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Abstract

Markov chain Monte Carlo (MCMC) is the default inference method in Bayesian statis-
tics. However, MCMC algorithms are biased, which can limit the extent to which these
algorithms can be parallelized, and which can complicate the subsequent statistical
inference. Recently-proposed methods provide ways of entirely eliminating this bias,
based on simulating a coupling of two Markov chains that evolve in tandem. This the-
sis contributes to the unbiased MCMC literature by improving the efficiency and the
theoretical understanding of coupling methods. Additionally, it provides a competitive
alternative to coupling methods.

The first contribution is an effective coupling for the random walk Metropolis al-
gorithm, a widely-used practical MCMC algorithm. We design this coupling with the
explicit aim of scalability to high dimensions, and analyze this coupling in a theoretical
framework that can quantify the efficiency of couplings in high dimensions. This frame-
work may be useful for designing and analyzing couplings of other MCMC algorithms.

The second contribution is a study on tuning the scalar parameters of coupling
methods. We argue that the so-called time-lag parameter is crucial to the efficiency
and the robustness of these methods. Even though unbiased MCMC estimators can be
noisier than standard MCMC ones, we demonstrate how judicious tuning can ensure
that unbiased MCMC is nearly as efficient as standard MCMC.

The final contribution is a pair of estimators of the squared Euclidean 2-Wasserstein

distance, a strong measure of the discrepancy between two distributions. These es-



IT

timators are based on approximately independent samples from the distributions of
interest. We show that the estimators are often upper and lower bounds on the under-
lying discrepancy, and we demonstrate that they often outperform coupling methods

in statistical applications.
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Chapter 1

Introduction

Monte Carlo algorithms (e.g. Robert and Casella, 2004) provide a way of understanding
probability distributions by sampling from them, with wide-ranging uses throughout
statistics, machine learning, and the applications of these disciplines. Markov chain
Monte Carlo algorithms (e.g. Brooks et al., 2011) are a class of Monte Carlo algorithms
that provide a flexible iterative way of sampling from probability distributions. They
simulate a sequence of random samples one step at a time, drawing the next sample
based on a distribution that is entirely determined by the current sample; thus, the
sequence of draws forms a Markov chain (e.g. Meyn and Tweedie, 2009). In general,
Markov chain Monte Carlo samples only converge towards the target distribution of
interest as the number of iterations grows to infinity; at any finite number of iterations,
samples from Markov chain Monte Carlo algorithms thus incur a certain bias. To
account for this bias, practitioners often discard the initial portion of the Markov chain
Monte Carlo run, referred to as the burn-in. Appropriately setting and quantifying this
burn-in is, however, a notoriously challenging task.

Recent advances in Markov chain Monte Carlo provide ways of robustly assessing
(Biswas et al., 2019) and even entirely eliminating (Jacob et al., 2020b) the burn-in

bias using couplings of Markov chain Monte Carlo algorithms. These methods rely on
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simulating two Markov chains in tandem, such that marginally the chains are simulated
according to the Markov chain Monte Carlo algorithm of interest, but that jointly the
chains evolve in such a way that their states eventually coincide after sufficiently many
iterations. Eliminating the burn-in bias comes with a variety of computational and
statistical advantages, chief among them that it simplifies the aggregation of multiple
Markov chain Monte Carlo runs obtained by independent parallel processors. Unbiased
Markov chain Monte Carlo methods, therefore, offer practitioners an appealing, prin-
cipled way of exploiting parallel computing resources, contrasting with the inherently
sequential nature of standard Markov chain Monte Carlo.

This thesis considers several outstanding questions related to the coupling methods
of Jacob et al. (2020b); Biswas et al. (2019). Firstly, given a Markov chain Monte
algorithm, how should one design an effective coupling for it, and is there an appro-
priate theoretical framework in which to measure the performance of such a coupling?
Secondly, given that these coupling methods require various scalar tuning parameters,
how should one choose these tuning parameters in practice? Finally, expecting that
there may be situations where devising an effective coupling is difficult, can we assess
convergence in similarly strong metrics to the method of Biswas et al. (2019), but with-
out relying on couplings? One chapter of this thesis is devoted to each of these three

questions, and each of the three chapters can be read independently of the others.

1.1 Organization of the thesis

Chapter 2: Background material and literature review

This chapter provides background for the remainder of the thesis. Section 2.1 introduces
theoretical and computational aspects of optimal transport and couplings of random
variables. Section 2.2 introduces Markov chain Monte Carlo. Section 2.3 introduces the

unbiased Markov chain Monte Carlo method of Jacob et al. (2020b) and the convergence
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bound of Biswas et al. (2019), and surveys related literature.

Chapter 3: Scalable couplings for the random walk Metropolis algorithm

This chapter is a journal contribution with co-author Chris Sherlock, reproduced in full.
The manuscript has been published in the “Journal of the Royal Statistical Society,
Series B (Statistical Methodology)” as Papp and Sherlock (2025b). All occurrences of
“this paper” should be replaced by “this chapter.” The abstract of the manuscript is
given below.

There has been a recent surge of interest in coupling methods for Markov chain
Monte Carlo algorithms: they facilitate convergence quantification and unbiased esti-
mation, while exploiting embarrassingly parallel computing capabilities. Motivated by
these, we consider the design and analysis of couplings of the random walk Metropolis
algorithm which scale well with the dimension of the target measure. Methodologi-
cally, we introduce a low-rank modification of the synchronous coupling that is provably
optimally contractive in standard high-dimensional asymptotic regimes. We expose a
shortcoming of the reflection coupling, the state of the art at the time of writing, and we
propose a modification which mitigates the issue. Our analysis bridges the gap to the
optimal scaling literature and builds a framework of asymptotic optimality which may
be of independent interest. We illustrate the applicability of our proposed couplings, and

the potential for extending our ideas, with various numerical experiments.

Chapter 4: On the efficiency of lagged coupling methods

This chapter considers the problem of tuning the scalar parameters of the coupling
methods of Jacob et al. (2020b); Biswas et al. (2019) for optimal efficiency. Section 4.2
highlights a robustness issue shared by these methods. Section 4.3 derives asymptotic
results related to the tuning of one of the scalar parameters. Section 4.4 provides a

detailed study of parameter tuning in a stylized setting. Section 4.5 provides tuning
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guidelines for practitioners.

Chapter 5: Centered plug-in estimation of Wasserstein distances

This chapter is a planned journal contribution with co-author Chris Sherlock, repro-
duced in full. The manuscript has been submitted for publication and, at the time of
writing, is undergoing peer review. All occurrences of “this paper” should be replaced
by “this chapter.” The abstract of the manuscript is given below.

The plug-in estimator of the squared Euclidean 2-Wasserstein distance is conser-
vative, however due to its large positive bias it is often uninformative. We eliminate
most of this bias using a simple centering procedure based on linear combinations. We
construct a pair of centered plug-in estimators that decrease with the true Wasserstein
distance, and are therefore guaranteed to be informative, for any finite sample size.
Crucially, we demonstrate that these estimators can often be viewed as complementary
upper and lower bounds on the squared Wasserstein distance. Finally, we apply the
estimators to Bayesian computation, developing methods for estimating (1) the bias of

approzimate inference methods and (ii) the convergence of MCMC algorithms.

Chapter 6: Conclusions

This chapter summarizes the contributions of this thesis, and provides directions for

further work based on the union of these contributions.



Chapter 2

Background material and literature

review

2.1 Optimal transport

Optimal transport (e.g. Villani, 2003, 2009) is the study of the optimal movement of
mass from one distribution p € P(X) to another distribution v € P(Y). Moving a
unit of mass incurs a cost, specified by the cost function ¢ : X x Y — R, which we
seek to minimize on average. Mass is moved from p to v according to a transport plan

m € P(X x V), which satisfies
(A, Y) = u(A), n(X,B) =wv(B), for all measurable A C X, B C ). (2.1.1)

Intuitively, in the discrete case, the transport plan 7 distributes the mass u(x) at
location = according to the conditional distribution p(y | =) = 7(z,y)/p(z). Condi-
tion (2.1.1) states that m is a joint distribution with marginals p and v, also known as a
coupling of (1, v) in the probabilistic literature (Lindvall, 1992). We let I'(u, v) denote

the set of all such couplings/transport plans 7.
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Our primary object of interest is the optimal transport cost

Te(p,v) = inf /c(x,y)dﬂ(x,y) = inf E. [c(X,Y)].

w€l(p,v) (X,Y)~mel(p,v)

Another object of interest is the optimal coupling 7* that attains the infimum above.
As it is a linear optimization problem on a convex domain, the (primal) optimal

transport problem has an equivalent dual formulation (Kantorovich, 1942)

Topv) = sup /¢ Wuta) + [ wl)vly

(o)€@ (p,v

O, v) = {(¢,¥) € L' () x L' (v) : d(x) + ¥ (y) < c(z,y), Y(x,y) € X x V}.

Intuitively, the dual problem takes the perspective of a shipping company that charges,
per unit of goods, the amount ¢(x) at pick-up in location x and the amount ¥ (y) at
drop-off in location y. It seeks to maximize profit subject to the maximum cost ¢(z,y)
that the customer is willing to pay for a unit of goods to be moved from x to y.

We use (¢, ¥u,) to denote an optimal solution to the Kantorovich dual problem,
referred to as Kantorovich potentials. Kantorovich potentials are not unique: for any
constant ¢ € R, the pair (¢,, — ¢, 1, + ¢) is also optimal, and in general there may
be additional degrees of freedom. When p = v, the optimal transport cost is zero, i.e.
T(p, ) = 0, and an optimal solution is ¢, , = 1,, = 0. As we will see in Chapter 5,

the Kantorovich dual formulation is particularly useful for computational purposes.

2.1.1 Monge problem

In certain cases, the optimal transport 7* does not split mass: for all locations z, all of
the mass dy(z) is moved to a single location. This recovers the original formulation of
the optimal transport problem of Monge (1781), where the optimal transport is given by
amap 7}, ,. Brenier’s theorem (1991) establishes this property in the case of continuous

measures and the squared-Euclidean cost ¢(x,y) = ||z — y||?, and provides the form of
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the optimal transport map.

Theorem 2.1.1 (Brenier’s theorem; e.g. Villani, 2003). Let u,v € P(R?) and let u be

continuous with respect to the Lebesque measure. Then,
T (b v) = Exap[1X = T (X)),

where T),, is a deterministic transport map that pushes p forward to v, such that

T,,.,(X) ~ v. Furthermore, T,,, = Vi, for some convex function ¢,, : R — R.

The relation ¢, ,(z) = ||z||*/2 — ¢,.(z) holds between the Brenier potential ¢, ,
and the Kantorovich potential ¢,, (Villani, 2003, Remark 2.13). Provided that v is
also continuous, the transport map 7),, is bijective, and the optimal transport map

that pushes v forward to p is T, = T, .

2.1.2 Wasserstein distance

Optimal transport can be used to define the Wasserstein distances, a family of distances
on the space of probability measures. Let now ¢: X x X — [0,00) be a metric and let

p > 1. The p-Wasserstein distance W, (1, v) is defined, for p, v € P(X), as

Woe(p,v) = Ton (pa, )P = inf E,[c(X,Y)P]"/?.
i) = o) = it B (XYY

The following properties can be found in Villani (2009, Chapter 6). The p-Wasserstein

distance is a finite-valued metric on the set

Pr() = {ne P)s [[eloranta) < 0. vy < ¥

of Borel probability measures with finite p-th moment. It provides a strong control

over the discrepancy between distributions, as it metrizes weak convergence and, by
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the dual formulation, it controls the discrepancy between the p-th moment of Lips-
chitz functions. Furthermore, as the p-Wasserstein distance inherits the properties of
the ground metric c, it induces a particularly intuitive geometry. The nice properties
of Wasserstein distances make them useful tools both for analysis, as we will see in
Section 2.2, as well as for methodology, as we will see in Chapter 5.

With the choice of metric ¢(x,y) = 1{x # y}, the 1-Wasserstein distance becomes

the total variation distance

TV(p,v)= inf PX#Y).

(X, Y)el'(u,v)

Furthermore, when (y, ) have densities (p,,p,) with respect to a common dominating

measure \, the total variation distance can be expressed as (Scheffé, 1947)
1
V() = 5 [ Ipu(e) = p@IdN@) =1 = [ pufe) Apufe)dAa).

2.1.3 Solving discrete optimal transport problems

Discrete optimal transport problems are computationally tractable. For pp = >"" | (1,0,
v = 2?21 v;by,;, and Cy; = c(w;,y;), the primal and dual optimal transport problems
can be written as
minZCijmj subject to m;; > 0, Zwij = Wi, ij = v; for all 4, 7,
T j i

max il + v; subject to ¢; + 1; < C;; for all 4, 5.

o Xl: dit XJ: Y;v; J ¢i + J J
These are linear programs with a special structure, and can be solved exactly using net-
work simplex algorithms (Dantzig, 1951). Considering the simplified case m = n, the

best theoretical bound on the complexity of network simplex algorithms is O(n®log® n)

(Orlin, 1997; Tarjan, 1997). In practice, the state-of-the art network simplex imple-
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mentation of Bonneel et al. (2011) scales closer to O(n?). In Chapter 5, we consider
problems of sizes n up to the low ten-thousands, which can be solved exactly in seconds.

Fast approximate solvers have also been developed. Cuturi (2013) proposes to reg-
ularize the primal objective by adding the term e}, m;; log(m;;). This results in the

following “entropic” optimal transport problem:

mﬂingKL(ﬂ | ) subject to m; > 0, ij = U, ij = v; for all ¢, 7,
j i
where 7 is the discrete distribution satisfying 7;; o< exp(—C;;/e). The regularization
introduces an O(elog(1/¢)) error (Chizat et al., 2020), but makes the objective convex,
and so enables the use of convex optimization techniques. Cuturi (2013) proposes to
use the method of alternating projections (Von Neumann, 1949), i.e. the Sinkhorn-
Knopp matrix scaling algorithm (Deming and Stephan, 1940; Sinkhorn and Knopp,
1967). The Sinkhorn algorithm has complexity O(n?/e?) (Dvurechensky et al., 2018),
but is amenable to vectorization and so can take advantage of graphics processing units

(GPUs).

2.1.4 Sampling from optimal couplings

This thesis is concerned with methodologies that simulate from optimal couplings
(X,Y) ~ 7* € T'(u,v), or approximations thereof. We now describe a few settings
where optimal couplings are tractable.

Maximal couplings

Couplings 7* that minimize for the total variation distance TV (u,v) equivalently max-

imize the probability that the draws from (u,v) are identical, i.e.

T = argmin, cp(, ) P(X #Y) = argmax; cp(,,) P(X =Y).
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(a) Step 2 of Algorithm 1 (b) Step 3 of Algorithm 1
q q
D D
Y =X X Y

Figure 2.1.1: Mlustration of a maximal coupling with independent residuals. We first
draw a uniform sample under the graph of p and we retain its abscissa X. (a) If the
sample falls in the area of overlap p A ¢, we set Y = X. (b) If it does not, we sample

(Algorithm 1 does so by rejection sampling), and
we retain the abscissa Y. This provides a sample Y with the correct marginal density q.

Following Jacob et al. (2020b), we refer to such couplings as mazimal couplings.
Algorithm 1 (Lindvall, 1992; Johnson, 1998) provides a way of simulating from a
maximal coupling of (u, ) when these have densities (p,q) with respect to a common
dominating measure. Conditional on the event {X # Y}, Algorithm 1 simulates the
random variables (X, Y') independently. Algorithm 1 is based on the simple observation
that sampling (X, Up(X)) uniformly under the graph of p then retaining the first coor-
dinate provides a sample X with the correct marginal density p (Robert and Casella,

2004, Chapter 2.3.1). Figure 2.1.1 illustrates Algorithm 1.

Algorithm 1 Maximal coupling with independent residuals
1. Sample X ~ p and U ~ Unif(0, 1).

2. If Up(X) < ¢q(X), then set Y = X.
3. Else, sample Y ~ ¢ and V' ~ Unif(0, 1) until Vq¢(Y") > p(Y).

In expectation, Algorithm 1 requires two draws from ¢ to terminate, but the variance
of its computing cost diverges as TV(u,v) — 0. Gerber and Lee (2020) describes a
simple modification of Algorithm 1 that does not have this issue, at the cost of being

suboptimal.
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(a) Step 2 of Algorithm 2 (b) Step 3 of Algorithm 2

p q p q

1
1
1
1
1
1
1
1
1
1
1
1
1
1

! ‘ )
Y =X X @ y vy

Figure 2.1.2: Illustration of a reflection-maximal coupling. We first draw a uniform
sample (X, H) under the graph of p and we retain its abscissa X. (a) If the sample falls
in the area of overlap pA g, we set Y = X. (b) If it does not, we set Y as the reflection of
X in the perpendicular bisector of (z,y); by symmetry, it holds that (Y, H) is

. Thus, Y has the correct marginal density ¢.

Algorithm 2 (Bou-Rabee et al., 2020; Jacob et al., 2020b) describes a maximal
coupling (X,Y) of Gaussian measures u = Ny(z,Y) and v = Ny(y, ). Conditional on
the event {X # Y}, Algorithm 2 simulates the random variables (X,Y’) based on a

reflection in the perpendicular bisector of (z,y). Figure 2.1.2 provides an illustration of

Algorithm 2.

Algorithm 2 Reflection-maximal coupling
Require: matrix L such that LLT =3, 2z = L™} (z—vy), e = 2/||z||, s(z) = Na(z | 04, 1,).

1. Sample X ~ Ny(0g, I;) and U ~ Unif (0, 1).

2. If Us(X) < s(X + 2), then set Y = X + 2. > Will output ¥ = X.
3. Else, set Y = X — 2(e” X)e.

4. Return (X,Y) = (z 4+ LX,y+ LY).

As opposed to Algorithm 1, the computational cost of Algorithm 2 is bounded. The
use of the reflection move turns out to be particularly advantageous when designing

couplings of Markov kernels, as we will see in Chapter 3.
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Common random numbers couplings

Couplings defined in terms of transformations of shared randomness are called common
random numbers (CRN) or synchronous couplings. CRN couplings tend to be sensible
strategies when we seek to bring the random variables X ~ p and Y ~ v as close
together as possible on average.

For one-dimensional measures p, v € P(R) with inverse-CDFs (F ', F; "), the cou-
pling (X,Y) = (F,"(U), F,/'(U)) with U ~ Unif(0, 1) is optimal for any cost function
c(x,y) = h(x —y) with a convex h : R — R (e.g. Santambrogio, 2015, Theorem 2.9).
This is because c(x1, y1) +c(z2,y2) < c(x1,y2) + (2, y1) whenever x; < x5 and y; < yo,
so the optimal transport must preserve the increasing ordering of R.

For Gaussian u = Ny(m,,, £,,) and v = Ny(m,, E,) with covariance matrices (X, X,)
that commute, the CRN coupling (X,Y) = (m, + /27 m, + SY2Z) with Z ~
Ny(04, 1) is optimal for the squared-Euclidean cost c(z,y) = ||z — y||* (e.g. Peyré
and Cuturi, 2019, Remark 2.31).

Discrete distributions

Sampling from a discrete optimal coupling 7* can be done using any method to sam-
ple from discrete distributions, such as the inverse-CDF method or the alias method

(Walker, 1977).

2.2 Markov chain Monte Carlo

We consider the problem of estimating the expectation E.[h(X)] of a test function
h : X — R under a probability distribution 7 € P(X). For the purposes of this
exposition, we assume that all probability distributions have densities with respect to
a common dominating measure A, and we identify a distribution and its density using

the same symbol.
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Provided that i.i.d. draws X, ..., X,, ~ 7 are available, the Monte Carlo estimator

n

= - SO h(X) % Bx o H(X)]

=1

can be used. This has the appealing properties that it is unbiased and converges at

—-1/2

rate n . Furthermore, the central limit theorem

Vi (hy — E[R(X)]) = N(0, Var,(h(X))) (2.2.1)

provides confidence intervals for E;[h(X)] whenever Var,(h(X)) < oo. However, i.i.d.
sampling is often infeasible for probability distributions 7 of interest. The canonical

example is the posterior distribution 7 in a Bayesian inference problem.

Example 2.2.1: Consider a Bayesian posterior distribution 7 (- | y) based on the prior
p, data y and likelihood L(y | -). The posterior density can be evaluated up to a
constant of proportionality as m(z | y) o« p(x)L(y | x), but i.i.d. sampling is often

intractable.

Markov chain Monte Carlo (MCMC; e.g. Brooks et al., 2011) is a practical alterna-
tive to i.i.d. sampling. Asymptotically exact MCMC algorithms simulate a 7-invariant
Markov chain (X3):>o with transition kernel P, generating correlated samples whose
distribution X; ~ m; converges towards the target 7 as time ¢ — co. Most asymptoti-
cally exact MCMC algorithms are reversible, with their kernel P satisfying the following

detailed balance condition for all (dz,dy):
m(dz)P(x,dy) = n(dy)P(y, dx).

Detailed balance implies that [ _, 7(dz)P(z,dy) = [ _, n(dy)P(y,dz) = w(dy), hence
7 is a stationary distribution for the chain.

The Metropolis-Hastings algorithm (Metropolis et al., 1953; Hastings, 1970) pro-
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vides a recipe for designing asymptotically exact MCMC algorithms. From the current
state X; = x, the Metropolis-Hastings algorithm generates a proposal X’ = y from a

proposal kernel ¢(x,-) with density ¢(x,y). Then, with probability
(2.2.2)

it sets X;;1 = X’; otherwise, it sets X;;1 = x. The Metropolis-Hastings kernel is

Pun(z,dy) = q(z, dy)a(z,y) + r(x)dy(dy), where

r(z)=1- /q(x,dy)a(x,y),

and can be checked to satisfy the detailed balance condition with respect to . Notably,
the Metropolis-Hastings algorithm only requires evaluations of the unnormalized density
of m, which makes it an appealing choice in Bayesian inference problems (Tierney, 1994).

Provided that it is aperiodic and irreducible (Roberts and Rosenthal, 2004, The-
orem 4), a m-invariant Markov chain converges to 7 from an arbitrary initialization.
Aperiodicity and irreducibility are mild technical conditions that are satisfied by all
algorithms considered in this thesis. Under these conditions, the ergodic theorem (e.g.
Robert and Casella, 2004, Theorem 6.63) guarantees the almost-sure convergence of

long-run sample averages of (h(X}))i>0 to Ex[h(X)].

2.2.1 Performance measures

Compared to i.i.d. sampling, MCMC algorithms produce correlated samples that only
converge towards 7 in the long run. To use MCMC algorithms effectively, we must

therefore understand how quickly the MCMC algorithm converges, as well as how the
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correlation affects the performance of MCMC estimators

1 m
hm = ————— 3 h(X,),
= i M)

where the first k states (X;)F=) are discarded by the user as burn-in based on an
assessment of the convergence of the MCMC algorithm. We also refer to hg.,, as an

ergodic average.

Long-run efficiency

The long-run efficiency of the MCMC estimator hy.,, can be assessed using the asymp-
totic variance, defined as
v(P,h) = lim (m — k + 1) Var(hgm) = Vara(h(Xo)) + 2  Cova(h(Xo), h(Xy)),
m—00
t>1
where the subscript 7 indicates that Xy ~ 7 and so that expectations are taken under

a stationary chain. The loss of efficiency compared to i.i.d. sampling is provided by the

integrated autocorrelation time (IACT)

v(P, h)
IACT(P,h) = ——————=1+2 E Corr, (h(Xy), h(Xy)),
Ph) = e (X)) = (1 Xo), h{X))
MCMC algorithms achieving lower TACTSs are said to miz faster. The IACT is used to

define the effective sample size (ESS)

m—k+1

with an effective sample size of ESS(hg.,,) = m —k+1 corresponding to i.i.d. sampling.
See e.g. Geyer (2011) for further background on these quantities. Standard ways of

estimating the asymptotic variance are based on spectral variance, batch means (e.g.



CHAPTER 2. BACKGROUND MATERIAL AND LITERATURE REVIEW 16

Flegal and Jones, 2010; Vats et al., 2019), or initial sequence (Geyer, 1992) estimators,
which are consistent as the length of the simulation m — oo but converge slower than
the Monte Carlo rate m~1/2.

MCMC output is sometimes thinned by only retaining the output of every r-th

iteration. Thinning is useful to reduce the cost of storing the MCMC output in computer

memory, but tends to produce less efficient estimators (Geyer, 1992).

Convergence

Theoretical results concerning MCMC convergence consider the discrepancy between
the marginals (7;):>0 and the stationary distribution 7, often measuring it in total vari-
ation distance. The chain is said to be polynomially ergodic if there exist Cpoiy (1) > 0
and £ > 1 such that TV(m, 1) < Cpoy(m)t™ for all t > 0. Practical MCMC algo-
rithms often satisfy a stronger form of convergence, geometric ergodicity, when there
exist Cyeo(mo) > 0 and p € (0,1) such that TV(m,m;) < Cleo(mo)p" for all ¢ > 0.
Provided that the chain is at least polynomially ergodic, and that h € L>*°(r)
for some § > 2/(k — 1), the MCMC estimator hg.,, satisfies the central limit theorem

(Jones, 2004, Theorem 9)

Vi =k + 1 (b — Ex[R(X)]) = N(0,0(P,h)). (2.2.3)

Ergodicity results therefore provide some reassurance that MCMC estimators behave

—1/2 Monte Carlo rate.

sensibly and converge at the usual m

However, theoretical bounds on the rate of convergence (e.g. Roberts and Rosenthal,
2004) are often too loose for practical purposes. Instead, practitioners typically assess
the convergence of MCMC algorithms by analyzing the output of multiple i.i.d. replicate
simulations. A popular summary statistic is the potential scale reduction factor R

(Gelman and Rubin, 1992; Gelman et al., 2013), a scale-free measure of convergence that

compares the variance of the samples across replicates to the variance of the samples
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within each replicate. Assuming that the initialization and all marginals (m)¢>o are
appropriately overdispersed with respect to the target m, the statistic should satisfy R >
1, with equality for sufficiently long stationary chains. In practice, one therefore runs
multiple chains from an overdispersed initialization and declares convergence once Ris
close enough to 1; Vehtari et al. (2021) recommend R < 1.01. Though various extensions
of R have been proposed in the literature (e.g. Vehtari et al., 2021; Margossian et al.,
2024), the basic idea remains the same.

It is apparent that there is a gap between theoretical assessments of convergence,
which rely on bounding strong metrics such as the total variation distance, and practical
assessments of convergence, which typically rely on tracking simple summary statistics.
This thesis aims to bridge this gap. In Section 2.3, we discuss the method of Biswas
et al. (2019) that directly estimates upper bounds on TV(w, m;) using couplings of
Markov chains, and in Chapter 5 we propose a method to estimate upper and lower

bounds on T2 (7, 7).

2.2.2 MCMC algorithms

The random walk Metropolis (RWM) algorithm (e.g. Tierney, 1994) is one of the sim-
plest practical Metropolis-Hastings algorithms, using proposals of the form ¢(z,y) =
r(z —y), where r(z) = r(—xz) for all z. Due to cancellation, the acceptance probability

(2.2.2) for the RWM simplifies to

aRWM(:z:,y) =1A % (224)

The choice of proposals is typically Gaussian, ¢(x,y) = Ny(y | z,%4), for targets
T € P(RY).

The independence Metropolis-Hastings algorithm (IMH) uses position-independent
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proposals ¢(z,y) = q(y) for all xz. The IMH acceptance probability is

OCIMH(ﬂf,y) =1 A M

w(x)’

where w(z) = 7(x)/q(z) is known as the importance weight function.

Algorithms that utilize the gradient of the log-density can better adapt to the local
geometry of the target than the RWM, and thus mix faster in practice. The Metropolis-
adjusted Langevin algorithm (MALA; Besag, 1994) uses proposals q(z,y) = Ny(y |
T+ 18,Vilog (), ), arising from a discretization of a m-invariant stochastic process
called the overdamped Langevin diffusion (see e.g. Roberts and Tweedie, 1996a). Other
gradient-based MCMC algorithms we will encounter in this thesis include Hamiltonian
Monte Carlo (HMC; Duane et al., 1987; Neal, 2011), the method of Horowitz (1991),
and Hug and Hop (Ludkin and Sherlock, 2022). Appendix A.3.3 provides a description
of HMC and Hug and Hop.

Another way to adapt to the geometry of the target 7 is through its conditional
distributions, as with Gibbs samplers (Geman and Geman, 1984; Gelfand and Smith,
1990). The popular systematic scan Gibbs sampler has a kernel of the form P =
Py ... P;, where for each i the partial kernel P;(x, A) = n(X; € A; | X_; = z_;) updates
the i-th coordinate of the state according to the conditional distribution of 7, while
keeping the remaining coordinates fixed. Other Gibbs samplers can be devised by up-
dating multiple coordinates at once (“blocking”; Liu et al., 1994), by marginalizing
some conditionals out (“collapsing”; Liu, 1994; Van Dyk and Park, 2008), by replacing
any partial kernel with a Metropolis-Hastings kernel targeting the corresponding con-
ditional distribution, and by combining the partial kernels using a mixture (a “random
scan”) instead of a systematic scan.

Although we have so far only focused on asymptotically exact MCMC algorithms,
practitioners also use asymptotically inexact MCMC algorithms, whose stationary dis-

tributions are not 7w but only an approximation of it. Asymptotically inexact MCMC
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algorithms are generally devised by approximating or omitting parts of an exact MCMC
algorithm, with the goal of reducing the amount of computation needed at each iter-
ation. In view of the Monte Carlo error in ergodic averages hy.,,, the speed-up may
more than compensate for the resulting error in the stationary distribution. Examples
of asymptotically inexact MCMC algorithms considered in this thesis include the unad-
justed Langevin algorithm (ULA; Roberts and Tweedie, 1996a) and the OBABO dis-
cretization of underdamped Langevin dynamics (Monmarché, 2021), which essentially
correspond to MALA and the method of Horowitz (1991) with the Metropolis-Hastings

acceptance step omitted.

2.2.3 Optimal scaling

MCMC algorithms often involve tuning parameters. Starting from the seminal work
Roberts et al. (1997), optimal scaling theory has been developed to provide principled
parameter tuning guidelines for MCMC algorithms. Optimal scaling theory typically
considers a sequence of stylized target distributions of increasing dimension d and shows
that the trajectories of a summary statistic of the MCMC algorithm converge to an
explicit limiting process as the dimension d — oo. Parameter tuning guidelines are
then obtained by optimizing an appropriate asymptotic measure of speed. We now
discuss optimal scaling results for the stationary (Roberts et al., 1997) and the non-
stationary, i.e. transient, (Christensen et al., 2005) phases of MCMC algorithms, which
have qualitatively different behaviours. We focus on tuning the proposal covariance ¥4

of a RWM algorithm with Gaussian proposals ¢(x,y) = Ny(y | 2, Xq).

Stationary phase

Roberts et al. (1997) considers m4(x) = [, f(z;) and 34 = A?Iy/d, where (log f)’ is
assumed to be Lipschitz and sufficiently regular, and shows that the first coordinate of a

stationary process (X|sq))i>0 converges weakly as d — oo in the topology of Skorokhod
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(1956) to a Langevin diffusion (Yj())e>0, where
h(\) = A2a(N), a()\) = 28(=AI"?/2), I = Var;(log f'(X)).

The quantity h(\) is an asymptotic version of the expected squared jump distance (ESJD;
e.g. Sherlock and Roberts, 2009)

ESID(S4) = E[|| Xi1 — X%

both A(\) and the ESJD can be viewed as measures of speed. The quantity a(\) is
the asymptotic acceptance rate of the RWM kernel. The step size \* = 2.38/1'/2 =
maxy h(\) maximizes the asymptotic speed measure, and corresponds to the optimal
acceptance rate of a(\*) = 23.4%.

The practical guideline of Roberts et al. (1997) is thus to tune ¥, such that ap-
proximately 23.4% of proposals are accepted, which maximizes the limiting ESJD. This
guideline turns out to be remarkably robust to the assumptions imposed on the target,
and generally requires scaling ¥4 oc d~! (Roberts and Rosenthal, 2001; Sherlock and
Roberts, 2009; Sherlock, 2013; Yang et al., 2020). Matching the shape of the target also

-1

leads to performance gains: ¥4 o< Var,(X) and ¥4 x Var,(Vlogn(X))™" are optimal

in terms of two different metrics (Negrea, 2022, Theorems 3.5-3.6).

Transient phase

Christensen et al. (2005, Theorem 1) considers 74 = Ny(04,13) and L5 = A21,;/d,
chooses the summary statistic (Wt(d))tzo = (|| X ta)|I*/d)t>0 initialized from Wo(d) = wp

for all d, and shows the weak convergence W — w as d — oo in the Skorokhod
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topology to the ordinary differential equation

dw; = ay(wy)dt,

ax(w) = N0 (= w2/2) + X2 (1 — 2w)eN @ D2p (w12 /2 — Mw'/?).

The limiting process is deterministic and continuous, so this weak convergence is equiv-
alent to convergence in probability in the uniform topology (see e.g. the discussion in

Darling and Norris, 2008):

lim P < sup HWt(d) — wy

d—00 te[0,7)

> 5) =0 forall T,e > 0. (2.2.5)

Because the target m; is spherically symmetric, the process W@ completely de-
scribes how far the RWM chain is from the main target mass; by standard concentration
of measure results, the main target mass is reached when Wt(d) =1+06(d"'?). At the
same time, the convergence (2.2.5) means that the process W@ concentrates in a tube
of width o(1) around w. This means that we can approximately track the transient
phase of the RWM algorithm using the process w, that the duration of the transient
phase is approximately d times the time required for w to reach w, = 1+ ©(d~'/?), and
that the absolute value of the drift a) can be viewed as an asymptotic measure of speed
for the transient phase.

On the one hand, this result indicates that the RWM requires ©(d log d) iterations to
converge. On the other hand, since limy ¢ a)(w) = limy_, ax(w) = 0, the correct step
size scaling is X4 oc d~!, as larger or smaller scalings result in limiting processes that
do not move. In contrast to the stationary phase, in the transient phase the optimal
step size A*(w) = argmax, |a,(w)| is position-dependent, but the choice A = 2.38 that
is optimal at stationarity also performs well during transience (Christensen et al., 2005,
Figure 1).

In Chapter 3, we extend the optimal scaling results of Christensen et al. (2005) to



CHAPTER 2. BACKGROUND MATERIAL AND LITERATURE REVIEW 22

couplings of RWM chains. The weak convergence results we derive should be understood

in the sense of equation (2.2.5).

2.3 Unbiased Markov chain Monte Carlo

Much of this thesis is motivated by recent efforts to remove the burn-in bias of MCMC
estimators using couplings (Glynn and Rhee, 2014; Jacob et al., 2020b). We now
introduce these, broadly following Jacob (2020); Atchadé and Jacob (2024).

2.3.1 Advantages of unbiased estimators

The default strategy to parallelize MCMC is to run multiple independent chains in
parallel, each producing a copy of the standard MCMC estimator hy.,,, then to aver-
age these copies. While averaging over parallel chains reduces the variance, it cannot
“average out” the burn-in bias, which remains E[hy.,] — E;[h(X)] # 0. Controlling the
error thus requires a sufficiently large number of iterations m on each processor, which
limits the potential benefits of parallelization (Rosenthal, 2000), as well as a judicious
choice of the burn-in k, which can be difficult to do in practice.

Unbiased MCMC estimators (Jacob et al., 2020b) bypass the issue of burn-in, and al-
low for expectations to be estimated consistently by averaging over independent copies.
Conveniently, these copies can be generated embarrassingly in parallel. When the unbi-
ased MCMC estimator has a finite variance, the estimator obtained by averaging over
independent copies obeys a central limit of the form (2.2.1); the average therefore con-
verges at the usual Monte Carlo rate in the number of copies, and its uncertainty can
be straightforwardly quantified with the usual Gaussian confidence intervals based on

the sample variance.
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2.3.2 Unbiased estimation by random truncation

Suppose that we wish to estimate the limit s, of a sequence of biased approximations
(Sk)k>0, where refining the approximation from s;_; to s; costs one unit of computation.

Rhee (2013), based on an idea that dates back to Forsythe and Leibler (1950),
expresses the sequence as a series s, = Zf:o Ay, where Ay = sg and Ay = s, — Sp_1
for £ > 1, introduces a random truncation variable K € N U {0}, and considers the
estimator

Ay

¢ = P(K > k)

K
k=0
Since E[G] = E[ ;50 AxI{K > k}/P(K > k)], the estimator G would be unbiased
provided that we could interchange the expectation and the sum, in particular when
E[|G]] < oc.

Crucially, the method also works when (Ay)g>o are random and we wish to compute
the limiting quantity s. = ;5o E[Ag], which suggests that it could also be used to
remove the bias of MCMC estimates.

The expected cost of G is E[K] = >, -, kP(K = k), while the variance of G involves
the term >_, - E[A7]/P(K > k). On the one hand, (E[Af])r>o must decrease quickly
enough to ensure that the estimator has a finite variance. On the other hand, K must
strike a trade-off, with lighter tails providing a smaller expected cost, at the cost of
increased variance (Rhee and Glynn, 2015).

McLeish (2011, Section 3.2) attempted to perform unbiased MCMC by estimating
the expectation E,[h(X)] based on the convergent sequence of standard MCMC esti-
mators (ho.x)r>0. However, this approach is problematic because Ap = hoy — ho.k-1)
decays at rate k=!, which is too slow to ensure both unbiasedness and finite expected
cost. Glynn and Rhee (2014) demonstrated the feasibility of unbiased MCMC by con-
structing (Ag)k>0 based on a pair of coupled Markov chains. However, the specific

coupling constructions considered therein are too restrictive to be practical. Next, we
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present the refinement of Jacob et al. (2020b) that makes the unbiased MCMC idea of

Glynn and Rhee (2014) practical.

2.3.3 Unbiased Markov chain Monte Carlo with couplings

Let P((z,y),-) be a joint Markov kernel with marginals (P(z,-), P(y,-)), which for all

(z,y) and all measurable A, B C X satisfies
P((r,y), (A X)) = P(z, 4), P((x.4),(X,B) = Py, B).  (23.1)

Fix a time-lag parameter L € N. Consider the following lagged coupling of Markov

chains (X3, Y}):>o initialized at Xy, Yy ~ m and evolving according to

Xt | Xt—l ~ P(Xt_l, ) fort € [L],
(2.3.2)

(Xe+2,Ye) | (Xpgpo1,Yio1) ~ P(Xpsz-1,Yien),-) for t > 1.

This coupling ensures that X;,Y; ~ m, for all ¢ > 0.

Furthermore, suppose that we design the joint kernel P such that the chains meet at
some time 7, after which they coalesce: Xy, =Y, for all ¢ > 7. Pitman (1976) calls such
couplings “successful”. Coalescence is possible because the chains evolve according to
the same marginal kernel P. It is often easy to ensure that coalescence happens at the
first meeting time (Rosenthal, 1997), i.e. 7 = inf{t : Xy, = Y;}, which we henceforth
assume.

Jacob et al. (2020b) propose to estimate E,[h(X)] using the lagged coupling via

Hy, = h(Xy) + Z{h(Xk+(j+l)L) — h(Yeyin)},

320

where the extension to L > 1 is due to Vanetti and Doucet (2020). Provided that we
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could interchange the expectation and the sum, we would have

E[Hy] = ER(X)] + > {ER(Xr )] = ER(Xiisn)]} = Ex[h(X))],
Jj=0
so Hy is unbiased if the differences (h(X¢1r) — h(Y:))i>o decay quickly enough. The

following time-averaged estimator is also unbiased (e.g. Douc et al., 2023):

m m

1 1 Z
k:m m — k’ + 1 ; t m — k + 1 ; h( t) + =y Ck:m:L(t){h< t+L> h( t)} 9

where ¢gm (t) =1+ |(t—k)/L| — [0V (t —m)/L]. Importantly, because the coupling
coalesces at 7, the series in Hy.,, truncates at t < 7—1. The estimator Hy.,, can therefore
be computed in finite time without introducing a truncation variable K, which can be
challenging to choose appropriately in practice (Agapiou et al., 2018).

Jacob et al. (2020b); Biswas et al. (2019); Middleton et al. (2020); Douc et al.
(2023) provide various formal conditions under which Hy.,, is unbiased and has a finite
variance. These conditions relate to the tail decay of the meeting time 7. For example,
it suffices for 7 to have geometric tails and for h € L?>*°(7) for some § > 0 (Biswas
et al., 2019). It also suffices for 7 to have polynomial tails, under a stronger moment
condition than the MCMC central limit theorem (2.2.3) and a mild condition on the
initialization 7y (Douc et al., 2023).

The estimator Hy.,, has two terms, one of which is the standard MCMC average hg., .
Practical experience indicates that Hj., is in general less efficient than a stationary
ergodic average hy.,, because often Var(Hy.,,) > Var(h.,), and because Hy.,, requires
additional simulation compared to Ay.,,. As we will see in Chapter 4, a judicious choice
of the parameters (k,m, L) can nevertheless lead to unbiased estimators Hy.,, with an

efficiency that is comparable to that of standard MCMC.
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2.3.4 Estimating convergence

Biswas et al. (2019) use the lagged coupling construction (2.3.2) to estimate the con-
vergence of Markov chains in 1-Wasserstein distance. As we note in Chapter 5, the idea
extends straightforwardly to p-Wasserstein distances of all orders p > 1. The triangle

inequality provides

Wp,c(WJTt) < Z Wp,c(ﬂt+(j+1)L, Tein) < ZE[C(Xt-',-(j-i-l)La Yt—i—jL)p]l/pa

>0 >0

where finally we used the definition of the Wasserstein distance as the minimum over
couplings. In practice, the bound is estimated using several replicates, replacing expec-
tations by empirical averages. Since each replicate coalesces at a finite time 7 < oo, the
series truncates and can be computed in finite time. In the case of the total variation

distance, where p = 1 and the ground metric is ¢(z,y) = 1{x # y}, the bound becomes

TV(r,m) < ZP(Xt—i-(j-i-l)L # Vi) = ZP(T >t+jL)=E[0V[(r—1t)/L]].

Jj=0 Jj=0

2.3.5 Couplings of Markov chains

For a Metropolis-Hastings kernel Py, a coupling that allows for the chains to meet
could proceed as follows. We couple the draws from (Pyp(z, -), Pun(y, -)) in two stages,
first coupling the proposals drawn from (g(z,-), q(y,-)), then coupling the acceptance
steps. To make the proposals identical with maximal probability, we can use Algo-
rithm 1. Thereafter, we can maximize the probability that the proposals are accepted
simultaneously by using the same uniform variate to accept both proposals. Algo-
rithm 3 describes this coupling; coalescence is guaranteed to happen when the proposals
are identical in step 1, i.e. X’ =Y, and both proposals are subsequently accepted in

steps 3 and 4.
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Algorithm 3 A coupling (X,Y) of Metropolis-Hastings kernels (Pyn(z, ), Puu(y, -))
1. Sample (X',Y”) from the coupling of (¢(z,-),q(y,-)) given by Algorithm 1.

2. Sample U ~ Unif(0, 1).
3. f U < a(x, X'), then return X = X’. Else, return X = z.

4. U < a(y,Y’), then return Y = Y’. Else, return Y = y.

Jacob et al. (2020b) discuss how the coupling described by Algorithm 3 does ensure
that estimators Hy.,, are unbiased, under standard, but technical, geometric ergodicity
assumptions (e.g. Roberts and Tweedie, 1996b). However, satisfactory performance
in theory need not guarantee good performance in practice: in particular, for RWM
kernels, the meeting times grow exponentially with the dimension d when using Al-
gorithm 3, which contrasts with the O(dlogd) time required for the marginal chains
to converge (Christensen et al., 2005; Andrieu et al., 2024). We consider the design
of more effective couplings of the RWM in Chapter 3. The strategy we pursue is to
design a coupling that approximately attains Wy . (Puu (e, -), Pun(y, -)), with the goal
of first bringing the chains close enough together to have a good chance of coalescing,
then combining this with another coupling that allows for meetings to occur. Next, we
explain how to validly combine couplings of Markov kernels.

Using condition (2.3.1), we can devise valid couplings of P based on position-

dependent mixtures of any two couplings P((x,v),-), P'((x,y),-) € T'(P(x,-), P(y,-)) :

E(ZE,y)P((ZU,y), ) + (1 - E(.T,y))P’((,T,y), ) S F(P(:U, ')’ P(ya ))7

for any (x,y)-indexed probability ¢(z,y) € [0, 1]. This allows us to combine the indi-
vidual strengths of several couplings. For instance, setting ¢(z,y) = 1{||z — y|| < 0}
results in a “two-scale” coupling strategy (e.g. Bou-Rabee et al., 2020) that uses the

joint kernel P when the chains are close together, and the joint kernel P’ otherwise.
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2.3.6 Related work

Couplings have a long history in Markov chain theory, going back to at least Doeblin
(1938), and have nowadays become a standard tool for bounding the convergence of
Markov chains (e.g. Roberts and Rosenthal, 2004; Douc et al., 2018).

