Modelling and Solving
Multi-objective University
Course Timetabling

Problems

Matthew Davison, MRes, MMath(Hons.)

Lancaster
University = °

Submitted for the degree of Doctor of

Philosophy at Lancaster University.

August 2025

STOR-i



Abstract

University module timetabling involves organising hundreds of sta and thousands of
students whilst respecting complex scheduling constraints. Beyond resource allocation,
this process requires balancing competing stakeholder preferences: students seeking
convenient schedules, sta requiring exibility, and administrators pursuing operational
e ciency. This makes university module timetabling an inherently multi-objective,
multi-stakeholder optimisation problem. The current literature inadequately addresses
strategic decision-making and the emerging trend of hybrid teaching, in which students
participate in activities both online and in-person. This thesis develops a novel integer
programming model that incorporates hybrid teaching modes and proposes solution
methods to nd trade-o s between objectives. We introduce a student partitioning
approach based on module requests that supports bound computation for objective
functions and guides neighbourhood selection in our proposed matheuristic algorithm.
This algorithm nds both lexicographic solutions that respect stakeholder priorities
and Pareto frontier approximations that reveal objective trade-o s. Our framework
transforms timetabling from purely operational scheduling into strategic decision support,
enabling universities to evaluate policy alternatives and balance competing interests. We
demonstrate practical applicability using benchmark instances and real-world data from

a UK university, showing how multi-objective analysis can inform timetabling decisions.
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Chapter 1

Introduction

This chapter establishes the research context and presents the key concepts employed in
this thesis. Section 1.1 outlines the motivation for the content of this thesis. Section
1.2 introduces concepts about decision-making in timetabling for a university setting.
Section 1.3 introduces basic deterministic optimisation concepts. Section 1.4 introduces
multi-objective optimisation concepts. Section 1.5 outlines the contributions of this

thesis. Finally, Section 1.6 outlines the structure of the thesis.

1.1 Motivation

Module timetabling is critical to the operation of higher education establishments. The
timetable that is produced informs both sta and students where they will be at any
given time and what they will be doing. Like many critical operational processes,
university timetabling can be taken for granted. Students expect that their classes
will be scheduled without conicts, sta assume their teaching preferences will be
accommodated, and administrators rely on e cient resource utilisation.

Universities need to deliver hundreds of modules to thousands of students. Students
expect a high-quality teaching experience, which can be severely compromised by

inadequate timetabling that results in rushed transitions between classes, poorly timed
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sessions, or scheduling con icts that reduce engagement. University sta have specic
preferences and constraints regarding their teaching schedules, which must be balanced
against their broader academic responsibilities, including research, marking, coursework
development, and examination preparation. All of these stakeholder constraints and
requirements must be satis ed within the limitations of nite physical resources and
operational restrictions on teaching hours.

Whilst this thesis addresses several of these challenges in university module timetabling,
its initial direction was inspired by observing the operational adaptations during the
COVID-19 pandemic of 2020. Social distancing requirements dramatically reduced
physical capacity in lecture theatres and teaching spaces, while lockdown periods necessi-
tated a complete shift to virtual delivery. The post-pandemic period saw the emergence
of \hybrid teaching", enabling activities to be conducted entirely online or in mixed
formats, with students able to participate in person or virtually. The pandemic-imposed
shift to remote learning revealed unexpected opportunities to enhance both institutional
e ciency and student satisfaction. Rather than viewing these format changes merely
as crisis responses, proper implementation of hybrid teaching could not only provide
resilience against future disruptions but also o er universities a pathway to optimise
resource utilisation and improve the overall educational experience. However, hybrid
teaching introduces an entirely new dimension to university timetabling optimisation.
The timetabling model must now determine not only whether a student attends an
activity, but also how they participate.

Despite these challenges, university timetabling has historically been a manual
process conducted by administrative sta. Universities are now typically so large
that automated timetabling solutions are necessary. Unfortunately, many universities
continue to rely on outdated software tools that inadequately capture the full scope
of modern optimisation challenges, resulting in suboptimal schedules and ine cient

resource utilisation. This gap between institutional needs and available technology
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underscores the need for optimisation-based approaches that can e ectively model
emerging trends in university operations, such as hybrid teaching, while also delivering
e cient solutions. Moreover, these approaches must support decision-makers, enabling
evidence-based policy evaluation and day-to-day scheduling optimisation that meets the

evolving demands of modern higher education.

1.2 Decision-making in university timetabling

Timetabling at universities is primarily a feasibility problem. The immediate need to
arrange teaching activities and allocate resources represents what is called \operational
decision-making" (Lindahl et al., 2017). These are decisions that must be made to
enable day-to-day university activities. While these decisions have an immediate impact
on timetabling stakeholders, this impact is typically short-term due to annual changes
in timetables and student populations. Nevertheless, optimising these decisions remains
important, as outlined in the previous section. The objective functions that guide
timetable optimisation re ect institutional priorities and values, translating high-level
goals into operational criteria. This translation combines what is called \tactical decision-
making" and \strategic decision-making" (Lindahl et al., 2017). These decisions are
long-term and have a large impact on the university. The output from timetabling
models can inform these decisions by assessing the implications of di erent institutional
policies and resource allocation decisions (Johnes, 2015).

University timetables a ect hundreds of stakeholders, each with individual opinions
on how well the schedule meets their needs and preferences. This means that there will
often be several iterations of the schedule as stakeholder feedback is received. A small
team of administrative sta is responsible for constructing the annual timetable while
balancing potentially con icting interests to achieve an acceptable solution.

In the past, university schedules were created by hand, often based on the timetable
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from the previous year (Carter, 2001). This process would require a lot of time from an
experienced sta member and may perpetuate existing ine ciencies. Most universities
now use some form of commercial timetabling software that takes information about the
university as input and can produce new timetables from scratch, allowing for e cient
solutions to be found. However, these have a limited scope and may not account for
complexities unique to individual institutions. This limitation forces sta to develop
workarounds to accommodate their speci ¢ requirements. Another limitation of current
timetabling software is that it lacks the intuitive ability of human schedulers to identify
ine ciencies and contextual issues that cannot be captured in formal optimisation
criteria. These issues may be di cult or impossible to represent mathematically, and
while human schedulers can identify these problems intuitively, systematically evaluating
trade-o s between them proves di cult (Miettinen, 1998).

Future timetabling software must serve as both a scalable scheduling tool and an
evidence-based decision-support system, enabling administrators to compare alternative
solutions and evaluate \what-if" scenarios. This would transform timetabling from
a passive consequence of strategic decisions into an active instrument for strategic

planning.

1.3 Large-scale deterministic optimisation

Thanks to the rise in computational power available to timetabling practitioners, software
tools that leverage various methods from the eld of mathematical optimisation are
widely used to construct timetables. In many practical settings, the major assumption
Is that the input data is deterministic. This is not true in reality. For example, students
may change their minds about what modules they would like to take (Carter, 2001).
Incorporating this stochastic element would add another layer of di culty to an already

challenging problem and is outside the scope of this thesis.
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The history of deterministic optimisation is rich with various problems and solution
methods. To arrive at the university timetabling problem we aim to solve, we start
by highlighting the links between timetabling problems and the mathematical problem
of graph colouring. This problem involves assigning colours to elements of a graph,
typically the vertices, so that adjacent elements do not share the same colour (Korte and
Vygen, 2019). An example from Welsh and Powell (1967) involves assigning a collection
of exams to di erent periods, where each vertex of a graph represents an exam. Edges
are then drawn between pairs of vertices if the pair cannot happen in the same period.
The smallest number of colours needed to colour the vertices of this graph, known as
its chromatic number (Korte and Vygen, 2019), corresponds to the minimum number
of periods required to deliver all the exams. Finding an upper bound on this number
proves the existence of a solution using at most that number of periods. For example, a
trivial upper bound on the chromatic number is the number of vertices, representing a
solution where all exams occur in di erent periods.

Graph colouring problems are conceptually straightforward; however, they are,
in general, computationally intractable, belonging to the NP-hard complexity class
(Korte and Vygen, 2019). Furthermore, the basic graph colouring framework cannot
adequately capture all of the complexity of real-world scheduling problems. For instance,
in exam timetabling, the basic formulation from Welsh and Powell (1967) only addresses
scheduling con icts between exams, overlooking critical practical constraints such as
examination hall capacity. Whilst graph colouring problems can be formulated as
binary or integer programs, the reverse is not always true. Using a binary or integer
programming framework allows for a mathematical formulation that extends beyond
what is possible within the graph colouring framework, making the former framework a
popular choice for modelling timetabling problems mathematically.

Pure binary programs have variables that lie in the sef0; 1g and pure integer

programs have variables that lie inZ (Wolsey and Nemhauser, 2014). These variables
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allow us to represent decisions relating to real-world issues. For example, we would
use binary variables to model yes/no decisions and integer variables to model decisions
on the quantity of problem elements. Combinations of these variables can be used to
represent logical conditions (Williams, 1999), which allows the modelling of complex
systems.

In general, the combinatorial optimisation problems arising from using the binary
or integer programming framework for modelling timetabling problems also belong to
the NP-hard complexity class (Babaei et al., 2015). All pure binary and some pure
integer programs have a nite solution space; however, exhaustive enumeration of these
solutions is either computationally prohibitive due to memory constraints or would
require an inordinate amount of time to solve (Wolsey and Nemhauser, 2014). This
contradictory behaviour has led to the development of speci ¢ methods for solving these
problems.

One popular implicit enumeration approach is branch-and-bound (Wolsey and
Nemhauser, 2014). In this method, variables are allowed to take any valueR; and
the relaxed problem is solved. The resulting solution is examined, and a variable that
should be an integer but is taking a fractional value is chosen to be \branched on". For
example, suppose a relaxed variable takes the value 15. The model is copied, and the
constraint x 1 is added to one copy, anat 2 is added to the other. This has split
the solution nding into two paths or branches, forming the start of a \tree". If the
optimal objective value of the relaxed problem on a branch is worse than an incumbent
integer solution, then there is no use in going further down that branch. Choosing not
to continue with a branch is called \pruning". The algorithm repeats this process of
relaxing, branching and pruning until all avenues have been explored.

Branch-and-bound routines (and other approaches like branch-and-cut) rely on a
careful selection of which variables to branch on. At worst, the selection of variables

may lead to an exhaustive search of the tree (Korte and Vygen, 2019). This approach
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becomes computationally intractable for large-scale problems due to excessive memory
requirements for tree storage and prohibitively long search times (Wolsey and Nemhauser,
2014). This motivates the use of matheuristics, a subset of heuristic approaches that
leverage aspects of one or more exact methods (Jourdan et al., 2009).

The approach known as x-and-optimise is a matheuristic that is often used for large-
scale binary or integer programs. This method can be considered a large neighbourhood
search (Pisinger and R pke, 2010). The scale of the problem is reduced by constraining
a signi cant portion of the problem to the incumbent values, and the remainder of the
problem is then solved using a (typically exact) method for solving integer programs
(Helber and Sahling, 2010). This process is repeated until all stopping criteria are
satis ed. Performing a certain number of iterations or reaching a target objective value
are examples of stopping criteria. Using an exact approach within each iteration ensures

that the un xed variables are optimal with respect to the xed values.

1.4 Multi-objective optimisation

Section 1.2 alluded to the multi-objective nature of university timetabling decisions.
Multi-objective optimisation is a branch of mathematical optimisation that addresses
problems involving two or more objective functions to be optimised simultaneously
(Miettinen, 1998). In single-objective optimisation, comparing two solutions is clear,
as the more desirable solution is the one with the better objective. In multi-objective
optimisation, this clarity is absent (Ehrgott, 2005).

Multiple objectives arise naturally in real-world problems because solutions im-
pact several incommensurable aspects simultaneously (Miettinen, 1998). University
timetabling is inherently multi-objective, requiring a balance between individual stake-
holder preferences and institutional goals. The multi-stakeholder environment makes

this more di cult, as sta and students often have con icting views on what constitutes
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a good timetable (Mahlenthaler and Wanka, 2016).

When no single \best" solution exists, the typical approach is to generate a set of
e cient solutions for decision-makers to evaluate, known as a Pareto front. In multi-
objective optimisation, a solution is Pareto optimal if no objective can be improved
without worsening another (Ehrgott, 2005). These Pareto optimal solutions illustrate
the trade-o s between objectives and assist decision-makers in understanding the avail-
able choices. However, nding all Pareto optimal solutions is often computationally
challenging, as even identifying a single such solution can be as complex as solving a
single-objective problem.

Multi-objective solution approaches for university timetabling can be categorised
into three categories: weighted sum, lexicographic, and Pareto-based methods. Weighted

sum methods aggregate these objectives into a single function:

f = a1f1+ + anfn, (141)

where ag; ;an 2 R o. Whilst conceptually simple and allowing the use of single-
objective optimisation techniques, this approach su ers from the di culty of selecting
appropriate values fora;; ;a,, particularly when dealing with incommensurable
objectives. Additional technical limitations are detailed in Marler and Arora (2010).
Lexicographic methods optimise objectives sequentially according to predetermined
priorities, treating each optimised objective as a constraint for subsequent optimisation
steps (Ehrgott, 2005). This approach aligns well with hierarchical decision-making
structures but fails when decision-makers view multiple objectives as equally important.
Pareto-based methods seek to identify multiple e cient solutions distributed along
the Pareto front. Unlike weighted sum or lexicographic approaches that yield single
solutions, these methods present decision-makers with a range of alternative solutions,
enabling explicit evaluation of objective trade-o s.

From a decision support perspective, providing multiple solution options enhances
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decision-making quality (Yu, 1991). Combining lexicographic approaches with di erent
objective orderings alongside Pareto-based methods can reveal both \extreme" solutions
representing strict hierarchical priorities and intermediate solutions that demonstrate

objective trade-o s.

1.5 Contributions

The key research questions we are addressing are:

Q1: Hybrid teaching integration. How can the emerging mode of hybrid teaching
be e ectively and explicitly incorporated into a mathematical model for university

timetabling, and what are the relevant objective functions and data requirements?

Q2: Student partitioning and objective bounds. How can we leverage the
structure of students to partition them into near-disjoint groups and use this

partition to produce meaningful bounds on objective functions?

Q3: Lexicographic optimisation methods. What method can be designed to
e ciently perform steps within lexicographic optimisation across di erent objective

orderings on large-scale instances?

Q4: Multi-objective Pareto analysis. What interactions between objectives can be
identi ed by extending the methodology to approximate Pareto fronts for three or

more objectives?

Q5: Strategic policy assessment. How can the model and solution methods be
adapted to support strategic policy assessment and decision-making in university

timetabling contexts?

The main contributions of this thesis are outlined in detail within each chapter and
again in Chapter 5 in the context of the above research questions. However, a summary

of the contributions of this thesis is provided here:
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" A comprehensive mathematical model that explicitly incorporates hybrid teaching

modes.

A graph-theoretic method for partitioning students into near-disjoint groups based

on module requests.

A systematic procedure for computing bounds on objective functions by leveraging

student partitions, providing theoretical limits for solution quality assessment.

A x-and-optimise matheuristic with partition-guided neighbourhood selection

that e ciently handles lexicographic optimisation.

An extension of the matheuristic to approximate Pareto frontiers for two or more

objectives.

A novel large-scale benchmark instance derived from Lancaster University data,

formatted to International Timetabling Competition 2019 (ITC-2019) standards.

Demonstrations of the model and methods being used for evidence-based policy

evaluation.

Whilst the work done in this thesis may not be directly implemented in its current
form into a speci ¢ timetabling tool, the contributions listed above lay the groundwork
for future research or implementation. It aims to show what is theoretically possible
through the modelling and methodology presented, providing a reference point for future

research and eventual practical application.

1.6 Thesis outline

In Chapter 2, which is an adapted version of Davison et al. (2024), we look at modelling
the university course timetabling problem (UCTTP) in such a way that incorporates

hybrid teaching explicitly. This feature was chosen after a thorough review of models seen
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in the literature and observations of the shifting strategies within modern universities.
We supplement the modelling of this novel feature with the modelling of constraints
commonly seen in other problems. We then exactly solve the model lexicographically
for three objectives across a collection of simpli ed benchmark instances to demonstrate
the interactions between these objectives. It is then outlined how this model could be
used to assist with strategic decision-making. These experiments also motivate the need
for a more e cient solution- nding method.

In Chapter 3, we study and develop such a solution- nding approach. The work rst
outlines how to partition students in any given instance into smaller disjoint groups
according to module requests and obtaining bounds on the objective functions outlined
in Chapter 2 using this partition. This is bene cial not only for strategic decision-making
but also useful for assessing the results from the x-and-optimise inspired matheuristic
proposed in the later sections of the chapter. Firstly, the method starts by nding
approximate lexicographic solutions. Secondly, the method explores an approximation
of the Pareto frontier. Experiments are done to demonstrate the bene t of using this
method, using instances and results from Chapter 2 as a basis for comparison.

In Chapter 4, we apply the modelling and methodology developed in Chapters 2
and 3 to real-life data from Lancaster University. This chapter starts with an outline of
the data we were provided with and how this was reverse-engineered to create a new
benchmark instance mirroring the format of benchmark instances provided as part of
the International Timetabling Competition 2019 (Maller et al., 2024). We then verify
the data and the model by running subsets of the new instance exactly and comparing
the solutions with the original schedule that was in operation for the academic year 2023
to 2024. The nal part of this chapter lists multiple changes to policies that universities
may wish to act on as part of their strategic decision-making. We show how our model
and method can be used to assess the impact of these changes and therefore inform

decision makers.
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Finally, in Chapter 5, we conclude the thesis, summarising the academic contributions

and discussing areas for future research.



Chapter 2

Modelling and Solving the
University Course Timetabling
Problem with Hybrid Teaching

Considerations

2.1 Introduction

Timetabling for universities is a very challenging problem and one of the most interesting
educational timetabling problems to research. The interest and challenges arise because
the decisions that need to be made impact many di erent stakeholders and resources.
By modelling the university timetabling problem, we hope to gain insight into some of
the interactions between many stakeholders and types of resources.
One major factor increasing the di culty of this problem is that students have a

choice in the degree program and a choice in the modules that they attend. This means
the output of the university course timetabling problem should be a timetable for each

student. This issue is exacerbated by the fact that universities typically enrol signi cantly

13
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more students than other types of educational establishments. Allowing students to
choose some of the modules they take means there is a stronger interdependence in
these choices. Students can interact with each other and, therefore, may in uence each
other's choices. One possible consequence of this is inconsistent class sizes.

