-to-vertex
move by merging vy with v4. This particular move is equivalent to removing vy and adding the edge
(v3,v4;(0,0,0)). The only way that this move could create a pair of parallel edges with equal gain
would be if there is an existing edge from wv3 to v4 that also has identity gain. However, this would
mean that {vg, vy, v, v3, v4} induces a (2, 1)-tight purely periodic subgraph of G, contradicting the
fact that G satisfies the purely periodic condition. Hence, the 4-cycle-to-vertex move gives a valid
72 x C,-gain graph.

Suppose that the 4-cycle-to-vertex move gives a graph that is not (2, 1)-tight. This means that
there is a (2, 1)-tight subgraph G* C G with v3,vs € V(G*) and vy ¢ V(G*) (as the only new
edge added by the move is that from vz to v4). From here, different contradictions can be reached,
depending on whether each of v1 or vy is in V(G*).

1. If v1,v9 € V(G*), then adding vg with its incident edges to G* breaks (2, 1)-sparsity of G.

2. If v; € V(G*) and v2 ¢ V(G*) (or vice versa), then adding ve (or v1) with its incident edges
to G* gives a (2, 0)-tight subgraph of G.

3. If v1,v2 ¢ V(G*), then adding v; and ve with their incident edges to G* gives a (2,0)-tight
subgraph of G.

Each case gives a contradiction, so the 4-cycle-to-vertex move gives a (2, 1)-tight gain graph.

Suppose that the 4-cycle-to-vertex move gives a graph that fails the purely periodic condition.
This means that there is a (2,2)-tight purely periodic subgraph G* C G with vs3,v4 € V(G*) and
vo ¢ V(G*) such that every path from vs to v4 has trivial Cs-gain component. As before, different
contradictions can be reached, depending on whether each of vy or vs is in V(G*).

1. If v1,v9 € V(G*), then adding vy gives a (2, 1)-tight purely periodic subgraph of G. To see
that this is purely periodic, note that any (2, 1)-tight subgraph of G must be vertex-induced
and therefore G* must contain all of the edges induced by {v1,vs,vs,vs}. This shows that
all paths in G* between neighbours of vy must have trivial Cs-gain component and therefore
adding vy preserves the gain space.

2. If vy € V(G*) and vy ¢ V(G*) (or vice versa), then adding vy and ve (or vy and vq) with
their incident edges to G* gives a (2,0)-tight subgraph of G.

3. If vy, ve ¢ V(G*), then adding vy, v1 and ve with their incident edges to G* gives a (2, 0)-tight
subgraph of G.

Each case leads to a contradiction, so the purely periodic condition is satisfied.

In the case where a Ky -to-vertex move fails, it has been shown that there is a 4-cycle-to-vertex
move that gives a (Z2 x Cs)q-tight gain graph. Hence, there is always an admissible reduction. [

The proof of Theorem [2.13] can now be completed.

Proof of Theorem[2.13 1t is clear that gained 0-extensions, 1-extensions, loop-1-extensions, vertex-
to-4-cycle moves and vertex-to-K4 moves always preserve (Z? x C,),-tightness.
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Let (G,m) be a (Z* x Cs),-tight gain graph. Basic counting arguments on (2, 1)-tight graphs
show that G has a vertex of degree 2 or 3. If G has a vertex of degree 2, then Proposition [2.14
shows that (G, m) admits a O-reduction to a (Z? x C),-tight gain graph. If G has a vertex of degree
3 with an incident loop, then Proposition shows that (G, m) admits a loop-1-reduction to a
(Z? x Cy),-tight gain graph. If G has a vertex of degree 3 that has no incident loop and is not in a
balanced copy of K4, then, depending on the number of distinct neighbours, Proposition [2.16]
or shows that (G, m) admits a 1-reduction to a (Z? x Cy)4-tight gain graph. If G has a vertex
of degree 3 that is contained in a balanced copy of K, then Proposition shows that (G, m)
admits a K4-to-vertex move or 4-cycle-to-vertex move to a (Z? x Cs),-tight gain graph. Hence,
every (Z* x Cy),-tight gain graph admits a reduction to a smaller (Z? x C),-tight gain graph.

Since K{ is the only (2,1)-tight multigraph on a single vertex, repeatedly applying these re-
ductions will eventually lead to a (Z2 x Cs)q-tight gain graph on K 1. Reverse this sequence of
reductions to get the required sequence of extensions to complete the proof. O

This allows the proof of sufficiency for Theorem to be completed.

