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ABSTRACT. Motivated by the construction of the free Banach lattice generated
by a Banach space, we introduce and study several vector and Banach lattices
of positively homogeneous functions defined on the dual of a Banach space E.
The relations between these lattices allow us to give multiple characterizations
of when the underlying Banach space E is finite-dimensional and when it is
reflexive. Furthermore, we show that lattice homomorphisms between free Ba-
nach lattices are always composition operators, and study how these operators
behave on the scale of lattices of positively homogeneous functions.

1. INTRODUCTION

From the point of view of Banach space theory, Banach lattices constitute an impor-
tant class which includes many of the classical function spaces arising in analysis.
The order structure of a Banach lattice is deeply tied to the geometry of its norm,
and much research has been carried out to elucidate this relationship.

A common approach in the literature is to use a Banach space E to construct,
or “induce”, a Banach lattice. We shall study a collection of Banach and vector
lattices obtained in this way, consisting of positively homogeneous functions defined
on the dual space of F, with the aim of understanding how key geometric properties
of E are expressed in the order structure of and relationship between the Banach
lattices it induces.

Our motivation comes from the study of “free Banach lattices”. This notion
arose in the work of de Pagter and Wickstead [30], who defined the free Banach
lattice over a set. Subsequently, Avilés, Rodriguez and Tradacete [6] defined the
free Banach lattice FBL[E] generated by a Banach space E and observed that this
object generalizes that of de Pagter and Wickstead in the sense that, for a set A,
FBL[¢1(A)] is the free Banach lattice over A.

As shown in [3] [4] B0], free Banach lattices are closely related to the notion of
projectivity. They also played a key role in the recent construction of push-outs in
the category of Banach lattices [7], and they have been instrumental in resolving
a number of open problems about the structure of Banach lattices, including the
following:

e A Banach lattice may be lattice weakly compactly generated, but not embed
into any weakly compactly generated Banach space [0, Corollary 5.5]; this
answered a question of Diestel.
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e A lattice homomorphism between Banach lattices need not attain its oper-
ator norm [13].

e A closed, infinite-dimensional subspace of a Banach lattice need not contain
any bibasic sequences [29, Theorem 7.5].

Other recent results concern the relationship between a Banach space F and the
free Banach lattice FBL[E] it generates. Let us briefly mention a few of these:

e [ is separable if and only if FBL[FE] is separable [0, Theorem 3.2], if and
only if FBL[E] has a quasi-interior point [29, Proposition 9.4].

e FBL[E]* is order continuous precisely when E does not contain any com-
plemented copies of ¢; [29, Theorem 9.20].

e FBL[E] satisfies an upper p-estimate if and only if the identity operator
on E* is (p*,1)-summing, where p* is the conjugate exponent of p [29
Theorem 9.21].

e FBLI[E] always satisfies the countable chain condition [5].

Formally speaking, the free Banach lattice generated by a Banach space E is a
Banach lattice FBL[E] together with a linear isometry §¥: E — FBL[E] such that,
for every Banach lattice X and every bounded linear operator T: F — X, there
exists a unique lattice homomorphism 7' : FBL[E] — X such that the diagram

FBLIE|

JET T\

EFE— X

is commutative, and ||T'|| = ||7|. This construction defines a covariant functor from
the category of Banach spaces and bounded linear operators into the category of
Banach lattices and lattice homomorphisms.

Standard arguments show that if the free Banach lattice generated by a Banach
space E exists, then it is unique up to isometric lattice isomorphism, so the signif-
icance of [6] is the proof that FBL[E] exists. Constructing free vector lattices is
quite straightforward (see [8 [I0]), but the method does not immediately carry over
to Banach lattices (although it is possible to adapt it, as shown in [33]). Instead,
the authors of [6] took a different route, constructing FBL[E] explicitly as a Banach
lattice of functions. This additional feature has turned out to be very useful and is
a cornerstone of our work. Let us therefore begin with a review of the construction.

