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Abstract

We study ordered configuration spaces of hard discs inside a unit disc, focusing in some
cases on small numbers of discs, but generalising where possible. These are a natural
generalisation of ordered configuration spaces of points inside the unit disc. As the
radius of the hard discs increases, the homotopy-type is known to change at finitely
many ‘critical radii’, and we classify the critical radii for between one and five discs.
We study the configuration spaces just above the least critical radius through their
homotopy groups (which are generated by non-contractible maps from the sphere into
the configuration space). By observing that the disc centres cannot all lie on one line
in the unit disc, we find a non-contractible S"~3 in the configuration space of n discs
just beyond the first critical radius, which vanishes below this radius. In the case n = 4,
we find a circle action on the configuration space beyond the first critical radius, and
construct the quotient space. By retracting the quotient space onto a graph, we show that
the configuration space is homotopy-equivalent to the product of a circle with a graph of
Euler characteristic 11. We explore the persistence of the non-contractible S”~3 beyond
the first critical radius as the unit disc is deformed into an ellipse, and demonstrate that
there remains a non-contractible map from S 2 into the configuration space of n hard
discs inside an ellipse of any eccentricity. We consider the homotopy groups in dimension
less than n — 3 of configuration spaces of hard discs inside a unit disc beyond the first
critical radius. We conjecture that these are isomorphic to the homotopy groups in the
same dimension of the configuration space of points. We suggest a method of proof by
defining a flow on the configuration space with certain properties, and demonstrate such

a flow on the configuration space of three points.
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Chapter 1

Introduction

We consider Conf,, ,(U), the ordered configuration space of n hard discs of radius r in
a (typically convex) subset U C R?. By hard discs, we mean non-intersecting open
metric balls B(z,r) C R? under the standard Euclidean metric. This is a natural
generalisation of Conf,, (U), the ordered configuration space of n points in U. However,
whereas the topological properties of Conf, (U) are well-understood [10], 15, 2I] when
U is connected and simply-connected (indeed, then the space is homotopy-equivalent
to Conf,(R?), and homeomorphic if U is open), much less is known about Conf,, ,(U),
which is topologically highly dependent both on r and U. Here, we use the notation
D = (D1,Ds,...,D,) € Conf, ,(U) interchangeably with the underlying configuration
z = (x1,...,2,) € Conf,(U) (where D; = B(z;,r)), and we write Uz = U;_ {2},
UD = U;_, Di. Throughout the thesis, we primarily consider the case where U is the

unit disc D?, in which case we drop U from the notation.

1.1 Development of the field from applied mathematics

Configuration spaces of hard discs were proposed as a model for understanding phase
transitions by physicists in the mid 2000s [9} [3T]. This model is based on the idea (sum-
marised in [26]) that particles (i.e. atoms or molecules) in sufficiently close proximity
exert a repulsive force on each other. This gives to each particle a ‘potential energy’
(which we can think of as the energy this particle would gain if we allowed the repulsive
force to push it away to an infinite distance in the absence of other forces). Then each

particle i generates a radial ‘potential energy field” V;(r), in the sense that if another



particle j is at a distance r from 4, then i contributes V;(r) to the total potential energy

of j. A common model for this field is

00 sr <y
Vil(r) =

0 : otherwise

for some positive real r;. Under this model, it is impossible for the distance between ¢ and
j to be less than r;, since conservation of energy means that no particle can have infinite
potential energy. If we choose some rg > 0 and assume r; = 2rq for all particles j, then
any two particles must be separated by a distance of at least 2ry — equivalently, we can
replace each particle by a hard disc of radius rg. Thus the configuration space of particles
is modelled by Conf, ,,(U) for some container U, where n is the number of particles.
The free energy of the configuration is typically decreasing as rg increases; therefore,
as the temperature (and thus the energy) increases (resp. decreases), ro must decrease
(resp. increase). At low temperatures, o is large and thus the particles obstruct each
other significantly. This disconnects the configuration space, and forces the particles to
lie in a near-lattice configuration, which is equivalent to the solid state. In the study of
phase transitions, the configuration space is often studied in the ‘thermodynamic limit’
d

n — 0o, r® = = with ¢ a constant and d the dimension of U, which fixes the total volume

of the discs.

Configuration spaces have also received some interest from the field of topological robotics
[16]. Here, a configuration space may be used to model some physical area or volume,
such as a warehouse, containing some autonomous robots which can move within this
area. Much of the work here focuses on ‘topological complexity’. Given a topological
space X, consider the map m: PX — X x X, where PX is the path space on X (the set of
continuous maps [0, 1] — X given the compact-open topology) and 7(vy) := (v(0),~(1)).
A motion planning algorithm is a section of 7, that is, a map s: X x X — PX such that
mos = lxxx. It is natural to want the motion planning algorithm to be continuous,
but this is not possible for all X. We measure how far away we are from having a con-
tinuous motion planning algorithm using the topological complexity of X, TC(X). This
is defined to be the least k such that there exists a motion planning algorithm s and a
partition X x X = |_|f:1 F; such that s|p, is continuous for all . Then the existence of
a continuous motion planning algorithm is equivalent to TC(X) = 1. According to [16),

Lemma 4.2], TC(X) = 1 if and only if X is contractible. In this thesis, we study the



homotopy groups of configuration spaces of hard discs (see §1.3)). Since the homotopy
groups count (in a crude sense) topological holes of each dimension, this work measures
(crudely) how far the configuration spaces of discs are from having a continuous motion

planning algorithm.

1.2 Homotopy type, Morse theory and critical radii

More recently, mathematicians have begun to explore these configuration spaces ab-
stractly, seeking to derive information about them through topological invariants. The
topological invariants of a space, which include topological complexity [16, Cor. 4.27],
homotopy groups and (co)homology [22], §2.1, §3.1], are completely determined by its

homotopy type, which is defined as follows.

Definition 1.2.1. Take topological spaces A C X and Y. We say that two continuous
maps f: X =Y and g: X — Y are homotopic, denoted f ~ g, if there is a continuous
map H: [0,1] x X — Y such that H(0,z) = f(z) and H(1,z) = g(x) for all x € X. We
say furthermore f ~ g rel A if H(t,z) = f(x) = g(x) for all t € [0,1],z € A.

Definition 1.2.2. Take topological spaces X,Y. We say these are homotopy equivalent
(or, of the same homotopy type), denoted X ~ Y, if there are continuous f: X —
Y, g: Y — X such that go f ~ 1x and f o g ~ ly; then, we say that ¢ is a homotopy

inverse to f.
Homotopy equivalence is commonly understood as equivalence up to deformation.

A major mathematical step in the understanding of configuration spaces was the appli-
cation of ‘min-type’ Morse theory, an analogue to Morse theory developed for a certain
class of non-smooth functions, to the problem. In classical Morse theory [27], we give
to a manifold M a differentiable function f: M — R. Then we can find a vector field
V on M (typically we choose the gradient field V f) such that the vector at each regu-
lar (i.e. non-critical) point of f is non-zero, and f increases along the flow lines of V.
This allows us to understand M by looking at the superlevel sets M? := f~1[b,00) as b
decreases. Specifically, if there is an interval [a, b] containing no critical values, then we
can define a flow which retracts the region f~![a,b] onto f~1(b) by flowing each point
in this region along the vector field, and fixes every point in M?. We call such a flow

a strong deformation retraction, and say that M? is a strong deformation retract of M®



[29, p. 30]. A strong deformation retraction is, in particular, a homotopy-equivalence
M? ~ M® (although not all homotopy equivalences are strong deformation retractions).
Thus, as b decreases, the homotopy type of M? changes only at the critical values; if
we can understand how the homotopy type changes at each critical point, then we can

understand the whole manifold.

Min-type Morse theory extends the methods of Morse theory to min-type Morse func-
tions: functions which are a minimum over some set of Morse functions. Baryshnikov et

al. [I1] developed the tautological function 7: Conf, (U) — R given by
. .1 ., ) . 2 .
7(x) = min < min 5\% — ;] | i #j ¢, min {dist(z;,0D%) |1 < i <n}

where dist(z;,0D?) = min {|z; — p| | p € 9D?}. By construction, 7(z) is the great-
est r € R such that if we replace each x; with the ball B(z;,r), the result D,(x) =
(B(z1,7),...,B(xy,r)) is a valid configuration of Conf, ,(U). Thus Conf, ,(U) =
77r,00). 7 is a min-type Morse function, and the authors develop the notion of a

balanced stress graph (see Figs. to play the role of a critical point.
Definition 1.2.3. Let D € Conf,, ,(U). The stress graph of D, N (D), consists of:
e A vertex at each x;, called an interior vertex,

e A vertex at each point of contact between any disc and OU, called a boundary

vertex,

e For each boundary vertex, a straight boundary edge joining it radially to the interior
vertex of the disc on which the boundary vertex lies (this edge will be orthogonal

to oU),

e For each pair of touching discs, a straight interior edge joining the corresponding

interior vertices.
Let « € Conf,(U). The stress graph of z is N(z) := N (D,(y)(x)).

The edges of N(x) correspond to the points ; such that dist(z;, 0D?) = 7(z) and the
pairs x;, x; such that |z; — x| = 27(x). In order for 7 to increase along the flow lines of
a vector field V', each of these distances must be increasing along V near x. Conversely,
Baryshnikov et al. show that if we can find a submanifold M C Conf, (U) and a vector

V. at each € M such that all the edge lengths of N(x) are increasing along V. locally,



Figure 1.1: A configuration z of points in D? (black) with its stress graph (grey). Each
point of x is contained in a circle (grey, dashed), where the radius of these discs is the
greatest achievable without any discs overlapping each other or leaving the unit disc.
At each point of contact between discs, or between a disc and 0D?, an edge joins the

corresponding vertices.

then we can always construct a vector field V on M such that 7 is increasing along V.

Thus, for any 0 < r < s, there are two possibilities:

1. 771[r,s) admits a vector field V such that 7 is strictly increasing along the tra-
jectories of V everywhere. Hence we can retract 7 ![r,s] onto 77!(s) along the

flowlines of V', so Conf,, ,(U) ~ Conf,, s(U).

2. There exists x € 7 ![r, s) such that there is no suitable choice of V. We call z a

critical configuration, and 7(x) a critical radius.

In this way, stress graphs allow us to understand the critical configurations: these are the
configurations where the edges of the stress graph push against each other and against
OU in such a way that there is no room for all the edges to lengthen simultaneously. It
turns out, by Farkas’ Lemma from linear algebra, that if x is a critical configuration,
then we can choose the magnitude of the force on each edge of N(z) so that the total
force on each vertex is 0, and so is the total force exerted on the boundary by each

component.

Definition 1.2.4. Take x € Conf,, and let E be the set of edges of N(z). A weighting

on N(z) is a map w: E — [0,00), where w, := w(e) defines the force with which each

edge pushes on its endpoints. More precisely, given an edge e incident to x;, let v;
;i

denote the other vertex on e —so v; ¢ is either x; for some j # i, or ] if e is a boundary
3



edge. Then e exerts a force we(x; — v;¢) on x;. If x; is adjacent to the boundary via an

edge e, then e exerts a force we (‘%‘ — :m) on the boundary.

We say that w is balanced if the total force F; = > we(x; — vie) on each

e incident to x;
interior vertex x; is zero. N(x) is a balanced stress graph if it has a non-trivial balanced

weighting.

In [T1], the authors give a second condition in the definition of a balanced weighting: in
each connected component G C N(x), the total force exerted on the boundary by the
boundary edges is zero.. However, this condition is a consequence of the condition that

F; = 0 for all i. We will show this in Lemma [2.0.2]

We will typically use the term critical configuration to refer to all configurations with a
balanced stress graph, and we will sometimes treat w as part of the information contained

in the stress graph.
In summary, we obtain:

Fact 1.2.5. If[r,s) does not contain a critical radius of T, then Conf,, ,(U) ~ Conf,, ¢(U).

The critical radii are characterised by balanced stress graphs.

Around the same time as this Morse-theoretic approach was being developed, authors
began trying to find these critical configurations for small n, e.g. [I3], using numerical
techniques. These approximate the repulsive forces from the stress graph by a smooth
function inversely proportional to r™, where r is the distance between two given points,
using this to define a flow on the configuration space. The greater the value of n, the
more like the hard disc case the simulation behaves. The authors aimed to find ‘wells
of attraction’ - configurations where the total force on each particle is (nearly) zero,
and where nearby configurations naturally flow towards these wells. These can then be
confirmed as critical points analytically. However it is not certain that this technique

finds all critical points.

The most significant research into the case U = D? comes from Alpert [1], who considers
the natural inclusion ¢: Conf,, , — Conf,, and its pullback to cohomology ¢*: H*(Conf,) —

H*(Conf, ). Using geometric arguments, Alpert proves:

Fact 1.2.6. The least critical radius of Conf,, is % The stress graph of the corresponding

configuration is a diameter of D? containing all n points — that is, all the points lie



on a common diameter, and there is some non-repeating sequence i1,...,i, containing
the integers in [1,n] such that x;, and x;, are at distance % from the boundary, and

\xik—xikﬂ\:%foralllgkgn—l.

Fact 1.2.7. If Conf, has a critical configuration whose stress graph is not just a diam-

eter, then the corresponding radius is greater than 2n3+3.
Alpert then considers the change in ker :* as r increases. The author shows that ker.*
becomes non-trivial at the first critical radius, %, and in the case n = 4, it also increases

in size at r = % and r = v/2—1. We show in that this is all the critical radii of Confy,.

The majority of recent research in the area has focused broadly on finding additional
structure in the homology and cohomology of the configuration spaces of hard discs inside
an infinite strip [5, B, [7, B2, B3], although some work has also looked at topological
complexity [34]. There also exists some similar research into configuration space of

polygons, primarily squares [2] 4, [6, 2§].

1.3 Braids and homotopy groups of configuration spaces

of points

In this thesis, we will derive information about the homotopy groups of Conf,, , for dif-
ferent values of n and r. Here, we discuss these groups and, in particular, the homotopy

groups of configuration spaces of points.

Let X be a topological space, and let Q7" X be the set of maps of pairs (I™,0I™) —
(X,{z}), where I = [0,1]. Since S™ = I"™/0I™, it will often be easier to think of
these as basepoint-preserving maps (5™, %) — (X,z). The m-th homotopy group [22,
pp. 25-28, 340-341] is 7y, (X, z) = Q' X/ ~, where ~ represents homotopy rel {*} (see
Def. [1.2.1). We write [4] for the homotopy class containing v: (S™,x) — (X, z). It is
common to drop x from the notation, especially where X is path-connected. 71 (X, z) is
called the fundamental group of X. We say a space X is aspherical if 7,,(X) = 0 for all
m > 2, and we call X an Eilenberg-MacLane space of type K(G, k) (or just a K(G,k))
if m,(X) = G and 7, (X) = 0 for all m # k.

7Tm(X) has a well-defined group structure under concatenation. Given [7],[d] € T, (X),

the concatenation § - v is found as follows.

10



1. Take some equator S™~! which passes through * and collapse it to a point.
Sm/Sm=1 is a wedge of two spheres (i.e. a union where the intersection consists

of precisely one point, ).
2. Apply 7 to the first sphere of S™/S™~! and § to the second sphere.

Then we define [d] - [y] = [0 - 7]. The identity of 7,,(X) is [c], where ¢ is the constant
function p — x Vp € S™. The inverse of [f] € my,(X) is found by the composition of
f with some orientation-reversing map S™ — S™. Concatenation is abelian for m > 2.
Tm is a homotopy-invariant, and we reproduce the proof below in Lemmas [1.3.1] and

1.0.2

Lemma 1.3.1. Let X,Y be topological spaces, x € X, and f: X — Y a continuous

map. Then f induces a homomorphism fi: mp(X) — mp(Y) for all m € N.

Proof. Let v: (S™,%) — (X, x) be a basepoint-preserving continuous map, which rep-
resents a class in m, (X, x). Then fo~y: (S, %) — (Y, f(z)) is a basepoint-preserving

continuous map.

We first check this descends to a well-defined map on homotopy classes. Suppose there
is some 7/: (8™, %) — (X, z) such that v ~ +/. Then there is a homotopy rel basepoints,
H: [0,1] x S™ — X, between v and . Hence fo H: [0,1] x §™ + Y is a homotopy rel
basepoints between f o~ and f o/, as required. Thus f induces a map fi: mp,(X) —

Tm(Y') defined by fi[y] = [f o 1].
If ¢ is the constant map, then f o c is also constant. Thus f, preserves the identity.

Take [7], [6] € 7 (X, z). If we choose the same equator S~ ! in each case, it is immediate

that fo (6-7)(p) = (fod) (fov)(p) for all pe S™.

Finally, take [y] € 7, (X, z). Both f.([y]7!) and (f.[y])~! are represented by the map
gm oy gm Jy x i> Y, where the first map is orientation-reversing, thus the maps are

equal. ]

Lemma 1.3.2. Let X,Y be topological spaces such that f: X — Y, and let z € X.
Then fi: mn(X, ) = mn (Y, f(2)).

Proof. We aim to show that f, is a bijection, and thus (by Lemma/|l.3.1)) an isomorphism.

11



Denote by ¢g: Y — X a homotopy-inverse to f.

First, let [v], [0] € mm (X, z) be such that f.[y] = f«[0]. Then fovy ~ fod, and therefore

vy=idxoy~gofoy~gofod~idxod =0, that is [y] = [§]. Thus f, is injective.

Now, take [0] € (Y, f(x)), and let ¥ = god. Then foy= fogod ~idy od = J, that

is fi[v] = [0]. Thus f, is surjective. O

For sufficiently nice spaces, we also have the converse by Whitehead’s theorem [22], Thm.
4.5]: if XY are CW-complexes and f: X — Y a continuous map such that f,. is an

isomorphism in every dimension, then f is a homotopy equivalence.

We now consider X = Conf,, for some n € N. Conf,, is known to be aspherical (that is,
it has trivial m-th homotopy group for all m > 2) [15, Cor. 2.2]. m1(Conf,,) is known
as the pure braid group on n strings PBry, [21]. Given a pure braid f: (1,{0,1}) —
(Confy, {z}), the associated geometric braid I'y = (e (o 1 ({t} xU f(2)) C % D? consists
of n labelled, pairwise disjoint ‘strings’ (i.e. homeomorphic images of the closed unit
interval), where each slice {t} x D? is a picture of the configuration f(t) € Conf,. The
slices at ¢ = 0 and ¢t = 1 are identical, including labelling. Each string represents the
path of one point in the configuration throughout the path f. We can show a geometric

braid using a braid diagram.

Definition 1.3.3. Choose a (not necessarily orthogonal) projection m: D* — (—1,1) x
{0} = (—1,1) from D? onto the z-axis. Let f: (I,{0,1}) — (Conf,, {z}) be continuous.

Then the braid diagram (Fig. of f consists of two pieces of information:
1. The image of 'y under idjg 3 x 7: [0,1] x D* — [0,1] x (—1,1),

2. At each point where the images of two strings cross (intersect), we record which
string passes in front and which passes behind. We show this on the braid diagram
by omitting a short section of the string that passes behind on each side of the

intersection.

Due to the symmetries of D?, we will typically choose the basepoint of Confy to be the
configuration where the four points lie in a square, with z; top-left and the remaining
points following in sequence anticlockwise, and we will choose our projection so that the
positions of x1, z2, x3, x4 in the basepoint are projected onto the z-axis (—1,1) x {0} in

order, left to right. In accordance with convention, we will draw our braid diagrams so

12
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Figure 1.2: The diagrams of two braids «, § and their concatenation Sa. The horizontal

dashed line shows where the braids are joined together

the time coordinate (in [0, 1]) is vertical, with the top line being 0 and the bottom being

1, and the space coordinate is displayed horizontally.