Proof of sufficiency for Theorem[2.10, In any (Z* x Cs),-gain graph on K7, the loop must have a
gain that is not purely periodic. Hence, any Z? x C,-regular framework derived from a (Z2 x Cy),-
tight gain graph on K7 is minimally Z? x Cs-symmetrically infinitesimally rigid. Theorem m
states that every (Z? x C,),-tight gain graph can be constructed from a (Z? x C,),-tight gain graph
on K{ by a sequence of gained 0-extensions, 1-extensions, loop-1-extensions, vertex-to-K, moves
and vertex-to-4-cycle moves. Propositions [2.11] and show that all of these moves preserve
minimal Z? x C,-symmetric infinitesimal rigidity of Z2 x Cs-regular derived frameworks. Hence,
every Z2 x Cs-regular framework in (R?, || -||,) with an underlying gain graph that is (Z* x Cy),-tight
is minimally Z? x C,-symmetrically infinitesimally rigid. O

3 Rigidity in the /; and /. -planes

3.1 Preliminaries on Rigidity and Symmetric Rigidity in the ¢, and /.-
planes

For the rest of this paper, we are interested in frameworks in the ¢;-plane and the /.-plane. Recall
that the ¢1-norm || - ||; on R? is defined, for all @ = (a;,az2) € R?, by

lally = lax| + |az].
The loo-norm || - || on R? is defined, for all a = (ay, as) € R2, by

lalloo = max{[ai], |as|}-

Since they are connected by an isometric isomorphism, we can study just the £,.-plane and the
same arguments will also prove characterisations for rigidity in the ¢;-plane and in other polytopic
planes with two basis vectors.

Working with rigidity of frameworks in the ¢,.-plane requires some methods that differ from
those used for other ¢,-planes. These are described in [I7] and repeated here for clarity. For each
(z,y) € R?, define

(1,0) if = >,
k(z,y) =< (0,1) if z < y,
(0,0) if z = y.
Let (G,p) be a framework in (R?|| - ||»). As seen in [I7, Proposition 4.2], an infinitesimal

motion of (G,p) is a map u : V(G) — R? such that, for all edges {v;,v;} € F(G),

r(p(vi) = p(vy)) - (u(vi) = u(v;)) = 0.
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We can also define the rigidity matrix for a framework in the ¢,,-plane, which is analogous to
the standard rigidity matrix for Euclidean spaces. The rigidity matriz Ro(G,p) of (G,p) is the
|E(G)| x 2|[V(G)| matrix with one row for each edge in E(G) and a 2-tuple of columns for each
vertex in V(G), where the row for an edge e = {v;,v,} is

el0 .. 0 n(p(vi)ip(vj)) 0 ... 0 n(p(vj)J—p(vi)) 0 .. 0]

From this, it is clear that u € R?IV(%)| is an infinitesimal motion for (G, p) if and only if R (G, p)u =
0, so the kernel of the rigidity matrix represents the space of infinitesimal motions. Note that the
space of trivial infinitesimal motions is 2-dimensional, consisting only of infinitesimal motions in-
duced by translations.

A framework (G, p) in (R?, ||-||oo) is said to be well-positioned if, for every edge {v;,v;} € E(G),
we have k(p(v;) — p(v;)) # (0,0). In this case, an edge {v;,v;} € E(G) is said to have framework
colour 1 if k(p(vi) —p(v;)) = (1,0) and 2 if x(p(v;) —p(v;)) = (0,1). According to their framework
colours, the edges of a well-positioned framework can be partitioned into a pair of monochrome
subgraphs G1 and Gg, consisting of all of the edges of framework colour 1 and 2 respectively. This
leads to the following useful result.

Proposition 3.1. [17, Propositions 4.3 and 4.4] Let (G,p) be a well-positioned framework in
(R%, || |oo). The framework (G, p) is infinitesimally rigid if and only if the monochrome subgraphs
G1 and Gy both contain spanning trees of G.

With the assumption that a framework is well-positioned, Proposition [3.1] provides an alterna-
tive way to check infinitesimal rigidity. This is used in [I7] to characterise conditions for general
rigidity. A variation of this is also used in [I8] to characterise conditions for reflectionally-symmetric
rigidity and in [I6] for rotationally-symmetric rigidity. We take a similar approach here to charac-
terise conditions for periodic and Z?2 x C,-symmetric rigidity.

Even when a regular framework is rigid in the £, plane, it is important to note that the set
of rigid configurations of the underlying graph may not be dense in the set of all configurations,
so some care must be taken. However, the set of rigid configurations is always open [7], so it is
possible to choose configurations for convenience to some extent. For example, it can be assumed
that no three joints are collinear.