The use of couplings for MCMC methods is comparatively new. Reutter and John-
son (1995); Johnson (1996, 1998); Neal (1999); Sixta et al. (2025) provide various
MCMC convergence diagnostics based on replicate couplings of Markov chains. Frigessi
et al. (2000); Pinto and Neal (2001); Goodman and Lin (2009); Piponi et al. (2020) de-
vise variance reductions schemes using couplings of Markov chains. Propp and Wilson
(1996) propose a method termed “coupling from the past” that enables exact sam-
pling from the target 7 using only m-invariant Markov chains, but requires stringent
conditions to be implementable.

The unbiased estimation method of Jacob et al. (2020b) has been extended and
applied in several ways. Jacob et al. (2020b, Section 5.5) use the law of total expectation
to produce unbiased posterior summaries for certain modular statistical models (Jacob
et al., 2017). Ruiz et al. (2021) unbiasedly estimate the gradients of certain latent
variable models. Wang and Wang (2023) construct unbiased estimators of functions of
expectations. Douc et al. (2023) use the unbiased estimators of Jacob et al. (2020b)
and a further telescopic series argument to unbiasedly estimate the asymptotic variance
of MCMC algorithms.

The problem of designing effective implementable couplings of MCMC algorithms
has been explored in various works. In addition to Jacob et al. (2020b), we list a
selection of these: O’Leary (2021) focuses on the RWM; Heng and Jacob (2019); Xu
et al. (2021) on MALA and variants of HMC (e.g. Betancourt, 2017); Biswas et al.
(2022); Atchadé and Wang (2023) on Gibbs samplers in continuous spaces; Agapiou
et al. (2018) on the preconditioned Crank-Nicholson algorithm (e.g Cotter et al., 2013);

Middleton et al. (2020) on pseudo-marginal MCMC algorithms (Andrieu and Roberts,
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2009); Middleton et al. (2019); Jacob et al. (2020a); van den Boom et al. (2022) on
particle MCMC samplers (Andrieu et al., 2010); Corenflos et al. (2023) on samplers
based on piecewise-deterministic Markov processes (Fearnhead et al., 2018). Couplings
of MCMC samplers operating on complex spaces have also been considered, see Nguyen
et al. (2022) for Gibbs samplers operating on partitions, Kelly et al. (2023) for RWM
algorithms operating on phylogenetic trees, and Bortolato (2024) for RWM algorithms
operating on manifolds.

Recent theoretical works have obtained quantitative convergence bounds based on
couplings that are often directly implementable, or that can guide the design of effec-
tive implementable couplings. For instance, reflection couplings are well-known to be
effective in the case of diffusion processes (Lindvall and Rogers, 1986; Eberle, 2016;
Eberle et al., 2019), and can even be optimal in terms of meeting times in certain cases
(e.g. Connor, 2007, Chapter 3). CRN couplings have been used to quantify the con-
vergence of various MCMC algorithms, such as variants of MALA (Eberle, 2014) and
HMC (Mangoubi and Smith, 2019, 2021). Mixtures of CRN and reflection couplings
have been used to quantify the convergence of HMC (Bou-Rabee et al., 2020).

Finally, various works have devised more sophisticated couplings that allow for a
positive chance of meeting. By modifying two-stage constructions like Algorithm 3,
which consist of conditionally maximal couplings, Wang et al. (2021) constructs max-
imal couplings of the entire Metropolis-Hastings transition kernel. O’Leary and Wang
(2024) characterizes the form of all Metropolis-Hastings transition kernel couplings that
are maximal. Corenflos and Séarkkéa (2022) constructs asymptotically maximal couplings
of random variables based on rejection sampling from a dominating coupling. Dau and
Chopin (2023, Algorithm S.9) provides a way of turning any coupling into one that can
allow for exact meetings, by using an additional draw from the “overlap region” of the

densities (see e.g. Figure 2.1.1).



Chapter 3

Scalable couplings for the random

walk Metropolis algorithm

3.1 Introduction

Couplings of Markov chain Monte Carlo (MCMC) algorithms have attracted much
interest recently due to their ability to nullify the bias of MCMC estimates (Jacob
et al., 2020b), conservatively estimate the rate of convergence (Biswas et al., 2019)
of MCMC algorithms and the asymptotic bias of approximate inference procedures
(Biswas and Mackey, 2024), as well as unbiasedly estimate the asymptotic variance of
MCMC algorithms (Douc et al., 2023). One appeal of these methods is that they are
able to exploit parallelism without requiring communication between processors.

In the context of unbiased MCMC and the related convergence quantification method-
ology, a Markovian coupling of two chains should be designed such that the chains meet
after a finite number of iterations. The meeting time acts as a lower bound for the length
of the simulation, and as such the efficiency of a coupling can be assessed through the
distribution of the meeting time. As remarked in Jacob et al. (2020b), it is paramount

to design couplings which have favourable high-dimensional properties, in the sense

30
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that the meeting times reflect the true rate of convergence and mixing of the underly-
ing marginal Markov chains. At the same time, the rich design space means that it is
challenging to devise efficient couplings, and this design is regarded to be an art form
in general (O’Leary and Wang, 2024).

We focus here on the design and analysis of scalable couplings for the random walk
Metropolis (RWM) algorithm with Gaussian proposals. Methodologically (see Sec-
tion 3.3), we argue for the importance of couplings which are contractive and we design
couplings which attempt to optimize for contraction in squared Euclidean distance. Our
Gradient Common Random Numbers (GCRN) coupling is provably optimally contrac-
tive in certain high-dimensional asymptotic regimes, is insensitive to the eccentricity of
the target, and is consistently able to contract the chains to within a distance where
coalescence in one step is achievable. Once the chains are close, GCRN or other con-
tractive couplings can be swapped for ones which allow for exact meetings; we exemplify
and advocate for such two-scale strategies in the sequel.

Our proposed couplings are designed to overcome the shortcomings of those cur-
rently available. The reflection-maximal coupling (Jacob et al., 2020b, Section 4.1),
arguably the most promising candidate to date, has been seen to scale well with the di-
mension when the target is spherically symmetric (Jacob et al., 2020b; O’Leary, 2021).
However, for high-dimensional targets which do not possess spherical symmetry this
coupling has been seen to perform poorly (Papp and Sherlock, 2025a); it does not
contract the chains sufficiently unless the step size of the coupled RWM algorithms is
chosen to be significantly smaller than is optimal for mixing. The present work validates
the favourable behaviour of the reflection coupling in the spherical case, offers an ex-
planation for the issue when spherical symmetry is lacking, and proposes an alternative
reflective coupling (Section 3.6.3) which alleviates the problem.

Our analysis bridges the gap between the coupled sampling and the optimal dimen-

sional scaling literatures in MCMC (see the review Roberts and Rosenthal, 2001 for
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optimal scaling in the stationarity phase, and Christensen et al., 2005 for the transient
phase). The ODE limit in Christensen et al. (2005, Theorem 1) for high-dimensional
spherical Gaussian targets, originally developed to explain the transient phase of the
RWM algorithm, underpins our approach. We extend this scaling limit to coupled
pairs of RWM chains in the spherical Gaussian case (Section 3.4) and further extend
the salient points of this analysis to the elliptical Gaussian case (Section 3.5). Related
to these scaling limits, we introduce a notion of asymptotic optimality; this extends be-
yond the Gaussian case (Section 3.6.2) and may guide the design of effective couplings
for other MCMC algorithms.

We conclude with a series of experiments illustrating the practical appeal of our
proposed couplings (Section 3.7) and a discussion of our findings and directions for

further work (Section 3.8).

3.2 Background

This work is motivated by lagged coupling methodology (Jacob et al., 2020b; Biswas
et al., 2019), which can be used to estimate the rate of convergence of MCMC algorithms
and to obtain unbiased MCMC estimators, and which we briefly recall here. Our set-up
differs slightly from the literature in that we start the index of the first chain at —L
rather than 0, however this will add clarity to the sequel.

Consider a m-invariant Markov kernel K, and a joint Markov kernel K ((z,y), (-,-))
with marginals (K (x, ), K(y,-)). Throughout this paper, we think of K as a Metropolis-
Hastings kernel and the joint kernel K as specifying some coupling of the proposals and
of the acceptance steps. We construct two Markov chains (X;):>_r and (Y;)i>0. Each
chain evolves marginally according to K, and after head-starting the X-chain by L > 1

iterations they evolve jointly according to K:

1. Sample Xy ~ moK* and Y ~ 7.
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2. Sample (Xyy1,Y41) | (X, Y7) ~ [_(((Xt?Y;f)? -) for t > 0.

Furthermore, we design the joint kernel K such that there is an almost surely finite
meeting time 7 = inf{t > 0 : X; = Y;} and such that X; =Y, for all t > 7.

This construction can be used to estimate the rate of convergence of Markov chains
(Biswas et al., 2019). Suppose that we wish to quantify the rate of convergence
in a p-Wasserstein distance (Villani, 2009) of order p > 1, defined as W,(u,v) =
inf x vyer(uv) Ele(X, Y)P]'/? where c is some real-valued ground metric and where I'(, v)
is the set of all couplings of the distributions (u,v). Let my = mK"' be the time-t
marginal distribution of the Y-chain, so that Y; ~ 7, for all ¢ > 0. Using firstly the

triangle inequality, then the definition of the Wasserstein distance, we have that

Wp(, ) = Wy(oe, ) < D Wp(errnyr meege) < ) BV [e(Xopje, Yeusn)]
Jj=0 Jj=0
(3.2.1)
By repeatedly simulating the pair (X,Y’) and by replacing expectations with empirical
averages, we obtain a consistent estimator of this upper bound. Conveniently, pairs
of coupled chains can be simulated in parallel; the meeting times 7 ensure that the
estimator is computed in finite time. The lagged coupling framework also allows for the
unbiased estimation of expectations of test functions of interest (see Jacob et al., 2020b
and Appendix A.1) which enables principled parallel MCMC through averaging across
multiple (pairs of) chains simulated in parallel. Such unbiased estimators also facilitate
modular inference with cut posterior distributions (Jacob et al.,; 2017) and can be used
as part of a wider multilevel Monte Carlo framework in order to unbiasedly estimate
functions of expectations (Wang and Wang, 2023).
The effectiveness of the lagged coupling framework relies on designing the joint
kernel K such that the meeting times 7 are small, since large meeting times lengthen

the duration of the simulation, loosen the upper bounds on the rate of convergence, and

inflate the variance of unbiased estimators (see Jacob et al., 2020b for this final point).
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In this paper, we focus on designing kernels K whose meeting times scale well with the
dimension of the target m. Since the choice of lag parameter L should be guided by
the choice of coupling kernel K, for the remainder of the paper we focus on the joint
Markov chain (X, Y;)i>0, where the starting conditions (X, Yy) can be arbitrary.

We illustrate the use of couplings to quantify the bias of approximate sampling algo-
rithms (Biswas and Mackey, 2024) and to unbiasedly estimate the asymptotic variance

of MCMC algorithms (Douc et al., 2023) in the experiments of Section 3.7.

3.3 Couplings of the RWM algorithm

We first restrict our attention to the random walk Metropolis (RWM) kernel K with
spherical Gaussian proposals. All coupling kernels K are induced by joint updates of

the form

Xt+1 = Xt + thBx, )/;54_1 — 3/15 + thBy, (331)

where B, = 1{logU, < logn(X; + hZ,) — logm(X;)} is the Bernoulli acceptance in-
dicator, m is a d-dimensional target, and Z, ~ Ny(04, I;) and U, ~ Unif(0,1) are
independent. Analogous notation applies to the Y-chain. Throughout this paper, we
scale the step size as h = £d~'/2, which ensures that acceptance rates remain stable as
the dimension grows (Roberts et al., 1997; Christensen et al., 2005).

While the simplicity of spherical proposals is convenient for analysis, in practice
better mixing may be obtained with other covariance structures. It is straightforward
to extend the couplings considered in this paper to non-spherical Gaussian proposals,

see Appendix A.2.2.

3.3.1 The importance of contractivity in high dimensions

To try to make the chains meet quickly, one might be tempted to use a coupling K

which maximizes the chance of coalescing the chains at each iteration (see Wang et al.
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(2021) for examples). However, as the dimension grows, such couplings can perform
increasingly poorly for the RWM algorithm.

The issue is that the RWM proposals become increasingly local as the dimension
increases, yet at the same time the distance between the coupled chains grows. To be
able to coalesce the chains, a Markovian coupling of RWM chains must first propose
the same state in both chains. The probability of coalescing the chains in one iteration
is therefore upper bounded by the volume of overlap of the proposal densities (which
is analytically tractable in terms of the standard Gaussian cumulative density function

®(+), e.g. Heng and Jacob, 2019):

d

1
P(Xiy1 = Yoy | X3, V) <20 (_ﬁHXt - Yi”) < 2exp <—@

th—mnz), (3.3.2)

where we finally used the Chernoff bound and that A = ¢d~'/2. Two independent
chains will typically start || Xo — Yy||* = O(d) apart, yet the chance of coalescing in one
iteration is infinitesimally small unless || X; — Y;||? = O(d™!). If the coupling cannot
contract the chains to within, say, O(1) squared distance, then one can expect meeting
times to grow exponentially with the dimension d. Clearly, this is in stark contrast with
the O(d) time required for RWM chains to converge (Christensen et al., 2005; Andrieu
et al., 2024).

In high dimensions, the coupling should therefore primarily focus on contracting the
chains, as opposed to maximizing the probability of coalescing at each iteration. For

the coupling to be scalable, we therefore need to design a contractive kernel K.

3.3.2 Optimizing for contraction

Setting up the design of K as an optimization problem, a natural objective is the

expected contraction in squared Euclidean distance. It is straightforward, following the
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expansion (3.4.1) below, to show that
argming e E[[| X1 — Y |? | X, V2] = argmaxgeo E[A*Z, Z,B, B, | X, Y],

where C is any subset of M, the class of all Markovian couplings (3.3.1). We call the
quantity E[hzZrTZyBxBy | Xt,Y}} the expected jump concordance (EJC). To optimize
the expected contraction of the chains, we therefore need to maximize the EJC.

The form of the EJC suggests the following coupling strategy: correlate the accep-
tances B, B, maximally (i.e. try to accept simultaneously in both chains) and correlate
the proposal noises Z,, Z, maximally. The key observation is that, as the dimension
increases, these two objectives become less and less constrained by each other, so it be-
comes possible to satisfy both of them simultaneously. Focusing on the acceptance steps,

a Taylor expansion of the log acceptance ratio yields
B, = 1{logU, < hZ,;Vlogn(X;) + (h*/2)Z, V*logm(X:)Z, }, (3.3.3)

where V2 denotes the Hessian, and X, is on the line segment from X; to X, + hZ,.
As a function of Z,, most of the variation in B, therefore stems from the projec-
tion of Z, onto the logarithmic gradient Vlogm(X;). To try to make the chains ac-
cept simultaneously as often as possible, it is therefore sensible to maximally correlate
{2/ Viogn(X,), Z, Viogm(Y;)}. As each projection only constrains a single coordi-
nate, in high enough dimensions {Z,, Z,} can still be correlated nearly maximally.
This is the motivation behind the gradient-based GCRN coupling, which we introduce
in Section 3.3.3.

The EJC is well-defined in standard high-dimensional asymptotic regimes; we will
call a coupling asymptotically optimal if it maximizes the EJC in the limit. In such
regimes, the variation from the Hessian term of (3.3.3) vanishes (e.g. Sherlock, 2013),

so we expect couplings like GCRN which account for all of the variation from the
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gradient term to be close to optimal. The EJC can in fact be viewed as the coupling-
based analogue of the expected squared jumping distance (ESJD; Sherlock and Roberts,
2009), a widely-used measure of mixing efficiency. The ESJD has the limiting formula
ESID(¢) = 20*°®(—(/2) for a standard Gaussian target, which returns the optimal
scaling of ¢ = 2.38 and optimal acceptance rate of 23.4%. The EJC reduces to the
ESJD when the the chains are stationary and are identical; it is therefore unsurprising
that the same scaling ¢ = 2.38 turns out (see Section 3.4.2) to be close to optimal for

our GCRN coupling.

3.3.3 The couplings under consideration

This work focuses on the natural class of product couplings P, which contains all cou-
plings of the updates (3.3.1) such that (U,,U,) are independent of (Z,, Z,). We in-
troduce three couplings from P, all of which synchronize the acceptance uniforms to
U, = U,, also called a common random numbers (CRN) strategy. The difference is in

the coupling of the proposal increments (Z,, Z,):
1. CRN: Z, = Z,;
2. Reflection: 7, = Z, — 2(e" Z,)e;

3. GCRN: Z, = Z — (n} Z)n, + Zyn, and Z, = Z — (n) Z)n, + Zyn,;

Y

where: e = Nor(X; — Y}), n, = Nor(Vlog n(X;)) and n, = Nor(Vlogn(Y;)); Nor(z) =
x/||z|| denotes the normalization operation; Zy ~ AN (0,1) and Z ~ Ny(04, 1) are
independent. The CRN and reflection couplings serve as baselines and are already
established (see e.g. O’Leary, 2021). By convention, we default to the CRN coupling
when a vector to be normalized is null.

The new GCRN (Gradient Common Random Numbers) coupling attempts to syn-

T

chronize acceptance events by ensuring that n, Z, = n; Z,; it contracts the chains due to

synchronized movement towards the mode. By design and in certain high-dimensional
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asymptotic regimes, GCRN is optimal for contraction within the class P (see Theo-
rems 3.4.1, 3.5.2 and 3.6.2). We construct in Appendix A.2.1 an implementable modi-
fication of GCRN that is asymptotically optimal over the entire class M; we prefer the
simpler GCRN coupling as any additional gain appears very small (see Figures 3.4.1
and 3.5.2). Other variants of GCRN with similar high-dimensional properties could be
devised, for instance synchronizing n! Z, = n;Zy using an appropriate reflection or ro-
tation. Aiming to combine favourable properties of contractive and reflective couplings,
we propose a hybrid between the GCRN and reflection couplings in Section 3.6.3.

In practice, once the chains become close enough to have a reasonable chance of
coalescing in one step, we propose to swap from a contractive coupling like GCRN to one
that allows for exact meetings. We use such two-scale approaches in the experiments of
Section 3.7; our coalescive coupling of choice is the reflection-mazimal coupling (Jacob
et al., 2020b, Section 4.1; see also Appendix A.2.2). Two-scale couplings have previously
been considered in e.g. Biswas et al. (2022); Bou-Rabee et al. (2020).

As a major component to this work, we develop theory which explains the behaviour
of coupled RWM chains in high dimensions. We focus on GCRN and the two baselines;
a recurring quantity in our analysis is the joint distribution of (n,] Z,, n;/rZy) which we
characterize in Proposition 3.3.1 below. As with all our results in the main text, this

is proved in Appendix A.4.

Proposition 3.3.1. It holds that (n} Z.,n, Z,) | {X:,Yi} ~ BvN(p), the bivariate
normal distribution with unit coordinate-wise variances and correlation p € [—1,1],

where the coupling-specific value p is

Porn = Mg Ny, Preft = Ny Ty — 2(nze)(n;e), Peern = 1.
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3.4 Analysis: standard Gaussian case

We begin our analysis of the couplings of Section 3.3.3 by considering a standard Gaus-
sian target 7@ = Aj(04, I;) in increasing dimension d. Clearly, this setting is very
stylized, however it will allow us to obtain limit theorems that cleanly characterize the
behaviour of the couplings in high dimensions. Besides, scaling limits for the RWM
algorithm often rely on the target behaving asymptotically like a Gaussian (Roberts
et al., 1997), and the conclusions of such analyses have been seen to hold much more
widely in practice.

Firstly, we show in Theorem 3.4.1 below that the GCRN coupling is asymptotically
optimal for contraction among the class P of product couplings, in that it optimizes a
limiting form of the EJC. This coupling is therefore expected to perform well even in
high dimensions.

Thereafter, our analysis centers on the three-dimensional process

W@ — (Wt(d)) _

>0

(1 ey 1175 1Y e 117, XLTthYLth)

t>0"

Q|

where the speed-up factor d corresponds to the natural time-scale under the step size
scaling h = ¢d='/2. The form B, = 1{logU, < —hZ] X; — (h?/2)||Z.|*} of the ac-
ceptance step ensures that the process W@ is Markovian under our couplings (see
Appendix A.4). As the target is spherically symmetric, the first and second coordi-
nates of this process are radial components describing the marginal behaviour of each
chain. The inner product in the third coordinate captures the remaining joint behaviour
of the chains under a given coupling.

We show in Theorem 3.4.4 that W@ converges weakly to the solution of an ordinary
differential equation (ODE) as the dimension d grows. Our approach follows Chris-
tensen et al. (2005) and extends this path-breaking work to pairs of Markov chains. By

thereafter analyzing the ODE, we shed light on the high-dimensional behaviour of the
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coupled chains.

3.4.1 Asymptotic optimality

It is natural to ask which coupling contracts the chains the most in the considered
high-dimensional regime. As shown in Section 3.3, this is equivalent to asking which
coupling maximizes the EJC, which we take as our efficiency metric. By design, the
GCRN coupling optimizes an asymptotic form of the EJC over the class P of product
couplings, and is therefore asymptotically optimal over this class. In the sequel, we

quantify the gap between P and M numerically.

Theorem 3.4.1. Conditionally on (|| X:||2, [|Y:||?, X, Y;)/d = (z,y,v), it holds that

lim sup E [h*Z, Z,B,B,| = (*Ezno1) |1 A LV2E2)2 M)
d—oo KeP

and this limit supremum s attained by the GCRN coupling.

3.4.2 Scaling limits

Turning to the ODE limit, we need to get a handle on the drift of the process W@ as
well as show that this process does not fluctuate much. In both cases, we work with
conditional one-step differences in (|| X¢|?, ||Y:||?, X, Y3).

Starting with limiting drift of the process W@ its first two coordinates are coupling-
invariant, are individually Markovian, and are dealt with by prior work (Christensen

et al., 2005). For the third coordinate, the one-step difference is
X Y - XY, =nY,"Z,B, + X Z,B, + h*Z] Z,B,B,. (3.4.1)

The first two terms are coupling-invariant; the final term, the jump concordance, is

coupling-dependent. We evaluate the drift in Proposition 3.4.2 below. Finally, we show
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that the fluctuations of W@ are negligible in Proposition 3.4.3 below.

As a technical point, we fix Z, g > 0 and define the set S = {(x,y,v) | x € [0,Z],y €
[0,9], |v| < /Zy}. This is an arbitrarily large compact subset of S, the set of all feasible
values of the process W@, Our auxiliary results essentially cover all of S as they hold
uniformly over § for any fixed Z,y. This final detail is important, but for brevity we

suppress it from notation.

Proposition 3.4.2. Under the couplings of Section 3.3.3 and uniformly over w =

(x,y,v) €S, it holds that

lim I [d(wg“’+1 — W) | Wi = w} = co(w) = (ar(x), ae(y), be(z, y,v)),

d—o0

where

2y 14 14
ag(z) = *(1 — 2z)e" @29 (2$1/2 lx 1/2> + (P (—W) ;

be(2,y,0) = LB (2, z5)~BvN(p) [1 A ele P 2=t2/2 g ezywm_ém]

2 22(z—1)/2 4 1/2 52 1)/2 ¢ 1/2
—Ev{e( )/<I><2x1/2—€x/) (= )/¢)<2y1/2 Ly )},

and where p = p(x,y,v) is coupling-specific:

W 2wy —(z+y)v _
Pern = (xy)l/za Prefl = (:Uy)l/2($€ +y— 2@)7 Pgern = 1.

Proposition 3.4.3. Under the couplings of Section 3.3.3, it holds that

lim sup E d2HW t/d |12 | t/cg w] < 00.

d—00 ywes

Having obtained the limiting drift of the process W% as well as bounded its fluctu-
ations, we can state our main result: the convergence of this process to a deterministic

limit.
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Theorem 3.4.4. Let Wéd) = wy € S for all d. Then, under the couplings of Sec-
tion 3.3.3, it holds that

W9 — w as d— oo,

where w : [0,00) — S is the solution of the initial value problem
dw(t) = co(w(t))dt started from w(0) = wo, (3.4.2)

and where the drift c,(-) is coupling-specific as in Proposition 3.4.2.

The analysis of the process (Xy, ;)10 therefore reduces to the analysis of the ODE.
We are interested in the squared distance || X; — Y;||?: a change of variables leads us to

an analogous ODE limit W(9 — 1w for the process

= (d 1
(W) = = (X ¥y 121X = Yiea 1)

to the solution w = (z, v, s) of dw(t) = &(w(t))dt, where ¢,(w0) = (a,(x), ar(y), be(z,y, 5))
and by(x,y, s) = ag(z) + ar(y) — 2be(x,y, (v +y — 5)/2). (as(-) and by(-) are defined in
Proposition 3.4.2.)

The intuition from this result is that after solving the ODE we obtain a function
s(t), the solution for the third component, which contracts to 0 as t — oo for the GCRN
and reflection couplings but does not contract to 0 for the CRN coupling, and is such
that

|1 X, — Yi||* ~ s(t/d)d for large d.

Over one step, the squared-distance changes by roughly b,(-)/d; the smaller this
value, the more a coupling contracts the chains. Since the contraction efficiency measure
EJC appears in the limiting drift b,(-), by Theorem 3.4.1 the GCRN coupling optimizes

this drift point-wise over all couplings in P.
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Numerical illustration
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Figure 3.4.1: Trace of the scaled squared distance || X; — Y;||?/d and its ODE limit, for
a target (@ = Ny(04, I;) and various couplings, step sizes, and starting conditions as

in Section 3.4.2.

Linetype == MCMC -+ ODE asymptote = * ODE limit

We visualize the ODE limits in Figure 3.4.1, considering four different starting con-

ditions (o, yo, po), where (o, yo) correspond to (|| Xo||%/d,||Ys||*/d) and py corresponds

to the cosine similarity X, Yy/(||Xo||[|Yo||) between the initial states of the chains. The

starting conditions are, and in a limiting sense correspond to chains initialized from:

(i) (xo,v0, po) = (1,1,0), independent draws from the target.

(i) (zo,v0,p0) = (1,1,0.9), positively correlated draws from the target.

(iii) (zo,v0,p0) = (1.5,0.5,0), independent draws from, respectively, over- and under-

dispersed versions of the target.

(iv) (xo0,%0,p0) = (0.4,0.01, —0.5), negatively correlated draws from under-dispersed

versions of the target.

We also compare ODE limits with MCMC traces in dimension d = 1,000. Within

each scenario, the same starting value (X, Yy) is used for all couplings; its coordinates
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are sampled independently from BvN(zg,yo; (zoyo)"/?po), the bivariate normal with
coordinate-wise variances (o, yo) and correlation py. We use step sizes (a) ¢ = 2.38 and
(b) £ = +/2; the former is optimal at stationarity (Roberts et al., 1997) and both are
close to optimal in the transient phase (see Christensen et al., 2005 and Section 3.4.2).

Figure 3.4.1 confirms that our theory consistently predicts the behaviour of the cou-
pled RWM algorithms in high dimensions d. Although stochasticity is clearly present
in the traces, this noise will vanish in the limit as d — oo. The GCRN coupling
outperforms the CRN and reflection couplings. Furthermore, GCRN very closely ap-
proximates the asymptotically optimal Markovian coupling of Appendix A.2.1; for this
reason, we choose to focus on GCRN, although we will revisit the optimal Markovian

coupling in the numerical illustrations of Section 3.5.

Long-time behaviour

We turn to the behaviour of the chains in the joint long-time and high-dimensional
limits. We shall access this through the unique stable fixed point of the limiting
ODE (3.4.2); all fixed points of this process are characterized in Proposition 3.4.5
below.

The first two coordinates of the ODE dictate the marginal behaviour of the chains
and are autonomous. Their fixed points correspond to the chains being marginally
stationary, are stable, and are (z*,y*) = (1,1). The third coordinate is more involved:
we require the function

1A eezl—e2/2 A 6622—62/2

)

he(p) = E(2,,25)~BvN(p) [

which is increasing on its domain [—1,1], is bounded above by hy(1) = 2®(—¢/2),
and has unbounded derivative as p — 1. (See in Lemma A.4.9 in Appendix A.4.2 for
properties of hy.) Proposition 3.4.2 indicates that the fixed points v* are the solutions

of he(p(v)) — vhe(1) = 0, where the correlation p(-) is coupling-specific: pem(v) = v
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and pref(v) = pgern(v) = 1. The terms of the fixed-point equation have straightforward
interpretations: v is the cosine similarity between the coupled states, hy(1) = 2®(—£/2)
is the acceptance rate of the marginal chains, and hy(p(v)) is the rate at which the
chains accept their proposals simultaneously.

A scalable coupling must ensure the stability of the fixed point v* = 1. However, due
to the rapid growth of h(p) near p = 1, the fixed point v* = 1 is highly sensitive to the
function p(+): stability can essentially only be achieved if p(v) = 1 in an interval around
v = 1. As we discuss in Section 3.6.1, this instability is caused by the distance between
the coupled chains increasing by a relatively large amount when one chain accepts its
proposal while the other rejects its proposal, and points to the need to use couplings like
GCRN which attempt to synchronize acceptance events. As it happens, a spherically
symmetric target also allows the reflection coupling to synchronize acceptance events:
intuitively, prn(v) = 1 here because, when the chains are on the same level set, the

reflection is a perfect mapping between the respective logarithmic gradients.

Proposition 3.4.5. Under the couplings of Section 3.3.3, the fixed points of (3.4.2)

are of the form w* = (1,1,v*), where v* is coupling-specific:

o CRN: v*

crn

€ (0,1), stable and v} =1, unstable.
e Reflection: v} 4 =1, stable.

e GCRN: v =1, stable.

gern

We are interested in the limiting squared distance. Proposition 3.4.5 suggests that

*

this equals, for the coupling-specific stable value v,

coup coup

lim || X; — Yy||?/d =: st = 2(1 —v5,).
d,t—o00

For CRN, we plot s (¢) in Figure 3.5.1 below and conclude that || X; — Y;||* = ©(d)

crn

for large t unless ¢ = 04(1). As the dimension increases, the CRN coupling becomes
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Figure 3.4.2: Optimal step size scalings for marginal rate of convergence and for
contraction, as in Section 3.4.2. Left: Heatmap of relative drift a,q(x,¢) =
lag(x)|/ max,{|ae(x)|}; the dashed line traces the optimum point-wise over z. Right:
Heatmap of optimal step size lgerm(y, p) for the GCRN coupling, fixing the X-chain
stationary with z = 1.

increasingly impractical: to achieve sufficient contraction, it must sacrifice mixing by
using an increasingly smaller scaling.

For GCRN and reflection, since s, = sf,q = 0 we conclude that || X, —Y{||* = o(d)
for large t. However, numerically testing dimensions d € [1,10000], we found that
the contraction was in fact significantly better. (Recall that, by (3.3.2), contraction
to O(h?) is required for a reasonable chance of coalescence.) The GCRN coupling
exhibited clear O(h?) behaviour in all dimensions; remarkably, for d > 4 the coupling
was always able to contract the chains to within numerical precision. The reflection
coupling displayed O(1) behaviour, with plots suggesting that it could bring the chains

sufficiently close together for a reasonable chance of coalescence when d < 100, but that

coalescence would be unlikely in dimensions at least an order of magnitude larger.

Optimal scaling

To optimize the rate of convergence of a single RWM chain towards the main target
mass, the step size ¢ should maximize the absolute drift |a,(x)| point-wise over . We

plot this quantity normalized to unit scale in Figure 3.4.2 (left). Echoing Christensen
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et al. (2005), the speed of convergence is insensitive to the choice of step size and no
single step size is uniformly optimal, though the rough trend is that smaller step sizes
should be chosen for convergence than for mixing. We single out two step sizes: (a)
¢ = 2.38, which is optimal for mixing at stationarity, achieves at least 45% efficiency
over the considered range; (b) ¢ = v/2 is optimal for convergence when the chain is at
the mode and is at least 86% efficient over the considered range. The acceptance rate
is remarkably stable at the point-wise optimal step size (the dashed line), and hovers
around 35%.

We next turn to the problem of selecting a step size £ which optimizes the contraction
of the GCRN coupling. In the ODE limit, we should optimize the drift by(x, 3, s) point-
wise. To obtain sensible guidelines, we fix x = 1: this corresponds to a stationary
chain coupled with a non-stationary chain and emulates a lagged coupling with a large
lag parameter. We reparametrize the state to (z,y,s) = (1,y,1 +y — 2y'/?p), where
p € [—1,1] denotes cosine similarity, and we plot the optimal step size {4, as a function
of (y, p) in Figure 3.4.2 (right).! Remarkably, the step size £ = 2.38 is close to optimal
over much of the range, and in particular when the coupled chains are marginally
stationary. We also find (not pictured) that the contraction is insensitive to varying
the step size near the optimum. This suggests close to optimal performance for GCRN
when the step size is tuned to ¢ = 2.38 and the acceptance rate to 23.4%, though we
caution that in practice smaller scalings and higher acceptance rates may be required
because it is crucial for a coupling to synchronize acceptance events between the coupled
chains (see Section 3.6.1). Similar guidelines apply to the reflection coupling, but as
we shall see in Section 3.5 this coupling requires a much smaller scaling ¢ = 04(1) when
the target is not spherically symmetric.

The different optimal scalings may seem at odds; the discrepancy can be explained

as follows. The rate of contraction of two coupled chains depends on their movement

!The heatmap for p € [~1,0) is not pictured, as it resembles the lower half of the plot.
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in both the angular and the radial directions. It therefore benefits from better mixing
in the angular direction, which for a single stationary chain is optimized by the scaling
¢ = 2.38. In contrast, the rate of convergence of a single chain towards the main target
mass only depends on the movement in the radial direction, which benefits from a

smaller scaling.

3.5 Analysis: elliptical Gaussian case

While we do not see the asymptotic Gaussianity assumption as a major limitation to
our theoretical results, the spherical symmetry assumed in Section 3.4 is certainly unre-
alistic: in practice, even after preconditioning, one cannot expect the RWM proposals
to precisely match the structure of the target. In this section, we therefore relax this
constraint and consider a more general sequence of targets 7(4) = Na(04,3,) of increas-
ing dimension d. Given the form of the acceptance ratio, it will be convenient to work
with the precision matrix )y = Z;l. To obtain a transparent asymptotic theory, we fix
a positive-valued distribution p which captures heterogeneity across the lengthscales of
the target and assume that
Vd: Q4= diag(wi,...,w3), where (w})i>1 ilGJl,u. (3.5.1)
We impose moment conditions on the spectral distribution i of the precision matrix,
see Assumptions 3.5.1 and 3.5.3. We first show in Theorem 3.5.2 that the GCRN
coupling is asymptotically optimal for contraction within the class P. By distilling
the argument of Section 3.4 down to its key part, we then consider a form of limiting
drift in Proposition 3.5.5, which tells us about the long-time behaviour of the coupled
chains and informs efficient step size scalings. To preempt our main conclusions, we
find that the GCRN coupling is robust to the eccentricity of the target and that the

same acceptance rate tuning guidelines apply as in the spherical case. The reflection
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coupling however breaks down for eccentric targets and must sacrifice mixing in order to
achieve sufficient contraction. Under stronger structural assumptions, we could arrive
at ODE limits, see Remark 3.5.6.

It will be convenient to define (for all z,y € R? and k € Z) the inner product
(z,y)y = ="y and its associated norm ||x||[2k] = (x,2)p- The acceptance step
becomes

By = W{logU, < —h{Zy, Xy)y — (W*/2)11 Z: |1y }-

3.5.1 Asymptotic optimality

We first show that the GCRN coupling is asymptotically optimal for contraction among
the class P of all product couplings, for which we require a law of large numbers

assumption.

Assumption 3.5.1: The spectral distribution p has finite first moment 2, = E[w?].

2

Theorem 3.5.2. Under Assumption 3.5.1 and conditionally on (|| X¢|[%y, [[YellTy, (X, Yi)io)/(21d) =

(2,Y2,v2), it holds that

lim sup E [hQZJZyBxBy} _ KQEZNN(O,U [1 A e)\x;/2Z—)\2/2 A eAy;/QZ—AQ/Q] :
d—oo KeP

where \ = Ezi/z. Furthermore, the limit supremum is attained by the GCRN coupling.

Roughly speaking, Assumption 3.5.1 states that none of the lengthscales of the
target are much smaller than the average. Regularity conditions like these are among
the weakest required by optimal scaling theory (Sherlock, 2013, Condition 1) and appear
necessary to avoid degeneracies in the efficiency of the RWM algorithm (Beskos et al.,

2018). Under Assumption 3.5.1, one should think of

)\:62%/2
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as the natural step size parameter, with A\ = 2.38 being optimal at stationarity and
corresponding to a 23.4% acceptance rate. (We further relate our notation to the
optimal scaling literature in Section 3.6.2.) The key consequence of Assumption 3.5.1
is that the Hessian term in the acceptance ratio tends to a constant: limy_,., h%||Z, ||[21] =
(27, in probability. It is this which enables us to prove Theorem 3.5.2. The quantities
in Theorem 3.5.2 are rescaled so that e.g. x5 ~ 1 when the chain is in the main target

mass; we will apply a similar scaling to ||Xt||[2k} in the sequel.

3.5.2 Scaling limits

We turn to the problem of characterizing the high-dimensional behaviour of the coupled
RWM chains. To be able to handle all couplings of Section 3.3.3 at once, we impose

somewhat stronger assumptions.
Assumption 3.5.3: The spectral distribution g has finite k-th moment for k € {—2,1}.

Assumption 3.5.3 guarantees the existence of all intermediate moments zj, = E[w?¥]
for all k € [—2,1]. Intuitively, Assumption 3.5.3 asks for none of the lengthscales of the
target to be much larger or smaller than the average. In practice, the target is fixed
and not randomly generated as in (3.5.1), but it may still arise as a discretization of a
limiting target with a given limiting spectral distribution. We exemplify a class of time

series models whose limiting spectral distribution satisfies the assumption.

Example 3.5.4: Fix p € N. For all d > p, let 7(? be the distribution of a stationary
AR(p) process of length d, with the same parameters across all dimensions d. Then, the
spectrum of the precision matrix converges to a spectral distribution p which satisfies

Assumption 3.5.3.

In Example 3.5.4, the assumption is satisfied because the limiting target is well-
conditioned, however we stress that a uniform control of the condition number is cer-

tainly not necessary. More broadly, we expect Assumption 3.5.3 to hold for Gaussian
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Markov random fields (Rue and Held, 2005) whose dependence structure grows suitably
slowly with the dimension d.
The analysis of the reflection coupling will require the following quantity, which we

dub the limiting eccentricity of the target
E=2121 = dhm Tl"(Qd) Tr(Zd)/d2
—00

This quantity satisfies € > 1 and is invariant to a rescaling of the precision matrix
by a constant factor. The lower bound is attained when the target is spherical; the
greater the imbalance between the average lengthscales of the precision and covariance

matrices, the larger € becomes.

Limiting drift

We now compute the limiting drift of triplets Wy = (||Xt||[2k], ||Y;5||[2k}, (X3, Y;)p) for vari-
ous k. For this calculation, we let E denote the expectation conditional on Wi;/(zj_1d) =
(xj,y;,v;) for all 7 € {—1,0,1,2}, where the normalizing constants are defined subse-

quent to Assumption 3.5.3.

Proposition 3.5.5. Under Assumption 3.5.83 and the couplings of Section 3.3.3, for
all k € {—1,0,1} it holds that

Ton B 1 Xea 3y — 1X0g] = Bolonn; 22),
(}EEOI_E [||Yt+1||[2k;} - ||Yt||[2kﬂ = Gia(yri1s ¥a), (3.5.2)

(}LIEOE (X1, Yo — (Xe, Yid | = 6B (vks1; T2, Y2, p),
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where £y, = Ez,iﬂ,

A A
(Tpy1;22) = (1 — 2$k+1)€/\2(“71)/2q) 1z )\xém +& -— |

1/2 1/2
B(Vkt1; T2, Y2, p) = E(21,2,)~BvN(p) [1 A0 A2\ A ZQ_AQ/Q]

A A
— Vg1 e/\Q(xz—l)/Qq) W o )\[Lé/Q + 6,\2(92—1)/2(1) o . )\y;/2 ’
21‘2 2y2

where A = Ezi/Q, and where p is coupling-specific:

Pom = —2 = —2 4 2(z1 — v1)(y1 — v1)
o (z2y2) 1%’ re (z2y2)'/?  e(xay2)/?(xo + yo — 2vp)’

Pgern = 1.

Proposition 3.5.5 generalizes Proposition 3.4.2 to the elliptical case, with the no-
table differences that the natural step size parameter is now A and that the correlation
prefi NOW depends on the eccentricity €. By Theorem 3.5.2, the GCRN coupling opti-
mizes point-wise the drift (3.5.2) over all couplings in P. With more care, we could
additionally bound the fluctuations of W (as in Proposition 3.4.3) and we could make
our results uniform over compact sets. However, these refinements will not provide
any additional insight into the asymptotic behaviour of the coupled chains, so we avoid
further technicalities.

Through a change of variables, we can understand the evolution of the squared

Mahalanobis distance,
C}LIEOE X1 = Y llfy = 1Xe = Yillfg] = Gr(@rsn, vt vkia; 2,92, 0),

where V(Ikﬂ, Yk+1, Vk+1; T2, y2>P) = a(xk:—i-l; $2) + a(yk-i-l; yz) - 25(Uk+1;$2, 9270)-

Remark 3.5.6: Under certain structural assumptions, we can extend Proposition 3.5.5
to an ODE limit. For instance, if ¥ = diag(1,02,1,0?,...), by decomposing the process

W@ considered in Section 3.4 into separate triplets for the odd and even coordinates,
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limits, as in Section 3.5.2, for targets 7@ = Ny(04, ¥4) and various couplings and values
of the natural step size A and eccentricity €. We stress that the only desirable value is

Seoup = 0. The efficiency measure ESJD()) is overlaid for context.

we obtain a six-dimensional Markov process. Under moment conditions on o2, this

Markov process has an ODE limit as the dimension grows.

Long-time behaviour

We infer the behaviour of the coupled chains in the joint long-time and high-dimensional
limits from the stable fixed points of the system of equations (3.5.2). This is sensible,
as the unconditional expected one-step change in a function of the coupled chains is
null when coupled process is stationary.

This analysis mirrors, and assumes familiarity with, the discussion of Section 3.4.2.
The fixed points are the solutions of a(zy;x2) = a(yr;y2) = B(vk; 1,1, p) = 0 for all
k € {0,1,2}. The solutions z; = y; = 1 correspond to marginal stationarity in each
chain. This implies that the solutions v}, = v* must be constant in k, which collapses

the fixed-point equations for the remaining joint behaviour of the chains to

ha(p(v)) — vha(1) =0, (3.5.3)

where the correlation p(+) is coupling-specific: pem(v) = v, prea(v) = v + 711 — v)
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and pgen(v) = 1. The terms of the fixed-point equation (3.5.3) retain their intuitive
interpretations from Section 3.4.2 in terms of the cosine similarity v, the marginal
acceptance rate hy(1), and the synchronous acceptance rate hy(p(v)). We consider a
linear stability analysis in Proposition 3.5.7; for the fixed point v* = 1 to be stable, we
essentially require that p(v) = 1 in an interval around v = 1. In other words, we require
marginally stationary chains to accept their proposals simultaneously even when they
are not coalesced. The reflection coupling is unable to do so in the elliptical case, which

ultimately impacts its scalability.

Proposition 3.5.7. Let the target be non-spherical Gaussian (i.e. ¢ > 1). Under
the couplings of Section 3.3.3, the solutions of the fized-point equation (3.5.3) are as

follows:

o CRN: v*

crn

€ (0,1), stable and vl =1, unstable.

e Reflection: v’ € (v}, 1), stable and v} = 1, unstable. As a function of ¢ €

(1,00), vig(e) is decreasing and tends to {1,v%,} at the extremes.

e GCRN: v¥ =1, stable.

gern

We are interested in the limiting behaviour of the squared distance. Proposition 3.5.7

*

suggests that, for the coupling-specific stable value vy,

A [LX = Vil Tr(S0) = sl = 21— vy

* *
refly Sern

We plot this limiting quantity in Figure 3.5.1. For reflection and CRN; since s >
0 we conclude that || X; — Y;||? = ©(d) for large ¢. Both couplings become increasingly
impractical as the dimension increases: they must sacrifice mixing for contraction by
using an increasingly smaller scaling A = 04(1). This points to the need to use pre-

conditioning alongside the reflection coupling, as this coupling performs adequately for

spherical targets. The CRN coupling is unaffected by the eccentricity of the target but
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is uniformly worse than the reflection coupling.

