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Spin resonance measurements of the clock molecule *N@Cg

Abstract

Atomic clocks form a vital part of modern infrastructure and are the most accurate
frequency standards available. One of the most common applications of atomic
clocks in global navigation satellite systems (GNSS). The current integration of
atomic clocks into this system is through highly accurate satellite-based frequency
standards. Another possible application in GNSS is on the receiver end of the
system, which also requires a frequency standard. An atomic clock receiver offers
a number of benefits in securing GNSS networks. This presents a challenge of
combining high accuracy and stability, but also reducing the size and power demands
to make the clock easily portable.

The endohedral fullerene molecule N@Cgy is a potentially suitable material for
such a clock. Here, the transitions of ®N@QCg, are measured and the magnetic field-
resistant clock transition is observed. A value for the hyperfine constant A=h =

22:32 0:03 MHz was extracted, in agreement with previous measurements of A=h
both at the clock transition of  38:6 MHz and at 10 GHz. Estimates for a
potential clock’s stability described by the Allan deviation at the clock transition

gave a value of ( )=2:1 10 4 1%

, a poor standard of stability compared to
current commercial standards.

To determine the potential improvements to this estimate, pulsed spin resonance
measurements of °N@QCgg were performed to obtain the spin-spin relaxation time
T,, which is connected to the width of the transition by 1= T,. Measurements of
the spin echo at 102 MHz gave a T, = 8:6  0:7 s. A transition width as narrow
as 1= 8:6 s offers a marginal improvement to the clock stability. Progression

towards lower frequencies closer to the clock transition is required to obtain the

absolute limit on how low the Allan deviation might be reduced to.
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Chapter 1

Introduction

Contents

11 Atomicclocks. . . . ... ... ... ... 1
1.1.1 Clock operation and development. . . . . ... ... ... 2
1.1.2 Parametrising frequency standards . . . . ... ... ... 5
1.1.3 GNSS positioning and clock applications . . . . ... ... 9

1.2 Endohedral fullerene N@Cgo . . . . . o o v v oo ... 16
1.2.1 Spin Hamiltonian . . . . . . . ... ... .......... 17
1.2.2 Transition solutions . . . . ... .. ... ... .. ..., 20
1.2.3 N@Gy as a frequency standard . . . . ... ....... 23

1.1 Atomic clocks

Atomic clocks are vital instruments for making high precision time measurements.
Due to measuring such a fundamental quantity, they have an incredibly wide range
of applications.

Many nations fund the operation of atomic clocks that are used as a regulating
standard across the country. The highest quality clocks are globally pooled into the

International Atomic Time (TAI). The practical extension of this is the Coordinated

1



Universal Time (UTC), adjusted for leap-seconds, which forms a basis for all time
measurements on international scales [1]. The applications of UTC and atomic clocks
are as broad as position tracking systems [2, 3], fundamental science [4], national

electrical grid synchronisation [5, 6], and nancial market timing [6, 7].

1.1.1 Clock operation and development

A generalisation of the principle requirements for timekeeping and measurements
informs the modern function of atomic clocks and their applications.

Periodicity serves as the foundation for the fundamental design of a clock. This
can be applied back to something as simple as a pendulum clock, in which the ge-
ometry of the pendulum de nes a frequency standard where oscillations are counted
by the rotation of a cog piece which completes a full rotation after a number of
pendulum swings equal to the number of teeth in the cog, usually 60 and directly
connected to the seconds hand of a clock face. The pendulum is typically designed
to have a natural period of 2s, giving the motion between each extreme a duration
of 1s.

Naturally the limitations of a geometric clock invite improvements. No two geo-
metric clocks are identical. Substantial improvements were made from a simplistic
pendulum to nely cut quartz crystal tuning-fork resonators. These are a form of
electrical resonators designed with a natural resonance of 2= 32:768kHz. This
Is chosen as it is an easy halving process for a digital electronic circuit to perform
32768 kHz2'® = 1 Hz, through a series of 15 \divide by 2" operations, which can be
used to drive rotating step gears in the most simple cases [6, 8]. Quartz is a piezo-
electric material, so applying an AC voltage across the resonator causes mechanical
oscillations. Feedback through an ampli er tunes this to the natural frequency of the
quartz crystal [8, 9]. The key advantages to quartz over more basic oscillators are its
mechanical rigidity, resistance to deformation, and large number of free oscillations
it will complete after being driven. Only a small amount of energy is required to

maintain stable oscillations [9]. Although very precise in the resonant frequency and

2



maintaining long term use, there are still issues of natural wear, imprecision in the
cutting of the fork, and the frequency does drift leading to time errors from UTC

on the scale of 1 ms per day [6, 10].

The problems of degrading in the precise natural resonance gives this frequency
standard a limited lifetime. A superior resonance comes from the quantum domain of
atoms. Atomic clocks use transitions of electrons between energy levels as frequency
references. Because the separations in energy levels are de ned by the structure of
the atom and are quantised, they are not set to change in the way that friction and
wear can degrade a mechanical oscillator. Every isotope of an element is intrinsically
identical in its structure at this level. Di erences arise through external conditions

such as variations in temperature and magnetic elds [6, 10].

The basic working principle of an atomic clock is provided in Figure 1.1, which is
classi ed as a passive clock. The method of driving a transition between the energy
levels and obtaining a narrow resonance measurement is shown. This design is
passive since it does not use an output of the transition through relaxation directly,
but measures a drop in input power when energy is absorbed. The use of output

relaxations is an active clock, and is less common [10, 11].

Two of the most common materials used for atomic frequency standards are
caesium and rubidium. A transition with a change in total angular momentum
guantum numbers F =1, mg = 0 is used due to the energy gafE being
independent of magnetic eldsB to rst order, d E=dB = 0, and hence is called a
clock transition. This preference for using transitions that are una ected by external

factors gives clocks stable transitions to use for the frequency reference [11].

The best atomic clocks currently in operation are caesium fountains, usiffCs.
About 10’ caesium atoms are trapped by optical laser cooling, called a magneto-
optical trap (MOT), using at least three orthogonal pairs of lasers, lowering the
temperature down to 1 2puK. The combination of lasers pump the electrons into
an F = 4 state. The atoms are then ejected vertically upwards from the MOT

system into a 2m tall vacuum space. During the rise and fall after ejection, there
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Figure 1.1: The working system of an atomic clock. The oscillator sends a driving
frequency to the reference. Based on the centre of the resonance with the driv-
ing frequency, the natural resonance is obtained and the feedback loop adjusts the
oscillator to that frequency. Repeated cycles of the feedback correct drifts in the
oscillator. Part of the oscillator's power is redirected to the counter of the clock.

are a series of microwave cavities that select for a mixture of the=3; mg = 0 and

F =4;mg = 0 states, which are driven by the hyper ne clock transition frequency
fo=9;192 631 770Hz in the cavities. A laser is used to investigate the proportion
of F = 3 and F = 4 states to produce a function like that in Figure 1.1 against
the microwave drive frequency, which then adjusts the frequency of the connected

oscillator and the microwave cavities [10, 12, 13, 14].

The caesium standard of atomic clock is used to de ne what 1 second is. 1
atomic second is made equal t0;292 631 770 periods of the frequency associated
with caesium'’s hyper ne transition, speci cally from the unperturbed ground state,
and therefore its frequency is 9192 631, 770 Hz by de nition [15]. The di erence
between this de nition and the practical use in the caesium clock fountain is the
\unperturbed ground state" condition. It demands that the atom is fully isolated
and unaected by external elds and temperature. The progression of research
towards more accurate clocks is typically focused on greater isolation of the reference

material [6, 15].