We now define the orbit rigidity matrix for f,,-planes, which is analogous to that seen for
Euclidean planes in [31] and [27]. Since we are only working with symmetries induced by trans-
lations and reflections in an axis spanned by either (1,0) or (0,1) (the half-turn symmetry group
has been considered in [I6, Theorem 4.3] and other symmetry groups will be discussed in Section
, our definition will only cover these types of symmetries. Let I' be a group of such isometries
on (R%, || - |leo) and let (G,m) be a I-gain graph that derives a I-symmetric framework (G,7) in
(R2,]| - |loc). The orbit rigidity matriz O (G,p,T) of (G, p) is the |E(G)| x 2|V (G)| matrix with
one row for each edge in (G, m) and a 2-tuple of columns for each vertex in (G, m), defined as
follows. For an edge e = (v;,vj;m(e)) the format of the row for e depends on the type of edge and
its gain:

1. Suppose that e is not a loop (v; # v;). Then the row for e is

(% Uj
e[0 .. 0 k(p(v)) —m(e)p(v;)) 0 ... 0 &(p(v;) —(m(e))'p(vi)) 0 ... 0 ].
2. Suppose that e is a loop (v; = v;) and the gain of e is a translation. Then the row for e is a

Zero row.

3. Suppose that e is a loop (v; = vj), the gain of e is a reflection or glide reflection and the
framework colour corresponds to a vector that is parallel to the axis of reflection. Then the
row for e is a zero row.

4. Suppose that e is a loop (v; = v;), the gain of e is a reflection or glide reflection and the
framework colour corresponds to a vector that is perpendicular to the axis of reflection. Then
the row for e is

U

el0 .. 0 w(p(vi)—m(e)p(v;)) 0 .. 0 ]
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As in other spaces, the orbit rigidity matrix encodes the constraints that are placed on symmet-
ric infinitesimal motions. The space of symmetric infinitesimal motions is given by the kernel of
the orbit rigidity matrix. The proof of this is an immediate extension of that seen for the Euclidean
orbit rigidity matrix in [31]. See [II] for details.

3.2 Periodic Rigidity in the /; and /. .-planes

In this section, we study periodic frameworks in the spaces (R2,| - ||1) and (R%,|| - ||). As
previously mentioned, an isometric isomorphism allows us to focus only on the /..-plane, as the
same arguments will apply directly to the ¢;-plane and other polytopic-normed planes with two
basis vectors. Again, we are only studying fixed-lattice periodic rigidity in this paper. Without
loss of generality, we assume that the periodicity lattice vectors are (1,0) and (0,1), since the
choice of basis vectors is irrelevant in the geometric arguments of the proof. Note that some
loops may have no configurations for which they are well-positioned. For example, a loop of gain
(1,1) cannot be well-positioned in the f.-plane with this lattice. However, this is not an issue
for characterising minimal rigidity, as loops are always redundant anyway. The following theorem
characterises conditions for periodic rigidity in this space.

Theorem 3.2. Let (G, p) be a Z2-regular framework in (R?, || - ||loo) with underlying Z2-gain graph
(G,m). Then (G,p) is minimally periodically infinitesimally rigid if and only if (G,m) is (2,2)-
tight.

As with previous results in this paper, necessity follows by straightforward arguments, using
the fact that there is a 2-dimensional space of trivial infinitesimal motions.

To prove the sufficiency part of Theorem [3.2] we first need an analogue of Proposition that
can be applied to periodic frameworks. Note that the idea of a framework colouring can be applied
directly to a periodic framework, with framework colours being constant across each edge orbit, as
translations do not change the framework colour of a bar. As such, this can also be thought of as
a colouring of the gain graph. Given a framework colouring of (G, m), the monochrome subgraphs
G1 and G4 are the subgraphs of G consisting of all edges corresponding to edge orbits that receive
framework colour 1 and 2 respectively.

Proposition 3.3. Let (G,m) be a ZQ—gajn graph that derives a well-positioned periodic framework
(G,p) in (R || - |loo). The framework (G,p) is periodically infinitesimally rigid if and only if the
corresponding monochrome subgraphs G1 and Go of G both contain spanning trees of G.