For GCRN, since s}, = 0 we conclude that || X, — Y;||* = o(d) for large t. However,
experimentally (we tested dimensions d € [1,10000] and targets similar to those of
Figure 3.5.2) we found that the GCRN coupling performed significantly better. We
observed O(h?) behaviour in all dimensions; for d > 10, the GCRN coupling was
consistently able to contract the chains to within numerical precision, even for the

most eccentric target considered.

In practice, given estimates of the traces of the covariance and precision matrices,

*
coup

we can estimate the eccentricity ¢, compute v by solving (3.5.3) numerically, and
then predict
E [HXt - Y;HQ} ~2Tr(Xy)(1 — vy, forlarge d,t. (3.5.4)

coup

Optimal scaling

We turn to the problem of step size tuning for the GCRN coupling. When k& = 1, by

comparison with Proposition 3.4.2, we obtain that
C}LHOIOE X e = Yerallfy = 1% = Yallfy] = ba(a2, s, 52),

where by (+) is the drift of the squared-distance process which we obtained for a spherical
Gaussian target, which now depends on the natural step size parameter A. To optimize
the contraction of the GCRN coupling, we should therefore optimize the drift by(-)
point-wise. This problem was considered in Section 3.4.2: we reiterate that (i) the
contraction of the chains is insensitive to the scaling, (ii) the scaling A = 2.38 and the
acceptance rate of 23.4% are close to optimal for an elliptical Gaussian target and (iii) a
somewhat smaller step size may be necessary in practice, as it is crucial for the coupling

to ensure that the chains accept their proposals at the same time, see Section 3.6.1.
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3.5.3 Numerical illustration

We verify our findings with three targets 7 = Ay (04, X2) of increasing limiting eccen-

tricity e:

(1) i = 0.5 for all (i,5): e = 5/3.
iid o

(ii) ¥ = diag(o?,...,03%) where (02)i>1 ~ x3: € = 3.

(iii) ¥ = diag(1,24,1,24,...): £ = 25/4.

Target (i) is an AR(1) process with autocorrelation 0.5 and unit volatility and corre-

sponds to Example 3.5.4. Target (ii) directly corresponds to Assumption 3.5.3. Target

(iii) corresponds to Remark 3.5.6, where an ODE limit can be shown. We consider the

same two step size scalings in the natural parameter (a)

=238 and (b) A = V2 as

in Section 3.4.2, as the former is optimal for the stationary phase and we expect the

latter to perform well in the transient phase. We fix d = 2,000 and we always start the

coupled chains independently from the target.
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Figure 3.5.2 shows that the MCMC traces resemble deterministic trajectories, hint-
ing towards an ODE limit. For all couplings, the long-time behaviour of the chains is
as predicted by our theory, with GCRN performing well and the two baselines being
impractical. Remarkably, GCRN performs identically to the implementable asymp-
totically optimal Markovian coupling of Appendix A.2.1: here, as we show for a more
general class of targets in Section 3.6.2, it is because the GCRN coupling itself is asymp-
totically optimal Markovian when the chains are marginally stationary. As all evidence
in the main text and in Appendix A.2.1 indicates that GCRN is very nearly as efficient
as the asymptotically optimal Markovian coupling, we favour parsimony and hereafter

focus on GCRN.

3.6 From theory to practice

In this section, we turn our scaling limit analysis into practical recommendations. In-
vestigating the one-step dynamics of the coupled chains, we expose the necessity for
a scalable coupling to synchronize acceptance events between chains. This prompts a
study into what conditions are required for the GCRN to work well in practice, as well
as a hybrid between the GCRN and reflection couplings, which we expect will coalesce

the chains quickly even for eccentric targets.

3.6.1 Necessity of synchronizing acceptance events

Let us interpret the one-step dynamics of coupled RWM chains with step size h =
O(d='/?). We have that

[ Xes — Yir |2~ X0~ Yill* = 20(X, ~Y))(Z,B, ~ Z,B,) + 1| 2, B, Z,B,|I". (3.6.1)

One might think of the first term of (3.6.1) as representing the contractive part of

the dynamics. Its expectation conditional on (X;,Y;) is invariant to the coupling; our
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scaling limits (see e.g. the proof of Proposition 3.5.5) indicate that this expectation is
roughly h?(X;—Y;) " (Vlog 7(X;)—Vlog 7(Y;)) times the acceptance rate, at least when
the target is sufficiently regular and each marginal chain is close enough to stationarity.
We therefore expect the contraction to be roughly exponential at rate O(h?) = O(d™1),
particularly if the target is log-concave.

The second term of (3.6.1) represents the expansive part of the dynamics. In par-
ticular, a linear O(1) increase is suddenly incurred whenever there is an imbalanced
acceptance event, that is acceptance in one chain at the same time as a rejection in
the other. This highlights the necessity to use a coupling that synchronizes acceptance
events with high probability: for instance, if imbalanced acceptance events occur with
©(1) probability, then the equilibrium between the contractive and expansive parts of
the dynamics lies at | X; — Y;||* = ©(d), so the coupling cannot scale. Our fixed-point
results (Propositions 3.4.5 and 3.5.7) validate this behaviour.

To us, at least, the only principled way of synchronizing acceptance events is by
paying careful attention to the acceptance steps, e.g. by exploiting additional local
information about the target density, such as its logarithmic gradient as in the GCRN
coupling. At the same time, our optimality results concerning GCRN suggest that, in
order to construct scalable couplings, judicious inclusion of gradient information is to
some extent sufficient. In the next section, we therefore gauge the extent to which the

GCRN coupling might perform well in practice.

3.6.2 When does GCRN work and when does it not?

To gain insight into what conditions are required for the GCRN coupling to scale well,
we consider a general product-target setting with variable lengthscales as in Roberts and
Rosenthal (2001). To obtain a sensible limit theory, we fix the chains to be marginally
stationary; we find that GCRN is asymptotically optimal for contraction among all

Markovian couplings. We leave extensions to non-stationary chains for further work.
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Assumption 3.6.1: Let 79 (z) = [, wif(wiz) with (w?);>; ~ i, where p has finite

first moment and where f : R — (0, 00) is twice continuously differentiable with (log f)’

Lipschitz continuous, Ey¢[(log f)'(Y)?] < oo and Ey.¢[(log f)"(Y)*] < oo.

Theorem 3.6.2. For alld > 1, let the target 7P be as in Assumption 3.6.1, and let the
joint distribution of (X;,Y;) be in D(7 @, 7D where T'(u,v) is the set of all couplings

of the distributions (u,v). Then,

lim sup E[h*Z] Z,B,B,] = 20*® (—((bI)"/?/2),

d—00 ReM

where I = Ey¢[(log f)'(Y)?], b = E[w?], and this supremum is attained by the GCRN

)

coupling.

The optimality of GCRN is therefore not a purely Gaussian phenomenon: it occurs
in Theorem 3.6.2 because the variation in the Hessian term of the log-acceptance ratio
is, relative to the gradient term, asymptotically negligible. In practice and for a well-
tuned RWM algorithm, this condition is approximately satisfied when the logarithmic
density of the target does not have any direction in which it varies particularly rapidly
(see Sherlock, 2013); equivalently, when none of the lengthscales of the target are much
smaller than the average. We expect the GCRN coupling to perform well when this
is the case, particularly if the target is also log-concave, with the ideal behaviour of
| X; — Y3]|*> under GCRN being that of exponential contraction at rate O(h?) to a small
steady-state average.

Conversely, GCRN only explicitly accounts for first-order variation in the accep-
tance ratio so this coupling may perform poorly when the second-order terms in the
acceptance ratio exhibit substantial variability. In practice, the issue can appear when
the precision matrix of the target has a few very large eigenvalues. Preconditioning may
alleviate the issue, as may reducing the step size; the latter reduces the relative vari-

ation from second-order terms in the acceptance ratio, increases the acceptance rate,
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and improves the contraction by forcing the chains to accept simultaneously more often.
One can also harness stochasticity to enhance the contraction of the GCRN coupling,

as we show in Section 3.6.3.

Remark 3.6.3: Theorem 3.6.2 suggests good performance in finite dimensions, but it
does not guarantee it. To formally establish the rate of contraction and the long-time
behaviour under GCRN in any finite dimension would require a careful nonasymptotic
analysis of the contractive and expansive terms of (3.6.1), which we do not perform here.
Instead, we verify the behaviour of GCRN empirically, and we recall the encouraging

results in the Gaussian case (Sections 3.4.2 and 3.5.2).

Remark 3.6.4: In Roberts and Rosenthal (2001), the quantity / of Theorem 3.6.2
is interpreted as a marginal roughness measure, whereas the moment b quantifies the
variation across the coordinates of the target. In Assumption 3.5.1, considered in the

elliptical Gaussian case, these correspond to I =1 and b = z;.

3.6.3 The GCRefl coupling: combining contraction with stochas-
ticity

In the diffusion literature, it is well-known that different couplings are suited to different
purposes (Chen and Li, 1989). When the goal is coalescence, reflection couplings have
been seen to be highly effective: in particular, they minimize meeting times in the
case of coupled Brownian motions or Ornstein-Uhlenbeck processes (e.g. Connor, 2007,
Chapter 3.4). However, we have seen that the reflection coupling of the RWM does not
perform well for high-dimensional eccentric targets (Section 3.5) as it is no longer able
to synchronize acceptance events (Section 3.6.1).

We therefore propose a hybrid between the GCRN and reflection couplings, designed

to combine the favourable properties of both of these. We call it the GCRefl ( Gradient-
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Corrected Reflection) coupling:

Zw =2 — (e} 2)ex + Zyey,

Z,=27—2(e"Z)e— (e;Z)ey + Zyey,

where: e = Nor(X —Y); e, = Nor(n, — (¢"n,)e) with n, = Nor(Vlogm(X;)) and
similarly for e,; Z ~ Ny(04, I4) and Zg ~ N;7(0,1) are independent. We default to
the reflection coupling when a vector to be normalized is null (this is always the case
in dimension d = 1). The proposed coupling starts from the reflection coupling, then
applies a GCRN-like correction in order to increase the rate of simultaneous acceptances.

One can roughly interpret the one-step dynamics of ||X; — Y;|| under the GCRefl
coupling as exponential contraction at rate O(h?) together with a random walk with
increments O(h). The exponential contraction dominates when ||X; — Y;|| = O(d"/?),
whereas the stochasticity dominates when ||.X; — Y;|| = O(1). Borrowing intuition from
the case of diffusions, this added stochasticity should help drive the chains towards
coalescence. Indeed, as we will see in the experiment of Section 3.7.4, the reflection
move of GCRefl is particularly helpful in scenarios where GCRN is only able to contract

the chains to within O(1) squared distance.

3.7 Numerical experiments

In this section, we illustrate practical applications of our proposed couplings, in partic-
ular the estimation of the rate of convergence and asymptotic variance of the RWM, as
well as of the bias of an approximate sampling method. We also use a natural extension
to the GCRN coupling to devise an effective coupling for the Hug and Hop algorithm
(Ludkin and Sherlock, 2022) and to quantify the rate of convergence of this algorithm.
Finally, we perform a comparative study of coupled RWM and MALA kernels, with a

view towards unbiased MCMC. Our discrepancies of choice in this section are the total
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Figure 3.7.1: Rate of convergence of the RWM targeting the SVM, when started from
the prior. We estimated upper bounds on Wi(m;, 7) and TV(m, w) using only the
GCRN and GCRefl couplings. The reflection-maximal and CRN couplings were not
sufficiently contractive for this problem, as illustrated by traces of the squared distance
| X; — Yi||? in the left plot.

variation distance and the squared 2-Wasserstein distance

TV(p,v)= inf E[I{X =Y}, Wiuv)= inf EI|X-Y]|?].
()= Juf BL(X =V}, Wiev)= il E[IX Y]]

When estimating the rate of convergence, the bound (3.2.1) for the total variation
distance simplifies to TV (m;, 7) < E[0 V Ceiling{(7 — t)/L}], see Biswas et al. (2019).
Throughout, we have striven to tune the considered algorithms and couplings close
to optimally. We defer additional details to Appendix A.3, including: (i) further algo-
rithmic descriptions, (ii) experiments regarding parameter choice, (iii) further discussion

on the contractivity of the couplings used, (iv) alternative coupling strategies.

3.7.1 Rate of convergence of the RWM

We illustrate the effectiveness of our proposed couplings at quantifying the rate of
convergence of the RWM in a challenging high-dimensional setting. We target the

posterior distribution 7(x1.4 | y1.4) of a stochastic volatility model (SVM; Liu, 2001,
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Section 9.6.2):

yi | x ~ N1(0, 8% exp(x;)) forie{1,...,d},
Tio1 | 2 ~ Ni(pzy,0%) forie{1,...,d—1},

z1 ~ Ny (0,6°/(1—¢%) .

We fix the dimension to d = 360, hyperparameters to (3, ¢, o) = (0.65,0.98,0.15), and
generate the data from the model. We fix the starting distribution to be the prior
Ty = m(x14). Our goal is to estimate upper bounds on TV (7, 7) and Wj(m;, 7) as
described in Section 3.2.

Before running MCMC, we compute a Laplace approximation © = Ny(f, ﬁ)) This
suggests the step size h = 2.38/ Tr(f]fl)l/ 2 which we employ and empirically verify
as corresponding to a near-optimal acceptance rate of 23%. To predict the long-time
behaviour of the chains under the CRN and reflection couplings, we plug 7 into Equa-
tion (3.5.4).

To estimate the rate of convergence, we require our couplings to coalesce the chains
in finite time. The GCRN and GCRefl couplings cannot produce exact meetings on
their own; instead, we opt for a two-scale approach, employing a contractive coupling
when the chains are at least || X; — Y;||> > d apart, and otherwise (when || X; — Y;||* <
0) employing the reflection-maximal coupling. Here and in subsequent experiments
with two-scale couplings, we select the switching threshold § using a grid search on a
logarithmic scale: the general trend is that the meeting times are insensitive to choosing
0 smaller than optimal. We leave a formal investigation into the optimal choice of § for
further work. Our chosen thresholds are (Jgerm; dgerei) = (0.1,0.001) in this experiment,
and we use a large lag of L = 1.5 x 10® and 100 independent replicates to compute each
bound.

The numerical results are displayed in Figure 3.7.1. Both the two-scale GCRN and

GCRefl couplings effectively quantify the rate of convergence of the RWM algorithm.



CHAPTER 3. COUPLINGS FOR THE RANDOM WALK METROPOLIS 64

®

o
L
w
o
o

@
o
L

H

n
o
L
[N
o

Squared Wasserstein distance
]
Squared Wasserstein distance

o
©
o

0 250000 500000 750000 1000000 CRN GCRefl GCRN Reflection
Iteration Coupling

Coupling crN [—] Gerefl [ cern Reflection

Figure 3.7.2: Bias of the Laplace approximation for the SVM. Left: Per-iteration
sample average upper bound estimates. Right: Point estimates of upper bounds with
(S,T) = (3.5 x 10°,10°). The dashed line is the lower bound of Gelbrich (1990). All
estimates are shown with +2 standard errors (in either shaded regions or error bars).

GCRN attains the sharper squared Wasserstein distance bound as it is focused on
contraction, while GCRefl attains a sharper total variation distance bound as it is
focused on coalescence. In contrast, the reflection-maximal coupling is severely hindered
by the eccentricity of the target: the coupling is capable of exact meetings, but as the
chains stay far apart the probability of coalescing is effectively null at all iterations.

The long-time behaviour of the couplings is accurately predicted by our theory.

3.7.2 Bias of approximate sampling

Couplings can also be used to estimate the bias of approximate sampling procedures
(Biswas and Mackey, 2024). Motivated by the accuracy of the quantities inferred from
the Laplace approximation 7 of the SVM target 7 of Section 3.7.1 (such as the opti-
mal step size h and the expected long-time behaviour under the CRN and reflection
couplings), we use our proposed couplings to compute upper bounds on W3(#, 7).
The upper bounds are computed with a small modification to the method of Sec-
tion 3.2. We set the lag to be L = 0, target the exact distribution 7 with the X-chain

and its approximation 7 with the Y-chain. Assuming that the chains start marginally
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stationary, irrespective of their coupling it holds (Biswas and Mackey, 2024) that

T
Wi(a,m) <> E X —Yi|*],
t=S

for any integer 7' > S > 0. In practice, we replace expectations by empirical averages
and due to burn-in the bound only holds asymptotically as T" — oo. In our experiment,
we start the chains independently from X, ~ 7 (using a long MCMC run) and Y ~
7. To compute upper bounds, we use natural extensions to the GCRN and GCRefl
couplings, changing n, < n, = Nor(Vlog7(Y;)). As coalescence is not the goal here,
none of our couplings attempt to make the chains meet. We use 100 independent
replicates to compute upper bounds, with the same step size h as in Section 3.7.1. We
also compute (see Gelbrich, 1990) the lower bound W2(Ny(ji, 2), Nu(i1, 2)) < Wi(#, ),
where (u, Y) are the mean and covariance of 7.

The numerical results are displayed in Figure 3.7.2. The GCRN coupling produces
the most informative upper bound on the bias of the Laplace approximation in Wasser-
stein distance, which is also remarkably sharp compared to the lower bound. For con-
text, the upper bound implies the relative error bound || — u||/||p]] < 10%. Compared
to the Wasserstein distance, the total variation distance is a much more restrictive
metric in higher dimensions, and as a consequence non-trivial bounds on TV (7, 7) are
harder to obtain (Biswas and Mackey, 2024). Nonetheless, by adapting the coalescive
two-scale GCRefl coupling, we were able to obtain the bound TV (7, w) < 0.964 (+0.003)

to two standard errors.

3.7.3 Coupling the Hug and Hop algorithm

The stochastic volatility model considered in the previous sections provided a challeng-
ing test case for the RWM and its couplings. The RWM was not necessarily a practical

algorithm for the problem; one would have preferred a more scalable gradient-based
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Figure 3.7.3: Rate of convergence of the H&H and HMC algorithms targeting the SVM,
when started from the prior. See Section 3.7.3 of the main text for details on these
upper bound estimates.

algorithm such as Hamiltonian Monte Carlo (HMC; Duane et al., 1987; Neal, 2011) or
the recently-proposed Hug and Hop (H&H; Ludkin and Sherlock, 2022). Our goal in
this section is two-fold: to study the rate of convergence of H&H with couplings and
to demonstrate that the coupling ideas we developed for the RWM extend to other
algorithms.

H&H alternates between the skew-reversible Hug kernel, which proposes large moves
by approximately traversing the same level set of the log-target, and the Hop kernel,
which crosses between level sets by encouraging large moves in the gradient direction.
Hop uses Gaussian proposals centered at the current state; the projection of the pro-
posal onto the subspace orthogonal to the gradient is isotropic, and the projection
onto the gradient uses a much larger scaling than each coordinate of its orthogonal
counterpart. Due to its similarities to the RWM kernel and its use of gradient informa-
tion, GCRN-like couplings are natural for the Hop kernel; one might also expect such
couplings to be contractive. To couple Hop proposals, we must couple Gaussians with
different covariance matrices; whereas GCRN can be straightforwardly extended to this
case, extending the reflection-maximal coupling appears significantly more challenging
(Corenflos and Sarkké, 2022).

Our coupling of H&H kernels is inspired by contractive couplings of HMC and RWM
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kernels and does not require additional gradient evaluations compared to, say, simulat-
ing two H&H chains independently. We synchronize the momenta in Hug proposals;
such a coupling contracts HMC proposals (e.g. Heng and Jacob, 2019), and due to the
parallels of Hug and HMC we expect the contractivity to carry over to Hug. For Hop,
we use a two-scale coupling which aims to contract the chains when far apart and allow
for exact meetings when close together. When || X; —Y;||> > §, we couple Hop proposals

according to the GCRN coupling

A k)12
Xp:Xt+,y_Zan+( )

{Z - (ZTn:v)n:v}a

T

(k)2

Y

A
Y;):Yt"'fy_zvny"' {Z_ (ZT”y)ny}v
y

where: v, = ||[Vlegn(Xy)||, n, = Vlogn(X;)/v, and similarly v, and n,; Z ~
Na(04, 1) and Zy ~ N7(0,1) are independent. When || X; — Y;||> < &, we sample
the proposals from a maximal coupling with independent residuals (Jacob et al., 2020b,
Algorithm 2). We encourage simultaneous acceptance in both the Hug and Hop kernels
by synchronizing the uniform acceptance variates.

We also compare H&H with HMC, following Heng and Jacob (2019): we use a
synchronous coupling of HMC kernels and mix in coupled RWM kernels to allow the
chains to meet. As HMC is particularly sensitive to its tuning parameters, we perform
extensive experimentation to optimize the contractivity of this algorithm; to ensure
a fair comparison, we also do this for Hug. We find that HMC suffers from a sharp
phase transition, with long integration times adversely affecting the contractivity of
the coupling, whereas Hug does not have this issue. For both HMC and Hug, the
acceptance rates at the optimally contractive parameters are higher than would be
optimal for mixing (Beskos et al., 2013; Ludkin and Sherlock, 2022); this is linked to
contraction being adversely affected by acceptance in one chain but rejection in the

other, as discussed in Section 3.6.
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Figure 3.7.3 shows estimated upper bounds on the rate of convergence of H&H and
HMC, computed with a lag of L = 2500 and with 100 replicates each. H&H coalesces
quicker than HMC here, while also being more robust with respect to tuning. Both
algorithms coalesce two orders of magnitude quicker than the RWM, suggesting that

they would be suitable for unbiased MCMC in this setting.

3.7.4 Comparison of the RWM and MALA algorithms

We consider a logistic regression posterior 7 on the UCI Sonar dataset with (n,d) =
(208,61) observations and regressors (covariates and intercept). Following standard
practice (Gelman et al., 2008), we standardize the covariates to scale 0.5, then place
a spherical Gaussian prior Ny(04,2514) jointly on the regressors. The RWM and the
Metropolis-adjusted Langevin algorithm (MALA; e.g. Roberts and Rosenthal, 1998)
perform well in such problems of moderate dimension and with relatively few observa-
tions (Chopin and Ridgway, 2017). Our goal here is to compare these algorithms in
a realistic setting, with a view towards unbiased MCMC. We are therefore interested
both in their time to coalescence, as well as their performance at stationarity.

To ensure a fair comparison between algorithms, we emulate lagged couplings with
large lag parameters L by always simulating couplings between a stationary X-chain
and a Y-chain which is started at the posterior mean. Alongside meeting times, this
set-up allows us to obtain unbiased estimates of the asymptotic variance of the MCMC
algorithms using the “EPAVE” estimator of Douc et al. (2023), see Appendix A.3.4.
As is commonly done in practice, we precondition the RWM and MALA proposals to,

respectively:
X+ (hP)Z,, X,+ (PP'/2)Vlogn(X;)+ (hP)Z,,

where Z, ~ Ny(04, 1) and where P € R%*? is estimated from a preliminary run. The
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Figure 3.7.4: Comparison of RWM and MALA as in Section 3.7.4, varying the step size
parameter h. All estimates are shown with two standard errors. The acceptance rate
for each step size is overlaid.

preconditioning requires the change n, = Nor(PTVlogm(X;)) in our gradient-based
couplings and e = Nor(P~}(X; —Y;)) in our reflective couplings, see Appendix A.2.2.
We consider two choices for the preconditioner P: a diagonal matrix corresponding to
the standard deviations of the target marginals and the “full” Cholesky factor of the
target covariance matrix.

In preliminary experiments (see Appendix A.3.4) we found reflective couplings to be
particularly useful for this problem. For the RWM, we select a two-scale coupling which
applies GCRefl when ||P71(X; — Y})||* > 4, and otherwise applies a reflection-maximal
coupling, with thresholds dgiag = 10h? and dgy = 1 depending on the preconditioner P.
For the diagonal preconditioner, GCRefl was the only practical coupling; other couplings
suffered disproportionately from the fact that the preconditioned target was highly
skewed, with the largest eigenvalue of the preconditioned covariance being nearly three-
tenths of the trace. For the full preconditioner, the reflection coupling was practical,
but we found GCRefl to outperform it even after accounting for the additional gradient
evaluations. For MALA, we use a reflection-maximal coupling. We emphasize that

both the RWM and MALA couplings require access to the gradient oracle.
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Figure 3.7.4 compares the RWM and MALA algorithms in terms of wall-time. (See
Appendix A.3.4 for a figure which is not scaled by wall-time.) To measure mixing at
stationarity, we consider the problem of estimating the regression coefficients and we
report values corresponding to the smallest effective sample size across all coordinates.
When using a diagonal preconditioner and optimizing for mixing/meeting, the RWM is
2x /4x slower than MALA. This may seem surprisingly close; it stems from the fact that
MALA is more sensitive to the eccentricity of the target than the RWM (Livingstone
and Zanella, 2022), so that both samplers must use similar step sizes in our setting. The
efficiency gap widens when using a full preconditioner; optimizing for mixing/meeting,
the RWM is 7x /13x slower than MALA. Translating these relative efficiencies to the
unbiased MCMC setting, mixing efficiency is more relevant when a small number of
long chains are run, and coupling efficiency is more relevant when a large number of
short chains are run; we expect MALA to more clearly outperform the RWM in the
latter regime. In passing, there is a trade-off between coupling and mixing efficiency
when using the diagonal preconditioner, whereas using the full preconditioner mitigates

this issue.

3.8 Discussion

The main takeaway from this paper is the following: in order to design effective cou-
plings of the RWM algorithm, one should pay careful attention to the coupling of the
acceptance steps. We have shown that, by making judicious use of gradient information
so as to synchronize acceptance events with high probability, one can design contractive
couplings which remain effective even in high-dimensional regimes. We have demon-
strated the effectiveness of our proposed GCRN and GCRefl couplings at estimating
the rate of convergence and the asymptotic variance of the RWM algorithm. We have

also demonstrated how the contractivity of the GCRN coupling can be leveraged to
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estimate the bias of an approximate sampling method.

The utility of our proposed couplings of the RWM for unbiased MCMC is less
clear. They demand access to a gradient oracle; it is unclear to us how one could devise
similarly scalable couplings of the RWM algorithm without such information, yet access
to this oracle also enables the use of more scalable gradient-based algorithms altogether,
such as MALA and HMC. We have exhibited one moderate-dimensional multi-scale
setting where the gap between the RWM and MALA is not as insurmountable as one
might expect a priori. Random walk proposals are also a competitive alternative in
the pseudo-marginal setting (Andrieu and Roberts, 2009). Middleton et al. (2020)
demonstrate the use of simple maximal couplings for unbiased pseudo-marginal MCMC;
devising improved couplings will however require additional design considerations to
ours, as one must also explicitly account for the noise induced by the unbiased estimator
of the target density.

Our work points to several avenues of investigation. Methodologically, we expect
the framework of asymptotic optimality to yield improved couplings for other MCMC
algorithms. Indeed, we have demonstrated how a straightforward extension of our
ideas yielded an effective coupling of the Hug and Hop algorithm that is well-suited
to unbiased MCMC, as its per-iteration cost is no larger than that of two independent
chains. For MALA, preliminary results (not included) suggest that, as for the RWM,
higher-order derivative information than that available in the proposal should be in-
corporated in an asymptotically optimal coupling. Theoretically, contractive couplings
have been used to obtain quantitative convergence rates for MCMC algorithms, e.g.
MALA (Eberle, 2014) and HMC (Bou-Rabee et al., 2020). Our scaling limits suggest
that, by adapting the couplings proposed in this paper, a sharp O(d) dimensional de-
pendence for the RWM (Andrieu et al., 2024) could be recovered. Finally, extensions
of our scaling limits beyond the Gaussian case may be possible (Kuntz et al., 2019),

and a formal explanation of the success of the proposed couplings could be obtained by



CHAPTER 3. COUPLINGS FOR THE RANDOM WALK METROPOLIS 72

establishing deeper connections between the Langevin diffusion and the RWM.



Chapter 4

On the efficiency of lagged coupling

methods

4.1 Introduction

The unbiased MCMC estimators of Jacob et al. (2020b) and the convergence bound
of Biswas et al. (2019) offer principled ways of performing statistical inference and
assessing the performance of MCMC algorithms. These methods rely on a coupling
construction, together with various scalar tuning parameters denoted by (k,m, L) in
Atchadé and Jacob (2024). Although much research has focused on designing effective
couplings for these methods, comparatively little effort has been devoted to tuning the
scalar parameters (k,m, L), and to understanding how these parameters impact the

efficiency of these methods. The purpose of this chapter is to help fill this gap.

4.1.1 Efficiency of unbiased estimators

Recall the L-lag coupling construction (2.3.2) from Chapter 2, generating a coupled

pair of Markov chains (X;,Y;);>o based on the marginal kernel P and the joint kernel

73
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P. The chains coalesce at the meeting time
) = inf{t >0: Xy =Y},

where here and later on we use the superscript (L) to explicitly denote a dependence
on the time-lag L.
The “single-term” unbiased estimator of Jacob et al. (2020b) is

L B—t—1)/1]
HY = h(X,) + Z {W(Xegirir) — h(Veyir)} =2 h(X,) + B,

i=0

whereas the “time-averaged” unbiased estimator H. ,EL% = mfk = Sy Ht(L) expands as
1 m 1 (L)1

k:m m—k‘FltZ,; ( t)_'_m—k—i—l tXI; Ck:m( ){ ( t+L) ( t)} keem k:mo

where i) (t) = [(t — k)/L| — [0V (t — m)/L] 4+ 1 (e.g. Douc et al., 2023). Each
of the estimators {Ht(L), HIEL%} consists of a standard MCMC term and the respective
“debiasing term” {Bt(L), B,(CLTL}

Glynn and Whitt (1992) define the inefficiency of an asymptotically unbiased estima-
tor as the product of its expected cost and its variance, in the limit as the computing

budget tends to infinity. In practice, one computes expectations by averaging i.i.d.

replicates of the time-averaged estimator H. ,gjj?)l, so the inefficiency of this estimator is

Ineff(H'")) = E[Cost(H")] x Var(H")),

k:m

where Cost(H ,&LW)L) denotes the computing cost of the estimator. We approximate the

computing cost by counting the total number of calls to the marginal kernel P, i.e.

Cost(B2) = m v (=9 1 1) 1 7).

m
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(This is because computing the estimator requires simulating the marginal chains ex-
actly up to X, (- 41y and Y z).) This is sensible when a call to the joint kernel P costs
approximately twice as much as a call to the marginal kernel P, as is often the case.
As a baseline, we contrast Ineff(H ,gLn)l) with the inefficiency of the standard MCMC
average hy.,, as the number of iterations tends to infinity: the asymptotic variance,
v(h, P) = lim, oo m X Var(hp.,).

We see that obtaining efficient estimators H ,gLn)l means balancing cost and variance.
The computing cost is determined by (m, L): choosing these parameters larger, we
increase the overall cost per estimator, but decrease the relative time spent on simulating
the auxiliary Y-chain, whence the cost becomes comparable to standard MCMC. To
understand how the parameters (k, L) relate to the variance, it is instructive to consider
the single-term estimator H\") = h(Xy) + B Intuitively, increasing (t, L) reduces the
number of terms in the debiasing term Bt(L), which should reduce the variance of Ht(L).
Because Bt(L) has roughly a factor of L fewer terms than Bt(l), increasing L can reduce
the variance considerably. Irrespective of L, for large t we expect Ht(L) to essentially
coincide with the standard MCMC term h(X;). For large (k, L), the unbiased estimator

H ,iLnl should therefore have a similar variance to the standard MCMC estimator hy.,,.

4.1.2 Efficiency of convergence bound

Chapter 5 provides the following generalization of the convergence bound of Biswas

et al. (2019):

Wy, m) < ZE[C(Xt+(j+1)L7}/t-&-jL)p]l/p = W;(,,Lc) (7, 7).

>0
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In this chapter, we mainly focus on the total variation distance bound (p = 1, ¢(z,y) =

1H{z #y})

TV (r,m) < ZP(T(L) >t+il)=E H(T(L)T_t)*H = TV (1, m,),

which we estimate by drawing i.i.d. replicates of the meeting time 7(%).

Our main efficiency consideration is the sharpness of the coupling bound TV (7, m;) <
TV (7, 7,) point-wise over t. Since the bound consists of a series summed in increments
of L, increasing L can be expected to sharpen the bound by reducing the number of

terms within it.

4.1.3 Our contributions

Our contributions are structured as follows. In Section 4.2 we highlight a finite-sample
robustness issue shared by the coupling bound and the unbiased estimators. In Sec-
tion 4.3, we provide the asymptotic behaviour of the coupling bound and the unbiased
estimators as the lag parameter L tends to infinity. These results justify taking the
lag L as large as possible in practice. In Section 4.4, through explicit expressions, we
provide a detailed quantitative study of the behaviour of the coupling bound and the
unbiased estimators in the representative setting of an AR(1) process. In Section 4.5,
based on our results and case study, we provide tuning guidelines for practitioners. We

conclude with a discussion of our insight in Section 4.6.

4.2 The truncation issue

The unbiased MCMC estimators and finite-sample estimates of the coupling bound are
based on truncations of infinite series. Although the truncation is crucial for estimating

these quantities in finite time, it can also cause robustness issues, as we now explain.
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Suppose that we estimate the coupling bound TV (7, 7,) = E[[(") —¢),/L]]
unbiasedly using i.i.d. replicates. Because [(7(X) —t), /L] = 0 whenever 7X) < ¢, only
one in every 1/P(7(5) > t) replicates contributes a non-zero amount to our estimate. So,
unless we used a very large number of replicates, the distribution of our estimate could
be heavily skewed towards zero, and with high probability we could thus underestimate
the true distance to stationarity.

A similar phenomenon occurs for the unbiased estimators. Considering replicates of
the single-term estimator H\") = h(X}) + B® for simplicity, since B {7 <t} =0
almost surely, only one in every 1/P(7(") > t) replicates has a non-zero debiasing term.
Yet, the debiasing term B.” | {7®) > t} could be large, and thus could contribute
significantly towards Ht(L). We might thus obtain misleading estimates of ]E[Ht(L)] =
E.[h(X)] and underestimate the variance of Var(Ht(L)) unless we used a very large
number of replicates.

Considering that the truncation issue becomes more severe the larger ¢ is, it becomes
particularly problematic in situations where accuracy is needed uniformly over t. We
highlight two such situations. The first is when the coupling bound is used to assess
convergence, i.e. we estimate the entire sequence (TV®(m,m,));>0 using the same
set of replicates. In that case, while the bound estimate may appear smooth, it will
almost certainly underestimate the truth once t surpasses a large enough quantile of
the empirical meeting times.

The second situation is when tuning the “burn-in” parameter k. One might think
to perform several replicates with fixed (m, L), then choose whichever k minimizes the
sequence of empirical variances (\//a\r(H ,gfﬁb))zl:o But, due to the truncation issue, the
likelihood that the empirical variance is an underestimate increases with k; therefore,
we risk choosing k£ too small and using estimators that are substantially less efficient
than we might have anticipated.

Prior work has illustrated that at lag L = 1 the truncation issue can be quite severe,
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using diffusive MCMC samplers targeting multimodal distributions where the chains
tend to “stick” to one mode, see Biswas et al. (2019, Section 2.2.2) for the coupling
bound and Jacob et al. (2020b, Section 5.1) for the unbiased estimators. In Section 4.4,
we demonstrate that the marginal chains need not exhibit pathological convergence for
the truncation issue to appear: it suffices for the lag L to be significantly smaller than
the mixing time of the chain. Conversely, Biswas et al. (2019) observed that choosing
L large enough can mitigate the truncation issue. We confirm that this is a general

phenomenon in Section 4.3.

4.3 Large L asymptotics

Our intuition from Section 4.1 and numerical evidence from prior work (Biswas et al.,
2019; Atchadé and Jacob, 2024, e.g.) indicates that choosing the lag parameter L large
leads to good performance for both the coupling bound and the unbiased estimators.
The purpose of this section is to formalize this intuition, by deriving the behaviour of
the meeting times, the coupling bounds and the unbiased estimators in the limit as L
grows large. These limits require an appropriate asymptotic framework, which we next

introduce.

Definitions. Starting from the construction (2.3.2) with a given lag L € N, we de-

(L))tzo = (Xyy1, Yi)i>0. Because the larger L is, the

fine the coupled process (Xt(L), Y,
closer to stationarity the X-component is initialized, under weak conditions the
coupled process has a well-defined limit as . — oo, which we shall represent using
(X%, Y,*)),20, initialized at a suitable (X, V*) € I'(x, 7o) and evolving according
to the joint kernel P. Finally, we define the meeting time 7(") = inf{t > 0 : Xt(L) = Y;(L)}

for L € NU {o0}.
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4.3.1 Meeting times and coupling bounds

Theorem 4.3.2 shows that the distribution of the meeting times stabilizes as L — oo.
To ensure that this and subsequent limits are well-posed, we impose the very weak

regularity assumption on how the initializations jointly converge with L.

TV

Assumption 4.3.1: £(X{", YY) 3 £(x{ v{™) as L — oo.

Theorem 4.3.2. Under Assumption 4.3.1, we have 7 = 7(®) qs5 [ — cc.

Theorem 4.3.4 shows that the total variation distance coupling bound TV (7, ;)
reduces to the usual coupling inequality of Doeblin (1938) as L — oco. We assume that
the expected meeting time (eventually) grows sub-linearly with L, which is a very weak

condition since, reasonably, E[7(*®)] < co.
Assumption 4.3.3: lim;,_,. E[(®) /L] = 0.

Theorem 4.3.4. Under Assumptions 4.3.1 and 4.3.3, we have limy_,o. TV (1, 71,) =

]P’(T(‘X’) > t) for allt > 0.

There are two main consequences of Theorem 4.3.4. The first is that the coupling
bound is non-trivial when L is large, which suggests that it is also more informative.
The second is that the bound is more robust when L is large: there is a limit to the
severity of the truncation issue (Section 4.2), because now the survivor function of

the meeting times is bounded below by the total variation distance to stationarity, i.e.

P(r) > t) > TV(r,m).

Remark 4.3.5: We can expect the analogue lim;, . W (7, m) = Ele(X, v, )]
to hold for the Wasserstein distance coupling bound, but deriving such a result un-
der minimal conditions appears to be more difficult. A simple sufficient condition is
limy o E[e(X, V9] = E[e(X, V)], together with E[e(X\ ™, vM)r] < =

uniformly in L for some x > 1. We avoid further technical details.
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Remark 4.3.6: Because the coupling bound recovers the coupling inequality of Doeblin
(1938) for large L, we expect any substantial methodological improvements to the bound
to also require substantial changes to the coupling construction (2.3.2). Indeed, while
Craiu and Meng (2022) obtains a sharper total variation distance bound based on the
same coupling construction, the new bound can only be an improvement when the old

bound is trivial, i.e. when TV (7, 7,) > 1 (Craiu and Meng, 2022, Eqn. 2.22).

4.3.2 Unbiased estimators

In this section, we show that the unbiased estimator H ,gLW)L behaves similarly to a stan-
dard MCMC estimator, when the lag L is chosen large enough and when m is scaled
appropriately with L.

(L)

Firstly, Theorem 4.3.8 states that the bias-correction term B, vanishes at essen-
tially the rate ©(m™!), provided that the limiting meeting time is almost surely finite.

This assumption is strictly weaker than Assumption 4.3.3.
Assumption 4.3.7: P(7(®) < 00) = 1.

Theorem 4.3.8. Under Assumptions 4.3.1 and 4.3.7, for m = O(L) and for any
f:N—= (0,00) such that f(m) = o(m), it holds that f(m)B,(chn)l 20 as L — oo.

As a consequence, Theorem 4.3.10 states that the unbiased estimator H ,gL) = Rporn, +

m

BliLn)l satisfies the same central limit theorem as the standard MCMC ergodic average

hi:m, under identical regularity assumptions (Jones, 2004). (See Section 2.2 for an

overview of polynomial ergodicity.)

Assumption 4.3.9: The Markov chain (X;):>¢ is polynomially ergodic, converging in
total variation distance polynomially at rate x > 1. Furthermore, the test function h

satisfies E,[|h(X)[**°] < oo where § > 2/(k — 1).
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Theorem 4.3.10. Under Assumptions 4.53.1, 4.53.7 and 4.3.9, form = ©(L), as L — oo
it holds that

Vm—k+1 (H,gg - Eﬂ[h(X)D — N(0,v(P, h)).

Theorem 4.3.10 is similar to Douc et al. (2023, Proposition 19), but requires weaker
assumptions. When choosing (m, L) to be large, we expect the coupling to be a rel-
atively small part of the computing cost, whence Theorem 4.3.10 indicates that the

unbiased estimator H ,ELW)L

is nearly as efficient as the standard MCMC estimator.

Next, we complement the qualitative insight provided by Theorems 4.3.8 and 4.3.10
with numerical case studies that provide the precise quantitative behaviour of the un-
biased estimator H ,fﬁi While quantitative insight could also be provided by theoretical
bounds on the variance of the unbiased estimator H. lgLﬂ)l (Jacob et al., 2020b, Propo-
sition 3; Middleton et al., 2020, Proposition 1), in contrast to our case studies, these

bounds can hide large implicit constants.

4.4 Case study: AR(1) process

We provide a detailed quantitative study of the coupling bound and the unbiased
MCMC estimators in a stylized setting. We consider an L-lag reflection-maximal cou-
pling of Gaussian AR(1) processes, where the marginal transition kernel is P(z,-) =
N(pz,1 — p?) € P(R) and the stationary distribution is 7 = N(0,1). We focus on the
unbiased estimators with the test function h(x) = z, and on total variation distance
coupling bound.

Douc et al. (2023) considered a similar setting, and bounded the survivor function
P(7(5) > t) of the meeting times based on drift and minorization techniques. Here, we
go substantially further: we obtain tractable expressions for P(7(¥) > t), the coupling
bound, and the variance of the single-term estimators Ht(L). This enables us to relate

our performance measures of interest directly to the mean-regression parameter p, and
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furthermore to illustrate the truncation issue (Section 4.2) without falling victim to it.

The theoretical results from this section are proved in Appendix B.2.

4.4.1 Explicit results

By recognizing a reflection-maximal coupling of AR(1) processes as an exact time-
discretization of reflection-coupled Ornstein-Uhlenbeck processes, we obtain an explicit

expression for the conditional survivor function P(7(") > ¢ | XéL), YO(L)).

Theorem 4.4.1. Consider a reflection-mazimal coupling (X, V") =0 of AR(1) pro-

cesses with marginal transition kernels P(x,-) = N(pz,1 — p*) € P(R). Then, the

meeting time 7Y has survivor function

X(L) _ Y(L) (4
P(r" > 1| X", v") =20 X" =X /)
2¢/1 — p*

The unconditional survivor P(7(X) > t) can be computed by quadrature. Alterna-

)

. L L) . . " o
tively, when Xé —YO( ) is Gaussian, we can express the unconditional survivor in terms

of bivariate normal probabilities, see Appendix B.2. Appendix B.2 also provides

1
P () > ¢) = = E[| X = Y- ot 4+ 0(0%). (4.4.1)

We estimate the coupling bound TV (7, 7,) = disoP (7"¥) > t + jL) by truncat-

ing the series, then correcting for this truncation using the asymptotics (4.4.1):

J L

TV (r,m) = > P (r") >t 4 5L) + - £ s (1" >t +JL). (4.4.2)

J=0

This approximation is accurate at least when ¢ + JL is large.

)

For the variance of the single-term estimator H IEL , we have the following result.

Theorem 4.4.2. Consider an L-lag reflection-mazximal coupling of AR(1) processes
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(X1, Yy)i>0 with marginal transition kernels P(x,-) = N(pz,1 — p*) € P(R). Then, for

the test function h(x) = x, we have that

Var(H") = B[X?] + 2B[X,B{"] + E[(B{M)?]

2 1 + p L)
= B[]+ g BN =Y + 10 DB, — VL)

- 7>0

We compute the expectations in Theorem 4.4.2 using explicit expressions and/or

quadrature, see Appendix B.2. Appendix B.2 also provides

E[(X" - v = EIXSY = Yo e (), (4.4.3)

Bl
3

hence we estimate the infinite series in Theorem 4.4.2 by a corrected truncation that is
similar to (4.4.2).

While similar derivations can be carried out for the variance of the time-averaged
estimator, Var(H IELW)Z), the resulting expression is considerably more complex and thus
its behaviour is less readily apparent. In our experiments, we therefore simply estimate
Var(H ,gLW)Z) using a number of Monte Carlo replicates (10°) that is large enough to

overcome the truncation issue.

Quantitative insight

Parameter tuning is most important when the mixing of the chain is slow, i.e. p ~ 1.
We provide quantitative insight in this regime.

For the meeting times, we recall the asymptotics (4.4.1),

P (T(L) > t) = E[|X(()L) — YO(L)H - p' to leading order.