1.1.2 Parametrising frequency standards

Characterising a frequency standard must account for the uctuations in amplitude

and phase. Such an oscillator's output can be described as:
U(t) =[Uo+ Uo(t)]cos( ot + (1)) (1.1)

with amplitude Uy and frequency! o. Ug(t) and (t) represent the random statisti-
cal noise for the amplitude and phase. For comparison of frequency standards, the

normalised phase noise is de ned as:

x(t) = ,(—z) (1.2)

The instantaneous frequency is given by the time derivative:

d d (t
!(t):a!ot+ (t) =1o+ di) (1.3)
From this the normalised di erence from the central frequency g is:
@) o 1d(t) _ dx(t)
yn=— o  lo dt — dt (1.4)

When performing measurements of the normalised frequency di erengét), the

continuous function can be used for a discrete interval averaged over time

1t
Vi= — y(t)dt (1.5)

tj

Over N repeated measurements of the time interval a mean and variance can be

produced:
1 X
y= N Yi (1.6)
i=1
2 _ 1 X v w2
VTN 1 Vi v (1.7)



The proposal made by D. Allan [16] to parameterise the change in frequency was to
use an expectation for two sampleN = 2 when the measurement time is equal to
the time between the start of subsequent measurements. This leads to the variance
reducing to the Allan variance:

D e E 4
y()= Vi > Yi =5 Y2 V1 (1.8)

where h i denotes the expectation value. As well as de ning the Allan variance in
terms of y(t), due to equation (1.4), the time averaged frequency di erence in terms
of x(t) becomes:

y = == (1.9

and the Allan variance may be de ned by[10]:

1 2
5( ) = 532 X3 2K+ Xy

(1.120)
The Allan variance, and deviation, function as a measure of the change in frequency
for subsequent intervals of time . Obviously a quality frequency standard for an

atomic clock seeks to have a small deviation.

While this is functional for a direct measurement of the frequency standard, an
estimation based on a resonance is also useful. The standard deviation in return
signal V can be related to uctuations in a xed driving frequency! through the

gradient on a resonance at a driving frequendyp :

d!

vy (1.11)

!:!D

Taking the rising edges of the resonance to be approximately linear, shown in Figure
1.2, the gradient can be determined using the full width at half maximum! and

the peak amplitudeVnax, also marked in Figure 1.2 showing the shift ih for a drop

6



of Vinax=2 is 1= 2:
dV  2Vinax _ Vinax
d! % ! !

(1.12)

The variation in ! is then:

Vm ax

v (1.13)

=Y

where SN is the signal-to-noise ratio. Under the assumption that the variation is

from white noise, the standard deviation over measurement timeis scaled by:

J()= W =19)p= (1.14)

The Allan deviation is a normalised variation of the frequency over, hence [10]:

! ! 1 11
= = —p—_ 115
AR o SN o SNOQr (1.15)
where Qr = !o="! s the quality factor of the resonance. This equation can be

used to estimate the Allan deviation of a clock based on a measured resonance, at
least for short timescales before other parameters contribute to uctuations such as

temperature and magnetic elds.

Figure 1.3 shows the measured Allan deviations for a number of clocks. Two
are examples of common clocks designs, a temperature compensated quartz clock
(Microchip MX-505) [17] and a caesium fountain clock, the F1 at the National
Institute of Standards and Technology (NIST) [12, 18]. The caesium fountain clearly
maintains the 1:p ~ trend of the estimate for over 6 days. The quartz clock does not
follow the trend and loses its stability around 100s. This shows that the dominant
source of error in the fountain is white noise in the frequency rather than any eld
or temperature uctuations, which are more prevalent in the quartz clock given no

stage in the data shows ip ~ behaviour.

There is a further useful measure of a clock's quality, which is the deviation of
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Return voltage V

' To
Drive frequency!

Figure 1.2: Clock reference resonance with a linear approximation. The gradient is
thus a linear t of the rise in resonance equivalent to the ratio of signal amplitude
Vmax to linewidth ! .

the time error x(t). The basic equation for the variance is:
20)= x3(t) hx(t)i? (1.16)

The relationship betweenx(t) and y(t) is an integral overy(t):

A
x(t) = y(t)dt = vy, (2.17)

ti

where equation (1.5), showing the time interval average, has been used. Therefore

inserting this into equation (1.16) leads to:
()= % hyi*= 2y hyi* = J()? (1.18)

The Allan deviation is related to the time error deviation by the factor . This gives
a measure of the drift in time of the clocks compared to the previous time interval

of



Figure 1.3: Allan deviations for a quartz clock MX-505, a caesium fountain NIST-
F1, and the chip-scale clock CSAC-SA65. The MX-505 plot is reproduced from [17],
the NIST-F1 plot from [12, 18], and CSAC-SAG65 data is reproduced from [19].

1.1.3 GNSS positioning and clock applications

Precision timing is vital to the operation of Global Navigation Satellite Systems
(GNSS). A synchronised network of atomic clocks based in satellites time the transfer
of microwave signals between the network and a receiver in order to triangulate the
receiver's location. The most renowned of these systems is the US-operated Global
Positioning System (GPS) and will be the main system described, though several

other networks exist based on similar designs.

The basic principle requires precise timing. GPS satellites carry four atomic

9



Figure 1.4: Triangulation of receiver from three GPS satellites. A minimum of three
is required to obtain one solution that intersects with all radii around the satellites.
The error region shown in grey is from the bias in the receiver clock. Improved
stability of the receiver clock reduces the error region down. Uncertainty from the
satellite clocks and other sources are not presented here.

clocks, usually caesium or rubidium, that read timeg [2, 20]. The clocks are syn-
chronised with GPS time, which is a form of UTC starting at 00:00 6th January
1980, but neglecting any leap seconds [2, 21].

A GPS receiver also has a clock that records its own tintg. A transmission
from the satellite to the receiver carries information abouts. Due to the travel
distance, there will be a time di erence between, and the receiveds equal to the
duration of travel, t; ts= =c, where is the distance andc is the speed of light.

t, and ts are known so can be determined. The transmission also includes data on
the satellite's location obtained by various other tracking methods [2, 22]. Repeated
with three satellites produces a single intersection of the distance from the receiver

to the satellites, shown in Figure 1.4.

This has assumed that there is perfect synchronisation between satellite and
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receiver clocks. The receiver clock's deviation can be accounted for le?h: t+
wheret? is the inaccurate receiver time compared to the idealised tinte with bias
. The distance between satellite and receiver with this receiver clock error is called

pseudorange. The true pseudorange without other error considerations is [2, 21]:

T = P (X Xi)2+(y yi)2+(Z Zi)2 = C(tr tsi)+ Cy (119)

Four unknowns, the receiver positiorx, y, z, and , mean four satellites, indexed
asi, can solve for the location of the receiver. Further errors lead to a measured

pseudorange:
i= 7+ Di cg+c Ti+ lLitvi+ V) (1.20)

where D; is the error in the satellite's position,  is the bias error in the satellite
clock, T; and |I; are the delays in time from the troposphere and ionosphere
which slowsc through the atmospherey; is the receiver measurement noise for the
satellite, and v; is the correction for relativistic e ects. This is still assuming the
satellites and receiver are stationary. GPS satellites are not in geostationary orbits,
and the receiver will also move. All these accumulating sources of error have models

and methods of being su ciently corrected for [2, 3, 21].

GPS transfers information on two microwavd.-band frequencies for navigation
and positioning,L1 at 1023 MHz 154 = 157542 MHz andL2 at 1023 MHz 120 =
12276 MHz [2, 22]. The carrier frequencies are modulated with pseudo-random noise
(PRN) containing the information from the satellite. The PRN series is a random
sequence of +1 or 1, called chips, over a duration called the chip period,. The
sequence is repeated over intervals that the receiver must lock to by matching copies
of the PRN held by the receiver. Matching to the PRN series synchronises the

receiver clock with the satellite clocks [3, 23].

There are two code types for the PRN modulation. The rst PRN is C/A

(Coarse/Acquisition) code. Each satellite carries its own unigue sequence of this
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code and the sequence is repeated every 1 ms. The rate at which it runs through the
chips is 1.023 MHz so there are 1,023 chips in the sequence of lengthG23 10°

lps. The second is P(Y) (Precise) code, which is much longer. The total length of
this code is 23547 10" chips. The code is transmitted at 10.23 MHz, so would
take 38 weeks to repeat, with 100ns per chip. However the code is then split
into blocks and repeats every week, so there are 38 unique sequences, applied to
individual satellites [3, 21, 22, 23].

C/A is the civilian code and is broadcast on thel 1 frequency. P(Y) is called
the military code and is carried by bothL1 and L2, though it is used for both
civilian and military purposes. Because of the shorter chip duration, the precision
of P(Y) is higher; however the substantially longer repetition time makes it harder
to synchronise with. C/A will usually be acquired rst as a basis for obtaining P(Y)

[3, 23]. The Y indicates an anti-spoo ng encryption (to be explained shortly) which
protects the signal from interference. The encryption means that P(Y) cannot be
acquired directly unless the decryption key of Y is known, and hence it is reserved
for military use. Civilian methods lack this and so the use of P(Y) is achieved when

C/A is acquired rst before linking to P(Y) [3].