Conf,, has a natural action by the symmetric group Sp, ¢+ (@1, ... Zn) = (Te(1)s - - - Te(n))-
In order to understand the pure braid group, we introduce UConf,, := Conf, /S™, the
unordered configuration space of n points in D?. As with Conf,, each braid has an
associated geometric braid; since the strings are no longer labelled, it is no longer required
that each string return to its own starting point in D? (although it remains true that
the slices at ¢t = 0 and ¢t = 1 are identical up to permutation of the labels, so each
string ends at the start point of some string). We have 7, (UConf,) = 0 for m > 2
by [2I, Thm. 3.2], and we call 71(UConf,,) the braid group on n strings, Br,. Each
braid induces a permutation on the points — this is a homomorphism Br, — S,, — then
PBr,, = ker(Br, — S,) consists of precisely those braids where every string returns to
its own starting point. In a braid diagram, the concatenation of braids S« is drawn by
drawing «, then drawing (8 directly below it so that the ends of the strings in « line up
with the start of the strings in £, and finally rescaling vertically so the braid has height
1 (see Fig. [1.2).

The most common presentation is due to Artin. Consider a geometric braid and asso-
ciated diagram. Given any braid, we can always obtain a homotopic braid such that
no two crossings in the braid diagram take place at the same ¢. Then we can choose
0 =ty < t1... < tp = 1, where k is the number of crossings, such that the slice

[ti;ti1] x (—1,1) contains only one crossing for each i € {0,1,...,k — 1} (see Fig. [L.3).

13



Figure 1.3: A braid diagram on 3 strings. A homotopy on the braid allows us to ensure
that only one crossing takes place on each horizontal. Then we can choose some times
to = 0,t1,...,t = 1 (indicated as dashed lines — here k = 2) such that precisely one
crossing takes place in each period [t;, ti+1].
i 1+1
y
(

Figure 1.4: The generator o; for Br,

We can further choose our homotopy such that each of these slices is the diagram of
a braid — that is, so that the positions of our n points in {¢;} x (—1,1) are the same,
up to reordering, for all <. Thus the braid group is generated by crossings of pairs of
strings, where the two strings lie next to each other in the braid diagram. We denote by
oi (i € {1,...,n—1}) (see Fig. the crossing where the string in the i-th position
crosses in front of the string in the (i + 1)-th position — that is, where the points in
positions ¢ and ¢ 4+ 1 swap positions by moving anticlockwise around each other. These

generators are related by
O'Z'O'j:o‘jO'Z’ if |Z—]|22

0i0i410; = 04100541 for all i € {1, e, — 1}

The generators of PBry,, s;j = sj; (i < j), are the braids in which strings 7 and j

wind round each other anticlockwise then return to their own start positions, passing

behind any intermediate strings (Fig. [L.5). This can be described, for any i < k < j, as
1

g -1 -1 2 _—1 -1 ‘ :
8ij = 04 v 010 1 -0 1O 0p 1 ---0; Oyl --.0j_1. In particular,

o ) 2 1 -1 _ -1 -1 2 )
8ij = 04...0§-205 10, 5...0; =0, 74...0,10;0i41...0j_1

where string 7 crosses under all the intermediate strings and string j under none in the

first expression, and vice versa in the second.

14



Figure 1.5: The generator s;; = 0. .. O'j,QO'JQ-_lO';_lQ .. .0;1 for PBr,,.

We include the following calculation as proof, inductively, that all expressions

o;.. .ak_10]7_11 . a];ila,%a,;_ll e O',;la'k-_i_l ...0j—1 (1 <k < j) represent the same braid.

, —1 -1 2 -1 -1 '
Oj e Ofg10; 1 - O OOy - Oy Oyl .. 0j1

) -1 2 . -1 -1
=0i. . 0k-10; 1+ - 03 10, 0kq1--.0j-10_1...0;

‘ -1 -1 2 1 -1
=0 Of10 1 Op 90 OOk 10,42 - - 0510}y - .. 0,

-1 -1 -1 -1 -1
= 0;.. .O'k_lo'j_ . "Uk+20k+10k0k+10k+10k0k+10k+2 .. .O’jflo'k_l .. 'Ui
-1 -1 -1 -1 -1
—Ui-“Uk:—lUjfy--Uk+20k(7k+lak OkOk+10y, Ok42.--0j-10p 1 -..0;

) -1 2 -1 ) -1
=0 0101 - Op  90kO} 1 Of Oky2--. 0104 1 ...0;

-1 -1 2 -1 -1
_O-i"'o-ko-j—l"'o-k+2o-k+1o-k "'Ui Ok+2---05—-1

The pure braid relations are simplified in [24] to

SijSrs = SrsSij fr<s<i<jori<r<s<j ,
SrjSirSji = SjiSrjSir = SirSjiSrj ifr<i<yj |
8j55jiSjrSrs = SrsSjsSjiSjr fr<i<s<y

1.4 Contents and structure of the thesis

In §2, we calculate the critical configurations and radii of 7: Conf, — R for n €

{2,3,4,5}.

Theorem A. The full set of pairs (n,r), where n € {1,2,3,4,5} and r is a critical

radius of Conf,, is given by
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This is seen in Prop. [2.0.7} [2.0.8] |2.0.9} [2.0.10} and [2.0.11}

In we look just beyond the first critical radius for topological features which vanish
in Conf,, when pushed forward through the inclusion ¢: Conf,, , — Conf,. Thm.
and 3.2.7] show

Theorem B. Let n > 4, and r = % + ¢ for sufficiently small ¢ > 0. m,_3(Conf, ;)

contains a non-trivial element which lies in ker(t,: m,—3(Conf,, ) — m,_3(Conf,)).

In particular, for n = 4 we demonstrate a non-trivial ‘thick braid” which vanishes as a
braid in the (pure) braid group. We then explore the possibility of adding more discs
into the unused space in D?, in such a way that the extra discs do not play a part in the

non-contractible loop, in order to probe higher critical radii for large n.

In §§|, we calculate the full homotopy type of Confy, just beyond the first critical radius,
culminating in Thm. which says:

Theorem C. There is a 1-dimensional cell complex Y of Euler characteristic 11 such

that Confy, ~Y x S* for all v € (3, 5]

We use this to calculate m(Confy,) beyond the first critical radius, showing that it

contains two elements for every generator of the pure braid group, and most of the pure

braid relations break down (Prop. Table [4.2)).

In we explore deformations of the unit disc. In particular, we consider the change in
homotopy-type as we deform the disc into an ellipse, which we classify by its eccentricity

e =4/1— 2—2, where a and b are the semi-major and semi-minor radii respectively. In

Thm. [5.0.4] and [5.0.7] we show

Theorem D. Let n > 4, and E be the ellipse with semi-major radius a, semi-minor
radius b and eccentricity e. Then Conf,, ,(E) contains a non-contractible (n — 3)-sphere

of the same construction as that in Thm. @for r= %Jre, € > 0 sufficiently small, when
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either:

. be (i,l] and a =1, or

3

)2
ii. b€ (§,v/r] and ¢ = 3Tl

n’
In case 7, we show that the homotopy class remains for e arbitrarily close to 1, or

equivalently for a arbitrarily large.

Finally, in we consider the homotopy groups of dimension less than n— 3 just beyond
the first critical radius. In this exploration, we define a gradient-like flow for 7 on Conf,
which preserves the stress graph N(z) (in the sense that no edges or vertices are lost

along a flowline, but more may be added).
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Chapter 2

The critical radii for small

numbers of discs

Recall that, for fixed n, the homotopy-type of Conf,,, changes at finitely many values
of r as r increases, and these are characterised by balanced stress graphs (Def. [1.2.4).
Later, in we will require a generalisation of these graphs which allow for negative

weights.

Definition 2.0.1. Take x € Conf,,. Let E be the set of edges of N(z). A generalised
weighting on N(z) is a map w: E — R, where w, := w(e) defines the force with which

each edge pushes on its endpoints, as described in Def.

Then w is generalised balanced if the total force F; on each interior vertex x; is zero.
N(x) is a generalised balanced stress graph if it has a non-trivial generalised balanced
weighting. If, in this case, N(z) has no non-trivial balanced weighting, then we may also

call it a phantom balanced stress graph.

In this chapter, we find the generalised balanced configurations for Conf,,, n € {2,3,4,5}
and the associated generalised critical radii. We start with some lemmas which define
how our generalised balanced stress graphs may appear. The critical radii found below

are summarised in Fig. with the corresponding configurations.

Lemma 2.0.2. Let w be a generalised balanced weighting on some x € Conf,,. Then
in each connected component G C N(x), the total force exerted on the boundary by the

boundary edges is zero.
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Proof. First, observe that each edge of G exerts force on both its vertices, and these
two forces are equal and opposite. Hence, the sum of all forces exerted by the edges
of G is 0. Next, taking the sum of all forces acting on the interior vertices, we have
Zmi in ¢ Fi = 0. Therefore, the sum of all forces acting on the boundary vertices of G is

also 0. 0

Given a generalised weighted graph (G,w), we denote by Z(G) C G the subgraph
containing all vertices of G and the edges of G with non-zero weight. Z(G) is thus

empty if and only if w is trivial.

Lemma 2.0.3. Let G be a generalised balanced stress graph, and suppose Z(G) has an

interior vertex, v, of degree at most 1. Then v is isolated in Z(G).

In particular, if v is a leaf of G, then the unique incident edge has weight 0.

Proof. Let G be a generalised weighted stress graph, v a vertex with degy ) (v) =1,
and e an edge incident to v in Z(G). Then the magnitude of the force on v is equal to

We, SO this force is non-zero. Therefore, G is not generalised balanced. O

Lemma 2.0.4. Let G be a generalised balanced stress graph, and v a vertex of G with

degy(c)(v) = 2. Then the two incident edges of v in Z(G) are collinear.

Proof. Let G be a generalised weighted stress graph, v a vertex with degy q) (v) = 2,
and e, e’ the edges incident to v in Z(G). Suppose e, ¢’ are not collinear, and therefore
not parallel. Any non-trivial linear combination of the two edge vectors is therefore

non-zero, and thus G is not generalised balanced. O

We define the interior of a stress graph to be the full subgraph induced by the inte-
rior vertices. The following lemmas will be used implicitly to reduce repetition in the

calculations of the critical radii.

Lemma 2.0.5. Take n > 1, x € Conf,,, and w a generalised weighting on N(x). If the

interior of Z(N(z)) is trivial, then w is not generalised balanced.

Proof. By assumption, all edges of Z(N(x)) are boundary edges. Since n > 1, there

is at least one z; not at the origin, so 7(x) < 1. Then each vertex has at most one
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incident boundary edge in N(xz). Therefore, for all j, degy(n())(z;) < 1, and thus
degz(n(z)) (%) = 0 by Lemma Thus w is the trivial weighting. O

Lemma 2.0.6. Taken > 2 and let x € Conf,, be generalised balanced. Then the interior

of N(z) contains no components with only one edge, unless this edge has trivial weight.

Proof. Take x € Conf,, and choose a generalised balanced weighting w on N(z). Let
the vertices x;,z; be adjacent along an edge e with non-zero weight, and suppose this
component of the interior stress graph contains no other vertices. By Lemma
both z; and z; have a second incident edge in the stress graph, collinear with e. By
assumption, these are boundary edges. Therefore, this component of the stress graph is
a diameter of D?, and 7(z) = % However, it is impossible to fit a third point y € D?

such that dist(y,0D?) > % and dist(y, z;), dist(y, z;) > 1. O

Proposition 2.0.7. The unique critical radius of Confy is r = 1. Conf; has no other

generalised critical radii.

Proof. If x1 # 0, then there is a unique closest point to 21 on 9D?. Then N(x) contains
exactly one edge, and the vertex at x; is a leaf. Thus the only generalised balanced
choice of weights is trivial by Lemma Conversely, if 1 = 0, then there is an edge
of length 1 joining z1 to each p € OD?, and these are balanced by giving every edge
weight 1. O

Proposition 2.0.8. The unique critical radius of Confy is r = % Confs has no other

generalised critical radii.

Proof. Let © € Confs be a generalised critical configuration and choose a generalised
balanced weighting on N(z). By Lemma N(x) has an interior edge joining x; and
x2 with non-zero weight. By Lemma [2.0.3] neither z1 nor x5 can be a leaf in Z(N(z)),
so each must be incident to a boundary edge with non-zero weight. Then Lemma
implies these edges are all collinear. Thus N(z) is a diameter of D?. We can balance this
by giving the interior edge weight 1 and the boundary edges weight 2, and the associated

critical radius is % O
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We denote by P, the path on n vertices (and n — 1 edges), and by C,, (n > 3) the cyclic

graph on n vertices.

Proposition 2.0.9. The critical radii of Confs are %,2\/§ — 3. Confs has no other

generalised critical radii.

Proof. Let x € Confs be a generalised critical configuration and choose a generalised
balanced weighting on N (z). By Lemmas and each component in the interior

of Z(N(x)) has at least two edges. Then the interior part of Z(N(z)) is Ps or Cs.

If the interior of Z(N(x)) is C3, then Lemma implies that each vertex must be
adjacent to a boundary vertex. Since all interior edges have the same length, C3 is
realised as an equilateral triangle. Since the boundary edges all have the same length,
the triangle must be centred at the origin. We can balance this configuration by giving
the interior edges weight 1 and the boundary edges weight 21/3. This configuration

corresponds to the critical radius 2v/3 — 3.

If the interior of Z(N(x)) is P3, then Lemma implies that the two vertices of
degree 1 must be adjacent to a boundary vertex, and the incident edge must have non-
zero weight. Moreover, Lemma [2.0.4] implies that the edges must all be collinear. Then
N(z) is a diameter of D2. We can balance this by giving the interior edges weight 1 and

the boundary edges weight 2, and the associated radius is % ]

Proposition 2.0.10. The critical radii of Confy are L'1/2 —1. Confy also has a

473
generalised critical radius @

Proof. Let x € Confy be a generalised critical configuration and choose a generalised
balanced weighting on N(z). By Lemmas and each component in the interior

of Z(N(x)) contains a P3. We consider the following cases.

Suppose the interior of Z(N(x)) contains a copy of Cy. Then this appears as a non-
degenerate parallelogram. By Lemma each vertex must have a third incident edge
in Z(N(z)), and there are two possibilities.

1) Each of these is a boundary edge. Then N (x) must be a square centred at the origin.
This can be balanced by giving the interior edges weight 1 and the boundary edges

weight 2v/2, and corresponds to the critical radius v/2 — 1.
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2) Z(N(x)) contains an edge across a diagonal of the parallelogram, splitting it into two
equilateral triangles. The remaining two vertices have boundary edges. If these are the
only two boundary vertices, the boundary vertices must be antipodal by Lemma [2.0.2
so the centre of the diagonal is at the origin. If we consider one of the vertices incident to
the diagonal, we see that its three incident edges lie in a half plane, so this configuration
can’t be balanced. However, it can be generalised balanced by giving weight 2v/3 to the
boundary edges, 1 to the outer edges of the parallelogram, and —1 to the diagonal. The

@. Otherwise, if one of the vertices on the diagonal is adjacent

associated radius is
to the boundary, then other vertex on the diagonal must be at the origin. Then this
configuration lies in the family of generalised critical configurations in which one point

is at the origin, with radius r = %, which is discussed in the final paragraph.

Next suppose the interior of Z(N(z)) contains a Cs (in an equilateral triangle) but no
Cy4. Assume without loss of generality that the C3 contains x1, 2, z3. By Lemma
each vertex of the C3 must have a third incident edge in Z(N(z)). These cannot all
be boundary edges, since these three vertices would form the critical configuration of
radius 2v/3 — 3 from Confs, and then there is insufficient space to fit the fourth point.
Therefore x4 is adjacent to exactly one vertex, say x3, by an edge of non-zero weight.
x4 is also adjacent to a boundary vertex by Lemma [2.0.3] and the two edges incident to
x4 are collinear by Lemma [2.0.4] Then there are two possibilities:

1) 3 = 0. Then the edge connecting x1 to z3 is collinear with the boundary edge incident
to x1. But the edge connecting z; to zo applies a non-zero force to x1 and this has a
component orthogonal to the line containing the other two edges, so this configuration
is never balanced.

2) x3 # 0. Since x; and 2 are both at distance r from the boundary, it follows that the
line containing x3 and x4 is a line of symmetry for the configuration, whence we derive
that 7 satisfies 7% + ((3+v/3)r — 1)2 = (1 — )2 This has solutions r € {0, %}, but

0 ¢ 7(Confy), so r = 3. Thus x5 = 0, a contradiction.

Finally, suppose the interior of Z(N(z)) has no Cs or Cy. If it is Py, then the two end

vertices each have an incident boundary edge with non-zero weight by Lemma and

thus N(z) is a diameter containing all four points by repeated applications of Lemma

This is balanced by giving the interior edges weight 1 and the boundary edges
1

weight 2, and has associated radius 7. If the interior of Z(N(x)) consists of a P3 and
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an isolated point, then Z(N(z)) is a diameter containing three points by the same

arguments, corresponding to radius 3. Otherwise, the interior of Z(N(x)) consists of

one vertex of degree 3, and three leaves. Then each leaf is incident to a boundary edge,
which is collinear with its other incident edge, by Lemmas [2.0.3] and [2.0.4] This means
that the vertex of degree 3 lies on three radii and is thus at the origin, so this corresponds

to radius % again. Any such configuration can be at least generalised balanced. O

11 sing Confs also has
403 Tfsin ¥ 5

Proposition 2.0.11. The critical radii of Confs are %,

generalised critical radii 41;261\/5, 2 —/3, %

Proof. Let x € Confs be a generalised critical configuration and choose a generalised
balanced weighting on N (x). By Lemmas and each component in the interior

of Z(N(z)) contains a P3. We consider the following cases.

First, suppose the interior of Z(N(x)) contains a Cs. This is a pentagon with 5 equal
edges. By Lemma each vertex must have a third incident edge in Z(N(x)), and
these can be boundary edges or diagonals within the pentagon.

1) If there are no diagonals, then the Cj5 is a regular pentagon centred at the origin.

This is balanced by giving each interior edge weight 1, and each boundary edge weight

inT™
SlIl5

3
4 cos 3% Trsn T

10> and corresponds to a critical radius r =

2) If there are two diagonals in the pentagon, then the graph is constrained to a trapezium
with one edge of side length 47 and three edges of side length 2r. The vertices at the ends
of the long edge must be adjacent to a boundary vertex by Lemma If these are
the only two boundary vertices in Z(N(z)), these must be antipodal by Lemma [2.0.2
Otherwise, the vertex at the centre of the long edge lies on three radii. In each case, the
vertex at the centre of the long edge miust be the origin. Then this configuration lies in
the family of generalised critical configurations in which one point is at the origin, with
radius r = %, which is discussed in the final paragraph.

3) If there is one diagonal, this splits the pentagon into a parallelogram and a triangle,
with one shared edge. The three vertices not on this edge are adjacent to boundary
vertices. This yields a family of configurations with associated radius % This can always
be generalised balanced (but not balanced) — for example, when the parallelogram is a
square, we give weight -1 to the shared edge, v/3 to the edges of the square and the

boundary edge incident to the triangle, 2 to the edges of the triangle, and 2v/6 to the
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boundary edges incident to the square.

Next, suppose the interior of Z(N(z)) contains a Cy4, but no Cs. Denote the vertices
of the C4 as x1,x9,x3, x4 in anticlockwise order. If the fifth point is not in the same
component of Z(N(x)), then the Cy would have to be one of the critical configurations
from the case n = 4 — however, this is impossible as the fifth point will not fit at
a sufficient distance from the C; and the boundary. Therefore, the interior part of
Z(N(x)) consists of the Cy and a vertex, say x5, which is adjacent to exactly one vertex

in the cycle, say 4. Then x5 must have a boundary edge collinear with the edge between

x4 and x5 by Lemmas [2.0.3] and [2.0.4] and each of the remaining three vertices must

have a third incident edge. This yields three subcases:

1) 1 and x3 are each adjacent to a boundary vertex and x4 = 0. This configuration lies
in the family of generalised critical configurations in which one point is at the origin,
with radius r = %, which is discussed in the final paragraph.