Proof. This can be proved in exactly the same way that Proposition was proved in [I7, Propo-
sitions 4.3 and 4.4]. ]

With this, Theorem [3.2can be proved using an inductive method involving gained 0-extensions,
1-extensions, edge-to-K3 moves and vertex-to-K,; moves. The first step is to show that each of
these moves preserves minimal rigidity of Z2-gain graphs. The methods for doing this are based
on those used for simple graphs in [I7, Lemma 4.9], showing that each of the extensions preserves
the monochrome subgraph property of Proposition [3.3

Proposition 3.4. Let (G,p) be a Z2-regular framework in (R%, || - ||lso) that is minimally period-
ically infinitesimally rigid. Let (G,m) be the underlying Z*-gain graph of (G,p). Let (G',m’) be
formed by a gained 0-extension, 1-extension, edge-to-Ks3 move or vertez-to-K4 move of (G, m). Let
(G',7) be a Z*-regular framework derived from (G',m'). Then (G',§) is minimally periodically
infinitesimally rigid.

Proof. For each type of extension, we use the monochrome subgraph property of Proposition [3.3
Given (C;ﬁ;ﬁ), let p : V(G) — R? be the corresponding configuration of the gain graph (G,m). Since
(G' ,D) is minimally periodically infinitesimally rigid, Proposition shows that the monochrome
subgraphs G; and G5 are both spanning trees of G. To show that G’ has a minimally periodically
rigid configuration, we aim to find a configuration p’ : V(G’) — R? of (G’,m'), extending p, such
that the resulting monochrome subgraphs of (G’, m’) are both spanning trees. The result will then
follow by Proposition [3.3
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Begin by considering a gained 0-extension that adds the vertex vy with edges e; = (vg, v1;m’ (e1))
and ez = (vg, v2;m/(ea)), for some (not necessarily distinct) vertices v1,v2 € V(G). Consider the
lines Ly = {m/(e1)p(v1) + (¢,0) : t € R} and Ly = {m/(e2)p(v2) + (0,%) : t € R}. Assuming that
the intersection of Ly with Lo is neither coincident to m’(e1)p(v1) nor m/(e2)p(ve), placing p’(vo)
at this intersection will give framework colour 1 to e; and 2 to es. By choosing an appropriate
configuration p and using the fact that parallel edges must have different gains, it can be seen that
m’(e1)p(v1) # m/(e2)p(v2), so no more than one of these can be at the intersection of L; with Ls.
If the intersection is at m/(eq)p(v1), then it is possible to place p’(vg) on Ly, which gives colour 1
to ey, sufficiently close to the intersection that es receives colour 2. Similarly, placing p’(vg) on Lo
close to the intersection will achieve this when the intersection is at m/(e2)p(v2). Such a placement
ensures that both monochrome subgraphs are spanning trees.

Now consider a gained l-extension that removes an edge e = (vy,v2;m(e)) € E(G) and adds
a vertex vy with edges e; = (vg,vi;m/(e1)), ea = (vo,v2;m/(e2)) and ez = (vg,vs;m'(e3)), for
some vz € V(G) such that m(e) = (m/(e1)) " m’(e2). Without loss of generality, assume that e
has framework colour 1. Since (G, p) is minimally periodically rigid, G is (2, 2)-tight and thus e is
not a loop. Hence, v; # vs. A suitable choice of configuration therefore ensures that the points
{m/(e1)p(v1), m (e2)p(v2), m (e3)p(v3)} are not collinear. Let Ly be the line through m/(e;)p(vy)
and m/(e2)p(ve). Let Ly = {m/(es)p(vs) + (0,t) : t € R}. Unless this makes it coincident to one
of its neighbours, placing p’(vg) at the intersection of L with Lo will give colour 1 to e; and
e2 and will give colour 2 to e3. Since the points {m/(e1)p(v1), m'(e2)p(v2), m'(es)p(vs)} are not
collinear, the intersection of Ly and Lo is not at m/(e3)p(vs). If the intersection is at m/(e;)p(v1)
or m’(ez)p(v2), then placing p’(vg) on Ly sufficiently close to this intersection will also achieve this
framework colouring. Hence, both monochrome subgraphs are spanning trees.

Consider a gained edge-to-K3 move on an edge e = (v1, v2;m(e)) € E(G) that adds a vertex vy
with new edges e; = (v, v1;m (e1)) and es = (vo,v2;m/(e2)) such that m(e) = (m/(e1)) " m/(e2).
Without loss of generality, assume that e has colour 1. For some € > 0, consider setting p’(vg) =
m/(e1)p(v1) + (0, €). For sufficiently small €, e; receives framework colour 2 and ey receives frame-
work colour 1. Also, all other edges incident to v; that are moved to be incident to vy will retain
their colour for a sufficiently small €. It then follows that both monochrome subgraphs are spanning
trees.