GNSS interference

GNSS jamming and spoo ng are processes of interfering with the transfer of the
GNSS signal. Jamming is merely the process of overwhelming th#& or L 2 frequen-
cies so that the PRN codes are not visible. Spoo ng can make use of duplicated
PRN codes to allow the receiver to lock to the fake signal and drift it away. Another
method of spoo ng is to observe the visible satellite codes and rebroadcast ampli ed
versions.

C/A is easier to interfere with due to its relatively narrower band in frequency,
the widest sidebands being 1.023MHz. P(Y) is much wider with sidebands at
10.23MHz. This makes selection of at least some part of the true code sequence

spectrum much more viable. This is in addition to the Y encryption that protects
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the military broadcast, since spoo ng of P(Y) would require knowledge of the de-
cryption key, however jamming can render the civilian used 1 unreadable, an issue

since P(Y) requires C/A acquisition rst in civilian contexts [3].

Atomic receiver clocks

GNSS receivers overwhelmingly use the cheap quartz oscillators already described
as their clock standards [2, 3, 20]. There are a number of ways in which an atomic
frequency standard could improve upon these.

The bene ts of atomic clocks are primarily due to their higher stability. First
Is the improvement to obtaining accurate position measurements. The uncertainty
from the , term can be reduced if the time of the receiver clock is well known. This
is particularly useful in cases where only 2-3 satellites are visible to the receiver. If
the receiver time is known, only three satellites are required for good precision in
the receiver location calculation, since, becomes a parameter known to a suitable
precision. Jamming and spoo ng are major causes of missing satellite connections.
This advantage comes from the receiver clock's new long-term stability (1 day).

The second bene t is that a longer timescale where high synchronisation is main-
tained allows faster acquisition directly of the P(Y) code, since C/A is likely the
jammed signal. The stability means any drift in receiver time is small. As such the
range of the possible time o set when searching for time markers in the PRN code is
signi cantly reduced whilst the clock maintains synchronisation. Quartz clocks need
regular re-acquisitions for fast connections due to larger time drift. Re-acquisitions
with atomic clocks would be less frequent. Higher stability of the clock will lead
to faster time acquisitions [23, 24]. To understand the advantage of this, consider
the quartz MX-505 clock already mentioned. Its time deviation y( )times plot
is shown in Figure 1.5, where by 1 hr the time has drifted by 500 ns. Following the
trend, the time deviates as 8 10 ** 181 g0 1day leads to 150s deviation.
When the duration of the P(Y) chips is 100ns, deviation outside of that time

interval requires re-acquisition, and larger time errors have longer acquisition times
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due to a greater potential search space. 158 is a drift greater than the chip size

of the C/A code, hence direct acquisition is slower than through using C/A.

Figure 1.5: Time error deviation of the quartz clock MX-505, caesium fountain
NIST-F1, and chip-scale atomic clock CSAC-SA65. The data is derived from the
Allan deviation data in Figure 1.3 and equation 1.18. MX-505 data reproduced
from [17]. NIST-F1 data is produced using the Allan deviation results from [12, 18].
CSAC data using the Allan deviation from [19].

There are some minimal requirements for an atomic clock to be used in a GNSS
receiver beyond just stability. First is due to receivers being almost universally
portable to varying degrees. The most common but smallest of these would be
smartwatches and mobile phones. This establishes a standard for Size, Weight, and

Power (SWaP). To replace the quartz oscillator in a watch or phone the clock needs
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to be chip-scale, run on battery power, and also be stable enough for practical use

as a GPS receiver.

The most common chip-scale atomic clock is the microfabricated caesium atomic
clock, developed rst by S. Knappe et al. at NIST [25] and since commercialised
as the chip-scale atomic clock (CSAC) by Microchip Technology (CSAC-SAG5) [26]
and Teledyne (TCSAC) [27], amongst others. In the rst prototype the Cs atoms
were contained in a vapour cell heated to 8%. Population coherence similar to that
of the caesium fountain clocks is obtained using a vertical-cavity surface-emitting
laser (VCSEL), which is a far more compact design than traditional lasers [23, 25].
The VCSEL makes coherent population trapping possible on this scale. Typically
two coherent optical frequencies would be applied to the two hyper ne ground states
of caesium-133, which excites them to a \dark state" that does not interact with the
optical laser [23, 28]. Practically, the laser is modulated at 9:2 GHz, which applies
the microwave frequency typically used to drive transitions in a caesium fountain,
however without the microwave cavity that would substantially increase the size of
the package [25, 28].

The power demand for running the 9.5 mrhpackage was 73 mW [25]. The com-
mercial packages operate at 180 mW and have a size of 17cn? [26, 27]. The
package is too large for phone or watch scales, but its size is perfectly functional for
speci ¢ cases where GPS anti-jamming technology would be important, particularly

contexts where a compromise in larger size is still valuable.

The Allan deviation of this clock was provided in Figure 1.3. The stability of the
CSAC-SAB65 begins lower than the quartz clock, but follows the=? ~ behaviour up
to 10°s, after which it plateaus and then drifts. There are a number of sources of
long-term instability in the CSAC design. The original prototype had a consistent
drift in the frequency thought to be from interactions between the gas and the
vapour cell leading to changes in pressure. The drift is linear and consistent so can
be removed, however does contribute uncertainty to the time measurement. The

drift has been has been corrected for in the Allan deviation data that was recorded.
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The remaining instability is attributed to temperature uctuations in the vapour
cell [25].

The time deviation of the CSAC-SAG5 is presented in Figure 1.5. In comparison
to the MX-505 quartz clock, it is substantially better. At 1 hr the deviation is only
10ns, well within the suitable standard for fast GPS re-acquisition. By 1day it
has deviated by 800 ns, still at least within the chip size of the C/A code. Yet the
instability over longer timescales makes this unsuitable for three satellite positioning
after long time periods.

For this reason, CSAC-type devices are used in a number of contexts relating
to GNSS applications, particularly military. CSACs are integrated into handheld
GPS receivers that feature selective availability anti-spoo ng modules (SAASMs),
a device which uses high stability clocks to maintain synchronisation with GPS sig-
nals, continue operation of connected devices, and to verify spoo ng signals through

timing accuracy [24, 29].

1.2 Endohedral fullerene N@C g

The molecule’>N@Gy is a nitrogen-15 atom enclosed by a carbon fullerene cage.
Endohedral fullerenes o er a unique opportunity to study highly reactive atoms in
an isolated environment, as provided by the g cage. The nitrogen atom exists in
its isolated ground state*Ss_,.

Trapping an atom inside a carbon cage is a very unnatural event. The initial
development of endohedral fullerenes made from N@@Qsed a process of ion implan-
tation. N ions were accelerated towards a Im of g across an electrical potential
[30]. The method of developing the endohedral fullerenes used in this study was a
water-cooled copper target on which the Im is built by a vapour of G heated to
500°C growing onto the surface. During growth of the Im,**N ions are implanted
with an average energy 40eV and current of the ion beam 1-100 mA. Most ions will

pass through the Im or shatter the fullerene; only a small number are successfully
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injected into the fullerene. The natural abundance ofN is less than 0.4 % [31, 32],
so continuously bombarding the target to obtain a high proportion of lled fullerenes
is not an e cient use of the relatively rare and costly'>N material, since the ions of
failed implantation attempts are subsequently lost. Instead the implantation process
Is conducted for only a few hours, after which the sample reaches a purity ratio for
BN@Go to Cgo of about 100 ppm. The sample is removed from the copper target
with a solvent [33, 34].

The molecules in the mixture of°N@G, and Cg are nearly identical, but can be
separated due to the slight di erence in mass, only 15 units of atomic mass. Separa-
tion of the lled fullerenes is achieved through high-pressure liquid chromatography

(HPLC), and continues until a suitable purity is achieved [33, 34].

1.2.1 Spin Hamiltonian

The general Hamiltonian for electron energy levels in an atom is:
H= gBo & J oy nBo T+ A J+ £ S+S D sS+r d r (1.21)

The terms represent the Zeeman electron splitting, the Zeeman nuclear split-
ting, the hyper ne interaction, spin-orbit coupling, zero- eld splitting, and nuclear
guadrupole interaction respectively [35, 36, 37]. g is the Bohr magneton,  is
the nuclear magneton,g} is the electron g-factor,gy is the nuclear g-factor,A is
the hyper ne constant tensor, is the ne structure constant, D is the zero- eld
splitting tensor, and @ is the quadrupole tensor.S, I, J, and I" are the electron
spin, orbital, total electron, and nuclear spin angular momentum vectors.