¥l
3

Suppose that the initializations (X[SL),YO(L)) are coupled optimally; then, by taking

p — 1 with a fixed L, the meeting times concentrate at 7(¥) < 1 with probability
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one. So, paradoxically, the slower the chain converges, the earlier we can force the

meetings to occur. In particular, we can always force early meetings by choosing 7y as a

point-mass, but this is inadvisable for small L because it worsens the truncation issue.
For the coupling bound, the asymptotics (4.4.1) suggest that

1 ot

L L
TV m) ~ = BIX =YV 1

to leading order.

When IEHXéL) — YO(L)H = O(1) with L, we have that TV (7, m,) goes as L~ initially,
so increasing L can sharpen the coupling bound considerably. Conversely, when the
initializations (X.”,Y\") are tightly coupled, the numerator E[| X" — Y"|] might
balance out the denominator 1 — p~. Tightly coupling the initializations, we could thus
sharpen the coupling bound for small L by encouraging early meetings, at the cost of
worsening the truncation issue.

For the debiasing term of the single-term estimator Ht(L), Theorem 4.4.2 and the

asymptotics (4.4.3) suggest that

t
E[|X(()L) — Yb(L)H : p—2 to leading order.

E[(B")") » =

8
V2w
When E[| X" — V|| = ©(1) with L, we have that E[(B"))?] goes as L~2 initially. For
slowly mixing chains, increasing L can thus reduce the variance dramatically, and can
initially be more effective than increasing ¢. Although it can reduce it, tightly coupling

(L) (L)

the initializations (X, Yy"’) cannot fully control the variance for small L, as we will

see in the next section.

4.4.2 Behaviour of coupling bound and single-term estimators

We fix p = 0.95, vary L € {1,100}, and consider three settings: (a) mp = d3; (b)
mo = N(3,9) with (X, V) perfectly correlated; (c) mo = N(3,9) with (X2, V")

independent. Figure 4.4.1 displays the coupling bound TV (7, 7;), the survivor func-
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Figure 4.4.1: Behaviour of total variation distance coupling bound, survivor function
of meeting times, and variance of single-term estimators, for a reflection coupling of
AR(1) processes. See Section 4.4 for details.

tion of the meeting times P(7(") > #), and the variance of the single-term unbiased

estimator Var(Ht(L)), against the time ¢.

Coupling bound

First, we focus on the coupling bound at lag L = 1. Due to the concentration of the
meeting times near t = 0, in settings (a) and (b) the bound is relatively sharp. However,
this concentration near zero also causes Monte Carlo estimates of the bound to be less
robust to estimation error: unless a large number of replicates are used, the distribution
of the Monte Carlo estimate of the bound has a large point-mass at zero, so it is likely
to underestimate the true distance to stationarity. For example, in setting (b) we have
that TV (7, 750) & 0.1 while P(7(!) > 50) ~ 0.00514. To contribute a non-zero amount

to the bound estimate, a replicate must meet at 7(¥) > 50, but on average only one in
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every 194 replicates does so. Therefore, thousands of replicates would be required to
obtain a sensible estimate of the bound. In setting (c), the independent overdispersed
initializations ensure that the chains only meet when the marginal distributions are
close to stationarity. While this circumvents the robustness issue, it also makes the
bound relatively loose. Overall, we see that the coupling bound at L = 1 is either
loose, or it suffers from the early truncation issue.

Increasing the lag to L = 100 makes the coupling bound uniformly sharper in all

three settings, and overcomes the truncation issue affecting settings (a) and (b).

Variance of single-term estimators

Next, we turn to the variance of the single-term estimators at lag L = 1. We see that
Var(Ht(l)) is extremely large for ¢ = 0, and that it decreases geometrically at rate p
towards the limiting value lim;_, ., Var(Ht(l)) = Var,(X) = 1 as t increases.

Increasing the lag to L = 100 decreases the variance of Var(Ht(L)) uniformly for all ¢.
In particular, for small ¢, the variance is reduced by over an order of magnitude. By
increasing L, we can thus retain considerably more of the initial simulation output while
controlling the variance, resulting in time-averaged estimators that are more efficient
for the same amount of computation, as we will see in Figure 4.4.3.

Figure 4.4.1 provides the exact variance Var(HfL)), but does not illustrate the be-
haviour of Monte Carlo estimates of this variance. To assess the extent of the truncation

issue for the unbiased estimator Ht(L), we next consider its entire density.

Density of single-term estimators

The density of the single-term estimator Ht(L) is a mixture of two components: the
primary component H\ " | 7 < tie X, |70 <t with weight P(7(5) < t), and the
residual component Ht(L) | 7(F) > ¢ with weight P(7(") > t). As t increases, the primary

component tends to the stationary distribution 7, whereas the residual component tends
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to a non-trivial limit that we describe in Appendix B.2. Figure 4.4.2 illustrates these

limits and contrasts them against the density of H((]L).

(i) Density of HY (ii) Density of HVJt <t, ast - w (iii) Density of HOlt >t, ast -
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Figure 4.4.2: Behaviour of single-term estimator Ht(L) in setting (c) of Figure 4.4.1.
The plots are based on 10° replicate simulations each; the behaviour in settings (a) and
(b) is similar. See Section 4.4 for details.

At lag L = 1, the residual component Ht(l) | 7 > ¢ is two orders of magnitude
more dispersed than the primary component. This inflates the variance of Ht(l) (recall
Figure 4.4.1); worse, because the large residual component does not shrink with ¢,
as t increases it becomes increasingly challenging to obtain accurate estimates of the
variance Var(Ht(l)) from Monte Carlo simulations, as a manifestation of the truncation
issue. For example, at ¢ = 150 we have that Var(Hl(é%) ~ 4.85, most of which comes
from the residual component that has the very small weight P(7™) > 150) ~ 0.0006.
Because, on average, only one in every 1660 replicates is sampled from the residual

)

component, our Monte Carlo estimate of Var(H go) is likely to underestimate the truth

unless tens of thousands of replicates are drawn.
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Increasing the lag to L = 100 shrinks the size of the residual component, bringing it
to the same scale as the primary component. As a consequence, the variance Var(Ht(L))
is greatly reduced; furthermore, because considerably less of the variance comes from
the small-weight residual component, we are considerably less likely to underestimate

this variance from Monte Carlo simulations.

4.4.3 Efficiency of time-averaged estimators
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o
o
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w
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i
o
o

- - Asymptotic variance

30

v in setting (a) of
Figure 4.4.1; the behaviour in settings (b) and (c) is similar. The baseline inefficiency
is the asymptotic variance of a standard MCMC estimator. See Section 4.4 for details.

Figure 4.4.3: Inefficiency of time-averaged unbiased estimators H (L)

We investigate the efficiency of the time-averaged estimators H. ,ﬁﬁ; as (k,m, L) are
varied. Recall that the inefficiency of an estimator is defined as its variance times its
expected cost. Figure 4.4.3 plots this quantity for several values of (k,m, L), in setting
(a) of the previous experiment.

First, consider the case of L = 1. We see that the efficiency of the estimator H ,9131
is extremely sensitive to choosing k sufficiently large. Yet at the same time, Monte
Carlo estimates of the variance Var(H ,gly)n) are increasingly likely to underestimate the
truth as k increases, due to the truncation issue. For small L, practitioners setting k
based on preliminary runs therefore risk using estimators H ,E:LTZL that are considerably

less efficient than they might have anticipated. Interestingly, we see that for relatively
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small (m, L) time-averaging need not help: setting £k = m can be optimal.

L)

m?

Increasing L improves the efficiency of the unbiased estimator H ,i reduces its
sensitivity to the tuning parameter k, and increases the robustness of its variance es-
timates. Practitioners choosing L large can therefore not only obtain more efficient
estimators, but can also be more confident that they have accurately assessed the effi-
ciency of their estimators. Consistent with Figure 4.4.1, the benefits of increasing L are
most apparent for smaller values of m: when m = 100, increasing the lag from L =1
to L = 100 improves the efficiency by up to two orders of magnitude, depending on the
value of k.

Finally, for large enough m, and appropriately large L and/or k, we see that the

estimator H (L)

. 15 almost as efficient as a stationary MCMC ergodic average. Intuitively,

this is the regime where the debiasing term of H ,gL% only contributes a small amount to
the variance, and where the overhead of the coupling is small compared to simulating

a single MCMC chain for m iterations.

4.5 Tuning advice

Our main advice to practitioners is the following:

Choose the lag L > 1.

A simple rule of thumb is that L should be on the order of the meeting times, or larger.

To understand our recommendation, it is helpful to recapitulate all of the problems
that we have seen to occur when L is small. We have seen that the coupling bound can
be quite loose. For the unbiased estimators, we have seen them to be extremely variable,
and therefore inefficient. Furthermore, we have seen that finite-sample estimates of the
coupling bound and of the variability of the unbiased estimators have a tendency to
underestimate the truth. Perhaps paradoxically, this tendency to underestimate is

caused by the same random truncation that enables the computation to occur in finite
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time. Altogether, practitioners using small L not only risk using inefficient bounds and
estimators, but also risk being unaware of this fact.

Choosing L large enough can mitigate all of these issues. The theoretical results of
Section 4.3 provide reassurance that, when L is large, the coupling bound is informa-
tive, that the unbiased estimators are as efficient as the underlying standard MCMC
estimators, and that finite-sample estimates of both the coupling bound and of the
variability of the unbiased estimators are representative. Indeed, robustness is achieved
because there is a limit to how early the random truncation can occur, since for large
L the survivor function of the meeting times is bounded below by the distance of the
time-marginals to stationarity. Our case studies confirm that an appropriate choice
of tuning parameters does indeed result in efficient and robust coupling bounds and

unbiased estimators.

Practical tuning guidelines

We now provide practical guidelines for tuning the parameters (k,m, L), based on pre-
liminary runs.

The lag parameter L should be tuned first. We recommend tuning L similarly
for both the coupling bound and the unbiased estimators. Our guideline is to set L
to a large quantile (e.g. 90%) of the distribution of the meeting time 75 once this
distribution has stabilized with increasing L. To assess this stability, one could compare
histograms or empirical cumulative distributions of the meeting times as e.g. L is
successively doubled, and stop when the visual change is negligible compared to Monte
Carlo error. Our guideline requires L to be larger than the mixing time of the marginal
MCMC algorithm. We thus recommend starting with a value of L set to an initial guess
of the mixing time; this could be obtained using the method of Chapter 5, a running
plot of the R convergence diagnostic of Gelman and Rubin (1992) as in e.g. Vats and

Knudson (2021, Figure 2) (declaring that approximate convergence has occurred once a
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small enough threshold has been reached), or algorithm- and target-specific theoretical
bounds (e.g. Durmus and Moulines, 2019; Bou-Rabee et al., 2020).

For the unbiased estimators, we suggest reparametrizing (k,m) = (k,7 + k — 1)
so that T represents the effective number of single-term estimators within the time-
averaged estimator H,g];i = HIEL()T he1)- We recommend setting the “burn-in” % such
that the variance of the single-term estimators (Ht(L))tZk is similar to that of the MCMC
terms (h(X}))i>k. This ensures that the unbiased time-averaged estimator has a similar
variance to a standard MCMC estimator. With an appropriately large L, a conservative
choice of burn-in would be £ = L. Finally, it makes sense to set T" as a multiple of L,
to reduce the computational overhead of the coupling compared to standard MCMC.
Remark 4.5.1 indicates that T' = 5L should ensure that H IEL(ZI he) is at worst 60% more

inefficient than a stationary MCMC average with no burn-in.

Remark 4.5.1: Concretely, assuming that k < L, that T+k > L and that E[7()] < L,
we have that E[Cost(H,E{:()TJrk_l))] < T+k+2E[r"] < T+3L. Compared to a length-T
stationary MCMC average with no burn-in, the relative inefficiency of the unbiased
estimator H ,E:L(Zf k1) is therefore at worst 1 4+ 3L/T, and significantly less than this

whenever T > k Vv E[r(7)].

Comparison with previous tuning guidelines

For the coupling bound, Biswas et al. (2019) suggests tuning the lag L by starting with
L = 1 and increasing it until TV (m,m) S 1. For the unbiased estimators, Douc et al.
(2023); Atchadé and Jacob (2024) suggest tuning (k, m, L) by starting with L = 1, then
redefining L as a large quantile of the meeting time 7(), setting k = L, and setting m
as a multiple of k. Since these guidelines start the search at L = 1, they are vulnerable

to underestimating L due to the early meeting issue.
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Vanetti and Doucet (2020) suggest tuning the unbiased MCMC by setting 7" = L

very large, which simplifies the unbiased estimator to

T+k—1 (M1

1 1
Hny =7 9o WX+ 5 D7 {h(Xur) = h(¥D)}.
t=k t=k

Intuitively, this estimator corrects a long MCMC run with a short auxiliary chain post

T)

hoc. When tuning (7', k) according to our guidelines, we expect H ,Ez (T+h—1)

to be nearly
as efficient as a standard MCMC estimator, whence the proposal of Vanetti and Doucet

(2020) is a viable practical alternative with fewer tuning parameters.

Alternative perspective on tuning parameters

The better the coupling of the chains, the better we expect our unbiased estimator H ,EL)
to perform. This suggests an alternative perspective on the relative merits of tuning
the parameters (k, L). The parameter L indicates that the estimator is computed using
the L-step coupling kernel P¥. As L — oo, we expect the L-step coupling kernel P*
to coalesce the chains in one step from any initialization: the benefits of increasing L
are therefore uniform across the entire state-space and across all k. Meanwhile, the
parameter k dictates the coupling of the “initializations” (Xyyr,Ys) € I'(mpyr, ) in
the debiasing term Bl(f). Increasing k improves this coupling; however, when the lag L
is small, the unbiased estimator still relies on a potentially inefficient coupling kernel,
so we expect the worst-case performance of the estimator to remain the same. In order

of importance, it thus makes sense to tune L first, and k second.

4.6 Discussion

Our study confirms unbiased MCMC as a principled alternative to standard MCMC.
We have demonstrated that unbiased MCMC estimators can be as efficient as standard

MCMC estimators when the computational budget per estimator is sufficiently large,
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while having several additional advantages: a “self-terminating” property, the ability to
circumvent the need for traditional burn-in (and to quantify the burn-in via the bound
of Biswas et al., 2019), and ease of use when averaging independent replicates obtained
in parallel. That the estimators are truly unbiased also facilitates various inferential
tasks, see the applications Jacob et al. (2017); Ruiz et al. (2021); Wang and Wang
(2023); Douc et al. (2023).

Whether unbiased MCMC can be a faster alternative to well-tuned standard MCMC
remains to be seen. In the highly-parallel regime where the priority is to return accept-
able results as quickly as possible, empirical evidence (Wang et al., 2024, Section 5)
points to the contrary. This concurs with our case study, which suggests that unbiased

MCMC requires a large enough budget per estimator to perform well.



Chapter 5

Centered plug-in estimation of

Wasserstein distances

5.1 Introduction

Wasserstein distances are a class of probability metrics rooted in the theory of optimal
transport (Villani, 2003, 2009) that increasingly underpin methodological developments
in statistics (Panaretos and Zemel, 2019) and machine learning (Peyré and Cuturi,
2019).

We are motivated by two important problems from Bayesian computation: (i) as-
sessing the quality of approximate inference methods, and (ii) assessing the convergence
of Markov chain Monte Carlo (MCMC) algorithms to their limiting distributions. The
former is one of the present grand challenges in Bayesian computation (Bhattacharya
et al., 2024), whereas the latter has been challenging practitioners for over thirty years
(Gelman and Rubin, 1992). Assessing the accuracy in terms of Wasserstein distances
is particularly appealing in these contexts, because bounds on Wasserstein distances
guarantee the accuracy of various downstream inferential tasks (Huggins et al., 2020).

At the same time, because we want to recognize when an approximation is accurate,

94
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one key requirement for Wasserstein distance estimators in these contexts is that they
decrease with the Wasserstein distance itself.

Standard plug-in estimators of the Wasserstein distance have substantial positive
biases that are particularly apparent when the Wasserstein distance is small. Fur-
thermore, due to fundamental statistical challenges related to estimating Wasserstein
distances (Hiitter and Rigollet, 2021), this bias can often not be meaningfully reduced
by increasing the sample size. To obtain informative estimators of the Wasserstein
distance, we must therefore resolve the issue of bias by a different approach.

We eliminate most of the bias using a simple centering procedure based on linear
combinations. Because this centering ensures that the bias decreases with the true
Wasserstein distance for any finite sample size, it allows us to circumvent statistical
challenges and obtain informative estimates, at moderate sample sizes, even in high
dimensions. In a nutshell, we construct a pair of complementary estimators: U, which
is often an approximate upper bound on the squared Wasserstein distance, and L, which
is always an approximate lower bound. Formal sufficient conditions for U to be conser-
vative may be interpreted as a form of overdispersion between the two distributions,
which aligns naturally with our motivating problems from Bayesian computation.

The paper is organized as follows. In Section 5.2 we review key aspects of Wasser-
stein distances and their estimation. In Section 5.3 we introduce the new centered esti-
mators, analyze their finite-sample statistical properties, and discuss how to efficiently
quantify their uncertainties. In Section 5.4 we develop a methodology for assessing the
quality of approximate inference methods, and in Section 5.5 we develop a methodology
for assessing the convergence of MCMC algorithms; both of these are based on post-
processing the output of multiple replicate Markov chains using the centered estimators.
We summarize our findings and outline directions for further research in Section 5.6. R

(R Core Team, 2025) code is available on GitHub.
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5.2 Plug-in estimation of Wasserstein distances

We review here selected aspects of Wasserstein distances and their estimation. We refer
the reader to the works Villani (2009); Peyré and Cuturi (2019); Panaretos and Zemel
(2019) for further theoretical, computational, and statistical details, respectively.

Let (X, c) be a metric space and let i, v € P(X') be probability distributions on X'
The p-Wasserstein distance is defined, through its p-th power, as the solution to the
optimal transportation problem

Wh(u,v) = inf /c(m,y)pdﬂ(x,y): inf E[¢(X,Y)?], (5.2.1)

wel'(p,v) Xop,Y~v

where I'(p, v) is the set of all joint distributions 7 € P(X x X') with marginals (u, v).

The primal problem (5.2.1) admits the Kantorovich dual formulation

Wiluv) = sup /¢ Wuta) + [ wl)dvly

(¢ )P (1)

D(p,v) ={(¢,¥) € Li(p) x Li(v) | ¢(z) + ¥ (y) < c(x,y)?, Yz,y}.

We use (¢p,%,,) to denote a pair of optimal potentials for the Kantorovich dual.
Properties of Wasserstein distances include (Villani, 2009): W, defines a metric on
the set of distributions with finite p-th moments, it induces an intuitive geometry and
controls weak convergence on this set, and it controls the discrepancy between certain
moments of Lipschitz functions.

In this paper, we are interested in estimating Wasserstein distances in practice. Since
the behavior of Wasserstein distance estimators is extremely rich from a statistical
perspective, and depends on the features of the distributions of interest as well as
of the distance itself, we must make some assumptions. In this paper, we specialize
to continuous distributions in X = RY, we fix the ground metric to be Euclidean

c(z,y) = ||lr — y||, and we fix the exponent to p = 2. Throughout the entire sequel, we
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impose the regularity assumption:

(A0) The distributions u,v € P(RY) are absolutely continuous with respect to the

Lebesgue measure on R? and satisfy E,, [|| X ||*] ,E, [||Y]|*] < oc.

Brenier’s theorem (1991) then provides the unique solution Wj(u, v) = E,[||T,.(Y) —
Y]] in terms of an optimal transport map T,,,, that pushes v forward to p.

We focus on the case where independent samples X;., ~ u and Y., ~ v are avail-
able from each distribution. We define the empirical measures p1, = = > | dy, and
Vp = %Z?:l Sy,, and we call Wi (i, v,) the plug-in estimator of the squared Wasser-

stein distance W3(u,v), which we now review from a computational and statistical

perspective.

5.2.1 Computational aspects

Exact computational methods treat the plug-in estimator W3(u,, v,) as the solution
to a linear assignment problem. Although the worst-case theoretical complexity of
exact assignment problem solvers is O(n?), particularly efficient solvers (Bonneel et al.,
2011; Guthe and Thuerck, 2021) have complexities closer to O(n?) in practice, see the
benchmark of Appendix C.6.1.

Among approximate methods, the most popular is that of Cuturi (2013), which
solves for an entropy-regularized version of W3(jt,, v,) using Sinkhorn’s algorithm. This
has complexity O(n?/e?) (Dvurechensky et al., 2018) depending on the size of the
regularization parameter ¢, but is well-suited to vectorized hardware such as GPUs.

In this paper, we use the exact solver of Guthe and Thuerck (2021). This allows us to
compute plug-in estimators at relatively large sample sizes n = ©(10*) and dimensions
d = ©(10%) in a matter of seconds, even while only using a single CPU core. These
sample sizes suffice for our all applications. Scaling to larger n would require caching
(Guthe and Thuerck, 2021) or batching (Charlier et al., 2021) to overcome memory

limitations, and would benefit from parallelism to reduce the computing time.
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5.2.2 Statistical aspects

We turn to the statistical properties of Wasserstein distance estimators. The plug-in
estimator W5 (i, ,) is consistent (Villani, 2009) and has a positive bias which decreases
with the sample size n (see Appendix C.1.1):

lim Wi (i, vn) = Wi (i, v) almost surely,

n—oQ

Vn: E [W§<Mm Vn)] > E [Wg(ﬂn—&-byn-i-l)} > W%(U?”)'

To make further progress, we separately impose two standard assumptions from the

literature:

(A1) The distributions u, v are supported in the same compact set of diameter at most

1.

(A2) The distributions p, v have connected support with negligible boundary. Addi-

tionally, there exists a § > 0 such that E,, [[|[ X |*"°] < oo and E, [||Y[|**] < co.

Under Assumption (A1), the plug-in estimator W3(u,, v,) concentrates around its
mean exponentially, and has an L; rate of convergence that decays with the dimension

d (Fournier and Guillin, 2015; Weed and Bach, 2019; Chizat et al., 2020):

Ve >0: P(|W5(tn, vn) — E [W3(1n, v)]| > €) < 2exp(—ne?),

Vd>5: E[[W5(tn, vn) = Wi v)|] S n~4,

where < hides constants that do not depend on n. The rate of convergence also holds
in the unbounded setting (Staudt and Hundrieser, 2024), and is furthermore minimax
optimal (Hiitter and Rigollet, 2021). Although smoother estimators can achieve better
rates under stronger assumptions, they also require much greater computational expense
(Hiitter and Rigollet, 2021; Deb et al., 2021).

Under Assumption (A2), the plug-in estimator Wj(j,, v,,) satisfies a central limit
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theorem (CLT; del Barrio and Loubes, 2019; del Barrio et al., 2024). As n — oo,

VI AWt ) = E WG, 1] } = N (0, Var {8 (X) + 00 (V))), - (5:22)

where X ~ pand Y ~ v are independent. We can therefore view Wj(ji,,, v,,) as estimat-
ing E[Wj (jtn, V)] up to Gaussian error. We now benchmark several variance estimators

that could be used to construct Gaussian confidence intervals for this quantity.
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Figure 5.2.1: Variance estimation for W3 (pu,, vn) with p = Ny(04, I3), v = Ny(04, 0%14)
and various methods and values of (02, n,d). Unbiased estimates of the ground truth
from 5000 replicates are shown with 95% bootstrap confidence intervals.

Variance estimation. We consider several ways of estimating the variance of the
plug-in estimator W5 (i, v,,): (i) the jackknife (Efron and Stein, 1981), (ii) a consistent
estimator based on the Kantorovich potentials (del Barrio et al., 2024) and (iii) a naive
estimator.

Firstly, jackknife variance estimates are known to be conservative; in our context
due to algorithmic considerations, the jackknife can be computed in O(n?) operations.
(See Appendix C.2.1 for our procedure “Flapjack” based on Mills-Tettey et al., 2007.)

Secondly, the central limit theorem (5.2.2) suggests the consistent variance estimator

1 n
Var (Wg(ﬂm Vn)) ~ n Var ({(bun,lfn (Xi) + Vi m (Yl)}zzl) )

where Var({z;}1,) = == >°" (2, — = >°I | ;) is the sample variance. This estimator

_n—
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is appealing as optimal potentials (¢, v, ¥y, v, ) are available without additional com-
putation with many solvers, including that of Guthe and Thuerck (2021). Finally, since
Wi(ptn, vn) = 230 | X; — Yo | for an optimal permutation o, one might naively
consider the sample variance of the preceding average, implicitly assuming that all
terms are independent. This estimator is also available for little added cost, but is
inconsistent.

We compare the three methods in Figure 5.2.1: we prefer the consistent estimator
(ii) as it is slightly conservative and quick to compute. All variance estimators have
substantial positive biases as v = i, because in this regime ¢, ,,,,, — 0 and therefore

the asymptotics (5.2.2) break down to a point mass do.

5.2.3 Tractable scenarios

Certain structural conditions ease the computational and statistical challenges in esti-

mating Wasserstein distances. For Gaussians, it holds that
W (Na(my, S), Na(my, £,)) = [lmy, — mu||” + Tr (S, 4 5, — 2(5/°5,5/%)1?),

where ¥/2 denotes the principal square-root of ¥.. An estimator of W3 with favorable
statistical properties (Rippl et al., 2016) can be obtained by plugging in estimated
means and covariances, for ©(n?d + d*) overall cost. Similar considerations apply to
compatible elliptical distributions, see Peyré and Cuturi (2019, Remarks 2.31-32).

For one-dimensional measures, it holds that Wj(u,v) = [o [F, ' (u) — F, ! (u)[*du
where (F, ', F, ') are the inverse-CDFs of (u,v) which need not be continuous. In
this case, the plug-in estimator W3 (j,, v,) has favorable statistical properties (Bobkov
and Ledoux, 2019). It is also fast to compute, requiring the O(nlogn) sorting of the

two samples; the Kantorovich potentials can be recovered in ©(n) operations (Sejourne

et al., 2022, Algorithm 3). Similar considerations apply to product measures, due to
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tensorization: Wi(@L,ut, @L v') = 320 W3(it, v).

Gelbrich (1990) and the tensorization of the squared Euclidean metric provide the

tractable lower bound
W% (Nd<m,u7 Eu)yNd(muu Eu)) \% W%(@le,ul, ®Zd:17/i) < Wg(u, V), (523)

where now (m,>) denote expectations and covariances, and where superscripts denote
coordinate-wise marginals. In Section 5.4, we make use of this lower bound; since its
finite-sample estimators are positively biased and noisy, we use the jackknife to correct

the bias (Miller, 1974) and to quantify the additional noise (Efron and Stein, 1981).

5.3 Centered plug-in estimators

In applications, it is important for estimators of W3(u,v) to be informative in the
regime v =-: in addition to distinguishing between measures, we want to be able
to recognize when they are similar. Even in low-dimensional scenarios, the plug-in
estimator W3 (fin, V) does not satisfy this criterion, because it has a large bias that
decays slowly with n and becomes particularly apparent as v = u. Since the bias cannot
be meaningfully reduced by increasing the sample size, we must obtain informative
estimators by different means.

We propose to render plug-in estimators of W3(u, v) informative by centering them.
Formally, we assume that empirical measures u, = %Z?:l 0x,, n = %2?21 0%,y Vn =
% o Oyi, Uy = % > i, Oy, are available, based on independent samples X1.,, X ~ 1

and Yi.,, Y1., ~ v. The new centered estimators are:

U(lan7 Mo,y Vn) = Wg(lan7 Vn) - Wg(lana Mn)7

L(Iam o, Vn) = [WQ(ﬂna Vn) - WQ(ﬂm ,un)]j: )
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Figure 5.3.1: Comparison of plug-in estimator W3(u,,v,) and proposed estimators
Uiy tn, Vn) and L(fin, fin, Vp), with p = Ny(04,14), v = Ng(04,021;) and various
values of (02, n,d).

2 ie. L is the signed square of L(fin, tn, V) = Wa(fin, Vn) —

where [2]7 = sgn(z)z
Wa([in, fn)-

The centering ensures that the proposed estimators are informative, as their ex-
pectations decrease to zero with W3(yu,v) for any finite sample size. More impor-
tantly, the proposed estimators can be viewed as complementary bounds on Wj(u, v):
U (fin, fin, Vy) is an approximate upper bound when v is overdispersed with respect to
w; L(fin, fin, Vy) is an approximate lower bound in general. We establish these proper-
ties, and we discuss suitable notions of overdispersion, in Section 5.3.1. Figure 5.3.1
illustrates these properties: notably, centering reduces the bias without increasing the
variance.

Increasing the sample size n benefits the proposed estimators by decreasing the
variance, reducing the bias and, as we shall see, further relaxing the conditions required
for U to be conservative. Trading some of these benefits off for faster computation,
{U, L} could be replaced by sample averages computed at a lower sample size. We
establish the statistical properties of the proposed estimators in Section 5.3.2, and we

discuss uncertainty quantification in Section 5.3.3.

We conclude this introduction with two practical refinements of our methodology.
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Hedging. Taking the maximum of two estimators, we can obtain more generally

applicable upper bounds and tighter lower bounds, as with the pair

V(Mna V’Vl?ﬂ?’L? D’Vl) = U(ﬂn)una V”’l) \/ U(D’NJ Vna /’Ln) a‘nd L(ﬂna /‘L'n»7 Vn) \/ L<]77’L7 V’fl? /"Ln)‘

The first hedging strategy is particularly useful when a priori it is unclear which one of
{p, v} is more dispersed. Our experiments indicate that V is often conservative, even

when it is used naively.

Variance reduction using couplings. When the sample generation can be con-
trolled, positively correlating (p,, v,) can reduce the variances of U (fin, fin, Vn), L(fin, tin, Vn)
and V (pn, Vn, fin, V) with little effect to their biases. This technique can reduce the

variance substantially, particularly when W3(u, ) is small, see Section 5.4.

5.3.1 Analysis of the bias

We analyze the biases of the proposed estimators, showing that they are informative
and providing conditions under which they can be viewed as approximate bounds. We
recall that the minimal regularity Assumption (AQ) applies.

Proposition 5.3.1 establishes that L is not conservative.

Proposition 5.3.1. It holds that E [L(jin, ftn, va)]” = B [Wa(jin, ) — Wajin, i) <
Wi (i, v).

Theorem 5.3.3 establishes properties of U. We show that an appropriate condition
on the optimal transport map 7,, ensures that U is conservative, that U remains

informative as v = pu, and that U is location-free.

Definition 5.3.2 (Contractive optimal transport). We write v~ p, and say that v is
contractively optimally transported to p, if the optimal transport map T, , is a contrac-

tion, that is it has Lipschitz constant ||T, | Lip < 1.
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Theorem 5.3.3. The following assertions hold:

(Z) Ifys);,u; then K [U(ﬂna s Vn)] =K [Wg(ﬂna Vn) - Wg(ﬂmﬂnﬂ > W%(/% V)'
(i) E [U(fin, n, va)] < K (11, v) W, v), where K (u, v) = 3E,[[| X|P]V2+E, [[[V][*]/2.

(15) T [U(fin, tin, vn)] — Wi(p, v) is invariant to shifting the expectation of either p or

V.

We emphasize that the condition v <% i of Theorem 5.3.3(i) is purely sufficient: it is
what we use to formulate an otherwise generic result, which holds for all sample sizes
n, all dimensions d, and does not impose structural assumptions on either measure p
or v.

We interpret the condition v ~% ;1 in Section 5.3.1; in Section 5.3.1, we demonstrate
that the estimator U is in fact conservative much more generally. Since the inequality
E [U(fin, tin, vn)] > Wh(p,v) is location-free, its validity clearly only depends on how
the dispersions of i and v are related. For U to be an overestimate, the correct relation

turns out to be that of overdispersion.

Remark 5.3.4: Brenier’s theorem states that 7, = Vg, , for a convex ¢, ,. The
condition of Theorem 5.3.3(i) is the global Hessian bound Vg, , < I, and resembles
conditions used by recent computational (Paty et al., 2020) and theoretical (Hiitter and
Rigollet, 2021; Deb et al., 2021; Manole et al., 2024) work. After finalizing a preliminary
version of this manuscript, we became aware of an independently derived result from a
preprint version of Manole et al. (2024) that is similar to Theorem 5.3.3(i). We use our

result for different purposes.

Interpreting contractive optimal transport

The condition v ~5 y is location-free. This hints at a connection between ~+ and stochas-

tic orderings (Shaked and Shanthikumar, 2007), which we now discuss.
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For one-dimensional measures, the univariate dispersive ordering v > g5, p (Shaked,
1982) requires the quantiles of v to lie further apart than the corresponding quantiles
of 1. The condition v ~3 i1 coincides with v > disp 14, because the optimal transport map
T,=F, 1o F,, maps between the corresponding quantiles of v and y. In general, v ~% 4
implies the SD-ordering of Giovagnoli and Wynn (1995), which requires the existence
of a contractive map transporting v to p. However, the SD-ordering does not provide
a meaningful way of distinguishing between measures: for instance, y and v are equal
under this ordering whenever they differ by a rotation, yet WW3(u, v) could be arbitrarily
large.

We draw further connections between v ~% ;1 and stochastic orderings under struc-

tural assumptions.
Proposition 5.3.5. The following assertions hold:

(i) For Gaussians, Ny(m,, %)~ Ny(m,,,%,) if and only if ¥, = ¥, where = is the

Loewner order.

(ii) For spherically symmetric measures, v~ i if and only if the same relation holds
between the distributions of their radial components.

; coT

(i4i) For product measures, (QL 1) ~5(QL 1) if and only if V' <5 it for all i.

(i) If v(z) o< exp(—N(x)) and p(x) o exp(—M (z)) with twice differentiable N, M
with convex support, and if V2N < A < V2M holds point-wise for a fived positive

definite matriz A, then v~ .

Overall, we view v ~3 i as a global overdispersion condition: v must be a shifted
version of p that is more spread-out in all directions. In addition to providing key
intuition, this condition suggests that the estimators could be useful to assess the quality
of Bayesian computation methods, where over- and underdispersion is pervasive, see

Sections 5.4 and 5.5.
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We conjecture that ~5 does not define a partial order in general, and leave this as

an open problem.

When is U conservative in practice?

We investigate the conditions required for U to be conservative in practice. We begin

with a sharp characterization of the small-n case, see Appendix C.1.2.

Example 5.3.6 (n = 1): The inequality E [U(fi1, pt1, v1)] > Wi(, v) is equivalent to

sup  Tr(Cov(X,Y)) > Tr(Var(X)), denoted by v~ .
(X,Y)N(u,y)

Intuitively, v is more dispersed than p, averaged along the principal components of .
In particular, ~% is partially closed under mixtures. Furthermore, v < 1 holds under
the convex order (Strassen, 1965), which provides the intuition that it suffices for v to

be a diffuse version of u.

For large n, one might expect consistency to weaken the conditions under which U
is conservative. However, the challenge in obtaining the exact expression of the bias to
first order in n precludes a general analysis. Instead, we derive a sharp result in the

one-dimensional case, see Appendix C.1.2.

Example 5.3.7 (d = 1): Under regularity conditions, in dimension d = 1 it holds that

im n (E [U(fin, fin, vn)] — Wi(p,v)) >0 if and only if J(u,v) > J(u, p),

n—oo

where J(pu,v) = fol w(l—u)(F; 1) (u)(F; 1) (u)du. This condition is significantly milder

m v

than v~ p, which asks for (F, ')’ > (F, ')’ uniformly.

Examples 5.3.6 and 5.3.7 indicate that a partial overdispersion can also ensure that
U is conservative. This recommends the estimator V' for general use. Whether V is

conservative depends on the compatibility of the measures: the centering term of V' may
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over-correct when most of the masses of 1 and v lie in directions orthogonal to each
other. In practice, the compatibility of the measures can be checked using a principal

component analysis.

Estimator U(Hy, Mn, Vo) Estimator V(Hn, Va, Fns Vn)
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Figure 5.3.2: Robustness of proposed estimators {U, V'} to the degree of overdispersion,
with g = Ny(04, diag(1,4) ® I42) and v = Ny(04,0%1;) and various (02,n,d). The
relation v ~5 y holds for 02 = 4 and v ~3  holds for 02 > 2.87 (resp. p~> v for 0? < 2.25
and p~ v for 02 = 1). Negative estimates are set to zero.

Figure 5.3.2 illustrates that the proposed estimators {U,V'} are robust: they are
conservative under relatively weak forms of overdispersion. We see that U (fi,,, fin, Vp) is
conservative as long as v is more dispersed than ;. on average. That it is not conservative
when v is significantly less dispersed than p should not be concerning to the reader:
in practice, one would have swapped the roles of the measures and used the estimator
U(Vn, Vn, ptn) instead. This effectively amounts to using the estimator V', which at the

largest sample size is sensible throughout the considered scenario.

5.3.2 Statistical properties

We study the statistical properties of the proposed estimators. It is clear that they
are consistent; they additionally inherit the concentration and near-minimax rate of

convergence of the plug-in estimators they are composed of.
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Theorem 5.3.8. Under Assumption (A1), it holds that

Ve > 0: P(|U(fin, tin, Vn) — E[U (fin, fn, vn)]| =€) < 2exp (—n52/3) ,

Ve>0: P (’E(ﬂn,,un, v,) —E [Z_}(ﬂn,un,yn)” > 5) < 2exp (—n€4/32) .
Theorem 5.3.9. Let u # v. Under Assumption (A1), it holds that
Vd=>5: E HU(IELH? Hns Vn) - Wg(:ua V)H S n72/d’ E HW2<N7 V) - E(ﬂn, Moy VH)H = nil/da

where < denotes decay at the exact rate.

As a consequence, the proposed estimators are high-probability bounds as soon as
they are bounds in expectation. We emphasize that this does not require the sufficient
condition v ~5 y: in Corollary 5.3.10, we ask for U (fi,, fin, vn) to be positively biased by

an amount which decays in n at the rate of Theorem 5.3.9.

Corollary 5.3.10. Let u # v. Under Assumption (A1), it holds that
Vd >5: P (L(fn, pns V) < Wi(1,v)) =P (L(fin, pn V) < Wa(p,v)) > 1—exp (—C1n1_4/d).
If additionally E [U(fin, fin, vn)] — Wi(i,v) 2 n~ %4, it holds that

Vd>5: P (U(/fbn,,un, V) > Wi, y)) >1—exp ( — C’in_4/d).

The constants C',Cy > 0 only depend on the measures p, v and on the dimension d.

Similar properties can be shown for V', with the hedging ensuring that this estimator
is a high-probability bound on W3(u,v) under weaker conditions. We avoid further

technical details.
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5.3.3 Uncertainty quantification

We describe how to quantify the uncertainty of the proposed estimators based on their
asymptotic distributions. The estimator U obeys a Gaussian CLT, as a direct conse-
quence of del Barrio et al. (2024, Theorem 4.10) and Slutsky’s theorem, which we state

without proof.

Theorem 5.3.11. Under Assumption (A2) it holds that, as n — o,

VI U (finy s v3) — E[U (i, pin, vn)]) = N1 (0,0°) and lim nVar {U(fin, ptn, vn)} = 07,

n—oo

where 0* = Var{¢, ,(X) + ¢, (Y)} under independent X ~ p and 'Y ~ v.

Formal results for L are more challenging because Wy (fin, itn) lacks a satisfactory
limiting theory (del Barrio et al., 2024), but experiments indicate that L is approxi-
mately Gaussian even for small n.

To quantify the variability of {U, L}, we therefore use Gaussian confidence intervals.
For L = [L)%, we transform by []2 the confidence interval for L. For estimators like
V that are formed as the maximum of two components, we use the confidence interval
corresponding to the active component; the slight underestimation balances out with
our conservative variance estimates, which we next describe.

The confidence intervals require variance estimates, we propose to use

1 _ — n
Var(U) ~ Evaf ({ Dt (Xi) + Vi (Y2) = By (Xi) = Vi (X }.,)
T\ ~ 1 qﬁﬁnal’n (Xl) + ¢ﬁnﬂ’n (3/1) qbﬁnn“‘n (Xl) + wﬁn,ﬂn (X’L) "
Var(L) s 7 Var ({ Wl ) 2Waliin ) }Z:) |

justified in turn by Theorem 5.3.11 and an approximate delta method for L (detailed
in Appendix C.2.2). Figure 5.3.3 compares the proposed consistent variance estimator
of U with the jackknife, which is conservative and available with an additional O(n?)

computation using the Flapjack algorithm (Appendix C.2.1). We prefer the consistent
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estimator for its smaller positive bias and lower computing cost. Similar considerations

hold for the variance estimator of L.
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Figure 5.3.3: Variance estimates for U(fiy, fin, vy) with = Ny(04, 1), v = Ng(0g, 021,)
and various methods and values of (02, n,d). Unbiased estimates of the ground truth
from 5000 replicates are shown with 95% bootstrap confidence intervals.

The variance estimates also remain valid when the pairs (X;,Y;) are sampled i.i.d.
from any coupling of (u, ), so the confidence intervals correctly account for the variance
reduction afforded by positively correlating (g, v, ). As we explain in Appendix C.2.3,
we can estimate this reduction in variance without additional simulation. Finally, these
uncertainty quantification methods can be generalized to correlated samples and to
averages of plug-in estimators, see Appendices C.2.3 and C.2.4. These generalizations

will prove useful in the applications of Sections 5.4 and 5.5.

5.4 Assessing the quality of approximate inference
methods

Reliably assessing the quality of approximate Bayesian inference methods is one of the
grand challenges of Bayesian computation (Bhattacharya et al., 2024), a problem that is
of interest both to the researchers developing such methods, as well as to the practition-
ers using them. We propose here to estimate the squared Wasserstein distance Wg( V)

of approximations v to exact models p with the centered estimators of Section 5.3.
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5.4.1 Methodology

We advocate using MCMC to sample from the model 1 and the approximation v, in

the following way. We sample ii.d. p-invariant Markov chains (X ,ﬁ“)f;()* Te=1) and

v-invariant chains (Yl,g(t))f’:”o+ B for ke [2K]. We discard, respectively, {B,, B,}
iterations as burn in, and thin the remainder of each chain by factors of {7),,7,} to

provide the empirical measures

I— 1 2K I—-1
Hn § X(Bu“'Tui)v ﬂn: m E E 5X£BM+TM)7

k=K+1 =0
2K I-1

Y(BV+T1,'L), Uy = K[ E E 5Y(B,,+Tl,z),

=0 k=K+1 =0

Nﬂ
- o

N\

R

each with n = KT samples. We modify the confidence intervals to account for within-
chain sample dependence in Appendix C.2.3.

Our parameter guidelines are motivated by the insight that the biases of the pro-
posed estimators primarily depend on the smallest of the effective sample sizes (ESSes;
e.g. Vats et al., 2019) within the empirical measures { i, v, }. We therefore recommend
setting the thinning factors {7}, T,} such that the ESSes are roughly equal,' and in-
creasing {K, I} until a target ESS is attained. The burn-ins {B,,, B, } should be set
based on estimates of the rate of convergence, see Section 5.5. Our experience is that
the estimators are robust to small {T},, 7, }.

To reduce the variance of estimators, we can induce a positive correlation between
(tn, vy) by coupling the pairs (X,g ),Y(t)) and setting (B,,T},) = (B,,T,). We consider
various practical coupling strategies based on common random numbers (CRNs) in

Section 5.4.4.

IThat is, we recommend performing more iterations with the slowest-mixing chain.
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5.4.2 Approximate inference methods

We discuss several common types of approximate inference methods v, focusing on
how their variabilities relate to that of the exact model p. The general trend is that
approximate inference methods tend to be over- or underdispersed versions of the exact
model, and so we typically expect the estimators of Section 5.3 to reliably bound the

squared Wasserstein distance W3 (i, v).

Laplace approximations. A Laplace approximation v is the best Gaussian fit around
a mode of the density of the true model p. Since Laplace approximations are local,
they typically underestimate the variability, particularly if p has heavier-than-Gaussian
tails, or it has multiple modes. Other types of localized approximations can similarly

be expected to underestimate the variability in the true model.

Variational approximations. Variational inference (VI; Blei et al., 2017) uses op-
timization to fit the approximation v. The approximating family is often Gaussian.
The objective is typically the exclusive (or reverse) Kullback-Leibler (KL) divergence
KL(-||+), which tends to produce local approximations which underestimate the true
variability (Wang and Titterington, 2005). Conversely, expectation propagation (EP;
Minka, 2001) is an algorithm that optimizes for the inclusive (or forward) KL diver-
gence KL(p||-). EP appears to have two regimes, either globally overestimating the true

variability or globally underestimating it (Dehaene and Barthelmé, 2018).

Approximate MCMUC algorithms. Certain gradient-based unadjusted MCMC al-
gorithms, such as the unadjusted Langevin algorithm (ULA; Roberts and Tweedie,
1996a) and the OBABO discretization of the underdamped (or kinetic) Langevin diffu-
sion (e.g. Monmarché, 2021), tend to have stationary distributions v that are overdis-

persed versions of the exact target p. We verify this analytically for Gaussian targets

L.



CHAPTER 5. ESTIMATING WASSERSTEIN DISTANCES 113

Proposition 5.4.1. The stationary distribution v of an ULA or OBABO chain tar-

geting a Gaussian . satisfies v~ [i.