Finally, consider a gained vertex-to-K, move that replaces a vertex v; € V(G) with a bal-
anced Ky(vi,ws, w3, ws). As seen in [I7, Example 4.5], the balanced copy of K, has a config-
uration in which the monochrome subgraphs are spanning trees. Apply this configuration to
Ky (v1,we, w3, wy) and rescale it to be sufficiently small that any edges incident to v, that are
moved to be incident to a different vertex in Ky(vy,ws,ws, wy) retain their colour. Then both
monochrome subgraphs of G’ are spanning trees. O

The following result provides the inductive construction for (2,2)-tight Z?-gain graphs. The
approach for proving this is based on those used for symmetry groups of order 2 in [I8, Theorem
22] and [24, Theorem 15]. These have been adapted here for Z?-gain graphs. Note that this is
different to the construction seen in Theorem as edge-to-K3 moves have been used in place
of vertex-to-4-cycle moves. This is because the former can be more easily proved to preserve the
monochrome subgraph property of Proposition |3.3

Theorem 3.5. A Z2-gain graph is (2,2)-tight if and only if it can be formed from K, using a
sequence of gained 0-extensions, 1-extensions, edge-to-Ks moves and vertex-to-K4 moves.

Proof. Let (G, m) be a (2,2)-tight Z?-gain graph. We aim to find a reduction on (G, m) that gives
a smaller (2,2)-tight Z2-gain graph. Basic counting arguments show that G contains a vertex of
degree 2 or 3. If G contains a vertex vy of degree 2, then it is straightforward to show that a
0-reduction to G — vy gives a (2, 2)-tight Z2-gain graph. If G contains a vertex vy of degree 3 that
is not in a balanced copy of K4, then the approach seen in [24] Lemma 4 and Theorem 15] shows
that there is a 1-reduction on vy that gives a (2, 2)-tight Z2-gain graph. This leaves the case where
every vertex of degree 3 is in a balanced copy of K4. A different approach will be needed for this
case.

Suppose that vg € V(G) is in the balanced subgraph Ay = K4(vg,v1,v2,v3). Since Kjy-to-
vertex moves preserve sparsity, a K4-to-vertex move is admissible here unless two of the vertices in

24



{v1,v2,v3} share a neighbour with the same gain. This would prevent a vertex-to-K4 move being
applied, as it would create a pair of parallel edges with the same gain. Suppose that this occurs,
with vy being adjacent to both v; and vs. For this case, we aim to show that the gain graph has
an admissible K3-to-edge move. Let A; be the (2, 2)-tight subgraph induced by {vg, v1,ve, v, v4},
which is illustrated in Figure Note that A; is balanced, so it can be assumed that all of its
edges have identity gain.

If v; and vy have edges of equal gain to another common neighbour vs ¢ V (A7), then let Ay
be the (2, 2)-tight subgraph induced by {vg, v1,v2,v3, v4, v5}, illustrated in Figure Again, it
can be assumed that all edges have identity gain.

V3 U1 U3 U1
Vo Vo Us
on V4
V2 V2
(a) The subgraph A;. (b) The subgraph As.

Figure 3.1: The subgraphs A; and As.

The process of adding more vertices like this will give an increasing sequence Ag C A1 C Ay C
..., which eventually terminates at some A; C G. All subgraphs in this sequence are (2, 2)-tight and
balanced. Suppose that V(A;\A:—1) consists of a vertex v; that is adjacent to v;,v; € V(As—1).
Since A; and G are (2, 2)-tight, neither (v;,v;(0,0)) nor (vj,v;(0,0)) is parallel to another edge
in G. We aim to perform a K3-to-edge move on {v;,v;,v:} by contracting (v;, v¢; (0,0)). The lack
of a common neighbour of v; and v; with the same gain (other than v;) ensures that this will give
a valid Z2-gain graph. We now check that this reduction preserves (2, 2)-sparsity.

Suppose that the reduced graph is not (2,2)-sparse, so there exists a (2,2)-tight subgraph
G* C G such that {v;,v;} € E(G*) and v; ¢ V(G*). Consider A;_1 UG*. Since A;_ and G* are
both (2, 2)-tight, we have

|B(Ag_1) U E(G™)| + | E(Ae1) N E(G*)| = 2|V(Ar_1) UV(G™)| + 2|V (Ae_1) N V(G*)] — 4.