Teaching spaces at universities are more diverse than other educational establishments
because they are primarily places of research for multiple disciplines, with each discipline
requiring specialist equipment and facilities. This means there are more constraints
on how classes are assigned to teaching spaces. This diversity contributes to a higher
dispersion of facilities. Teaching spaces of di erent shapes and sizes do not t together
as neatly as teaching spaces that are uniform in size. Therefore, more space is needed
for the university, which can increase travel time between classes. Dispersion of teaching
facilities can also be a consequence of the university's layout. Some universities are
campus universities, meaning most of the buildings are on a single site, but some
universities are city universities where university-owned buildings are mixed amongst
other buildings. There can be a mix of the two, with some universities spanning multiple
cities and campuses. Travel time between buildings for any layout needs to be considered
when timetabling. Universities also have longer working hours than other educational
establishments, meaning a greater number of times that classes and other meetings can
happen, increasing the scale of the timetabling problem.

An emerging factor that complicates the timetabling process is the increasing use of
\hybrid teaching”. This is where class can be held in a \hybrid mode" with some students
attending in-person and some attending online. The inclusion of hybrid teaching means
that student allocation involves deciding what classes a student attends as well as
deciding how they attend these classes. Di erent students respond di erently to each
mode of teaching, so this needs to be accounted for when assigning students to classes.

If a timetable is produced that does not address these complexities, then students

and sta will be unhappy with the timetable. Students often pay a lot of money to
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attend university, and a timetable that impacts their ability to attend classes could
encourage them to discontinue their studies. For sta who research at the university, a
timetable that does not allow them enough time to research around teaching or does
not cater to various personal requests could cause them, at worst, to leave their position
at that university, negatively impacting the teaching.

Therefore, being able to produce timetables that can consider the above complexities
is imperative to the successful operation of a university. At a high level, universities
have strategic goals that they want to achieve (for example, achieving a high output
of novel research). This requires careful management of resources and people, which
automated scheduling can help facilitate. The nal timetables produced specify exactly
what needs to be done at an operational level to work towards these goals.

There already exists a signi cant amount of literature that addresses various aspects
of the university course timetabling problem. However, to the best of our knowledge,
the literature lacks models that explicitly include the emerging issue of hybrid teaching.
This chapter aims to close this gap by demonstrating how hybrid teaching can be
incorporated explicitly into a university timetabling model. This includes specifying
what information needs to be known about the university and what sort of variables
and constraints need to be part of the mathematical model that produces timetables for
students.

The objectives of this chapter are to achieve the following: (i) provide a timetabling
model that explicitly incorporates hybrid teaching, (ii) identify the bene ts of including
hybrid teaching in the timetabling model, and (iii) discuss how this model gives rise to
several interesting research directions and how this model could be used in a strategic
decision-making context.

The rest of the chapter is structured as follows. In Section 2.2, a review of existing
work in the context of university timetabling is provided. In Section 2.3, a brief

description of the problem to be modelled is given. A mathematical formulation of this
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problem is given in Section 2.4. The method used to solve this problem is given in
Section 2.5, and this method is used in Section 2.6 for various computational experiments.
Section 2.7 includes a discussion about the results and extensions to the model. Finally,

in Section 2.8 there is a summary of the work done in this chapter.

2.2 Related work

University timetabling problems have been studied for a long time, with one of the earliest
papers in the literature presenting a method for university examination timetabling
(Broder, 1964). There are three types of university timetabling problems: post-enrolment-
based timetabling, curriculum-based timetabling and examination timetabling (Lewis
and Thompson, 2015).

The examination timetabling problem is the problem of assigning examinations to
locations and times. Considerations need to be made to ensure that students can attend
all the exams they need to and to ensure that the locations have enough capacity for
the exams to take place. Curriculum-based timetabling is where events (such as lectures
and seminars) are grouped to form xed curricula which are then assigned to times and
locations, and post-enrolment-based timetabling is where events are assigned times and
locations with respect to student demand and/or enrolment data (Lewis and Thompson,
2015).

This thesis focuses on a combination of the curriculum-based and post-enrolment-
based timetabling problems known as the university course timetabling problem (UCTTP).
The goal of this problem is to assign people to events and these events to times and
locations subject to various constraints (Babaei et al.,, 2015). Events are typically
grouped into \courses", hence the name UCTTP; however, this thesis uses the term
\module”. The reason we do this is that universities in the United Kingdom (UK)

typically use the phrase \course" to describe a programme of study that is made up
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of modules. For example, an undergraduate mathematics course may contain modules
that cover algebra.

The earliest UCTTP models were graph theoretic models (de Werra, 1985). The
university course timetabling is an NP-hard problem (Cooper and Kingston, 1995) and
therefore early mixed integer programming (MIP) models for timetabling problems
could only be solved exactly for small instances (Badri, 1996).

As time went on and universities became bigger and more complex, the demand for
sophisticated models and solution methods became greater. Lewis (2008) and Burke et al.
(2012) provide reviews that primarily cover heuristic and hyper-heuristic algorithms,
approaches that have dominated the eld for over two decades. However, thanks to
improvements in computers and MIP solvers, matheuristics are the current focus of the
timetabling community (Mikkelsen and Holm, 2022).

There have been several papers reviewing research on the UCTTP. Two recent papers
that review some of the state-of-the-art solution methods are Tan et al. (2021) and
Chen et al. (2021). For less recent but more feature-focused reviews that are useful for

understanding the eld, see Babaei et al. (2015) and Aziz and Aizam (2018).

2.2.1 Key timetabling features

In this section, papers are reviewed according to general model features that are of
importance when tackling the UCTTP. For each paper, a brief description of the paper
is given, and what it contributes to the literature is highlighted. Model features, the
modelling approach, and the data used are summarised for each paper in Tables 2.2.1-

2.2.3.

Typical resource allocation

Badri (1996) proposes a binary program to model a departmental assignment problem

at the United Arab Emirates University. This paper, to our knowledge, is the earliest
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paper to include constraints similar to the set-packing problem (Skiena, 2008), which are
useful when you need to constrain choosing a certain number of items selected from a
collection of options. In their model, they penalise using more rooms than available and
not meeting instructor preferences. This is done using a goal programming approach
where there are penalties for deviations above or below a desired level.

Di Gaspero and Schaerf (2006) use a local search method to solve the course
timetabling problem involving assigning lectures for courses to periods and rooms. The
main purpose of their paper is to demonstrate their local search method. By using a
simple solution representation, moves between solutions in the search do not lead to
infeasibility. The two hard constraints maintained between moves are ensuring no more
than one lecture happens in a single room at the same time and ensuring all lectures in
a module are o ered. The quality of the solution is a weighted sum of violations of soft
constraints. The soft constraints include features such as room capacity and instructor
availability. They also include temporal constraints, spreading lectures across several
days and spacing lectures within days to avoid gaps.

Overlapping timeslots and irregular weekly timetables are allowed in the problem
de ned by De Causmaecker et al. (2009). This was to accommodate the structure
of teaching at KaHo Sint-Lieven School of Engineering. A feature not included in
their problem that others, such as Badri (1996), include is the assignment of sta .
It is assumed sta already know what they will teach, so constraints are included to
ensure they can attend all events they need to. The solution method is very similar to
Di Gaspero and Schaerf (2006), using a local search algorithm to nd solutions.

Chaudhuri and De (2010) de ne a timetabling problem including many of the features
seen in the problems discussed so far. This includes various temporal constraints, sta
preferences and con icting resource assignments. A constraint seen in this problem that
has not been discussed yet is ensuring that assignments are \compatible". For example,

a chemistry class may only be held in a chemistry lab, and so the set of compatible
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rooms for a chemistry class is the set of all chemistry labs at the university. This notion
of compatibility extends to any assignment of events or people to resources.

The problem described in Aizam and Caccetta (2014) is a binary program like
in Badri (1996). In this paper, they start by describing a basic model that contains
constraints that they deem necessary for every timetabling problem and then suggest
extra constraints to account for additional features that could be included. This is one
advantage of using a binary program formulation. One feature in this model (and the
previously discussed models) that is worth pointing out is \completeness”. This is where
every event is assigned resources, or every student is assigned to every class they need
to be.

An example of a model where completeness is not necessary is given by Mendez-Daz
et al. (2016). There is more emphasis on the post-enrolment features of the UCTTP.
The objective of their model is to maximise the total weighted preference for the
assignments of students to modules. Due to student demand driving the timetable, it is
not necessary for all events to be assigned a location and a time. One feature that causes
this uncertainty in whether events are assigned or not is the structure of modules. In
Mendez-Daz et al. (2016), modules are composed of one or several commissions, which
are instances of the same module. The literature also refers to this as \con gurations”
(Muller et al., 2018). If it is known that all students are assigned to a single commission,
then the events in other commissions do not need to be assigned.

The Integer Linear Program (ILP) described by Fonseca et al. (2017) covers many
of the features described in the models seen so far. It includes some of the constraints
outlined by Aizam and Caccetta (2014) in their basic model and also includes constraints
described by the eXtended Markup Language for High School Timetabling (XHSTT)
format (Post et al., 2014). This format is one example of an attempt to generalise a

description of any high school timetabling problem.
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Scheduling issues

One of the earlier discussions surrounding student scheduling issues is given in (Carter,
2001). This model operates a \demand-driven" approach where students choose modules
and then a timetable is found to best match these requests. They use clustering
techniques to group students with similar requests and assign these to sections to
minimise expected conicts. Once a timetable is found, the student sectioning is
repeated, considering individual student con icts.

In the model described by Schimmelpfeng and Helber (2007), room assignment and
sta assignment are the most important features. Rooms should not be assigned to
more than one class at a time or contain classes with an attendance that exceeds the
room capacity. Sta members can not be assigned to a time when they are not available,
and other sta preferences should be respected. These include a variety of teaching
sta requests, such as breaks, consecutive or distributed teaching slots, and a maximum
number of teaching slots. Unlike the timetabling seen in other papers, such as Carter
(2001), students are an afterthought.

Gonzalez et al. (2018) create a MIP that schedules courses for the United States
Air Force Academy (USAFA). The interesting scheduling issue in this problem is
that students who are at the USAFA have work commitments as well as academic
commitments. They utilise a goal programming approach to meet as many requirements
as possible, including minimising student registration con icts, where a student is
assigned two modules that conict. They state that in practice, it is impossible to
remove every conict.

The graph-based MIP model described by Holm et al. (2022) was constructed to
solve the problem designed by the organisers of the ITC-2019 (Muller et al., 2018).
In this problem, student con icts are minimised as part of a weighted objective. In
Holm et al. (2022), they discuss the importance of identifying assignments that lead to

inevitable con icts and assignments that lead to impossible con icts. This preprocessing
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step helps minimise the work that needs to be performed by the solution method.

Student movement and travel

When dealing with the movement of students, one aspect Daskalaki and Birbas (2005)
aim to control is the number of classroom changeovers. Minimising the number of
classroom changes means that there is less noise and congestion in spaces on campus.
To do this, they name a preferred classroom for each student group and try to ensure
that the group stays in that classroom and has consecutive sessions in that room. This
is, however, not a realistic representation of a general university, as students can not
typically be grouped so easily and need to be considered as individuals.

Al-Yakoob and Sherali (2007) deal with parking and tra ¢ congestion issues in their
paper. This is achieved primarily by limiting the number of students on campus at any
given time. A hard limit for the whole campus could lead to some timeslots having
a few very crowded departments, whilst the others are empty. This is unfair to the
busy departments, so to make this fair, they also impose a minimum and maximum
attendance at the department level to distribute congestion over the entire campus.

Vermuyten et al. (2016) also try to avoid congestion, as in Daskalaki and Birbas
(2005); however, their approach does not try to achieve this by xing students in one
place but by changing how many students move along various corridors at a given time.
A graph that represents the faculty building is used so they can optimise the ow of
students through arcs and the resulting travel times. The element they minimise overall
is the maximum travel time seen in an arc. A two-stage decomposition is used, where
most of the schedule is determined in the rst stage, and classes and rooms are swapped
around in the second to locally optimise student ow. Optimising the schedule and the
ow together is computationally expensive.

Gogos et al. (2022) work with a problem that focuses on minimising the number of

times in a week that students travel to university. The motivation is that students who
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do not live on campus do not want to spend excessive money on public transport and
want to reduce the risk of catching an illness from other passengers. They approach this
problem by calculating the minimum number of days a student would need to attend
university and then trying to minimise the number of excess days the student is on
campus. This is limited as it does not consider the time of travel (certain times are

busier) or if students make multiple journeys in a single day (multiple campuses).

Scarce resources

The timetabling model in Dammak et al. (2008) includes a few of the features seen in
other papers. One feature relating to the usage of resources is their aim of maximising
the occupancy of classroom seats. Since their paper presents only a heuristic to produce
a feasible solution, this objective is not explicitly optimised. However, in the construction
of the feasible solution, they order the classrooms and student groups in a non-increasing
fashion so that large student groups are placed in large classrooms.

Lindahl et al. (2017) approach the UCTTP di erently. They break from the opera-
tional timetabling problem and move towards a strategic approach. Three problems are
presented in this paper. The rst is the \quality problem" that is similar to the other
papers that produce a timetable that is high quality by some measure. The second
nds the minimum number of rooms needed. The third nds the minimum number of
times needed. They solve a collection of bi-objective models to create solution frontiers
that can be used to analyse the gain in quality by not using the minimum amount of
resources.

Barnhart et al. (2022) experience scarce resources due to the COVID-19 pandemic.
This context applied to most, if not all, universities at the time. They tackle a term-
planning problem and a timetabling problem within the same paper. Like most of the
other papers in the literature, the timetabling problem involves working out when and

where events take place. One modelling di erence is that teaching spaces are bundled
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into blocks to create \larger" teaching spaces. This reduces the overall number of
available teaching spaces. The idea at MIT was to have students \rotate" between
coming onto campus and attending online. Like the work of Al-Yakoob and Sherali
(2007), they have a global cap on the number of students on campus at any time to

reduce the usage of unscheduled resources (toilets and shops, for example).

Hybrid teaching

The only paper, to our knowledge, that explicitly discusses the timetabling problem

with hybrid teaching is Barnhart et al. (2022). In this paper, the online teaching space is

modelled as a ctitious block of classrooms with zero in-person capacity. The timetabling

model tries to maximise the number of modules students can attend with a preference
for the in-person format. However, the limitation of this model is that classes can only

be o ered online or in-person, rather than potentially having some students attend

physically and some attend online.

An example of where we can see multiple instructional modes, including a true
hybrid approach, is in the open-source solver UniTime (UniTime, 2023). These features
are implicit here and in the description of the ITC-2019 problem (Muller et al., 2018)
as the ITC-2019 problem is a simpli ed variant of the UniTime problem. For example,
the ITC-2019 problem may have two classes that should occur simultaneously, with one
class not requiring a room assignment, emulating a hybrid setup. There are also cases
where classes do not require rooms or where the class subscription limit is greater than
the capacity of all the available rooms.

Whilst papers in the mathematical timetabling literature relating to hybrid teaching
are scarce, hybrid teaching is still being used in practice. A survey conducted by the
British Broadcasting Service (BBC) found that nearly a third of university courses
were still combining in-person teaching with online learning in the 2022-23 academic

year (Standley, 2023). Whilst hybrid teaching became prevalent during the COVID-19
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pandemic, it is unlikely to make a complete disappearance. For example, there are
articles published post-pandemic proposing that hybrid teaching could address shortages

in teaching sta (Stone, 2024) or shortages in teaching spaces (Steed, 2024).

2.2.2 Contributions

This review of the literature outlines not only the importance and continued relevance
of the UCTTP but also outlines some of the features of the problem. These include
features that are very common across models as well as features relating to specic
or emerging issues. Features seen in the literature have been collected in Table 2.2.2.
Table 2.2.3 provides information on how the problem was modelled and what data was
used. For both tables, the columns have been ordered by year of publishing.

Table 2.2.2 shows that the choice of features included varies from model to model.
This is because authors have tried to take on the timetabling issues present at the
university where they work. The result is that much of the literature consists of very
focused models that do not generalise well, implicitly seen in Table 2.2.3, where 76% of
papers in this review use internal data to solve the problem.

Table 2.2.2 shows that the most studied features include room capacity issues, room
and time preferences and sta /student conicts. Table 2.2.3 suggests that the most
popular modelling approaches include integer/binary programs. Table 2.2.2 is also useful
for spotting emerging features of interest. The most notable aspect is the increasing
number of models that are primarily driven by student demand or models that consider
individual student requests.

It can also be seen from Table 2.2.2 that as the eld has progressed over time,
researchers are generally including more features in their models. This is also re ected
in Table 2.2.3, which shows that researchers and practitioners in the timetabling eld
are starting to explore bi-objective and multi-objective approaches.

One major gap in the research is the explicit study of online or hybrid teaching.



CHAPTER 2. UCTTP WITH HYBRID TEACHING CONSIDERATIONS 25

During the COVID-19 pandemic, many universities needed to adapt to using these
formats. However, the university timetabling problem with hybrid module delivery
considerations has not been adequately addressed. The model that is presented in
this chapter includes \traditional" features of the UCTTP and explicitly incorporates
the new element of hybrid teaching. The aim of this is to introduce one approach to
explicitly modelling hybrid teaching at universities using binary programming so that
other researchers can include hybrid teaching in future models. Due to the rarity of
this feature in existing models, there is little analysis of how this feature impacts other
features of the timetabling problem that are well-studied.

Students and sta at universities are acutely aware of the pedagogical and logistical
issues relating to hybrid teaching, and the starting point for resolving these issues is
being able to represent hybrid teaching in a mathematical sense. With this in mind, the

key contributions of this chapter are the following:

Outline the information that needs to be collected about the activities to determine
if an activity can happen in the online/hybrid mode, and what extra information

about students needs to be known to best cater to their teaching preferences.

Present a description of a generic UCTTP with hybrid elements, along with a

proposed binary program formulation of the problem.

Demonstrate the model using the most up-to-date benchmark data available to
show how the hybrid elements would work in practice and illustrate some of the

interactions with other problem features.