Take a Banach space E, and denote by H[E] the linear subspace of R” " consisting
of all positively homogeneous functions, where we recall that a function f: E* — R
is positively homogeneous if f(Az*) = Af(z*) for every z* € E* and A € [0, 00).
For f € H[E], define

T —_— sup{z )l n € @) B s 3 Jrie)] < 1}. (1)
j=1 elistj=t

Then H'[E] = {f € H[E] : | f|lrprg) < 00} is a Banach lattice with respect to the
norm || - |lpgr(g) and the pointwise vector lattice operations. Now, for x € E, the
map &, : E* — R defined by d,(z*) = 2*(z) belongs to H'[E] with [|6,|/rprig) =
lz]lg, and [0, Theorem 2.5] shows that the free Banach lattice FBL[E] can be
realized as the closed sublattice of H'[E] generated by {d, : * € E}, together with
the linear isometry 6¥: E — FBL[FE] given by 6¥(x) = 6, for x € E.
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This construction was generalized in [25] to produce the free p-convex Banach
lattice generated by a Banach space F for 1 < p < co. To state the definition, set

1

| llenrie = sup{ (D 1r@pl) " sne N, @)5m € B @) llpwear < 1}
j=1

(1.2)
for f € H[E], where

. .
e v —— (Dx;(w)p) (1.3)
lel<1 \{=

denotes the weak p-summing norm of the n-tuple (z7)7_, in £*. (As usual, expres-

1
sions of the form (Z?:1|tj|p) » should be interpreted as max;;<nlt;| for p = c0.)
Note that for p = 1, (1.3)) can equivalently be written as

. (1.4)

n
1@l et = sup || 225
gj==*1 J=1
Then HP[E] = {f € H[E] : ||fllrLr[ry < oo} is a Banach lattice as before,
and [25 Theorem 6.1] shows that the closed sublattice of HP[E] generated by
the set {0, : © € E} together with the linear isometry 6¥: E — FBLP[E] given by
6B (x) = 6, for x € E is the free p-convex Banach lattice generated by E.

We observe that FBL[E] = FBL![E] because reduces to for p = 1.
A less obvious result, shown in [29, Proposition 2.2], is that FBL*[E] can be
identified with the space of positively homogeneous weak*-continuous functions
defined on the dual unit ball.

The role of positive homogeneity in these constructions is not coincidental, but
a consequence of the fact that the functions J, for x € E are our building blocks.
They are linear, and hence lattice combinations of them will always be positively
homogeneous. We remark that earlier work on Banach lattices of positively homo-
geneous functions can be found in [I8] B1], 32} 34].

The purpose of the present paper is to investigate HP[E] for 1 < p < oo in its
own right, together with a number of sublattices and ideals lying between FBL?[E]
and HP[E]. This will in particular lead to characterizations of the cases where
the underlying Banach space F is finite-dimensional (Theorem and reflexive
(Theorem [5.5)).

In Section [4] we shall see that in the infinite-dimensional situation, one should
be able to provide examples of weak*-continuous functions in H?[FE] that are not
in FBLP[E]. Surprisingly, our proof requires the existence of a separable quotient
of the underlying Banach space E. Although this might be just an artefact of the
proof, in any case it provides a fairly general condition that allows us to distinguish
FBLP[E] within the weak*-continuous functions of HP[E].

Finally, in Section [6] we study lattice homomorphisms between free Banach lat-
tices. Our main result (Theorem states that every lattice homomorphism
T: FBLP[E] — FBLP[F], where 1 < p < co and E and F are Banach spaces, can
be expressed as a composition operator

Tf=fodr (feFBLY[E])
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for a unique map ®p: F* — E*, which is positively homogeneous and maps weakly
summable sequences in F* to weakly summable sequences in E*, and whose restric-
tion to the closed unit ball of F'™* is weak™*-continuous. We explore the consequences
and applications of this result, including the impact of the map ®7 on the other
Banach lattices under investigation.

2. BANACH LATTICES OF POSITIVELY HOMOGENEOUS FUNCTIONS DEFINED ON A
DUAL BANACH SPACE

Take p € [1,00], and let E be a Banach space, always over the real field. (We
refer to [24] for the construction and study of free complex Banach lattices over
a complex Banach space.) The Banach lattice (HP[E], || - ||pprr(z)) Plays a central
role in the definition of FBLP[E], being the ambient lattice that FBLP[E] is defined
as a sublattice of.