The quadrupole interaction describes the energy separation caused by the distri-
bution of the nuclear charge. The distribution is a ected by the angular momentum
of the nucleus, set by the nuclear spin. If the nuclear spih = 0, the nucleus is
static and the charge will be spherically symmetric about the nucleus. In this case

the quadrupole tensor® = 0. If | = 1=2 there is a single nucleon contribution to
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the nuclear spin. The charge is then distributed about that single source of angu-
lar momentum, so is rotating but still spherically symmetric. As suchd = 0 as
well. When!| 1 there are at least two spin-contributing nucleons. The charge is
now distributed about two or more sources of angular momentum, and is no longer
spherical but ellipsoidal, with® 6 1 [38].

| = 1=2 for 15N, and soQ = 0 and this term does not appear in the Hamiltonian
for ’'N@G. This can also be described mathematically given the quadrupole tensor

Is a Hermitian matrix, so can be diagonalised and expressed as:

FQ = QulZ+ Qull+ Qul? (1.22)

For spinl =1=2, eachl; = ;=2 where ; is the Pauli matrix in direction j. Since
the square of each Pauli matrix is the identity matrix, the quadrupole term becomes
proportional to the trace of Q. The trace ofQ is always zero, because it is a measure
of the deformations of the charge distribution from spherical symmetry. There is a
conserved volume of the distribution that moves between the, y, and z directions,
where the values of the tensor change based on shifts away from a sphere wheired
A equal zero. Hence the xed value of the trace is zero, and this term disappears.
The zero- eld splitting results from an interaction between unpaired spins. This
can therefore arise only wher6 1. In this case,S = 3=2, so the argument
for the quadrupole splitting through the trace does not apply. Instead consider
the symmetry of an endohedral fullerene. There are many rotational symmetries
depending on the choice of basis, set by choosing an axis centred on either the
hexagonal or pentagonal carbon rings in the fullerene. The symmetric rotations are
either about the carbon ring axis, or rotating into another equivalent ring. TheD
matrix can be diagonalised intd .y, , and must be invariant under the symmetric
transformations. By rotation about the z axis directed through one of these carbon
rings, Dyx and Dy, must be equivalent from the 3-fold rotational symmetry for
hexagons and 5-fold for pentagons. By rotation into an equivalent carbon ring, of

which there are 12 pentagons and 20 hexagons, e, term must also be equivalent,
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hence:
S D S=DyS+DyS?+D,,S?=D S+ S2+S? = DS? (1.23)

The zero- eld splitting term reduces to a scalar, and the splitting only depends on
the value of S. This is the same for all states in the system$ = 3=2, and so is
a xed o set for all levels. Given any study of the system will be measures of the

di erence between states, this can be neglected [38, 39].

Spin-orbit coupling is the interaction between the electron spins and the orbital
angular momentum. The interaction is a result of the magnetic eld generated by
the motion of the electron charge with that produced by its angular momenturfl
[37]. Since total angular momentuni. = 0 for ®N@G, the spin-orbit coupling does

not contribute to the Hamiltonian.

The tensorsg} is reduced to a scalar by also being diagonalised then applying

the single directionB, = B2 to extract only ¢,,5, = 0, S;.

A can be reduced to a scalar similarly to the reasoning of tH& tensor. It can

be diagonalised, and by rotational symmetry each term must be equal, hence:
F A S= Axly S+ AplySy + A lLS, = A(ISc+ ISy + 1,S,) = AT S (1.24)
Once reduced down when the other sources of splitting are removed, the Hamil-
tonian of ’"N@G is [30, 40, 41, 42]:
H=g sBoS, o nBoli+AS T (1.25)

For convenience, the nucleag-factor gy can be expressed in relation tog through

O N=0 B-
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1.2.2 Transition solutions

Taking the reduced Hamiltonian, the eigenvalues represent the energy levels of
BN@Gy. The process of obtaining the eigenvalues requires resolving the88ma-
trix form of this Hamiltonian. The exact details of the derivation are presented in
Appendix A.1.

The energy levels of the system from the derivation are [43]:

3 1 3
Ei= 5% 50 sBo+ ZA (1.26)
1, 1P _ .
E>3=ay 8Bo ZA > (a3 +9) 8Bo)? 2( +9) sBoA+4A (1.27)
1 1P
Exs= A 5 (@ +9) sBo)*+4A? (1.28)
1 1P
Eez= o 8Bo ZA > (1 +9) 8Bo)2+2(x + 9) sBoA+4A% (1.29)
3 1 3
Es = St S0 sBo+ ZA (1.30)

The g-factor parameters for'>N@G, are g; = 2:00204 [44] andyy = 0:566,
makingg = 3:08 10 4[45]. A=his 223 MHz [40, 41]. This is approximately
50 % greater than the measured constant 3fN A=h = 14:6 MHz [46], a result of
compressing the electron cloud inside the fullerene cage [43, #Jis made negative
through the negative nuclearg-factor, as the negativegy will change the direction
of the nuclear magnetic eld, thus inverting the e ect on electrons through the
hyper ne coupling. The splitting of levels is presented in Figure 1.6. For simplicity
arbitrary numbering is used, but when important the associated quantum numbers
will be required. At zero- eld F; mg are good quantum numbers, while in the high
eld limit mg;m, are the appropriate quantum number, when the eld dominates
over the hyper ne coupling. The total magnetic quantum numbemg is the sum
of the ms and m; quantum numbers. The quantum numbers for each index are
presented in Table 1.1.

Several of the states are superpositions of multiple quantum numbers, hence

shared numbers foms and m, (eg. E, is the superposition of thems; m,i states
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Table 1.1: The quantum numbers associated with each energy level in the zero- eld
and high eld limits. The index of each level isn. mg is related to the sum ofmg
and m,.

j3=2; 1=2i and j1=2;1=2i, E; is a di erent superposition of the same statesk, is
j1=2; 1=2i andj 1=2;1=2i). Figure 1.6 shows how the validity of the quantum
numbers changes with eld, where they begin to approach the high eld limit as

they collect into four doublets.

Transitions are the exchange of electrons between these levels and so the exchange
energies must be the di erence between these levels. Selection rules govern which
transitions are allowed to occur. Broadly the particular transitions driven depend on
the orientation of the driving eld with the main eld Bj. For parallel the selection
rule is ms,; = 0 in the high eld limit, equivalentto mg =0by F = S+ |
at zero- eld. In perpendicular orientation the rule is ms,; = 1, equivalent to

mg = 1. The reason for these selection rules will be explained in Section 2.1.3.

Under the mg = 0 conditions the allowed electron transitions in are [43]:

p

Exs=E, Esz= (g 8Bo)? 29 gBoA+4A2 (1.31)
p

Es=Es Es= (g 8Bo)?+4A? (1.32)
p

Eez= E¢ E7= (9 8Bo)2+20 gBoA +4A? (1.33)
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Figure 1.6: Splitting of energy levels of°N@G, with magnetic eld By. At the
lowest elds the F; mg quantum numbers are valid. Above is a mixed regime between
the eld splitting and hyper ne coupling. Near to 5mT the levels are approaching
the region wherems and m; are good quantum numbers.

g = gy + g for simplicity. There are far more allowed transitions for the case of

mg = 1.
1 1P

Ei2=5(@ 9) sBo+A 5 (98Bo)* 20 sBoA+4A (1.34)
1 1P

Ei3= E(QJ g) sBot A+ 2 (9 8B0)®> 29 gBoA +4A? (1.35)

1P p
Exs= 0y gBo+t > (g 8Bo)? 29 gBoA+4A2 % (g eBo)2+4A2 (1.36)
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1p 1ip
Exs=0; sBo+ > (9 8Bo)?2 29 gBoA+4A2+ > (g 8Bo)2+4A%2  (1.37)

1P 1P
Ez =0 8Bo > (g 8Bo)?2 29 sBoA +4A2 > (g 8Bo)2+4A2  (1.38)

p p
Ezs =0 8Bo % (g 8Bo)2 29 sBoA+4A2+ % (g eBo)2+4A%2  (1.39)
Ea = %p (g 8Bo)2+4A2+ g; By %p (9 8Bo)*+2g sBoA+4A2  (1.40)

1P 1P
Ey = 5 (g 8Bo)2+4A2+ g; gBo+ 5 (g 8Bo)2+2g sBoA +4A2 (1.41)

1P 1P
Ese = 2 (g 8B0)?+4A%2+ g; 5By 2 (9 8B0)*+2g sBoA +4A% (1.42)