2) 1 and x3 are each adjacent to a boundary vertex and x4 # 0. Since dist(x1,90D?) =
dist(z3,0D?) and |r1 — 24| = |z3 — 24], it follows that x1 and z3 are equidistant from
the diameter containing x4 and x5, and so x9 lies on this diameter. Then by summing

distances along this diameter, we have
2 = dist(z5, 0D?) + |x4 — x5| + |x2 — 24| + dist(z2, dD?) > 6r

However, since the edge from x4 to x3 is not radial and therefore not collinear with the

boundary edge incident to x3, we have
dist(z4,0D?) < |3 — 24| + dist(z3, 0D?) = 3r

74 lies on a diameter at a distance 3r from one end, so dist(x4, 9D?) = min{3r,2 — 3r}.
Therefore 2 — 3r < 3r, which is a contradiction — this case does not correspond to the
stress graph of any generalised critical z € Confs.

3) 1 and z3 are adjacent to each other, while z is adjacent to the boundary. If x5 and x5
are the only boundary vertices, they are antipodal by Lemma [2.0.2] The configuration
can be generalised balanced by giving weight 21/3 to the boundary edges, v/3 to the
edge between x4 and x5, 1 to the outer edges of the parallelogram, and —1 to the edge
between x1 and z3, and corresponds to radius r = 2 — V/3. Otherwise, either z1 or x3 is

adjacent to the boundary. Then the other of these vertices must be at the origin, so this
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configuration lies in the family of generalised critical configurations in which one point

is at the origin, with radius r = %, which is discussed in the final paragraph.

Next, suppose the interior of Z(N(x)) contains a C3, but no C4 or Cs. Denote the
vertices of the C'5 as x1, T2, z3 in anticlockwise order, and the remaining vertices x4, T5.
If the C is an entire component in the interior of Z(N(z)), then we obtain the critical
configuration of radius 2v/3 — 3 from Confs, but this is too big to fit the remaining
points. If the component containing Cs contains 4 vertices, then the fourth must be
adjacent to exactly one vertex of the C3. But we argue in the proof for Conf, that this
configuration is never critical. Therefore, this component contains all 5 vertices. The
graphs of this type can be considered in three cases.

1) C3 contains a vertex, say xs, which is adjacent x4 and x5. Then both are adjacent to
a boundary vertex, and the two incident edges at each vertex are collinear, by Lemmas
2.0.3]and Therefore x3 lies either on two non-collinear radial lines, or at the centre
of a diameter, so x3 = 0. This configuration lies in the closure of the stratum where the
interior of Z(N(z)) is a tree containing a P3 but no Py, with associated radius r = %,
discussed in the final paragraph.

2) One of the vertices of C3, say x3, is adjacent to one vertex, say x4, and x4 is adjacent
to x5. Then x5 is adjacent to a boundary vertex, and the section of graph between x3
and this boundary vertex is a straight line by Lemmas [2.0.3] and [2.0.4} moreover, 21 and
9 are adjacent to boundary vertices. This latter is impossible if z3 = 0; therefore, 1
and z9 are equidistant from the line passing through x3 and x5. The edges at x1 lie in
a half-plane, so this graph cannot be balanced. However, it can be generalised balanced
by giving weight 2v/3 to all edges incident to x4 or x5, 2 to the edges of the triangle
adjacent to x3, 2v/3 — 1 to the boundary edges incident to the triangle, and —%1‘/3 to
the remaining edge of the triangle. If the boundary vertex adjacent to xs is placed at

(0,1), then z5 = (r,1 — 5r —/3r). We solve |z2| = 1 — r to find that the associated

41-63
21 -

radius is
3) Two vertices of the triangle, say x2 and z3, are each adjacent to one of theremaining
vertices, say x4, x5 respectively. Then x4, x5 are each adjacent to a boundary vertex,
and the edge joining them to x2 and x3 respectively is collinear with their boundary
edge by Lemmas and so dist(zq, 0D?) = dist(z3,0D?) = 3r. However, we

also have dist(z2,0D?) < |z — 21| + dist(z1,0D?) = 3r and dist(z3,0D?) < |x3 — 1| +
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dist(z1,0D?) = 3r. At least one of these is not a straight line distance, and so the
inequality is strict, which is a contradiction. Therefore this case does not correspond to

the stress graph of a generalised critical x € Confs.

Finally, suppose the interior of Z(NN(x)) contains no cycles. Using arguments from the
proof for Confy, we can say that if it is a Ps, then this is a diameter of D?, corresponding
tor = %; if it is a P, and an isolated vertex, then this is a diameter of D?, corresponding
tor = %; if the longest path is a Pj, then there is a vertex and the origin and the

corresponding radius is r = % The only remaining configuration is a Py where the
remaining vertex is adjacent to one of the middle vertices. By Lemma [2.0.3] each of the
leaves of this graph has an incident boundary edge, so then by repeated applications of
Lemma we see that the vertex of degree 3 lies on three radial lines, and thus lies
at the origin. However, the paths from the boundary vertices to this vertex do not all

have the same length, which is a contradiction. O

Remark 2.0.12. Consider the family of critical configurations of Confs at r = % with
one point at the origin, and the family of generalised critical configurations of Confs at
r= % where the interior part of the stress graph is a parallelogram with a triangle on
one edge. These families meet at the configuration where the stress graph is a trapezium

with an edge from the centre of the long side to each opposite corner.

26



O 6969 &
“ '
e

1 1 fl \/5_1

SOSOS v
0

Wl
\]
>
|
w

5 1 411261\[ (2—V3)
1 sin £
g 5 1+sin %

Figure 2.1: The generalised critical configurations of Conf,, n € {1,2,3,4,5}, with
the underlying stress graphs. The associated critical radius r is written below each
configuration. Brackets indicate that the configuration is not balanced using only non-
negative weights. For most pairs (n,r) shown, there is a unique generalised balanced
stress graph up to rotation of the unit disc. The exceptions are (5, 4) where the isolated
disc may move freely; (4, %) and (5, %), where the outer discs may move freely; and
(5, (%)), where there is a family of generalised balanced stress graphs, parametrised by

an internal angle of the rhombus.
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Chapter 3

A new homotopy class beyond the

first critical radius

3.1 Four discs, and braids of thick strings

For n = 4, understanding the spaces Conf, , as r changes is comparatively simple, as
there are only three critical radii (see Prop. . For r > 1/2 — 1, the configuration
space is empty. For % < 1 < /2 — 1, the configuration space is homotopy equivalent
to Conf 4/I-10 in which there is only one configuration up to rotation of the unit disc
and permutation of the four discs, so the configuration space is a disjoint union of six
circles. For r < i, it is the configuration space of points. Thus, it only remains to
check i <r< % In this case we will demonstrate the existence of a ‘thick braid’: a
non-trivial loop in Conf,, which is trivial in Confs when the discs of each configuration
are replaced by their centres. This immediately shows that the radius of the discs affects

the homotopy-type of the space: for r < %, Conf,,, is a K(PBry, 1), whereas this is no

longer the case for r > %.

Theorem 3.1.1. Let i <r< % Then Confy, contains a non-trivial loop which is

homotopic to 0301_103_101 in the standard representation of the braid group, and therefore

trivial when the disc radii are reduced below %.
A realisation of this loop is depicted in Figure [3.2

A key piece of the proof comes in proving that the given loop is non-contractible. This
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will rely on the following map (inspired by [I]) and lemma, which will be used in this

chapter and again in

Definition 3.1.2. Given some D € Conf,, .(U), and some non-repeating sequence I =
(i) of integers 1 < i < n, let 6 = (D) be the anticlockwise angle from the vector
(1,0) to the vector x;, ., — x;, for all k. Let ¢y = 0 — 0y for 2 < k <n —1. Then the
angle map is ang;: Conf,, ,(U) = T" 2 D~ (¢2(D),..., ¢n-1(D)). If I is the sequence

1,2,...,n, then we write ang(D) := ang;(D).

We may think of ¢, as a turning angle: if we walk along a straight path from x;, , to

Tj,, and then from z;, to z;_,,, then ¢y is the angle through which we turn at z;, (see

Fig. 3.1).

Figure 3.1: The angles 05 and ¢ used to construct the map ang in Def. Angles
are taken to be anticlockwise from the dotted line to the solid line, so 8,1 < 0 and

Ok, o > 0 in this diagram.

Lemma 3.1.3. Letn, k€N, r > % and U C R? a connected, codimension zero submani-
fold such that any disc of radius r in U is contained in D?. Let T be some m-dimensional
manifold, f: Conf, .(U) — T be a continuous map, and p € T be such that if f(D) = p,
then some k discs in D lie on a straight line. Let S be an (m — 1)-sphere in T\{p}
such that [S] # 0 € mp—1(T\{p}) and S: S — Conf,, . (U) a local section of f. Then S

represents a non-trivial class in mp—1(Conf,, (U)).

Proof. First, we note that S is an (m — 1)-sphere inside Conf,, ,(U), so represents some
class in 7,1 (Conf,,,(U)). Since r > ¢, we cannot fit k discs of radius r on one straight
line inside D2, nor therefore inside U, so f(Conf, ,(U)) C T\{p}. Given that S = f(S),
we have f,[S] = [S] # 0 € mp—1(T\{p}), and the result follows by Lemma [1.3.1] O

Once a choice of S,S is made, this lemma can be used to prove that S is non-trivial
in its homotopy group. We will typically apply this lemma with f = ang; for some

appropriate choice of I, T = T" 2, and p = 0, since p = 0 is often missing from the
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Figure 3.2: A loop of configurations of four discs of radius 0.29 inside the unit disc,

starting at the top right, which is homotopic to the sequence o307, 10; l51 in the stan-

dard representation of the braid group. This descends to the loop 9 [—g, %]2 c T?

(blue) under the map ang. The blue loop is non-contractible in 72\{0}; then since

0 ¢ ang(Confy .29), the loop of configurations is also non-contractible. This homotopy

. 1 1
class persists for ; <r < 3.
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image of ang if the disc radius is large enough.

Proof of Theorem|[3.1.1 Consider the loop S = 0 ([—g, 3]2) C T?. We can then define

a local section S: S — Confy , for any r < 2+1\/§ by

(=1 — cos ¢2 — cos ¢3, sin P — sin ¢3)
1 (=1 + cos ¢2 — cos ¢3, — sin ¢ — sin ¢3)
2+V2 (1 + cos ¢pg — cos ¢3, — sin ¢ — sin ¢P3)
(

(¢2, P3) =

1 + cos ¢y + cos @3, — sin ¢y + sin ¢3)

where the rows are the coordinates of the centres, denoted z; (i € {1,2,3,4}), of the

four discs.

It is possible from the given coordinates to check S is well-defined. First note that on S,

there is always one ¢; = £5. Then sin ¢; = £1 and cos ¢; = 0, so letting ¢ represent the

2 2
other coordinate, |z;|> = (2;\5) (1 £cos¢)? + (1 £sing)?) < (%) < (1-r7)2
Therefore, D; C D? for each i. We may check similarly that any two disc centres are

separated by a distance at least 2r.

By construction, discs 2 and 3 lie on the same horizontal line at all values of &, while
the coordinates of discs 1 and 4 are chosen to satisfy ang o S = idg, so this is indeed a

local section to ang.

Consider {S(¢2, ¢3) | (d2, ¢3) € S}. At each corner of S, the four disc centres of S(¢1, ¢2)
form a parallelogram. Along the first edge, {(§ —tm, 5) | t € [0,1]}, we can check from
the coordinates that D; moves half a turn anticlockwise around Ds, while the three
other discs stay in the same position relative to one another. This causes D; and Ds to
switch positions in the parallelogram; therefore the underlying path in Confy traced out
by the disc centres along this side is homotopic to the braid ¢j. Similarly, the remaining

sides of S yield the braids o5 L o; L o,

If ang(D) = 0, then the four discs lie on a straight line. Furthermore, [S] # 0 €
71 (T?\{0}). Therefore S represents a non-trivial class in 71 (Confy,) by Lemma

Finally, this homotopy class persists until the second critical radius by Fact which

isr= % (see Prop. [2.0.10]). O
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3.2 More discs yields a higher-dimensional homotopy class

It is well-known [15, Cor. 2.2] that the configuration space of n points in any codimension-
zero subset of the plane (and in particular the open unit disc) is aspherical — that is, its
homotopy groups in dimension 2 or greater are trivial. Here, we generalise the work of
1 to demonstrate a non-trivial element of m,_3(Conf,, 1 4.) for all n > 5, provided

is suitably small, showing that this property is lost beyond the first critical radius.

Theorem 3.2.1. There is a non-trivial element in m,_3(Conf, ) for all n > 5 and

1 1
E<T§7n—l'

To prove this theorem, we will construct a sphere of configurations for sufficiently small
r > % The following lemma is used to prove that the configurations in the constructed

sphere lie inside D?.

Lemma 3.2.2. Let D = (D1, Ds, ..., Dy) be a configuration of open unit discs such that
Dy, is in contact with D1y for all1 <k <n—1 and ¢; = ££ for some2 <1 <n—1,

0<&< 3 Then UD C B (255, n —4sin? §).

Proof. Let z = WT“" The claim is equivalent to proving z; € B (z,n —4sin? ¢ — ),

1
or equivalently |z — z;| < n — 4sin? % —1=n—-342cos %, for all i. We have two cases:

i # I: By the triangle inequality, |z — 2;| < 3 (|21 — ;| 4 |z; — 2n|). Then, assuming

(by reversing the labelling if necessary) that i > [, we have

-2 i—1
w1 — 2| < |wk — apga| + oo — ol + D ek — 2
k=1 k=i+1

2(l—2)+4cos§+2(i—1—l)

:2(i—3)+4cosg

n—1
i — n| <Y |wk — s
k=1

=2(n —1)

Thus |z — z;| <n — 3+ 2cos %, as required.

© = l: First, consider our configuration placed in the plane with x;_1 and x; 41 equidistant

from the origin along the xz-axis. Then (up to reflection) ;1 = (—¢,0), z; = (0, —s),
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z1+1 = (¢,0), where ¢ = 2 cos% and s = 2sin % As in the first case, we have |x] — 21| <
Zij |x; — 21| = 2(1 = 2), |2y — 2141| < Z:L:_l}f—l |x; — xi41] = 2(n — 1 — 1), so there are
A€0,l-2], Be[0,n—1—1], and angles «, 8 such that x; = (—c —2Asina, 2A cos )
and z, = (c+2Bsin3,2Bcos 3). Then z —x; = (Bsin 8 — Asina, A cosa+ B cos 5+ s).

Therefore

|z — x| = (Bsin 8 — Asina)? + (Acosa + Bcos § + s)?
= B?sin® 8 — 2ABsinasin 8 + A% sin® o
+ B%cos? B+ 2ABcosacos f + A? cos® a + s* + 2sA cos o + 2sB cos 3
= B? 4+ 2ABcos(a + ) + A% + % + 2sA cosa + 2sB cos 3

< B2+ 2AB + A? + s> + 2sA + 2sB

=(A+ B +5)?
5 2
< (n—3+2sin2)
We complete our proof by noting that sin% < cos g O

Remark 3.2.3. This maximum is sharp, as it is attained by discs 1 and n in the config-

uration in which all discs except [ are collinear.

Proof of Theorem |3.2.1. First, consider the case % <r<—2L1___ We take the (n—

= n—4sin?(F)

3)-sphere S = 0 [—27”, %’r] n_2, and claim that the following algorithm defines a local sec-

tion S: S — Conf,, ,. We construct the configuration (Di,...,Dy) = S(¢2,...,¢0n-1)

as follows:

1. Place D; centred at the origin of the plane and D5 in contact with it, centred at

(2r,0).

2. Place each subsequent disc D; in contact with D;_;, such that x; lies on the ray

from xz;_1 at angle ¢;_1.

T1+2%n

3. Translate all discs by —*5

angoS = idg by construction (step 2). The placement of D; at step 2 is continuous with
respect to ¢;, and the translation in step 3 is continuous with respect to z; and z,, so S

is continuous. Thus, we prove our claim if we show that S(®) € Conf,,, for all ® € S.
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Figure 3.3: The placement of the i-th disc in the construction of the configurations of

Theorem [3.2.11

At the placement of D; in step 2, consider the two regular n-gons which have T;—1x; as
one of their sides. Since |¢y| < %’r, the external angle of a regular n-gon, for all k, the
sequence of edges

1 —> T —> ... —> Tj—1 — I;

lies outside or on the boundary of these two n-gons. Thus, since i—1 < n, D;ND; = ) for
je{1,2,...,i—1}. Therefore no two discs in S(¢2, ..., ¢,—1) overlap. Since every point
in S has at least one coordinate equal to :l:%r and D; 1 touches D; for all ¢, we can apply
Lemma with & = 27” to show that |JS(¢2,...,¢n-1) C B (O, (n — 4 sin? %) r) C

D?, which completes the proof of our claim.

Next, we note that if ang(D) = 0, then the n discs lie on one straight line. Moreover,
[S] # 0 € m,_3(T"2\{0}). Therefore we may apply Lemma to show that S

represents a non-trivial class in m,_3(Conf,, ).

Finally, this non-trivial class persists up to the second critical radius by Fact This

is 1= — when n € {4,5}, this is Prop. |2.0.10| and |2.0.11L while for n > 6, we note that

n—1
3 > L and so this must be the second critical radius by Fact m ]
2n+3 = n—1° i

Remark 3.2.4. While we are able to extend the existence of a homotopic sphere in Conf,, ,

to radii up to r = ﬁ in the proof of Thm. Remark shows this will not

project to 9 ([—2E, 2Z]"=2) for radii above m: for these radii, any configuration
with angles (0,...,0, -7, 27”, —2,0,...,0) has diameter greater than 2, so does not lie

in the unit disc.

Remark 3.2.5. This algorithm allows us to construct explicit coordinates for our config-

uration in terms of 6; = Z;Zl ¢j. At step 2, x; = 27‘(23;11 cos b, 23;11 sin ;) for
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i > 2, with 6; = 0. After translation by —3(z1 + 2,) = —T(Z?;ll cos Qj,Z;-:ll sinf;),

we have z; = T(Z;;ll cos b — Z;:il cos 6, Z;;ll sinf; — Z?:_il sin 6;).

Remark 3.2.6. We can construct a sphere of the same homotopy class by lifting S =

8([—6,5]"_2) to Conf,, by the same algorithm for all 0 < ¢ < 27” and % <r <

1 2i—n—1 .
s () Then, by Remark |3.2.5] z; — (%, 0) as & — 0 for all configurations of

the sphere. That is to say, the configurations of the sphere are constrained increasingly

close to the critical configuration.

Remark 3.2.7. This construction gives rise to many distinct homotopy classes in

mn—3(Conf,, ,.) for % <r < 5. Given r < — 1 take¢ € S,, and let S’ =¢- S,

1

n— n—4sin® 5

where the action of ¢ on Conf,,, permutes the discs in the natural way. It can be shown
that there is a path v: [0,1] — Conf, , such that v(0) € S and (1) = ¢ - ¥(0), so
we can consider [S'] in the same homotopy group as [S]. Then ang(S’) encircles some

0#®c{(p2,...,0n_1) €ET" 2|V, ¢; € {0,7}}, where ® corresponds to n discs lying
on a line. Hence ang, ([S']) # [S], so [S] # [S].

3.3 Higher critical radii: a parametric packing problem

It is natural to consider whether similar constructions might work beyond higher critical
radii. The most accessible critical configurations of Conf,,, for this question are the
configurations where £ discs of radius % (k < n) lie on some diameter of D2. If we
‘forget’ the remaining n — k discs, then we know that this critical configuration exists in
Conf kLo and we have shown (Thm. that there is a corresponding non-contractible
(k — 3)-sphere in Confy, for r € <%, k—il} We want to know whether the ‘same’ non-
trivial my_3-class exists in Conf,, 1ye for sufficiently small €. In the sphere representing
this class, we would expect to see some k discs which wind round the line x = 0 as

described in the algorithm of Thm. while the remaining n — k discs would move

only as much as necessary to avoid intersections between discs.