Stochastic gradient MCMC algorithms (Ma et al., 2015) are gradient-based unad-
justed MCMC algorithms where the gradient is replaced by an unbiased estimate; they
are popular in tall-data applications. The additional noise typically causes the station-
ary distribution v of a stochastic gradient MCMC algorithm to be an overdispersed
version of the target u (Nemeth and Fearnhead, 2021).

Exact and approximate Gibbs samplers for high-dimensional linear regression mod-
els with horseshoe priors (Carvalho et al., 2010) were developed in Johndrow et al.
(2020); these samplers were later extended to more general half-t priors in Biswas et al.
(2022); Biswas and Mackey (2024). We explain why these approximate Gibbs samplers

generate overdispersed versions v of the exact target u in Appendix C.4.2.

Approximate Bayesian computation. Approximate Bayesian computation (ABC)
methods perform Bayesian inference using noisy surrogate versions of the likelihood.
Due to this noise, the ABC posterior is typically more dispersed than the true posterior

(Sisson et al., 2018).

5.4.3 Related methods

Biswas and Mackey (2024) use couplings to assess the quality of approximate sampling
methods. The idea is to sample a pair of coupled Markov chains (X®, Y(t))tzo with
kernels (P, Q) and stationary distributions (u, ). In the idealized setting where the

chains are stationary, for all (B, I) it holds that

B+I1-1

1
Wi v) <E |5 ; X0 —y©|*|. (5.4.1)
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In practice, we discard the first B iterations as burn-in, and we estimate the coupling
bound by averaging over K replicates.

The method of Biswas and Mackey (2024) can only perform well if (P, Q) are similar
in a uniform sense. It additionally requires the user to carefully design a contractive
coupling of (P, Q). As we demonstrate in Section 5.4.4, sensible couplings of (P, Q) can
still produce loose bounds, whereas any coupling that positively correlates the chains
can reduce the variance of our proposed estimators.

Huggins et al. (2020) derive computable upper bounds on W3(u,v) based on a
series of worst-case theoretical bounds and importance sampling using v as a proposal.
Dobson et al. (2021) propose a coupling-based upper bound that is similar to (5.4.1),
but incurs an additional term related to the rate of contraction of the kernel (). Because
Biswas and Mackey (2024, Section 3.4) demonstrates that the method of Huggins et al.
(2020) deteriorates rapidly with increasing dimension and that the method of Dobson
et al. (2021) produces a looser bound than (5.4.1), we do not compare with these

methods in the sequel.

5.4.4 Numerical illustrations

We illustrate the proposed methodology with various applications, comparing our method
with the coupling-based bound of Biswas and Mackey (2024) and assessing the sharp-
ness of all estimates against the tractable lower bound (5.2.3). Because the squared
Wasserstein distance does not have a global upper bound, we instead provide the trace
of the covariance Tr(Cov,(X)) as a measure of scale, that intuitively indicates a poor
approximation v. (Since Wj(u,v) = Tr(Cov,(X)) when v is a Dirac mass centered at

the mean of p.) We defer additional experimental details to Appendix C.6.2.
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Asymptotic bias of unadjusted MCMC algorithms

We estimate the asymptotic bias of two unadjusted MCMC algorithms, ULA and the
OBABO discretization of the underdamped Langevin diffusion. The algorithms target
1= Ny(04,%4) with (34);; = 0.5 and use spherical Gaussian proposals with stan-
dard deviation h = d~/ in various dimensions d. The underdamped algorithm uses
critical damping. This synthetic Gaussian setting presents us with a dual advantage: it
allows us to compare estimators against the true squared Wasserstein distance, as well
as to assess the sensitivity of estimators to the dynamics of each approximate MCMC
algorithm, since both algorithms have identical Gaussian stationary distributions uy, at
identical step sizes h, see Appendix C.4.1.

We follow Biswas and Mackey (2024, Section 2.2) and couple each unadjusted al-
gorithm with its Metropolis-adjusted counterpart by CRNs, ULA with the Metropolis-
adjusted Langevin algorithm (MALA; Besag, 1994) and OBABO with the method of
Horowitz (1991). We do not use the couplings to reduce the variance of the proposed

estimators.
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Figure 5.4.1: Asymptotic bias of unadjusted MCMC algorithms in increasing dimension,
see Section 5.4.4 for details. The considered algorithms (ULA and OBABO) have
identical stationary distributions. Solid lines represent empirical means, shaded areas
represent two standard deviations.

Figure 5.4.1 displays estimates of the asymptotic bias W3(u, un). The proposed

estimators {U, L} reveal that the asymptotic bias is small even in high dimensions and
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provide identical results for both approximate algorithms. In contrast, the coupling
bound is at least an order of magnitude looser and performs significantly worse for
OBABO than it does for ULA. We estimate that the coupling of ULA (resp. OBABO)
could have reduced the variance of U by a factor of 2x (resp. 1.1x).

This experiment highlights a limitation of the coupling bound. Although seemingly
a reasonable default, coupling unadjusted MCMC algorithms with their Metropolized
counterparts turns out to only be effective when the acceptance rate of the Metropolized
algorithm is extremely high, i.e. the mixing is poor. For ULA coupled with MALA, we
observe that the squared-distance between the chains increases by ©(h%d) upon rejection
in MALA, whereas the chains contract exponentially at rate ©(h?) upon acceptance.
The equilibrium therefore lies at ©(d) times the rejection rate, which is typically much
larger than W3 (u, un) = ©(h%d) (Durmus and Moulines, 2019). For OBABO coupled
with the Horowitz method, the situation worsens because the Horowitz method reverses
direction upon rejection; the persistent momentum then causes the chains to move away
from each other for several iterations. In this experiment, the step size h = d~/¢ ensures
a small asymptotic bias and a relatively high acceptance rate of ~ 70%, yet the coupling

bound is still loose.

Approximate inference for tall data

We assess the quality of various approximate inference methods for tall datasets (Bar-
denet et al., 2017), where the number of observations is much larger than the number
of covariates. We consider stochastic gradient Langevin dynamics (SGLD; Welling and
Teh, 2011) subsampling 10% of the data per iteration, SGLD with control variates
(SGLD-cv; Baker et al., 2019) subsampling 1% of the data per iteration, the Laplace
approximation, and full-rank Gaussian VI (Kucukelbir et al., 2017). We compare these
methods on Bayesian logistic regression models with the following datasets: Pima Indi-

ans (Smith et al., 1988; 768 observations, 8 covariates) and DS1 life sciences (Komarek
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and Moore, 2003; 26733 observations, 10 covariates).

For parity across methods, and to reduce the variance, we compute all Wasserstein
distance estimators based on the same coupled pairs of Markov chains targeting (u, v/).
We target p and optimization-based approximations v with MALA and use CRN cou-
plings, as in Biswas and Mackey (2024, Section 4.1). To make the implementation
generic across different approximations, we use the proposed estimator V' based on

splitting the available sample.
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Figure 5.4.2: Quality of various approximate inference methods applied to Bayesian
logistic regression models with various datasets, see Section 5.4.4 for details. Error
bars represent approximate 95% confidence intervals.

Figure 5.4.2 displays estimates of the asymptotic bias of each approximate inference
method. Consistent with the concentration of the posterior due to Bernstein-von-Mises
limit, SGLD-cv and the Laplace approximation have the smallest biases. In contrast,
SGLD overestimates the posterior variance due to noisy gradient estimates, whereas VI
underestimates the posterior variance.

The proposed estimators accurately quantify the asymptotic bias: V is often re-
markably close to the tractable lower bound (5.2.3), which we expect to be tight due
to the proximity of the model to its Bernstein-von-Mises limit. The coupling bound is

uniformly looser: similarly to Section 5.4.4, the issue is partly caused by the challenge in
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coupling MCMC algorithms that involve accept-reject decisions. We estimate that the
coupling reduced the variance of {V, L} by factors of up to 1.6x for the Pima dataset
and 2.2x for the DS1 dataset.

Finally, sampling from the exact model p with MALA becomes a significant bottle-
neck for datasets larger than the ones considered here. The proposed estimators can
scale to larger datasets by amortizing the cost of sampling from p using recent ad-
vances in exact MCMC algorithms based on subsampling (e.g. Fearnhead et al., 2018;
Prado et al., 2024). However, because these algorithms have complex dynamics or

parametrizations, it is less clear how one can couple them effectively.

Approximate sampling for high-dimensional Bayesian linear regression

We consider a high-dimensional Bayesian linear regression model with half-t(n) priors.
Johndrow et al. (2020) developed exact and approximate Gibbs samplers for the case
n = 1, corresponding to the horseshoe prior; Biswas et al. (2022) and Biswas and
Mackey (2024) extended these samplers to degrees of freedom 1 > 1. We assess the
asymptotic bias of such approximate Gibbs samplers with 7 = 2 on the Riboflavin
dataset (Bithlmann et al., 2014; 71 observations, 4088 covariates).

This is a challenging scenario: the distributions we compare are high-dimensional,
multimodal and heavy-tailed. This setting is also ideal for the coupling bound, since
considerable effort has been spent on devising effective couplings for these samplers
(Biswas et al., 2022; Biswas and Mackey, 2024). We follow Biswas and Mackey (2024)
and use CRN couplings between the approximate and exact Gibbs samplers. We also
use the couplings to reduce the variance of our proposed estimators. Since we know
that the exact model is the less dispersed distribution, we draw an additional set of
samples from it to use throughout the experiment, and we use the estimator U.

Figure 5.4.3 displays estimates of the asymptotic bias W5(u, p.) against the param-

eter € > 0 that controls the quality of the approximation, where p is the exact and pu.
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Figure 5.4.3: Asymptotic bias of approximate Gibbs sampler for high-dimensional linear
regression model with half-t(2) prior, see Section 5.4.4. Error bars represent approxi-
mate 95% confidence intervals. The estimate of the tractable lower bound (5.2.3) has
a considerable positive bias for small €.

the approximate posterior marginal of the regression coefficients. The figure suggests
that W2(u, pte) =~ ©(e), which is consistent with the results of Johndrow et al. (2020)
for the case 7 = 1 and confirms that their recommended default of setting ¢ as the
reciprocal of the number of covariates (= 2.5 x 10~* here) achieves a small asymptotic
bias.

The experiment illustrates that the proposed estimators can be effective in complex
problems of very high dimensionality. The estimator U is competitive with the cou-
pling bound and outperforms it for smaller values of €. In fact, whereas our proposed
estimators are guaranteed to be informative for all €, the coupling bound becomes unin-
formative as € — 0 because the CRN coupling is not uniformly contractive when € = 0
(Biswas et al., 2022, Appendix B). Nevertheless, because it reduces the variance of
{U, L} by a factor of 22 for the smallest €, the coupling appears crucial for controlling

the variance of the proposed estimators when the true Wasserstein distance is small.
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5.5 Assessing the convergence of MCMC algorithms

MCMC algorithms undergo an initial warm-up phase wherein the time-marginals (W(t))tzo
converge towards the stationary distribution 7(>). Assessing how quickly MCMC algo-
rithms converge is of great importance to the researchers developing such methods, as
well as to the practitioners using them. We propose here to estimate the convergence in
squared Wasserstein distance W%(w@o),w(t)), by post-processing the output of several

parallel Markov chains using the estimators of Section 5.3.

5.5.1 Methodology

We simulate 2n replicate Markov chains up to a large time 7" > 1. We split the samples
from 7(*) into equally weighted empirical measures {7), 7"} for all ¢ > 0. When 7(*)

noJ’n

is more dispersed than 7(7), we estimate

Conversely, we estimate L(7®), 7 7(D)) < W3 (7@
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is less dispersed than 7(7).

The standard practice in MCMC is to use overdispersed initializations. Because
the time-marginals 7(* tend to gradually concentrate towards the stationary distribu-
tion 7(>) when the initialization is overdispersed, see Section 5.5.2, in this setting we
expect our estimators (5.5.1) to reliably bound the convergence. We describe in Ap-
pendix C.5.1 a reduced-variance methodology based on time-averaging that is tailored
to overdispersed initializations.

We highlight three reasons why the proposed methodology is appealing. Firstly, the
method closely approximates the true convergence rate, since by Theorem 5.3.3(ii) rates
estimated by U are loose by at most a factor of two. Secondly, the method is plug-in,

so its performance is unaffected by how complex the implementation or dynamics of
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the MCMC kernel are. Finally, the method also applies to non-Markovian processes, so
it can estimate the convergence of adaptive MCMC algorithms (Andrieu and Thoms,
2008). Competing methods lack one or more of these properties, see Section 5.5.3.
The method can however be vulnerable to issues of pseudo-convergence, since it
assumes that the replicate MCMC runs have converged and become stationary within
the computing budget, so that W3(7™), 7®) =~ W3 (7> 7). Convergence diagnostics
(e.g. Gorham and Mackey, 2017; Margossian et al., 2024) can help check stationarity

in practice.

5.5.2 On MCMC with an overdispersed initialization

The guideline of choosing overdispersed initializations dates back to the early days
of parallel MCMC (Gelman and Rubin, 1992). Decades of experience suggest that
overdispersed initializations facilitate both exploration and convergence diagnosis, with
the intuition being that such initializations cause the time-marginals 7(*) to concentrate
towards 7(>) over time. We verify this intuition in a stylized setting that is prototypical

for many popular MCMC samplers.

Proposition 5.5.1. Let (1"));>q be the time-marginals of a Gaussian AR(1) process

coT

with a Gaussian initialization T . If 70 8 7() then 78 L5 7() for all t > 0.

Remark 5.5.2: Proposition 5.5.1 directly applies to discretizations of the overdamped
Langevin diffusion. An extension of Proposition 5.5.1 holds for the position component
of discretizations of the underdamped Langevin diffusion. In a small step-size asymp-
totic limit (Bou-Rabee and Vanden-Eijnden, 2010), Proposition 5.5.1 applies to MALA
and the method of Horowitz (1991), and similar insight (Roberts et al., 1997) can be
expected to hold for the random walk Metropolis (RWM; Tierney, 1994) algorithm.
Finally, Proposition 5.5.1 applies to deterministic scan Gibbs samplers (Roberts and
Sahu, 1997), and overdispersion persists in the sense of 7® <3 7() for random scan

Gibbs samplers. We provide verification in Appendix C.4.4.
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For unimodal targets, Proposition 5.5.1 suggests that samplers initialized overdis-
persed should gradually concentrate towards their stationary distributions. Simulations
with non-Gaussian unimodal targets in Appendix C.6.3 support this insight. For mul-
timodal targets, simulations in Appendix C.6.3 suggest that the convergence happens
in a similar way provided that the initialization is dispersed across all modes.

The choice of an appropriately overdispersed initialization should be guided by the
target at hand. In Bayesian inference problems (e.g. Gelman et al., 2013), the prior is
often a suitable initialization, because it tends to be less concentrated than the (target)
posterior distribution. More generally, initializing from an overdispersed version of
an approximation to the target is a sensible strategy: Gelman and Rubin (1992) use
heavy-tailed mixtures centered at the target modes; Carpenter et al. (2017) use uniform

distributions adapted to the length-scales of the target parameters.

5.5.3 Related methods

Biswas et al. (2019) use couplings to bound the convergence MCMC algorithms. Orig-
inally devised for 1-Wasserstein distances, we extend this method to p-Wasserstein
distances of all orders p > 1 in Appendix C.5.2. With an appropriate choice of param-
eters, the method effectively amounts to repeatedly sampling coupled Markov chains
(X® X®),5, with initializations (X X©) € I'(7(>) 7)) and marginal evolutions

according to the Markov kernel of interest, then estimating the coupling inequality
Wi 7)) <E[|IX® — X@?]. (5.5.2)

using empirical averages. In our experiments, we estimate the idealized bound (5.5.2)
based on independent initializations (X (@, X ©)).
Johnson (1996); Sixta et al. (2025) propose to estimate a looser version of the

idealized bound (5.5.2) based on a rejection-sampling construction. Since this suffers
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from the curse of dimensionality, we do not compare with it in the sequel.
Coupling-based methods require the user to design and implement couplings that
contract the chains (X®, X®) quickly over time. As we demonstrate in Section 5.5.4,
the availability of effective couplings is case-specific, and couplings can be sensitive to
the dynamics and the parametrization of the MCMC algorithm at hand. In particular,
we will see that Metropolis accept-reject steps, which are ubiquitously used to devise
asymptotically exact MCMC algorithms, complicate the design of effective couplings in

high dimensions (see also Papp and Sherlock, 2025b).

5.5.4 Numerical illustrations

We illustrate the proposed methodology with various moderate- to high-dimensional
applications. We focus on the case of overdispersed initializations and use the reduced-
variance method of Appendix C.5.1. We compare our method against the coupling
bound of Biswas et al. (2019), using state-of-the art couplings (e.g. Heng and Jacob,
2019; Jacob et al., 2020b; Monmarché, 2021) based on CRNs unless stated otherwise.
As a default, we compute estimators based on n = 1024 replicates. We defer additional

experimental details to Appendix C.6.3.

Synthetic examples

We consider synthetic examples with Gaussian target distributions. These allow us to
directly assess the sharpness of our estimators against the exact squared Wasserstein

distance W(r(®) 7(®)).

Gibbs sampler. We target a periodic-boundary AR(1) process 7 = Ajy(04, Xq)

with autocorrelation p = 0.95 in dimension d = 50 with a systematic scan Gibbs sam-

coT

pler. We consider two initializations: (a) a fully overdispersed start (%) = Ny (04, 45,) 5

(b) a naive start 7 = N (04, diag(2,))>47(>) representing a mean-field approximation

(c2).
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(a) Overdispersed start (b) Naive start
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Figure 5.5.1: Convergence of a Gibbs sampler with various initializations, see Sec-
tion 5.5.4 for details. Shaded areas represent approximate 95% confidence intervals.
Recall that we estimate the idealized coupling bound (5.5.2) with infinite time-lag pa-
rameter.

to (),

Figure 5.5.1 displays estimates of the convergence of the Gibbs sampler with var-
ious methods. We see that the estimator U is conservative when the initialization is
overdispersed and is robust to using naive initializations. Remarkably, in both cases,
the true squared Wasserstein distance consistently falls within the confidence interval
for U; we speculate that this relates to the target having a few very large principal
components which dominate the overall contribution to the Wasserstein distance. The
proposed estimator L provides a sensible companion lower bound to U. The sharpness
of the coupling bound is highly dependent on the coupling used (coordinate-wise CRN
or reflection-maximal, Jacob et al., 2020b), but even with the optimal Markovian CRN

coupling this bound is relatively loose compared to the estimator U.

Mixing time of Langevin algorithms. We study the mixing time of MCMC al-
gorithms based on the over- and underdamped Langevin diffusions. For each diffusion,
we consider a discretization and its Metropolis-adjusted version: ULA and MALA in
the overdamped case, the OBABO discretization and the Horowitz (1991) method in
the underdamped case.

We revisit the setting of Section 5.4.4, targeting 7 = Ny (04, Xq) with (X4);; = 0.5l
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Figure 5.5.2: Mixing time of various adjusted and unadjusted MCMC algorithms, see
Section 5.5.4 for details.

1/6

and using spherical Gaussian proposals with standard deviation h = d~/° in various

dimensions d. The target condition number is x /&~ 9 in all dimensions. The initialization
7 = Ny(04,31,) satisfies 70 <8 .

While theoretical bounds must consider worst-case scenarios, the proposed estima-
tors allow for comparisons to be drawn in the operational regime. Our scaling h ~ d~/6
is larger than ones suggested by non-asymptotic analyses (e.g. Wu et al., 2022), but it
is consistent with asymptotic analyses at stationarity (Roberts and Rosenthal, 1998)
and at transience when converging “inward” from the tails of the target (Christensen
et al., 2005). The initialization ensures that we are in the latter regime.

Figure 5.5.2 displays estimates of the mixing time 7 = inf{t : W3(7x(>) 7)) <
6}. The proposed estimators {U, L} allow for meaningful comparisons to be drawn
between algorithms: our findings are in line with the better scaling of the underdamped
diffusion with the condition number of the target, as well as with the common belief that
Metropolization slows down mixing. For the Horowitz method, the slow-down is due to
the momentum reversals that occur whenever proposals are rejected, which cause the
sampler to back-track. These momentum reversals are particularly problematic for the
coupling bound, because they cause the coupled chains to drift apart when acceptances

(resp. rejections) do not occur simultaneously. The coupling bound therefore wrongly

suggests that the Horowitz method converges significantly slower than MALA.
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Stochastic volatility model

We consider the posterior distribution of a stochastic volatility model (e.g. Liu, 2001)
of dimension d = 360, a popular benchmark for MCMC algorithms. We target this
model with various MCMC algorithms: the RWM algorithm with spherical Gaussian
proposals and either (a) the optimal step size scaling (24% acceptance rate; Roberts
et al., 1997) or (b) a smaller step size scaling (64% acceptance rate); (¢) MALA with
spherical proposals and the optimal step size scaling (57% acceptance rate; Roberts
and Rosenthal, 1998); (d) Fisher-MALA (Titsias, 2023), an adaptive MCMC algorithm
that learns the proposal covariance structure together with the global scale parameter.
The algorithms are initialized from the prior, which we verified to be substantially more
dispersed than the target posterior distribution.

(a) RWM: optimal step size (b) RWM: small step size (c) MALA (d) Fisher-MALA
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Figure 5.5.3: Convergence of various MCMC algorithms targeting a stochastic volatility
model, see Section 5.5.4 for details. Shaded areas represent approximate 95% confidence
intervals. Recall that we estimate the idealized coupling bound (5.5.2) with infinite
time-lag parameter; samples from the target are obtained by very long MCMC runs.
No coupling bound is computed for Fisher-MALA.

Figure 5.5.3 displays estimates of the convergence rates of the considered algorithms.
Based on the proposed estimators {U, L}, we see that the RWM converges faster with
the larger step size, that MALA converges an order of magnitude faster than the RWM
due to its use of more informative proposals, and that Fisher-MALA converges faster

than MALA due to the adaptation. Notably, the initial convergence rate of Fisher-
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MALA is super-exponential due to rapid initial adaptation, which slows down to ap-
proximately exponential as the adaptation stabilizes. Consistent with the findings of
Titsias (2023, Appendix E), Fisher-MALA appears not to converge monotonically in
Wasserstein distance.

The proposed estimators provide such insights without requiring specific step sizes or
that the underlying algorithm be Markovian. In contrast, the effectiveness of coupling-
based estimators depends on the considered MCMC algorithm and its tuning parame-
ters, with the considered reflection-maximal coupling of the RWM (Jacob et al., 2020Db)
failing to produce informative bounds in this experiment. Furthermore, the coupling-
based methodology of Biswas et al. (2019) is not yet applicable to non-Markovian
adaptive algorithms.

In Appendix C.6.3, we perform simulations with a more contractive but consider-
ably more compute-intensive RWM coupling from Papp and Sherlock (2025b), follow-up
work from the initial version of this manuscript, as well as with a Gaussian approxima-

tion to the model where the exact squared Wasserstein distance is available.

5.6 Discussion

Centering is a simple and effective strategy for obtaining informative estimates of the
squared Euclidean 2-Wasserstein distance. We have demonstrated that our proposed
centered estimators can often be viewed as approximate bounds on the squared Wasser-
stein distance, and have developed them into methodologies for assessing the quality
approximate inference methods and the convergence of MCMC algorithms. The pro-
posed methodologies compare favorably with coupling-based methods (Biswas et al.,
2019; Biswas and Mackey, 2024), while requiring considerably less expertise from the
user.

We highlight a few methodological extensions that could be explored by further
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work.

Fast approximations. Practitioners with access to GPUs could speed up the com-
putation of the proposed estimators, at the cost of introducing a small degree of approx-
imation, by using regularized versions of W3 with a small regularization parameter (e.g.
Cuturi, 2013; Genevay et al., 2018). In settings like Section 5.5 where multiple related
optimal transport problems must be solved, progressive solvers based on successive

warm starts (e.g. Kassraie et al., 2024) could speed up the computation further.

Importance-weighted empirical measures. Importance sampling schemes (e.g.
Chopin and Papaspiliopoulos, 2020), which approximate distributions by unequally
weighted empirical measures, can provide an appealing alternative to MCMC in Bayesian
computation applications such as those in Section 5.4. Exploring the use of importance-
weighted empirical measures within our centered estimators is thus a promising direc-
tion for further work. We speculate that, as in Section 5.4, the behavior of the proposed
estimators would primarily depend on the effective sample sizes (Kong, 1992) of the

importance-weighted empirical measures.
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Conclusions

Markov chain Monte Carlo algorithms suffer from burn-in bias; recently-proposed cou-
pling methods promise ways of assessing (Biswas et al., 2019) and eliminating (Jacob
et al., 2020b) this bias. In Chapter 3, we showed how to design and analyze efficient
couplings of Markov chain Monte Carlo algorithms based on the framework of high-
dimensional limiting processes and optimal scaling (Roberts et al., 1997; Christensen
et al., 2005). In Chapter 4, we explored how the scalar parameters of these coupling
methods should be tuned for maximum efficiency. Finally, in Chapter 5, we provided
an alternative method, that does not rely on couplings, of assessing the burn-in bias of
Markov chain Monte Carlo algorithms and of assessing the bias of approximate sampling
methods.

This thesis, thus, primarily addresses aspects of the problem of making Markov chain
Monte Carlo more principled. For researchers of Monte Carlo methods, it provides
design principles for couplings and contributes towards the understanding coupling
methods. For practitioners using Monte Carlo methods, it enhances the practicality of
coupling methods, and provides a competitive alternative to these methods that does
not rely on couplings.

We now provide directions for further work, in addition to those outlined in the

129
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conclusions of Chapters 3, 4 and 5.

The work carried out for the RWM in Chapter 3 could provide a template for the
design and analysis of couplings for other Metropolis-Hastings algorithms. Both MALA
and HMC would be natural candidates, as they have well-developed optimal scaling
theories (Roberts and Rosenthal, 1998; Christensen et al., 2005; Beskos et al., 2013).
Two potential technical difficulties are that these algorithms can require smaller step
size scalings at transience than at stationarity, and that the marginal dynamics of HMC
may not be diffusive at stationarity. Nevertheless, our preliminary theoretical results
suggest that near-optimal couplings for these algorithms may require less computational
overhead than those of the RWM.

The framework of Chapter 3 explicitly optimizes for contraction when the coupled
chains are relatively far apart. Could this theory be extended to the setting where the
chains are closer together? A related methodological question is how to best combine
couplings that contract with couplings that coalesce, beyond the simple two-scale strat-
egy used in Chapter 3. Dau and Chopin (2023, Algorithm S.9), which can turn any
coupling into one that coalesces based on a preliminary draw from the “overlap zone,”
seems to be a promising step in this direction.

A deeper understanding of the effectiveness of the unbiased estimators of Jacob
et al. (2020b) could be obtained through results that explicitly connect their efficiency
(Chapter 4) to the contractivity of the underlying coupling kernel (Chapters 3). We
are currently pursuing non-asymptotic results in this direction.

The Wasserstein distance estimators of Chapter 5 are quite generic, and so poten-
tially lend themselves to a variety of statistical applications. For example, consider
the problem of fitting a parametric model uy against samples from an unknown data-
generating distribution p by minimizing an appropriate discrepancy (Basu et al., 2011;

Bernton et al., 2019). We could fit the parametric model by sampling from it and



CHAPTER 6. CONCLUSIONS 131

directly minimizing the plug-in Wasserstein distance estimator

6" = arg ming W (fun, to.n),

however, the large bias of the plug-in estimator may affect the accuracy of the pa-
rameter estimate 6*. We speculate that fitting models using the debiased Wasserstein
distance estimators of Chapter 5 could improve the accuracy of the parameter estimates

substantially in moderate to high dimensions.



Appendix A

Appendix for Chapter 3

A.1 Unbiased MCMC with couplings

The lagged coupling framework recalled in Section 3.2 can also be used for the unbiased
estimation of expectations of test functions h(-) with respect to the target = (Jacob
et al., 2020b; Biswas et al., 2019; Douc et al., 2023). We require additional conditions
on the tail decay of the meeting time 7 and the moments of the function of interest

h(-), namely:
1. There exist 0 € (0,1) and C' > 0 such that P(7 > t) < C¢" for all t > 0.

2. It holds that lim; . E[A(Y})] = E.[h(Y)]. Additionally, there exist n, C' > 0 such
that E[h(Y;)?T] < C for all t > 0.

Then, for any integer m > k > 0, the following is an unbiased estimator of E,[h(X)]:

m 7—1
1 v(t; k,m, L)
Hypy= ———— h(X h(X;) — h(Y;
k: m+k_1;(tL+§ k—l—l{(t) (Y:)}

where y(t;k,m,L) =1+ [(t —k)/L] — [0V (t —m)/L]. The assumptions also ensure
that Hy.,, has finite variance, so that an average of i.i.d. copies of Hj.,, is guaranteed

to converge at the Monte Carlo rate. In turn, this enables principled parallel MCMC,
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through averages of estimators computed through pairs (X, Y’) simulated in parallel.

It is clear that the meeting time 7 imposes a lower bound on the length of the
simulation. Numerical evidence also indicates that the variance of the estimator grows
with the meeting time. It is therefore important to design couplings which ensure that
the meeting times stay small, say, on average.

See Douc et al. (2023, Appendix B) for a derivation of the estimator Hy.,; the
form originally given in the rejoinder of Jacob et al. (2020b) is unfortunately incorrect.
The geometric tail decay condition for the meeting time 7 was relaxed to polynomial
in Middleton et al. (2020), however the moment condition on h(-) appears crucial.
We briefly discuss the use of couplings for the unbiased estimation of the asymptotic

variance of an MCMC algorithm (Douc et al., 2023) in Appendix A.3.4.

A.2 Additional discussion on couplings of the RWM

A.2.1 Asymptotically optimal Markovian coupling

We recall the approximations that motivated the GCRN coupling. Let V(x) = log 7(x).

Using firstly a Taylor expansion, the acceptance indicator at X; = x is

B, ~ 1{logU, < hZ]VV(z)+ W’ Z V?V(2)Z,},

~ 1{log U, < g(2) Zv, + ()},

where: Zv, = Z n, ~ N1(0,1) with n, = VV(2)/|VV(2)|; g(x) = h||VV(z)] and
c(r) = h?Tr(V?V(x)) are constants. Scaling the step size as h = £d~'/? with the
dimension d and assuming standard asymptotics as d — oo (as in e.g. Roberts et al.,
1997), the above approximations are sharp in the limit.

These observations motivated the GCRN coupling and were used to prove that it was

asymptotically optimal for contraction over the class of product couplings P. However,
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by considering the random variables &, = g(z)Zvy, —log U, and &, = ¢(y)Zv, — log U,
directly, it is possible to construct a coupling that is asymptotically optimal over the

entire class of Markovian couplings M.

An implementable optimal coupling

We seek a coupling of RWM kernels which is optimally contractive with respect to
the squared Euclidean distance, so equivalently we seek to maximize E[h?Z] Z,B,B, |
(X1,Y;) = (z,y)]. To derive an implementable optimal coupling, we use the following

upper bound on the objective:

E [h*Z, Z,B,B, | (X, Y:) = (2,)] £ CE[I{0 < & + c(2)}1{0 < & + c(v)}],

< LPPP0 < & + () AP0 < &, + ¢(v)),
(A.2.1)

where the first approximate inequality is asymptotically sharp as d — oo, and the sec-
ond inequality is trivial. The first inequality is satisfied if Z, ~ Z, up to a low-rank per-
turbation. Using a standard optimal transport argument (Villani, 2003, Remark 2.19),
one can show that an optimal coupling of (&, ,) which attains the second inequality is
£ = F,H(U) and &, = F,/'(U), where U ~ Unif(0, 1) and F,, are the respective CDFs
of & ,. Since &, only constrains one coordinate of Z, (and since &, similarly constrains
Z,), we can construct a coupling which renders both inequalities of Equation (A.2.1)
asymptotically tight.

Algorithm 4 describes our proposed modification to the GCRN coupling.! The algo-
rithm induces a coupling of RWM kernels which is asymptotically optimally contractive
coupling over M in the regimes considered in this paper.?

To construct Algorithm 4, we exploited that £, ~ EMG(0, g*(z), 1), where EMG(u, 0%, \)

denotes the exponentially modified Gaussian distribution (EMG; Grushka, 1972), the

!The coupling in Line 3 of Algorithm 4 is arbitrary.
2We omit the proof, which follows similar lines to that of Theorem 3.5.2.
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Algorithm 4 Asymptotically optimal Markovian coupling

Require: Target density 7 : R? — R, score Vlogn : R? — R? step size h > 0,
g(-) = h||V1ogn(+)|| and n(-) = hVlog 7 (-)/g(+), current state z € R%.
Require: Inverse CDF function F~(- | u, 0%, \) of EMG(u, 0%, \) distribution.

1: Sample U ~ Unif(0, 1).
2: Set & = F~1(U | 0,9(x)% 1) and & = F~1(U | 0,9(y)*, 1). > Optimal coupling

3: Sample Zy, ~ N(g(z), 1] &/g(x)) and Zg, ~ N(g(y). 1] &/9(y)). > Used
Lemma A.2.1

4: Set log Uy, = g(2) Zy, — & and log Uy, = g(y) Zvy — &,

5: Sample Z ~ Nd<0d7[d)~

6: Set Z, = Z +{Zy, —n(x)" Z}n(z) and Z, = Z + {Zy, —n(y) Z}In(y). > Asin
GCRN

7. return (Z,, Z,) and (U,,U,)

distribution of the convolution of a Gaussian N (j, 0%) variate and an exponential vari-
ate with rate A\. The correctness of Algorithm 4 stems from the conditional distributions
of EMG random variables, see Lemma A.2.1 below. Algorithm 4 is implementable us-
ing numerical inversion, as the cumulative distribution function F(- | p,02,\) of an

EMG (1, 02, \) variable has the tractable expression,

u—i—)\aQ—x)

1 A
F(z | p,0*\) = ®(x | u,0%) — = exp (—(2u + Ao? — 235)) erfc (—
\/50

2 2

where ®(- | u,0?) is the CDF of a N;(u,0?) variate and erfc(-) is the complementary

error function.

Lemma A.2.1. Let £ = Z + E ~ EMG(u, 02, )\), that is independently Z ~ Ni(u, 0?)
and E ~ Exp(\). Then,

Z &~ N(u+ A% 0% | §),

E|£NM(£_M_>\O-27O-2‘O)>
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where N'(u, 02 | u) denotes the normal distribution N (u, 0?) truncated above at u, and

analogously N (u,c* | 1) denotes Ni(p,0?) truncated below at .

Proof. The relevant density functions are

pz(z) ocexp{—(z — p)*/(20")}, pr(z) oc exp(—Az)1{0 < x}.

Since E + Z is a convolution, we have that

PZ=x|E+Z=¢) xpz(x)pp(§ — ) < exp{—(x — p — Ao?)?/(20")} 1{z < £},

PE=x|E+Z=¢) xpz(é—2)pp(r) < exp{—(z — £+ p+ Aa?)*/(20%)}1{z > 0}.
These are truncated normal distributions, which concludes the proof. O

ODE limit

When the target is 7@ = Na(0g4, 1) the proposed coupling satisfies a high-dimensional

ODE limit as in Theorem 3.4.4. The drift in Proposition 3.4.2 requires the change

bopt (2,9, 0) = CE[1A =P 2-C2) NR[1A ' 2702) — 20 {gy(2) + qi(y)}

=:pe(x) Ape(x) —v{q(z) + @(y)},

where Z ~ N3(0,1),

2 14

Qg(l') = 6262 (:c—l)/Z(I) (m - 6.171/2) s (Lemma A48)
l

pe(w) = qo(x) + (2O (—W> : (Proposition 3.4.2)

By construction, the drift bop(-) is point-wise optimal among all couplings in M. This
drift is for the inner-product process; the corresponding drift for the squared-distance

process is bopi (7, ¥, ) = a(x) + a(y) — 2bopt (7, v, (x +y — 5)/2).
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Figure A.2.1: Left: Heatmap of optimal step size {op(y, p) for the optimal Markovian
coupling. Right: Efficiency of the GCRN coupling relative to that of the optimal
Markovian coupling, at the point-wise optimal step sizes.

Optimal scaling and relative efficiency

We consider the optimal scaling of the optimal Markovian coupling. As in Section 3.4.2,
we optimize for contraction in the drift b(-) corresponding to the squared Euclidean dis-
tance between the chains, parametrizing the state as (z,y, p) where p € [—1, 1] denotes
cosine similarity. Figure A.2.1 (left) shows the point-wise optimal scaling lopt(y, p),
having fixed x = 1 so as to emulate a lagged coupling with a large lag parameter L.
Figure A.2.1 (right) shows the relative efficiency of the GCRN coupling against
that of the optimal Markovian one. For each coupling, we chose the step size opti-
mally at each (y, p); the relative efficiency was then computed as the ratio of the drifts
baern(*) /bopt () at these optimal step sizes. We see that the GCRN coupling loses very

little efficiency over most of the range.

A.2.2 Preconditioning

Linear preconditioning can often speed up computations in practical MCMC. For a
RWM algorithm with Gaussian proposals, preconditioning is equivalent to letting the

proposals be of the form x + LZ, ~ N (x,¥) with Z, ~ Ny(04, 1) and LL" = %. (For
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instance, L could be the Cholesky factor of ¥.) We describe here how couplings of

proposals (z + LZ,,y + LZ,) should be implemented.

GCRN coupling. The natural extension to the GCRN coupling of the RWM should
account for first-order variation in the log acceptance ratio of, whose Taylor expansion
is

V(e +LZ)—V(z)=Z{L"VV(2)}+ Z"{L"V*V(2)L}Z,

where V' = log m, and Z is on the segment from z to x + LZ. It follows that the GCRN

coupling should be

Zy=27—(n) 2, + Zing, Z,=2— (n) Z)n, + Zin,,

when preconditioning is used, where: n, = Nor{L'VV(z)} and n, = Nor{L'VV (z)};
Nor(z) = z/||z|; Z1 ~ Ni1(0,1) and Z ~ Ny(04,1;) are independent. In effect, this
amounts to preconditioning the logarithmic gradient by L.

One appeal of the GCRN coupling is that it can be straightforwardly adapted to
chains which use position-dependent preconditioning L(x), for instance by changing
L < L(x) in the coupling above. This can lead to effective coupling strategies, as we

have demonstrated in the case of the Hug kernel in Section 3.7.3.

Reflection (-maximal) coupling. The reflection coupling should maximize the vari-
ation of L(Z, — Z,) in the direction of (z — y), while minimizing the variation in all

other directions. This can be achieved through the coupling

Zy = Z, —2(e' Z,)e, (A.2.2)

where ¢ = Nor(L™!(z — y)). Following Jacob et al. (2020b, Section 4.1), one appeal of

this coupling is that it can be modified to allow for the proposals to be identical with
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maximal probability. This, of course, allows the chains to coalesce. Let s(-) be the
density function of a Ny(04, [;) variate and let z = L' (x —y). The resulting reflection-
mazimal coupling sets Z, = Z, — z with probability s(x — 2)/s(x), and otherwise
employs the reflection move (A.2.2).

The reflection-maximal coupling furthermore applies to any pair of Gaussians N (x, X))
and N (y, X) with the same covariance matrix. We use it to couple MALA proposals in

the experiment of Section 3.7.4.

A.3 Further details on the numerical experiments

All computations were carried out in R (R Core Team, 2025); runtime-critical com-
ponents were written in C++. Code to reproduce the numerical experiments can be
found at https://github.com/tamaspapp/rwmcouplings. Part of the binary regres-
sion experiments were run on up to 112 processors of a computing cluster. All other
experiments were run on a 2019-era Lenovo T490s laptop with 8 processors. (The

processor counts include hyper-threading.)

A.3.1 Experiments with standard Gaussian targets

Solving the ODEs We solve the limiting ODEs numerically using deSolve: :ode
(Soetaert et al., 2010). To calculate the drifts in Proposition 3.4.2, we must compute
the expectation

g<x7y7p) = ]E(Z11Z2)NBVN(p) |:1 /\ e£x1/2Z17Z2/2 /\ efyl/QngZQ/z] .


https://github.com/tamaspapp/rwmcouplings
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For p € (0,1), we evaluate g(+) in terms of numerically tractable quantities in Lemma A.3.1

below. We require the bivariate normal probabilities

BVN(paq | p) = IP(ZI,ZQ)NBVN(p)(Zl < b, Z2 < Q)a

M(pvq | p) = P(Zl,ZQ)NBVN(p)(Zl Z b, Z2 Z q)v

which we compute using mvtnorm: : pmvnorm (Genz et al., 2025). For p = 1, we evaluate

g(+) using the expression in Lemma A.4.8 below instead.

Lemma A.3.1. When p < 1 it holds that

l l
g(‘rayap) :M<W7W ‘ p) +f(x7y7p)+f(yvx7p)7

where: 12
2 blx b
z,y, p) = e @V2BYN < U ‘ ——) ,
/@y, p) 1102 Ve
b:_@/y)lﬂ_ﬂ U — ¢ 2
1— p2 ’ 2%1/2

Faster simulation of high-dimensional chains In our experiments (Figure 3.4.1),
we simulated the full coupled chains (X, Y;);>0 as this was fast even in our considered
dimension d = 2,000. We however note that it is possible to reduce the computation
time by a factor O(d) by simulating the Markov process (|| X;||?, [|[Y:l?, | Xt — Yil|?)i>o0

directly.

Proof of Lemma A.3.1

Write g(z,y, p) = E [exp(0 A A A B)], where A = (2272, —(?/2 and B = (y'/*>Z,—(?)2.

Partition the expectation according to the events:

{A>0,B>0}, {A<0,A<B}, {A<0,A=B}, {A<0,A> B}



APPENDIX A. APPENDIX FOR CHAPTER 3 141

Using that P(A = B) = 0, we have that

9(2,y,p) =P(A>0,B>0)+E [1iacoyliacny exp(A)] + E [1ipcoyL{p<ay exp(B)]

l 14
=P (Z1 > W>Z2 > W) + f(@,y,0) + fy, 2, p),
where f(-) is defined as

21/27 g2
flzy.p) =E |::I]‘{€$1/2Z1<€2/2}]]'{Zacl/ZZ1<£y1/2Z2}6£ At /2] .

To express f(+) in terms of tractable quantities, we expand Zs = pZ; + /1 — p*Z,
where Z, ~ N7(0,1) is independent of Z;. Collecting all terms in the integrand of f(-)

that depend on Z, and integrating them out, we have the expression
Ez. L2z <epii2z,y) = Pz, <($/y)1/2Z1 <pZi+1- PQZ*> = ®(bZy),
where b := —{(z/y)"/? — p}/\/1 — p2. Tt immediately follows that

11/2 _p2
f@.y.p) =E [1{€x1/221<22/2}q)(b21)e€ Z—t /2}

T— E zt/ —Ltcx
= el [ﬂ{zld/(zxuz)}cb(bZﬁef - /2}
2 E/(QII/Q) 1/2 2
=¢ (x_l)/z/ (I)(b ) et x/2¢(2)dz

2/( 2:(:1/2
(z— 1)/2/ ( _&6_1/2) d=

21.1/2 Zl,l/Q

(z—1)/2 / P (b(z+ ﬁxl/z)) ¢(z)dz
o[

= @1/ (a+bz)p(z)dz

_ LD 2PN U‘_ b ) Owen, 1980, Eqn. (10,010.1
‘ (m )+ (Oven, 1980, Ean. (10010.1)

where: (i) we have used the identity e/"/*#=2/2¢(2) = ¢(z — x*/2) to obtain the fourth
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line; (ii) we have defined

a:=blz'?, U: ¢ — (212,

S YSVE

Substituing this expression into g(-) completes the proof.

A.3.2 Experiments with elliptical Gaussian targets

We evaluate the eccentricties of targets used in Section 3.5.

AR(1) process An AR(1) process with unit noise increments and correlation p has

)

a covariance with entries Eg;l = pli=il for all (i, ). This is a Kac-Murdock-Szegé matrix

(see e.g. Trench, 1999). It holds that

1 .1 - 1+ p?
c_lTr (Z(d)) =1, lim ETI <(Z(d)) 1) = ,

d—o0

so that the limiting eccentricity is € = (1 + p?)/(1 — p?).

Chi-square eigenvalues Let A ~ x2. It holds that E[\] = v and (if v > 2) that
E[A ! = 1/(v — 2). If the eigenvalues Ay, ..., \q of the covariance matrix X4 are

sampled i.i.d from x2, it holds that

lim L Tr (@) =EN =2, lim éTr (™) =EN ] =

d—00 d—00

so that the limiting eccentricity is ¢ = v/(v — 2).
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Figure A.3.1: Stochastic volatility model. Box plots of R = 100 meeting times for
various thresholds ¢ and two-scale RWM couplings. The dashed lines denote the sample
means.