1P 1P
Es, = 5 (g 8Bo)2+4A2+ g; gBo+ 5 (g 8B0)?+2g gBoA +4A2 (1.43)
1 1P
Ees = é(gl g) s8Bo A+ 2 (9 8Bo)?+2g gBoA +4A2 (1.44)
1 1P
Ezs = E(gJ g) sBo A > (9 8B0)?+2g gBoA +4A2 (1.45)

The transition lines with B in both cases are presented in Figure 1.7. Observable
in the Eg7 line is a transition that is locally independent of magnetic eld. This
ful Is the de nition of a clock transition described in caesium and rubidium due to
its stability against changes in magnetic eld. It must be located wherel=dBy = 0
corresponding to the base of the parabola fdts;. Taking the equation for E¢7, the
clock transition eld is:

A
B

Putting this back into Eg; gives the clock frequency, using = hf :

P .
folock = % 386 MHz (2.47)

1.2.3 N@Cgp as a frequency standard

This frequency suitable for clock operation is substantially lower than other clock
frequencies. The caesium fountain clocks and CSACs operate at arounéd GHz,

rubidium clocks run at 68 GHz, and hydrogen masers at:4 GHz [48]. In regards

23



@ mg=0 b) mg= 1

Figure 1.7: Transition frequencies under di erent selection rules. The clock transi-
tion is marked in the mg = 0 case.

to the short-term Allan deviation in equation (1.15), the high frequencies lead to
substantially larger Q factors for the transitions.

While there is little prospect of obtaining a stability comparable to many of the
highest clock standards, a number of unique factors make this material an interesting
reference material, particularly in relation to the chip-scale clocks suitable for GPS
receiver. The appropriate comparison for its advantages will be made with the
CSAC.

Firstly the transitions, and speci cally the clock transition, are measurable at
room temperature. This o ers signi cant potential advantages in reducing the SWaP
of a clock using®®N@G,. Compared to the CSAC, there is no need for a vapour
cell, which contributes to its power consumption. As already mentioned, the vapour
cell leads to a linear drift in frequency from changes in the bu er gas pressure. A
clock based on®N@G;, would avoid this.

Second is the solution state of°’N@G,. The reference is soluble in GS which
allows for a very high density of spins, up to 8 mg/mL [49, 50]. Spin density corre-
sponds to the signal amplitude, increasing the=8l in equation (1.15), thus improv-

ing a clock's stability.
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Finally, due to the carbon cage of endohedral fullerenes, measurements of the
transitions in these types of molecules have been shown to have very narrow intrinsic
linewidths. For comparison, in*N@Gs, at 9.67 GHz, an intrinsic linewidth of
4kHz was measured [42]. This would provide a very hig factor for the Allan
deviation estimate in equation (1.15). Previous measurements of linewidths at the
clock transition show a narrowing behaviour approaching that frequency [41]. It is
unknown how narrow the intrinsic linewidth of the clock transition is.

These features open the prospect of reducing this clock to a chip-scale device like

that of the CSAC, well suited for the anti-GNSS jamming applications outlined.
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Mapping the clock transition
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2.1 Theory of continuous wave spin resonance

Electron Paramagnetic Resonance (EPR), or spin resonance, is the process of mea-
suring resonances of electron spin transitions under splitting from the Zeeman e ect
of a magnetic eld. The most common form of EPR is continuous wave (CW), in
contrast to the pulsed techniques addressed in Chapter 3.

Much of the literature on magnetic resonance chooses to deal with simpli ed
cases, usually single electrons wit8 = 1=2 and 0 nuclear spin. This is not the case
with ®N@G, with a ground state of*S;-, and nuclear spinl = 1=2, and so requires
a fuller theoretical description. In a semi-classical treatment when considering a bulk
number of electron spins, the magnetisation can be de ned as the sum of magnetic
moments of the spins. Taking a Boltzmann distribution oN spins per unit volume

between the energy states provided in Section 1.2.2, the magnitude of magnetisation
is: X
mge Erm e ke T
M= Ng g X (2.1)

e EF;m E =kB T

Fmeg
whereg = g; + g and N is the number of spins. The energy states have been
framed in terms of F; mg rather than arbitrary numbers to clarify the relationship
between the total angular momentum and the energy level. This is valid for the
lower magnetic elds wheremg is a good quantum number.
For the typical case ofEg.m, kg T, the exponentials can be Taylor expanded,
leading to:

X X
Me(L Erm, ke T) MeErm, ks T

M Ng g% = Ng g — % (2.2)
1 EF;mF:kBT 8 EF;mF:kBT

Fme F:mg

Since the regime 0By is 1 mT near the clock transition, anyEg.,,. is at most
3A=4, which is 5 orders of magnitude smaller thakg T at room temperature.

Summing over the equations foEg.,. cancels all terms. The sum ovemg Eg,. is
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(10g; 2g) BBy, hence:

Bo= 0Bo (2.3)

The constant terms have been grouped into the magnetic susceptibility constang.
This di ers from the typical susceptibility constant with an absence of nuclear spin
[51, 52, 53]

_ Ng? 3S(S+1)

0 3Kk T (2.4)

yet if g is neglected andS = 3=2, these two cases are made equivalent.

2.1.1 Excitation and relaxation

Transitions are performed by driving the spins between energy states. Driving should
be considered a perturbation of the base Hamiltonian by an additional oscillating
magnetic eld B;. Since the transitions are driven by a magnetic eld, the pertur-

bation is a Zeeman interaction between spins an8l;:
H=Ho+H;=Ho+ g(@S gl B: (2.5)

whereH is the general Hamiltonian for'>N@G,. Ideally the transition energyE 4,
between any levelsa and b is equal to~! 3, where! ; is the resonant frequency of
the gap. In reality there is a distribution f (! ) around the central E,, = ~! . The

distribution f (! ) is the density of states for the system.

The probability per unit time of a transition based on Fermi's golden rule in

terms of frequency is [51, 54]:

2
Wap = —5jh bjHaj aii 2F (1) (2.6)
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with the distribution in frequency f (! ) normalised to:

y
1 fO)d =1 2.7)

1
For excitation from level a to b, the rate of change in population can be shown

as:
dNZ(t)

ot Wap Na(t)  Np(t) (2.8)

al b
The transitions will stop when population levels are equal. The negative indicates
this is a decrease iN,, denoted by#. This only accounts for transitions between
two energy states and should be summed over each level. However the contributions
from each level are e ected by distributiond (! ) unique to each pair of levels. They
are centred around particular frequenciekg, so for a single driving frequency there

is only a large contribution when! ! 5 near the resonance of one level. Assuming
they are well separated, this e ectively reduces any sum back to equation (2.8), and

functions as a two-level system.

Relaxation is the process of spins losing energy to the wider environment, often
called the lattice in condensed matter terminology. Under the restriction of the two-
level system, onlyb has a higher population than in the ground state. The relaxation
characterised with an average interval, the relaxation timé,, and increasingN,
denoted by", is: )

dN 1

o T, Na(0)  Na(t) (2.9)

This process will stop whera has a population equivalent to its ground state pop-

ulation N,(0). Altogether the rate of change is:

dt

= Wa(Na(t)  No(t) + Ti Na(©) Na(t) (2.10)

There is the additional rate equation for the receiving energy state:

%= Woa(Ns(t)  Na(t)) + Ti Nb(0)  Ni(t) (2.11)
1
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with steady state solutions:

Na(0) + Np(t)WapTy

Na(h) = = 2.12)
_ Np(0) + Na(t)WpaTy
Nu(t) = =2 e (2.13)

Wy, and Wy, are equivalent, since they are the magnitude squares of a Hermitian
matrix, so W = Wy, = Wp,. Taking the di erence between these two equations, the
di erence in population becomes:

Na(0) Nu(0)
1+2WT;

Na(t) Np(t) = (2.14)

This presents a saturation condition where 1 2W T, leads to population levels
remaining una ected [54]. And sinceW / B2, this sets a limit on the size of the

eld driving transitions before changes in the distribution appear.

There is a second source for exchange of energy, and this is between spins, char-
acterised by an average exchange time 0%, called the decoherence time. This
does not relate to a relaxation, but a change in phase so does not contribute to the

populations of the energy levels [51, 54].

There is a theoretical limit on the relationship betwee; and T,, that T, 2Ty,

but in practice it is often the case thatT, T;, though exceptions do occur [55].