Discuss how this model could be used to produce a timetable that achieves a
particular strategic goal, as well as identify unresolved logistical problems with

hybrid teaching and the research questions that these problems present.
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Table 2.2.1: Indices of the features, modelling approaches and data referenced in
Tables 2.2.2-2.2.3

Index Description

1 Con icts for teaching sta are considered
2 Con icts for students are considered

3 Complete timetable

4 Overlapping times

5 Explicit use of online classes

6 Explicit use of hybrid classes

7 Mode requests

8 Student choice in modules

9 Students have compulsory modules

a 10 Sta travel time considered
= 11 Student travel time considered
§ 12 Room capacity
13 Col/Prerequisite courses
14 Individual student assignment
15 Room assignment restrictions/preferences
16 Time assignment restrictions/preferences
17 Number of students on campus limited
18 Enrolment data used in the model
19 Physical student ows are considered
20 Switching classes or locations
21 Rooms and equipment have capacity and usage restrictions
22 Compact timetable preferred
- 1 Mixed integer program
S 2 Integer program
S 3 Binary program
= 4 Neighbourhoods
g 5 Graph colouring
A= 6 No explicit objective
9 7 Single objective
§ 8 Bi-objective
9 Multi-objective
5 1 Institution (Data from the author's university)
= 2 International Timetabling Competition 2019 (Maller et al., 2018)
% 3 International Timetabling Competition 2011 (Post et al., 2013)
o 4 International Timetabling Competition 2007 (Lewis et al., 2007)
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2.3 Problem description

What our review has exposed is a lack of literature explicitly modelling hybrid teaching
at universities. Where there are explicit instances, there is a lack of analysis regarding
the bene ts or drawbacks associated with the incorporation of this feature. As stated in
the previous sections, the objective of this chapter is to focus on this particular feature
of the UCTTP and provide some managerial insights regarding this feature. This feature
is important to be studied in conjunction with other features of the timetabling problem
to shed light on its impact on the resulting schedule. In this section, we introduce a
multi-objective university timetabling model with hybrid teaching considerations.

The timetabling problem we are modelling is the post-enrolment approach, where
students provisionally select modules they want to take and after this is done, a timetable
Is constructed. Timetabling practitioners at universities in the United Kingdom (UK)
often take this approach. This timetable is typically constructed before the term starts,
especially in the case of the rst term when new students register in August and start
studies in late September. To mirror this process, the timetabling problem in this chapter
is also a post-enrolment timetabling problem. Part of the input to the mathematical
model is a list of students and modules they are requesting to take. A module request
Is met if the student is assigned to an appropriate arrangement of classes (the particular
arrangement varies between universities).

As we are focusing on hybrid teaching, an additional input is that each student
may also provide a preference for a particular mode of module delivery (online and/or
in-person). If a student expresses a preference for a particular mode, then it is assumed
this preference applies to all modules they want to attend.

One novel element here is that the travel time between two classes may be di erent
for two students taking the same classes but in di erent modes. For example, a student
attending online only can, in theory, switch instantly between classes, whereas a student

attending in person will need to walk between rooms. If a student does not have enough
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time to travel between classes or is assigned classes that overlap, this is referred to as a
scheduling issue.

The decisions we are making in this problem are the following: (i) when and where
classes are being held, with the option for classes to be held online and in-person
simultaneously and (ii) what classes students attend and the mode of study they attend
the classes. These decisions are made with respect to three di erent objectives: (i)
maximising module requests met, (ii) minimising the total number of scheduling issues,
and (iii) minimising the total number of classes where a student does not attend in their
preferred mode.

There are constraints on these decisions. Classes are only assigned to compatible
times. What makes a time compatible for a class depends on the university; however,
what we mean by compatible is that the time meets some set of criteria that allows
the class to be assigned to it. Similarly, classes are only assigned to spaces that are
available and compatible. In this case, available means that the space is not in use by
other classes and is free to be used by a class. For example, a chemistry class may need
to occur in the afternoon to allow for the setup of equipment in the morning and cannot
be assighed a space without the correct equipment or space in use by people doing a
di erent experiment.

Hybrid teaching is only done if the class is assigned the appropriate space. For a
teaching space to be capable of hosting a hybrid meeting, it needs to have a particular
layout and equipment. In practice, it is not usual for every room to meet these criteria.
Therefore, the collection of physical spaces at the university can be partitioned into
those that are capable of hybrid teaching and those that are not capable of hybrid
teaching. There are two limits on class attendance. There are limits imposed on the
number of students attending a class for pedagogical reasons and room capacity limits
so that students can t into the physical space assigned to the class.

The structure of modules is assumed to be the same as in the ITC-2019 competition
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(Maller et al., 2018). Modules are made up of con gurations, which are made up of
subparts. Each subpart contains a collection of classes. For a student to attend a
module, they need to attend a class from every subpart within a single con guration.
For example, a module may have one con guration containing two subparts. The rst
subpart could contain a single class in the form of a lecture. The second subpart could
contain multiple classes that are seminars. This structure is used in this problem for
two reasons. Firstly, it is a good representation of most forms of university modules.
Secondly, it means it is easier to utilise the ITC-2019 data sets for testing. The modelling
of teachers and instructors is also done in a fashion similar to the ITC-2019 competition,
where we ensure that a sta member can attend a list of classes without any scheduling
issues (no overlaps/su cient travel time). These lists of classes are another input to the
model. This is adopted here for the same reasons we adopt the module structure.

Modules at UK universities are either compulsory or optional (elective). Compulsory
modules are those that students are required to take, and elective modules are ones
that the student can choose. Table 2.2.2 shows that several models in the literature
also include this feature. In the problem described here, students are assigned to their
compulsory modules as a hard constraint, and the number of elective modules that
can be attended is maximised. The total number of modules that a student attends is
capped at a xed number.

To summarise, we have designed a variant of the UCTTP that includes hybrid
teaching. This variant contains objectives and constraints often referred to as \essential
constraints" (S rensen and Dahms, 2014; Aziz and Aizam, 2018; Rudowa et al., 2011)
that have been modi ed to explicitly include hybrid teaching.

The model is designed this way to maintain focus on the novel aspect of modelling
hybrid teaching explicitly, whilst including key elements of a typical UCTTP formulation
for these novel features to interact with.

Before providing the mathematical formulation of the problem, it is important to
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note that there are some important university features not included in this model that
are included in other models, such as the model described by the ITC-2019 competition
(Muller et al., 2018). In that model description, there are \distribution constraints" that
enforce rules on how classes should be distributed in the schedule (for example, ensuring
certain groups of classes happen on di erent days or in the same room). These are not
included in this model but could be modelled using the notation provided in this paper
to bring the problem even closer to the real-life problem (Holm et al., 2022).

It is also important to note that there are no hard constraints on preventing classes of
a particular module from being scheduled on overlapping times. If a student is attending
a module, then the objective of minimising the number of scheduling issues should assist
in reducing the number of overlaps that occur. Overlaps and scheduling issues are only
dealt with using hard constraints for the instructors, who are often required to attend

most classes of the given modules they teach.

2.4 Mathematical formulation

Before detailing the mathematical formulation, speci ¢ terminology and sets are intro-
duced to make the presentation of the model more e cient. Firstly, the main variables
are de ned. Secondly, the objectives to be optimised are de ned. Finally, it is explained

how these objectives are constrained.

2.4.1 Terminology and notation
Timeslots and timesets

In this model, it is assumed that the university term is split into equal lengths of time
called timeslots, and a timeset is de ned as a subset of these timeslots. This allows for
complicated arrangements that span a number of weeks to be described (with the exact

number of weeks given by speci ¢ instance data). For example, an arrangement where a
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Figure 2.4.1: lllustration of three timesets where there are ten timeslots. The arrows
show the \gaps" between the timesets one and two, with the minimum distance \between"
the timesets being one timeslot. The intersection of timesets one and three is the set
containing timeslots one and two. This means that timesets one and three overlap

class occurs every other week of a 10-week term and starts at 9:30 on Mondays can be
described by a single timeset.

We say that two timesets overlap if the intersection of these sets is non-empty. We
de ne the time between two timesets as the minimum number of timeslots between any
two timeslots. Figure 2.4.1 illustrates these de nitions.

Set de nitions

The following list outlines the de nitions of the sets that are used in the mathematical
formulation of the model. In a slight abuse of notation, we use the s& as a placeholder
for another set that would be a subset of some larger set. This is to streamline some of

the de nitions by avoiding repetition.

S: Set of students.
H: Set of teaching sta.
C: Set of classes.
K: Set of modules.

L: Set of timeslots.
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T: Set of timesets.
R: Set of spaces where classes can occur.
Ks: Set of modules requested by studerst2 S. Ks K.
K : Set of compulsory modules studers 2 S is required to attend. K¢ K.
K &ec . Set of elective modules studers 2 S would like to attend. K& K.,
Sk: Set of students requesting module 2 K. Sy S.
R}: Set of timeslots when roont 2 R is unavailable. R/ L.
R.: Set of spaces that are suitable for clags2 C to use. R, R.
T.. Set of timesets that are suitable for clase2 Ctouse. T, T.
Rg: Let G C. The setRg is de ned asRg := \ wgRe.
Cs: Let G C. The setCg isdened asCg = f(c;;¢)2 G G :c 6 0.
RE: Letr 2 R. The setR¢ is de ned asR¢ := fc2 C:r 2 Rg.
O: Letl2 L. The setOQ, isdened asO,:=ft2 T :I2 tg.
Fy: Set of con gurations for modulek 2 K.
Ptk : Set of subparts for con gurationf 2 Fy, wherek 2 K.
Cpix : Set of classes for subpan 2 Pt , wheref 2 Fy, wherek 2 K.

Cs: Set of classes that studens 2 S could take if o ered. In particular, C; =

[ ke [ f2F [ p2Pi Cpifik -

Ch: Set of classes that teaching sta membehn 2 H must attend if o ered.
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Travel time

De ne A as the matrix with entries that approximate the travel time between pairs of
rooms. In particular, for two roomsr;;r, 2 R, the entry A,, .., is equal to the number
of timeslots that it takes to travel from rq to r,. It is assumed thatA is symmetric and

that A, =0forall r 2 R.

Hybrid teaching elements

Physical rooms have a nite capacity. For a roont 2 R, the capacity is denoted as
cap(r). The online space is modelled as a room that is always available and can host
multiple classes at the same time. This space will be denotedras and a clas 2 C can

be held online if and only ifr 2 R.. The capacity of this space is considered unlimited,
that is, cap(r ) = 1 . For pedagogical reasons, classes still have a subscription limit,
denoted assub(c) for c2 C. This subscription limit is the maximum number of students
who can take a particular class.

It is assumed that students can move instantly from one online class to another online
class and that it is a xed number of timeslotsd 2 Nj to travel from an online class to
an in-person class and vice-versa. In particula; ., =0and A, , = A, = d for all
r2 Rnfr g.

Classes are allowed to be taught in a hybrid format if the physical room has the
proper equipment. De neR" as a subset oR containing all of the locations that allow
for hybrid teaching. For a class to be a hybrid class, then not only does the room
assigned to the class need to be R", but the online portion of the class needs to be
scheduled for the same time as the in-person class. For consistemcy?2 R".

Di erent students prefer di erent modes of teaching, or may not have a preference.
De ne  as the preference of studerd 2 S. ¢ is equal to one if the student prefers
in-person teaching, negative one if the student prefers online teaching, and zero if they

have no preference towards either format. It is unlikely that students have no preference
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towards teaching format. However, when collecting the data from students, there is a
chance that some students do not reply and rather than assuming a preference, the lack

of a speci ed preference can be modelled as having no preference.

Module restrictions

Students should not take an excessive number of modules for both nancial and peda-
gogical reasons. We introduce a paramet&t? that indicates the maximum number of

modules students 2 S is allowed to take.

Parameter arrays

To streamline the discussion of constraints in the timetabling, the notion of a parameter
array is introduced. These are fully determined by the input data and record various
relationships between timesets and rooms. The following list provides the de nitions of

these parameter arrays.

Do: A matrix where Dy[r;t] is equal to one if roomr is unavailable at some point

during timesett, zero otherwise.
D1: A matrix where D[tq;t,] is equal to one ift; overlapst,, zero otherwise.

D,: An array whereD,[rq;r,;t1;t5] is equal to one if there is not enough time between

t; and t, to travel betweenr; and r,, zero otherwise.

2.4.2 Variables

The following list outlines all of the variables in the model. As can be observed from
the length of this list, there are a signi cant number of variables in this model. Many of
these are auxiliary variables and are primarily included to describe the objectives and
constraints succinctly in a mathematical sense. Some pre-processing steps are applied

later in this chapter and in Chapter 3 to reduce the number of variables or to relax the
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integrality of these variables. An e cient implementation of the model may choose to

forgo using some of the variables entirely.

Xcrt: Binary decision variable indicating if clas 2 C is held in spacer 2 R during

timesett 2 T.
y&:: Binary decision variable indicating if clasx 2 C is held in spacer 2 R.
ye:: Binary decision variable indicating if class 2 C is held during timesett 2 T.
Ok: Binary decision variable indicating if modulek 2 K is o ered.

Gt - Binary decision variable indicating if con gurationf 2 F, of modulek 2 K is

o ered.

W.ip - Binary decision variable indicating if subpartp 2 Py in con guration f 2 Fy of

modulek 2 K is o ered.

asi:tp.c . Binary decision variable indicating if students 2 S is assigned class 2 Cpy ,

wherep 2 Py, wheref 2 Fy, wherek 2 K.

g{;': Binary decision variable indicating if students 2 S is assigned to the online version

of classc2 C.

"P: Binary decision variable indicating if students 2 S is assigned to the in-person

version of class 2 C.

bs.rp : Binary decision variable indicating if students 2 S is assigned some class in

subpart p 2 Pry, wheref 2 Fy, wherek 2 K.

M.t - Binary decision variable indicating if students 2 S is assigned to con guration

f 2 F, wherek 2 K.

Nsx: Binary decision variable indicating if students 2 S is assigned to modul& 2 K.
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onl . Binary decision variable indicating if students 2 S attends classc 2 C during

S;C;t
timesett 2 T in the online format.

;‘31: Binary decision variable indicating if students 2 S attends classc 2 C during

timesett 2 T in the in-person format.

scrt - Binary decision variable indicating if students 2 S attends classc 2 C in room

r 2 R during timesett 2 T.

sc. Binary decision variable indicating if students 2 S is not attending classc 2 C in

their preferred mode.

hs.c,.c,: Binary decision variable indicating if there is a scheduling issue with assigning

studentstoc, 2 C andc, 2 C.

2.4.3 Objectives
Maximise the total number of elective module requests met

Individual students provide a list of elective modules they would like to attend. The
aim is to assign students to as many of these modules as possible. This model considers
the total requests:

X X

max z; = Ne:k: (2.4.1)
s2S k2K§|e°

The model does not force the timetable to be complete (feature 22 in Table 2.2.2),

SO0 maximising this objective may result in classes with no time or room assignment.

Minimise total number of deviations from mode requests

Students may provide a preference for either the online format or the in-person format.
The aim is to align with this preference as much as possible. This model considers the

total deviation from mode requests (the amount of mode requests not met):
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X X
min z, = sich (2.4.2)

s2S c2C

Minimise the total number of student scheduling issues

There are two scheduling issues considered in this model. The rst is where a student is
assigned to two classes that overlap in time. The second is where a student is assigned
to two classes that are placed in space and time in such a way that it is impossible to
travel between them without leaving one class early or arriving at the other late. This
model considers the total number of scheduling issues in the timetable:

X X X

mln 23 = hS;Cl;Cz: (2.4.3)
s2S ¢12C c2C

One advantage of having the number of scheduling issues as a soft constraint instead
of a hard constraint is that the model is less likely to become infeasible. Another
advantage is that this objective gives another measure of solution quality (Barnhart
et al., 2022). In a decision-making context, knowing the number of issues is more
informative than infeasibility (S rensen and Dahms, 2014).

There are often so many students at a university that achieving no issues is nearly
impossible. The current practice at universities is for students to meet with a sta

member and discuss compromising on module choice to resolve scheduling issues.

2.4.4 Constraints

In this section, the hard constraints of the model are outlined. The main contribution
of this thesis is the explicit modelling of hybrid teaching. This contribution is captured

in the following key constraints: 2.4.6, 2.4.11, 2.4.12, 2.4.13 and 2.4.30. The remaining
constraints are common constraints that are present in the various formulations of the

UCTTP seen in the literature.
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Linking constraints for resource assignment

It is convenient for the description of the model to be able to switch between the
collection o1‘y§;r and yCT;t variables, and the collection o, variables. The linking

constraints are as follows:

X

Yor = Xert; 8r2R;c2C; (2.4.4)
t2T
X
Ve Xert; 8t2 T;c2 C; (2.4.5)
r2R
X
Xert 2y 8t2T;c2C: (2.4.6)
r2rR

Constraints 2.4.4 state that ifyY, indicates that a classc is happening in a room
r, then this is if and only if exactly one of thex..,; variables indicates the same
arrangement. Constraints 2.4.5 and Constraints 2.4.6 combined achieve a similar outcome
for time arrangements. Two sets of constraints are needed because the summation in
Constraints 2.4.5 and Constraints 2.4.6 can be equal to two due to how hybrid teaching

is modelled in this thesis.

Classes can only be assigned compatible teaching spaces and timesets

For eachc 2 C add the following constraints:

X

Xert =0; 82 TnT,, (2.4.7)
r2R
X

Xert =0; 8r2 RnRg: (2.4.8)

t2T

Classes should not happen in a teaching space when it is not available

X X
Do[r; t]Xert =0; 8c2 C: (2.4.9)

t2T r2R
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Classes can only be assigned at most one timeset

vy, 1 8c2C: (2.4.10)

t2T

Classes can only be assigned a maximum of two teaching spaces

yer 1 8c2C; (2.4.11)
r2Rnfr g

Yor 2 8c2C: (2.4.12)

r2rR

Constraints 2.4.11 ensure that a class can only be held in at most one in-person
teaching space. Constraints 2.4.11 and Constraints 2.4.12 combined then ensure that if
there are two teaching spaces assigned, exactly one will be held in person and the other

will be held online.

Classes can happen online and in-person if the physical room is appropriate

X
Vor 1 Yor; 8c2 C: (2.4.13)

r2RnR"
Constraints 2.4.13 ensure that when a class is assigned an in-person teaching space
not capable of hybrid teaching, then it is impossible for the class to also be assigned the

online teaching space and vice versa.