We formalise the notion of forgetting, and explore this type of question for all critical radii
and non-trivial homotopy classes, as follows. Take n > k and let F}, . : Conf,, , — Confy ,

be the forgetful map (D1,...,Dy) — (D1,..., D). Then we ask:

Question 3.3.1. Take m,k € N. Let ry be a critical radius of Confy(U), and take

some non-trivial v € mp,(Confy, yo4-(U)). What is the largest n € N such that, for all
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sufficiently small ¢ > 0, there exists v' € 7y, (Conf,, ry4e) with (F, 1)« (7)) =77

Having found some n and 7/ satisfying the above conditions, we therefore have a non-zero
Tm-class in Conf,, r,4+-(U), where rg is a higher critical radius for n discs. Furthermore,
since Fy, 1 = F), v 0 Fyy , for every k < n/ < n, this also yields a non-trivial m,,-class in

each Conf,/ ,,+.(U), where rq is a higher critical radius for every k < n' < n.

For the remainder of this section, we consider the m;_3-class in Conf, 1, _ from @ It
'k
is easy to find a lower bound on our question for these. By Remark for any £ > 0

and sufficiently small € > 0, we can construct a non-contractible sphere in Conf; 1,
'k

whose configurations are contained in H,.: := Ule B ((%jﬁ“‘*l , 0) , % +é ) Therefore, if

we can fit [ discs of radius % + ¢ in D?\H,/, then we have a lower bound n > k + [.
We illustrate this with an example.

Proposition 3.3.2. Consider the non-trivial class [S] € ma(Conf constructed in

. Then for 5 <n < 19, there is [S] € 772(Comfn7éJr

5,%+€)
) such that (Fy,5)«([S]) = [S].

€

This is inspired by the packing of 19 discs in [17].

Proof. Consider the configuration (D1, ...,Dig) € ﬂg(Conflgyé) in Fig. in which
z; = (Z%2,0) for 1 < i < 5 (five discs lined up across the horizontal diameter),

and the remaining 14 discs are centred at the coordinates of form % (cos %, sin %) or

4 T i T . .
5 (cos & sin ?), J an integer.

We now adjust the configuration as follows, for some ¢ > 0.

1. Roll Dy1, D13, D1g, D1g along 0D? towards the horizontal diameter, so they no

longer touch Dg, D7, Dg, Dg. Stop before they make contact with D1g, D14, D15, D19.

2. Move Dg, D7, Dg, Dg away from the horizontal diameter. Stop before they make

contact with any other discs.

3. Enlarge Dg, D7 about their point of contact until they have radius % + €. Do the

same for Dg, Dy.

4. Enlarge D; about its point of contact with D? until it has radius % + ¢ for each

10 < j < 19.

If € is chosen to be sufficiently small, then the discs D; (6 < 7 <19) do not overlap each
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Figure 3.4: A configuration in Conf,y 1. The positions of D; for 6 < i < 19 can be
5
adjusted so that none are in contact with discs D; for 1 < ¢ < 5. This allows the D;,

1 <14 <5, to trace out the non-trivial element of mo(Conf 1 +€) from
’5

37



other and remain within D?. Furthermore, there is some &’ and some non-contractible
2-sphere 7 in Confy 1, _ such that the configurations of v are contained in H. and

H.oNDj =0 forall 6<j<19.

Thus by choosing a representation of [S] such that the discs of each configuration fit
inside H,/, and placing n — 5 additional discs in some of the positions D; (6 < j < 19),

we construct [S'] € ﬂg(Confn%ﬁ) such that (F,5)«([S']) = [S] for 5 <n < 19. O

Since the best known packing of 20 discs into D? has disc radius 0.19522 (see [30]), it
appears likely that 19 is the best possible value of n for k = 5, as it is likely impossible to
fit 20 discs of radius % +¢in D? at all. On the other hand, it is not necessarily true that
this technique gives the best possible lower bound for general n, since this construction
depends on a specific choice of representative of the homotopy class. However, in most
representatives S of this class, the variation of | JD over all D € § is much greater. This
means that the additional discs must be able to fit into many differently-shaped regions
(given by D?\ |JD for each D), and must do so continuously, and without intersecting
with each other. The configurations we constructed in §3 consist of an unbroken line of
discs, in which the variation of |JD is symmetric about the z-axis. If the positions of
the first k discs vary more, we see that for some D € S, there is more space above the
configuration, and for other D € &, there is more space below, so some of the additional
discs must move from one side of the configuration to the other. This may not be possible
in a continuous way without intersecting other discs when we are near the packing limit.

Thus it seems reasonable to conjecture the following:

Conjecture 3.3.3. Let 0 # v € Wk_g(Confk%Jre) be the sphere found in . Let

H = UleB ((21’—]5—1,0) ,%), H. its e-thickening, and m be the greatest number of
discs of radius % which fit in D?\H. for some ¢ > 0. Then the answer to Questionm

18 k+m.

In complete generality, an upper bound is given by the maximal packing of discs of

radius 7o + ¢ into D? (¢ > 0 arbitrarily small).
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Chapter 4

The full homotopy type for four

discs

In we determine the homotopy type of Confy, for r < % and r > % We also show
that there exists a non-trivial ‘thick braid’ in m(Confy,) for % <r< % which vanishes
under the inclusion Conf,, ,, — Conf,. In this chapter, we develop a full picture of the

homotopy type of Conf,, when % <r< % We start by noting that Confy, ~ Conf, 1 =
'3
7*1[%, o0) by Fact .
Let Y be the 1-dimensional cell complex consisting of
e a set, V7, of O-cells, indexed over the 6 vertices of an octahedron,

e a set, V5, of O-cells, indexed over the 8 faces of an octahedron, and

e a set, I, of 1-cells, in which v; € V; and vy € V5 bound a 1-cell if and only if the

vertex corresponding to v; is on the boundary of the face corresponding to vs.
We will prove the following.
Theorem 4.0.1. Let r € (%, %] Then Confy, ~Y x St

We will prove that Conf, 1 is a trivial circle bundle (a topological space of the form
'3
1 . . . 1 .
X x S for some space X) in Then, we will show how the quotient Conf, 1 /S* sits
naturally on the surface of an octahedron in Finally, we will retract Conf 41 /St
onto Y in §4.3] We will then use this in to understand the homotopy groups of

Confy,, r € (i, %], in particular studying how the elements of the fundamental group
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can be considered as ‘thick braids’, in comparison to the pure braid group on 4 strings

PBT’4.

Throughout this chapter, we will denote an ordering of m numbers from the set {1,2,...,n}
by (i1 i2 ... im), and a cyclic ordering by [i; i3 ... i), where i1, g, . .., iy, are distinct el-
ements of {1,2,...,n}. Then for a cyclic ordering ¢, denote §;, = (ig11 ... G i1 ... igp—1)
for any 1 < k < m. For an ordering p, we will denote the corresponding cyclic ordering
(where we forget the start point) by [p]. Furthermore, we will sometimes borrow from
the language of the permutation group and write ix11 = s(ix) for 1 <k <m —1 (and

i1 = (i) in the case that ¢ is a cyclic ordering).

We also, given distinct points P, @, R, denote by ZPQR the anti-clockwise angle (taken
in [0, 27)) from the line segment QP to the line segment QR about Q. This means that
/PQR+ ZRQP = 2. Sometimes, we will be interested in the smaller of the two angles

ZPQR, ZRQP, in which case we will write |ZPQR| = min{/PQR, ZRQP}.

The proof will also require the following claims about configurations of discs.

Lemma 4.0.2. Take R € (0,00), and let z,y € B(0, R) be such that |x —y| > R. Then

for all A\, p € [1,00), we have |A\x — py| > R.

Proof. The hypotheses of the lemma are equivalent to the claim = € B(0, R)\B(y, R).
Take t € [1,)]. Since z lies on the line segment joining 0 and Az, with 0 € B(y, R)
and * ¢ B(y,R), it follows that tx ¢ B(y,R) by convexity of the ball. Therefore
Y ¢ Uepn Blte, R). Since 0 € Uy Blta, R), it follows by convexity that uy ¢

Usep,y B(tz, R); in particular, [Az — py| > R. O

Lemma 4.0.3. Let D € Conf_ 1 for somen € N, x,y # 0 be the centres of some discs
'3

in D. Then Zx0y > %.

Proof. Let z,y # 0 be the centres of two discs in D. Then |z —y| > % andz,y € B (0, %)

Let z = ﬁx, J= ﬁy, from which |z| = |g| = % and /%0y = Zz0y. Then by Lemma
we have |z —gy| > % At equality, we have the triangle with vertices 0,Z, 7 is

equilateral; thus Z20g > 3. O

As one disc approaches the origin, however, we can strengthen this claim to show that

the angle of separation to another disc must be at least 5 in the limit.
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Lemma 4.0.4. Let D € Conf 1 for somen € N, and let x,y # 0 be the centres of some
'3

discs in D. Then Zz0y > arccos (3|z]).

Proof. Let 8 = Zx0y be the angle subtended at the origin by x and y. Denote a =
|z|,b = |y|,c = |z — y|. Then ¢® = a® + b*> — 2abcos(#) by the cosine rule. We further

note ¢2 > %.

By Lemma we have § < 0 < %”, from which we see that 2acos(f) < a < % + b.
Now,
2 2 4
2acos(f) < = +b= 2a(=—0b)cos(d) <~ — b
3 3 9
4 4
= b? — 2abcos(f) < g 3% cos 6
4 4
= a® + b? — 2abcos(0) < a? + 9~ g&COSH
Therefore, we have shown that
4 4
9 < a2+§ — —acosf
Thus cos(f) < 2a, as required. O

4.1 The configuration space as a trivial circle bundle

Let n > 2, and consider the free continuous S'-action on Conf,, , given by rotating a
configuration about the origin, resulting from the rotational symmetry of D?. Take the
projection ¢: Conf,, — ﬁnw := Conf,,,/S1, which is a principal S'-bundle, and
choose any section s: mnm — Conf, .. Let ©: Conf, , — S map each D € Conf,, ,

to the unique 6 € S! such that D = 0 - s[D]. This yields the following.

Proposition 4.1.1. p: Conf,,, — Conf,, xS, D+ (¢(D),O(D)) is a homeomorphism

with inverse (15, 0) —0-s (15) Furthermore, s is a homeomorphism onto its image.

Here, we will use the section mapping each D € Conf,,, to the unique representative in
which x3 — x9 points in the positive z-direction (i.e. z3 —x2 = (|zg — x2|,0) in Cartesian
coordinates). Then O(D) is the anticlockwise angle from the vector (1,0) to the vector

r3 — IT2.
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4.2 The geometric structure of the quotient space

Prop. [4.1.1| shows that Conf4yé has the same homotopy-type as s (Confé%) ={D ¢

Conf, s | (D) = 0}. et 7 = 7/ (g, for all n € N. Then s (Conf, 1 ) =771 [}, 00).

If z € Confs has some point at the origin, then 7(x) < % Therefore, we may begin by

writing 71 [%, oo) = AU BUC, where

1

A= {I’ c 7_'_1 |:3,OO> . VJ |.’L']| > O},
1

B = {x c7! <3> : 3 |x;] = 0 and all z; lie in some closed semidisc} , and
1

C= {ac e 71 (3) : 3; |z;| = 0 and no open semidisc contains all z; # O} )

Moreover, in 77! [%, oo), no two points can lie on the same radius of the unit disc unless
one is at the origin; then in A, the four points have a well-defined cyclic ordering ¢ (taken
anticlockwise) about the origin, so we may write A = [ | Ac. Similarly, B = || , Bi,p,
where ¢ € {1,2,3,4} is the index of the point at the origin and p is an ordering of the
remaining three points (this is not a cyclic ordering, since the empty open semi-disc
gives a well-defined starting point), and C' = L](i’ o) C; », where in this case p' is a cyclic

ordering of the remaining three points.
We also define S. = A U Ui€{1,273’4} Big,.
Proposition 4.2.1. S_ is the closure of A. in 71 [f oo).

1

Proof. Let (z™)men be a sequence in A. converging to some x € 7~} [g, oo). In partic-

ular, 2" — z; for each ¢ € {1,2,3,4}. If there is no i such that x; = 0, then z € A..

Otherwise suppose z; = 0 for some i € {1,2,3,4}, and write ¢ = [i i1 i2 i3]. Take € > 0.
Then for all sufficiently large m, we have ]a:gn —z;| <eforall j €{1,2,3,4}. Therefore,
we can choose some ¢ > 0, where § — 0 as € — 0, such that [Zz;027"| < § for all j # .

Combining this with Cor. we have
m m m m 3 m
Za" 0z > La"0x] — | Ly, 027! > arccos Z\xz | -0

and similarly Zx;,02" > arccos 2|27 — 6.

The radii through x;,, zi,, z;; split the unit disc into three sectors. Since [Zz;0z7"| < 4§

for all j # 4, the points x;,, xi,, i, retain the cyclic order [i1 iz i3], and z!" is in the
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sector between x;, and x;,. This sector has angular extent
/ my Lt > 31 ym )
2,02 + L' 0x;) > 2 | arccos 1|azcz |—0 ) = as m — oo

Therefore, x € B; ¢, .

Conversely, every x € A is the limit of a constant sequence in A, and every x € B; ¢, is
the limit of the sequence (z™),en in A¢ given by z' = xj for all m and all j # ¢, and

x; — 0 along the radius which bisects the largest sector not containing any other z;. O

Proposition 4.2.2. C; , is parametrised by the hexagon

{(¢1,¢2)€R21gS%SmgS@SW,WS%—F@SE)g}

SN G is one of the edges g1 = T, ¢ =, ¢1 + 2 = m if p' = []; otherwise, it is

empty.

Figure 4.1: Left: A configuration in one of the connected components, C s 4 3], of the
critical locus of 7 at r = % Right: A coordinate parametrisation of C 5 4 3], using the
angles shown on the configuration, given by the blue dotted area including boundary.

The thick red line segments denote the intersection with the pieces S..

Proof. Let p' = [j k l]. Then let & = (1,0), ¢1 = Lz 0z, ¢o = Zx;0x;. A configuration
in {x € 771 [},00) | Jilzi| = 0 and no open semidisc contains all z; # 0} is uniquely
determined by the triple (£20x;, ¢1, ¢2). Furthermore, Z20x; is uniquely determined
by the pair (¢1, ¢2) and the condition ©(z) = 0. Thus, a configuration in C; s is uniquely
determined by (¢1, ¢2).
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$1,¢2 > % and ¢ + ¢ < 2 by Cor. ¢1,¢62 < m and ¢ + ¢ > 7 by the

condition that the remaining points are not contained in an open semidisc. When the
three latter inequalities are all strict, then ¢ AU B. On the other hand, if ¢; = m,
then x;, z;, x) lie on some common diameter, so © € Bj x 1 jy C S| 1. Similarly,

xeBi,(jkl)CS[ijkl] if o =, and:cGBiv(ljk)CS[iljk] if o1 + o = . O]

Thus, le, 1 consists of the six pieces S; and the eight hexagonal pieces C; . By the
arguments of Prop. @, S¢ is connected to each of the four pieces C; , where i €
{1,2,3,4} and p/ is the cyclic ordering ¢; obtained by removing i from ¢. Geometrically,
¢; is the cyclic ordering of the remaining points when x; flows to the origin. Conversely,
each C; y is connected to three pieces S¢, depending on which position you insert ¢ into
p'; and geometrically, the insertion of ¢ between j and k inside p’ corresponds to moving
the outer discs until the empty arc between z; and xj is at least 7 radians, and then
flowing x; orthogonally to z; — xj, into this empty region. Each intersection between

some S¢ and some C; » is a submersion of an interval. This is depicted in Fig.
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Figure 4.2: Left: The structure of Conf, 1 /S, shown on the surface of an octahedron
(grey). On the faces are the connected components, C; y (blue), of the critical locus at
r = %, represented as hexagons due to Prop. |4.2.2 At the vertices are the connected
components, S¢ (red), of the non-critical subset of Conf, 1 /S!. Right: A net/schematic
for Conf 41 /St. The circle containing the cyclic ordering ¢ represents the set S., and
the hexagon containing a pair ¢, p represents the critical component Cj ,. The straight
outer edges are labelled with letters to show how they are glued. The boundary arcs are

glued to the circles of the same line style.
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4.3 Contracting the configuration space

We note that C' is the closure of the locus of critical configurations x € s (ﬁg with
T(z) = % — that is, there is no local flow at any x € C such that 7 is increasing to
first order. Conversely, if x € B, then we may immediately flow the disc at the origin
outwards as follows (see Fig. [4.3). The rays from the origin through the three other
disc centres divides the boundary of the unit disc into three arcs. Since all discs lie in
a closed semidisc, precisely one of these arcs is at least a semicircle. Then the disc at
the origin may move radially outwards towards the point bisecting this arc. We use this

idea to retract 7! [%, oo) onto the 1-skeleton Y from Thm. by first contracting

each S; to a point and then retracting each C; , onto a 1-skeleton.

Figure 4.3: An example of a non-critical configuration in s (Conf 41 ) with one disc cen-
3

tred at the origin. Since there is an empty sector of at least 7w radians anticlockwise from

x1 to 9, it is possible for disc 3 to move into this gap along some radius (e.g. the radius

bisecting this sector), thus increasing the value of 7 on the underlying configuration of

points.
Let s € S¢ be the unique configuration in which |z;| = 2 for all i € {1,2,3,4} and
0
ZIlol’((l) = Z$<(1)0$§2(1) = ZQZ<2(1)OJJ§3(1) = 5

— that is, if we consider s; as an element of Conf, 1, then it is the unique configuration
'3

in which all discs touch the boundary with cyclic order ¢, the disc centres lie on the
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corners of a square, and x3 — x9 points in the positive x-direction.
Proposition 4.3.1. {sc} is a strong deformation retract of S..

This claim is proven by the following three lemmas. Take ¢ € (0, %), and consider the

sets
SL={x € S|V |z;] > e},

2
T<:{$ES§|V¢ ’l’i|:3}.
Lemma 4.3.2. S! is a strong deformation retract of S;.

Proof. We start by defining our retraction. For any x € Conf 41 there is at most one
i such that |z;| < e by the triangle inequality. In the case that such ¢ exists, the radii
through the remaining three points split the unit disc into three sectors. If xz; = 0,
one arc is at least a semicircle. Otherwise, the sector containing z; has extent at least
2 arccos %\xﬂ by Cor. while the other two sectors each have extent at least § by
Cor. and therefore their extent is at most 2% — 2 arccos 3|x;|. Given that |z;| < 3,

we have
2 3| | > 2 1>57T 2 1>57r 2 3| |
r —|x; T -~ > — —2ar — > — —2ar —|;
arccos 1 T arccos 1 3 arccos 1 3 arccos 1 T;

Therefore there is a unique largest sector, so we may define the following: let v be the
point which bisects the arc bounding the largest sector, and [ be the unique positive real
number such that |x; + lv| = € (where this equation treats v as a vector with |v| = 1).
Then we can define a continuous map x: [0,1] x S — Conf, (shown in Fig. [£.4), given
by

zj+tlv |z <e

X<t7x) = Xt(x17x27x37x4) ==
x; : otherwise

je{1727374}
X+ also preserves the cyclic order ¢, since x; flows in the direction of the angle bisector of
the sector it lies in. We want to find a flow on S, that is, a continuous map [0, 1] x S¢ —

Ss. To do this, we will first show that x ([0,1] x S;) C 77! [4,00), and then modify x

so that ©(x¢(z)) =0 for all t € [0,1], z € S..