Since A;—_1 is (2, 2)-tight, we have |E(A:—1)NE(G*)| < 2|V (A:—1)NV(G*)|—2 and thus |E(A4:—1)U
E(G*)| > 2|[V(Ai—1) UV(G™)| — 2. Note that A; UG* can be obtained from A;_; U G* by merely
adding the edge (v, vs;(0,0)), so Ay U G* breaks the (2,2)-sparsity of G. This is a contradiction.
Hence, this reduction gives a (2,2)-tight Z?-gain graph. O

This completes the proof of sufficiency for Theorem (3.2

Proof of sufficiency for Theorem[3.3 By Theorem every (2,2)-tight Z2-gain graph can be
formed from K; using a sequence of gained 0-extensions, l-extensions, edge-to-K3 moves and
vertex-to- K, moves. It is easy to see that any periodic framework derived from K; is minimally
periodically rigid. By Proposition [3.4] each of the relevant extensions preserves minimal periodic
infinitesimal rigidity of Z?-regular derived frameworks, so every Z2-regular framework in (R?, ||-||s0)
derived from a (2, 2)-tight Z2-gain graph is minimally periodically rigid. O

3.3 7% x Cs-symmetric Rigidity in the /; and /.-Planes

We now consider Z? x Cs-symmetric rigidity in the ¢; and {.-planes, again assuming that the
periodicity lattice is fixed. As before, we argue only for the ¢, -plane, as the same arguments
apply to the f¢;-plane by isometric isomorphism. Similar to [I§], we assume that the axis of
reflection in the ¢-plane is spanned by (1,0), which ensures that framework colours are constant
over any edge orbit. Recall the definition of (Z? x Cs),-tightness from Definition
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Theorem 3.6. Let (G, p) be a 22 x Cy-regular framework in (R?,]| - ||oc) with underlying Z* x C,-
gain graph (G,m). Then (G, p) is minimally Z* x Cs-symmetrically infinitesimally rigid if and only
if (G,m) is (Z* x Cg)4-tight.

Again, necessity can be proved in the standard way, noting that there is a 1-dimensional space
of trivial Z? x Cs-symmetric infinitesimal motions (induced by translations parallel to the axis
of reflection). We focus on proving sufficiency. Our method for this combines the approaches
of proving other results in this paper, particularly Theorems and First, we need an
analogue to the monochrome subgraph property of Proposition Again, framework colours are
constant across each edge orbit, as none of the relevant isometries change the framework colour of
a bar. Hence, we can again consider framework colourings on the gain graph. Given a framework
colouring of (G, m), the monochrome subgraphs Gy and Go are the subgraphs of G consisting of
all edges corresponding to edge orbits that receive framework colour 1 and 2 respectively. Recall
that a map graph is a graph in which every connected component has exactly one cycle (see e.g.

[18]).

Proposition 3.7. Let (G,m) be a 72 x Cy-gain graph that derives a well-positioned 72 % Cs-
symmetric framework (G, p) in (R2,||||eo). The framework (G, p) is minimally 7> xCs-symmetrically
infinitesimally rigid if and only if the following both hold:

1. The monochrome subgraph G1 is a spanning tree of G.

2. The monochrome subgraph G5 is a spanning map graph of G, in which no component is purely
periodic.

Proof. This can be proved in a straightforward way by adapting the method used to prove [I8]
Theorem 15]. O

As usual, Theorem [3.6] can be proved by an inductive method. The inductive construction uses
gained O-extensions, l-extensions, loop-1-extensions, edge-to-K3 moves and vertex-to-K,; moves.
Most of the proofs that each of these moves preserves minimal rigidity of a Z?2 x Cy-regular derived
framework follow by adapting standard methods, like those seen in [I8, Theorem 22] and in the
proof of Proposition [3.4. The only cases that require some additional work are those of a 1-
extension on a loop that creates a triple of parallel edges, along with the loop-1-extension. These
were not relevant for Z2-gain graphs, as (2, 2)-tight gain graphs never have loops. The 1-extension
to a triple of parallel edges was not relevant for Cs-gain graphs, as triples of parallel edges are not
possible with gain graphs for groups of order 2. On the other hand, loop-1-extensions were proved
to preserve Cs-symmetric rigidity in [I8, Theorem 22]. However, the proof for Z? x Cs-symmetric
rigidity is more complicated, as the translational part of the gain on the loop means that not every
position will achieve the required framework colour for the loop.

Proposition 3.8. Let (G, ) be a Z? x Cy-symmetric framework in (R2, || - ||s0) that is minimally
72 x Cy-symmetrically infinitesimally rigid. Let (G,m) be the underlying Z* x Cs-gain graph of
(G,p). Let (G',m’) be formed by a gained 0-extension, 1-extension, loop-1-extension, edge-to-Ks
move or vertez-to-K, move of (G,m). Let (G',§) be a Z* x Cy-reqular framework derived from
(G',m’). Then (G', ') is minimally Z2 x Cs-symmetrically infinitesimally rigid.