2.1.2 Magnetic susceptibility

EPR is primarily a measurement of magnetic susceptibility, and so equations for this
should be derived. For the arbitrary stateg ,i andj i the probability of transition
can be converted to a power absorption rate through equation (2.6) multiplied by

the energy~! o and the spin densityN:

2! oN

P =N~ oWy = h oH1j o () (2.15)
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Magnetic susceptibility is frequently described by a complex number =
where °is magnetic dispersion, and ®is magnetic absorption [51, 54]. Since is

absorption, it is related to the %term. B, is provided by a resonator which can be
modelled with electrical circuit terms, so the power interacting with the spins can

be described by a shift in the resonator's inductance through:
L=Lo(1+ ) (2.16)

wherel g is the base inductance and is the Iling factor of the spin material in the

resonator. With a base resistanc®,, the inductance becomes:

=iLol o+ % i 9+ Ry

N
|

(2.17)

iLolo(1+ 9+ Lolo °*Ro

The absorption term containing %can be interpreted as a shift in the resistance
of the resonator R since it is a real number like theRy term. Thus the power

absorbed by the spins is [54]:
1 2 1 2 00
P = §I (t) R= Q' (t)Lo! o (2.18)

wherel (t) is the alternating current in the resonator. The energy stored in a res-

onator's inductor used for driving the transitions is [54]:

E = }Ll 2(t) = 1B{ cog(! ot)V (2.19)
2 2 o

whereV is the resonator volume. This can be substituted into equation (2.18):

18% 00
P= é—co§(! o)V 1o (2.20)
0
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And now this can be equated to the power absorption from equation (2.15) and

rearranged for %[54]:

— . . .2 |
BZco2(1 )V hpH1j af () (2.21)

This is now an equation for the magnetic absorption with a distributiorf (! ). The
full proportionality terms depend on the matrix elements relating to the choice of
levelsa and b. At this point the Kramers{Kronig relations can be applied to nd

®  This relationship connects real and imaginary parts of an analytic function

X = X1+ iX, to each other by [56]:

Z.,
Xi= 2P X2(X) 0 (2.22)
1y X0 X
+1
X,= 1p X1(X) o (2.23)
1 X9 X

P is the Cauchy principal value, which addresses the inherent singularity af = x.

For the Kramers-Kronig relation for X 1, this is the limit of the sum of the integrals:

VA +1 Z X r Z +1
X.1=P Xa(X dx®= lim X5(x) dx%+ XZ(XE dx®  (2.24)

1 X0 X o ,  x0 x wer XO

which splits the integral at the singularity x through the limit r. The principal value
P serves to make these equal. In this case, is ®which has already been found,
so the term being integrated over i (! 9=(' © ). It can be reasonably assumed
that f (! ) is a Lorentzian distribution as a common probability distribution.

z Z, V4

P " fo(idlozlim r%d! 0+ " %d!0 (2.25)

1! ! o ;| Lar

The constant terms of %in equation (2.21) have been dropped since they appear

on both sides of the equation and don't contribute to solving the integral. The

32



Lorentzian distribution is:

1 =2
| = _

f(19 (0 192+ (1= 2 (2.26)

centred on! ¢ with full-width at half maximum ! . The solution to this is:

Z 1
9 0 (¢ tog!l=2
1 0= = I I
P . To d! 0 ToZ+(1= 27 ¢ rtof() (2.27)
Inserting into the full equation for ©

o= 2 N p Lt 10f() (2.28)

~BZ cog(! ot)V

There are now equations for both ®and starting from Fermi's rule, to be used

for describing the mechanisms of EPR.

2.1.3 Transition selection rules

As established in Section 1.2.2, the transition of interest falls under the selection rule
ms; =0 or me =0 in the appropriate eld limits, and these correspond to the
direction of the driving eld B;. Selection rules can be determined by checking for

non-zero values of the matrix elements dff;. This ts with the use of Fermi's rule

showing that if the matrix element is zero, there is no probability of a transition.

The perturbation Hamiltonian is:
Hi=o &S B1 g sl B (2.29)

Depending on the vectorB; in directions X, ¢, or 2, the Hamiltonian could be

one of three cases, resulting frorBy, = B2 which de nes the z-axis and thus the
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orientations of mg; :

8B1h bjdS gl ai (2.30)
sB:h S, agf)j ai (2.31)
BBlh bngéz gl I,\ZJ ai (2-32)

The matrix elements are obtained using the eigenstates of the base Hamiltonian
described in Section 1.2.2, denoted @s,i andj pi. Qx;y and f\x;y can be expressed
by the ladder operatorsXy = (X, + X )=2 and X, = (X, + X )=2i:

BBl

5 Mg +S) g+ 1) (2.33)
PlhjgE + ) g+ ) (2:34)

BBlh bngéz O r\zJ ai (2-35)

The ladder operators raise or lower thens and m, quantum numbers of thej i
state. ] ,i andj i are superposition offms; m;i as described in Table 1.1, so the
x and y formulations are non-zero only when they dier only by 1 in ms or m,
alone, leaving one term as non-zero. The selection rules 1 ? B, are mg or
m, = 1. For B; = B12 and B; k By the term is non-zero when mg and

m, = 0 since the z direction operator does not change the quantum numbers.

These rules correspond to the choice of selection rules made in Section 1.2.2 to
group the allowed transitions, thus they are observed by choosing the appropriate
orientation of B;. To drive the clock transition Eg7, the B; eld must be parallel

From the eigenvalues for the clock transitiorieg and E;, the eigenstates for these

in the jms; m,i basis are [43]:

. _(A+geBo Ee)j 172, 1=2i + p§Aj 3=2;1=2i

J &7l P (2.36)
8A2+2(g gBo)2+49 sBoA 2(A+ g gBo)Eer
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but substituting in the clock eld Bgokx = A=g g reduces them down to:

.1 1 1 31
] el = p_é 51 é é,é (2.37)
o1 1 1 31
) 7= P—é z, é é’é (238)
The perturbation Hamiltonian for B, directed in 2 using B; = B; cos{ ot):
Hi=(wS: afl%) eBicosl o) (2.39)

Like with the argument made for the selection rules, the Hamiltonian matrix element

of a transition between these states is:

A1 1 1 3.1 11 3.1
h 7jHj 6 = > g B1cos( ot) > 3 > (@S, afly) > 3 >3
(2.40)
A 1
h 7jHij 6i = = sBicos(ot)(ay + ) (2.41)

2
The result is non-zero, con rming this is an allowed transition. The selection rules
have also more rigidly xed the reduction to a two level system in Fermi's rule, since
with the choice of mg, = 0 there is only one other level that can accept spins.
The equations for ®and “have already been arranged witth -jH1j i, so

using the matrix elements the equations are now:

o= N_05s¢ — 590 1y () (2.42)
oo_ N ~\0/ éng () (2.43)

whereg = g; + g has been used.

2.1.4 Bloch sphere

The interaction of a two level system can be described using the Bloch sphere, an

interpretation of the superposition of the two levels using a 3D space that accounts
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j 1= ag 6l + a7 7

pl—' i+ ij i
EJG J 7

pl—'i+'i
216 ] 7

j A

Figure 2.1: The Bloch sphere for the clock transition stateg i andj ;i. The
vector is the superposition of the two states, proportio‘p§ of which are set lag
and a;. On the equatorial planej i = | ¢i + € j 7i = 2 where is the phase
di erence between the states.

for magnitude and phase, shown in Figure 2.1 using the levglsi andj -i, though

it can be generalised. The superimposed states in a combined eigenvector are:
j 1= ag 6l + a7 7 (2.44)

where ag and a; are the amplitudes of the two states. Driving transitions changes
the proportions ag and a;, which rotates the vector on the Bloch sphere towards the
j 71 direction when exciting electrons, which can be described through the angles
as:

j i =cos 5 j 6l +sin 5 ej 4 (2.45)
The detection is the exchange of energy between states, either by absorption and a

loss, or relaxation and the release of energy.
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2.1.5 Magnetisation interpretation

With the equations for susceptibility derived from the'>N@ G, perturbation Hamil-
tonian, it is useful to compare to the more common description for EPR using a single
S = 1=2 system with B, perpendicular toB,. Comparison between these situations
will lend credibility to the results of the unconventional derivation for parallel mode.
There is a magnetisation built from the ensemble of spins directed aloly in the
ground state. The equation for the magnitude of the magnetisation fror§ = 1=2
was provided in the introduction to Section 2.1 and compared to that 0fN@ G.
The magnetisation in the magnetic eldB, experiences a torque-= M  Bjy. This

leads to a precession at the Larmor frequency, related By by:
.= By (2.46)

Torque is a rate of change in angular momenturi = M= from the de nition of

the gyromagnetic ratio . Thus the behaviour of the magnetisation irBy is:

dCc 1dwm
-~ - a - —T - M BQ (247)
dm
ot =M Bo= M + = 1 (My()R My (t)9) (2.48)

The magnetisation rotates abouB, with angular velocity ! | . This only occurs when
there are components oM in x and y, which are vector component contributions
to the magnitude jMj = Mg = (Bg into each direction. At time t = 0 all the
magnetisation is directed along sinceB, = Bo2. When M is rotated into the x y
plane then the rotation is observable. This is achieved witB, in the x axis. B,
oscillates with! 3 and B, is chosen such that | = ! (. [51, 54, 57].