We claim that x ([0,1] x S¢) € 771 [},00). x¢(z;) is stationary for any |z;| > e, so
we only need to check the case that |x;| < e for some i, and moreover, in this case,

Ixt(zi)| < e < 2 for all t € [0,1]. Then it remains to show that |x;(z;) — z;| >  for all
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j # i. Now suppose by symmetry that x; is anticlockwise of v inside the sector bounded

by zs(;) and xg(;y. We have

‘Xt@?z) _‘TJP ’xz — &y +tlv|2
= |@; — x;]* 4+ 2t (x; — x5) - v+ PP ]

= |@; — x5]* + 2t (|z;] cos(Lv0x;) — 24| cos(Lv0z;)) + 212

We bound this below by the following inequalities. By Cor. we have

™ T
L )0z > 3 L0z > 3 (4.1)
hence
1 1 27

ZUO:L'g(i) =3 (27T - ng(i)():ﬂ(z(i) — Zl‘gz(i)()l‘gs(i)) 5 (27T — 23) EX (4.2)

By Cor. we have

3 1 _ 57

ZLx0z(;) > arccos *‘$1| > arccos 12 > D) (4.3)

and therefore

3 5
ZLrgsp0v = Lv0zy = Lv0x; + L102(3) > L0073, + arccos Z|xz| > /v0x; + o (4.4)

12
hence
Zv0x; < 2% — % = % (4.5)
For j = ¢(i), we have by (4.4) and (4.2)
0 < arccos Zm\ < Lz <
Therefore, since cos is decreasing on [0, 7] and |x;)| < % and applying (4.5), we get

2 3 1
|Z¢(i)| cos(Lv0z()) < 3 c08 (arccos 4$1|> = §]azz| < |xi| cos(Lv0z;)

For j = ¢2(i), we have by (4.1) and (4.3)

5
L0z g2y = Lv0x; + Lxi0x () + L (50T 205 > 0+ Tg + g g

and by (4.1) and (4.4)
L0z =21 — Lrg2)0v =21 — La 23 0xgs(y) — Lo 0v <21 — — — —— < —
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Therefore,

|[Ze2(5)| cos(Lg2(3)0v) < 0 < |4] cos(Lv0z;)

For j = ¢3(i), we have cos Zv0zga(y = cos ZzgapO0v and Lrgsp0v = Zv0zy, so

|26 (s)| cos(Lv0xes(;y) < |zi] cos(Lv0x;) by the same argument as the case j = ¢(i).

Thus the map ¢t — |x¢(x;) — x;| is increasing with respect to t for all j # 4, which

completes our claim that 7(x;(z)) > 1 for all t € [0,1], = € S..

The map t — O(x:(z)) is not necessarily constant, so x; may not preserve s (@47 1 )
Thus we define a modified flow x:(z) = (—©(x¢(x))) - x¢(x). This flow retains all the
previous properties due to invariance of distance and angles under rotation, and moreover
O(xt(x)) = —=O(xe(2)) +O©(xt(x)) = 0. Thus yi(z) € S, for all z € Sc. It can be verified
that X¢s: = idg, for all ¢ € [0,1] and x1(S;) = S{. Therefore (xt);cp,1) is a strong

deformation retraction of S¢ onto S!. O
Lemma 4.3.3. T is a strong deformation retract of S..

Proof. Let V. = {x € Confy | VA>oViz;x; # Ax;} D S, so that V consists of all config-
urations in Conf, in which no point is at the origin and no two points lie on the same
radius of the unit disc. V' := {z € Confy: V; |z;] = %} D T; can be shown to be a

strong deformation retract of V' by the following flow, defined for ¢ € [0, 1].

2t
¢t($1,$2,$3,1}4) = <<1t+ )IEZ)
3] i€{1,2,3,4}

Here, each point of the configuration flows along the radius it lies on at constant velocity,

until it has magnitude % (and hence the cyclic order of the points is unchanged).

O(¢¢(z)) may not be constant with respect to ¢, so we define a modified flow ¢;(z) =
(—O(¢¢(x))) - ¢e(x), Then O(¢¢(x)) = 0 for all z € V, t € [0,1], so in particular, ¢;
preserves the section s <m47 1 ) Moreover, for all t € [0,1] and € S., and all distinct
i,j € {1,2,3,4}, we have ¢ < |z;| < |¢yz;| < % and |z; — x| > 2; therefore by Lemma
|Gz — ;| > 2 — that is, ¢y € S!. Therefore (qz_bt|gé)t€[0’1} is a strong deformation
retraction from S! onto V' N S! = T¢. O

Lemma 4.3.4. {s.} is a strong deformation retract of T¢.
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Proof. Let T, = {x € 7! [3,00) | Vi|zi| = 2, the points have cyclic order ¢} D T.. For
any r € Tg, let o = Zx10z(y), B = Lx10x2(1), v = ZLx1023(1). Denote by Ry the
Sl-action on the plane given by anticlockwise rotation about the origin through angle

#, and consider the following flow on Tg, defined for ¢ € [0, 1].

P21, o1y, T2 (1), Te3(1)) = (‘Tl’Rt(g—a)xC(l)’Rt(”*ﬁ)x@(l)’Rt(‘%’—v)xgg(l))

iy fixes x1, while causing each of the remaining x; to flow along an arc of radius %

centred on the origin until it lies on the correct corner of the square which has x; as a

vertex.

We want to prove that ¢ is well-defined, that is, that ¢y (x) € T, for all t € [0,1], = € T..
Given that |1 (x;)| = % for all ¢ € [0, 1] and all 4, it remains to check |1y (x;) — )¢ (z5)| > %
for all i # j, or equivalently Zvy(z;)0¢(w¢(;)) > 5 for alldand all ¢ € [0, 1] (this condition
also ensures that the cyclic order of the points is unchanged). This is immediate for i = 1,
since either o > 7, in which case Z9y(21)0%i(z¢(1)) = £210Ry(r/2—0)(To(1)) = 5 for all
t € [0,1], or else Z3py(21)0¢(w¢(1)) is increasing with respect to t. But by considering
instead the flow (t,z) = (t(a — 7)) - ¢¢(x), we obtain a rotation of our original flow,
where now T(1) 1s stationary; since distances are invariant under rotation, we may argue
in the same way that the desired property holds also for i = ¢(1), and similarly for the

remaining values of 7.

O (1 (x)) is not necessarily constant with respect to ¢, so we instead use the modified
flow 1y (x) = (—O(1¢(x))) - ¥¢(x). Then O(¢4(z)) = 0 for all ¢t € [0, 1], so in particular
preserves the section s (w47%), where T, = T. N s (mél,%)' Given that ;(s.) = sc
for all ¢ € [0,1] and ¢1(x) = s for all z € T, it follows that (lzt‘ﬂ)te[o,l] is a strong

deformation retraction from 7 onto {s}. O

The following proposition is the key ingredient in Thm. and is demonstrated

visually in Fig.
Proposition 4.3.5. Let Y be the cell complex containing:
e a set, V1, of O-cells, indexed over the 6 vertices of an octahedron

e a set, Vo, of O-cells, indexed over the 8 faces of an octahedron
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Figure 4.4: The flow x; on Conf, 1 from Lemma v bisects the sector containing
zj, bounded by z(;) and zgs(;), where z; is the unique point of z with |z;| <e. x; flows

in the v-direction.

Figure 4.5: A graphical representation of Prop. The left-hand picture, repeated

from Fig. shows the structure of Conf, 1 / S, We contract the non-critical com-
'3

ponents (red) to points (shown in the middle picture), and then retract each critical

component (blue) onto a Y-shaped skeleton (right).

51



e a set, E, of 1-cells, in which vi € V1 and vy € Vo bound a 1-cell if and only if the

vertex corresponding to vi is on the boundary of the face corresponding to vs.
Then Conf, 1 ~ Y.
'3

Since each face is bounded by three vertices, |E| = 8 x 3 = 24. The theorem will require
a theorem of Borsuk [12, Thm. 1], and we must first demonstrate some properties of

s (Confnm).

Lemma 4.3.6. s (Confm«) 18 a melric space.

Proof. First, note that D? is a metric space under the Euclidean metric. Thus, (D2)n

is a metric space. Since s (Confnw) is a subspace of (DQ)n, the result follows. O
Lemma 4.3.7. s (Conf,w) 18 an absolute neighbourhood retract.

Proof. First, note that we may describe this space as

s (Confn,r) = {(1'1, ceyXy) € (R2)n | Vi |zs) <1 =7, Vigjlas — x5 > 2r,

(w5 = 2) - (1,0))” = |z — 222, (w3 — 22) - (1,0) > 0}

Given that it is described by a finite set of polynomial equations and inequalities under
the identification (Rz)n =R?", s (Confy,) is a semi-algebraic (and thus semi-analytic)
set as defined in [25, §1]. Thus there is a homeomorphism between s (MW) and a
locally finite simplicial complex L [25, Thm. 1.c|. Therefore, in particular, s (mm) is
e-dominated by L for any € > 0 as defined in [20, §6], and L is an absolute neighbourhood
retract [20, Cor. 3.5]. Thus s (Conf,, ) is an absolute neighbourhood retract [20, Thm.
7.2.b]. O

Proof of Prop. [{-3.5. First, we have that S; is closed in s (Conf,,) by Prop. [4.2.1
Furthermore, s (Confmr) is a metric space by Lemma and an absolute neighbour-
hood retract by Lemma Therefore (s (Confn,r) ,Sg) has the homotopy extension

property with respect to s (Confn,r) by Borsuk’s condition [12, Thm. 1].

Now let ~ be an equivalence on s (mm), given by x ~ y if and only if there is
some cyclic ordering ¢ such that z,y € S.. Since S¢ is contractible by Prop.
and (s (Mm) ,Sg) has HEP, we may contract each S¢ to a point inside s (an)
continuously by [22, Prop 0.17]. Therefore s <m4,%) ~ s (ﬁ%) / ~. The points
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Sc compose the set Vi. Since the contractions of Sc to a point also contract alternate
edges of each critical component, C; ,, these become triangles, connected to the points
of V1 at their vertices. Thus s (W& 1 ) / ~ consists of eight triangular faces, where
each face is joined to three others at each of its vertices —it is an octahedron with the

edges (but not the vertices) cut out.

Now, choose a point in the interior of each C; s, and connect each of these points to the
three vertices of its triangle by a line segment. These points compose V5, and the line
segments compose E. Now, we have chosen a Y-shape inside each C; ,, consisting of a
0-cell from V5 at the centre, three 1-cells from F, and bounded by three 0-cells from V;.

We may retract every Cj , onto this simultaneously. Therefore, by Prop.

W&% =s (%ZL,%) ~s (MZ%) /~~Y

Proof of Thm: [{.0.1. Conf,, ~ Confll% by Fact and Prop. [2.0.10 Confll% =
Conf, 1 x S! by Prop. [4.1.1} Finally, Conf, 1 x St ~Y x S' by Prop. 4.3.5 O
'3 '3

4.4 'The homotopy groups of Conf PREE:! comparison to Confy

Extending Thm. we want to understand how precisely Conf 41 has changed from
Confy, for which we compare their homotopy groups. Using Thm. we are able to

calculate the homotopy groups of Conf, 1. We start with the following observation.
'3

Corollary 4.4.1 (Corollary to Thm. 4.0.1).

m(Y)xZ : n=1
T (Conf47%> =
0 tn>1

Proof. Wn(CoanL%) = (Y x S1) = m,(Y) x 7, (S) by [22, Prop. 4.2]. For n = 1,
m1(S') = Z. For n > 1, note that both Y,S! are a path-connected 1-dimensional
cell complex. For any path-connected 1-dimensional cell complex Z, we have that the
universal cover, Z, of Z is a tree and thus contractible by [22, Ex. 1B.1]; thus 7,(Z) =

m™(Z) =0 by [22, Prop. 4.1]. O

That is, Conf 41 is aspherical, sharing this property with Conf,. In this section, we will

first try to understand 71 (Y') treating Y as an arbitrary graph. Following this, we will
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explore the how the elements of m(Y) x Z = m(Conf, 1 ) behave as braids in 71 (Confy)

when we push them forward under the natural inclusion Conf 41 Confy.

In order to calculate 71 (Y), first choose a vertex of the octahedron (this is also a vertex

of Y') as a basepoint. We label the faces and edges of the octahedron as follows:

1. Take the four faces incident to the basepoint vertex, and label them Fi, Fy, F3, Fy

in clockwise order, taking the index set to be Z/4Z.

2. Label the remaining faces F, i € Z/47Z, so that F] is the face sharing an edge with
F;. Label this shared edge B;.

3. For each i € Z/47Z, label the edge between between F; and F;_; as A;.
4. For each i € Z/4Z, label the edge between between F! and F]_, as C;.

Then the edges of F; are A;, B;, Ai+1 clockwise from the basepoint, and the edges of F!
(clockwise) are B;, Cit1, C;.

Then we can define elements a;, b;,¢; € m(Y), i € Z/AZ (see Fig. |4.6)).
e q; is the shortest loop winding once anticlockwise around A;,

e b; goes to the centre of F;, then loops once anticlockwise around B;, then back to

the basepoint, and

e ¢; goes to the other vertex of A; via F;, then loops once anticlockwise about Cj,

then returns to the basepoint via Fj.

Figure 4.6: The loops a;, b;, ¢; € m1(Y') (shown in bold red on the left, centre and right
octahedra). Here, on each octahedron, the basepoint is the top vertex, and the upper

two visible faces are F; (left) and F;_; (right).
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Proposition 4.4.2.

m(Y) = (a1,a2,a3,a4,b1,b2,b3,b4, c1, C2, C3)

= <CLZ', bi, C; ‘ 1€ Z/4Z, a101b1a262b2a303b3a4C4b4 = €>

While this group presentation is pleasingly symmetric and corresponds to some simple
braids, it will often be easier to use the alternative generators given below. Indeed, the

alternative group presentation in the next lemma will be required to prove Prop.
Consider the spanning tree 7" of Y (see Fig. containing:

e The two edges on F; which share a vertex with A;, for each i € Z/4Z,

e The edge on F] which shares a vertex with A;, for each i € Z/4Z, and

e The edge on F; which shares a vertex with every C;.
Then the edges of Y\T are:

e One edge on F; for each i € Z/4Z, which we label aj, ,,

e One edge on F/ which shares a vertex with B; for each i € Z/47Z, which we label

b/, and

e One edge on F] which shares a vertex with every C; (j € Z/4Z), for each i €
{1, 2,3}, which we label ¢/.

We may then define some loops in Y which start at the basepoint and pass through
exactly one of these edges (see Fig. , by following T" to one end of the chosen edge,
traversing the edge, then following 71" back to the basepoint. We give these loops the
same name (a},b,c;) as the unique edge of Y'\T they contain, except we remove one

prime symbol ("). We choose the orientation of the loops a) and b} to be anticlockwise,

and ¢ to go out through faces F;, F] and return through faces F}, Fy.

_ / / / / / / / / / / /
Lemma 4.4.3. 7T1(Y) = <a1,a2,a3,a4, 1599, 03, 4,61,62,03)

This is directly taken from [22, Prop. 1A.2]. We lay out a brief proof below as it helps
explain how we can write the homotopy class of an arbitrary loop in terms of these

generators in practice.

Proof. (Y,T) is a CW-pair, so it has the homotopy extension property by [22, Prop.
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Figure 4.7: A spanning tree on Y (red bold). Here, the upper visible faces of the
octahedron are Fy (left), F3 (right) and the faces below them are Fj, Fi. The choice of
edges of Y to be included in T on Fy U F| and F5 U F} is exactly the same as the choice

on F3 U F;. The orientation and label given to each edge of Y\T is written.

PO9

Figure 4.8: The loops a, b5, ¢ € m1(Y') (shown in bold red on the left, centre and right

octahedra). Here, on each octahedron, the basepoint is the top vertex, and the upper
two visible faces are F; (left) and F3 (right). These naturally generate m(Y'), and we

use them to prove the existence of the more symmetric group presentation depicted in

Fig. [4.6] in Prop. [A.4.2]
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0.16], so the projection ¥ — Y/T is a homotopy equivalence by [22] Prop. 0.17],

which induces an isomorphism 71(Y) — 71 (Y/T). This projection collapses each loop

I € {d),ah,al, aly, b, b, b5, b, ¢, ch,cs} to its unique edge I’ of Y\T and collapses all

vertices to one vertex, so that Y/7T is a wedge of circles, and thus 71 (Y/T) is generated

freely by {a¥, ay, a4, aj, b, by, b4, b}, ¢, ¢4, c5}. Thus by isomorphism, 7 (Y) is generated

/ / / / / / /
freely by {a}, ab, ab,aly, by, b, 05,0, ¢}, b, b} O

It follows that any loop in m;(Y") can be expressed in terms of the generators a;, b;, ¢, by

checking which edges of Y'\T it passes through (and in which direction).

Proof of Prop. [{.4.9 We can write the non-primed generators in terms of the primed
generators from Lemma as follows:

e a, =a) for all i € Z/4Z,

bi = bj(aj,,)"" for all i € Z/4Z,
o c1 = (b)),

o co= (b)) ()b,

o c3=(bh) "' (ch) k.

Working inductively through this list, each successive equation contains a primed gener-
ator not found in the previous equations, so 71(Y") contains no relations between these
11 elements. We may show that 71 (Y) is generated (and thus generated freely) by these

11 elements by rearranging the equations as follows:
e a, =aq; forall i € Z/4Z,
o b, =bja;+ for all i € Z/4Z,
o ¢ =bjc1 = bsarey,
o ¢, = c\bjco = byaicibrasces,
o b = chbhes = byajcibrazcabaascs .
That is to say,

/
<a17a27a37a47b17b27b37b4701702703> <a17a27a37a47 1 27 37b4701762903>—ﬂ-1(y)
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We complete the proof by observing that

Cy = (bg)—l(cg)—l = (Cgbg>_l = (b4a101b1a20262a363b3a4)_1 . D

For the remainder of this section, we will choose our basepoint to be s¢ (as defined for
Prop. [4.3.1]), where ¢ = [1 2 3 4], and label our faces such that F; corresponds to C; ¢
(the face of the octahedron where D; is at the centre and the remaining discs inherit

their cyclic order from ¢). The example below illustrates how we will express loops in

1
3

and Prop. we find a homotopic loop inside Conf, 1, retract it onto Y, and
'3

check which edges of Y\T the loop passes through.

] (Conf47r) C Confy,, where i < r < z, in terms of the group presentations in Lemma

Example 4.4.4. Consider the loop from Thm. shown in Fig. [3.2l By construc-
tion, this lies in s (WM) for any r < ﬁ Fig. depicts a loop in s (WZL%)
whose image under the inclusion s (m& %> — s (mM) is homotopic to the loop
from Fig. This new loop passes through F5 into the vertex corresponding to
S[1 3 4 2); then through F] into Sj; 4 3 9); then through Fy into S[; 5 4 5); then through
F3 back to sc. The edges of Y\T in this loop are b/ and ¢] in F{, and @} in F5. Thus

the loop is ayc| b} = asbsaicibias.

More generally, in order to understand a loop v € m1(Confy,) = m(Y) x Z, we calcu-
late s.(g«(7)) € m1 (s (Confs,)) = m1(Y) and find the winding number, n = ©,(y) €
71(S') = Z, of 23 about x3. Then v = (54(gx(7)), n).

We complete this section by understanding the elements of m(Conf, %) =m(Y)xZ
as thick braids, by looking at the image of these classes under the map m(Conf 41 ) —
m1(Confy) induced by the inclusion map. We can generate m1(Conf, 1 ) with thirteen
elements: an element (g, ny) for each g € {a1,as,as,as, by, ba, b3, ba, c1,¢2,¢3,ca}, for any

choice of ng € Z, and the element (e, 1) where e is the identity of m1(Y).