Proof. Like in the proof of Proposition we can use the monochrome subgraph property of
Proposition Given (G, p), let p : V(G) — R? be the corresponding configuration of the gain
graph (G, m). Since (G, p) is minimally Z2 x C,-symmetrically infinitesimally rigid, Proposition
shows that the monochrome subgraph G is a spanning tree of G and the monochrome subgraph
Gy is a spanning map graph of G in which no component is purely periodic. To show that G’ has a
minimally Z? x Cs-symmetrically infinitesimally rigid configuration, we aim to find a configuration
P V(G') — R? of (G', m’), extending p, such that the resulting monochrome subgraphs of (G, m’)
satisfy the property of Proposition

As mentioned earlier, most of the cases for this proof follow from the arguments seen in [I8]
Theorem 22]. The only other cases to consider for Z? x Cs-gain graphs are l-extensions on loops
that create a triple of parallel edges and loop-1-extensions.
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Suppose that a l-extension is performed on the loop e = (vi,v1;m(e)) € E(G) by adding the
vertex vy with edges ey = (vg, v1;m (e1)), ea = (vg,v1;m (e2)) and e3 = (vg, v1;m’(e3)) such that
m(e) = (m'(e1))~tm/(ez). Since e is a loop, it must have a non-trivial Cs-gain component. By
72 x Cs-regularity, e must have framework colour 2. It is sufficient to find a configuration of (G’,m’)
that extends p such that e; and ey receive framework colour 2, while ez receives framework colour
1. To do this, set p’ : V(G’) — R? such that P'|v(a) = p. Let L1 be the line through m’(e3)p(v1)
in direction (1,0). Let L2 be the line through m’(e1)p(v1) and m’(e2)p(v1). Then placing p'(vg) at
the intersection of L, with Lo will give the required framework colours, unless this intersection is
coincident to one of m/(e1)p(vy), m'(e2)p(vy) or m’(es)p(v1). Note that these are all distinct points,
so only one of these coincidences can occur. In the case where the intersection is at m/(e;)p(v1)
or m’(e2)p(v1), it is possible to place p’(vg) on Lo, sufficiently close to the intersection to get the
required framework colouring. In the case where the intersection is at m’(e3)p(vy), it is possible to
get the required framework colouring by placing p’(vy) on L; sufficiently close to the intersection.
Hence, (é’, P') is minimally Z? x Cs-symmetrically infinitesimally rigid by Proposition

It remains only to consider loop-1-extensions. Suppose that a loop-1-extension adds a vertex vy
with incident edges | = (vg, vo;m’(I)) and e = (vg,v1;m/(e)). We aim to choose a position p’(vg)
such that e receives framework colour 1 and [ receives framework colour 2. For ease of notation,
let p’(vg) = (ao,bo), and p(v1) = (a1, b1). Also, let m/(l) = (¢, dy, s). By switching operations, it
can be assumed that m/(e) = (0,0,0). To ensure that [ receives framework colour 2, it must be
that

k(P (vo) —m'(1)p(vo)) = K(—c1,2b0 — di) = (0,1).
Equivalently,
1] < [2bo — di

Clearly, it is possible to choose by € R such that this holds. To ensure that e receives framework
colour 1, it must be that

#(p'(vo) — p(v1)) = K(ag — a1,bo — b1) = (1,0).
Equivalently,
|a0 — a1| > |bo — b1|

Given any values of bg,a1,b1 € R, it is clearly always possible to choose ag € R such that this
holds. With the resulting configuration, the framework (G’, p') satisfies the monochrome subgraph
property and is thus minimally Z? x C,-symmetrically infinitesimally rigid by Proposition O

The following result gives the inductive construction relevant to Theorem [3.6

Theorem 3.9. A Z? x Cs-gain graph is (Z* x Cy),-tight if and only if it can be constructed from
a (Z* x Cs)q-tight gain graph on K{ by a sequence of gained 0-extensions, 1-extensions, loop-1-
extensions, edge-to-Ks moves and vertex-to-K, moves.