In-person classes should not use the same teaching space at the same time
X X
Xert 1, 8r2Rnfr gl 2L (2.4.14)

c2R¢ t20,

Module is o ered if at least one con guration is o ered

X
OkJFxi Ger; 8k2K; (2.4.15)
f2Fk
X
Ok G, 8k 2 K: (2.4.16)

f2Fy
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Con guration is o ered if and only if every subpart is o ered

X
quij;kj = Wi:f:p 5 8f 2 F;k 2 K:
P2 Prc

Subpart is o ered if at least one class in the subpart is o ered

- ' s - x x X
Wit:p JCpitk IR T] Xert; 8p2 Pr;f 2 F; k2 K;
C2Cpsx 2R 12T
X X X
Wif:p Xert; 8p2 Pry;f 2 F;k 2 Kt

2Cprx 2R t27

Sta must be able to attend classes they can teach

42

(2.4.17)

(2.4.18)

(2.4.19)

For each sta memberh 2 H, let G = Cy. For each ;;¢,) 2 Cs add the following

constraints:

Dofro;ro;te; tal(Xeyraity + Xeprat,) 1 8t12 Te3t22 Te,i11 2 Rey5 12 2 Re,: (2.4.20)

Student does not attend a module they do not request

Nsk 0 8k2 K nKg;s2 S:

Student does not attend a module that is not o ered

Nsk Ok 8k2K;s2S:

Student must attend all compulsory modules

Nsxk =1; 8k2 K% s2S:

Student does not attend too many modules

X
Nek Kk, 8s2 S:
k2K

(2.4.21)

(2.4.22)

(2.4.23)

(2.4.24)
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Student does not attend a class that is not o ered

. X X
s Xert; 8¢2 C;s2 S; (2.4.25)
t2T r2Rnfr g
X
on Xer 1, 8C2C;s2 S: (2.4.26)

2T

Student attends a module if they attend a con guration for that module

X
Mgkt = Ngk; 8K 2 K;s 2 S: (2.4.27)
f2F,

Student assigned con guration if they attend a class from each subpart

X
Bocrp = JPrkiMsicr s 8F 2 Fiok 2 Kis 2 S (2.4.28)
P2 Prk

Student has at most one class from a subpart

X
Asitpe = Bskrps 8p2 Pri;f 2 Fk2 K;s 2 S: (2.4.29)

CZCp;f;k
Student attends either the online session or the in-person session

Askfpe = on+ P 8c2 Cpsk;P2 Prcif 2 Pk 2 K;s 2 S: (2.4.30)

Physical room capacities cannot be exceeded

X _ X
i cap(r)yer; 8¢2 Cppk ;P2 Py f 2 Fsk 2 K: (2.4.31)

s;C
S2 Sy r2Renfr g

Class subscription capacities cannot be exceeded

X ,
(m+ ) sub(Q); 8c2 Cyrk:P2 Prx;f 2 Frik 2 K: (2.4.32)

S;C
s2 Sk

Parent-child classes

It is often the case that some classes are prerequisites for other classes. For example,

to attend a workshop in a module, the student should also attend the lecture for that
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module. Given a students 2 S, for every parent/child class pair (with the child class

denoted asce, and the parent denoted a,, ), add the following constraint:

inp . onl inp 4 onl . (2.4.33)

S;Cch SiCch S;Cpar S;Cpar

Mode requests

The variables need to be linked to the allocation of students.

sc s o e 852S;c2C (2.4.34)

S;C

sc  on+ P 852 S;c2C: (2.4.35)

S,;c?

Constraints 2.4.34 force the value to one if the preference is not met, and Con-

straints 2.4.35 force the value to zero if the class is not attended by that student.

Detect if a student has an overlapping class

For the objective z; described in Equation 2.4.3 to correctly detect overlaps, thies., c,
variables need to be linked to the assignment of studest2 S. This is done by rst
adding the following constraints:

wooyl,= WP 8s2S;c2Cit2T; (2.4.36)

onl

ooyl= M, 8s2S;c2Cit2T: (2.4.37)

Next, for every students 2 S and each €;; ) 2 Cc,, whereCc, is the pair-wise

combinations of classes that the student can take, the following constraints are added:

Difty;to]( XM+ WP+ o+ P ) 1+ hgee; 812 Tetr2 Te,: (2.4.38)

s;c1;t1 S;C1;t1 S;C2;t2 S;C2;t2
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Constraints 2.4.36 to 2.4.38 ensure thdts., .., IS equal to one ifc; and ¢, overlap in
time and students is assigned to both of the classes. Constraints 2.4.36 and 2.4.37 are

non-linear, but this can be resolved by replacing them with the following constraints:

o P 8s2S;c2Cit2T; (2.4.39)
o, N 8s2S;c2Ct2T; (2.4.40)
P Yis 8S2S;c2Cit2T; (2.4.41)
M. Vi 852S;c2Cit2T; (2.4.42)
e Mt yl 1 82S;c2Cit2T; (2.4.43)
o MW+yl 1 82S;c2Ct2T: (2.4.44)

Detect if a student has enough travel time between classes

For the objective z; described in Equation 2.4.3 to correctly detect travel time issues,
the hg,.c, variables again need to be linked to the assignment of studesi? S. This

is done in a similar way to overlap detection and involves rst adding the following
constraints:

P YR = sert: 882S;c2C;t2T;r2Rnfr g (2.4.45)

s;c;t

o yt?;r = gerdt; 852S;c2Ct2T: (2.4.46)

s;c;t

Then, for every students 2 S and each ¢;;¢,) 2 Cc,, whereCc, is the pair-wise

combinations of classes that the student can take, add the following constraints:
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Dofrs;raitat2]( sicirats ¥ sicoratz) 14 Nsiepics

8t12 Te,;t22 Te,;r1 2 Rey 512 2 Re,: (2.4.47)

These constraints ensure thahs., .., iS equal to one if students does not have enough
time to travel between classes; and c,. Once again these are non-linear constraints so

Constraints 2.4.45 and Constraints 2.4.46 are replaced with the following:

sert e 852 S;¢2C;t2T;r2 Rnfr g; (2.4.48)

sert Yos 852 S;c2C;t2 T;r2 Rnfr g (2.4.49)

sort b+ yR 1 8s2S;c2Cit2Tir2 Rnfr g; (2.4.50)
scr it oy 852S;c2Cit2T; (2.4.51)

sert Yor: 852S;c2Cit2T; (2.4.52)

sor 1 om+YR 1, 8s2S;c2Cit2T: (2.4.53)

2.5 Solution method

The solution method used in this chapter involves a preprocessing stage and then a

stage that solves the three objectives in a certain order.

2.5.1 Preprocessing steps

The full mathematical formulation includes some variables and constraints that are not
necessary and therefore can be removed from the model. In this section, some of the
steps taken to remove redundant variables and constraints are outlined. This does not
necessarily remove all redundancies, and whilst more sophisticated reduction methods

exist (Holm et al., 2022), these are not employed in this chapter.
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Variables that can be removed

The rst collection of variables that can be omitted from the model includesc.
variables for eachc 2 C where eithert 2 TnT.orr 2 RnR.. This is because
Constraints 2.4.7 and 2.4.8 force these variables to be zero. SimilarlyDig[r;t] = 1 for
some pairing (;t) wheret 2 T andr 2 R then for all classex 2 C it is the case that
Constraint 2.4.9 is forcingX.: = 0 and therefore these variables can be removed from
the model.

The second collection of variables that can be omitted are from the student sectioning
part of the model. ngx = 0 for s 2 S and k 2 K nKy therefore these variables can
be removed. Furthermore, any variable withk 2 K n Ky in the indexing for a given
student s 2 S can be removed as these will be forced to zero. Finally, any variable with
c2 Cpix for k2 K nKjs in the indexing can be removed. Essentially, what is meant by
this is that any variable relating to a course that a student does not want to attend is

removed from the model.

Overlap and travel time constraints

For any two timesetst; 2 T andt, 2 T, itis always true that Dq[t;;to]  Dy[ry;ro;ty;to]
for any choice ofr, and r, from the setR. Therefore, if two timesets that overlap are
identi ed and Constraints 2.4.38 to 2.4.44 are included in the model, there is no need to
include Constraints 2.4.47 to 2.4.53 for those two timesets. There is a similar process
for Constraints 2.4.20 where if two timesets overlap, there is no need to include the
constraint for every room combination. We only need to constrain the time assignment
using they" variables in this case.

Furthermore, when considering a pair of classes and ¢, it is possible that for
a pair of timesets ;;t2) 2 T, T., we have thatD,[ry;r;t;;t,] = O for any pair of
rooms (1;r2) 2 R, Rg,. This means there is no need to include Constraints 2.4.47

to 2.4.53 for this timeset pair (for this pair of classes). These two checks help reduce
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the total number of constraints, especially if classes have a large number of teaching
spaces they could be assigned to.

A nal check that is employed is that we do not check for scheduling issues for pairs
of classes that we know cannot be attended together. For example, students can only
participate in one class from a subpart (Constraint 2.4.29); therefore, we will never have
problems with a pair of classes from the same subpart. The impact of this preprocessing

step is dependent on the course and module structure assumed.

2.5.2 Objective ordering and solving

The solution method involves solving three single-objective problems sequentially. The
objectives are ordered based on importance. This is also known as lexicographic

optimisation. One such ordering is as follows:
1. Maximise the total number of elective module requests met,().
2. Minimise the total number of deviations from mode requests{).
3. Minimise the total number of student scheduling issuez).

In this case, the approach would be to rst maximisez; using a commercial solver.
Denote the value of this solution az,. The constraint z; = z, is added, and the model
IS solved to maximisez,. Similarly, denote the value of this solution az,. We add the
constraint z, = z, to the model and minimisez.

In the Section 2.6, for each dataset or instance used, all six orderings of the three
objectives described in Section 2.4 are solved. This approach with these orderings
produces the extreme points of the Pareto frontier, where at least one of the objective
functions takes the best value subject to the model constraints.

This is bene cial as it illustrates the range of objective function values and hints

at the dynamics and trade-o s between multiple objectives. However, we do not gain
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information about compromise solutions (solutions between these six points) that would
also be Pareto optimal. This drawback is addressed in Chapter 3.

Whilst this approach yields exact results, the drawback is that it is computationally
expensive in both time and physical resources. This is because each objective function
that gets added to the model further restricts the model, making the optimisation of the
next objective function more di cult. In this chapter, we do not report the timings of
this exact optimisation approach. The key feature of interest is the interactions between

objectives for di erent instances.

2.6 Computational experiments

In this section, the experimental data used to test the model is described, and computa-
tional experiments are performed to demonstrate the use of the model. All experiments
were completed on an internal computing node running Ubuntu 22.04.1 LTS with an
Intel Xeon Gold 6348 CPU running at 2.60GHz and 528GB of RAM. The model was
implemented in Python 3.9.16, and solutions were found using Gurobi Optimizer version

10.0.2.

2.6.1 Experimental data

The experimental data has been taken from the ITC-2019 competition (Maller et al.,

2018). These datasets are based on data taken from real-world universities. These
provide the model with most of the information needed. However, since these datasets
do not explicitly consider the online space, there are features of the model presented in

this chapter that require specifying for each experiment. This includes:
" The value ofd in the matrix A.

" The value of ¢ for each students 2 S.
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" The value ofk$® for each students 2 S.

" The setR" that identi es which physical rooms are suitable for hybrid teaching.

In our experiments, we assume thatl is one and a half times bigger than the largest
distance between physical rooms. We chose this number as it roughly estimates the
travel time from student accommodation to campus for some universities in the UK we
are familiar with. In practice, this value will vary depending on the university. Setting
the distance to this value also makes switching between modes undesirable.

To align the data with the motivation for this model, we are also creating a shortage
of capacity in physical rooms. This shortage re ects a situation similar to that of
the COVID-19 pandemic. Barnhart et al. (2022) quoted that during this period they
had a fourfold reduction in physical space on campus, and therefore we are reducing
the capacity of each room in the datasets by 75%. Applying this reduction to the
four instances means that room capacity is the limiting factor to the total in-person
attendance.

It is also assumed that every student has one of three preferences: online teaching,
in-person teaching or no preference { equal to 1, 1 or 0 respectively). A systematic
way of modifying the data is applied. In the ITC-2019 data, each student has an \ID"
number. If a student's ID number is a multiple of three, they prefer the online mode. If
the remainder after dividing their ID number by three is two, they have no preference.
All other students prefer the in-person mode.

In the ITC-2019 competition, students are assigned to every module they request.
This is equivalent to treating every module as compulsory. To demonstrate the objective
of maximising the number of elective module requests met, we assume in our experiments
that all modules are elective. This means there is no requirement to assign a student to
any of the modules they request. The value ¢ for eachs 2 S is the length of the
list of requests for that student.

Each \SameAttendee" distribution constraint used to model sta in the ITC-2019
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problem has an associated list of classes (Muller et al., 2018). The class lists from the
required distributions of this type in the data are used as part of our sta constraints.
In particular, each distribution constraint in the data is a sta memberh 2 H and the
class list forms the seiCy used in Constraints 2.4.20.

Finally, we need to specify the seR". It is assumed that a class can only happen in
the hybrid mode if the physical room assigned to it has a capacity of 30 or more people.
In particular, if cap(r) 30 forr 2 R thenr 2 R". The assumption is based on the
observation that only the larger lecture halls at universities have the correct audio-visual
equipment for hybrid teaching.

The four ITC-2019 instances used in this paper are from various stages of the
competition and are currently archived on the competition website. Table 2.6.1 records
the name of each instance and the critical features of that instance. To reduce the size
of the problem, a subset of students from each instance is used in the experiment. This
is de ned by the ID of the rst student in the subset and how many students are taken
after that student. For example, with the instancemary-fall8, Table 2.6.1 says that the

\Start” is equal to 600 and \Count" is equal to 400, meaning only students 600 to 999
are considered.

Whilst other ITC-2019 instances could have been included, the four instances selected
su ciently demonstrate the behaviour of the model and how the novel element of
explicitly including hybrid teaching can behave di erently when using di erent instances.
Furthermore, maintaining focus on a limited number of instances allows for a more

detailed discussion about each one.

Instance one: wbg-fall0

It is possible to solve any ordering of objectives faxbg-fallOas it is a small instance.
Table 2.6.2 provides the objective values for the six possible orderings. It can be seen

that only z; (the number of elective module requests met) and, (the number of
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Table 2.6.1: Instances from the ITC-2019 with their key features. \Start" and \Count"
indicate the subset of students used in the experiment. ColunjR" nfr gj is based on
our assumptions about hybrid rooms

Instance iSj iKj jCj iTj jRj jR"nfr gj Start Count
wbg-fal10 19 21 150 154 8 0 1 19
muni-fsps-spri17* 865 48 124 1,953 45 40 600 100
mary-fal18* 5061 170 357 503 94 35 600 400
pu-cs-fal07* 2,002 34 159 182 14 4 1,000 1,000

mode request deviations) in uence each other. Table 2.6.3 shows that lexicographically
optimal solutions for this instance either meet all the student mode preferences or o er

all requested modules.

Instance two: pu-cs-fal07*

In the instance pu-cs-fal07* 1,000 students are considered. Likebg-fallQ no student
con icts arise in this instance, and the only objectives that appear to in uence each
other arez; and z,. It can be seen from Table 2.6.2 that the lexicographically optimal
solutions have one of two objective values. Looking at the class attendance, we see that
the ratio of in-person to online attendance is about 1:2, suggesting that when students

have no preference for a mode, they get placed into the online mode.

Instance three: muni-fsps-spri17*

Only 100 students frommuni-fsps-sprl7* are used; however, each student attends nearly
eight times the number of classes on average thanpoi-cs-fal07* When z; is prioritised
over z,, there is a larger increase iz, than in pu-cs-fal07* This suggests a stronger
link between the two objectives in this instance than irpu-cs-fal07* There is some

relationship betweenz, and z; also.
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Instance four: mary-fal18*

The mary-fall8* instance considers 400 students. Table 2.6.2 shows that the lexico-
graphically optimal solutions have one of ve objective values with only six possible
orderings. That makes this instance a good instance to demonstrate how objective
ordering can in uence the solution.

Orderings prioritising z; lead to solutions with the maximum amount of module
requests met. The best possible values of and z; can be attained if we optimise
those rst (in either order); however, whenz; is optimised before one or both of these
objectives, this cannot be done. This shows that; in uences objectives directly and
in uences relations between objectives (compare orderings, z,; zs with z;; z3; 2,).

Figure 2.6.2 shows that if matching the mode preference,j is prioritised over
module requests %;), then fewer requests can be met. Figure 2.6.1 shows clearly that
prioritising zz over z; removes con icts but also shows that matching students' mode
requests can reduce the number of con icts (likely due to its direct in uence on the
number of modules attended by students indicated by Figure 2.6.2).

When students do not request many modules (e.g. master's students) or request too
many modules (e.g. students enrolled on modules just for interest), con icts may be
unavoidable. Therefore, minimising the number of con icts before maximising module
attendance can lead to that student attending as low as 0-20% of their requested
classes. Similarly, most of a student's requested modules may only be o ered in a mode
contradicting a student's preference, leading again to a low percentage of classes being

attended if mode preference is prioritised over module requests.

2.7 Analysis and extensions

We believe that considering the hybrid teaching format presents new challenges that

have not been fully researched in the timetabling literature. Some of these challenges
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Table 2.6.2: Objective values for each instance and their six potential objective orderings.
Z4 is the number of students who switch between online and in-person classes twice or
more on the same day (measured using the found solution, not optimised)

Objective Classes attended Switch
Ordering y4) Z> Z3 Total In-person Online Z4
21,25,23 97 43 0 199 27 172 5
8 21,723,727 97 43 0 199 27 172 5
:‘f’ Z5,21,23 71 0 0 142 16 126 1
2 Z5,23,21 71 0 0 142 17 125 2
= Z3,21,2> 97 43 0 199 27 172 6
Z3,25,21 71 0 0 142 17 125 2
:"' 71,22,23 980 106 8 1,552 567 985 13
;-.) Z1,23,2> 980 114 0 1,552 535 1017 11
" Z5,21,Z3 926 0 0 1,366 503 863 15
2 7z 926 0 0 1,366 450 916 8
= 73,21,25 980 114 0 1,552 562 990 11
E Z3,22,21 926 0 0 1,366 450 916 8
. Z1,22,Z3 1,597 109 36 1,613 517 1,096 13
st Z1,Z3,2> 1,597 111 34 1,613 513 1,100 13
8 Z5,21,23 1,498 0 26 1,509 536 973 2
%\ 75,23,Z1 1,480 0 0 1,480 544 936 5
c Z3,21,2> 1,571 98 0 1,571 514 1,057 13
Z3,22,21 1,480 0 0 1,480 544 936 5
x 21,22,Z3 1,226 11 0 1,611 567 1,044 0
'§ 71,23,2» 1,226 11 0 1,611 595 1,016 0
& Z5,21,23 1,220 0 0 1,599 665 934 0
8 27z 1220 0 0 1599 641 958 0
= Z3,21,22 1,226 11 0 1,611 560 1,051 0
73,22,Z1 1,220 0 0 1,599 641 958 0
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Table 2.6.3: Key metrics for individual students in tabular form. \% Electives" is
the percentage of elective modules a student is assigned from their list. \# Con icts"
represents the number of scheduling issues a student has. \% Mode" is the percentage
of classes a student is assigned that are in their preferred mode

% Electives # Conicts % Mode

Ordering Max. Min. Avg. Max. Min. Avg. Max. Min. Avg.