For the purposes of calculating the braid corresponding to a given generator, we first
remind ourselves that ¥ ~ Conf, 1. We denote S/, = s7*(So) C Conf, 1 and Ci, =
73 73 bl
s71(C;p). Each g € {a1,a2,a3,a4,b1,b2,b3,bs,c1,c0,c3,cq} is a directed subgraph of Y
(where we allow some edges to have both directions), and we will choose a representative

loop ay: (St %) — (Conf, 1, s¢) of g as follows.
3
First, split g into blocks consisting of two edges, where the first edge of the block goes

58



029 (@9 66

o }eq@e

Figure 4.9: A loop in s (Comf4 ;) which is homotopic to the loop given in Thm. |3.1.1
3

and Fig. The four corner configurations correspond to the configurations in the
same position on Fig. and the configurations on the edges are the half-way points

of the four braid actions.
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from the vertex corresponding to some Sé, to the vertex corresponding to some C’Zﬁ o
and the second edge goes from C’; , to some Sé,,. Then it follows by Prop. that
p= [5’1} = [gA”z}; that is, if ¢’ = [i j k [], then there are two cases: either ¢ = [i k [ j]
or ¢" =il jk]. Then (see Fig. we construct a path in Conf, 1 corresponding to

this block:
1. Along the first edge of the block, D; moves radially to the centre.

2. Inside the vertex C!

i p» one of the other three discs rolls along the boundary, moving

through a total angle of § about the origin.

e In the first case, this is D;, which rolls clockwise into the space vacated by

D;.
e In the second case, this is D;, which rolls anticlockwise.
3. Along the second edge, D; moves radially into the space vacated by D; or Dj.

On this path, the positions of the two non-participating discs (D, and either D; or Dj)
are fixed. This path is exactly the braid which swaps D; and D; clockwise in the first

case, or D; and D; anticlockwise in the second case. In the first case, this braid is oy L

051, 03—1 or (010?:102030;1)_1, depending on the starting position of D;; and similarly
in the second case, this braid is 0103_1020301_1, o1, o2 or o3. Here, 0103_1020301_1 is

the braid which swaps the discs in positions 1 and 4 anticlockwise in the natural way.

Geometrically, we would expect it to commute with o2, and indeed

020103_1020301_1 = 0203_1010201_103
_ -1 _—1
= 0‘20'3 09 010203
o —1_-1
= 0'3 09 03010203

1 _—1
0y 01030203

:0'3
_ -1 _-1
=03 0y 01020302

-1 -1
= 03 01020 0302

= 0103:102030;102

We construct the path for each block of g in sequence, taking the final configuration of
one block to be the start of the next. After the final block, we will be at (—6,) - s¢ for

some 0, € S1. We close the loop ay by rotating D? through the angle 6, (that is, by
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m m m m

Si 23 4 Cs1 2 4 Cs1 2 4 S[ 324

Figure 4.10: A path in Conf, 1, and the corresponding vertices in Y under the map
3
Conf, 1 N Conf, 1 =Y. Dy and Dy, which do not participate in this braid, have fixed
73 73
position. Each generator of 71(Y") can be split into paths of the form S¢ ~ C; , ~ Sc,

and we lift each of these paths to Conf, 1 in the manner depicted here.
3

acting on our configuration by 6,). We will find that 6,, = 6., = 0 and 6, = F for

all i € Z/4Z. The action by 7 is a quarter-rotation anticlockwise, corresponding to the
braid o10903 (see Fig. [4.11). ap, is given in Fig. as an example.

J

e
e

-

Figure 4.11: The braid corresponding to an anticlockwise rotation by 5 of Ds. Each

disc moves to the position of the next, yielding the braid oi09073.

In order to achieve (o] = (g,n4), We require that ny be the winding number of z3 about
xg in the loop 4. By definition, this is ﬁ times the total change in ©(D) along «.
According to our construction algorithm for oy, ©(D) can change along the edges, at
the C{’ , vertices, or at the final rotation by 6,. Let mgy be the number of two-edge blocks
in g, and let ©(g) = (011,012, 013; . . .5 Omy1, Om,y2, Om,3;0y) € (R%)™s x R be the element
such that (0;1,6;2,0;3) gives the changes in ©(D) along the first edge, the C’Zﬂ , vertex,

and the second edge of the i-th block. The sum of these values will be 27n,.

There are two generators corresponding to s14. x2 and x3 are fixed throughout ay,, so
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OO0

(D
RO

orowoloyorowo
°c°1°

Figure 4.12: The loop ay, in Conf, 1starting at the top right. oy, is constructed to have
'3

the property ¢.([cow,]) = b1, where g, : 7r1(Conf4’%) — 7T1(Conf4’%). As we move to each

successive diagram in the figure, the angle anticlockwise from the horizontal to 3 — xo

changes by 0,—%,0,0,0,-7%,0,0,0, 5. Since these sum to 0 = 0 x 27, it follows that

@*([abl]) =0€Z= 771(51).
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©(a1) =(0,0,0;0,0,0;0). Then we have

(a1,0) — (03_101020301_1)2
= 03_101030301_1

= S14

In a.,, x1 and x4 are fixed along the first two edges and the last two edges, and 2 and x3
are fixed along the middle four edges. Then ©(c3) = (%, 5, %:0,0,0;0,0,0; =%, =5, —%;0),

SO

(c3,0) — 051(0510102030’;1)202

= S14

Thus (a1,0) and (c3,0) are undifferentiated as braids. However, they are differentiated
as thick braids. In (a1,0), the only weave is given by the rotation of D; and D, around
each other; whereas in (cs,0), there is a half-rotation of Dy and D3 around each other
before the rotation of D; and Dy, and another half-rotation of Dy and D3 in the opposite
direction afterwards. As braids, these half-rotations of Dy and D3 commute with the
rotation of Dy and Dy and then cancel out; but as thick braids, they do not commute
with the rotation of D and Dy, due to geometric reasons arising from the relative size

of the discs to the unit disc.

We fill out the remaining generators in Tables and We see that the pattern
continues in the same way with a; and c¢;49 corresponding to the same braid for all
i € Z/AZ. Furthermore, we see that b; has the same underlying braid as b; o (specifically,
siit2) fori € {1,2}. Here, the distinction between them as thick braids is based on which

of the two discs D; or D;yo moves to the origin first.

Finally, (e,1) describes one complete rotation of D?. Since this is four consecutive
quarter-rotations, (e,1) — (010203)* = 512523513534524514. This element generates the
centre of Bry (see [I8, Thm. 7] and Appendix [A]), and is thus an element of the centre
of PBry.

In summary, 71 (Conf, 1) contains two generators for every generator of PBry, and there
'3
is only one relation between them as opposed to the 11 relations of PBr4. In addition,

71 (Conf, 1) has a 13th generator (e,1), which cannot be written as a product of the
'3
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Generator g of m1(Y) | ©(g) ng
ay (0,0,0;0,0,0;0) 0
c3 (%:%,%:0,0,0;0,0,0; =%, =5, =75;0) | 0
as (—%,0,0;0,%,0,0) 0
Cq (0,%,0;0,0,-%;0,%,0;0,—%,0;0) 0
s CERERRN) 1
a (0,0,0;%,2, 7. = 7.0 0,0;0) 1
ay (0,%,0;0,0,-%:0) 0
c2 (—%,0,0;0,E,O,—E,0,0;0,0,%; ) 0
b1 (0,—%,0;0,0,—%;0,0,0;%) 0
b3 (3,0,0;0,7,0; =%, -5, -1 ) 0
ba (-4 —%—-10,%,0,0,0,%; 5) 0
by (0,0,0,—%,0,0,0, Z,O;g) 0

Table 4.1: A summary of the change in ©(D) along the loops oy C Conf, 1 for the
'3
generators g of Y, given by ©(g), and their winding numbers ng4, which are calculated

by adding the elements of ©(g) and dividing by 27. a4 is constructed so that ¢.([ay]) =

g e m (ﬁ%).
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Generator of m(Conf, 1) | Image in Bry, PBry
°3

(a1,0) (03_101020301_1)2 = S14
(c3,0) 02_1(03_101020301_1)202 = S14
(a2,0) o = 812
(¢4,0) 03_10%03 = S12
(as, 1) o3 — 593
(c1,1) (o105 toaos07 ) Lodoi0y toaosoyt = a3
(a4, 0) o3 = 534
(c2,0) al_lagal = S34
(b1,0) 01020305 o207 ! — 513
(b3,0) 01090307 (05 01000307 oy ! = 513
(b2, 0) 010203(03 ' o1020307 1) L ozoy = 24
(b4,0) 09030y L1 (05 toroaozoy )] = So4

Table 4.2: A list of generators of Conf, 1 and their associated braids. Full calculations
'3

for the braids corresponding to (b;,0) are found in Appendix

other generators, but its image in PBry can. Given that Conf, 1 ~ Confy, further work
' 4
on this space could start by attempting to glue the critical set at r = i onto Conf 1,
'3
in order to understand how the attachment of further cells causes some pairs of loops,

such as (a1,0) and (c3,0), to become homotopic.
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Chapter 5

Persistence under deformation of

the unit disc

Given the rotational symmetry of D?, 7: Conf,, — R behaves as a Morse-Bott function
(a generalisation of a Morse function in which critical points may not be isolated, defined
in [19, §2.5]), with each critical radius corresponding not to a single critical configuration,
but to an S of critical configurations. Under a well-chosen small perturbation, we would
thus expect, generically, a critical level g to split into two critical radii, say r— < ry near
rg. This is shown in the case of the first critical radius % in the following proposition

and lemma. We recall the stress graph N(z) from Def.

Lemma 5.0.1. (Adapted from [14], §2.5]) Let E C R? be an ellipse of semi-major radius
a and eccentricity e, centred at the origin, whose major axis lies along the x-axis, and

p = (p1,0) a point on the major azis of E. If |p1| > ae?, then dist(p, OE) = a— |p1|, and

2
1

this is achieved at either (—a,0) or (a,0); otherwise, dist(p, OF) = \/(a2 - %) (1—e?2),

and this is achieved at (g%,i\/(cﬂ - i—f{) (1-— 62)>.

Proof. OE = {(:C,y) ER| %3 + Zl’)'—; = }, where b = av/1 —e2. Since JF is compact,

there is some (2/,y’) € OF such that dist(p,0E) = |p — (2/,y)] = /(&' — p1)2 + (¥)%.
Furthermore, we know that p lies on the normal line to OF at (2/,y’), which has para-
metric form z = 2/(1+ %), y = ¥/(1+ %), t € R. Then in particular, at p, we have

0=y/(1+ %); that is, either y = 0 or t = —b.
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In the first case, we have (2/,y’) = (£a,0), hence |(z/,y') — p| = a — |p1].

In the second case, we have p; = ' (1 — %) = 2’2, that is 2/ = 24, and therefore
a e

2 7\2
1= J (ybg) , or equivalently

2
p
o= (1= 5L

TR A

et et q2et

_bQ_Zﬁ_i_Zﬁ
B et e?

2 2 p% 2
:a(l—e)—g(l— )

2
2 D1 2

p— —_— — 1_

<a e4>( e)

Then

(", y) = pl* = (&' —p1)* + (/)"

e

2 2 2

P 2p7 2 2 2 P | D1

674_72+p1+a(1_6)_€74+672
p% 2 2 2
_—?+p1+a(1—e)

Since p € E, we have |2'| < a, and therefore this case only applies in the case |p1| < ae?.

In this case, we have

2 2
2 D1 2 2 22 D1 2
(a—62>(1—e):a —ae—?—kpl

2
=a? - 2apy —I—p% - <a262 — 2ap; + i;)

< (a_pl)2 )

so dist(p, OF) = \/(a2 - i—;) (1 — €?). Otherwise dist(p,0E) = a — |p1]. O

Proposition 5.0.2. Toke n € N, and let C' denote the set of critical configurations of

Conf, with radius % where the points lie in number order along the diameter. Consider

the family of ellipses E. with semi-major radius 1 indexed by eccentricity e € [0, "—_1)

n

There are exactly two continuous families, (1), and (x®7),, of configurations such that
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o 21 %™ are critical configurations of Conf,(E,),

o 20t 20— c (.

Proof. Let (2¢), be a family of configurations such that z¢ is a critical configuration
of E, and 20 € C. We choose coordinates such that E, is defined by the equation

2
2 v
+ iz =1

First, let e € (O, \/ "T_l) be such that N(z¢) = N(z°). Then we deduce by Lemmas|2.0.3

and that each of these edges of N(z¢) must have positive weight and all the edges
must be collinear — that is, N(z¢) is a straight line. Furthermore, N(z¢) is a normal to
the boundary at both points of intersection. The normal at a point (p, q) is 2 (p, ﬁ)
Since the normal at the other intersection point must be parallel to this, the intersection
point must be (—p, —¢). Then it follows that (p,q) — (—p,—¢q) = A (p, ﬁ) for some
A € R, which has solutions only if p = 0 or ¢ = 0. Therefore N(z€) is either the major
axis or the minor axis of E.. We denote the configurations of this form z®* and z%~
respectively. The points of these configurations are defined by xf’+ = (%,O) and

2 = (0’ 2i-n—1 /7 62)'

n

Now suppose for a contradiction there is ¢/ € [0, "—_1> such that N (xe/) % N(2°), and

n
let e* = inf {e € [O, \/”Tfl) | N(z€) 2 N(xo)}. N(z¢) cannot be a strict subgraph of
N (20), since any strict subgraph of N(z°) has an interior vertex of degree 1 on every

component, and thus cannot be balanced by Lemma [2.0.3

Let f: Conf,, — R be any distance function from the definition of 7 — that is, f(z) takes
the form %]mi—xj\ for some distinct 4, j, or dist(x;, 9D?) for some i. Let g: [0, \/ ”T_1> —

R, e — f Ei:g Then g is continuous, and the edge corresponding to f is found in N (z°)

if and only if g(e) = 1. Since g is constant on [0,€e*), it follows by continuity that
g(e*) = ¢(0) for all choices of f, and thus N(z¢ ) = N(2°), which lies along either the

major axis or the minor axis of E.

Hence by assumption, there exists some edge which lies in N(z¢) but not in N(z¢").
There are two possibilities: either the points x‘fl or xﬁ: are adjacent to more than one
boundary vertex, or there is some choice of f such that g(e*) > g(¢) = 1. Denote B, =
B (0, \/@) First, if ¢’ lies along the major axis, we have |2 | = |z¢ | = =1 > (¢/)2,

n

thus dist(z, 0Ey) and dist(z¢ ,dFE,.) are each achieved at a unique point by Lemma
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On the other hand, if z¢ lies along the minor axis, we see that xf, xf;/ € By C Eor,
where B,/ intersects 0F. only on the line containing [ J z¢ . dist (aﬁ,, 8Be/) is achieved
only at the point of intersection closer to x1; this is therefore also the unique point where

dist(2§’, 0Ex) is achieved. The same argument holds for dist(z¢ , DFE,).

Now only one possibility remains: there is some choice of f such that g(e*) > g(¢/) = 1.
We consider each distance functions f for which g(e*) > 1:
e Forj—i>2 %]:Uj* —af | =(—i)r (2¢) > 27 (29).
e Forz¢" = 2"~ and 1 < i < n, we note that a:ze* € Bex C Eg«. Then dist(xf*,aEe*) >
dist (mf*,aBe*) =/1—(e*)? — \:Uf*] > %\/1 —(e*)2 =37 (me*)
e For 2¢ = 2" and 1 < i < n such that |z¢ | > (e*)2, we have dist(2¢ ,0E.) =
1—|2f| >3 =37 (2¢) by Lemmam
€2 *
‘(xe’*)IQ < |z§ |. Then
dist(a¢”, 0F,+) = \/(1_ ) A=) > Ji—ler )t > (2L =8 =
70 e - (e*)2 i = =

n n n n
V37T (xe*) by Lemma

For each of these distance functions f, by continuity of g, there exists d; > 0 such that

e For 2¢° = ¢ and 1 < i < n such that |z§ | < (e*)2, we have

for all e € [e*,e* + df), we have g(e) > g(e*) — 2 > /3 — 1 > 1. Therefore N(2°) does
not contain the edge corresponding to f. Set § = miny §¢. Then N(z¢) = N(2¢") for all

e € [e*,e* + ), contradicting the definition of e*.

+

e,—

Therefore 2 = 2%, 2%~ are the unique families of configurations (z¢), such that z¢ is

a critical configuration of F, and z° € C. O

Provided the perturbation is small, we would expect the topology just above r1 in the
perturbed case to be the same as the topology just above ry in the unperturbed case.
By contrast, the homotopy type on the region with radius just above r_ may have
different topology, and this is where the m,_s-class of Baryshnikov et al. [11], §5.2] lives
(if you consider an infinite strip as the limit of an ellipse with fixed semi-minor radius

as eccentricity approaches 1).

In this section, we investigate the topology beyond r, by considering the persistence of
our homotopy class from under perturbations of D?. First, we consider arbitrary

small perturbations. Then, following Remark we consider to what extent it is
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necessary to use the full unit disc by investigating the persistence of this homotopy class

as we replace D? with an ellipse of decreasing semi-minor radius.
This section will use the map ang from Def.

Theorem 5.0.3. Take r € (0,00), n > 4, and U C R2. Suppose there are discs
C1,Co C R? of radius (n — 1)r and strictly less than nr respectively, such that C; C U

and any disc of radius r in U is contained in Ca. Then there is some non-zero vy €

mn—3(Conf,, . (U)) such that t.(y) =0 in m,_3(Conf, (U)).

In particular, this shows that the non-trivial 7,_3-class remains in Conf,, ,(U) for % <
r < ﬁ when U is a deformation of D?, provided that the deformation is small enough
that: 1) we can fit a disc of radius (n — 1) r inside U, and 2) every disc of radius r in U
lies in the unit disc. The first condition means the boundary of U cannot be deformed
very far towards the origin. On the other hand, these conditions place no restrictions
on the area of U, nor do they require U to be bounded — consider, for example, the
deformation of D? in which we remove the segment of D? with y-coordinate greater
than 1 — ¢ for some small € > 0, and then take the union of the remaining region with

the semi-infinite strip [—¢, ] X [0, 00).

Proof. The conditions on C1, Cy yield Conf,, ,(C1) C Conf,, .(U) C Conf,, ,(Cz). Denote
the inclusion maps by ¢, i2 respectively. Furthermore, it is impossible for n discs of radius

7 to lie on a straight line inside C2, so ang(Conf,, ,(C2)) C T"2\{0}.

By Thm. [3.1.1] and [3.2.1} there is some non-contractible sphere S C Conf,, ,.(C}) such

that ¢([S]) = 0 in 7,_3(Conf,(C)). In particular, this is proven by showing that
ang(S) is non-contractible in 772\{0}. We claim v := (i1)«([S]) satisfies the desired

properties.

First, note that ang = ang o i 0 41. Since (ang o i2), o (i1)«([S]) = (ang)«[S] # 0 in
Tn—3(T"2\{0}), it follows that v # 0 in m,,—3(Conf, (U)).

To finish, let i3: Conf,,(C1) < Conf, (U) be the inclusion map. Then ¢ 04} = iz o and

therefore

te(7) = 6e(01)4([S])) = (83) (1 ([S])) = (i3)«(0) = O . H

Following Remark it is apparent we shouldn’t need the full extent of the unit
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disc in Thm. Indeed, if a small enough angle is used in place of 2% in the given

construction of the (n — 3)-sphere, the discs should remain within some narrow strip

parallel to (and centred on) the z-axis. The following result shows that this homotopy

class in §3 remains when we deform the unit disc into an ellipse with semi-major radius
1

1, provided that the semi-minor radius is greater than NG This result also enables us

to generalise Thm. by replacing C; with a suitable ellipse.

Under this deformation, the first critical level % splits into two critical levels. The lower

v A/1—e2 . . . . .
of these is %, where the numerator is the semi-minor radius. This theorem concerns

the upper critical level, %, which is related to the semi-major radius.