A.3.3 Experiments with stochastic volatility model

Posterior log-density and score The posterior log-density of the stochastic volatil-

ity model is

d d—
1 1 1—
log (214 | Y1:d) = -3 (Z Ty + o5 32 Zyt exp(—) a_ Z pr; — T41)” + 0;0 x%) +const,

t=1

where “const” is an offset constant in z1.4. The score has entries

dlogm 1 1 1 1—¢?
= ——+—yf GXP(—IL‘t)—%(90$t—37t+1)1{t7éd}—;(fft—th—l)ﬂ{t;él}— L4

21 1lg=1y

for all t € {1,2,...,d}.

Laplace approximation We use the LBFGS optimizer of the R function optim to
compute the Laplace approximation. The optimization is initialized at a single draw

from the prior.
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Rate of convergence of the RWM

Choice of threshold § in two-scale couplings We search for a sensible threshold
| X; — Y||*> = & over a coarse a grid {107*,1073,1072,1071,0.5,1}. For each coupling
and choice of threshold, we measured the meeting time between chains initialized at
independent draws from the Laplace approximation (with no lag, i.e. L = 0) and
repeated this 100 times. The results are displayed in Figure A.3.1. Compared to
GCRN, GCRefl prefers a smaller 4, is less sensitive to values smaller than optimal but
is much more sensitive to values larger than optimal. (We omitted 6 = 1 for the GCRefl
coupling as we found the meeting times in preliminary runs to be exceedingly large.)
With the above grid of values and when using a maximal coupling, the one-step
probability of coalescing the proposals at || X; —Y;||* = § would be {0.81,0.45,0.02, ... },
where dots denote probabilities under 10713, The fact that 6 = 0.1 performs best for the
GCRN coupling, even though the chance of meeting is extremely small at this threshold,
indicates that the extra variability induced by the reflection coupling contracts the

chains, on average, faster than exponential rate O(h?) of GCRN.

Bias of Laplace approximation

Lower bound of Gelbrich (1990) We have the explicit expression
WA, ), Na(p, ) = 1 = w2+ Te() + Te(S) - 2T ((2/25512) %),

We estimated the posterior mean and covariance (i, X)) by averaging over R = 50 in-
dependent Hug and Hop chains (see Appendix A.3.3); each chain was run for 50,000
iterations and was warm-started from an independent draw from the Laplace approx-
imation. We followed the guidelines in Ludkin and Sherlock (2022) and tuned Hug to
(T, B) = (0.5,10) integration time and bounce count (for an acceptance rate of 79%)

and Hop to (A, k) = (20, 1) for an acceptance rate of 40%.



APPENDIX A. APPENDIX FOR CHAPTER 3 145

Jackknife (Efron and Stein, 1981) bias and standard error estimates suggested that
the mean-squared error of our estimate of W2(Ny(ji, 2), Ny(ut, ) was small. We note
that the bootstrap is known to be consistent in our case, see Rippl et al. (2016, Section

2.3).

Total variation distance bound The total variation distance bound was computed
with a two-scale GCRefl coupling with the same parameter settings (h,d) as in the

experiment of Section 3.7.1.

Convergence of Hug and Hop

Algorithm 5 Hug kernel

Require: Target density 7 : R? — R, score Vlog7 : R? — R, current state z € R
Require: Step size § > 0 and bounce count B € N.

: function BOUNCE(z, z, d, B)
fori=1,...,B do
x4+ (6/2)2
2 2—2(g(x)"2)2
r—x+(0/2)z
end for
return (z, 2)
end function

9: Sample z ~ Ny(0g, Iy). > Generate proposal
10: Propose (X, Z) < BOUNCE(z, 2,6, B).

11: Sample U ~ Unif(0, 1). > Metropolis filter
12: if logU < (log7w(X) — log7(z)) then

13: <+ X

14: end if

15: return x

Additional algorithmic descriptions The Hug kernel is described in Algorithm 5
(see also Ludkin and Sherlock, 2022, Algorithm 1) and the Hamiltonian Monte Carlo
(HMC) kernel is described in Algorithm 6. The synchronous coupling of Hug and HMC
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Algorithm 6 Hamiltonian Monte Carlo kernel

Require: Target density 7 : R? — R and score Vlogn : R? — R? current state
r € R%.
Require: Leapfrog step size 6 > 0 and iteration count B € N.

: function LEAPFROG(z, z, 0, B)
fori=1,...,B do
24 z+(6/2)Vlogm(x)
T4 2+ 0z
24 2+ (6/2)Vilogm(x)
end for
return (z, 2)
end function

9: Sample z ~ Ny(0g, I4). > Generate proposal
10: Propose (X, Z) <~ LEAPFROG(z, 2,0, B).

11: Sample U ~ Unif(0, 1). > Metropolis filter
12: if logU < (logm(X) — logm(x) — || Z]|?/2 + ||z]|*/2) then

13: r+— X

14: end if

15: return =

proceeds by using identical initial momenta (Line 9) and identical acceptance uniforms

(Line 11).

Tuning Hop We follow the guidelines of Ludkin and Sherlock (2022) and first tune

Hop independently of Hug, choosing (A, k) = (20, 1) for an acceptance rate of 40%.

Tuning HMC and Hug for contractivity We assess the contractivity of coupled
HMC and coupled Hug and Hop (H&H) as follows: we independently initialize a pair of
coupled chains from the Laplace approximation and track the squared distance between
the chains for a fixed number of iterations. We make no attempt to coalesce the chains:
HMC is not mixed with the RWM, and for Hop we fix d, = 0 so that only the GCRN
coupling is applied.

HMC and Hug require the tuning of two parameters (T, B), where T' = ¢ B repre-

sents the integration time, B is either the number of leafrog steps (for HMC) or the
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Figure A.3.2: Stochastic volatility model. Contractivity of HMC, and Hug and
Hop, varying the integration time 7" and using a fine integration grid.

number of “bounces” (for Hug), and e represents the step size used to generate the
respective discretized proposals. First, we look at the impact of the integration time
on the contractivity, fixing a small ¢ = 1073 and varying T' € {0.1,0.15,...,0.5}. Fig-
ure A.3.2 displays trace plots of 5 replicates for each algorithm and parameter setting.
HMC requires a short integration time in order to be contractive, suffering a sharp
phase transition from 7' = 0.2 to T" = 0.25; this is in line with the empirical observa-
tions of Heng and Jacob (2019) and the theory of Bou-Rabee et al. (2020) that imposes
an upper bound on T to achieve contractivity. In contrast, Hug is more robust with
respect to this tuning parameter and benefits from longer integration times than HMC.

Next, we assess which configurations are contractive among the grid of parameters

Thug € {0.2,0.25,....0.5}, Thme € {0.15,0.175,...,0.25}, B € {10,20,30}.

Figure A.3.3 displays box plots of the squared distance between chains after 1,000 and
2,000 iterations, from 20 replicates each. We select from among the more efficient
contractive configurations (Thug, Bhug) = (0.35,10) and (Thme, Bame) = (0.225,10), for
approximately equal cost per iteration for both H&H and HMC. The configurations

correspond to acceptance rates of apye = 90% and apme = 78%.
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Figure A.3.3: Stochastic volatility model. Contractivity of HMC, and Hug and
Hop, varying the integration time 7' and leapfrog steps/bounces B.

RWM and HMC mixture With probability v = 0.05 (the default in Heng and
Jacob, 2019) we switch from coupled HMC to coupled RWM kernels in order to allow
the chains to meet. For the RWM, we use the parameter tuning and two-scale GCRN
coupling of Section 3.7.1, which we know perform well. We expect these settings to be
close to optimal as Heng and Jacob (2019) demonstrate that the performance of the

overall algorithm is insensitive to the mixture probability v and to the tuning of the

RWM.

Choosing dyop for two-scale Hop coupling We sweep over a grid § € [107%,5 x
1073] in search of a sensible threshold for the two-scale Hop coupling. Figure A.3.4
displays box plots of 100 replicates for each §. The meeting times are insensitive to the
theshold as long as the chains have a high probability of meeting when || X; — Y;||* < §;

we select dpop = 1077,
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Figure A.3.4: Stochastic volatility model. Box plots of the meeting times for various
choices of the threshold ¢ in the two-scale Hug and Hop coupling.

Figure A.3.5: Visualisation of the contractive behaviour of the synchronous Hug cou-
pling. For a spherical target of increasing dimension, the pictured scenario occurs with
probability approaching 1.

Contractivity of synchonous Hug coupling in high dimensions We illustrate
our intuition as to why the CRN coupling of Hug chains is contractive in high dimensions
in Figure A.3.5. For clarity of exposition, we assume that the target is spherically
symmetric (so its level sets are hyperspheres), that the Hug dynamics are exact (so
they traverse great circles with constant speed), and that the two CRN-coupled Hug
chains start at (X, Y;) which lie on the same level set. In high dimensions, the velocity v
is essentially always orthogonal to the great circle traversing (X, ;). As a consequence,

essentially almost sure contraction is achieved by synchonous movement towards one of
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the two intersections of the two great circles which support the coupled Hug paths (in
Figure A.3.5, movement is towards the point A or its antipode).

Intriguingly, as the coupled paths are farthest away at (X, Y;), the chains contract
irrespectively of the length of the integration time. This is consistent with our empirical
observation that the synchonous Hug coupling is contractive even if the integration time

is long (see Figure A.3.2).

Alternative coupling strategies for Hop We have also experimented with replac-
ing the GCRN coupling of Hop with a CRN coupling. The CRN coupling of Hop was
significantly less contractive, and produced significantly larger meeting times. This was
primarily due to its inability to synchronize acceptance events with the same frequency

as GCRN.

A.3.4 Experiments with binary regression

Posterior log-density and score Let X € R"™*? be the design matrix with rows
{x1,...,%,} € R? and let y € {0,1}" be the response. For all #z € R? the posterior

log-density of a binary regression model with a Ny(04, A1) prior is

logn(z | X,y) = ZlogF ((2y; — 1)x; ) |]|* 4 const,

i=1

S 2a

where: F': R — (0, 1) is a cumulative distribution function; “const” is an offset constant

in . The score is

n

1
Viegn(z | X,y) = Z(IOE’S F) ((2y: — Dx{z) (2y; — 1)x; — 2
i=1

We consider the logistic case, in which case log F'(z) = —log(1 + e™#) is the logistic
log-CDF.
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Figure A.3.6: Binary regression. Box plots of meeting times for various algorithms
and two-scale couplings, see Appendix A.3.4 for details. Black dots indicate sample
means. In the top row, the meeting times were truncated at 7" = 107 as indicated by
the black dashed line. Note that the definition of 6 may vary between plots.

Choice of two-scale couplings

We experimented with two-scale couplings that swapped from a contractive coupling
to a reflection-maximal coupling when the chains were close enough. As a default,
when coupling proposals N (z, PP") and N (y, PP") we specified the swapping rule as
| P~ (z — y)||* < 6% and we varied the value of § > 0. However, for the RWM using
a diagonal preconditioner and the GCRefl coupling, we instead specified the swapping
rule as ||[P~1(X —Y)||> < 6%h?, which is adapted to the local scale of the proposal, as
we found the performance of the resulting two-scale coupling to be less sensitive to the
choice of §.

Figure A.3.6 displays box plots of R = 50 replicates for several configurations; we

measured meeting times between coupled chains started independently from a Gaus-
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sian approximation of the target. For the RWM, the two-scale GCRefl coupling was
consistently the most effective: (1) when using the diagonal preconditioner, this was
the only practical coupling out of the ones considered; (2) when using the full precondi-
tioner, GCRefl outperformed both GCRN and the reflection coupling, particularly for
larger step sizes. For MALA, the reflection-maximal coupling on its own consistently

performed the best, across both types of preconditioning.

Comparison of RWM and MALA

Parameters for the main experiment We first approximately sampled from the
target using R = 112,000 optimally-scaled MALA chains, warm-started from a Gaus-
sian approximation to the posterior 7. Discarding burn-in, we used these chains to
estimate the posterior mean and covariance to a very low degree of error; these quanti-
ties are relevant for the initialization of our experiment and for the asymptotic variance
estimator below.

For the diagonal preconditioner, we used the grid of step sizes

hywm = {0.045,0.05,0.06,0.07,0.08,0.09},

hmala = {0.07,0.08,0.09,0.1,0.11,0.12},

and we ran R = 112,000 coupled chains to estimate the relevant efficiency metrics for
the RWM and MALA algorithms. For the full preconditioner, we used the grid of step

sizes
[ {O.l, 0.15,0.2,0.25,0.3, 0.35},

hunata = {0.45,0.55, 0.65, 0.75, 0.8},

and we ran R = 11,200 coupled chains to estimate the relevant efficiency metrics for

the RWM and MALA algorithms.
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Figure A.3.7: Binary regression. Efficiency comparison of RWM and MALA, varying
the step sizes. All estimates are shown with two standard errors. The acceptance rate
for each step size is overlaid.

Measuring wall-time The experiment in the main text was performed on a shared
computing cluster; as a consequence, even when using identical random seeds, we ob-
served large variations in wall-time between different runs. To obtain more reliable
measurements, in Figure 3.7.4 we instead scaled the meeting times according to the per-
iteration cost of a marginal chain. To account for the gradient evaluations performed
by the GCRefl coupling of the RWM, we used the fact that the GCRefl coupling only
updates the gradient when a marginal chain accepts, and scaled values according to
the the acceptance rate of a single stationary RWM chain. Note that this is a slight
overestimate of the actual computing cost for the RWM, since (1) we combined GCRefl
with a reflection-maximal coupling, which does not need gradient evaluations, and (2)
one of the coupled chains was initialized near the target mode, so its acceptance rate

was somewhat smaller than at stationarity.

Efficiency metrics We measure the stationary efficiency of the Markov kernel K by

the integrated autocorrelation time (IACT) of a test function f(-),

AT ) = D
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where the denominator is the target variance and where the numerator is the asymptotic

variance,

Var(K, f) = Var.(f(Xo)) + 2> _ Cova(f(Xo), f(X0)),

t=1
with the subscript 7 indicating a stationary chain (Xy ~ 7 and X;,; ~ K (X, -) for all
t>0).

Figure A.3.7 shows the efficiency comparison of the RWM and MALA in terms
of worst TACT (when estimating the regression coefficients; we report the highest
coordinate-wise sample average) and average meeting time. We account for wall-time
in the main text: we define the time per effective sample as the worst IACT multiplied

by the wall-time of one iteration.

On the computing cost of the RWM and MALA With our hardware and hand-
optimized C++ implementation, a gradient evaluation was as expensive as a log-density
evaluation, so one iteration of MALA took roughly twice as much as one of the RWM.
We found the log-density and gradient computations to dominate the cost of the MCMC

iteration, even when dense preconditioners were used.

Unbiased estimation of the asymptotic variance Consider the setup of Sec-
tion 3.2 at no lag (L = 0): we run two coupled chains (X,Y’) which marginally evolve
under the same Markov kernel K, and which meet at some time 7. Suppose furthermore
that the chains are initialized independently at Xy ~ m and Yy ~ m. Douc et al. (2023)

show that

VX,Y) = —Var, (F(X)) + 2 {(X0) — E-[F(X)]} S {F(X) — F(¥0))

is an unbiased estimator of the asymptotic variance Var(K, f). This estimator coincides
with “EPAVE” (Douc et al., 2023, Equation 3.2) with ¢ = 0, and is unbiased in our

case as the X-chain is stationary.
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In our experiments, we estimate IACT (K, f) near-unbiasedly by V (X, Y")/Var.(f(X)),
up to negligible MCMC errors in computing E.[f(X)] and Var,(f(X)). The near-
unbiased estimator allows us to exploit parallelism and to investigate the efficiency of
the marginal kernel K without running long chains. Furthermore, it does not suffer
from the underestimation bias of standard (spectral variance or batch means) estimators
of the asymptotic variance (see Vats and Flegal (2021) and references therein), a bias
which we have observed in preliminary experiments with the packages coda (Plummer

et al., 2006) and mcmcse (Flegal et al., 2021).

A.4 Proofs

A.4.1 Notation

We make the following conventions in the proofs below. For simplicity of notation,
we omit most subscripts and superscripts relating to the dimension d. The Euclidean
norm is denoted by ||-||. The standard normal probability density function is denoted
by ¢, the cuamulative density function is ®. BvN(0?, 03;7) denotes the bivariate normal
distribution with coordinate-wise variances (¢,03) and covariance n € [—0109, 0103)].

We write BvN(n) instead when both variances are unit (o7 = 02 = 1). We use = to

denote the weak convergence of random variables and stochastic processes.

A.4.2 Auxiliary results

We shall first require a few auxiliary results. Lemma A.4.1 below recalls the Lipschitz
property of the function f(x) = 1 A exp(x) which appears in the Metropolis-Hastings

acceptance ratio. Lemma A.4.2 below extends Lemma A.4.1.

Lemma A.4.1 (Roberts et al., 1997, Proposition 2.2). Let a € R. For all z,y € R, it
holds that

|1 Aexp(z) — L Aexp(y)] < LA |z —yl.
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Lemma A.4.2. For all a,b,z,y,u,v € R, it holds that

la{1 Aexp(x) Aexp(u)} —b{1 Aexp(y) ANexp(v)}]| < a—bl+ |b|(1A |z —y|+ 1A |u—1v]).

Proof. Firstly, a(1 A e™™) —b(1 Ae?) = (a —b)(1 A e™™) +b(1 A e — 1 A e¥™). By

the triangle inequality, it follows that

la(1T A &™) —b(1 A e¥)| < |a— bl + b1 A ™™ — 1 Ae?.

Now, by adding and subtracting the cross-term 1 A e¥**, then using the triangle

inequality, we have that

[TAE —TAY| = [T A =T A+ 1A —1 A
<IA|lzAu—yAul+1AlyAu—yAv|, (Lemma A.4.1)

<IA|lz—yl+1AJu—uvl.

where in the final line we used that the function f,(z) = z A z is 1-Lipschitz, for all

z € R. This concludes the proof. O]

Lemmas A.4.3 and A.4.4 below are used to express the limiting drifts in Proposi-

tions 3.4.2 and 3.5.5.
Lemma A.4.3. Let (Zy,Z;) ~ BvN(0?,03,n), let A be a constant and let Ag — A in
probability as d — oo. Then, it holds that

lim E[Zy1 Aexp(Zy — Ag)] = E[Z21 Nexp(Zy — A)].

d—o0

Furthermore, the convergence is uniform over (o3,03,1n) in a compact set provided that

Agq — A uniformly over the same set.
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Proof. We shall actually show uniform convergence in L,. Firstly by the Cauchy-

Schwarz inequality, we have that

E* [Z, (1 A eZ17 A 1A e <E[Z;]E [(1 AeZ1—Ad 1A ezl—A)Z}
<E[Z;E[1A(Ag— A)?] (Lemma A.4.1)
= oo B [1A (A = A)’]

—0 asd— oo,

by the weak convergence (44— A) = 0 as d — 0o, because the function f(z) = 1 Ax?
is continuous and bounded and f(0) = 0. The squeeze / sandwich theorem takes us to

the claimed convergence. The unformity of the convergence follows from the bound. [J

Lemma A.4.4. Let (Zy, Zy) ~ BvN(0%,02,n), let (A, B, C) be constants and let { Ay, Bq} —
{A, B} in probability and Cy — C' in Ly as d — co. Then, it holds that

lim E [Cql Aexp(Z; — Ag) Nexp(Za — By)] = CE[1 Aexp(Z; — A) Aexp(Zy — B)].

d—00

Furthermore, the convergence is uniform over (o3,03,1n) in a compact set provided that

{A4, By, Cy} — {A, B,C} uniformly over the same set.

Proof. We shall actually show uniform convergence in L;. By Lemma A.4.2, we have

that

E [|Cql A= AdNZ=Ba) _ 07 p 1= DN2B)] <R [|Cy — C||+ CE[1 A [Ag — Al +
+CE[1A|By— B

—0 asd— oo,

since Cy — C in Ly and {Ay4, B4} — {A, B} in probability as d — oco. The squeeze

theorem takes us to the claimed convergence; the uniformity of the convergence follows
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from the bound. 0

Lemma A.4.5 below is used to prove Proposition 3.3.1; it recalls a standard fact

concerning the joint distribution of projections a multivariate Gaussian.

Lemma A.4.5. Let Z ~ Ny(04, 1) be independent of u,v € Re. Then,
(W27 Z) | {Jlul?, ol u T} ~ BN (Jall?, ol uT)

Lemma A.4.6 below is used to prove the optimality of GCRN in Theorems 3.4.1

and 3.5.2; it characterizes the optimal coupling under the utility function u(x,y) = xAy.

Lemma A.4.6. Let pu,v be real-valued distributions with finite first moments and let

U(u,v) be the set of all couplings of (u,v). Then,
arg maxx y)er(u) E[X A Y] = argmin x yyep(..) E[[ X — Y]]

Furthermore, the optimal coupling is X = F,'(U), Y = F,;(U), where U ~ Unif(0, 1)

and where (F,, F,) denote the cumulative distribution functions of (u,v) respectively.

Proof. We have that [ X — Y| = X +Y —2X AY. Since E[X + Y] is independent of
the coupling, the first claim immediately follows. The second claim follows by Villani

(2003, Remark 2.19(iii)). O

Lemma A.4.7 states that the expected maximum of positive i.i.d. random variables
grows strictly sub-linearly; it is used to show the limiting drift in Proposition 3.5.5. See

Correa and Romero (2021) for a simple proof.
Lemma A.4.7 (Downey, 1990, Theorem 6). Let u be a positive real-valued distribution

such that E,[X]| < oo and let (X;), . Then,

lim E [max {X,...,X4}] /d=0.

d—o0
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Lemma A.4.8 evaluates some Gaussian integrals that appear in the limiting drifts

of Propositions 3.4.2 and 3.5.5.

Lemma A.4.8. Let o, 3,0 > 0 and let Z ~ N1(0,1). Then, it holds that

E [21 A e—ﬁaz—@/z} — _lael@=D/2g (; — m) ,
e}

i oo <o (L) e (o (L) oo

+ “OP=D2G (o),

where m =a A and M =aV (.

Lemma A.4.9 below establishes some properties of the function h : [—1,1]x (0, 00) —
(0, 00),

h(p; €) = E(z,,2,)~BvN(p) [1 N DI et 2]
and is the key to our fixed-point analyses in Propositions 3.4.5 and 3.5.7.
Lemma A.4.9 (Properties of h). The function h(-) has the following properties:
1. h(1;0) =2P(—1/2).
2. 0ph(p;£) >0 for all p € (—1,1) and lim, ~ 0,h(p; ) = oco.
3. 92h(p;£) > 0 for all p € [0,1).

The proofs of Lemmas A.4.8 and A.4.9 rely on repeated applications of elementary
calculus. As they are not instructive, we postpone them to Appendix A.4.14 at the end

of this section.

A.4.3 Proof of Proposition 3.3.1

This is a consequence of Lemma A.4.5. It is clear that (n) Z,, n; Z,) is bivariate Gaus-

sian under each coupling, and that its coordinates have unit variance. The covariance

is coupling-specific:
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e For CRN, Z, = Z, and therefore Cov(n} Z,,n} Z,) = nln,.

T Y

e For reflection, Z, = Z, — 2(e" Z,)e and so

Cov(ng Zy,ny Zy) = Cov(ng Zy,ny Zy — 2(nye)e’ Zy) =nyn, — 2(n, e)(n, e).

X Yy

e For GCRN, n] Z, = n; Z, and so trivially Cov(n, Z,,n, Z,) = 1.

This concludes the proof.

A.4.4 The process IV is Markov in the standard Gaussian case

Suppose that the target is standard Gaussian m = Ny (0g, I;). We assume that || X ||, [|Vz|| #
0; dealing with the case when one or both are null is straightforward and the proof is
omitted. Let X, = X,/||X;| and Y, = Y;/||Y;]|.

In order to show that W is Markov, it is sufficient to show that {(||X[|?, ||zl X, Y?) }iso

is Markov. We have the following expressions, shared by all three couplings:

1Xesa|? = X + (28] XX, Z + 12| Z.|2) B
Vil = | Vil? + (20| YilY," Z, + b3 Z,|1*) B,

XY = X Ys + WYY, Z,B, + h||X:\| X[ Z,B, + h*Z] Z,B,B,,

where B, = 1{logU < —h||Xt||)A(tTZx—h2||Zx||2/2} and analogously for B,. Since U is
independent of the remaining randomness, ()A(tTZz, Y, Z,, )A(;Zy, }AftTZy, 1Z:11% 1 Z,112)
it suffices to show that the joint distribution of these six random variables is uniquely
determined by the triplet (]| X||?, || Y;|?, X, V7).

Consider the projections of Z,, Z, onto span{ Xy, Y;} and its orthogonal complement
separately. Under the couplings of Section 3.3.3 (CRN, reflection, or GCRN), the
joint randomness reduces to a x3_, random variable and an independent 6-dimensional

multivariate normal with zero mean and a covariance matrix that is uniquely determined
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by (|| X¢|12, [|Y:]|2, X,"Y;). (The calculations themselves are straightforward, but tedious,
and are omitted.) It follows that the process of interest W is Markov, which concludes

the proof.

A.4.5 Proof of Proposition 3.4.2

Throughout this proof, we condition on W4 = (|| X¢|%, |Yi||?, X[ Y2) /d = (z,y,v) € S.

Firstly, we expand the drift to
d(Wiesnysa = Wea) = (1Xeal” = X2 1Yo [P = 1Y%, X Y — XTY))

Further expanding the first and last terms, we have that

1 Xenll® = [|Xel* = 20X, Zy + B2 Z,||*) Be,
(Ad1)

X Y — X, Y, =nY," Z,B, + X, Z,B, + h’Z Z,B,B,,

where B, = 1{U < exp(—hX, Z, — h?||Z.||*/2)} and similarly for B, using the same
U ~ Unif(0,1). Except for the jump concordance h*Z] Z, B, B,, all terms are coupling-

independent, so we deal with these first.

Coupling-independent terms

Integrating over U ~ Unif(0, 1), we have that

E [ X l® = [ X*] = E [(=221 + R*| Z.]1*)1 Aexp (20 = B*[| Z.)1%/2)]
~E

E [hY," Z,B,| = —E [Zo1 Aexp (Z1 = B?|1 Z:|*/2)]
where (Zy, Zy) = (=hX, Z,,—hY," Z,). By Lemma A.4.5, we have that

71, Zs) ~ BYN(R2|| X, |12, 12| X, ||% h2 X, Y;) = ByN(02a, (2y; (%),
t



APPENDIX A. APPENDIX FOR CHAPTER 3 162

We have that limg o h%|Z.||> = ¢* in L; uniformly over (z,y,v) € S, for any

compact S. By Lemmas A.4.3 and A.4.4 it follows that

Tim B [| Xl ~ 1X0P) = E [(-220 + 2)1 Aexp (20— £/2)]

lim E [hY," Z,B,| = —E [Z.1 Nexp (Z1 — €7/2)]

d—o0

uniformly over the same set. The desired formulae follow by Lemma A.4.8; the first limit
is also derived in Christensen et al. (2005). The quantities limg oo E [||Yir1[]? — |[Y2]?]
and limg,o. E [hX," Z,B,] follow by symmetry.

This completes the calculations relating to the coupling-independent terms. We now

turn to the coupling-dependent term, the jump concordance.

Correlation of projections

To evaluate the limiting expected jump concordance, we must express p = Cov(n, Z,, n;

as a function of (z,y,v). Recall that e = (X; — Y;)/||X: — Yi||; the normalized gradient
at X, is n, = —X; /|| X¢||. We turn to Proposition 3.3.1 and compute
XY, v XY, — X,) v—x

-
Ny Ny = = , nye= = ,
LYyt [Xall1Xe = Yil| - a2 (z +y — 20)1/2

_‘

and also n,e = (v —y){y(z +y — 20)}~1/2 by symmetry. Plugging these into Proposi-

tion 3.3.1, we have that

v o 2zy—(x+yv _
Pern = (:zcy)l/z’ Prefl = (:Uy)l/Q(x + Yy — 21})7 Pgern = 1.

Coupling-dependent term

Integrating over U ~ Unif(0, 1), we have that

E[n*Z] Z,B,B,] = E [h*Z, Z,1 N exp (Z5 — h*|| Z,||>/2) Aexp (Zs — B*| Z,]1/2)]
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where (Z3, Z4) = (—h X, Z,, —hY," Z,) = (¢x*/*n] Z,, ﬁyl/Zn;Zy). By Proposition 3.3.1,
we have that

(Z3, Z4) ~ BvN(Ca, Cy; (zy)?p),

where p is coupling-specific and evaluated above.

We have the following limits in L; as d — oo: h?||Z.||* — (3, h*||Z,||> — ¢* and
h*Z)Z, — (*. The latter limit holds for all considered couplings, as they are low-
rank perturbations of the CRN coupling. Moreover, the limits hold uniformly over

(z,y,v) € S for any compact S. By Lemma A.4.4 it follows that
lim E [1*Z, Z,B,B,] = 'E [1 Aexp (Z5 — (*/2) Nexp (Zs — */2)] |
and this limit is uniform the same set. Putting the limits together concludes the proof.

A.4.6 Proof of Proposition 3.4.3

Repeat the proof of Proposition 3.4.2 up to and including the expansions (A.4.1). We
bound the second moment of each term in these expansions; all bounds hold due to

B,, €10,1]:

E[(2hX,' Z,B.)?] < E[(2hX, Z,)*] = Ezno) 42| X:||? 2] = 4%,
E[(h*||Z.]1*B,)?] < E[WY|| Z,||") = ¢*(d +2)/d < 3¢,

E((h*Z; Z,B.B,)") < E[h"(Z, Z,)"] < B[R (| Z:\* + 11Z,]1") /2] = ¢(d + 2)/d < 3¢,

where for the last two bounds we used the moments of ||Z,||> ~ x3 and that d > 1. By
symmetry, E[(2hY," Z,B,)? < 4¢*y, E[(hY," Z,.B,)?| < (*y and E[(hX," Z,B,)?] < (*x.
These bounds are independent of the coupling and the dimension d.

Now, by Cauchy-Schwarz, (x +y + 2)? < 3(2? + y* + 22) for all z,y, 2z € R. Using

this inequality twice, we obtain that E[d?|| W1y — Wiall?] < fe(z,y,v) for all d > 1
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and for all couplings, where f,(z,y,v) is a linear combination of the moment bounds
obtained above; fy(-) is therefore linear in all of its arguments and is independent of d.

It follows that, for any compact set S C [0, 00)3,

lim sup E [dQHW(tH)/d — Wt/dHQ} < lim sup fo(z,y,v) < c0.

d=00 (4 yv)eS d=00 (zy.0)eS

This concludes the proof.

A.4.7 Proof of Theorem 3.4.4

We show here that the infinitesimal generator of the process W@ converges to that of
the ODE w(t) = ¢,(w(t)) as d — oo. Textbook results concerning the convergence of
stochastic processes then allow us to conclude. This proof mirrors that of Christensen

et al. (2005, Theorem 1) and is identical for each coupling of Section 3.3.3.

Technical preliminaries

We first recall some standard technical results. Let S = {(x,y,v) : @ > 0,y > 0,0 <
2y} and let C> be the set of all infinitely differentiable functions h : § — R* with
compact support. Let ¢ : S — R? be as in Proposition 3.4.2 and let w : [0,00) — S be
the solution to the ordinary differential equation (ODE) w(t) = c¢(w(t)). Let G be the
infinitesimal generator of w(t) = c(w(t)), which we recall satisfies Gh(z) = Vh(x) ¢c(x)
for all h € C* and = € S (e.g. Oksendal, 1998, Theorem 7.3.3). Moreover, the set C*
is a core for the infinitesimal generator of the ODE w(t) = c(w(t)) (e.g. Sato, 1999,

Theorem 31.5, as an ODE is a Lévy process).

Convergence of generator

We now proceed to the main body of the proof, showing the convergence of the discrete

time generator to the continuous time generator.
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Let G@ be the discrete time infinitesimal generator of the process W = W@ and

let h € C*®. For w € S, a Taylor expansion gives

Gh(w) = E [h(Wiesnyja) — M(Wisa) | Wypa = w| d
= E [Vh(w)T(W(H_l)/d — w) | Wt/d = w} d
1
+ §E [(W(t+1)/d - w)TVQh(w*)(W(tH)/d - w) | Wt/d = w} d,

for some w* on the segment from W ,1y/4 to w, where V2h denotes the Hessian of h.
Recall that the support of h is compact. Proposition 3.4.2 therefore implies that
the first term above converges to Gh(w) = Vh(w) e(w), uniformly over w € S. We
claim that the second term converges to zero uniformly over the same set. To see this,
since h € C™, it follows that there exists an M < oo such that sup,.s||V?h(z)||e < M,

where ||+||o is the sup-norm. It follows that
(Wies1ysa — w) V2R(w*) Wiy — w) < M|[Witaya — ).

Proposition 3.4.3 then takes us to the claimed convergence.

Altogether, we have that

lim sup |G(d)h(w) — Gh(w)| =0, (A.4.2)

that is the convergence of the infinitesimal generators. The limit (A.4.2) is analogous

to Christensen et al. (2005, Eqn. 7).

Convergence of stochastic process

The final part of the proof promotes the convergence of the infintesimals G» — G to
the weak convergence of the stochastic processes W@ = w. Since C™® is a core

for the generator G, the limit (A.4.2) is equivalent to point (i) of Kallenberg (2021,
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Theorem 17.28). Point (iv) of the same theorem concludes the proof.

A.4.8 Proof of Proposition 3.4.5

Recall that the drift is ¢/(x, y,v) = (ae(z), ae(y), be(z,y,v)), where

= 0?1 — C(z—1)/2 C o (1
as(z) = (1 — 2x)e (I)<2x1/2 I ) n, @( 21:1/2)’
bé(xa Y, U) = €2E(ZI7ZQ)NBVN(p(CC,y71))) [1 A e£x1/2Z1—€2/2 A 6€y1/2Z2_€2/2:|

2 V4 ) /¢
% [ez (mfl)/2q)<m _ &1/2) 4t (yl)/2(1)<2y1/2 _ £y1/2)],

and where p(-) is coupling-specific:

( ) v ( ) 2zy — (z+y)v
crn\ T, Y, V) = 7775, refl\ T, Y, V) = )
PO Gy PO O = e 1y — 20)

Peern (T, y,v) = 1.

The fixed points are the solutions of a,(z) = a,(y) = be(z,y,v) = 0. Since all but
one of the coordinates of the ODE are autonomous, the fixed points are stable if and
only if Oyae(x) < 0, dyae(y) < 0 and 9,b¢(z,y,v) < 0. The remainder of the proof is

entirely elementary calculus.

Fixed points and their stability

We start with the fixed points and their linear stability analysis. Firstly, by Kuntz
et al. (2019, Lemma 4.1): ay(z) > 0 for z € [0,1); as(1) = 0; as(z) < 0 for z € (1, 00).
It follows that the unique solution of ay(x) = 0 is 2* = 1, and furthermore this solution
must be stable.

The fixed points are therefore of the form (1,1,v*), with stability in the first two
coordinates and where v* € [—1, 1] is a root of by(1,1,v) = 0. By Lemma A.4.9, we can

re-write this equation to

he(p(v)) — vhe(1) = 0,
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where h(p) = Bz, z,)~BeN(p) [1 A etZ=012 \ 6ZZQ_£2/2] and p(-) is coupling-specific and
takes the values

pcrn(v) =", preﬁ(v) = pgcrn(v) = 1.

For both the GCRN and reflection couplings, since hy(1) > 0 it follows that v* = 1
is the unique fixed point, and it is stable since 0,g¢(1) = —hy(1) < 0. For the CRN
coupling, let g,(v) = h¢(v) —vhe(1). By Lemma A.4.9, g, is convex on [0, 1] and satisfies

g0(0) >0, g¢(1) = 0 and lim,_,; 9, g¢(v) = co. It follows that there are two fixed points:

*
crn

v: =1, which is unstable and v, € (0, 1), which is stable as we must have g,(v,,) <0

due to the convexity of g,. This concludes the proof.

A.4.9 Proof of Theorem 3.4.1

Condition on the same quantities as in the proof of Proposition 3.4.2.

GCRN attains the claimed upper bound

From the proof of Proposition 3.4.2, under the GCRN coupling it holds that
lim (W22] Z,B,B,] = *Ez 1) [1 A e 2272 eeyl/zz—ﬂ/z] .
— 00

This coincides with the claimed limit supremum.
To complete the proof, it is sufficient to show that the quantity on the right-hand
side is an upper upper bound on the limit supremum over P of the left-hand side. We

now show this by an argument similar to the proof of Lemma A.4.4.
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Claimed upper bound on the limit supremum

We have the sequence of bounds
1
E[n*Z] Z,B,B,] = (*E[B,B,] + °E KEZI Zy — 1) BxBy}
2 1 1
< /2 A - 24 = 2 _
< CE[B.5,) + SE | (S1ZIP + 31217 - 2) 5.5,

< PE[B,B, + “E Hz 12+ 202 22|
. 2 ldn

< E[B,B,] + °E “éHZxHZ - 1” ,

where in the second line we have used that B,B, > 0 and that "y < (||z|* + ||y?)/2
for all z,y € RY; in the third line that B, B, < 1; in the final line the triangle inequality
and that {Z,, Z,} are equal in distribution. Since limg o [|Z:||?/d = 1 in Ly, the
second term in the bound converges to zero; moreover, the convergence is uniform over
the kernel coupling K used.

We now bound the first term above. Let (Z1, Zy) = (n) Z,n, Z,) so that
E[B,B,] = E [1{U, < "2~ EDIZI /) (1 < eeyl/QZHzQ/z)sz||2/d}] .

Since we are in the class P of product couplings, we have that (U,, U,) are independent
of {Z,,Z,,7,7Z5}. Taking expectations with respect to the uniforms first, it follows

that

E[BxBy] <E [1 A 6€$1/2Z1_(€2/2)”Z“”2/d A 6£y1/222—(é2/2)||ZyHQ/d}

<E [1 A el i/ eéyl/%_ﬁ/z} +°E {1 A EIIZJCII2 - 1” :

where finally we have used Lemma A.4.2 and that {Z,, Z,} are equal in distribution.

The second term converges to zero as d — oo, uniformly over the kernel coupling K
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used. For the first term, Lemma A.4.6 implies that

Y

sup E [1 A el B2 egywzre?/?] =Ez v [1 A ele'PE=C)2 § oy 22—02]2
Kep

since 7y, Zo ~ N(0,1) and since f,(z) = 1 A exp(az — %/2) is increasing for all a > 0.

Putting all bounds together, we have that

lim sup E [W*Z, Z,B,B,] < Ezn0,) [1 A lB22-2)2 ezy1/2z—e2/2] '
d—oo KeP

This concludes the proof.

A.4.10 Proof of Theorem 3.5.2

This proof is virtually identical to that of Theorem 3.4.1. Recall that the target is
™ = N(0,Q27") and that we have defined the inner product (z,y)p = =' Q¥y and the

squared norm H:UH[Qk] = 2" QFz. Throughout the proof, we condition on

(IXellE 1Yl (X Yi)iay) /(1) = (22,92, v2).

We have that B, = 1{U < exp(—h(Xy, Z;)pn) — h?[|Z.[1%;/2)} is the acceptance step,

with the analogous expression for B, with the same U ~ Unif(0, 1).

GCRN attains the claimed upper bound

Fix the coupling to be GCRN. By Proposition 3.3.1, we have that
(—h<Xt, Zx>[1], —h<th, Zy>[1]) = (622’11'22, 6221y2Z) = ()\fl?gZ, )\Z/QZ)

where Z ~ N(0,1). The following limits hold as d — oco: h?||Z, |3, — (?21 = A\* and

h2||Zy||[21} — A? in probability (by Assumption 3.5.1 and the law of large numbers);
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h*Z!Z,— (* in L. By Lemma A.4.4, it follows that

/
lim E [hszTZyBxBy} = PRz no |1 A A2 2N /2 My za2)2 |

d—o0

so the GCRN coupling attains the upper bound claimed in Theorem 3.5.2.
To complete the proof, we show that the above quantity is indeed an upper upper
bound on the limit supremum over P of the left-hand side.

Upper bound on limit supremum

As in the proof of Theorem 3.4.1, we have the coupling-independent bound

sup E[h?Z,) Z,B,B,] < (*Ez 0.1 [1 AP ZN2 5 eAyl/QZ‘AQ/z]
KepP

1
+°E UEZHZIII2 - 1” +°E [1 A ‘h2||Zx||[21] - AZH .

The second term tends to zero as d — oo, and by Assumption 3.5.1 so does the third.

It follows that

/ /
lim sup E [h2Z) Z,B,B,] < PEzpon |1 A2 772 g " 20%02]
d—oo KeP

which concludes the proof.

A.4.11 Proof of Proposition 3.5.5

This proof almost is identical to that of Proposition 3.4.2, though some additional
bookkeeping is required. Recall that the target is 7 = N(0,Q7!) and that we have
defined the inner product (z,y)y = ' QFy and the squared norm HIH[QH = 2" Qkx.

Recall that we condition on

(HXtH[ij HYtH[QJ]a <Xt>Y;f>[j]) [ (zj-1d) = (zj,y;,v;) forall j € {-1,0,1,2}
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in all expectations below.
Unless specified otherwise, the claims that follow hold over all k € {—1,0,1}. The

relevant one-step differences are

HXtJrl”[2k] - HXtH[zk] = {2h<Xt7Zx>[k] + h2HZ‘”H[2k]} By,

(X1, Yy — (Xo, Yy = h(Ye, Zo)pg Be + h(Xy, Zy) o By + W Za, Z,) g Bo By
(A.4.3)

where B, = H{U < exp(—=M(Xy, Zu)p) — h*||Z,||};/2)}, with the analogous expression
for B, with the same U ~ Unif(0,1). All terms except for h*(Z,, Z,)y B, B, are

coupling-independent, so we deal with them first.

Coupling-independent terms

Integrating over U ~ Unif(0, 1), we have that

E [ Xeeallfy — 1Xellfy] =B [(=222 + B*[| Zollw)1 A exp (Z1 — h(| Z: [y /2)]

E [MY:, Zo)i Bs| = —E [Zs1 Aexp (21 — 1P| Za|I%y/2)] »

where (Z1, Zy, Z3) = (=h(X¢, Zz) ), =W (X¢, Zo) i, —h(Ys, Za) ). By Lemma A.4.5, we

have that

(Z1, Za) ~ BVN(CP 2129, (% 20122k 0 24T 141)
(Z1, Zs) ~ BN(C 2129, (% 201k 0 24 Up41).-

By Assumption 3.5.3 and the law of large numbers, we have the following limits in L
as d — 0o: h2||Z$||[21] — (?z; and h2||Zx||[2k] — (?z;,. By Lemmas A.4.3 and A.4.4, and

using the short-hand \? = (22, it follows that

dhjgoE [||Xt+1||[2k} - ||Xt||[2kﬂ =E [(—222 + £2Zk> LI ANexp (Zl - /\2/2)] )

lim E [h(Y;, Z,)pyB.] = —E [Zs1 Aexp (21 — 2%/2)] .

d—o0
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The analytical formulae for these quantities follow from Lemma A.4.8. The expressions
for

Jim B [[¥elly = %IR] Jim E (10X 2, 3]

follow by symmetry.

Correlation of projections

To evaluate the term h*(Z,, Z,) ) B. By, we must express p = Cov(n, Zy,n, Z,) in terms
of the quantities we have conditioned on. Recall that e = (X; — Y})/||X; — Yi||; the
normalized gradient at X; is n, = —QX;/||QX¢||. We turn to Proposition 3.3.1 and

compute

T <Xt, Y;>[2] ) T <Xta Ki)[l} - ||Xt”[21} U1 — X1
N, Ny = n,e =

VXYl (@) T Xl Xe = Vil (z1m2) Y2 {zo1(zo 4 yo — 2v0) }1/2

and also n, e = (v1 —y1)(2192) "/*{z-1 (20 +yo — 2v0) } ~'/? by symmetry. Plugging these

into Proposition 3.3.1, and using that ¢ = z;2z_;, we have that

() V2 2($1 —’Ul)<y1 —U1>

T N1/90 refl —
(z212) 1/ P (z2y2)V/?  e(ay2) /% (o + yo — 2vp)

Pern = y  Pgern = 17

as claimed.

Coupling-dependent term

Integrating over U ~ Unif(0, 1), we have that

E [h2<Zx7 Zy>[k;}B:EBy} — ]E |:h2<Zm, Zy>[k}]- A €Z4—h2|‘Z1H[21]/2 A 6Z5—h2HZy||[21]/2 ’
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where (Z4, Zs) = (—h(Xs, Zo) ), —h(Ys, Zy)p)) = a0l Zo, \yy/*n] Z,). By Proposi-

tion 3.3.1, we have that
(Z4, Zs) ~ BYN(N 2wz, Nya; >\2(:C23/2)1/2P)7

where p = Cov(n, Z,, n;Zy) is coupling-specific and evaluated above.