71,23,Z3 100 100 100.00 0 0 0.00 100 25 77.42
S 72,22 100 100 100.00 0 0 0.00 100 30.77 77.93
:‘IU Z3,21,Z3 100 0 73.51 0 0 0.00 100 100 100.00
2 z2,z3,74 100 0 73.51 0 0 0.00 100 100 100.00
S 23,212 100 100  100.00 0 0 0.00 100 25 77.90
Z3,22,23 100 0 73.51 0 0 0.00 100 100 100.00
:’ﬁ 71,23,Z3 100 100  100.00 1 0 0.08 100 56.52 9497
;-.) 71,23,2, 100 100 100.00 0 0 0.00 100 5217 94.62
‘é_ Z5,21,Z3 100 73.33 95.75 0 0 0.00 100 100 100.00
@D 25,23,73 100 73.33 95.75 0 0 0.00 100 100 100.00
T Z3,2,2 100 100  100.00 0 0 0.00 100 52.17 94.62
§ 73,22,2; 100 73.33 95.75 0 0 0.00 100 100 100.00
N 71,23,Z3 100 100 100.00 6 0 0.09 100 0 94.62
Q72,232 100 100 100.00 6 0 0.09 100 0 94.54
S 22,21,23 100 0 95.08 6 0 0.07 100 100 100.00
%‘ 23,23, 100 0 94.36 0 0 0.00 100 100 100.00
£ Z3,21,2; 100 66.67 98.83 0 0 0.00 100 0 94.96
Z3,22,23 100 0 94.36 0 0 0.00 100 100 100.00
N 71,232,273 100 100  100.00 0 0 0.00 100 0 99.66
E 71,23,2, 100 100  100.00 0 0 0.00 100 0 99.66
& 25,21,23 100 0 99.67 0 0 0.00 100 100 100.00
$ 23,23,21 100 50 99.70 0 0 0.00 100 100 100.00
3 Z3,21,2 100 100 100.00 0 0 0.00 100 0 99.66
Z3,22,7; 100 50 99.70 0 0 0.00 100 100 100.00
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Figure 2.6.1: Count of students who experience one, two or three plus con icts with
their timetable. The majority of students do not experience any con icts; therefore, the
zero bar is omitted
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Figure 2.6.2: Count of students who have a certain percentage of their classes met. They
are aggregated into ranges so that the bars are an appropriate size. The; [BID] range
is omitted, but contains the remaining students
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are discussed here.

2.7.1 Impact of including hybrid teaching

From Table 2.6.2, it can be seen that many classes are attended online. This demonstrates
how well the model presented in this chapter satis es the mode preferences. By
construction, one-third of the student population in the instances preferred in-person
teaching, and the other two-thirds either had no preference or preferred online teaching.
This is roughly represented in the ratio of classes attended in-person to classes attended
online. The results in the previous section also suggest that the model takes advantage
of the students who have no preference and assigns them to the more exible and high-
capacity online space. This alleviates pressure on physical resources while delivering
the same amount of teaching. From a modelling point of view, the inclusion of hybrid
teaching adds more exibility to the timetabling process because a purely online timetable
is not impacted by travel times and room capacity in the same way as a purely in-person
timetable. In practice, it would be up to a practitioner to decide to what extent the

online space should be used.

2.7.2 Impact of objective ordering

If a university has preconceived thoughts on how the objectives should be ordered, then
this model can cater to those preferences. This model can also be used to gain more
information about the problem. Trying di erent orders of objectives can be used to gain
insight into how and to what extent the objectives in uence each other.

One example is that in the instancemary-fal18*. It was identi ed here that di erent
orderings typically resulted in di ering solutions. A university may have an idea of an
objective order they want, but nd that a di erent ordering is better suited to their
needs.

Table 2.6.2 shows that di erences in the solutions generated by di erent orderings
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might be very di erent or only have subtle di erences. This demonstrates that whilst
the ordering of objectives does impact the di erence in solutions, it seems that the

extent of the di erence is unique for each instance.

2.7.3 Model extensions
Compulsory modules and credit loads

Constraints 2.4.23 describe compulsory modules. The model becomes infeasible if a
student cannot be o ered a mandatory module. This is not a useful nding in practice

as universities ultimately need a timetable (S rensen and Dahms, 2014). One approach
would be to relax the constraint and instead attach a high penalty for not ensuring
every student is assigned to their mandatory modules. Including hybrid teaching o ers
exibility as it facilitates a meaningful two-stage approach of time assignment and then
room assignment (Barnhart et al., 2022).

It is common for a student to not only have mandatory or compulsory modules but
to be required to attend a certain total number of modules, making up a credit load.
The model presented in this chapter could be extended so that students are assigned
enough modules to meet a speci ¢ credit load. This would require students to provide

an extended list of elective modules so there are su cient options.

Fairness and extended preferences

All the objective functions present in this chapter are aggregate measures, so there is no
concept of \fairness" when assigning students. For example, if two students request two
modules, then a solution where one student is assigned to two modules and the other is
assigned to none is equivalent in objective value to a solution where both students are
assigned to one module each. The latter solution is arguably \fairer".

A similar situation can happen with preferences. It is possible that a solution could

assign students so that some students attend the mode they prefer for every class,
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whilst some students attend none of their classes in their preferred mode. Currently,
each student has a mode preference for all modules. The model could be extended to
consider a student's mode preferences for each module or even mode preferences for each
class. This extension makes the problem more true to life but exacerbates the issues

surrounding fair assignments.

Controlling mode of attendance

Universities may want control over what mode students study in. The mode that
students attend their classes relates heavily to where students choose to live, how busy
the campus is, and how resources are used on campus at the expense of the university.

For example, if a university has on-site student accommaodation, it may aim to have
a minimum percentage of classes attended in person. A university would do this to
make renting this accommodation a more appealing choice for students. On the other
hand, a university may wish to limit the percentage of teaching done in person. This
may be to reduce student density on campus, either to reduce the spread of infection or
to reduce the amount of energy and money spent on lighting and heating buildings at
the university.

More parameters and constraints would need to be introduced to model this extension,
but it would be useful for a practitioner to investigate the e ect of changing these

parameters.

Switching between modes of study

A timetable where students and sta make multiple switches between modes on the
same day is undesirable. Multiple switches could mean more tra c on and around
the university, which has both a health and environmental impact (potential spread of
disease and increase in vehicle emissions). Whilst many students only attend a single

mode of study or switch between the two modes only once, Table 2.6.2 shows that
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without any optimisation, there are students who switch between modes twice or more
on the same day. An extension to this model would be to have an objective to minimise
the number of switches that each student makes in a working day. However, research

currently underway indicates that solving this problem is computationally challenging.

2.8 Conclusion

Several gaps in the university module timetabling literature are identi ed at the beginning

of this chapter. To address these gaps, this chapter presents a formal and mathematical
description of a multi-objective post-enrolment timetabling model with student sectioning
and considerations for hybrid teaching. The novel feature of this work is the explicit
modelling of hybrid classes, which have an in-person and online element occurring at
the same time. The assignment of students in this model is demand-driven. Individual
students request the modules they want to take, and the model creates a timetable that
tries to satisfy these requests. It also tries to ensure students attend their teaching in the
mode that they prefer. This is demonstrated in a series of computational experiments
using modi ed benchmark data from the 2019 International Timetabling Competition.
The modi cations are so we can demonstrate the novel features under a setting where
these features would be most relevant (for example, severely reduced capacity). In these
experiments, an exact lexicographic solution method is used to show that solutions to
this model depend on both the input data and the ordering of the objectives. This
observation shows that the model can be used by practitioners who have di erent
strategic priorities and are based at di erent universities. Finally, a list of potential
extensions to this model is presented. Items on this list are starting points for future
research. Exploring these extensions would bene t both the timetabling community and

the wider large-scale integer optimisation community.



Chapter 3

Multi-objective Fix-and-Optimise
Matheuristic for University Course

Timetabling

3.1 Introduction

Many real-world optimisation problems are modelled as single-objective optimisation
problems when a multi-objective model would be more appropriate. Sometimes this is
an easy task, especially when all the objectives can be expressed in the same measure,
such as cost. For the university course timetabling problem (UCTTP), many possible
objectives that could be optimised are incommensurable. For example, it is not sensible
to compare maximising room utilisation with minimising the length of the working day.
However, keeping these objectives separate presents new challenges, such as deciding
which objectives take priority over others.

To exacerbate this issue, the decisions made when solving the UCTTP do not impact
goods, vehicles, or other machinery. The decisions made impact people. Consequently,

there will often be no agreed-upon ordering of objectives and nding a \one-size- ts-all"

62
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solution becomes impossible. Nobody else in the literature has summed it up better
than Carter (2001), who claimed that \practical course timetabling is 10% graph theory
and 90% politics!".

Given this paradigm, is it appropriate to keep developing algorithms that focus
on producing a single high-quality solution? While this remains an important area of
research, we argue that solving the UCTTP extends beyond the operational task of
generating a single timetable. Speci cally, the university timetabling literature has not

yet adequately addressed the following interrelated research questions:

" How can we nd a meaningful and useful range of objective values for multiple

objective functions?
" How can we analyse the interactions between incommensurable objectives?

" How can we e ciently generate a set of alternative solutions for decision-makers?

Without a clear range of objective values, an understanding of trade-o s between
objectives, and a diverse set of alternative solutions, decision-making becomes constrained
and suboptimal. For large-scale UCTTPs, addressing these questions with exact methods
is computationally infeasible, and incommensurable objectives make it di cult to design
appropriate tness functions for a genetic algorithm to optimise. Developing a method
that overcomes these di culties will result in more adaptable and practically useful
timetabling solutions.

To attempt to address these questions, the objectives of this chapter are the following:
(i) propose a method for partitioning the problem and using this to nd bounds on
objective values, (ii) apply a matheuristic to optimise a large multi-objective university
course timetabling problem lexicographically, and (iii) present a method for exploring
a multi-objective Pareto front and describe how this could be used in a strategic

decision-making context.
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The rest of the chapter is structured as follows. In Section 3.2, a review of existing
work in the context of university timetabling is provided. In Section 3.3, a brief
description of the problem we are applying the method to is given, along with a reminder
of the key elements of the mathematical formulation for this problem. A method for
partitioning and nding objective bounds is given in Section 3.4. The main solution
methods are described in Section 3.5 and Section 3.6. Finally, Section 3.7 summarises

the work done in this chapter.

3.2 Related work

The study of the related work will be structured as follows. First, we will make
note of review papers that discuss all approaches, ranging from exact approaches to
genetic algorithms. Key papers discussing interesting methods or applications will also be
highlighted here. Secondly, we discuss the development and application of metaheuristics
and matheuristics to the UCTTP. Finally, methods used for multi-objective optimisation

of the UCTTP are discussed.

Literature reviews and key papers

One of the most up-to-date reviews of solution methods used for the UCTTP is given
by Chen et al. (2021). Other methodology surveys for the UCTTP include Babaei
et al. (2015) and Alghamdi et al. (2020). For surveys focused on heuristic solution
methods for the UCTTP, Lewis (2008) looks at metaheuristic approaches and Pillay
(2016) looks at hyper-heuristic approaches. The nal survey papers we would like to
mention are Bettinelli et al. (2015), where methods used as part of the third track in
the International Timetabling Competition (ITC) of 2007 (Di Gaspero et al., 2007) are
assessed and Mualler et al. (2024), where a similar analysis is done in the context of the

ITC-2019.
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The key papers we will now mention are highlighted due to their in uence on the
ideas in this paper. The rstis Carter (2001), who was motivated to publish details of
their course timetabling and student scheduling system due to a lack of literature at the
time. One key aspect of this work is sectioning students based on the similarity of their
course requests to reduce the chance of con icts. Clustering students based on similarity
is used primarily in Section 3.4, although it also forms part of the neighbourhood
selection in Sections 3.5 and 3.6.

The second paper is Lindahl et al. (2017), which takes a strategic view of university
timetabling. They form three integer programs with di erent quality measures as
objectives and investigate pair-wise interactions between these objectives using an
constraint approach. Section 3.6 of this chapter is inspired by this approach, where a
method for approximating interactions between di erent objectives is presented.

The third paper is Mikkelsen and Holm (2022). This paper uses a sophisticated
x-and-optimise routine to solve instances for the ITC-2019. This procedure works by
repeatedly xing a large number of variables and optimising the sub-problem created
from this process, therefore avoiding the computational burden of solving the entire
problem. Whilst a x-and-optimise routine is used in this chapter (Sections 3.5 and 3.6),

our choice of neighbourhood size varies depending on what we are trying to achieve.

Use of metaheuristics

Heuristic approaches have existed for over 50 years (Simon and Newell, 1958). The term
\metaheuristic”, often used to describe a framework of heuristics, was coined in the 1980s
(Glover, 1986). These methods are popular because they can nd good solutions to
di cult problems quickly.

As the UCTTP is an NP-hard problem (Babaei et al., 2015), many papers utilise
metaheuristic solution methods. There are too many to list exhaustively here; however,

we name a couple to illustrate the variety of methods. Landa-Silva and Obit (2008)



CHAPTER 3. MULTI-OBJECTIVE MATHEURISTIC FOR THE UCTTP 66

use a great-deluge algorithm to search neighbouring solutions and select improving
solutions or solutions that only deteriorate slightly. De Causmaecker et al. (2009) use a
move-based metaheuristic to construct and modify timetables. Lewis and Thompson
(2015) use a two-stage approach where the rst stage inserts events into the timetable
and the second uses a simulated-annealing approach (Kirkpatrick et al., 1983) and
neighbourhood operators to modify the solution.

There are many ways of combining metaheuristic approaches into a single approach.

For a good example of this in the context of UCTTP, see Muller (2008).

Use of matheuristics

Due to the improvement of mixed-integer program (MIP) solvers, some problems
that required metaheuristic methods can now be solved exactly. Some researchers
of university course timetabling problems now formulate an MIP and use a solver
(for example, Gonzalez et al. (2018)). Other exact methods, such as cuts (Fonseca
et al., 2017) and graph theoretic techniques (Holm et al., 2022), can be used to tighten
formulations of MIPs or remove redundant constraints/variables.

However, large MIPs are still hard to solve, and therefore, people leverage the bene ts
of exact and heuristic approaches using matheuristic approaches. Matheuristics are
metaheuristics that use elements of exact methods. One example in the context of
university timetabling is Mendez-Daz et al. (2016) where a relaxation of an integer
linear program (ILP) is used to determine what assignments to x when solving the
original ILP. Another is the already highlighted approach in Mikkelsen and Holm (2022)
where neighbourhoods are de ned by selecting a group of variables to un x, and these

variables are optimised using the commercial solver Gurobi.
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Multi-objective optimisation

Many models in the literature have understood that the UCTTP is a multi-objective
problem in some capacity. One early example of a multi-objective model is in Badri
(1996). This model, and many that follow (such as Daskalaki et al. (2004) and Al-Yakoob
and Sherali (2007)), use a weighted-sum approach where the objective weights indicate
preferences. However, simple examples can be constructed to demonstrate the aws of
treating preferences in this way (Miettinen, 2014). Marler and Arora (2010) identify
fundamental de ciencies with this approach, indicating that the weighted-sum approach
may not be suitable for a multi-objective UCTTP.

One interesting approach in the literature is the subcost-guided search seen in Wright
(2001). The problem being solved is a school timetabling problem with a weighted-sum
objective; however, each element of the objective is considered a \subcost". A modied
simulated annealing approach is then used, where solutions with a worse overall objective
value can be selected by chance or because an improvement in a speci ¢ subcost was
found. This adjustment means the search for diverse solutions is more guided and not
reliant on probability alone.

An example in the literature where an -constraint method is used instead of a
weighted-sum approach is Lindahl et al. (2017). In this paper, this method is applied
to bi-objective programs to investigate interactions between the objectives without
needing weights or scaling. The drawback of this method is that it requires solving
many single-objective problems sequentially, each of which could be di cult to solve.
To solve all orderings ofn objectives,n  n! single-objective problems must be solved
(Ehrgott, 2005).

Both -constraint methods and weighted-sum methods require some scalarization,
where the problem is transformed to a single-objective problem. Approaches with
less need for scalarization for multi-objective optimisation include population-based

algorithms such as multi-objective simulated annealing and genetic algorithms (GAS)
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(Keller, 2017). Recent literature suggests that genetic algorithms, often hybridised
with local search techniques, represent a popular approach in practical multi-objective
applications (Chen et al., 2021). GAs are good at multi-objective applications because
they maintain a diverse population and can explore multiple trade-o s simultaneously
by making many mutations over many generations of the population.

One method presented in the domain of UCTTP is Gulas and Akkan (2020), where
the aim is to produce robust timetables. Of course, the main drawback of these
approaches is that they do not provide information on how far from optimality the
solutions generated are. In single-objective optimisation, it is important to have bounds
to indicate why your solutions are good. Bounds are even more critical in multi-objective
optimisation as they de ne the feasible objective space containing all Pareto optimal
solutions (Miettinen, 1998), providing decision-makers with insight into the range of

possible trade-o s.

3.2.1 Contributions

This review of the related work identi es key gaps in the literature regarding multi-
objective variants of the UCTTP. The rst gap is the absence of an e ective approach
for bounding objective values, not only individually but also considering the interdepen-
dencies between multiple objectives. The second gap is the lack of a multi-objective
matheuristic applied to the UCTTP, speci cally for identifying alternative solutions
that can support operational and strategic decision-making. With these gaps in mind,

the key contributions of this chapter are:

" A novel partitioning approach for students, leveraging clustering and graph-

theoretic techniques, to compute bounds on objective values.
" A matheuristic method for identifying the extreme points of a Pareto frontier.

" An adaptation of this matheuristic method that can approximate the remainder
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of the Pareto frontier, while integrating decision-maker preferences.

3.3 Problem description

The problem addressed in this chapter is the binary program described in Chapter 2.
As demonstrated in Chapter 2, data from the ITC-2019 timetabling competition (Maller
et al., 2018) can be used as input data. The novel contribution of this chapter was a
UCTTP model that explicitly incorporated hybrid teaching and objectives related to
this aspect of university timetabling. Speci cally, that chapter examined the trade-o s

among three objectives:

z;: Maximise the total number of elective module requests met.
Z,: Minimise the total number of deviations from mode requests.

Z3: Minimise the total number of student scheduling issues.