Theorem 5.0.4. Let n € N, and let E be an ellipse of semi-major radius 1 and eccen-

tricity e € [0, @) (equivalently, the semi-minor radius of E lies in (ﬁ, 1}) Then

1
n

there is some € > 0 such that, forr € ( , % + 8] , Conf,, ,.(E) contains a non-contractible

(n — 3)-sphere.

To prove this, we will construct a sphere in Conf,, ,.(E), and prove that the disc centres
in each configuration lie in some smaller ellipse E’. The following lemma defines the
necessary relationship between the dimensions of F and E’ which ensures that, if a disc

has its centre in E’, then the disc is contained in E.

Lemma 5.0.5. Take D € Conf, .(R?), a > r. Let E' be an ellipse with semi-major
radius a — r and eccentricity e’ such that the centre of every disc of D lies in E'.

Let E be a concentric, coaxial ellipse of semi-major radius a and eccentricity e <

\/(1— 5 (1= VI=(@?). ThenUD C E.

Proof. It is sufficient to check this for e = \/(1 ) (1 —/1- (e’)2>, since the asso-
ciated ellipse is contained inside the ellipses of smaller eccentricity. For this proof, we
use the equivalent definition e = |/9=2= where ¥’ = (a — r)y/1 — (¢/)? is the semi-
minor radius of E’. Since E and E’ are concentric and coaxial, we choose coordinates
so that the shared centre is the origin, and the shared major axis is the z-axis. Take
q = (q1,q2) € E' to be the centre of some disc in D and assume by symmetry that ¢ lies
in the first quadrant. We need to show that dist(¢, 0E) > r. We will achieve this by

finding a suitable point on the z-axis and using the triangle inequality.

Let g3 = min{q;,ae?} and ¢ = (¢3,0). Since g3 < ae?, we have dist(¢,0F) =
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\/<a2 - Z—%) (1 — €2) by Lemma [5.0.1] This inequality also yields a? — Z—g > a?(1 — e?),

so that dist(¢/, 0E)? > a?(1 — €2)? = a?(1 — %‘l’/)g = (r+b)%

Then it remains to show |g—¢'| < ¥'. If 1 < ae?, then |g—¢'| = g2 <V, where the second
inequality arises from the fact that &’ is the semi-minor radius. Otherwise, ¢’ = (ae?,0),
and sup{lq — ¢|: ¢ = (q1,42) € E',q1 > ae®} is achieved by some (q1,q2) € OF' with
q1 > ae?. Since ae? < (a—7)(e')?, Lemmaapplied to ¢’ and E’ shows that OE" — R,
q — |qg—¢'| has its local minima at (’éé, :t\/(a2 — i—i) (1-— 62)>, and therefore has local

maxima at (£(a—r),0). When we restrict to g1 > ae?, this supremum must be achieved
at either: 1) q; = ae?, where |¢ — ¢/| < b by the first case; or 2) (a — r,0), where

lg—¢|=a—r—ae2=1V.

Thus dist(q,0F) > dist(¢’, 0F) — |q¢ — ¢'| > dist(¢',0F) — b/ > r as required. O

Remark 5.0.6. The inequality e < \/(1 -1 (1 — /1 - (e’)2) is asymptotically sharp
as ¢ — 1. To see this, note that when ¢/ = 1, we have e > /1 — T if and only if
a —r < ae’. Hence, by Lemma dist((a — r,0),0D?) is not achieved at (a,0), so
dist((a—r,0),0E) < |(a,0)—(a—r,0)| = r, so the disc of radius r centred at (a—r,0) € E’

is not contained in E. This is the case of interest in the following proof.

Proof of Theorem[5.0.4} Take some angle 0 < £ < "5 such that 1 — 7 > e*, where

2
r=—2>5- andlet S = O([~&€)" 2 c T" 2. Let ¢ = \/1—( —%) y 21 =
i

n—4sin?
(—€/(1-7),0), 22 = (¢/(1-7),0). Note that 12 < 1 and £ — lase — /%=1 ¢ = 0.
Thus e’ <land e — 1lase— /%1 | & — 0. We construct some S: S — Conlf,, ,(R?)
by the following algorithm on each (¢2,...,¢,—1) € S:

1. Place D; at the origin of the plane and D2 in contact with it, centred at (2r,0).

2. Place each subsequent disc D; for i < n in contact with D;_; such that x; lies on

the ray from z;_; at angle ¢;_1 (Figure [3.3).

3. Translate and rotate the configuration so that x; and z, lie on the z-axis, equidis-

tant from the origin.

This is continuous and the discs are non-overlapping by the arguments in the proof of

Theorem [3.2.11
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We now show that the centre of every disc in each configuration in & fits inside the

ellipse with semi-major radius 1 —r and foci 21, 2o, which has eccentricity e/. By remark

we see that, at stage 2,

n—1 n—1
(Z cosb; , Z sin 97;)
i=1 i=1

2

|21 — 2 |* = 41

n—1 2 n—1 2
= 42 <Z cos Hl) + (Z sin 0i>
i=1 i=1
n—1 n—1i-1
= 472 2:(cos2 0; 4 sin” 6;) + 2 Z Z(COS 6; cos6; + sin 6, sin ;)
i=1 i=2 j=1
n—11i—1
4% [n—-1 —1—222(:03(&- —0;)
i=2 j=1
where [0; — 0;] = |Zi:i+1 o] < (J —19)€ < (n—2)§. Denoting 0 = (n —2)§ < 7, we see

that cos(6; — 0;) > cos @, and thus

n—1i-1
|y — z,|? > 412 n—l—i-QZZCOSH
i=2 j=1

=47 (n — 1+ (n—1)(n — 2) cos )

=4 (n—1)* — (n — 1)(n — 2)(1 — cos 0))

That is, at step 3, the x-coordinate of x,, will be at least

/=12 = (n = 1)(n = 2)(1 —cosh) = "L as ¢ - 0.

Since

n

and \/ 2(1- l) e2 — et is independent of ¢, it follows that

r/(n—1)2 = (n—1)(n—2)(1 —cosh) > € (1—r)
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for sufficiently small £&. Then z1, z, are further from the origin than 21, zo for small £,

so we can find ¢t € (0,1) such that z; = tx; + (1 — t)z, and 29 = (1 — t)z1 + ta,.

Using this, we find that for any 1,

|zi — 21| + |2 — 20| < tlay — x|+ (1 —t)|x; — xp| + (1 — O) |2 — 21| + t|2i — 2y

= |x; — x1] + |z — 2]

§2r<n—1—4sin2i) ,

where the last line follows from Lemma [3.2.2 That is, each z; lies inside the closed

ellipse with foci 21, 2o and semi-major radius (n — 4 sin? %)r —r =1 —r as required.

Therefore, since e = \/(1 —r) (1 —/1- (e/)2), we observe that forall ® € S, |JS(®) C
E by Lemma m Thus S is a local section of ang: Conf,, .(E) — T" 2.

We finish by observing that E C D?, and moreover [S] # 0 € m,_3(T" 2\{0}), where
0 € T" 2 corresponds to all discs lying in a straight line. Therefore S represents a

non-trivial class in Conf, ,(E) by Lemma O

While ﬁ is the best semi-minor radius we can achieve while keeping the semi-major
radius equal to 1, we would hope to achieve better, since, as made clear in Remark [3.2.6]
the maximal distance of our configurations from the y-axis is arbitrarily close to % We
achieve this semi-minor radius in the next theorem. However, in order to achieve this,
we must allow our semi-major radius, and thus too the area of the ellipse, to approach
infinity.

Theorem 5.0.7. Let n € N, and let E be an ellipse with eccentricity e € [\/1 -, 1)

O*ﬂi# + 72, where 1 = L + ¢ for some sufficiently

and semi-minor radius b = \/
small € > 0. Then Conf, .(E) contains a non-contractible (n — 3)-sphere.

Under these hypotheses, b takes all values in (7, y/r]. The semi-major radius is

1
b(l—e?) 2= (1;7;)2 + 12262, which takes all values in [1, 00).

Proof. For a sufficiently small angle £ > 0, let S = 8[—5,5]"_2 C T™ 2 and take

ﬁ. Take the length-preserving coordinate system in which FE is centred

1
= <r<
n T n—4sin® 3

at the origin and its major axis coincides with the z-axis. We define a local section

S: S — Conf, ,(E) to ang by constructing each S(¢2,...,¢n—1) as follows:
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1. Place D; at the origin of the plane and D3 in contact with it at (2r,0).

2. Place each subsequent disc D; in contact with D;_;, such that x; lies on the ray
from x;_1 at angle ¢;_1.

T1+xn

3. Translate all discs by —*5

4. Rotate the configuration about the origin so that x; and z, lie on the z-axis.

There is no overlap between discs and S is continuous by the arguments of Thm. [3.2.1

so we simply need to show |JS(®) C E for all & € S. By Remark x; is arbitrarily
close to (222=1,0) at step 3. In particular, 21 — (=21,0) and z,, — (%=1,0) as £ — 0,
so the size of the rotation in step 4 tends to 0, which means this limit position holds

after step 4 as well. This limit is the first critical configuration, consisting of the n discs

of radius % lined up along the horizontal diameter of D?, such that D; touches D;_; and

D1 if they exist, and D and D,, touch the boundary.

1
n—4sin? % ’

such that, for2<i¢<n-1,D; C B ((%,0) ,s). Therefore

More precisely, for each % <r< there is some s > r (where s — % as & — 0)

n—1
UDiCFl = [—n_B—s,n_S—i-s X [—s, 8]

. n n
=2
We have fixed the centres of Dy and D,, to lie on the z-axis, and Lemma |3.2.2| gives us
|z1], |2n| < (n — 1 — 4sin? %)r <1 —r. Thus
DyUD, C F=B(-14+r0),n)U([-14+r1—7r]x[-rr])UB((1—-r0),r7)
For sufficiently small £, we have s < % Then ”7_3 +s5< % <1—17,and so
US(CD) CRUFR CF=B(-14r0),)U([-14+r1—7r]x[-ss])UB((1l—-r0)),r)

for all ® € S (see Fig. [5.1)).

Next, we show that F' C E by showing that all points of F' satisfy the inequality which

defines F,

L—r?1—e?)

2*(1—e?) +y* <b* = +r

e2

First, if (z,y) € [-1+7,1—7] x [~s, 5], then 22(1 —e?) + % < (1 —7)3(1 — €?) + 5%, As

2

¢ — 0, then s,r — %, and therefore s> — 2 — 0. Since the lower bound on e is always
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B8 EEEY

Figure 5.1: The outer boundary shows a thickening of the first critical configuration,

constructed in such a way that it contains the configurations of the non-contractible

sphere S, and is in turn contained in the ellipse E, in Theorem [5.0.7]

less than \/”T_l, we may assume e to be fixed. Therefore s? —r? < %(1 —e?) (e% — 1) <

(1—7)%(1 —€?) (e% — 1) for sufficiently small £&. Hence

?(1—e)+y2 < (1—r)1—e?) +r2+(1-7r)21-ée?) <612—1>
1—7)%(1 —¢?
Ry (T W

2

Second, if (z,y) € B((1 —r,0),7), then (x — 1 +7)? 4+ y? < r2. Thus

21—+ <21 —-e)+r?—(z—147)?

=2 21 —r)z +2r —1

1—r\2 (1-7r)2
:—<ex— T) —i-( 27") +2r—1
(&

1— 2
g L S
e
1—7)2(1 — ¢?
:( T)g 6)+(1—r)2+2r—1
€
(1—r)2§1—€2)+rg
(&

Symmetrically, we see the same for (z,y) € B((—1+7,0),r). Therefore | JS(®) C FF C FE

for all & € S, which completes the proof that S is a local section of ang.

Finally, let A = {B(p,r): p € R%?, B(p,7) C E} be the set of all discs of radius r
contained in £. We want to show that every such disc also lies in D?. It is clear
geometrically that sup{|p|: B(p,r) € A} is achieved on the major axis of E, which is
the z-axis. We may assume the z-coordinate of p to be positive by symmetry. Then,

by checking that these coordinates satisfy the equations defining both sets, we note

that 0B((1 — r,0),r) intersects OF at py = (%,i\/rz —(1—r)%(e2 - 1)2)7 so the
x-coordinate of p cannot be greater than 1 — r — that is, sup{|p|: B(p,r) € A} <1 —r.

This is equivalent to the claim.

76



Now [S] # 0 € m,_3(T"2\{0}), and if ang(D) = 0, then all the disc centres are
collinear. Thus S represents a non-trivial element of 7,_3(Conf,, ,(E)) by Lemma

as required. ]

We note that there is no discontinuity in the ranges of the semi-minor and semi-major
radii between Theoremsand indeed, when e = /1 — 7, both settings yield the
ellipse of semi-major radius 1 and semi-minor radius /7. Hence there exists a continuous
family of ellipses, indexed over the semi-minor radius on the range (%, 1}, which contain

this non-contractible sphere class.
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Chapter 6

Exploring the lower homotopy
classes beyond the first critical

radius

Consider the inclusion ¢: Conf,, — Conf,. In we show that there exists v €
mn—3(Conf,, ) such that ¢, (y) = 0 € m,_3(Conf,) for r just beyond the first critical
radius. This shows that ¢, is not injective in dimension n — 3. This suggests some
related questions: is ¢, surjective in dimension n — 37 Is ¢, injective or surjective in any

other dimensions?

We will consider here the dimensions & < n—3. We hope for a theorem akin to Lefschetz’
Hyperplane Theorem [27, Cor. 7.4], taking inspiration from the proof originally laid out

in [§].

Theorem 6.0.1 (Lefschetz’ Hyperplane Theorem). Let V' be an algebraic variety of
complex dimension n and P a hyperplane of C". Then for m < n, we have m,(V,V N

P)=0.

Here, given topological spaces A C X and xzy € A, the elements of the m-th relative
homotopy group 7, (X, A) (or homotopy set in the case m = 1) are homotopy classes of
maps of triples (D™, D™ = S™~! %) — (X, A, zg) (see 22, pp. 343-344]). In the case
A = {xo}, S™ ! is mapped to a point — thus the map is equivalent to a map of pairs

(D™/S™m=1 = 8™ %) — (X, z0) and we regain the homotopy group 7,,(X). Due to the
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long exact sequence on homotopy groups, the Lefschetz Hyperplane Theorem implies

Tm(V N P) 2 m, (V) form <n—1and 7,1 (VN P) = m,—1(V) is surjective.

The proof uses the notion of an upward (or stable) manifold: given a manifold M, a flow
(dt: M — M)ie(—o0,00) 00 M, and a differentiable map f: M — R with critical point p,
the upward manifold of p is the submanifold %, = {x € M | ¢(zv) = past — —oo},

consisting of all points which tend to p as they flow downwards along the flow.

Sketch proof. The authors choose a map f: V — [0,00) such that f(z) = 0 if and
only if x € V. N P. f further has the property that, for each critical point p € V,
dim %, < n, where they use the flow given by the gradient vector field V f. Then, by the
Transversality Theorem [23, Thm. 2.1], any map g: (D™, S™ 1, %) — (V,V N P, zq) can
be perturbed so that g(D™) is transverse to %, for all critical points p; in particular,
since dim g(D™) 4+ dim %, < m +n < 2n = dim V, the two sets are disjoint. Thus after
perturbation, we can retract g(D™) onto f~!(0) = V N P along the gradient field. Since
the entire g(D™) now lies in V' N P, it can be contracted to the basepoint inside V N P,

so [g] =0 € m,(V,V N P). O

This sketch suggests a route towards a similar theorem for showing that

mm(Conf,, Conf,, ) = 0 for small m. We use the tautological function 7 defined in
and hope to show, for any map of triples g: (D™, S™ !, %) — (Conf,, Conf, ,, so), that
we can flow g(D™) upwards into 77 1[r,00) = Conf,,,. In order to achieve this, we will

need to:
1. Define the flow ¢; on Conf,,, ideally gradient-like for 7.

2. Find the downward manifolds 2, = {z € M | ¢:(z) — past — oo} for each

stationary point of the flow and determine their dimension.

3. Use the maximum dimension of these downward manifolds to determine the max-
imum value of m for which the theorem holds. Since we are using the idea that
transversality implies disjointness, these two maxima will add up to dim Conf,, —

1=2n-1.

In the case just beyond the first critical radius, r = % + ¢ for small e, the only

stationary points of a gradient-like flow for 7 with 7(z) < r will be the configura-

tions associated to the critical radius % In these configurations, the points lie on
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some shared diameter of D?. Naively, we might expect to define our flow so that
2, = {x € Conf, | I cr2VizjIner ©j — x; = Av} is the set consisting of all configu-
rations in which all the points lie on some common chord of D?. The chord is uniquely
defined by the position of its centre, which is an element of D?. Then the position
on the chord of each z; is defined by one coordinate. Thus dim %, = n + 2. Using

(2n — 1) — (n+2) = n — 3 leads us to the following conjecture.

Conjecture 6.0.2. Taker € (%, ﬁ] Then p,(Conf,,, Conf,, ) =0 for allm < n—3.

Therefore the inclusion v: Conf, , — Conf,, induces an isomorphism on homotopy groups

in dimensions m < n — 3 and a surjection in dimension m =n — 3.

6.1 Proof of concept: the case n =3

Here, we develop a gradient-like flow for 7 in the case n = 3. There is no definition
for a relative homotopy group in dimension 0, so there is no conjecture to prove here.
However, we hope to find that our downward manifold has codimension n — 2 = 1,
as this would provide a template for our proposed proof. The Transversality Theorem
implies that any submanifold of codimension m can be disjoined from any submanifold

of dimension less than m.

Recall the stress graph, N(x), of a configuration x € Conf,, from Def. Configu-
rations with a balanced stress graph (Def. act as critical points, at which there
is no canonical choice of T-increasing flow. Let 'y denote the set of graphs on n + 1
labelled vertices, with vertex set V' = {v1,...,v,41}. Then abstractly, we can think of

the map z — N(z) as a map N: Conf,, — I';,41, where:
e Given 1 <i,j <n, N(z) contains an edge v;v; if and only if |x; — x;| = 27(x), and
e Given 1 <i <n, N(z) contains an edge v;v,1 if and only if dist(x;, 0D?) = 7(x).
(Here, the entire boundary is encoded by a single vertex. For arbitrary Conf, (U),
there could be one or more discs with multiple points of contact with the boundary
(for example, by Lemma if U is an ellipse and there is some x; on the major
axis, adjacent to the boundary, with |z;| < ae?). Then the second condition would be

replaced by ‘Given 1 < i < n, N(z) contains an edge v;v, ;1 for each p € QU such that

|x; — p| = 7(x)’, which in general yields a multigraph. Alternatively, we could partition

80



the boundary into more than one piece, each corresponding to its own vertex.)

Then for each G € T',, 41 we can define the stratum Ng = {z € Conf,, | N(z) = G},
the set of all configurations whose stress graph is G. We will define a continuous flow
on the closure Ng, in which the configurations in ON¢ are stationary; and for € Ng,
the vertices of degree 0 in G remain stationary, while the other vertices flow in such a
way that the edges of the stress graph increase in length at the same rate. Eventually,
this flow will meet either a critical configuration or the boundary dN¢g, at which point
the flow ends. The flow meets the boundary when some pair (or pairs) of vertices which
are not adjacent in G become adjacent in N(x) — that is, ONg C g g Ngr. Choose
a total order G; < Go < ... < G on the set of graphs on n + 1 vertices such that if
G is a subgraph of G’, then G < G’. We will retract the strata onto their boundaries
one at a time using this order. The below propositions imply that these flows induce

homotopy-equivalence.
Lemma 6.1.1. Take G € I'yt1. Then Ng is open in Ugryq Nor-

Here, although we typically let A C B include equality, the notation G’ ¢ G’ means

that G’ is not a strict subgraph of G.