B, is normally characterised with a single sinusoidal function, but can also be

considered as two rotating vectors in thx vy plane:

B.

B, . .
B: = B;cos( ot) & = 71e” ot R + e ot 2 (2.49)
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This double vector interpretation is shown in Figure 2.2(a). The rate of change of

M whenB; is applied shows how the rotation intax vy is achieved:

dm
— =M Bo+ By)= M (4 ++
at (Bo 1) (o 1) (2.50)

= ILMy(OR+ (1 LMx(t)  !aMg(t) cosl o)) + ! 1My (t) cos( ot)2

I, is the Rabi frequency, associated witlB, in the same way! | is to By:

= B, (251)

Understanding the e ects of applyingB; can be made simpler by a convenient

change to the frame basis from a stationary one to one rotating withg in X vy,

Bt (R%9929.

The rate of change ot %in this new frame underB is now [51, 54, 57]:

dv© _ dm©
—— = 4+ MO=M° (+, +
d° =~ dt ° (o *0) (2.52)

=(lo 'O)(MIDR® MDY

The rotation e ect on M °is added to the normal behaviour in the stationary frame.
Since By = !, when on resonance with | = ! 5 the summed angular velocities

cancel leaving a statidvt ®in (%% 9% 29, regardless of the directionvt °is pointed in.

The e ect on B; is to x one component of the double vector while the other
rotates with 2! g:
B1

B, .
B, = 7k0+ 71e2” ot R0 (2.53)

There is an arbitrary choice of initial direction forB; so vectorx® is chosen so the
static component is xed on the axis. A rotation rate of 2 o is high, much more
so than the rotation ! ;, and its e ect is cancelled every 22! 3, so can be largely

neglected. This is the common rotating-wave approximation. The rotation is shown
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in Figure 2.2(b). Applying B; while neglecting the rotating component leads to:

dnr ©
o MO (+o +L++)

(2.54)
=(lo LOMIOR% IMAY (o 1OMID P M2

When o resonance, the magnetisation is rotated intc® y° but has a remaining
rotation rate of I ! |. However when on resonance it is reduced to:

dnr©

! !
0 = %Mf(t)yo Ellvl;)(t)fz0 (2.55)
F'e=to

This is now a very simple picture of a constant rotation in the/® z°plane.

The description here works for the basic case 8f= 1=2 so that spin states are
equivalent to magnetisation, and driven in perpendicular. Taking this description

and applying aB; eld parallel to Bo would give:

B = B;cos( ot)2° (2.56)

amo o
o = MO (o R+ (2.57)
= lg ! +1coslot) MR M) (2.58)

where there is clearly noM? component, hence no rotation is possible. Yet the
Fermi's rule interpretation showed transitions were possible fo°PN@Gy. Due to
the hyper ne coupling betweenS and I, a number of eigenstates o°N@ G, share
guantum numbers, shown by Table 1.1 and equation (2.36). Section 2.1.3 demon-
strates this is required for parallel transitions to occur. ForS = 1=2 there are
only two statesjS;msi = j1=2; 1=2i. The element of the parallel Hamiltonian
hl=2; 1=2jg g BS,j1=2; 1=2i = 0 due to the di erent mg values, forbidding parallel
transitions in agreement with the magnetisation interpretation. The interpretation

is not applicable for’®>N@G in parallel.
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Bo BO
M, M A
y y°
! 0 Bl Bl \
Ly Ly
X +!g x0 +21 0
(a) Stationary (lab) frame (b) Rotating frame

Figure 2.2: Reference frames for driving spin resonance. The oscillating driving
eld is shown with a double vector interpretation, demonstrating the xing of one
component when in the rotating frame.

2.1.6 Bloch equations

Returning to the equations in perpendicular orientation, the relaxation mechanisms
should be added into the rate equations for the magnetisation. SinGe governs the
loss of energy, it is added to thévl2 component, and it is an average time between
interactions, soisagainlil, M2=T; until M2returns to M,. The same reasoning
can be applied to the decoherence timé&, but in M2 and Mf and with loss until
returning to 0. Since this is not a loss of energy, but a dephasing, it does not
contribute to M2 [51, 54].

In the conventional perpendicular case, the relaxation mechanism added to the

rate equation for magnetisation in the rotating basis from equation (2.54) lead to:

dM M

dtx =('o UMy T—: (2.59)
dM ! M
Ty: ?l z (!0 ! L)Mx T_zy (2-60)
dMZ _ ! 1 Mo MZ

e ?My+ T—1 (2.61)

where the vector components have been separated. Thearkers have been dropped

as a comparison to the stationary frame is no longer required. These are the classic
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Bloch equations for perpendicular mode spin resonance [51, 54].

There are steady state solutions for when the magnetisation is not signi cantly

perturbed and all components #,.., =dt = 0:

—X=(1y )M, (2.62)
T,
|\/| |
T_;/:?l z (Yo '0)My (2.63)
Mo M, !,
=_1m 2.64
T, 2 7 (2.64)
which can be solved for:
M JaTs o i M (2.65)
T2 1+ (1o 1 )2T2+(1 =22, '
[ 1
M, = 2 M 2.66
YT U2 1+ (1o )2+ (! =22TT, 0 (2.66)
1+(1, !,)2T2
M, = (fo 10)7T2 Mo (2.67)

T+ (Yo )T+ (1122)2TT,

This presents another clear saturation condition!(;=2)?T,T, 1 or, since! ; =

jB1j, 2B2T;T, 1, which is the standard formulation of saturation for EPR

[51, 58].

The magnetisation equations can be used to nd the behaviour of the magnetic
susceptibility through the measurable component of magnetisatioM,, = B i,

sinceB; is the driving amplitude:

M, 1 (lo !)T2
0— X 2
= X=Z B 2.68
By 21+(lo ! )2T2+(1,=2)?T,T, ° ° (2.68)
M, 1 T
00— y _ 2
= Y= = B 2.69
By 21+(lo ! )2T2+(!,=2)°TyT, °° (2.69)
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Make the substitutions! | = B gand T9= Tzzp 1+ (!1=2)°T Ty

Lo(!L 'o)TE

1
0= = 2.70
21+(1, 1212 ° (2.70)
1 L oT? 1
00— 0'2
= = p 2.71
21+ (1L 10)?T2" 1T+ (1,=2)7T,T, ° (2-71)
The common factors between both relating to the distributions are:
T 1=T2 =2
2 = 2 = = f (1) (2.72)

T+(1L 12T (1L 10)2+1=T& (1. !o2+(!=22

where f (! ) is the Lorentzian distribution and the full width at half maximum
(FWHM) | =2=T)

It is clear that the magnetic susceptibilities have Lorentzian lineshapes and
this reinforces the previous assumption that the distribution in Fermi's rule is also
Lorentzian in the parallel mode for'®>N@Gs,. Now the magnetic susceptibility com-

ponents can be formulated as:

5 ol oi !2°f () (2.73)

00— 5 obo(l+(! 1=2)°TiT,) 26 (1) (2.74)

where! | has been replaced with as the generic varying term of the equations.

These are the common equations for magnetic susceptibility for electron spins,
often presented as the complex susceptibility = °+ i %since this is constructed
from M, and M. The shapes of these distributions are the same as those derived
from Fermi's rule, °/ (! 'o)f(!)and %/ f(!), and so support that this is a

valid result for driving transitions in parallel, derived for the more uncommon case.

It has been shown that saturation can shorten the e ective coherence tinig,

and thus broaden the Lorentzian, through a high drive eld:

T 1 +( B 1=2)°T;T,

0_—
5=

(2.75)
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This means that with a large driving eld B, the spins will dephase faster, and
the linewidth will be broadened. The extent to which it broadens the linewidth is
determined by T; and T,. In this case very short times for these parameters allows
for a greater drive eld. This simply means that naturally broader resonances can

be driven by largerB; elds without disrupting the lineshape.