In Chapter 2, all lexicographic orderings of these three objectives were solved to
optimality for four modi ed instances from the ITC-2019 competition. The conclusion
drawn from this work was that solving larger instances with more objectives requires
a more advanced method. This multi-objective problem demands a solution approach

that can:

1. E ciently solve lexicographic orderings of objectives.

2. Simultaneously explore trade-o s between multiple objectives.

3.3.1 Experimental data

The experimental data used in this chapter consists of benchmark datasets from the ITC-
2019 competition (Muller et al., 2024). These datasets undergo the same modi cations

outlined in Chapter 2. Students have been removed from three instances and are referred
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Table 3.3.1: Instances from the ITC-2019 with student count, course count, class count,
timeset count, room count and a reason for its inclusion in the test set. Instances marked
with a * are the reduced instances from Chapter 2

Instance iSj iKj jCj iTj jR] Reason instance is included
wbg-fall0 19 21 150 154 8 Used in Chapter 2
muni-fsps-spri7* 100 48 124 1,953 45 Used in Chapter 2
mary-fal18* 400 170 357 503 94  Used in Chapter 2
muni-fsps-sprl7 865 226 561 1,953 45 Full size of muni-fsps-spr17*
pu-cs-fal07* 1,000 34 159 182 14  Used in Chapter 2
pu-cs-fal07 2,002 44 174 182 14  Full size of pu-cs-fal07*
mary-fall8 5051 540 951 503 94  FRull size of mary-fal18*
pu-d5-sprl7 13,497 212 1,061 338 85 Medium student count
pu-llr-spr17 27,018 687 1,001 993 76 Large student count

to as \reduced instances". Table 3.3.1 provides an overview of the problem instances
explored in this chapter.

We do not include all instances from the ITC-2019 competition. Instead, we focus
on nine problem instances to demonstrate the e ectiveness of the proposed method.
Four of these instances were chosen because they were analysed in Chapter 2, allowing
us to use the objective values found in that work to assess the method's performance.
The remaining ve instances were selected to ensure a diverse set of university sizes,

enabling us to showcase the scalability of the approach.

3.4 Lexicographic bounds

As discussed in previous literature (for example, Carter (2001)), clustering students
can aid in solving the timetabling problem or help in nding bounds. In this chapter,
students are clustered based on the similarity of their module requests.

Due to the size and complexity of large UCTTP problems, solving them exactly
to optimality is often impractical. Therefore, it is necessary to obtain bounds on the

objective values to assess how close the solutions produced by the matheuristic are
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to the optimal solutions. These bounds can be approximately obtained through the

following three-step process:

1. Partition the problem into manageable sub-problems.
2. Solve each smaller sub-problem independently.

3. Aggregate the objective values from the sub-problems to derive a bound.

3.4.1 Partitioning by clustering

When partitioning students into blocks of students, it is important to keep students
with similar or the same module requests together in the same block, as this is where
the most signi cant interactions occur. For example, room capacity violations happen
only when students are scheduled for the same classes.

The partitioning approach in this chapter involves a two-step process: a \top-down"
method that splits students into partially module-independent blocks, followed by a
\bottom-up" divide-and-cluster method to re ne these blocks into more manageable
sub-problems. Finally, the blocks are combined to ensure all blocks have roughly the
same number of students.

An essential part of this method is de ning a measure of \distance" or \similarity"

between any two students.

Distance between students

The \distance" between studentss; 2 S and s, 2 S is de ned as:

jKSl\ KSzj

- . 34.1
JK51 [ KSzJ ( )

d(s;;sp) =1

This is identical to the Jaccard distance between the set§;, and Kg,, which is
known to satisfy all the properties of a metric (Kosub, 2019). In particular, it is worth

noticing that for any two students s;;s, 2 S, the following properties hold:
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1. d(s1;s2) =1 if and only if s; and s, do not have any of the same module requests.
2. d(s1;s2) =0 if and only if s; and s, have exactly the same module requests.

3. d(s1;s2) = d(sp; s1) for all s; and s,.

By using the distance de ned in Equation 3.4.1, we can produce 38j j Sj matrix

where the entry on theith row and jth column is d(s;; s;).

Maximum block size

Let B be the set of blocks forming a partition ofS. Each block,b 2 B, induces a
sub-problem of the original UCTTP where: (i) the only students in the sub-problem are
those in that block and (ii) the only modules in the sub-problem are those requested by
students in that block.

The bound nding procedure requires these sub-problems to be tractable in size.
Let B™* be the largest size a block of a partition can be. In this chapter, the value of

B™M& for each instance is the smallest of the following:
1. The number of requests for the most popular module.

2. The capacity of the largest physical space in the instance.

Partitioning into blocks using connected components

A graph can be constructed where each student is a node and each edge represents
whether two students have a module request in common. This graph would have an
adjacency matrix such that the entry on theith row and j th column is one ifd(s;; s;) < 1
and zero ifd(s;; s;) = 1.

The collection of connected components of this graph is equivalent to the collection of
sets of students who have at least one module request in common with another student

in the same group. Identifying all connected components is identical to partitioning



CHAPTER 3. MULTI-OBJECTIVE MATHEURISTIC FOR THE UCTTP 73

students into module-independent blocks. For example, one block may contain only
humanities students, and another may only contain science students.

These blocks in practice may be larger than the de ne® ™. For example, many
Science, Technology, Engineering, and Mathematics (STEM) subjects have overlapping
modules and would be in the same partition block. Letol 2 [0; 1] be the tolerance for
module similarity. A more general adjacency matrixA®, can now be de ned as:

8

o 2 1 d(si;s)<1 tol
Ai;j = 5 (3.4.2)
~ 0 Otherwise.

By gradually increasing the value ofol, it is possible to partition blocks created using
a lower tolerance into multiple blocks. Algorithm 1 outlines exactly what tolerances we

use and the termination criteria of this partitioning.

Algorithm 1 Graph theoretic partition (GTP)
1: function GTP (S, B™*, 2 Z.o)

2: B(f Sg

3 tol ( O

4: while tol < 1do

5: B new ( :

6: for b2 B do

7: if jj B ™ then

8: BneW( Bnew[f bg
9: else

10: Brew (- B"™W[ GTP-B(tol;b)
11: end if

12: end for

13: tol ( tol +0:1

14: B( B

15: end while
16: return B
17: end function
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Algorithm 2 GTP Block Specic (GTP-B)

1: function GTP-B (tol, b)

2:  Construct A® using Equation 3.4.2

3 Construct graph G where:

4 Nodes of G, s2 Db

5 Edges of G, Af' =1 wherei;j 2 b
6: SupposeG hask connected components
7

8

9:

Componenti has set of node$

end function

Clustering students into blocks

After a partition is produced using the graph-theoretic approach, the blocks can be
split further using agglomerative hierarchical clustering. Agglomerative hierarchical
clustering starts by placing each student into their own block and then groups blocks
based on distance until the desired number of clusters is reached (Gan et al., 2007).
This step tries to ensure that each block contains students who request the same or

similar modules. Algorithm 3 outlines the details of this process.

Combining blocks

Finally, smaller blocks are combined with larger ones to produce a partition with fewer
blocks, simultaneously ensuring each block is smaller th&1"®*. Whilst this undoes

some of the e ort to keep students with di ering module requests separate, if the
combined blocks can be solved exactly, then this is better for the bound. Algorithm 5

details how this is done.

Finalising the partition
The following steps summarise how the student partitions are created:

1. Algorithm 1 splits students into blocks using graph theory methods (Using Algo-

rithm 2 as a subroutine).
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Algorithm 3  Partition block b2 B using clustering (CLB)

1: function CLB (b, B™®)

2: B" (fg

3: while True do

4 if g B™ then

5 B" ( B"[f by

6: return B"

7 end if

8 c"™ (bj b B™*+1c
9: "N (b BM&X=¢nXc+ 1
10: while ¢ 6 ¢™" do
11: U™ (b (c™  ¢Min)=2¢
12: B"W ( CLB-N(b;c¢"™")
13: b ( argmaxggnewjh
14: if jbj B™* then:
15: Cmax (J Bner

16: else

17: cmin (] BnewJ'

18: end if

19: end while

20: B"( B"[fbg

21: b( bnb

22: end while

23: end function

Algorithm 4  Partition block b2 B into n (CLB-N)

1: function CLB-N (b, n)

2:
3:
4.
5:

Construct matrix D whereD;; = d(s;;s;)
Use agglomerative clustering ot

Stop when thebis clustered inton parts
return clustering

6: end function
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Algorithm 5 Combine blocks (COB)
1: function COB (B, B™¥)

2: k(j Bj

3: B new ( ;

4: J(;

5: for i from 1 to k do

6: b(;

7: for j from 1 to k do
8: if jo[ bj B™ andj 2 J then
9: J( J[fijg
10: b( b[ b

11: end if

12: end for

13: if 0< jb then

14: BneW( Bnew[f m
15: end if

16: end for
17: return B
18: end function

2. Algorithm 3 splits the blocks within this partition using clustering (Using Algorithm

4 as a subroutine).
3. Algorithm 5 combines small blocks into larger blocks.

The patrtition produced using this process will be called the \true partition”. Table
3.4.1 lists the instances from Table 3.3.1 and details the number of requests for the
most requested module and the capacity (before reduction, as discussed in Chapter 2)
of the largest room. This table also outlines the value of used in Algorithm 1 and the
number of blocks in the resulting partition.

We de ne the \naive partition” as the partition of students constructed by placing
the rst B™ students in the rst block, the next B™M® students in the second block,
and so on. This partition will be used to assess how e ectively the \true partition”
keeps similar students together. For each instance and partitioning approach, the mean
average distance between students is calculated. If the true partition has a lower mean

average distance than the naive partition, then this indicates that similar students are
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Table 3.4.1: Instances with number of requests for the most requested module, the
capacity of the largest room, the maximum block size, the multiplier for Algorithm 1
and the partition size

Instance Requests Capacity B max iBj
wbg-fall0 12 4 4 4 5
muni-fsps-spri17* 36 126 36 4 4
mary-fal18* 56 100 56 4 8
muni-fsps-sprl7 203 126 126 4 8
pu-cs-fal07* 249 61 61 4 18
pu-cs-fal07 535 61 61 4 34
mary-fall8 446 100 100 4 51
pu-d5-sprl7 1,037 61 61 4 222
pu-llr-sprl7 1,672 480 480 4 57

grouped more e ectively in the true partition. Table 3.4.2 shows that in nearly all cases,
the true partition manages to split students while keeping similar students together
better than the naive partition.

For wbg-fallQ the two partitions yield similar values, with the naive approach
performing slightly better. Since this instance includes only 19 students and the
partitioning is attempting to create equal-sized blocks, the clustering algorithm may
forcibly group dissimilar points, leading to \arbitrary merging" (Hamerly and Elkan,
2004). As a result, the naive approach performs comparably to the true partitioning

method.

3.4.2 Finding bounds

This section describes how the partition of students can be used to nd bounds for the

full lexicographic problem described in Chapter 2.
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Table 3.4.2: Instance and the mean average distance between students, denoteH (&,
in each block for both partitioning approaches
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E(d) naive partiton 0.72 053 0.76 0.80 0.83 083 094 096 0.99
E(d) true partition 073 019 062 064 036 020 088 040 0.92

bound onz; is given by the following:

z; Z;: (3.4.3)

Assume now that this bound is tight, meaning there exists a solution to the full

problem such that Equation 3.4.3 is an equality. If we x the values of} for each

following bound holds:

(3.4.4)

Notice that the choice ofz; being the rst to be optimised was arbitrary, implying

that it is possible to apply this procedure by starting by boundingz; with Equation

The requirement of Equation 3.4.3 being tight for Equation 3.4.4 to hold is a strong
assumption in general. This technique is useful in settings where the full problem is
computationally intractable, and it is possible to prove or verify that Equation 3.4.3
is tight. For example, when students have no mandatory module requirements, a
con ict-free solution trivially exists. In this scenario, tractable sub-problems can be

constrained to maintain zero student con icts while optimising for the maximum number
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of accommodated module requests. Equation 3.4.4 holds, meaning that the sum over
the sub-problems of the number of accommodated module requests provides an upper
bound for the whole problem.

We use this approach to nd bounds for the instances and objectives outlined in
Section 3.3 using partitions generated by following the steps outlined earlier in this

section.

Finding bounds for solved instances

In Chapter 2, lexicographic orderings for objectiveg;, z, and zz were found using

an exact approach for reduced instances. These solutions can be used to assess how
the bound- nding approach described above performs because they are known to be
optimal.

Table 3.4.3 compares the objective values with the derived bounds. The sense of the
objective is given to highlight whether the bound is a lower bound or an upper bound.
This table shows that many of the derived bounds are close to, if not exactly equivalent
to, the optimal objective values for each lexicographic order. 63% of derived bound
values match the corresponding optimal value. By de ning a gap between bound and

solution in the same way as Gurobi (Gurobi Optimization, LLC, 2025), that is

_ jSolution Boundj
~ jSolutionj +

(3.4.5)

where is a small number, the average gap for exact/bound pairs that do not match
is 0.35.

These results demonstrate that partitioning and clustering based on student module
requests can produce subproblems that still capture the important relations between the
objectives of interest. This leads to nding good objective bounds using sub-problems
that are easier to solve than the original problem.

Figure 3.4.1 compares the computational time required by the Gurobi solver for the
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exact approach versus the bound- nding approach. The bound- nding procedure is
substantially faster, demonstrating its value in strategic decision-making contexts where
understanding objective trade-o s is more important than computing exact optimal

solutions.

Figure 3.4.1: Plot comparing the time Gurobi spent solving models for the exact
approach in Chapter 2 and the time Gurobi spent solving models for the bound nding
procedure

Finding bounds for unsolved instances

For instances that cannot be e ciently solved to optimality using exact methods,
obtaining bounds on the objective values is crucial to evaluate the quality of the
solutions found by the matheuristic method. We have con rmed that the bound- nding
procedure provides reliable estimates for any ordering of objectives, based on the exact
results from Chapter 2. Consequently, we will compute bounds for the remaining
instances listed in Table 3.3.1, using the partitions summarised in Table 3.4.1. This

information will enable us to assess the performance of the matheuristic.
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Table 3.4.3: Comparison of exact results from Chapter 2 and the bounds found using
the method de ned in Section 3.4.2

maxz; min z, min z3
Ordering Exact Bound Exact Bound Exact Bound
21,25,Z3 97 97 43 19 0 0
S 21,23,2Z2 97 97 43 19 0 0
3 25.21,23 71 80 0 0 0 0
2 Z5,23,21 71 80 0 0 0 0
= 23,21,2> 97 97 43 0 0 0
23,295,217 71 97 0 0 0 0
E' 71,25,Z3 980 980 106 96 8 0
S 1,23,2> 980 980 114 96 0 0
aQ Z5,21,23 926 930 0 0 0 0
& 25,23,21 926 930 0 0 0 0
= 23,21,2» 980 980 114 0 0 0
2 73,221 926 980 0 0 0 0
. 21,2,Z3 1,597 1,597 109 91 36 34
9 21,23,2> 1,597 1,597 111 91 34 34
8 25,21,23 1,498 1,517 0 0 26 0
% 25,23,21 1,480 1,517 0 0 0 0
< 73,21,25 1,571 1,571 98 0 0 0
23,22,21 1,480 1,571 0 0 0 0
x Z1,25,23 1,226 1,226 11 6 0 0
S 21,23,25 1,226 1,226 11 6 0 0
8 25,21,23 1,220 1,224 0 0 0 0
8 22,23,24 1,220 1,224 0 0 0 0
a Z3,21,2> 1,226 1,226 11 0 0 0
23,22,21 1,220 1,226 0 0 0 0
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3.5 Multi-objective lexicographic optimisation

Multi-objective lexicographic optimisation involves solving single-objective optimisation
problems sequentially. Each subsequent problem becomes progressively more challenging
due to constraints that enforce objective functions to take values obtained by earlier

problems.

3.5.1 Implied binary variables

As mentioned in Chapter 1, a common approach used in solvers for tackling binary
programmes is an approach called branch-and-bound. Reducing the number of binary
and integer variables from a model will signi cantly reduce the possible size of the
branch-and-bound tree.

Whilst the model described in Chapter 2 mathematically represents the problem, it
also contains signi cantly more binary variables than are needed. Some of the constraints
in the model would force certain variables to take values in the s&€0; 1g even if they
were de ned to be continuous. These are known as \implied binary" variables. Some
variables can be relaxed provided they are constrained to be in the setIDor to be
non-negative. Table 3.5.1 outlines the relaxed variable, a lower and upper bound, and
the constraints or objective function reasons that ensure that it is binary.

Table 3.5.1: Variable to be relaxed, lower (LB) and upper (UB) bound, and justi cation

Variable LB uB Constraint set
1 1 Equations 2.4.45 and 2.4.46
inp 1 1 Equation 2.4.36
onl 1 1 Equation 2.4.37
0 1 Minimisation and Equations 2.4.34 and 2.4.35
h 0 1 Minimisation and Equations 2.4.47 and 2.4.38
a 0 1 Equations 2.4.30
b 0 1 Equations 2.4.29
n 0 1 Equations 2.4.27
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3.5.2 Single-objective matheuristic

This section outlines a method for solving a single-objective problem, which forms the
foundational routine of the solution process. When we refer to \solving for an objective"
in this chapter, we are implying the application of this single-objective x-and-optimise

routine.

Initial solutions

An initial solution is needed for this method. The absence of compulsory modules for
students simpli es this step. If there are no required modules, then a blank solution
automatically satis es all hard constraints and can serve as an initial solution.

In practice, students typically have compulsory or required modules. One approach
to nd an initial solution in this case is to relax the constraints on these modules being
compulsory and treat them as an objective. The single-objective matheuristic presented
in this chapter could be used to minimise the number of constraint violations until a

feasible solution is found.

Neighbourhoods

In each iteration, a subset of variables is selected to be xed at their current solution
values. The neighbourhood of a solution is de ned as the set of solutions reachable by
optimising only the un xed variables while keeping the xed variables constant. Since
neighbourhoods are determined by the choice of which variables to x, we use the term
\neighbourhood" interchangeably to refer to both the set of un xed variables and the

corresponding set of reachable solutions.

High-level framework

The algorithm takes as input the problem instance and can be con gured using several

parameters. The rst is the maximum number of iterations the algorithm will run for.
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The second is the \lowest maximum" time an iteration is allowed to run, which is a
lower bound on the soft iteration time limit. Without this bound, the algorithm could
maintain a small neighbourhood size for hard-to-solve instances and not make progress
(see Algorithm 6).