Proof. Take x € Ng and consider the set

L= ({;x _ay1<i<j< n} U {dist(z;,0D%) |1 < i < n}) \{r(2))

Let § = 3(min(L) —7(z)) and take y € Ugr¢e N such that |y; — ;| < 6 for all 4. Then

if N(z) contains the edge v;v;, where i, j < n, we have
195 — 951 < Iy — 23] + Jos — 23] + g — 5| < 27(2) + 26 = min(L) + 7(2)
Thus 7(y) < 3(min(L) + 7(z)).
Next suppose G does not contain the edge v;vj, where 7,5 <n + 1. If j =n + 1, then
dist(y;, 0D?) > dist(z;, 0D?) — |z; — y;| > min L — § = % (min L + 7(z)) > 7(y)
otherwise if 7,7 < n, then
lyi —yjl > —|yi — x| + |z — x| — |xj — y;| > 2min(L) — 26 = min(L) 4+ 7(z) > 27(y)

Thus in each case, N(y) does not contain the edge v;vj. Therefore N(y) C G, hence
N(y) =G. O
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Proposition 6.1.2. Let ¢; (t € I for some interval I C R) be a continuous flow on Ng
which fizes the boundary. Then ¢; extends to a continuous flow ¢, on UG/¢G Ngr which

fizes all points outside N¢.

Proof. Let t € I and # € Ng. Take ¢ > 0. By continuity at (¢, z), there is § > 0 such
that, if y € Ng and |y; —z;] < 6 for all 4, then |¢yy; — ¢sx;| < € for all i. We now consider
¢¢. Since ¢y is either the identity or equal to ¢y, it is immediate that ¢ is continuous at

(t,z) with respect to ¢. It remains to check continuity with respect to x.

Take z € Ng. By Lemma/6.1.1} there is ¢’ > 0 such that if y € Ugryq Nov and |y; — 24| <
&' for all i, then y € Ng. ¢; agrees with ¢; on Ng. Therefore, if |y; — x;| < min{d, ¢’}

for all 4, then |psy; — ¢ras| = |beys — ¢pri| < € for all i. Thus ¢ is continuous at (¢, ).

Next take x € ONg. Then ¢z; = x;. Hence if |y; — x;| < min{é, e} for all 4, we have
either ¢y; = v; or y; € Ng. Therefore |ory; — ;| < e for all 4. Thus ¢ is continuous

at (t,x).

Otherwise, * € Ugrzq Ng\Ng, which is open in Ucrgze Ner- Then there is ¢’ > 0 such
that if y € Ugrgq Nov and |y; — x;| < ' for all i, then y ¢ Ng. ¢ acts as the identity
outside of Ng. Therefore, if |y; —x;| < min{d’, e} for all i, then |¢ry; — pra;| = |yi—x4i| < e

for all 7. O

We define the flow on connected components of the stress graph. If G has more than one
non-trivial component, each component will follow its defined flow, in such a way that
the edge lengths of the components increase at the same rate. If a component has no
boundary edges, we enlarge it about the centre of mass of its vertices. If a component

has one boundary edge, we enlarge it about the boundary vertex.

In the case n = 3, there are only six possible components with at least two boundary
vertices. For convenience, we will use the labels z1,x3,x3, but any permutations are

defined in the same way.

1. The component where x; and z9 are adjacent to each other and to the boundary.
We choose the unique flow (up to reparametrisation) in which the angle between
ro — x1 and the z-axis is held constant. In the case that this angle is 0 and the

discs have positive y-coordinate, we can describe this flow explicitly in terms of

the radius r = 7(x) as (x1,22) = ((—r,v/1 —2r), (r,v/1 — 2r)).
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2. The component where x1 and x5 are adjacent to each other and to the boundary,
and z3 is adjacent to xo. We flow x1 and x2 as described above and keep the angle

between xr9 — x1 and x3 — x1 constant.

3. The graph G* where x; is adjacent to x2 and the boundary, and z3 is adjacent to
x2 and the boundary, and the three graphs which have this as a subgraph. Since
this stratum contains the critical configurations at radius %, we will discuss this

further.

We will choose our order on the set of graphs so that we retract the strata in the order
discussed here. Then everything retracts onto the set of strata Ng- = Ugse- Na,
numbered (3) above. We can describe this coordinate-wise by (r, 6, ¢), where r = 7(z),
20 is the angle between the radius containing x; and the radius containing x3 (since
both points have magnitude 1 — 7, neither is at the origin, so this is well-defined), and
¢ is the angle between the radius containing x3 and the horizontal (see Fig. . If
x3 = ((1—r)cos¢, (1 —r)sing) and x; = ((1 —r)cos(¢ + 26), (1 — r) sin(¢ + 26)), then

there are at most two possible positions for x,.

We define a flow on this stratum, keeping ¢ constant. First, we determine the coordinate
range for (r,0). We will split the set of configurations into clockwise or anticlockwise,
depending on the order of the points x1, x2, x3 in the triangle whose vertices are these

points. If they lie in a straight line, we count the configuration in both sets.

Proposition 6.1.3. The coordinates (1,0, ¢) yield a configuration of Ng= if and only if
the following hold:

1. 7 < (1 —r7)sinf < 2r, and

2. Bither (1—r)cos > and the configuration is clockwise, or (1 —r)sin% >r and

the configuration is anticlockwise.

3 w1 —as]
1—-r

Proof. First, by drawing the line between 1 and 3, we see that sinf = thus
|1 — x3] = 2(1 — r)sin(f). We must have |z1 — x3| > 27(x) = 2r by the definition of
7, and |71 — 23] < |x1 — 22| + |v2 — 23| = 4r. These are sufficient to be able to place a

point x5 at a distance 2r from both points.

Now, assume without loss of generality that ¢ = 0. Then z3 = (1 — r,0). Since

To is equidistant from z; and xg, it lies on the line through the origin which bisects
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Figure 6.1: A configuration from the stratum Ng+ C Confs with the angle coordinates
0, ¢ and the associated configuration of touching discs. The positions of x1, x3, which
are defined by these angles and the value r := 7(x), determine the position of x2 up to
a choice of two points: the labelled point, or the grey point. Then (r, 6, ¢) determines a

configuration of Ng+ up to a choice between two configurations.
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D=

Figure 6.2: A cross-section, {¢ = ¢}, of the coordinate region corresponding to clock-
wise configurations of Ng«, for the coordinate system (7,6, ¢) given in Fig. The
region of possible coordinates is shown in white. A dotted line joins the points corre-

sponding to the first and second critical configurations of Confs.

the angle Zz10z3, so zo = (scosf,ssinf) for some s € R. Then, we obtain a valid
configuration of Ng- if and only if 52 = |22]? < (1—7)? and (1 —7—scos )2+ s2sin?0 =

|z3 — 22|> = 4r%. Rearranging the latter, we get a pair of solutions s+ = (1 — r)cosf +

V/4r2 — (1 —r)2sin? §. The configurations given by s are the clockwise configurations,

and s_ are anticlockwise. Then we have

l—-r>sy < (1—r)(1—-cosh) > \/47"2—(1—7")2sin29
& (1 -7)23(1 —cosf)? > 4r* — (1 —7r)?sin® 0
& (1-7)%(2 - 2cosh) > 4r?
S 41 —1)? sinzg > 4r?

0
<:>(1—r)sin§ >r

We can take the square root in the last step since ¢ € (0,Z), so all quantities are
2 2

positive.) Similarly, —(1 —r) < s_ if and only if (1 —7)cos§ > r. Finally, we have

for all (r,0) that —(1 — r)(1 + cosf) < /4r2 — (1 —r)2sin® @ and (1 — 7)(1 — cosf) >

) + -
\/47“ (1 —r)?sin” 0, from which we deduce s; > —(1 —r) and s_ < 1 — r for all

(r,0). O
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For each ¢ € S', the coordinate region relating to (r,6) for the clockwise configurations
of Ng«, restricted to the (r,6)-plane, consists of the region shown in Fig. The
coordinate region for the anticlockwise configurations is found by reflection about the
line = 5. In the full coordinate region, the clockwise and anticlockwise regions meet
precisely along the surface S = {(r,0,¢ | 2r = (1 — r)sinf}, which consists of the
configurations in which x2 lies on the line segment joining x; and x3. The points of the

form (%, 5 gb) € S correspond to the first critical radius.

We finish by recognising that we can easily define a continuous flow on Ng+ such that:
e All flow lines lie in a plane of constant ¢,
e Configurations on S flow along on S to the first critical configuration,

e Configurations in the clockwise region flow near-parallel to S at small r, but con-
verge towards the dotted line on Fig. and follow it to the second critical
radius, which corresponds to the configurations where the points form a triangle,

with radius 2v/3 — 3, and
e Configurations in the anticlockwise region behave in the same way.

dim Ng= = 3 and dim S = 2. Therefore S has codimension 3 — 2 = 1, as required.

6.2 A candidate flow to generalise the proof for all n

In order to prove the conjecture for all n, we need to generalise our flow construction. The
number of isomorphism classes of graphs on n+ 1 vertices quickly becomes prohibitively
large, meaning we cannot define a flow on each isomorphism class individually as we
did for the strata with more than two boundary vertices in §6.1] Instead, we will find a
general formula for the flow. Using the notion that discs in contact push against each
other from [11], we give to each edge of N(z) a weight, so that the flow depends only
on the direction and position of the edges of N(x). We will first generalise, treating the

stress graph as a special case of a graph realisation in D?.

Definition 6.2.1. Let G = (VUV’, E) be a (not necessarily connected) graph, in which
each vertex of V’ is a leaf. A realisation of G inside D? is a pair of maps (p: V —
D2 p': V' — 0D?) such that each v’ € V' has a unique neighbour, and this neighbour

is an element of V and lies on the normal to 9D? at v'.
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Definition 6.2.2. Let w = (we: (a,0) = R)ecr, = (2y: (a,b) = D2)yeyyr where

a <0 <b. Then z is a w-flow of (p,p’) if all of the following hold:
1. x(t) is a realisation of G inside D? for all ¢ € (a, b)
2. 2,(0) = p(v) and z,(0) = p/(v') for all v € Vo' € V/
3. &y(t) = Y per Wao () (@y(t) — 2y (t)) for allv e V, t e R

The w-flow formalises the notion that the edges of G exert a force on the vertices at
each end. Here, we are not using ‘force’ in the physical sense — the velocity (not the
acceleration) of each vertex is proportional to the force on it. By definition, if there is a
non-trivial map w such that w, > 0 for all e € E and #,(0) =0 for all v € V U V"', then
we regain the notion of a balanced stress graph. In this formalisation, there is also the
possibility of a non-trivial map w such that 2,(0) = 0 for all v € V.UV’, but there exists
some w, < 0. This motivates the idea of a generalised balanced stress graph, which we

defined earlier in Def. We have already calculated these for n < 5 in

We want to define a w-flow such that #,(0) = 0 for all v € V UV’ whenever the graph
realisation with vertices at {x,(0) | v € VUV'} is balanced. #,(0) =0 for all v € VUV’
if and only if Y v,y [#0(0)|> = 0, so we minimise this function over all non-trivial
maps w. In order to avoid the trivial map, we choose some surface in R¥ which avoids
the origin. With a good choice of surface, we can also place restrictions on the behaviour

of the edges of G away from the critical points.

Proposition 6.2.3. Let P be be the hyperplane of RY defined by Y ecp Mewe = 1 for

some me € [0,00), and let x be a w-flow for some w € P. For each t, let

ft,v3 R¥ — Ta:v(t)D2 = R2, W= (we)eeE = Z wuv(xv(t) - xu(t)) )

uwveE
Ft = Z ‘ft,v|2

veV

If w(t) is a minimum of the restriction Fy|p for all t, then the lengths of the edges are
increasing, and My |2y (t) — Ty ()| — Myy [2a(t) — 2w ()] is constant with respect to

t for all vv',uu' € E.

Remark 6.2.4. We have by definition f;,(w(t)) = 2,(t). Hence, if w fulfils the given
condition, we will call it (G-)flow-minimising and = (G-)minimal. The flow is unchanged

(except for speed) under rescaling, so the choice of hyperplane P is a normalisation.
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Remark 6.2.5. Being a sum of squares, F} is convex, so all stationary points are global

minima, and the set of global minima is convex.
Remark 6.2.6. A stress graph has the property that, for all uu/,vv" € E,

|2y — Tor|? _ 1 if both edges are interior or both edges are boundary

_— / 2 - . . . . .
|20 — 23 4 if uv/ is interior and vv’ is boundary

Therefore, if we set me = 1 for all interior edges and m,. = % for all boundary edges,
then this ratio remains constant. Thus no edges disappear from the stress graph, so this

is a well-defined flow on the stratum Ng C Conf,, as understood in

Proof of Prop. [6.2.3. Suppose w(t) is a minimum of F;|p. Then, by the Lagrange mul-
tiplier theorem, there is A € R such that A\VP = VF, at w = w(t). That is, for all

e=wv' €k,

0
AMe = A R

OF,

Z Mewe — 1 | = 0

eck e
In the case v,v' € V,

OF; 0

_ 2)

Oowe  Ow,
0 ftw 0 fra
=2 (Fualo)- 22 4 frtwo) - 2 )

2(2y(t) - (20(t) — 20 (1) + B0 () - (20 () — 20(2)))

= 2(&(t) = (1)) - (20 (t) — 20 (1))
d 2

1) = 2w ()

(|ft,v|2 + |ft,v’

Otherwise, one end of e (say v') is in V', in which case

Owe 0w, b
0 ftw
= 2fiufu(t) -

= 23, (t) - (24(t) — Ty ()

Since z,(t) lies on the normal to dD? at ., (t) and z,(s) € dD? for all s in the domain

of z, it follows that @,/ (t) - (x,(t) — z(t)) = 0, so again, we have

0F; . . d
B 2(2o(t) = 2 (1)) - (2o(t) =20 (1) = 7 |20(t) — (1)

This proves the second claim.
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To show that the lengths are increasing, we need to show that % |2y (t) — x4 (t)\2 >0,

or equivalently that A > 0. We have

A=AVP. (we)eGE

- VFt . (we)eGE

But since F} is a positive semi-definite quadratic form, it can be orthogonally diago-
nalised with non-negative coefficients, by the Principal Axis Theorem: that is, there is
an orthonormal coordinate system (7.)eeg such that F; = > ccE ce'yg, with ¢, > 0. Thus

we have

)\2220676220 . O
eeFE

Remark 6.2.7. We observe from the proof that myyA = < |z,(t) — z,(t)[%. In the case

of a stress graph, weighted as in Remark [6.2.6} this yields A = %47“2, r=rT1(x).

We would hope to use this flow to retract maps M — Conf,, onto Conf, , for low-
dimensional manifolds M for the proof of Conjecture [6.0.2] In order to do this, we

would need to address the following questions:

e Is the flow-minimising w-flow continuous on Conf,,, or do we need to retract it
stratum by stratum as in §6.1]7 If the latter, are there any configurations which do

not eventually flow towards a generalised critical configuration?

e Are there configurations which are not generalised balanced for which the minimum
of Fy|P is achieved at more than one w? Will these give different flows, and if so,

how do we make a consistent choice for w(t)?

e What do the downward manifolds of the phantom critical points look like? Are
there phantom critical radii below the first critical radius (or in general, the critical

radius of interest), and how much do they obstruct the flow?
We finish by giving an example of the flow on a stratum of Confy.

Example 6.2.8. Let z € Confs be a configuration whose stress graph is a 4-cycle, with

the points in anticlockwise order and with no boundary edges. Then in particular the

T 27

313 ) denote the internal

stress graph is a rhombus of side length 2r, r = 7(z). Let 0 € (
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angle at 1, and let w; be the weight on the edge joining z;_1 to x; (i € Z/4Z). Then

fia(w) = wi(z1 — 24) + wal(wy —22)
fro(w) = wa(z2 — 1) + w3(xe — 23)
fr3(w) = ws(z3 — x2) + wa(xz —x4) , and

fra(w) = wa(zg — x3) + wi(zg — 1)

Thus

0
—F
A= &ul !

87 (Ife1l” + | feal?)
=2(z1 — 24) - fr1(w) +2(z4 — 21) - fra(w)
= 20.)1‘:171 — $4|2 + 2&)2(%1 — .CU4) . (a:l — .CCQ) + 20.)4(174 — a;l) . (334 — xg) + 2w1|x4 — I 2

= 8r2(w1 + wy cos O — wq cos O + wi)

= 8r%(2w + (w2 — wy) cos B)

and similarly

0
—F
A= Ow, !

= 822wy + (w1 — w3) cos )

0
A=—F
Ows !
= 8r%(2w3 + (w4 — wo) cos )
0
—F
A= Ow, !

= 8r%(2w4 + (w3 — wy) cos )

and normalisation

The equations have a unique solution wy = wy = wg = wy = 16%’

gives d7£5 2 =1, that is dt4r2 =\ =4r2

Thus we have w(t) = (1,1, 1, 5) and @;(t) = fi;(w(t)) for all i € {1,2,3,4}. We can

PN
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use this to find % cosf.

%47«2 cos = %((wl —z4) - (21 — 22))
= (i1 — @) - (21 — 72) + (21 — 24) - (1 — 2)
= 5 (@1 = w0) + (1 = 22) = (o1 — ) — (w4 — 21)) - (21— )
(e =) (01— ) + (01— 22) — (22— 1) — (2 — 7))
— 22(cos@—l—l—1—(—0089)4-14—(3089—(—cos@) — 1)
= 4r” cos 0

Then

4r? cos ) = %41"2 cosf = cos 0%47‘2 + 41"2% cosf = 4r® cos O + 47“2% cosf

That is, 41"2% cos = 0, hence 6 is constant. The flow of the configuration is an enlarge-

ment.
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Appendix A

Braid calculations for §4.4

Here, we give the full calculations of the underlying braids of b;, as given in For
easier comprehension, we will sometimes use brackets to mark the generators to which

the braid operations are applied on each line.

(b1,0) —~ 0'10'20'30'510'2(J'fl
_ -1
= 0102020
= 513
—1, -1 -1y _—1
(b3,0) = o102030; (05 01020307 * )0,
_ -1
= 01020201
= 513 ,
-1 —1\—1_ —1
(b2,0) = o10203(05 "o1020307 ) 030,
_ -1 -1 -1
= 0102010, 0307 030,
_ -1 -1 -1
= 02010209 0301 030,

= 0203030;1

=S4 ,
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-1 -1 “1v—1

(b4,0) = 01020305 "01(03 01020307 )

_ 1 1 1 1

—0'10‘3 020'30'10'3 0109 0307

_ —1 -1 -1

= 0103 02010105 07 03

o 1 1 -1

= 0105 020105 0] 0203

_ -1 -1 -1

= 0105 0] 020107 0203

|

—0'3 0209203

= 524

In the main body, we cite [I8, Thm. 7], which states that (o10903010201)% generates
the centre of Bry. We claim that (010203)4 also generates the centre. We can show
the equivalence of these statements using the braid relations to show these are the same

element:

(0’10'20'3)4 = 0’10'20'30'10'2(0‘30‘1)0‘20‘30‘1020’3
= 0'10'20'30'10'20'1(0'30'20'3)0'10'20'3
= 0109030102010203(020102)03
= 01020301020102(0301)02(0103)
= 0109030102010901(030203)01
= 010'20'3010'20'1(0’20‘102)0‘3020’1
= 0109030102010102(0103)0201
= 0109030109010102030102071

= (010203010901)>
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We claim also that (e, 1) — s12523513534524514 in PBry, which can be proven thus:

(e,1) — (o10203)*
= 0102(0301)0203010203010203
= 010201(030203)010203010203
= 0102010203(020102)030102073
= 01090102(0301)02(0103)0102073
= 01(020102)01(030203)010102073
= 010102010102030201010203

2

2 -1
= 0102(02

1

0102)03 (05 ' o303) (05 05 Lot oa03)

= 512823513534524514
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