Proof. Basic counting arguments show that every (2, 1)-tight multigraph has a vertex of degree 2
or 3. It is therefore enough to show that every vertex of degree 2 or 3 in a (Z? x C,),-tight gain
graph admits a reduction that preserves (Z? x Cs),-tightness. In the cases of a degree 2 vertex or
a degree 3 vertex that is not contained in a balanced copy of Ky, the methods seen in Section [2:4]
work in exactly the same way. This leaves only the case of a degree 3 vertex that is contained in a
balanced copy of K. For this case, adapting the method used in the proof of Theorem shows
that there is a Ky-to-vertex move or K3-to-edge move that preserves (Z? x Cs),-tightness. O

This completes the proof of sufficiency for Theorem (3.6

Proof of sufficiency for Theorem[3.6, By Theorem any (Z? x Cs),-tight gain graph can be
formed from a (Z*xCy),-tight gain graph on K by a sequence of gained 0-extensions, 1-extensions,
edge-to-K3 moves and vertex-to-K4 moves. Given a (72 x Cs)q-tight gain graph on K 1, it is always
possible to choose a configuration where the loop receives framework colour 2. By Proposition
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the resulting derived framework is minimally Z? x Cs-symmetrically infinitesimally rigid. By
Proposition each of the relevant extensions preserves minimal Z? x C,-symmetric infinitesimal

rigidity of Z? x Cs-regular derived frameworks, so every Z? x Cs-regular framework in (R?, || - [|o0)
derived from a (Z? x Cs),-tight gain graph is minimally Z? x Cs-symmetrically infinitesimally
rigid. O

4 Further Work

4.1 Other Symmetries

It is natural to consider how to characterise forced-symmetric rigidity in non-Euclidean ¢,-planes
and polytopic planes with respect to other symmetry groups. The most obvious class of groups
would be those involving rotational symmetries. For polytopic planes, conditions for 2-fold rotationally-
symmetric rigidity were characterised by D. Kitson, A. Nixon and B. Schulze in [I6, Theorem 4.3].
It still remains open to do this for 4-fold rotational symmetry or for any rotational symmetry in
L4-planes for ¢ € (1,00)\{2} (where only 2-fold and 4-fold rotations can be considered). Character-
ising forced-symmetric rigidity for these by an inductive method would likely be very challenging,
as gain graphs for minimally forced-symmetrically rigid frameworks are (2, 0)-tight and inductive
constructions of (2,0)-tight gain graphs are generally quite difficult. However, an inductive con-
struction was successfully obtained for 2-fold rotationally-symmetric rigidity in polytopic planes in
[16, Theorem 4.3], so a similar construction may work for other cases. In the case of 4-fold rota-
tional symmetry in polytopic planes, another issue is that framework colours may not be consistent
across edge orbits, so there is no clear analogue to Proposition 3.1

When studying reflectionally-symmetric rigidity in polytopic planes, both this paper and [18]
have assumed that the axis of reflection is spanned by one of the vectors used to generate the
polytopic norm. It would also be possible to consider reflectional symmetry in a diagonal of the
unit circle. This seems like a harder problem, as framework colours will not be consistent across
edge orbits and therefore the idea of Proposition [3.1| cannot be directly applied.

4.2 Flexible Lattice Representations

When working with periodic frameworks in this paper, we have only been considering infinitesimal
motions that are periodic on the fixed lattice. An immediate question is how this could be modified
to fully flexible lattice representations or at least to partially flexible lattice representations. For
the Euclidean plane, the rigidity of periodic frameworks on a fully flexible lattice was first studied
by Borcea and Streinu [2], and a characterisation of periodic rigidity in this setting was obtained
by Malestein and Theran in [2I, Theorem A], although this did not use an inductive construction.
For a partially-flexible lattice in the Euclidean plane, an inductive construction for minimally rigid
gain graphs was found in [23] Theorem 2]. Moreover, there are relative characterisations of periodic
rigidity (in the case where the gain assignments are not part of the initial data) in all dimensions
[3, [8]. Tt may be possible to adapt one of these approaches to characterise flexible-lattice periodic
rigidity in non-Euclidean planes.

4.3 Higher Dimensions

Another idea is to study forced-symmetric and forced-periodic rigidity in higher-dimensional ¢,-
spaces and polytopic spaces. As in the Euclidean case, this is likely to be very difficult, as there
is currently no known inductive construction for the relevant counts. Indeed, there is no known
characterisation of non-symmetric rigidity of finite frameworks in any higher-dimensional £,-spaces
or polytopic spaces. Note that minimally rigid graphs in 3-dimensional non-Euclidean ¢,-spaces
and polytopic spaces must be at least (3, 3)-tight. An inductive construction for this is not known,
but it may be easier than the (3, 6)-tight construction that would be needed for the Euclidean case.

For body-bar frameworks, a complete characterisation of forced-symmetric rigidity for all sym-
metry groups in all dimensions of Euclidean spaces was proved by S. Tanigawa in [35, Theorem
7.2]. A similar proof may be possible for non-Euclidean spaces.
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