The next set of parameters governs the size of neighbourhoods. The rstis the starting
size of the neighbourhoods, the second is the maximum increase in neighbourhood size
per iteration, and the nal parameter is the maximum size of the neighbourhood. All
these are expressed as percentages of the total number of students in the instance. For
example, in an instance with 100 students, a neighbourhood size of 0.1 corresponds to a
neighbourhood containing 10 students.

Additionally, there are parameters to handle stagnation in the solution search. The
rst parameter speci es the number of consecutive iterations that must result in the
same objective value before the search is considered stagnant. The second de nes how
many previous solutions are retained in memory, and the third determines how many

times the algorithm is allowed to return to previous solutions.

Mathematical notation

The following list outlines the notation that will be used for describing the method.
BProb: Probability of selecting students from a randonb 2 B.

| : Maximum number of iterations.

SU"*: Set of students that are \un xed".

S*ed: Set of students that are \ xed".

I T: Lowest maximum time an iteration can run for in seconds.

N st Starting neighbourhood size.

N Current neighbourhood size.
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N *: Maximum increase in neighbourhood size.
N m&: Maximum neighbourhood size.
X" Number of iterations of getting the same objective value.

X max: Number of iterations of getting the same objective value to claim search has

stagnated.
X s°: Number of stored solutions.
R": Number of resets to previous solution.

R™Ma&: Maximum number of resets to previous solution.

Speed benchmarking

To estimate the time required to solve a neighbourhood of a certain size, the algorithm
begins with a benchmarking step. During this step, a percentage of students are
randomly selected, and for each student, all lexicographic orderings of the objectives
are solved. The time taken for each student is recorded, and the average time is then
calculated. This average time is denoted ds® and enables the iteration threshold time

to be adjusted based on the size of the neighbourhoods.

Neighbourhood selection and solving

The choice of neighbourhood involves two decisions: the size of the neighbourhood and
the xed/un xed elements within it. Both factors signi cantly impact the algorithm's
performance.

Large neighbourhoods with many un xed elements require more computational
resources to store and solve (with the extreme case being no xed elements), resulting

in longer solution times. In contrast, small neighbourhoods are less computationally
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demanding and faster to solve, but are more constrained by the xed elements, limiting
potential solution improvement.

For the rst iteration, the neighbourhood size isN s, Algorithm 6 details how the
neighbourhood sizing is adjusted for later iterations based on the previous iteration.
Algorithm 7 details how students are selected. When a student partition is not available,
let B = f Sg.

In an iteration, once Algorithm 7 has partitionedS into S“"* and S*¢¢ | the model
described in Chapter 2 is built. Variables relating to students ir6*¢¢ are xed at the
values given by the current solution. This ensures that the timetables for eveg2 S *ed
do not change. The model is then solved. In our case, we use Gurobi Optimizer version
12.0.1 in Python 3.12.7 running on an Intel Xeon Gold 6348 CPU with a 2.60GHz speed
and 528GB of RAM.

Algorithm 6  Adjust neighbourhood size

1: Let t be the time taken for the iteration to nish
2: function AdjustSize (t, N<™)
3: tma (- max(bN "jSjl Sc; 1)

4: if t tM and NT = NS@t then
5: Stop optimisation.

6: elseif t t™* then

7: N (- max(N®" 2N7*;15Sj)
8: else

o: [\ curr ( min(N curr 4 N+;NmaX)
10: end if

11 return NSt Nour N+
12: end function

Shuing and annealing

To move the solution away from a local optimum, the option of returning to a solution
with a worse objective is allowed. When and how this is done depends on the parameters
chosen. Algorithm 8 speci es how we iterate the valu¥ ““" depending on the objective

value between iterations, and Algorithm 9 speci es how we use this value to determine
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Algorithm 7  Select neighbourhood
1: function SelectStudents (NS, S, B, BPrP)

2: Let p be random number in [01]
3 if p BP then

4: SN sy syer 2R S

5: Sxed ( S nSsun xed

6: else

7: Sunx (;

8: while jS'"*j <N " do

9: Chooseb2 B

10: if jSY"*j+ jb <N " then
11: Sunx ( SUI’\X [ b

12: else

13: Npart( [\ curr ] SunxJ'
14: SPart (- giiiiisyet 2 D
15: Sunx ( Sunx [ gGpart
16: end if

17: end while

18: Sxed (- SpSunx

19: end if

20: return Sunx gxed
21: end function

if we revert to a previous solution and iterateR““"™ or continue with the current solution.
In this thesis, line 5 of Algorithm 9 uses the word \choose" to mean a random selection
of a single solution from the previous solutions with uniform probability. This could be

replaced with a more sophisticated selection scheme.

Stopping criteria

There are four stopping criteria for this method:

1. Iteration limit reached: Once all the iterations are completed, the best solutions

found up to that point are returned.

2. Objective value equals bound:  The solution is optimal if the objective value

meets the bound. Therefore, the algorithm stops, and the solution is returned.
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Algorithm 8 Update X 4"
1: function UpdateXcurr (X °'™)

2: if on the rst iteration then

3: X curr — o

4: return Xceu

5: else

6: Let z ; be the previous objective value.
7 Let zy be the current objective value.
8: if z 16 79 then

9: X curr - O

10: return Xceur

11: else

12: X curr ( X curr + 1

13: end if

14: end if

15: end function

Algorithm 9 Update R
1: function UpdateRcurr (XU, X max X sol Reourr)

2: if XM < X M& then

3: return Xcour Reur

4: else

5: Choose one oK ° previous solutions.
6: Set solution as the current solution.
7: RCUI’I’ ( RCUI’r + 1

3: X eurr ( 0

9: return Xcoum Reur

10: end if

11: end function
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3. N®" equal to 1: If the neighbourhood size is 1.0 (100% of students are un xed),
then the entire problem has e ectively been solved exactly, and therefore the

solution found is optimal.

4. R" greater than R™: If the search has been stagnant more than times than
allowed, then the algorithm is stopped and the best solutions found up to that

point are returned.

3.5.3 Lexicographic matheuristic

The advantage of a x-and-optimise routine is that constraints not violated by the
current solution can be added dynamically at any iteration. This exibility allows for
constraining the current objective value and optimising another objective within the
same framework. This is precisely how the single-objective matheuristic is extended to
solve the problem lexicographically. Figure 3.5.1 illustrates how the matheuristic is used

to solve a lexicographic ordering.

Figure 3.5.1: Flowchart providing an overview of how the matheuristic can be used to
solve a lexicographic ordering of objectives

Experiments with exact bounds

For the four instances used in Chapter 2, every ordering of objectives, z, and z3

was optimised lexicographically and exactly. Therefore, the results of the lexicographic
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Table 3.5.2: Parameters for the matheuristic used in the experiments nding lexicographic
solutions

Matheuristic lexicographic algorithm parameter

Instance | I T N start N+ N max X max X sol R max B prob

wbg-fall0 80 300 001 001 0.21 3 20 5 0.5
muni-fsps-spri7* 80 300 0.01 0.01 0.12 3 20 5 0.5
mary-fal18* 80 300 0.01 001 0.08 3 20 5 0.5
muni-fsps-sprl7 20 300 0.01 o0.02 1.0 3 20 5 0.5
pu-cs-fal07* 80 300 0.01 0.01 0.5 3 20 5 0.5
pu-cs-fal07 20 300 0.01 0.01 1.0 3 20 5 0.5
mary-fall8 20 300 001 0.01 1.0 3 20 5 0.5
pu-d5-sprl7 20 300 0.01 o0.01 1.0 3 20 5 0.5
pu-llr-spr17 20 300 0.01 0.01 1.0 3 20 5 0.5

matheuristic can be compared with the bounds found in the previous section and the
exact results found in Chapter 2. The parameters for the matheuristic used in these
experiments are speci ed in Table 3.5.2.

To prevent the matheuristic from expanding the neighbourhood to the entire prob-
lem, essentially solving it exactly, the neighbourhood size for the reduced variants
is constrained. Forpu-cs-fal07* muni-fsps-sprl7* and mary-fall8* the maximum
neighbourhood size is set to be 0.5, 0.12 and 0.08, respectively. These values correspond
to the ratio of students remaining after the instance reduction to the total number
of students in the original instance. For example, Table 3.3.1 states thatary-fal18*
has 400 students andanary-fall8 has 5,051. 4066051 0:08, so this is the maximum
neighbourhood size fomary-fal18*. For whbg-fal1Q which only contains 19 students, the
neighbourhood size is limited to at most the size of the largest block identi ed in the
bound- nding procedure. This results in a maximum neighbourhood size of 0.21 (4 out
of 19 students).

Table 3.5.3 presents the objective values obtained for each instance and objective

ordering using the exact approach and the matheuristic method described in this chapter.
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These results show that the matheuristic generally produces values of the same order of
magnitude as the exact approach, except for the number of student con icts in certain
orderings formuni-fsps-spr17* and mary-fal18*. By using Equation 3.4.5 and ignoring

in nite values, the average gap between the known optimal values and the matheuristic
values forwbg-fal1Q muni-fsps-sprl7* mary-fal18* and pu-cs-fal07* are 0.11, 0.49, 0.45
and 0.14, respectively. These results indicate that the matheuristic produces solutions

of su cient quality for practical use.

Figure 3.5.2: Plot comparing the time Gurobi spent solving models for the exact
approach in Chapter 2 and the time Gurobi spent solving models for the matheuristic
approach

Figure 3.5.2 compares the total time spent using the Gurobi solver for both methods
across instances, demonstrating that the matheuristic is signi cantly faster than the
exact approach. While the exact method guarantees optimality, the large time di erences
(e.g., formuni-fsps-sprl7* suggest that even for generating rough initial solutions, the
matheuristic is preferable due to its e ciency.

However, in the case ofvbg-fallQ the matheuristic took longer than the exact

approach. One reason is that this relatively small instance is not challenging for the
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Table 3.5.3: Comparison of lexicographic matheuristic results and exact results from
Chapter 2

maxz; min z, min z3

Ordering Exact Matheuristic Exact Matheuristic Exact Matheuristic

Z1,25,Z3 97 61 43 17 0 0
S 7.z 97 96 43 40 0 0
8 nnz 71 58 0 0 0 0
2 2,737 71 63 0 0 0 0
2 23,212 97 85 43 24 0 0
23,275,217 71 63 0 0 0 0
E' 21,22,23 980 486 106 80 8 31
S 71232 980 471 114 142 0 90
Q 926 451 0 0 0 22
K% 75,23,Z; 926 356 0 0 0 0
§ 23,21,2» 980 318 114 7 0 0
o Z23,727,2; 926 287 0 0 0 0
. ZuZ2z3 1597 883 109 5 36 2
Q7,232 1,597 788 111 4 34 0
,__CIG Z,,21,23 1,498 950 0 0 26 40
S 2z 1480 834 0 0 0 0
ez, 1,571 794 98 0 0 0
23,250,217 1,480 860 0 0 0 0
x Z1,25,23 1,226 1,185 11 0 0 0
S 71,732, 1,226 1,206 11 9 0 0
S 727,23 1,220 1,210 0 0 0 1
8 22321 1,220 1,189 0 0 0 0
3 23.21,2 1,226 1,223 11 23 0 0
73,22,Z1 1,220 1,197 0 0 0 0
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Gurobi solver. Another reason is that the search for a better solution would often become
stagnant. Consequently, the algorithm would return to a previous solution and resume
from there unless the number of resets had been reached (Criteria 4). Furthermore,
Table 3.5.2 speci es thatN " N™ =(0:21, preventing the algorithm from meeting
stopping criteria 3 and limiting what solutions can be reached within an iteration.

Objective value trace plots of the rst ordering of objectives are given in Figure
3.5.3. The sharp spikes in the plots indicate where the matheuristic has returned to a
previous solution. This gure also highlights two key trends: (i) the searches typically
get stuck around the same place before resetting, and (ii) improving the objective
value becomes increasingly di cult as the algorithm progresses down the lexicographic
ordering (especially formuni-fsps-spri17%).

A potentially confusing feature of the plots in Figure 3.5.3 is that in some of the plots
for the objective functionsz, and zz;, the matheuristic appears to beat the optimal value.
The key observation to make is thatz; never reaches the optimal value. Constraining;
to be at least as good as what the matheuristic found is not as restrictive as constraining
z; to be optimal. This allows later objectives to perform better than optimal. For plots
in the middle and on the right of Figure 3.5.3, the optimality line indicates the \optimal

objective value assuming the previous solves were optimal®.

Experiments with estimated bounds

For the ve instances identi ed in Table 3.3.1 not analysed in Chapter 2, we unfortunately
lack exact objective values for any ordering of the objectives, z, and z;. Due to the
prohibitive computational cost of obtaining these values, we compare the results of the
lexicographic matheuristic method with the bounds determined by the bound- nding
procedure described in Section 3.4.

Unlike the previous experiments, the neighbourhood size in this experiment can grow

to the full size of the instance. However, the neighbourhood size is still constrained by
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Figure 3.5.3: Trace plots of objective value against iteration for the matheuristic results
of the rst ordering for each instance in Table 3.5.3
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the threshold time. The parameters used for testing the lexicographic matheuristic are
outlined in Table 3.5.2.

Table 3.5.4 presents the objective values obtained for each instance using the
matheuristic approach described in this chapter, alongside the bounds identi ed through
the procedure also detailed in this work. It is evident from this table that these instances
are larger than the instances that could be solved to optimality exactly. The smallest
upper bound onz; across these instances is 50% greater than the largest upper bound
on the reduced instances.

The results in Table 3.5.4 also demonstrate that these instances were more challenging
to solve. The average gap between the derived bounds and the matheuristic values for
muni-fsps-sprl7 pu-cs-fal07 mary-fall8, pu-d5-sprl?7 and pu-llr-sprl7 are 0.19, 1.08,
0.25, 1.51 and 12.37, respectively. However, it is important to note that these instances

were run for fewer iterations.

3.6 Frontier approximation and objective trade-o

A set of lexicographic solutions can help decision-makers identify con icting objectives
and understand the trade-o s involved in selecting a nal solution. However, relying
solely on extreme or lexicographic solutions may not clearly illustrate what a balanced
trade-o solution would look like.

To address this, we generate an approximation of the Pareto frontier, which provides
a more comprehensive view of how objectives interact. In this section, we apply a variant
of the matheuristic described in Section 3.5 to construct this approximation.

Before describing the frontier search algorithm, we introduce the concept of ideal
and nadir points. These two points are de ned formally in Ehrgott (2005); however, we
de ne them using lexicographic optimisation concepts.

The ideal point is the vector of values corresponding to the values that each objective



CHAPTER 3.

MULTI-OBJECTIVE MATHEURISTIC FOR THE UCTTP

96

Table 3.5.4: Comparison of bound values with lexicographic matheuristic results
maxz; min z, min zz

Ordering Bound Matheuristic Bound Matheuristic Bound Matheuristic

% 21,2,23 6,715 4,389 919 380 0 224

& 222 6715 4,988 919 756 0 507

@ 2,29,2z3 6,087 3,788 0 0 0 61

2 2,232, 6,087 4,506 0 0 0 0

S 2323,z 6,715 4,690 0 551 0 0

€ 232,27 6,715 3,949 0 0 0 0

~ 2z 2,393 1,908 32 287 0 1

% Z1,23,2> 2,393 1,715 32 195 0 3

Y 271,23 2,368 1,397 0 0 0 7

Q 2,232 2,368 1,341 0 0 0 0

3 221,22 2,393 1,636 0 116 0 0
23,22,Z; 2,393 1,473 0 0 0 0
21,22,z 21,017 14,618 1,033 2,046 0 220

g 21,23,2, 21,017 13,929 1,033 1,331 0 372

& 7,21,z 20,039 12,660 0 0 0 171

S 223z 20,039 12,092 0 0 0 0

€ z3,21,z2 21,017 13,663 0 723 0 0
Z3,22,27 21,017 12,481 0 0 0 0

~ Z1,22,Z3 19,614 16,130 3,602 4,064 12 155

FE' 21,23,2, 19,614 16,289 3,602 4,070 12 138

v 25,29,z 16,430 12,556 0 0 0 79

% 2,723,217 16,430 12,306 0 0 0 0

3 23,21,z 19,603 14,835 0 1,958 0 0
Z3,22,27 19,603 11,944 0 0 0 0

w 172273 81,549 60,265 1,215 19,232 78 6,598

< 23,23, 81,549 60,566 1,215 20,037 78 6,499

8‘ 2,21,z 80,384 56,128 0 0 0 5,686

= 2,73,27 80,384 55,254 0 0 0 0

3  73,21,22 81,472 57,733 0 18,934 0 0
Z3,2,,21 81,472 56,960 0 0 0 0
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function takes when optimised rst in any ordering of objectives. The nadir point is the
vector of values corresponding to the \worst" value that each objective function takes
across all orderings where that objective function is last in the ordering. This point can
be thought of as the \best-worst-case" point.

For example, using values from Table 2.6.2, it can be seen that the instangbg-fal10

has the ideal point @1; z»; z3) = (97; 0; 0) and the nadir point (z;; z; z3) = (71;43,0).

3.6.1 Frontier search algorithm

This approach di ers from the matheuristic in Section 3.5 in two key ways. First, unlike
large neighbourhood search strategies, where larger neighbourhoods result in signi cant
objective value changes, this algorithm intentionally keeps neighbourhood sizes small
to limit shifts in objective values. Second, neighbourhood selection is no longer the
only decision made at each iteration. Instead, each iteration requires answering the
following: (i) What objective should be optimised? and (ii) Which objectives should be

constrained? Figure 3.6.1 provides an overview of the method.

Figure 3.6.1: Flowchart providing an overview of the frontier search procedure

Mathematical notation

| . Maximum number of iterations.
D: Set of starting solutions.

R: Repeats for each starting solution.
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Z: Set of objective functions.
i,: The ideal value for objective functionz 2 Z.

n,: The nadir value for objective functionz 2 Z.

Starting solutions

Any feasible solution set can be used for this procedure. In this chapter, we use
lexicographic order solutions (exact where possible) as starting points. Since the
problem de ned in Chapter 2 involves three objectives, the initial set contains at most

six points. These solutions lie at the extreme ends of the Pareto front, increasing the

likelihood that the algorithm e ectively explores the entire frontier.

Neighbourhood selection and size

Similar to the matheuristic in Section 3.5, the method takes as inpull @, N* and
N ™ The main di erence is that both N* and N ™ are more e ective if they are kept
small, especially the value foN ™. The neighbourhood size adjustment is the same as

in Algorithm 6 and the neighbourhood selection is the same as in Algorithm 7.