By Assumption 3.5.3, the following limits hold in L, as d — oo: h?(|Z,[|7; — A2,
R 2|13y — A* and h*(Z,, Z,)y) — (%2, We prove the final limit at the end; it holds
since all couplings are low-rank perturbations of the CRN coupling. By Lemma A.4.4
it follows that

lim E [*Z, Z,B,B,] = (*4E [1 A ZaN2/2 p 625—)\2/2] .

d—oo

Putting the limits together concludes the proof, up to showing that h*(Z,, Z, ) — (*z

in Ll.

Convergence of limiting inner product

We finally show that, for all £ € {—1,0, 1} and under all considered couplings, it holds
that: limg oo (Ze, Zy)pe/d — 2 in L.

For the CRN coupling, (Z,, Z,)p/d = ||Z$||[2k]/d The claimed limit follows by
Assumption 3.5.3.

For the reflection coupling, (Z,, Z,)j = HZIHfH — 2(e" Z,){e, Zy) ), so it suffices
to show that (e'Z,)(e, Z,)y/d — 0 in L;. Now, using the representation (3.5.1) for
the precision matrix, (e, Z,)x) is mean-zero Gaussian with standard deviation at most

max{w?* ... w2}, so by Cauchy-Schwarz we have that

E [|(6TZx)(e, Zwl] Jd <E [max{w%k, . .wﬁk}} /d.
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By Assumption 3.5.3, Lemma A.4.7 applies and the right-hand side tends to zero as
d — o0. This leads us to the claimed convergence for the reflection coupling.

For the GCRN coupling, we have that

(Zz, Zy>[k} =(Z - (n—erx + Z1)ng, Z — (n;Zy + Zl)ny>[k]
=125y — (g Zo + Z1) (10, Z) iy — (g Zyy + Z1) {0y, Z) i1

+ (n) Z, + Zl)(n;Zy + Z10) (N My ) ] -

As for the reflection coupling, when scaled by d=!, each of the final three “residual”
terms tends to zero in L;. This is since we can bound the expected absolute value
of each residual by 4E [max{w%k, . .wflk}}. The claimed convergence follows, which

completes the proof.

A.4.12 Proof of Proposition 3.5.7

We have dealt with the CRN and GCRN couplings in the proof of Proposition 3.4.5.

For the reflection coupling, we seek the roots v* of
he(v+ e (1 —v)) —vhe(1) =0, v €][0,1],

where he(p) = E(z,,2,)~BvN(p) [1 A efZ=/2 5 eZZTZQ/Q]. An equivalent formulation is

obtained by reparametrizing with v = (w —e™1)/(1 —e™1):
ge(w) := hy(w) — (w — 1) /(1 — e Hhe(1) = 0.

By Lemma A.4.9, g, is convex and satisfies g,(0) > 0, g¢(w) = 0 and lim,,_,; O, g,(w) =
oo. It follows that there are two fixed points: w}; = 1, which is unstable and w}; € (0, 1),
which is stable as we must have gy(w}q) < 0 due to the convexity of g,.

Returning to the original parametrization, v} = 1 is unstable and vl5 = (wigq —
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e /(1 —e7') € (0,1) is stable. To show that v* 4 > v, recall that

—_— crn?

0= hf(v;keﬂ + 6_1(1 - U:eﬂ)) - U:eﬂhf(l) 2 hf(v;keﬂ) - ’U:eﬁhf(l)‘

Given that v¥, is the unique solution of hy(v) —vh,(1) = 0 over v € (0,1), Lemma A.4.9

crn

and the above inequality imply that v} > vZ, .

Behaviour with eccentricity ¢

Let fo(e,v) = hy(v+e 1 (1—v))—vhy(1), so that the fixed-point equation is fy(e, v’ q) =
0. By Lemma A.4.9, f,(e,v) is decreasing in ¢, and furthermore (due to the convexity
of fy in v) it holds that fy(e,v) is decreasing in v near v¥g. Since, fy(e,v}y) = 0, it
follows that v},4 must be decreasing in ¢.

We conclude by showing the limits. Since fy(1,v) = hy(1) — vhe(1), we have that
lim._,; v¥4(e) = 1. Since fy(00,v) = hy(v) —vhe(1), we have that lim._,o, viq(e) = v,

This concludes the proof.

A.4.13 Proof of Theorem 3.6.2

We proceed as in the proof of Theorem 3.4.1, first proving the upper bound, then

showing that the GCRN coupling attains it.
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Showing the upper bound

We have that

E[h?Z) Z,B.B,) = (*E[B,B,] + (°E [(éz{ Z, — 1) BxBy} (A.4.4)

0? 1 1
< eE[B.)+ 3 {BIGIZI + 512,17 - 2.5,

< (5, + 5 {EIGIZI - D]+ EIGIZIP - D1},

= (’E[B,] + (*E [GHZIHZ — 1) J :

where (z)y = 0V z is the positive part of z; we have used that B, € [0,1] and
ZrZ, < (1Z:|> + |1 Z,]|*)/2 to obtain the second line, and that B, , € [0, 1] to obtain
the third line.

The bound obtained above is invariant to the coupling used. The first term converges
to 2®(—£(bI)"/?/2) by Roberts and Rosenthal (2001, Theorem 5) (this calculation is
also performed below), while the second term converges to zero since ||Z,||*/d — 1 in

L. It follows that

lim sup E[h*Z,) Z,B,B,] < 20°®(—((bI)"/?/2),
d—o00 [_{EM

which is the claimed bound.

Showing that GCRN attains the bound

To show that the GCRN coupling attains the claimed bound, we hereafter restrict to
this coupling and we return to the decomposition (A.4.4).
To get a handle on the first term of (A.4.4), we Taylor-expand the logarithm of

the acceptance ratio for the X-chain (as in Roberts and Rosenthal, 2001, proof of
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Theorem 5),

logn(X 4+ hZ,) —logm(X) =

2
= hVlogm(X)' Z, + %Z;V2 log7(X)Z, + R,

d d

= {é Z(&%‘)Q [(log f),<WiXi)]2 }1/22v + %l Z(&uime(log ) (wiX;) + R,

i=1 =1

= GY?Zy + H,,

where Zy ~ N7(0,1) corresponds to the gradient direction, and R, is the third-order
remainder term.
By the law of large numbers, the following limit holds in probability:

lim G, = PEy_. ) [wf(log f)/(wiX)Q]

d—00
= CEy s [wi(log f) (Y)?]

= (?b].

Our assumptions ensure that the remainder term satisfies limy_,, R, = 0 in probability
(see e.g. Sherlock, 2013, Lemma 6). By this and the law of large numbers, the following

limit holds in probability:

1

lim H, = §]EXNW<1> (w1 Z41)* (log f)" (w1 X)]
b "
=~ By~ [(log £)"(Y)]
e
==

where in the last equality we have used the identity Ey.¢[(log f)"(Y)] = —Ey~[(log ) (Y)?] =
—1, which follows by integration by parts.

The analogous Taylor expansion for the Y-chain is: logn(Y + hZ,) — logn(Y) =
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Gi/ 2Zv + H,, where, by the definition of the GCRN coupling, the random variable
Zv ~ Ni(0,1) corresponding to the gradient direction is identical to the analogous one
for the X-chain. As before, the following limits hold in probability: lim; . G, = ¢?bI,
limg o Hy = (—0?01) /2.

With the above limits in probability in hand, the first term in (A.4.4) writes as

(’E[B,B,] = (°E [1 A exp(Gy/*Zy + H,) N exp(G)/* Zg + H,)]

= (’E [L A [exp(GY*Zy + H,) {1 A exp(0G - Zy + 0H)}]]

where both 0G = G;ﬂ — GY? and 0H = H, — H, go to 0 in probability as d — oo.
Several applications of Slutsky’s Theorem (ST) and the Continuous Mapping Theorem
(CMT) lead us to

lim (*E[B,B,] = 20*®(—((bI)"/?/2).

d—o0

e By ST and CMT, limg ,o, 1 A exp(0G - Zyv + OH) = 1 in probability.

e Again, by ST and CMT, exp(Gi/zZv + H, ) converges weakly to a log-normal L ~
log N (—0?bI /2, 0?bI) as d — oco. A further application of ST, shows that the se-
quence of non-negative random variables Ay = eXp(Gi/QZv—I—Hz) [1 Aexp(0G - Zg + OH)]

converges weakly to the same limit.

e The function g(x) = 1Az is bounded for x € [0, 00). It follows that limy_,. E[B,B,| =

limg oo E[1 A Ag) = E[1 A L], by the definition of weak convergence.

e Lemma A.4.8 evaluates E[1 A L] and completes the calculation.

We therefore have a limit for the first term of (A.4.4). The second term of (A.4.4)
satisfies limg_,, (*E[(Z, Z,/d—1)B,B,] = 0, since Z Z,/d — 1 in L; and since B, B, €
[0, 1]. Putting it all together, under the GCRN coupling we have that

lim E[h*Z] Z,B,B,| = 20°®(—((bI)"/?/2),

d—o0
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which coincides with the upper bound and therefore concludes the proof of Theo-

rem 3.6.2.

A.4.14 Postponed proofs
Proof of Lemma A.4.8

Let B, = E [21 A e—faz—@/?]. Using that dg(z) = —z¢(z)dz, it holds that [ z¢(z)dz =

- ;d¢(2) = ¢(a) — ¢(b). It thus follows that

—4/(2cx) 9) )
B, = / 2¢(z)dz +/ ze 820 (2)dz

) £/(2c)
=—¢ <—£> + 622(a21)/2/ 2¢(z + La)dz
2a —t/(20)
14 20,2 o e
= ¢ <__> + ! (a2-1)/2 (/ (Z + [a)(ﬁ(z —+ gog)dz — foz/ (b(Z -+ ﬁoz)dz)
20 —1/(2a) —£/(2a)

=—¢ (—£> + (o1 (/ 2¢(z)dz — Koz/ gb(z)dz)
2¢ —2/(2a)+ta —2/(2a)+La

=—¢ (—£> + e 0?=1/2 (—i + Ea) — Lo D2 (i - Ea) ,
200 200 200

where we used the identity ¢(z) = e?**/2+=p( = + (o)) in the second line. The desired
formula follows by applying the same identity with z = —¢/(2«); the first two terms in

the final expression cancel.

The second expectation equivalently writes as By = E [1 A e tmZ—E[2 \ o—tMZ—2/2

)

where m = a A S and M = oV . The form of the integrand depends on the sign of Z.
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Therefore,

—L£/(2m) 0 ()
EQZ/ ¢(z)dz+/ e_gmz_ﬁ/%(z)dz%—/ e~ M=CRp(2)dz
- 0

() —£/(2m)
/¢ 0 e
= (—%> + 662(’”2_1)/2/ o) ¢(z + tm)dz + eéQ(MQ_l)/Q/ ¢(z 4+ (M)dz
—£2/(2m 0
g 2 2 tm 2 2 &
=& <——) +efm _1)/2/ P(2)dz + "M _1)/2/ o(z)dz
2m —t/(2m)+em oM
¢ ¢
=0 (-5 )+ {0 (5 - om) - om0
m m

where we used identity e “%¢(z) = e”**/2¢(z + la) with o € {m, M} in the second

line. This completes the proof.

Proof of Lemma A.4.9

Proof of claim 1. This is an immediate consequence of Lemma A.4.8.

Proof of claim 2. Firstly, the integral re-writes as
h(p, f) = E(Z1,Z2)~BVN(p) [exp {O A (fZl — 62/2) A (KZQ — EQ/Q)}} .

We use the reparametrization trick Zo = pZ; + /1 — p*Z,, where Z, ~ Nj(0,1) is
independent of Z;. This expresses h(-) as an integral over randomness (71, Z,) which
does not depend on p; thereafter, only Z, in the integrand depends on p. Differentiating

and bringing the derivative inside the integral, we obtain
Oph(p; €) = E []1{22 < 0)2}1{Zy < 70 }0,(0Z — ﬁ/z)e%fﬁ/z} .

We use a second reparametrization trick: Z; = pZy++/1 — p*Z,., where Z,, ~ N1(0,1)
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is independent of Z;. We can now evaluate:

p p  Zy—ply Ly —ply 1

P g -z _ _
V1—p? VIR 1 1—p?

1_
1{Z2§21}:1{ZQ SPZQ+\/1—/J2Z**} :1{“ 1+ZZ2SZ**}-

Therefore,

¢ L—p EZ—ZQ:|
Oph(p;l) = ———=E |1{Zy < €/2}1 3 / Zo < Zpy v Zppe' 227012
P(p) \/1_7p2 [{2—/}{ 1+p2— } €

l I—p 52—52/2}
- E|1{Z < (/2 L7, et
ﬂ{“_/}(b( 1+p2)€ |

where in the last line we have used that E[Z,,.1{z < Z..}| = ¢(z) for all z. It follows

8,2y = 7y — T,

that d,h(p) > 0 for all p € (—1,1), and that lim, ~ d,h(p) = 0o, as claimed.

Proof of claim 3. Firstly, repeated applications of the chain rule yield:

oo (Vizom) = e (Viee):

(We have used that 9,0(\/f(p)z) = —0,f(p)z*d(\/ f(p)z)/2 for any non-negative dif-

ferentiable f(-), and then that d,f(p) = —2/(1+ p)* when f(p) = (1 — p)/(1 + p).)

Now, differentiating twice, we have that

Oh(p;0) = 9, {9,h(p; 0)}
o s o (3 )
— 1_—’0p28ph(p; )+ \/% {1{22 < 6/2}( ! i Z2¢ <\/TZZQ> 642242/2] ,

where we have used the product rule of differentiation for the final line. By Claim 2,
the first term is non-negative for p € [0, 1); the second term is strictly positive over the

same range. It follows that 92h(p;£) > 0 for p € [0,1), as claimed. This concludes the
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proof of Lemma A.4.9.



Appendix B

Appendix for Chapter 4

B.1 Proofs for Section 4.3
Let v := E(XéL), YO(L)) for all L € NU {oco}.

Proof of Theorem 4.3.2. Since the function 1{x # y} is TV-class, for all ¢ > 0 holds
that

IP(r™) > 1) = P(7) > t)| < TV(1.P", 700 P") < TV (Y1, Yec)s

where finally we used the data-processing inequality. Assumption 4.3.1 concludes the

proof. O]

Proof of Theorem 4.3.4. Using the elementary identity 0V [z] = 1{z > 1}+0V [z —1],

we have that
TVE(r,m)=E[0v [P —t)/L]] =P (+P >t) +E[ov [(" - L -¢t)/L]].

By Theorem 4.3.2, the first term satisfies limy o, P(7¥) > t) = P(7(>) > t) for all

t > 0. For the remainder, for all £ > 0 and all L > 1 we have that

0<E[0V (4~ L-0/L]] BV [(r1 - L)/L]] E[#V/L].

183
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which decays to zero as L — oo by Assumption 4.3.3. This concludes the proof. O

Proof of Theorem 4.3.8. We define

(-1
1
BY s Lt {hX() —hY()}
k,m,L * mk+1§kL() (X:7) Yy ) ¢
so that B ) B,(CLm .- We work with the definition of convergence in probability. Fix

e > 0. Since the function 1{|z| > e} is TV-class, we have that

>e) <P (|rmBGL,

P(|remB., > )+ TV (L(Fm)BCL, L), £(F(m)BSLL) )

For the first term, since we can bound the coefficients as sup j, |cxm,.(t)] < m/L+1
and since m = O(L), there exists a constant C' > 0 so that sup, , |crm,.(t)] < C < o0,

It follows that

7)1

(m—k+1)|B&,| <C Z {R(X) = h(y ™}

The right-hand-side does not depend on L, and furthermore it is finite since 7(*) < 0o
almost surely. Since m = ©(L) and f(m) = o(m), it follows that f(m)B]S;{L 50 as
L — oo.

For the second term, we construct an explicit coupling between B( ) m.p, and Bk m) Iy
We synchronize the transitions P of the processes (X "), Y (%)) and (X Y (>)) which
ensures that B\" L = B( ., Whenever (XP vy = (x5, v*)). Now, by maximally

coupling the joint initializations we have that
TV (E( Fm)BE ), L f(m)B,ifﬁiﬁ) < TV (71, 700) — 0 as L — oo.

Putting it all together, we have that f(m)B,(cyL")%L 20 as L — oo, as desired. O
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Proof of Theorem 4.3.10. Assumption 4.3.9 ensures that the MCMC CLT
vm —k+ 1 (hpm — Ex[M(X)]) = N(0,0(P,h)) as m — oo

holds (Jones, 2004, Theorem 9). Since m = ©(L), the MCMC CLT equivalently holds
as L — oo. By Theorem 4.3.8, Assumptions 4.3.1 and 4.3.7 and m = ©(L) ensure
that vm — k + 1B,(€:L721 2 0 as L — oo. Since H,ELW)Z = g + B Slutsky’s theorem

k:m>

concludes the proof. O

B.2 On the AR(1) case study

B.2.1 Auxiliary results

Our first auxiliary result establishes that the reflection-maximal coupling of two AR(1)
processes is an exact time-discretization of a reflection coupling of Ornstein-Uhlenbeck

(OU) processes.

Proposition B.2.1 (Equivalence of reflection couplings). Let (X;, Y;)i>o0 be a reflection-
maximal coupling of one-dimensional AR(1) processes with marginal transition kernels
P(z,-) = N(pz,1—p?). Let (X,,Y;) be a reflection coupling of two Ornstein-Uhlencheck
processes, with marginal dynamics dX; = —%Xtdt—i—th, where W is Brownian motion,
such that (X,Y) coalesce at their first meeting time.

Then, for all (x,y) and all dz it holds that

P((Xe, Y=o € dz | (Xo,Y0) = (2,9)) = P((Xus, Xes)ez0 € dz | (Xo,Y0) = (2,9)),

where 6 = —2log p.

Proof. Firstly, it is a standard result that an AR(1) process is an exact time-discretization
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of an OU process, in that for all integer ¢ > 0, all x, and all dz, it holds that
P (X(t+1)§ € dz ’ Xt& = iL') = ]P)(Xt—i-l € dz | Xt = .Z') s

where § = —2log p.

To see that the equivalence also holds for the joint processes, by Connor (2007,
Lemma 3.14), for all ¢ > 0 the coupling of the transition (X 1)s, Yir1)s) | (Xis, Vi) is
maximal. Since the coupling of (Xt, fft)tzg is by reflection, it follows that the coupling of
(X(t+1)§, 37(t+1)5) | (Xt(g, 17;5) must be reflection-maximal. We thus obtain the following

equivalence between the joint transition kernels,

P (Xisns: Vierno) € Az | (Kes, Vi) = (@,9)) = P (X1, Yinr) € d2 | (X, Y0) = (2,9)),
for all integer ¢ > 0, all (x,y), and all dz. The claimed result follows from the Markov
property of the joint processes. ]

Our second auxiliary result provides the survivor function of the meeting time, for

a reflection coupling of Ornstein-Uhlenbeck processes.

Proposition B.2.2 (Meeting time under reflection coupling). Let (X;,Y;) | (X, Yp) =

(x,y) be a reflection coupling of two Ornstein- Uhlencheck processes, with joint dynamics
- 1~ ~ 1~
dX; = —éXtdt +dW,;, dY; = —i}idt — dW;

where W is Brownian motion. Let T = inf{t : X, = fft} be the first meeting time of the

processes. Then, it holds that

- | Xo — Yo
P(r>t| X, Vo) =20 [ 1L20 100} _q
(7> ] X0, Yo) (Nm

Proof. These derivations are entirely standard and can be found in e.g. Connor (2007,
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Section 3.4.2).

Firstly, we consider the difference process D; := X, — Y,, which has dynamics
dD, = —%Dtdt + 2dW,.
The first zero-hitting time of the difference process is precisely the meeting time
T =inf{t: X, = Y;} = inf{t : D, = 0}.

Since the difference process is OU, by Doob’s transform, it can be rewritten in terms
of a time-changed and rescaled Brownian motion W as D, = e~*/2(Dg + W), where

f(t) = 4(e* — 1). Defining 7py = inf{t : W, = 0, Wy = Dy}, it follows that
T = inf{t : Dt = O} = inf{t : Wf(t) = O, Wf(o) = Do} = fil (TBM) .

Finally, it is well-known (e.g. Connor, 2007, Eqn. 3.40) that the first zero-hitting

time of Brownian motion has survivor function

- IDo\)
P >t|Wy=Dy) =20 — | — 1.
(TBM | 0 0) (\/%

Therefore,

X,.Y i vV [ Xo — Y
Pir>t| Xo,Yy =P > ft) [ Wo=Xo—Yy) =20 | ————= | — 1,
(1>t | Xo,Yo) =P(ram > f(t) | Wo o — Yo) (2\/6tT1

which concludes the proof. O]

B.2.2 Proofs of main results

Proof of Theorem 4.4.1. By Proposition B.2.1, the reflection-maximal coupling (Xt(L), Y;(L))tzo

is an exact time-discretization of a reflection coupling of OU processes with time sped
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up by a factor of 6 = —2log p. By Proposition B.2.2, it follows that the meeting time

has survivor function

x &) _ vy x B _ y@)
IP>(T(L) >t|XéL),YO(L))=2¢’ M —1=2d Mpt -1,
2veld —1

as claimed. O

Proof of Theorem 4.4.2. Using that, for s > t,

E[Xi(Xorr — Yo)] = 0" "E[Xy(Xiy — V)],

E[(Xir = Y)(Xoyr = Y5)] = p" T E[(Xps 2 — Y3),
and carefully summing up several geometric series, we have that

E[(H")?) = E[XP] + 2> E[Xs(Xipirsr — Yerir)] +E

>0

{ Z(Xk+iL+L - Yk+iL)}2]

i>0

= E[X}] + E[Xk(Xksr — Vi) + ZE [(Xprirsr — Yirir)?]

120

1—pt

+2 Z E [(Xktir+r — Yirir)(Xesjrer — Yitsn)

j>i

= E[X;] +

2 RX(Xper — Vi) + HpLZE X0 _y® Y
TP S ) R g - kil — Yhyin ) |

where we recalled that (Xt(L), Y;(L)) = (Xy41,Y;) in the last line. This concludes the

proof. O

B.2.3 Further calculations

We let ¢(z | i, 0%) denote the probability distribution function and ®(z | y, %) denote

the cumulative distribution function of the Gaussian distribution N (p, 02).
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Unconditional survivor function. When XéL) - YO(L) ~ N (p,0%) is Gaussian, by
Owen (1980, Eqn. 10,010.2) we can express P(7(®) > ¢) in terms of bivariate normal

probabilities:

P(r'") > t) = 2BvN (

o /e(t) + o2 \/c(t) + 02

where c(t) := 4(1 — p*")/p*". We use this expression in all our experiments, evaluating

the bivariate normal probabilities using the package mvtnorm (Genz et al., 2025).

Expected squared differences. We have the following formula for the conditional

expected squared-difference E[(Xt(L) - Yt(L))2 | XO(L), YO(L)].

Lemma B.2.3. It holds that

E[(Xt(L) - Yt(L))Q | XéL)7}/E)(L)] =4(1— p2t) . {(af +1)(2P(ay) — 1) + 2at¢(at)} ,

(L) v (L)y ¢t

X5 =Y,

where ap = —( 0 0 )
2 1_p2t

Proof. For simplicity, we drop the superscripts (L).

By Proposition B.2.1 and Connor (2007, Lemma 3.14), we have that (X, Y;) |
(X0, Yp) is a reflection-maximal coupling of the marginals (N (o' Xo, 1 —p*), N (p'Yy, 1 —
)

Now, let E,; denote the expectation of under the reflection-maximal coupling of
(X,Y) € T(N(—a,1),N(—a,1)). By symmetry and a simple change of variables, we
have that

E[(X; = Y2)* | Xo,Y0] = (1 = p*)Eaa[(X — V)7,

(Xo—Yp)p?

where o« = )
24 /1_p2t
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To evaluate the final expectation, we calculate

/000 22p(z | —a,1)dx = /000 2?¢(r + a)dr = (a* + 1)®(—a) — ag(a),

using e.g. Owen (1980, Eqn. 102). Finally, by symmetry (see Figure 2.1.2), we have

that

EMKX—Jﬂﬂ:4{Amf%@|mlﬁx—zfx%@ﬂ—aJMx}

_ = o [T 2 _
—4{/_Ooxqb(x|a,1)d:v 2/0 2oz | a,l)dqr}

= 4{E.1[X?] - 2[(¢® + 1)®(—a) — ad(a)] }

— 4{(a®> + 1)(20(a) — 1) + 2a¢(a) },

where in the third line we substituted the previous calculation, and in the fourth that

E,1[X?] = o* + 1. This concludes the proof. O

To evaluate the unconditional expected squared-difference ]E[(Xt(L) - Y;(L))Z], we use
the default quadrature routine in the stats package of the language R (R Core Team,

2025).

Expected inner products. Recall that (X", Yt(L)) = (X¢11, V).
We evaluate E[X; X,] = p*'E[X?] for all s > t.

For E[X}Y}], we must consider several cases. For ¢ > L, we have that

ELXY,] = o EIXYio] = 2 (B + BXE,) - B (x5, - v ]}

For t < L, we consider two sub-cases related to how (X$”, V") = (X, Y;) are corre-

lated:
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e When (Xp,Y)) are independent, we have that

E[X:Yi] = E[XJE[Y;] = E[Xt]Q-

e When (X,Y)) are perfectly correlated and Gaussian, then Yy = a X + b with

[ Var(Yp)  [Var(Xo) B B
a= \/Var(XL) = \/Var(XL)’ b= E[Yy] — aE[X] = E[X,] — aE[X],

and so

E[X,Y)] = p'E[X,Yo] = ap"E[X7] + bp'E[X,].
Marginal moments. Finally, the marginal moments of the process are

E[X)] = p'E[Xo], E[X}] = p"E[X] +1 - p™.

B.2.4 Asymptotics

Conditional survivor function

Using the Taylor expansion 2®(z) — 1 = 2¢(0)x + O(z?®) about zero, we have that

L L
X" -5

1
P(rD >t | XM v{") = 20 —1=—[X" Y+ 0.
( | 0 0 ) 9 1—p2t p \/ﬁ’ 0 0 |IO (p)

Expected squared difference

Similarly to the conditional survivor function, by Lemma B.2.3 it holds that

L L L) (L 8 L L
Bl =) 1 x50 = = 1657 =¥+ 0).

Nor
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Single-term estimator

We provide a generative description of the conditioned single-term estimator Ht(L) |

7(1) > ¢ in the limit as t — oo.

Firstly, for ¢ > L we can write

HY = h(X) + Y {0 Xipizer) — h(Yerir)} = X5+ {n(X) — v

i>0 i>0

Notice that the expression for L > 1 is analogous to the one for L = 1, up to setting
p < pt and changing the joint distribution of (XtL)L,X (L) Y ) We thus focus on

L =1, and we provide the required changes for general L below.

Case L = 1. For simplicity, we drop all superscripts (L). The estimator of interest is

Hy, = h(X,1) + Y _{W(X,) = h(Y)}. (B.2.1)

s>t

Since the joint process (X, Y;)i>0 is Markov, we can simulate H; | 7 > t by proceeding

as follows:

1. Sample (Xo,Yo) | 7> t.

2. Sample (X;_1,Y;—1) | {(Xo,Yp), 7 > t}.
3. Sample (X;,Y}) | {(Xi—1,Yio1), 7>t}
4. Sample (X5 — Ys)s>tr1 | (X3, V) as usual.

5. Form H,; with the expression (B.2.1).

We now outline how each of these steps must be altered as t — oo, and how to sample

from their limiting distributions.
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Step 1. By Bayes’ rule,

P(r >t | (Xo,Yp) = 2)

P((Xo,Yy) €dz | 7> t) = P((Xo, Yo) € dz2) P(r > 1) ,

which tends to P((Xo,Yy) € dz) as t — oo. In the limit, the initializations are thus
independent of the meeting time.

Step 2. By Bayes’ rule,

P<<Xt717}/tfl) € d(%y) ‘ X07}/07 T > t) X P((thlayvtfl) € d(fE,y) | X07}/E)7 T>1— 1)

XP(r > 1] (Xiy, Vi) = (2,9)),

For the second term, by Theorem 4.4.1 and the Markov property, we have that

x_
]P)(T >1 | (Xt—luyt—l) - (x?y)) =29 <&p> - 17
21— p?

which does not depend on t.

For the first term, (X;—1,Y;—1) | {(Xo,Ys), 7 >t — 1} is a draw from the reflection
coupling of the residual densities of the transition kernels N'(p'~'X,, 1 — p?*~Y) and
N(p=1Yy, 1 — pt=D): refer to Figure 2.1.2(b) for an illustration. Asymptotically as
t — oo, we must therefore output Y;_; = —X,;_ 1. Now, the conditional density of

X1 =ux1is

pe(x) o< {(@ [ p Xo, 1= p?07) = g( | p71Y5,1 = p?7Y)}

Xo + Y,
X :H.{(l‘ — pt_lﬁ

5 )sgn(Xo — Yp) > 0},

which converges to po(7) = x exp(—2?/2)1{z-sgn(Xo—Yy) > 0} in the limit as t — oo.
We recognize this as the density of a y, random variable multiplied by sgn(X, — Yp).

We can thus sample from (X;_1,Y;_1) | {(XO, Yo), T > t} in the limit as ¢ — oo by
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drawing

Vi~ f, Xiaq= SgH(Xo - Yo) Vo Y= —-X o,

where f has density

f(z) = T {2(1)/)(:6. \/{i_”> _ 1} 1{z > 0},

and where we used Owen (1980, Eqn. 1,011.2) to obtain the normalizing constant.
Below, we propose two complementary rejection samplers for f, based on its p — 0 and
p — 1 asymptotics.

Step 3. We need to sample (X;,Y;) | {(Xt—1,Yt—1), T > t} from the reflec-
tion coupling of the residual densities of the transition kernels N(pX;_ 1,1 — p?) and
N (pYi_1,1 — p?); refer to Figure 2.1.2(b) for an illustration.

Equivalently, this is the same as sampling (¢, —¢) from the residual densities of

N(p,1) and N (—pu, 1), and setting
Xy =c+\1—p?%, Y,=c—+/1—p3,

where = p(X;_1 — Y, 1)/{2/1 — p?}, and ¢ = p(X;_1 + Yi1)/{2/1 — p?}.

Now, considering p > 0 for simplicity, the density of ¢ is

_ ¢(I | /~L71) — ¢(x | K, 1)
W) =T ) e

1{z > 0}.

We sample € ~ ¢, by rejection: (i) when p > 2, we simply rejection-sample using
N(u,1) as the proposal; (ii) when p < 2, guided by the fact that lim, .o q,(z) =
zexp(—z?/2)1{x > 0} is the density of a random variable W ~ Y5, we rejection-
sample using o - W as a proposal, where we found o = 1.39 and a conservative rejection

constant by a grid search.
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Steps 4 and 5. These steps are straightforward, and require no modification as

t — 00.

General L. To adapt the above procedure to a general L, in step 1 we replace

(Xo, Yo) (X(SL), YO(L)) € I(7z, ™), and in steps 2-5 we replace p < p~.

The case of the test function h(x) = x. Since the test function h(z) = x is odd,
the distribution of Ht(L) | 7(5) > t as t — oo is formed by two mixture components,
one taking positive values and one taking negative values. Furthermore, the two mix-
ture components are mirror images of each other about the origin, and the positive
component has mixture weight P(X" > Y{").

We can thus obtain the correct output by first drawing Ht(L) | {Ht(L) >0, 75 > ¢}

as t — 0o, then negating the result with probability ]P’(X(SL) < YO(L)).

Rejection samplers for f. We propose two rejection samplers for the density f.

Below, U ~ Unif(0, 1) is used to accept the proposals.

e The first sampler is based on the p — 1 asymptote of f. It uses the proposal
p1(z) = wexp(—2?/2) of a o distribution, and accepts the proposal z if U <

fz)/{M; - pi(x)}, where

M, = sup f(@)/pi(x) =1/p.

e The second sampler is based on the p — 0 asymptote of f. It uses the proposal
density po(z) = v/2/mx? exp(—x?/2) of a y3 distribution, and accepts the proposal
zif U < f(x)/{ Mo - po(x)}, where

Mo = sup f(x)/po(w) = lim f(x)/po(x) =1/v/1 = p?,
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and where the supremum is the limit because f'(z) < pj(z) for all x > 0, and so

f(x)/po(z) is decreasing in x > 0.

To minimize the worst-case rejection rate, we use the first rejection sampler if p >

1/(1+4 7/2), and otherwise the second.
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Appendix for Chapter 5

C.1 Analysis for Sections 5.2 and 5.3

It will be convenient to consider the Wasserstein distance of general order p > 1, defined

through its p-th power as
Wilpv) = _int / o = ylPdn(e,y) = _inf E[IX - VP,

where I'(p, 1) is the set of all joint distributions 7 with marginals (u, ). This has the
Kantorovich dual

We(iv) = sup /¢ uta) + [ wl)dvly

(p,0)€P(p,v)

(p,v) = {(¢,9) € La(p) x Ln(v) | ¢(x) + () < [l —yll", Va,y},

with an optimal solution (¢, ,,,,,). We implicitly assume that E,[||X||?] < oo and
E,[|IY|I’] < oo whenever this distance is in use.

Recall that we have drawn independent samples X7.,,, X1.n i u and Yi.., Vi 20 and

197
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defined the empirical measures

1 ) 1 1 ) o
:Egé){i7 :un:g;(s)_(p Vn:E;(SYi, Vnzﬁgd)—,l

C.1.1 Bias of estimators

Plug-in estimator

Lemma C.1.1 shows that the plug-in estimator of YW} has a non-negative bias.
Lemma C.1.1. It holds that B WP (pin, )] > E [WE (1, v)] > Wh(p, v).

Proof. We prove that F [WE(pu,, vn)] > WE(u,v). Since Ly(v) C Li(vy,) it holds that

O(p,v) C D(un, vy), therefore

Wi (b vn) = sup / ¢dpin + / Ydv,

¢ w ECD //fn Vn)
> sup / o + / v, > / bundiin + / Gpndin,
() e®(p,v)

It follows that

EWp(tin, vy)] > E [/ G dpin +/wp,ud1/n] = /¢u,ydu+/w#,ydl/ = Whin,v),

as claimed. The other inequalities follow by similar arguments, using in turn that

Eun U QSM,Vnd/“Ln] = f¢u,undﬂ and that Eun U ¢u,udyn] = f¢u,udy- [l

Lemma C.1.2 shows that the bias of the plug-in estimator of W} decreases with the

sample size.
Lemma C.1.2. It holds that E [W2(ptn—1,vp-1)] = E [WE(ptn, )] -

Proof. We define the leave-one-out empirical measures p_; = ﬁ > e\ ox, and v_; =
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D e\ O; - Using Kantorovich duality,

Wg(ﬂna Vn) = /¢un,und,un + /w,un,undl/
1 & 1
= gb/in,l’n ﬁ Z dM—’L + ¢MH7V7L E Z dV_Z‘
i=1 i=1
1 n
o Z (/ Opi i i + /¢un,uﬂ,dV—i)
=1

n

S%Z sup /(bd,u —l—/z/de :—ZWP iy Vi)

1(¢¢6¢',U‘ zV—

where finally we used that (¢, ., , Vunvn) € Plitn, vn) C ®(p—s, v—;), then Kantorovich
duality. The claimed result follows by taking expectations and using that E[W? (u_;, v_;)] =
EW? (tin—1,vn-1)] for all 4. O

Proof of Theorem 5.3.3(i)

The proof relies on a few standard results, which we recall without proof. For a convex
¢ : RT = R, we let p*(z) = sup,{z"y — ¢(y)} be its Legendre transform, which is
convex and satisfies p** = p. We say that ¢ is m-strongly convex for m > 0 if and only

if f(x) = p(x) —m|z||*/2 is convex.

Lemma C.1.3 (Duality between smoothness and strong convexity; Zhou, 2018). Let
¢ : RT" — R be conver and let L > 0. Then, ||V, < L if and only if o* is

(1/L)-strongly conver.

Lemma C.1.4 (Brenier’s theorem; McCann, 1995). Let u,v € P(R?) satisfy Assump-
tion (AQ). Then,

Wi v) = B X = T (O] = BT, (Y) = Y7,

where T,,,, and T, ,, are push-forward maps (I, ,#pn = v, T,,#v = u). Furthermore,

the maps are uniquely determined by T, = Ve, , and T, , = Vo, , where ¢, ., ¢y,
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R? — R are convex and conjugate (¢, = ¢ ).
Lemma C.1.5. W3(p,,v,) = min, £ 370 | X; — Yo, ||* over all permutations o.

We proceed with the proof of Theorem 5.3.3(1). Since we have assumed that
T ullip = IVeuullup < 1, it follows that Oy u = Puw 18 1-strongly convex. There-
fore, T,,, = id + Vf, where f(z) = p,.(x) — ||z||*/2 is convex. For all (z,z), we
therefore have that

|70 () = 2> = | T (2) = 2]* + 2V f(2) " (2 — 2) + ||« — 7|
(C.1.1)

> [T (@) = 2l* + 2{f (2) — f(@)} + [l= — z|I%,

where finally we used the convexity of f.

Now, without loss of generality, we set Y; = T),,(X;). By the primal formulation,

. 1S
E [Wi(in, )] =B m;ngZHXi—Tu,xxgmn?]
B =1

n

1 _ _
2 E |min ~ > (1% = Xo@ll? + 2 {F(X0) = F(Xo@) } + 1 Xot) — T (Ko@) I?)

L =1

I . IRS
—E |min > % = Xo P + = 301X = Tuo(X0)?
i=1 =1

=E [Wg(ﬂm Mn)} + W%(u, v),

where we used (C.1.1) for the second line, that o is a permutation and that X;, X; ~ u

for the third, and the primal formulation for the last. This concludes the proof.

Proof of Theorem 5.3.3(ii)

Using the primal formulation, we have that

1 — _ 1 — _
E (W3 (fin, vn) = Wi(fin, )] = E[|Y]]? = [| X|*] — 2E max ~ > Y Xon - max — > X Xo0)
=1 =1

=0-Q,
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where (X,Y’) ~ (i, v) and where the maxima are over all permutations o.
Term (D. By the Minkowski inequality, [E[||Y[|2]'/2~E[[| X [|*]"/?| < infx,y)erquw) E[[|Y —
X2V = Wy(u,v). Tt follows that

VI = 1X12)] < Walu,v) (E[IX 2] + E[IYIF] )

Term (2). Without loss of generality, we choose to sample the pairs (X;,Y;) ~ (i, v)

i.i.d. from the optimal coupling. We have that

He b

(max is convex)

o n
i=1

i n 1/2
1
<E = Vi - Xi|?
o (i)

1 < .
max — Y (V; — Xi)TX(,@]

n

SRS

1/2
| X o) H2> (Cauchy-Schwarz)

i=1

3

- N 1/2 1/2
1 1 o v X
- (52|rm—xm2> (ﬁZHXiHZ) (1Kol = S 1K)
i=1 i=1
- 1/2

E

- " 1/2
1 1 -
<E-S-XP| E|SY HXZ-HQI (Canchy-Schwarz)
L =1 j

1/2

= Ws(u, v)E[|| X]]?] (couplings (X;,Y;) are optimal)

Therefore,
[B (W3 (7tn, ) = Wi (s 1)) | < | @]+ @] < Walpe, ) (SE[IXI] " + E[IY 7))

which concludes the proof.

Proof of Theorem 5.3.3(iii)

Let {u¢, v°} be versions of {u, v} with expectations 0, and let {u¢, uS, v5} be the anal-

ogous transformations of {fi,, tin, v, }. From Panaretos and Zemel (2019, Section 2), it
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holds that

Wil v) = [Eu[X] = E[Y]|* + Wi (ue,v°),
EW3(fin, va)] = |Eu[X] = E[Y]I]* + EW3 (55, v)l,

B3 (fin, in)] = BV (15, )]

It follows that

E[U(ﬂn, Hn, Vn)] - Wg(“v V) = E[U(ﬂ;7 :ufu VZ)} - Wg(:u'c? Vc)v
hence the difference is location-free, as claimed.

Proof of Proposition 5.3.1

By the Jensen and triangle inequalities,

E WVa(fins vn) = Walfins pn)]| < E[Wa(fin, v) = Wa(fin, pn)[] < E [Wa(pn, vn)] -
(C.1.2)
Now, using the linearity of the expectation, without loss of generality (without
changing the left-hand-side of (C.1.2)) we choose to instead sample (X;,Y;) ~ (i, v)
i.i.d. from the optimal coupling. By Jensen’s inequality and the primal formulation,

1/2

EWs(jtn, va)] < E W3 (itn, 1)) < E = Wa(p,v). (C.1.3)

1 n
S G-
=1

Combining inequalities (C.1.2) and (C.1.3) completes the proof.
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C.1.2 Overdispersion conditions
Proof of Proposition 5.3.5

We first require the following characterization of ~> and we recall an auxiliary result.

coT

Lemma C.1.6. The following claims are equivalent: (i) v~ p; (it) |1, ullLip < 1;

(4i1) pu, is 1-strongly convez; (iv) V3, , =< I, uniformly; (v) V3p,., = I uniformly.

Proof. Since the Brenier potentials (.., .,) are convex, by Alexandroff’s theorem
their gradients and Hessians exist almost-everywhere.

The equivalence (i) <= (i) follows by definition. The equivalence (ii) <= (ii7)
follows from the duality of smoothness and strong convexity. The equivalence (ii) <=
(iv) is shown in Nesterov (2004, Theorem 2.1.6). The equivalence (iii) <= (v) is

shown in Nesterov (2004, Theorem 2.1.11). Therefore, all claims are equivalent. O]
Lemma C.1.7 (Lawson and Lim, 2001, Corollary 3.5). Let M, N € R be positive
definite matrices. Define M~ #N = M~Y2(MYV2NMY?)Y/2M~1/2. Then, it holds that
I <X M7Y#N if and only if M < N.

We proceed to the main proof. Since ~% is location-free, without loss of generality

we let E,[X] =E,[Y] =0.

Claim (i). By Peyré and Cuturi (2019, Remark 2.31), the Brenier potential from
p=N(0,%,) to v =N(0,%,) is gu.(z) = 2" (X,'#%,)z/2. By Lemma C.1.6, we

have that

coT

v = I XV, miformly <= [ X5 '#%, <= %, 2%,

where finally we used Lemma C.1.7. This concludes the proof of the claim.

Claim (ii). Let u,v € P(R?Y) be spherically symmetric and let S4~! be the unit

sphere. Any X ~ y can be written as X = R,U,, in terms of an angular component U,, ~
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Unif(S§9!) and an independent radial component R, ~ 7, € P((0,00)). Similarly, so
can Y = R, U, ~ v. Now, E[||R,U, — R,U,|*] > E[(R, — R,)?. Since the lower bound

is attained by the coupling
(X,Y) = (F (U, 2 (U)U) ~ (1,v),

where U; ~ Unif([0,1]) and U ~ Unif(891), this coupling must be optimal. The

optimal transport map is therefore

Toule) = (F, o F)(l2l) - 7

and so [|T,,,llLip < 1 if and only if [|F,. " o I, ||uip < 1, as claimed.

Claim (iii). Let p,v € P(R?) be product measures, say p = ®L,u' and v = @2, 1/°.
By the tensorization property of the squared Wasserstein distance, the optimal trans-
port map is

T
Tu,,u(x) = (TZ,17M1 (l’l), ce ,Tyd,ud(l'd)) s

where T,i i = Fl;l o F,i. Therefore, ||T, ,||uip < 1 if and only if || T, i

Lip < 1 for all ¢,

as claimed.
Claim (iv). This is lifted from Chewi and Pooladian (2023, Theorem 13).

On Example 5.3.6

Deriving the result. The inequality E [U(ji1, p1,1)] > W3(u, v) is equivalent to

E[ X -Y[* =X -X|* > inf E[]Y-X]|,
(XVY)N(/'LJ/)
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where X ~ p is independent of (X,Y) ~ (i, ). Rearranging, this is equivalent to

« 5)113 )2]E (XY —E[X]'E[Y]] > 2E [||X|” - E[X] "E[X]] .

Recognizing the outer expectations as Tr(Cov(X,Y)) and Tr(Var(X)) provides the

result of Example 5.3.6.

Partial closure under mixtures. Let v = Y, pyv" be a mixture. By Jensen’s

inequality and the linearity of the expectation, it holds that

sup  Tr(Cov(X,Y)) > Zpk sup  Tr(Cov(X,Yy)).
(X7Y)N(lu‘7l/) k (Xva)N(nyk)
So, if sup Tr(Cov(X, Yy)) > Tr(Var(X)) for all k£, then sup Tr(Cov(X,Y)) > Tr(Var(X)).

In other words, the relation of Example 5.3.6 is partially closed under mixtures.