There is a second mechanism of broadening the Lorentzian susceptibility, through
eld inhomogeneity. When the eld is not perfectly uniform across the sample spins
will resonate at slightly di erent values of ! o, varying due to the di erent splitting
of the levels. Assuming no saturation so the linewidth is=2,, which will be labelled
I o, the macroscopic magnetic absorption becomes a sum over the relevant spins
with slight di erences in resonance. For very largeN this can become an integral
overf (! + x) with a weighting distribution h(x) that describes the inhomogeneity
of the eld shifting the resonances byx:

Z +1 | =2
00— | - 0™
- A 00

2 1 (0 To+x)2+ (! o=2)

h(x) dx (2.76)

where h(x) is normalised toRh(x)dx = 1. h(x) functions to suppressf (! + x)

values far away from! . Assumingh(x) also has a Lorentzian shape with linewidth
x = 2=TJ, this is the convolution of the two Lorentzian functions leading to a wider
Lorentzian with width equalling the sum of the two base Lorentzians [51]. From the

total width a new relaxation time T, is related to the other relaxation times as:

2 2 2

=2 =242 2.77
T, T2 T} ( )
1 1 1
=+ = 2.7
T, T2O T%’ (2.78)

This makes clear that the width of the resonance is set by the widest function and
shortest relaxation time based onl,. TJis always shorter thanT, unlessB; = 0
and a perfectly homogeneous eld would make&) in nite, so T, can only be as long

as T,. When performing measurements of the susceptibility the linewidth will be
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based onT, [51].

An important distinction between the parallel and perpendicular interpretations
is that the perpendicular mode'sS = 1=2 magnetisation perfectly maps onto a
superposition ofmg = 1=2 represented on the Bloch sphere. The relaxation and
dephasing times characterise the motion of the superposition on the Bloch sphere.
This mapping of magnetisation does not apply to the parallel case, but continuous
wave EPR is a measure of energy lost to the system it is driving, so the measurement
is still detectable, and the relaxation and coherence measured are still governed by

times T, and T».

2.2 Spin resonance spectrometer design

The measurements of the clock transition are primarily based on the work of Harding
et al. [41] who previously observed the clock transition dPN@G,. There are a
number of advancements made on the experimental setup used here, which can be

compared to those described in [41].

The frequencies of interest are well below the range of commercial EPR spectrom-
eters, which are usually designed for around 10 GHz, X-band operation. To study
the frequencies around 40 MHz a purpose built spectrometer was designed. The fun-
damentals of the setup are standard for an EPR spectrometer, which is presented in
Figure 2.3. A driving frequency is sent to a resonator to produce the oscillating eld
B:. This drives transitions of the electron spins in the sample under study. The
response from the resonator is returned and processed by mixing with the original
frequency reference and low-pass Itered to remove high frequency components in a
homodyne detection method. The magnetic eld is modulated and so the nal step
is to demodulate the signal with respect to the modulation frequency using a lock-in
ampli er. Measurements are performed with a xed driving frequency and sweeps
in the principle splitting eld Bg. Bg is provided by a set of Helmholtz coils, a pair

of parallel electromagnetic coils centred on an axis that produce a highly uniform
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V— Lock-in ampli er / @7 Sampl
Signal Bmod
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Directional coupler

Figure 2.3: Complete circuitry of the EPR spectrometer. The frequencyy is di-
rected into the resonator which drives transitions in the sample through the oscil-
lating B, eld. The response from the absorption is returned and mixed with the
original frequency reference. The nal output is demodulated with reference to the
modulation frequency! , in the lock-in ampli er. The modulation is an additional
oscillating eld on top of the primary splitting eld B,. Full instrumentation details
are provided in Appendix B.1.

magnetic elds. The sample is placed an equal distance between the two coils, this

being the location of highest eld uniformity.

2.2.1 B, Resonators

The main di erence in this spectrometer comes from the lower desired drive fre-
quencies. Most EPR spectrometers use tunable microwave cavities with very high
Q factors. For frequencies 40MHz a geometric resonator is not practical. Instead
two electrical LC resonator designs were used, Loop Gap Resonators (LGR) and
solenoid resonators. The designs for both are provided in Figure 2.4. The LGR is a
short copper cylinder approximately 1 cm long and 1 cm in diameter, with a gap cut
into it to provide a capacitance. LGRs typically use the parasitic capacitance of the
gap for the resonant frequency [59]. To allow tuning of the resonant frequency over a
small range, the standard design is modi ed with ceramic capacitors soldered across

the gap, dominating over the small parasitic capacitance. This design is based on
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previous work studying the transitions at this frequency [41].

An equation for the inductance of an LGR is [60, 61]:

ol ?
L = i (2.79)

wherel is the length of the resonator, and is the inner radius. This is equivalent
to the inductance of a solenoid with a single loop, with a similar derivation using a

complete cylinder.

The capacitance without capacitors is:

C= o (2.80)

wherew is the thickness of the loop and is the size of the gap. This is the standard
capacitance of two plates [60]. From the dimensions of the LGR desidrs 10 mm,

w = 1:.0mm, andt = 1:5mm, leading to a parasitic capacitance of 60fF. The
typical capacitance added to reach 40 MHz is:2nF, so the parasitic capacitance

has a negligible e ect on the resonant frequency.

The expected inductance based on the dimensions i® H. Based on the mea-
sured capacitance resonant frequencies of several LGRs the inductance:isnHl,
within 35%. The derived inductance is based on several assumptions about the
uniformity of the magnetic eld and current that can explain the di erence. Skin

e ects and the fall o of the eld away from the centre have not been accounted for.

An evolution of this design is the solenoid resonators. These resonators are
made of several turns of copper wire looped back around outside the turns to allow
capacitors to be soldered between ends of the wire. The diameter is again 1 cm, and
the length is varied to tune the inductance. The LGR and solenoid designs allow for
many easily built resonators with a range of frequencies based in the same principle

construction.

Typically the solenoid resonators provided a highe® factor. This is likely due
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to the behaviour of the inductance and resistance. Th@ of an LC resonator is:
r

ol
— 2.81
s (2.81)

Ol |

1
Q7 R

where C is the applied capacitance andR is the resistance. The inductance of the
solenoid and LGR is:

whereN is the number of turns, andN = 1 for the LGR. The resistance is propor-
tional to the length of the circuit path, which is linear with N in the solenoid. The

Q relative to frequency thus depends ol as:

/| — =N (2.83)

ol
zZ

Q.
o

And so the Q factor is made larger for solenoids based on the number of turns.

The change from LGRs as used in [41] to solenoid resonators is one of the main
advancements made in this setup. The solenoids also have the benet of being
slightly deformable, shifting the inductance to obtain a desired frequency, particu-

larly the clock transition frequency.

The coupling mechanism for the resonators is achieved through a wire loop to
inductively transfer the driving frequency to the resonator. The point of critical
coupling between the wire loop and the resonator is found through turning of a
di erential screw connected to a platform carrying the wire loop. The di erential
screw provides precision in adjusting the coupling between the wire loop and res-
onator, and a stable platform for the loop to rest on. Coupling between the loop and
resonator is measured using a Network Analyser (NA) to observe the re ection of
the resonator. The coupling loop platform and di erential screw are shown in Fig-
ure 2.5. There are three signi cant regions regarding the coupling of the resonator,

under-coupled, critically coupled, and over-coupled.
Critical coupling represents the point of impedance matching the resonator with
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(a) Loop gap resonator (b) Solenoid resonator
(c) Loop gap resonator (d) Solenoid resonator

Figure 2.4: The loop gap and solenoid resonator designs for the EPR experiment.
The resonance is tuned by adding capacitors to the gaps, bringing the resonant
frequency down from GHz to 10 100MHz. The capacitors are typically from

10pF to 1 nF. Both are 10mm in diameter. The length of the LGR is xed at
10 mm long, while the solenoid length can be varied for preferred inductance, and
shifted after completion to adjust the resonant frequency.

the coupling loop. The two equations describing individual voltage across the cou-

pling loop V. and resonatorV; in the NA circuit are:

Vo= ill le+ iTMI (2.84)
V, =0= ilMl ¢+(R+iL, i=IC)I, (2.85)

L. is the coupling loop inductanceR, C, and L, the resistance, capacitance, and

inductance of the resonatorM is the mutual inductance between the coupling loop
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