Objective selection

An objective to optimise is selected in each iteration. This is done randomly, where the
probability of choosing an objective function for optimisation is denoted ag, for each
z2 Z.

If certain objectives are of particular interest to the decision-maker, the probability
values can be adjusted to prioritise their exploration. A more advanced objective selection
scheme could further enhance this process by dynamically adapting probabilities based
on search status, ensuring a more e cient and targeted exploration of the Pareto frontier.

However, this is beyond the scope of this thesis.
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Constraining objectives

In each iteration, only one objective is optimised, while the remaining objectives are
allowed to change freely. Although these changes are expected to be minimal, they will
typically move in a worsening direction.

To prevent excessive deterioration, each objective is constrained to be no worse
than the objective value given by the approximate nadir point, as determined by the

lexicographic solutions. In particular:
~ If maximising z 2 Z, then ensurez  n,,
" If minimising z 2 Z, then ensurez  n,.

By leveraging the x-and-optimise approach, additional constraints can be introduced
dynamically to better control the search process. For instance, objectives not currently
being optimised could be restricted within a decision-maker-de ned range. This chapter
employs a straightforward constraint strategy, with more advanced schemes not being

covered in this work.

Stopping criteria and post-processing

The frontier search stops when the algorithm has completdd R iterations for each
starting point d 2 D. The nal step that the algorithm performs is a post-processing

step that removes any dominated solutions from the overall set of solutions found.

3.6.2 Frontier search experiments

Evaluating the quality of a frontier search algorithm requires two key components:
1. An accurate approximation of the true Pareto frontier.

2. Metrics to compare the search results against this frontier.
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Comparison frontier

respectively. The results in Table 3.5.3 can be used to derive both of these points.
Algorithm 10, which we call the exact frontier algorithm (EFA), takes the ideal point,

the nadir point and the instance as input and returns the Pareto frontier. The algorithm

also takes an optional parameteres 2 [0; 1], indicating the \resolution" of the frontier.

res = 1 being the full frontier and res < 1 being an approximation of the frontier.

Algorithm 10 Exact frontier algorithm (EFA)

1: function EFA (1%, N?, res)
2: for j 211;:::;kg do

3: n(j iz nyj

4: n( max(bres nc;2)

5: P, ( Set ofn equally spaced values between and n .
6: end for

7:  Generate gridP using all P; sets.

8: F(;

9: for p2 P do:

10: if p feasiblethen

11: F( FI[f pg

12: end if

13: end for

14: Remove dominated points inF
15: return F

16: end function

Comparison metrics

Li and Yao (2019) present a selection of metrics for comparing multi-objective solution
sets and Pareto frontiers, identifying four key aspects of frontier quality: convergence,
cardinality, spread, and uniformity.

Given that our experiments involve only three dimensions and a known nadir point,
the hyper-volume (HV) metric (Zitzler and Thiele, 1998) is a suitable choice. This

metric simultaneously evaluates convergence, cardinality, and spread. We compute HV
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Table 3.6.1: Parameters for the matheuristic used in the experiments approximating the
Pareto frontier. Also included is theres parameter for EFA (Algorithm 10)

Matheuristic frontier search algorithm parameter EFA
Instance I IT R NSt Nt Nm B Prob res
wbg-fall0 40 300 3 0.01 0.01  0.05 0.5 0.33
muni-fsps-sprl7* 40 300 3 0.01 0.01  0.05 0.5 0.05
mary-fal18* 40 300 3 0.01 0.01  0.05 0.5 0.10
pu-cs-fal07* 40 300 3 0.01 0.01  0.05 0.5 0.66

using the implementation in the Python packageymoo (Blank and Deb, 2020), with
the nadir point as the reference point.

Additionally, we employ the spacing (SP) metric proposed by Schott (1995), which
measures the variation in distances between solutions within a set. We implemented SP

ourselves using the equations provided by Li and Yao (2019).

Experiment setup

To demonstrate the frontier search algorithm, the four instances from Chapter 2 with
known exact lexicographic solutions will be used. The starting s@& that will be used
will be the set of those solutions. The nadir point is known as we can take the worst
objective value seen across the solutions I for each objective function because the
points in D are proven extreme points. Finally, we sep, = 15Zj for all z 2 Z. Other

experiment parameters are given in Table 3.6.1.

Results

After running the frontier search algorithm and the exact frontier algorithm for the
parameters in Table 3.6.1, we have generated new solutions for each instance. Figure
3.6.2 shows the objective values of the solutions from the search algorithm alongside the

objective values of the lexicographic solutions.
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For wbg-fallOand pu-cs-fal07* we can see that one objective is the same for all
solutions. Therefore, we can reduce the frontier to two dimensions. Figure 3.6.3 compares
the search results with the frontier found using Algorithm 10 for these two-dimensional
frontiers. For muni-fsps-spr17* and mary-fal18* all three objectives change. Figure
3.6.4 compares the search results with the frontier found using Algorithm 10 for these
three-dimensional frontiers.

Table 3.6.2 records the cardinality, the hyper-volume score and the spacing metric of
each frontier. The nal entries are ratios of the HV scores and the SP scores.

By looking at the ratio of the HV scores, we can see that the search algorithm is
around two-thirds the score of the frontier generated using Algorithm 10. This suggests
that the frontiers generated by the search are not as e ective as those found by the
EFA. Note that for muni-fsps-spr17* Algorithm 10 did not produce any new solutions,
and so the hyper-volume for the approximation of the exact frontier is zero, and the
hyper-volume ratio is in nite.

By looking at the ratio of the SP scores, we can also see that the points in the
frontiers generated by the matheuristic search are less uniform. It does not appear that
either method produces signi cantly more non-dominated points than the other.

As with the lexicographic matheuristic in Section 3.5, the frontier search algorithm
iIs much faster computationally than the exact frontier algorithm. The EFA produces a
better frontier but takes days to complete even an approximation of the frontier, whereas

FSA takes only hours.

3.6.3 Trade-o s and decision-making

The plots in Figure 3.6.2 identify regions where objectives con ict, therefore providing
an understanding of the trade-o s involved between di erent objectives. Fomuni-
fsps-sprl7* and mary-fall8*, it can be seen that minimisingz, (Deviation from mode

preferences) is in con ict with minimisingzz (Number of student con icts). For wbg-fal10
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Figure 3.6.2: Parallel coordinate plots containing lines representing the generated
solutions, lexicographic solutions and the ideal/nadir solution values

and pu-cs-fal07 maximising z; con icts with minimising z,.

The Pareto front approximations in Figures 3.6.3 and 3.6.4 provide similar insights
into trade-o s in objectives. The bene t of viewing solutions in this way is that it shows
solution diversity and also highlights which objectives are more sensitive to changes.

By using both gure types to examine the solutions generated by the matheuristic
method and their associated objective value trade-o s, decision-makers are empowered
to make more informed choices, choosing the timetabling solution that aligns with both

operational needs and stakeholder preferences at a strategic level.
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Table 3.6.2: Summary metrics for the frontier found by the search algorithn~¢) and
the EFA (FEFA)

FS FEFA Ratio (F S=FEFA)
Instance iFSj  HV SP  jFEFA] HV SP HV SP
whbg-fall0 15 482 1.19 8 553 2.46 0.87 2.46
muni-fsps-spri7* 18 5191 5.11 3 0 87.761 87.76
mary-fal18* 21 92,306 14.15 22 206,205 6.41 0.45 6.41
pu-cs-fal07* 5 17 2.05 4 22 0.00 0.77 0.00

Figure 3.6.3: 2D frontier plots for the instancesvbg-fall0and pu-cs-fal07*
3.7 Conclusion

This chapter reviews the eld of university course timetabling and identi es a gap in the
methods used for solving a multi-objective UCTTP, where purely heuristic approaches
dominate. To address this, we extend a popular matheuristic traditionally used for single-
objective problems to enable it to approximate the Pareto frontier for a multi-objective
setting.

To achieve this, we rstintroduce a novel method for partitioning students to establish
objective bounds. We then de ne a single-objective x-and-optimise matheuristic and
use it to solve lexicographic orderings of objectives. After demonstrating its e ectiveness
in handling large-scale problems, we adapt the method to approximate a Pareto frontier.

The key takeaways from this chapter are:
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Figure 3.6.4: 3D frontier plots for the instancesnuni-fsps-spr17* and mary-fal18*

"~ Partitioning students is useful for bounding objective values and can also inform

neighbourhood structures for matheuristic algorithms.

" The x-and-optimise matheuristic can handle large UCTTP instances and, when
implemented correctly, is capable of being extended for multi-objective optimisa-

tion.
Finally, this work raises important research questions for further exploration:

" What is the best way to allocate computational resources when solving lexicographic

orderings of objectives?

" How can the method in this chapter be further re ned to improve the Pareto

frontier search?

A

How can a dynamic constraint-handling scheme or objective-selection scheme

enhance search e ciency and solution quality?

By addressing these questions, future research can enhance the applicability of
matheuristics in multi-objective university timetabling, leading to more adaptable and

practical decision-support tools.



Chapter 4

Evaluating University Timetabling
Policies Using Real-World

Institutional Data

4.1 Introduction

The higher education (HE) sector in the United Kingdom (UK) is a sector that has
a revenue in the billions of pounds. Data for 2023/24 shows that the total income of
the sector was£52 billion (Perrott, 2025b). Tuition fees and education contracts make
up over 52% of the total income, with Figure 4.1.1 illustrating how this income source
dominates other sources of income such as research grants and investments.
Therefore, it makes sense for universities to attract as many students as they can
to maximise this income. There are many ways in which a university can attract new
students. When students were surveyed, one of the top reasons for selecting a university
was if that university o ered high-quality teaching (Bhardwa, 2017).
The de nition of \high-quality" teaching is subjective; however, studies have iden-

ti ed that factors such as the quality of instruction, classroom climate and classroom
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management are signi cant factors in improving student outcomes (Coe et al., 2014).
In the context of universities, this means hiring knowledgeable sta and providing
state-of-the-art teaching resources. The drawback of this approach is the nances
involved.

Despite the seemingly increasing income of the higher education sector in the UK,
Figure 4.1.2 shows that the total expenditures of higher education providers in the UK
nearly match and occasionally exceed the total income. Data for 2023/24 shows tlft8
billion went towards sta wages and£20 billion was spent on operating expenses (Perrott,

2025a). This strongly motivates the need for careful sta and resource management.

Figure 4.1.1: The income sources for higher education providers in the United Kingdom
(Perrott, 2025b)

One of the most central operational elements at any university is the teaching
timetable. This timetable dictates what sta , students and resources are doing at any
given time. The construction of this timetable is restricted by policies at the university.
Consequently, modifying any university policy could have either a positive or detrimental
impact on operational costs.

Arrival at this conclusion motivates the following research questions:
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Figure 4.1.2: The total income and total expenditure for higher education providers in
the United Kingdom (Perrott, 2025b,a)

" Can existing timetables be used to identify speci ¢ policies problematic to university

operation?

" Can changes in particular policies be modelled so that these changes can be

incorporated into a timetabling model?

" Can the resulting timetables produced by this timetabling model be used to assess

the overall impact of various policy changes?

Attempting to address these questions, the objectives of this chapter are the following:
(i) reshape real-world university timetabling data into a format known within the
literature, forming a novel university timetabling benchmark instance and approximation
of the university, (ii) use this approximation and domain knowledge from the university
timetabling department to identify policies causing operational bottlenecks, and (iii)
model and test changes to these policies, using change in quality of the resulting
timetables as a proxy for measuring overall impact.

The rest of this chapter is structured as follows. In Section 4.2, a review of existing

work in the context of university timetabling is provided. In Section 4.3, we discuss the
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real-world data and how this has been transformed into a standard format. Section 4.4
involves pairing up the data with the timetabling model presented in Chapter 2 and
using the methods in Chapter 3 to verify that it produces timetables that match the
real-world ones. Section 4.5 takes several university policies in turn; rst describing
them and then modelling them to be compatible with the model from Chapter 2. These
policies, or changes to them, are then assessed based on the resulting timetables. Finally,

Section 4.6 summarises the work done in this chapter.

4.2 Related work

A paper that provides an overview of areas in education where operational research has
been applied is Johnes (2015). In particular, the paper is split into parts that separate
planning, e ciency and scheduling to review methods for each part. In their conclusion,
they emphasise the need for researchers to develop solutions that enhance educational
e ciency, particularly given the rapid evolution in educational delivery methods.

For a review focused on methods for solving some speci cation of the university
course timetabling problem (UCTTP), see Chen et al. (2021). For a review of educational
timetabling problems and available benchmarking datasets, see Ceschia et al. (2023).
For the remainder of this review, we focus on individual cases where operational research
methods have been used to model or assess a particular policy or to investigate aspects
of the timetabling procedure.

The rst \policy" we identify is how universities would schedule activities in the
past. Typically, timetabling was done manually, and timetabling practitioners would
use the previous schedule as a starting point, leading to ine ciencies. Both Daskalaki
et al. (2004) and Carter (2001) present methods to challenge this concept and promote
automatic timetabling that starts from scratch.

Schimmelpfeng and Helber (2007) use an integer programming timetabling model to
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assess if a feasible schedule exists when particular rooms are unavailable. Their case
study, focusing on an individual school within a university, helped identify the teaching
spaces that the department could relinquish, albeit with some impact on the quality of
the timetable. This was modelled by changing the input data.

Dammak et al. (2008) present an approach that implicitly improves various soft
constraints relating to \compactness", a term typically used to describe the quantity of
free time between activities and how this is arranged in the schedule. Comparisons with
timetables created by hand are made, ruling in favour of the heuristic approach used.

Muhlenthaler and Wanka (2016) modify the objective function of the timetabling
problem described in Di Gaspero et al. (2007) in various ways to incorporate \fairness".
They then utilise this model to investigate the trade-o between timetable e ciency
and fairness.

Vermuyten et al. (2016) aim to manage congestion in corridors at the Faculty of
Economics and Business at KU Leuven Campus. They claim that the current timetables
are partially the cause of this problem. Therefore, they incorporate a model of the
student ow into a mixed integer program (MIP) for timetabling. They found that the
timetables generated from doing this signi cantly reduced congestion.

The model presented in Gonzalez et al. (2018) allowed the United States Air Force
Academy to switch from an \alternating-day approach" to a \repeated-week pattern”.
This model was motivated by changing the timetabling system and the cost savings from
changing the format. They also found other bene ts, such as being able to combine
multiple classes into a single class, leading to further e ciency gains.

Lindahl et al. (2017) focus on combining MIP models to be able to trade o between
di erent objectives. They present three di erent models aiming to achieve a certain
objective that utilise common variables. Pair-wise combinations of these models are
used to show that the objectives of each model impact each other.

Barnhart et al. (2022) developed an MIP to investigate the impact on timetabling
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if the Massachusetts Institute of Technology moved from a two-semester calendar to a
three-semester calendar. They then presented the ndings of this to the timetabling
department. The model they used speci cally focuses on best utilising available resources,
all with reduced capacity due to the 2020 COVID pandemic restrictions.

Gogos et al. (2022) focus on a more operational problem relating to university course
timetabling. Much like Mahlenthaler and Wanka (2016), one of the aspects of this
work is to nd a fair solution, except they use both a combination of objective function
changes and constraint additions to achieve this.

From this review of the literature, we can see that there are a few key ways in
which timetabling practitioners can assess policy and other changes to the timetabling

procedure.

" Create a new model to replace outdated models.
"~ Sensitivity analysis by modifying input parameters.
" Modifying model aspects such as the objective function or constraints.

" Combine multiple models into a single model.

4.2.1 Contributions

A signi cant gap in the literature is the fact that, in general, authors tend to choose a
single approach to tackle strategic and tactical problems in university course timetabling.
Another gap that exists is a lack of direct comparison between approaches and analysis
on which are appropriate in what contexts. A nal gap is that there is a lack of papers
making their case study data available. As a minimum, authors could transform some or
all of their data into the format of a benchmark instance when the raw data is sensitive.

With these gaps in mind, the key contributions of this chapter are:

" A new benchmark instance for a large campus-based university in the United

Kingdom and a thorough description of its creation.
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" A demonstration of the ways to analyse such an instance to identify timetabling

bottlenecks caused by university policy or infrastructure.

~ A case study using the new instance where we methodically select and com-
bine techniques seen in the literature to assess the impact of changing policies,

concluding when to use each one.

4.3 Data processing

The data provided for this work was the academic timetable for every student enrolled
during 2023/24 at Lancaster University (LU), a university based in the UK. The data
is accessed through the program Scientia Syllabus Plus (SS+), which is the original
software that produced the timetables.

This section outlines how the data was extracted and transformed into the XML
format seen in the International Timetabling Competition 2019 (ITC-2019) (Maller
et al., 2024). SS+ allows for the export of a lot of the data required for this process;
however, some key elements needed to construct an instance le in the same format as

the ITC-2019 were not obvious at rst.

4.3.1 Raw data

The raw data was exported into three separate spreadsheet les. The rst spread-
sheet contains location information, the second contains student information, and the
third contains activity information. Table 4.3.1 outlines the columns present in each
spreadsheet with a brief description.

Given a row of data, if a column could take multiple values, then SS+ would copy
the row enough times so that each column value would have its own row. For example,
if an activity was assigned two instructors, then the activity row would be copied, and

the \Allocated sta member" column would be di erent for these two rows.



CHAPTER 4. EVALUATING TIMETABLING POLICIES 113

Table 4.3.1: Summary of the features seen in the raw data exported from Scientia
Syllabus Plus

Data Column name Description
Name ID of the room
Capacity Maximum number of people allowed in room
Room data .
Name of zone Zone on campus where the space is situated
Primary suitabilities Key features of the space
Name of student ID of the student
Student data Activity Name of activity that student is attending
Activity module Name of module of the activity
Name of activity ID of activity
Module of activity Module of the activity
Allocated sta member Primary sta member assigned to activity
Allocated location Location the activity has been given
Activity data  Location suitabilities Required features of a space for activity
Planned size Expected number of students attending
Date Date that the activity is happening
Start Time of day the activity starts
Duration Length of time that the activity takes

It is important to note that before any extraction begins, the raw data is ltered to
remove \tricks" used by the timetabling team to include certain activities. This was

done in consultation with the timetabling team at Lancaster University.

4.3.2 Room information

The room information needed for the ITC-2019 format is primarily the capacity, avail-
ability and the relative distance from the other rooms on the list. Capacity can be
pulled directly from the room data. Unfortunately, the provided data did not outline
whether rooms were unavailable at certain times. Therefore, it is assumed that rooms
are available at all times.

This means that the nal aspect of the room information to extract is the relative

distance between rooms. The travel time between rooms within the same building is
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