Relation to convex ordering. The convex ordering v >,y it states that E,[f(Y)] >
E,[f(X)] for any convex f for which the expectations are well-defined. Strassen’s mar-
tingale coupling theorem (Strassen, 1965) states that this is equivalent to the existence
of coupling (X,Y’) ~ (i, v) such that E[Y | X] = X.

Now, suppose that that a convex ordering holds between versions of p and v which
are centered at 0, i.e. that there exists a coupling of (X,Y) ~ (i, v) such that E[Y —
E[Y] | X] = X — E[X]. Under this coupling, Tr(Cov(X,Y)) = Tr(Cov(X, X)) =
Tr(Var(X)), so the condition of Example 5.3.6 is satisfied.

On Example 5.3.7

The asymptotic result of Example 5.3.7 is a consequence of Proposition C.1.9. We
require Lemma C.1.8, which provides a tractable formula for the bias of the plug-in

estimator in the one-dimensional setting.
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Lemma C.1.8. Let (i, v) be one-dimensional measures with inverse-CDFs (G, H), and

let Ugr.py be the order statistics of Uy.p iri\(JlUmf(O, 1). Then,
EW3(ttn, V)] — Wh(p, v ZCOV H(Ugy)) -

Proof. Since E[W3(pn, vy)] = LE[ Y7 (X — Y(3))?] and since X7, is independent of
Yi.n, it holds that

2 < 2
EDV(tns va)] = B [XP 7] = =3 B [XYo] =E[XT+¥7] = =3 E[Xo] E [V

=1

=E[X]+Y7] - % > E[G(Uw)]E[H(Uy)) -

Now, it holds that

Wi, v) =E[G(U)* + H(U)"| = 2E[G(U)H (U)] = B[XT + V7] - 2B | ~ > GU)H(U;)
=1
=E[X]7 + Y] - 2E ZG
The claimed result follows by subtracting off the previous identities. O]

Proposition C.1.9. Let (i, v) be one-dimensional measures with inverse-CDFs (G, H)

that are twice differentiable with uniformly bounded second derivatives. Then,
E [W3(ttn, vn) = Wi, v)] = 2 (,v)n~" +o(n™"),

where J(p,v) = [y u(l —u)G'(u)H' (u)du.

Proof. Let Un).(n) be the order statistics of Uy, ir-\KilUnif(O, 1). By Lemma C.1.8, we have

that

NEWS (fin, vn) — Wi, v)] = QZCOV H(Uy)) -
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We will estimate Cov (G(U(i)), H (U(i))) using Taylor expansions. We require the first

two moments of U;) ~ Beta(i,n 4+ 1 —1),

i i(n+1—1i) - (1-45)
d 2 — L) — — n+1 n+1
nr1 ot = VarUo) (n+1)*(n +2) (n+1)

agy = E[U@] = +0(n™?).
(C.1.4)
Recall that sup, |G"(u)| < G2 .. and sup, |H" (u)| < H]!,. by assumption.

max

By the usual Taylor expansion,

G(U(i)) = G(a(i)) + (U(i) —a(i))G'(a(i)) —i—Tg(U(i)), where |TG(U(7, )l < Gmax(U(i) —a(i))Q.

Taking expectations on both sides, [E[G(U))] — G(a;)| < G

max

Var(U(i)) GH

max

So, the triangle inequality gives

|G(U)) = EIG(Ua)] — (U — a)G'(ap)| < Graxly + Grax (U — a@)*ofy,

max

with a similar result for H. Combining these results with the elementary inequality

lg1h1 — gaha| < |g1 — g2||h1 — ho| + |g2||h1 — ha| + |h2||g1 — ¢2|, we obtain that

{G(Uw) —EIGU:)} {H(Uw) —EHUw)l} — (U — a;)*G'(a@) H (ag)| <

2
GﬁlaxHrlrllax( ( )+<U(2)_a(1))2) +(G/( )G/rilax—i_Hl( ( )H;r,lax) |U( |( (2z)+(U(Z)_a(l))2)
The expectation of the right-hand side is O(n~%/2). Therefore,
COV (G(U(i)), H(U(Z))) = G’(a(i))H’(a(i)) Var(U(Z-)) + O(n_3/2).

Given the definition of a(;) and approximation of Var(Up)) in equation (C.1.4), the
result follows from the definition of the Riemann integral and the size of the remainder

when it is approximated by a Riemann sum. ]
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Proposition C.1.9 requires lighter-than-Gaussian tails (Bobkov and Ledoux, 2019,
Section 5.1) and generalizes Solomon et al. (2022, Proposition 5.5) and Bobkov and
Ledoux (2019, Theorem 5.1).

C.1.3 Statistical properties
Proof of Theorem 5.3.8

Estimator U. The estimator U(fin, fin, Vn) = W3(fin, Vn) — W3(fin, iin) satisfies the
bounded difference property under the compact space Assumption (A1l). Following
Weed and Bach (2019); Chizat et al. (2020), since the space has diameter 1 by Assump-
tion (A1), changing any of the samples within v, or p, can only change U by at most
+n~!, and changing any one of the samples within i, can only change U by at most

+2n~1. By the bounded difference inequalities (McDiarmid, 1989), it follows that

B (U fins s va) = B [U i, s )] = 1) < exp (=262/ {2n(n™")2 4+ n(2n~Y)2}) = exp(—nt?/3),

P (U(lana Hns Vn) —E [U(lana Hns Vn)] < _t) < exp(—ntz/?)),
(C.15)

for any ¢ > 0. A union bound concludes the proof.

Estimator L. The proof for the estimator L(fi,, tin, Vn) = Wa(fin, Un) — Wa(fin, itn)
is more involved. Following Boissard and Le Gouic (2014, Appendix A) we use the
transportation method, which provides concentration bounds for Lipschitz functionals.
Technical details are postponed to Lemma C.1.11.

The key step is to establish that, when viewed as a function of its constituent
samples, the estimator L : R*"¢ — R is Lipschitz. We show that ||L||p;, < 2n~1/2

in Lemma C.1.13. The compact support Assumption (A1) puts us in the setting of
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Corollary C.1.12, hence

P (E(Iam s Vn) —E [L(ﬂn7 Mo, Vn)] > t) < eXp(—nt4/32),
(C.1.6)

P (L i V) — B 1L (i, )] < —1) < oxp(—nt/32),

for any ¢ > 0. A union bound concludes the proof.

Proof of Theorem 5.3.9

We first require Lemma C.1.10, which recalls the exact convergence rates of Wa(fiy,, fn)

and W3 (fin, fin)-

Lemma C.1.10. Let d > 5 and consider Assumption (A1). Then,
EWa (fin, Nn)]Q = E[Wg(ﬂna fin)] = n=e
Proof. By Jensen’s inequality, we have that

EW1(fin, pin))? < EWa(fin, in)]* < BV (fin, fin)]-

Now, Chizat et al. (2020, Theorem 2) provides E[W3(fin, ftn)] < n=2/%. To see the lower
asymptote, by Lemma C.1.1 and Panaretos and Zemel (2019, Section 3.3) it holds that

EW1 (fin, ttn)] > EIW1 (11, p1n)] = n~ 4. The claimed result follows. O

We turn to the proof of the main result.

Estimator U. By the triangle inequality,

E [|U = Wi(p,v)|] < E[[Wi(fn, va) = Wi v)[] +E W3(fin, )] S 0”4,

~

where we finally used Chizat et al. (2020, Theorem 2) and Lemma C.1.10.
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Estimator L. By the triangle inequality,
B [Wa(p1.v) — £] — EWa(jin, p)]| < E [Walfin, ) — Wal, )] S 020"

where we finally used Chizat et al. (2020, Corollary 1). Since E[Ws(fin, ptn)] < n=1/4

by Lemma C.1.10 and since E[W5(u,v) — L] > 0 by Proposition 5.3.1, it follows that
EWy (1, v) — L] < EWs(fin, ptn)] < n~14 as claimed.

Proof of Corollary 5.3.10

Estimator U. Using the lower deviation bound (C.1.5) from the proof of Theo-
rem 5.3.8,

P(U > Wj(p,v)) > 1 — exp (—g (E[U] — W3(u, V))2> >1—exp (Cln1_4/d)
for some constant C; > 0, since we have assumed that E[U] — W5(u,v) = n=%/1.

Estimator L. Using the upper deviation bound (C.1.6) from the proof of Theo-
rem 5.3.8,

wl

P(L < W3(u,v)) = P(L < W(p, ) = 1-exp (

n
32
for some constant Cy > 0, since Wa(u,v) — E[L] = n~%¢ by Theorem 5.3.9.

Postponed auxiliary results

Lemma C.1.11 details the key ingredients of the transportation method of obtaining
concentration inequalities. The idea is the following: if the fluctuations of p, measured
in some function of the Wasserstein distance, can be controlled by the Kullback-Leibler
divergence KL(Q | ) = [(dQ/du)log(dQ/dwu)dpu, then Lipschitz functions of X ~ p

concentrate. We refer to Boucheron et al. (2013, Chapter 8) for a pedagogical treatment.

(Wa(pe.v) = BIL)") 2 1-exp (Cn' )
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Lemma C.1.11. Let o, 3 : R — [0, 00) be increasing with o(0) = 5(0) = 0. Let 2 C R4
and let P(2) be the set of all Q-valued distributions. Let the ground metric be Euclidean

throughout. For p € P(Q2) we define the following conditions

Ti(a) : VQ € P(Q) it holds that a(W1(Q, 1)) < KL(Q | ),

T2(8) : YQ € P(Q) it holds that BOW(Q, 1)) < KL(Q | ).

The following claims hold:

(i) Suppose that p € P () satisfies condition Tq(«). Then, for all f : Q — R with
| fllip < L it holds that

VE>0: Py, (F(X) —E[f(X)] > 1) < exp(—a (t/L)).

(11) Suppose that 2 has diameter at most D and let p € P(Q2). Then, p satisfies
condition T3(3) with B(t) = t2/(2D*).

(iii) Suppose that py,. ..,y € P(Q) all satisfy condition T3(3). Then, p = Q" u; €
P(Q™) satisfies condition T3(3).

(iv) Suppose that u € P(Q) satisfies condition T3(B3). Then, u satisfies condition
Ty () with at) = B(t?).

Proof. Claim (i) is equivalent to Gozlan and Léonard (2007, Lemma 5). Claim (ii)
is a particular case of Bolley and Villani (2005, Particular case 2.5). Claim (iii) is a
particular case of Gozlan and Léonard (2007, Theorem 5): as the squared Euclidean
metric tensorizes, so must T3(3). Claim (iv) uses the following argument: as 8 > 0 is an
increasing function, by Jensen’s inequality it holds that B(W3(Q, 1)) > BIW3(Q, 1)).

Therefore, if p satisfies T%(3), we have that

vQ € P(Q): BI{WL(Q,1)}*) S KL(Q | p),
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which is precisely condition Ty () with a(t) = B(¢?). O

Corollary C.1.12 uses Lemma C.1.11 to derive a concentration bound for Lipschitz
functions of compactly-supported product measures, and is used in the proof of Theo-

rem 5.3.8.

Corollary C.1.12. Let py,. .., ftm € P(Q), where Q € R has diameter at most 1.

Then, = QT u; satisfies inequality T1(a) with o = t*/2. Therefore, for all t > 0,

Py (f(X) = E[f(X)] > 1) < exp (—t*/(2]1 fIILip))

Py (f(X) —E[f(X)] < 1) < exp (—*/(2] fIlLip)) -

Proof. Lemma C.1.11(ii)-(iii) implies that p = QI pu, satisfies T3(8) with B(t) =
t?/2. Lemma C.1.11(iv) implies that p also satisfies T;(a) with a(t) = B(t?) =
t1/2. Lemma C.1.11(i) concludes, noting that both f and — f have Lipschitz constant

1 f ||Lip- O

Lemma C.1.13 establishes that L is Lipschitz, and is used in the proof of Theo-

rem 5.3.8.

Lemma C.1.13. Viewing L(fin, tin, V) as a function of its constituent samples, it holds

that || L||pip < 2n~Y2.

Proof. Let Z = [X1.n, X1, Yin] € R denote a concatenation. We define 7’ =

/ ! = 1 n _ o1 n ;o1 n
Xl:n7Yv1:n] and My = ;Z’L’:l 5)({? My = ﬁZizl 6X{’ v, = ﬁZi:l 6Y" We con-

i

X

1:n»

sider a minor abuse of notation and we equivalently define L(Z) = L(fin, fin, V) =
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Wy (fin, Vn) — Wa(fin, vn). The function L is Lipschitz because

|L(Z) = L(Z")| = Walfin, vn) = Waliir,, V) = Walfin, in) + Walits,, )|
< W (fin, fiy,) + Wa(vn, v,,) + Walfin, fir,) + Wa(tin, 7,
< n*1/2 ("Xln - X{nH + Hlen - lelan + H)?lzn - Xin” + ”le - Xin”)

< 2”71/2 HZ - Z/H )

where we firstly used several applications of the triangle inequality, secondly the defi-
nition of the primal formulation (5.2.1), and finally the sharp inequality '/ 4 y'/? <

{2(z + y)}/? twice. O

C.2 Uncertainty quantification

C.2.1 Jackknife variance estimation

The jackknife estimator of variance (Efron and Stein, 1981) for the plug-in estimator
Wg( Lin, V), based on leave-one-out empirical measures of the form pu_; = ﬁ > e\ 0x;,

reads

VarOV2 (i, 1)) ~ 2 > (Wi - % S Wi u_j))z.

Analogous jackknife estimators can be derived for e.g. U(fin, fin, V) using leave-one-out
versions U (fi_;, fi—i, V_;).

Naively computing all i € [n] leave-one-out estimators would have complexity O(n?).
Below, we present the Flapjack algorithm, which takes advantage of warm starts (Mills-
Tettey et al., 2007) to reduce the complexity to O(n?). Understanding how this saving
is obtained requires some background on linear assignment problem solvers, which we

next recall.
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Solving assignment problems

The primal and dual formulations of the linear assignment problem are

n n

miSn Cio(i) = max (u; +v;) subject to V(i,7) : u; +v; < Cyj, (C.2.1)
0ESK u,veR™
i1 i=1

where S, is the set of permutations of [n], and C' € R™™ is a cost matrix.

Primal-dual assignment problem solvers (e.g. Kuhn, 1955; Munkres, 1957; Jonker
and Volgenant, 1987) have the following general structure. We initialize with a set of
feasible duals (u,v) and an empty partial assignment o, where we write o(i) = * if a
row ¢ has not been assigned to any column j. Each iteration, we apply a procedure
stage(C,u,v,0) that returns a new triple (u,v,0) and: (i) increases the number of
columns in the assignment by one; (ii) maintains feasibility across all duals, i.e. V(i,j) :
u; +v; < Cjy; (iil) ensures that there is no dual slack across the matched pairs, i.e.
Vi : U + Vo() = Cioy if 0(i) # *. The complementary slackness conditions ensure that
we terminate correctly after n iterations of stage.

Efficient implementations (e.g. Jonker and Volgenant, 1987) of stage have worst-

case complexities O(n?), so the worst-case complexity of assignment problem solvers is

O(n?).

Solving leave-one-out assignment problems

Suppose that we wish to solve the “leave-one-out” assignment problem, where row ¢
and column ¢ of the cost matrix C' are removed. A naive solution would require solving
this modified assignment problem from scratch, and thus O(n®) operations. However,
by starting from the solution (u,v,0) to the full-data assignment problem (C.2.1), it
turns out that we can reduce this complexity by an order of magnitude.

Algorithm 7 uses the method of Mills-Tettey et al. (2007) to solve for the leave-

one-out assignment cost. It solves an equivalent problem: Cj; = ¢ is set small enough
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Algorithm 7 Leave-one-out assignment cost, row ¢ and column ¢ of cost matrix re-

moved

Input: Cost matrix C, optimal solution (u, v, o) to primal-dual pair (C.2.1).

1. Remove row ¢ from assignment: o(i) = *.

2. Set small cost Cj; = ¢ to guarantee assignment of pair (4,7), e.g. ¢ < min;; Cj; —
2 maxs; CZ]

3. Restore feasibility: if u; + v; > Cj; set u; = Cy — v;.

Solve for assignment: (u,v, o) < stage(C,u,v,0).

5. Return Z;.L:L#Z. Cjs(j) and reset Cy;.

L

so that row i is guaranteed to be assigned to column ¢; Cj; is then discarded in the
final calculation. By removing row i from the assignment (line 1) and then restoring
feasibility (line 3), we still obey complementary slackness with (n — 1) assigned rows,
so one iteration of stage (line 4) suffices to obtain the correct solution.

Efficient implementations of Algorithm 7 have O(n?) complexities, a significant sav-
ing compared to the O(n?) cost of solving the leave-one-out problem without a warm

start.

Flapjack algorithm

The procedure we call “Flapjack” starts from an optimal solution to the assignment
problem (C.2.1), then applies Algorithm 7 for ¢ € [n] to return all leave-one-out assign-
ment costs.

Our implementation of Flapjack uses stage from Jonker and Volgenant (1987), so
has a worst-case complexity of O(n®). We also observe this scaling in practice (see
Figure C.6.1), which relates to a tendency of the algorithm of Jonker and Volgenant
(1987) to perform many scans when most of the partial assignment o has been filled
(see also Guthe and Thuerck, 2021, Section 3.1).

Flapjack can be used to compute the jackknife estimate of variance for the plug-in
estimator W3 (i1, v,) by fixing Cj; = || X; — Y;||?, in which case the full-data assignment

cost is n W3 (in, V) and the i-th leave-one-out assignment cost is (n — 1) Wi (u_s, v_;).
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C.2.2 Approximate delta method for L

We detail our approximate delta method for L(jin, fin, vn) = Wa(fin, Vn) — Wa(fin, V).
Let A(a, B) := W3(a, B) — E[(«, B)]. Taylor’s theorem and a further approximation
provide

A(fin, Vn)
2EWV3 (fin, vn)] M/

A(fin, vn)
2EWs (fin, )]’

WQ(/]naVn) ~ E[Wg(ﬂm’/n)]lﬂ"i_ ~ E[W2(Ian>yn)] +
the former of which is accurate when Var(W3(fin, V) < E[W3(fin, vn)], whereas the
latter when Var(Ws(fin, vs)) < E[Wa(jin, v,)]?. Both conditions hold as n — oco. This

suggests the approximation

I — E[I)] ~ A(fin, vy) A(fin, pin)

~ EWaln )]~ TEWaliin, )] (C.22)

Using that A(f,, v,) = £ > icin) [ Pinwn (X;) + ¥, 0, (V)] + const, we derive the vari-

ance estimate

o1 Biinn (Xi) + Vi (V1) Bjpngin (Xi) + Vi (X5) }” )
Var(L) - n Var ({ 2W2(ﬂnu Vn) 2W2<ﬂn7l’bn) i=1 ’

based on (C.2.2) and the insight that the empirical Kantorovich potentials are asymp-
totically i.i.d. (implicit in the results of del Barrio et al., 2024). Although this is only
a heuristic, experiments in a setting similar to Figure 5.3.3 reveal that the variance

estimate is more accurate than the jackknife, while being slightly conservative.

C.2.3 Estimators that use independent blocks of correlated

samples

We describe how to quantify uncertainty in the setting of Section 5.4.1.

For simplicity, let B, = B, = 0 and T,, = T,, = 1. Define the sum of the Kantorovich
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potentials f,,(x,y) := ¢, (z) + ¢, (y). The proposed estimators are

K I-1
1 1 . i i
U(Nmﬂn,Vn = K Z f |:f,un Un k+K7Yk( )) _ fﬁn#n(Xlg-i)-K?X]g))],
k=1 1=0
K ., I- ; : . i
E(ﬂ fs V) = lZl 1 Jiin, Vn(XIEJ,)»K7Y()) B fﬂn7un(X;§+)K,X,§))
e K k=1 I i—0 W?(,unal/n) W2(ﬂn,ﬂn) ’

To quantify the uncertainty in {U, L}, we use Gaussian confidence intervals, based on

the empirical variances

I-1 K
1 1 i i i
Var(U) ~ < Var {7 Finan M,Yk‘))—f,m,,m<X£lK,X,i>>}} ,

k=1

Var(D) ~ = var [ {137 [Fn e i) S Xide X i)
=l WQ(“"’VN) W (fin; fin) -

with consistency as K — oo. These can be justified using an extension of del Barrio

et al. (2024, Theorem 4.10) and the approximate delta method of Appendix C.2.2.

Quantifying the variance reduction due the coupling. When instead (u,, ;)

are correlated, we can use the estimator

i k=1

+— Var<{ Z%nun };>+ m({ Zl/}“”“” };>

to estimate the variance of U as if (i, V) were independent, without actually requiring

I-1 K
1 1 i i
Va‘r<Uindep) ~ ? Var ({ 7 Z |:¢ﬂn,”n (XIEH)»K) - (bﬁna/»‘n (Xlgﬁ)’KXI } >

us to draw independent versions of these empirical measures. A similar estimator can
be considered for L.
When Var(Uingep) > Var(U), since Var(Uingep) and Var(U) are noisy overestimates

of the actual variances, we expect to obtain a noisy underestimate of the factor of
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variance reduction Var(Uingep)/ Var(U).

C.2.4 Time-averaged estimators

We describe how to quantify uncertainty in the setting of Appendix C.5.1.
Let 7 = %Z?Zl dx, based on replicates (X®);50 of a stochastic process for
i € [n]. Define the sum of the Kantorovich potentials f,,(z,v) := ¢,.(z) + VY. (y).

The estimators of Appendix C.5.1 are

n

1
Ure = = 3 | o mgo (X, X1) ZW o (XD, X)),
Tt nz S 20 ( ; Jrm) ao ( )

i=1 SES

Frgr) i (XD, X[ fws?) w<s> (X, X{9)
LTt o Z { |S| Z '

(1) .t (T) (S
i=1 W (D, mit) Ses (), )

—

To quantify the uncertainty in {Uz, L7}, we use Gaussian confidence intervals, based

on the empirical variances

1
Var(Ur,) ~ ﬁVar ({fﬂg),ng) (XM, x") TS Z Sz (X X(S))} _1> )

Ses

T 1 fﬂ'(T) 7l'(t)(‘)(( ) X(t)) fTI'(T) m(S) (X(T) X(S)>
Var(LT,t> ~ EV&I‘ ({ QWQ(W?(/LT),W?(L)) |S| Z 2W2(7T£LT 7 gs)) - )

where consistency is as n — oo. These can be justified using extensions of del Barrio
et al. (2024, Theorem 4.10) and the approximate delta method of Appendix C.2.2. For

Ly, = [ET,tE , we scale up the confidence interval for I}T,t accordingly.

C.3 Description of MCMC Algorithms

We describe the MCMC algorithms that are used in the analysis of Appendix C.4.
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C.3.1 ULA

The unadjusted Langevin algorithm (ULA) targeting 7 generates a Markov chain

(X®),50 based on the recursion
h2
XD = x® 4 AV log (X M) 4+ M. e® ~ Ny (04, h2A),
where the user sets the step size h > 0 and the preconditioner A > 0.

C.3.2 OBABO

The OBABO discretization of the underdamped Langevin diffusion, targeting 7 in the

X-component, generates a Markov chain (X ® 7z (t))tzo based on the recursion!

0: ZW =nZW /1 —n2e®, e ~ Ny(04, A),
h

B: 7V = z(0 4 74V log w(X®),

A: X(t+1) — X(t) —{—hZ(t—H/Q)’

B: Z(H—l) _ Z(H—l/?) + EAV IOgTF(X(t—H))
9 >

where the user sets the step size h > 0, the preconditioner A > 0, and the momentum

persistence parameter 7 € [0,1). When 7 = 0, the process (X®),>¢ is an ULA chain.

IFor simplicity, we collapsed the two partial O-steps into a full step.
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C.3.3 Gibbs sampler for half-t regression

We consider a linear regression model with half-t(v) priors,

y| X, B8,0% ~N(XB,0°I,)

2
Biln, &, 0% ~ N(O, %), 77;1/2 ~t,(v), independently for j € [d], (C.3.1)
j
ST 2 0 bo
1S C.(0,1), o Gamma( 5’3 ),

where C, (0, 1) is the half-Cauchy distribution with density 7¢(x) o< 1/(1+2?) and ¢, (v)
is the half-t distribution with v degrees of freedom.
Algorithm 8 describes the approximate Gibbs sampler? of Biswas and Mackey (2024,

Section 4.2) targeting the posterior distribution 7 (n,&, 02, 8 | X,y) of the regression
model (C.3.1), where

M(&n, X) = I, + &' X diag(n )X,
ap+n

1
log L(y, M) = —3 log det(M) — log(bp +y' M™'y).

The exact algorithm of Biswas et al. (2022) corresponds to setting ¢ = 0 in Algorithm 8.

C.4 Analysis for Sections 5.4 and 5.5

C.4.1 Proof of Proposition 5.4.1

Proposition 5.4.1 is an immediate consequence of the following result.

Proposition C.4.1. Let 7 = Ny(u,X) and let the spectral radius p(h;AlmE_lAl/Q) <

1. The following claims hold:

(i) The invariant distribution of the OBABO chain of Appendiz C.3.2 is 71> ®
Ni(04, A), where 7 = Ny(p, (Ig = % AVZS71AV2)715).

2The selection of the active set I, mirrors the implementations of Johndrow et al. and Biswas and
Mackey.


https://github.com/jamesjohndrow/horseshoe_jo/blob/master/horseshoe.jl#L114
https://github.com/niloyb/BoundWasserstein/blob/main/half_t/half_t_functions.R#L103
https://github.com/niloyb/BoundWasserstein/blob/main/half_t/half_t_functions.R#L103
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Algorithm 8 Approximate Gibbs sampler for regression model (C.3.1)

Input: current state (n,&, 02, 3), approximation parameter € > 0, step size oym.

1. Sample 7 | £, 02, 8 component-wise. For each component j, target

L= vt
m(ml...) ocm;® (L4+wvm;)™ 2 exp(—myn;),
with m; = £37/(207), using the slice sampler of Biswas et al. (2022, Algorithm 4).
2. Sample &, 02, 3 | n as follows:

(a) Sample £ | n with approximate Metropolis-Hastings.
Propose log &* ~ N (log &, o3y) and fix I. = diag (L{min(¢*, &)~ 'n~" > &}).
Calculate acceptance probability

Ly M€, X)) me(€) €
Ly, M(§,n, XL)) me(§) €
With probability ¢ set & = £*.
(b) Sample

o’ | n, & ~ InvGamma (ao +n oy M(En XL) y + bo)
) 2 s 2 '

(c) Sample
Bln& o ~ N(EXL) Ty, 05

with ¥, = (XT.) " (X1.) + £ diag(n), using the algorithm of Bhattacharya et al.
(2016).

3. Return (n,&,0%, 3).

(ii) The invariant distribution of the ULA chain of Appendiz C.3.1 is w(>).

coT

(i4i) m(>) L,

Proof. We first consider the case A = I; and p = 0.

For claim (i), the steps BAB form a velocity Verlet integrator of Hamiltonian dy-
namics. By e.g. Apers et al. (2024, Section 2.3.1), these dynamics are an exact
time-discretization of Hamiltonian dynamics that leave the Hamiltonian H(x,z) =
LTSI — 221z + L||2||? invariant. The O step leaves the marginal distribution

N4(0g4, 1) invariant. It follows that the invariant distribution of the OBABO chain is
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Na(p, (Ig — %22_1)_12) ® Na(04, Ia).
For claim (ii), we use that ULA is a particular case of OBABO with n = 0.
For claim (iii), we use that (/; — %22_1)_12 > 33, then apply Proposition 5.3.5(i).

Finally, to deal with the case of general (A, 11), we use that the process (X, Z®)),5,

(A7V2X® — y A7127®) 5 is an OBABO chain with preconditioner A = I,. Trans-

forming back to the original process provides the claimed results. O

C.4.2 Overdispersion of approximate Gibbs sampler for half-t

regression

Algorithm 8 explicitly zeroes the columns of the design matrix X with a posteriori
weakest signal (via XI. in step 2). Compared to the exact algorithm of Biswas et al.
(2022) (Algorithm 8 with (e, XI.) = (0, X)), this allows for faster computation in high-
dimensional settings, and causes Algorithm 8 to sample from an overdispersed version
of the exact posterior distribution of the regression coefficients (5, as we now explain.
Inspecting how step 2 in Algorithm 8 changes as the level of approximation ¢ > 0
increases, we see that I. becomes sparser, so the sequences (M (&, n, X1.)™1).5o and

(=

“1)e>0 increase in the Loewner order. Therefore, the update o | 1, ¢ increases in

the usual stochastic order and the update 3 | n,&, 0% becomes more dispersed and the
active components I.3 become more outwardly shifted.® This indicates that stationary

distribution of 3 spreads out as e increases.

C.4.3 Proof of Proposition 5.5.1

Proposition 5.5.1 is an immediate consequence of the following result and Proposi-

tion 5.3.5(i).

3For the inactive components (I; — I.)3, since they correspond to a weak signal, the dispersion
term in the update 3 | 7, &, 0% dominates.
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Theorem C.4.2. Let (X®)>q be the AR(1) process with recursion
XU — = BXY — )+ AZO Z0 ~ Ny(04, 1)

Let the spectral radius p(B) < 1 and let p) = E[X®] and £ = Var(X®). The

following claims hold:

(i) The process converges to the stationary distribution (%) = N (u(>), £ where
() =y and () = > nso BMAAT(BM)T.

(i5) u® —p>®) = B (p© — 1)) and B — () = BHEO) -5 (BYT for allt > 0.
(i5i) If £ = 3() then ©O = 3() for all t > 0.
(iv) If X©) is Gaussian, then X® is Gaussian for all t > 0.

Proof. Taking means and variances in the autoregression, we obtain

Iu(t-i-l) — = B(,U(t) . M)a Z(t—‘rl) _ BE(t)BT + AAT

For claim (i), the convergence part is well-known (Tjgstheim, 1990). The stationary
distribution 7(>) = N(u(>), £(9)) is a fixed point of the autoregression; the solutions
) = g and L) = > 0 B"AAT(B™)" can be seen by inspection.

For claim (ii), since ¥(°) is a fixed point of the autoregression, it holds that %(>) =
BY(®*)BT 4 AAT. Subtracting this off from the autoregression, we obtain that 3(+1) —
N = B(B® — %N BT Similarly, u+Y — ) = B(u® — 14(>). The claim follows
by induction.

Claim (iii) follows from claim (ii).

Claim (iv) follows from the closure of Gaussians under affine transformations. [
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C.4.4 Verifying the claims of Remark 5.5.2

Underdamped Langevin. We consider the underdamped Langevin diffusion (ULD)

X @) 1 A-17®) 0
d = - +

Z0 | 2 | Vilegn(XD)dt —~Z®| | (vA)V2dW,
with stationary distribution m ® Ny(04, A), where (W;);>¢ is Brownian motion, v €
(0,00) is a friction parameter, and A > 0 is a preconditioner.

We now verify that overdispersion persists in the X-coordinate when the target

is 7 = Ny(u,X). Suppose that X© is drawn independently from Z© ~ Ay(04, A).
Since the stationary and initial distributions factorize over the X- and Z-components,
and furthermore since any time-discretization of the ULD is an AR(1) process, Theo-

rem C.4.2(ii) provides

N0y 50 5 g
=B BtT7 for some B; and for all £ > 0,

* * 0 0

where the blocks represent the X- and Z-components, where () := Var(X®), and
where * denotes an arbitrary entry. Therefore, £ = £(*) implies that X" = ()

for all t > 0, as desired.

Random scan Gibbs. For random scan Gibbs samplers targeting Gaussians, we can

prove the following result related to overdispersion over time.

00) _

Proposition C.4.3. Let (X®);5q be a random scan Gibbs sampler targeting '
Na(p(®2), 5. The following claims hold:

(i) If 7 is Gaussian, then 7 is a mizture of Gaussian distributions for all t > 0,

®
say 1®) = 32,0 o (uf?), Zf).
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(ii) Let 7 = N(u©, 2@, [f 5O = () then B = () for all (t,k). Therefore,

70 X8 1) for all t > 0.

Proof. Representing the random scan Gibbs kernel as a mixture of Gibbs steps, we can

write the evolution of the chain as

M
XD = S 0y (B X0 4+ 4,20), 20 ~ N0y, 1) (Ca1)

m=1

where M® ~ Categorical(py.;) selects the mixture component, and where each of the
components is a 7(*-invariant Gibbs step.

For claim (i), 7(*) is a Gaussian mixture for all # > 0 because linear-Gaussian mixture
kernels are closed under Gaussian mixtures.

For claim (ii), we argue by induction. The base case ¢ = 0 is trivial. Fixing
t > 0, the recursion (C.4.1) implies that for all k, there exist (¢,m) such that {+Y) =
B, BT + A, Al . Since all kernels are m(*)-invariant, %(>) is a fixed point of the
recursion (C.4.1), hence {1 — %(®) = B (2 — 2N BT Therefore, L) »= %)
implies L{+Y = %(). By induction, %) = %) for all (¢, k). Finally, because ~5 is

partially closed under mixtures, it follows that 7 <3 7() for all t > 0. m

C.5 Estimating the convergence of Markov chains

C.5.1 Plug-in method with time-averaging

We present a refinement of the MCMC convergence rate estimation method of Sec-
tion 5.5 that applies to overdispersed initializations only. The method proceeds as
follows.

We simulate n replicate Markov chains with marginals (7)), up to a large time

T > 1. We collect the samples from 7® with equal weight in 7, for ¢ > 0. We then
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estimate

LT,t é W%(W(T), 7T(t)) é UT,t

when 7 is more dispersed than 7). where

Ury == Wa(r(D, ) — ZW (rlD), 7N,
SeS
2 = 2
L= | WanfP20) = 70 S WalefD,nf®)| = [En)}
|S| Ses +

We quantify the uncertainty of {Ur;, L1} as described in Appendix C.2.4.

The estimators are valid when the MCMC algorithm has reached stationarity by
time S and has thereafter mixed at least once by time T. In practice, we trace
Wi (r), 7®)) from ¢t = 0 until one integrated autocorrelation time before T, then
choose S as the interval of stationarity of this trace.

If the trace does not become stationary, we increase T'. Pilot runs with small n can
help speed up the search for a large enough 7. Another failure mode is when the trace
increases towards stationarity, indicating that time-marginals are underdispersed, and

that the sample splitting method of Section 5.5 should be used instead.

C.5.2 p-Wasserstein lagged coupling bound

We extend the coupling-based bound of Biswas et al. (2019) to general Wasserstein
distances of arbitrary orders p > 1, as in equation (5.2.1).

Suppose that we wish to estimate the convergence of a Markov chain with kernel
P and initialization 7(® towards the stationary distribution 7(®)P>. We consider a
construction based on a joint Markov kernel P((x,y),-) with marginals (P(z,-), P(y,-))
and a lag parameter ¢ € N: we sample a coupled pair of Markov chains (X®, X®),,

evolving under P that is initialized at (X©, X©) ¢ T(z@P¢ 7). Then, by the
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triangle and coupling inequalities, we obtain the bound

(0) oo ) < t+(j+1)€ t+g£ < t+gz X (t+i0)\p l/p‘
W, (r O P ;yv Op Op ;E )]

We estimate this bound by sampling i.i.d. replicates of the ¢-lag coupling construc-
tion, replacing expectations by empirical averages. To ensure that the estimator can be
computed in finite time, an elegant solution is to design the joint Markov kernel P such
that the chains coalesce in finite time, see Biswas et al. (2019); Jacob et al. (2020b) for
coalescive coupling strategies.

The method is appealing, as it only requires keeping track of one-dimensional sum-
mary statistics. The bound is informative when sufficiently contractive couplings P
can be devised. Choosing the lag ¢ large sharpens the bound by eliminating the inef-
ficiency introduced by the triangle inequality, as demonstrated empirically in Biswas

et al. (2019).

C.6 Numerical experiments

C.6.1 Benchmark of assignment problem solvers

Figure C.6.1 compares the assignment problem solvers of Bonneel et al. (2011) and
Guthe and Thuerck (2021), and contrasts them against the time spent computing the
cost matrix using the linear algebra library Eigen (Guennebaud et al., 2010). We see
that both methods scale closer to O(n?) in practice, and that the method of Guthe and
Thuerck (2021) outperforms that of Bonneel et al. (2011) and allows for problems to be
solved at sample size n = 1000 in around 0.1 seconds, and at n = 10000 in 10 seconds.

Figure C.6.1 also shows the wall-time of the Flapjack algorithm (Appendix C.2.1).
We see that this scales as O(n?), but that at sample size n = 1000 it only takes around

2 seconds.
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Figure C.6.1: Benchmark of single-core assignment problem solvers. We solved for
W3 (pn, V) with g = Ny(0g, I;) and v = Ny(04,41,) in various dimensions d and at
various sample sizes n. For each dimension, empirical means and standard deviations
based on 8 replicates are shown.

C.6.2 Quality of approximate inference methods
Asymptotic bias of unadjusted MCMC algorithms

For the plug-in estimators {U, L} we used a sample size of n = 1024, based on indepen-
dent samples for simplicity, and we obtained empirical means and standard deviations

from 256 replicates. For the coupling bound, we used (B, I) = (1000, 2000) and K = 10.

Tall data

Model. We considered the logistic regression model with likelihood

yi | 2i, B ~ Bern(F(x] B)) independently for observations i € [n],

where z; € R and F(z) = 1/(1 + e *). We approximately followed the guidelines of
Gelman et al. (2008), centering the covariates and scaling them to scale 0.5, adding an
intercept, and imposing the prior 8 ~ Ny(04,2514). Chopin and Ridgway (2017) lists

the posterior log-density, score and Hessian.
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MCMC. The MCMC algorithms were preconditioned using the inverse-Hessian at
the target mode 3*, and used the proposal covariance d='/3[V?log 7(8*)] 7', resulting in
an =~ 90% acceptance rate for the MALA kernels. We initialized the MCMC algorithms

at the mode f* and discarded B = 100 iterations as burn-in.

Estimators. The parameters used in the main text can be found below. We also
experimented with setting the thinning to 7" = 1, and found that nearly identical point
estimates {V, L} were obtained.

Pima dataset. For the plug-in estimators {V, L}, we used (K, ) = (16, 100) with
thinning 7" = 5 for an overall sample size of n = 1600. For the coupling bound, we
used (K, 1) = (32,500). We estimated that the coupling reduced the variance of V' by
factors of roughly (1.1,1.5,1.6,1.5) for (SGLD, SGLD-cv, Laplace, VI).

DS1 dataset. For the plug-in estimators {V, L}, we used (K, I) = (16,200) with
thinning 7" = 10 for an overall sample size of n = 3200. For the coupling bound, we
used (K, I) = (32,2000). We estimated that the coupling reduced the variance of V' by
factors of roughly (1.0,2.2,1.6,1.2) for (SGLD, SGLD-cv, Laplace, VI).

High-dimensional Bayesian linear regression

The model and sampler are detailed in Appendix C.3.3.

Model. We set ag = by = 1. Since the model does not have an intercept, we centered

the covariates and responses.

MCMC. We set oyg = 0.8. We initialized the MCMC algorithms from the prior and

we discarded B = 1000 iterations as burn-in.

Estimators. For the plug-in estimators {U, L}, we used (K,I) = (100,100) for an

overall sample size of n = 10000, with thinning 7" = 50. For the coupling bound, we used
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(K, I) = (100,5000). We estimated that the coupling reduced the variance of U by fac-

tors of roughly {22, 18, 7.0, 3.4, 1.7} in order of increasing e € {0.0003,0.001,0.003,0.01,0.03}.

C.6.3 Convergence of MCMC algorithms
Additional investigations

(a) Dimensiond =1 (a) Dimension d = 10
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Figure C.6.2: Density plots for the radial component of 7 of a RWM algorithm
targeting a multivariate logistic target in various dimensions. See Appendix C.6.3 for
details.

Multivariate logistic target. We consider a RWM algorithm with spherical Gaus-
sian proposals with standard deviation h targeting a multivariate logistic target with
density 7(>)(z) oc e l17ll /(1 + e~ l=1)2. We initialize the sampler from 7(® <% 7(>°) with
density 79 (z) oc () (2/2).

Our goal is to verify that overdispersion persists in the sense of ~5. Since the target
7() and time-marginal 7 are spherically symmetric, by Proposition 5.3.5, we can
verify 7 <5 () by checking the dispersion of their radial components.

Figure C.6.2 displays the radial density of 7() against time ¢, where we considered
dimensions, step sizes and acceptance rates of (d, h,a) € {(1,3,0.53),(10,2.5,0.24)}.
Since the separation of any two pairs of quantiles gradually concentrates as t — oo, we

conclude that 7® <3 7() is approximately satisfied for all t > 0.

Bimodal target. We explore the target 7> = IN(=5,1) + IN/(5,1) by RWM al-

-2

gorithms with Gaussian proposals with standard deviation h and various initializations
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Figure C.6.3: The effect of multimodality on the convergence of an MCMC algorithm.
See Appendix C.6.3 for details.

7. We consider scenarios:
(a) Step size h = 2, overdispersed initialization 7(*) = 1A (=10,1) + IA(10,1).
(b) Step size h = 6, overdispersed initialization .

(c) Step size h = 4, initialization 7(® = A(5,2) located in one of the modes.

1/2 at sample size

Figure C.6.3 displays marginal density plots and compares E[V]
one to the true Wasserstein Wi (7>, 7). In settings (a) and (b), the marginals are
overdispersed with respect to the target and the estimator V' is conservative. In setting

(¢), the marginals are not overdispersed with respect to the target and the estimator V'

is not conservative, however V is still able to distinguish the marginals from the target.

Gaussian Gibbs sampler

Model. The Gaussian target has precision matrix Q € R%“ whose only non-zero
entries are ; = 1+ p? and Q; ;41 = —p for i € [d], where we identify the indices

(0,d+1) as (d, 1).

Estimators. Plug-in estimators {U, L} were computed using the method of Ap-

pendix C.5.1, based on n = 1024 chains, S € [2000, 5000] and with a thinning factor of
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5. As samples from the target 7(>) could be drawn, we set T = oo for simplicity.

Mixing time of Langevin algorithms

Model. The model and MCMC parameters are as in Appendix C.6.2.

Estimators. Plug-in estimators {U, L} were computed using the method of Ap-
pendix C.5.1, based on n = 1024 chains and S € [300,1000]. As samples from the
target m(>) could be drawn, we set T = oo for simplicity.

We estimated the exact mixing time under the assumption that 7 is Gaussian for
all t > 0. This is true for ULA and OBABO, whereas for MALA and the Horowitz

method this results in a very slight underestimate of the exact mixing time.

Stochastic volatility model

Model. We considered the stochastic volatility model

21 ~ N (0,0%/(1 = %)),
Ti1 | w0 ~ N(pwy,0?), Vt € [d—1],

Y | xp ~ N (0,52 exp(mt)) , VYt e [d].

We fixed (3,0, ¢) = (0.65,0.15,0.98) and simulated the data y;.4 from the model. Liu

(2001, Section 9.6.2) lists the posterior log-density and score.

RWM. Plug-in estimators {U, L} were computed using the method of Appendix C.5.1,
based on n = 1024 chains, T'= 1.5 x 10%, S € [5 x 10°,1.25 x 10°] and thinning every

500 iterations.

MALA. Plug-in estimators {U, L} were computed were computed using the method
of Appendix C.5.1, based on n = 1024 chains, T = 3 x 10*, S € [10% 2.5 x 10%] and

thinning every 15 iterations.
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(a) RWM: optimal step size (b) RWM: small step size (c) ULA on Laplace approximation
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Figure C.6.4: Additional experiments with samplers targeting the stochastic volatility
model or its Laplace approximation. See Appendix C.6.3 for details.

Fisher-MALA. Plug-in estimators {U, L} were computed were computed using the
method of Appendix C.5.1, based on n = 1024 chains, T' = 1.25 x 10*, S € [7.5 x
103,9 x 10%] and thinning every 5 iterations.

The covariance structure of Fisher-MALA was adapted using the default recursion
of Titsias (2023), diminishing the adaptation at the rate ¢t~ with the iteration ¢. The
global scale parameter h? was updated with adaptation diminishing at a rate t=%/3
after 1000 iterations, using the recursion h?,; = h? +£(a, — a*) - min (1, 100¢t~%/3) based
on the current acceptance probability a;, the target acceptance probability a* = 0.574

(Roberts and Rosenthal, 1998), and the default learning rate ¢ = 0.015 of Titsias (2023).

Additional experiments. Figure C.6.4 displays the results of additional experi-
ments. We repeated the RWM experiments in the main text, replacing the coupling
with the contractive GCRN coupling of Papp and Sherlock (2025b), finding that the
coupling bound became effective but that the proposed estimator U was even sharper.
We also considered an ULA targeting a Laplace approximation to the SVM (same pa-
rameters as MALA; we used a CRN coupling), finding that U was remarkably close to

the exact squared Wasserstein distance.
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