We shall consider the following vector lattices and ideals, several of which were
already mentioned in the Introduction; for ease of reference, we include them here:

E| = I|E| N Hy- [E]
HP.[E] = H?[E] N Hy-[E]
JP.[E] = the ideal of HP[E] generated by H!.[E]
Mp. o[E] = {f € HP[E] : f]B,. is weak*-continuous at 0},

where Bg- denotes the closed unit ball of E*. Note the change of terminology here:
what we call H![E] was originally denoted Hy[E] in [6]. As already stated in the
Introduction, HP[E] is a sublattice of H[E] and a Banach lattice with respect to

the norm | - ||pprr(g) defined by (1.2).
For f € H[E], we write

/185 lloc = sup{|f(z")| : 2" € Bp-} € [0, 0] (2.1)

for the uniform norm of the restriction of f to Bg~. Then [29] Proposition 2.2] shows
that (FBL*[E], || - [[rBL>[g)) is isometrically lattice isomorphic to (Hy«[E], [ - [|oc),
as previously mentioned. For that reason, we shall restrict our attention to the case
p < oo in the remainder of this paper.

We begin with some basic general observations.

Lemma 2.1. Let E be a Banach space, and take 1 < p < oco. Then:
(i) I[E] ={f € HIE]: [f] < X7_,10s,| for somen € N and x1,...,x, € E}
={f € H[E]: |f| < Vj_1104,| for somen € N and x,...,z, € E}.
(ii) Hy+[E] is a sublattice of H[E].

(iii) The norm (1.2)) dominates the norm (2.1)); that is, || f|lesreiz) = |f 1B -
for every f € HP[E].

o0
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(iv) Hy~[E] is closed in the norm || - || defined by in the following precise
sense: Suppose that (fy,) is a sequence in Hy«[E] which converges uniformly
on B+ to a function f € H[E]. Then f € Hy,~[E].

) Hy.[E] is a closed sublattice of the Banach lattice (HP[E], || - |pLr(g))-

) FBL?[E] C H,-[E].
(vii) I[E] C JE.[E].

i) I,[E] C H},.[E], where the closure is taken in (HP[E],|| - |raLr(g])-

) M. o[E] is a closed ideal of H?[E] containing J,,.[E], where the closure is
again taken with respect to the norm || - ||ppLr(g)-

Proof. The first equality follows from the fact that the set on the right-hand
side is the smallest solid subspace of H[E] which contains ¢, for every € E. The
second equality is immediate from the inequalities

n n n
\/|6xj\<2|5xj|§\/|5mj| (neN, zy,...,2, € E).
j=1 j=1 j=1

This is a consequence of the fact that the lattice operations in H[E] are
defined pointwise.

This is clear because ||z*||p,weak = ||z*|| for each z* € E*.

This follows from the general result that the uniform limit of a sequence of
continuous functions defined on a compact Hausdorff space is continuous.

Clause implies that HY.[F] is a sublattice of HP[E]. To see that it is
closed, suppose that (f,) is a sequence in H”.[FE] which converges to f € HP[E] in
the norm || - [|pprr(z). Then (f,) converges uniformly on Bg- to f by SO
implies that f € H,-[E].

This is proved for p = 1 in [0, Lemma 4.10], and the argument given therein
carries over verbatim to p > 1. Indeed, implies that S := FBLP[E] N Hy~[E]
is a closed sublattice of (FBL”[E],|| - |[pprr(g]). Clearly d, € S for every x € E, so
S = FBLP[E]; that is, FBLP[E] C H,+[E].

We begin by showing that I[E] C HP[E]. Take f € I[E]. By we can
find n € N and z1,...,2, € E such that |f| < >}7_,[0z,]- Suppose that m € N
and a7, ..., x5, € E* with [|(2})72, |lpweak < 1. Then 3370 7% (x)[P < [|o||? for
each k € {1,...,n}, and consequently

m % m n » % n m % n
(Senr) < (S(Xkse)’) < X (Dol )" < il
j=1 j=1 k=1 k=1 \j=1 k=1
where the second inequality is simply the statement that the norm of the sum
of n vectors in £ is dominated by the sum of their norms. We conclude that
I flleBrre) < Xopeqllzk]l < oo, and therefore f € HP[E], as desired.

This implies that I[E] is the ideal of HP[E] generated by 4, for x € E. These
generators belong to HE.[E] (as we already observed in above), and hence
I[E] C JP.|E].

We have just seen that I[E] C HP[E], so L,«[E] C HF.[E]. Now the
conclusion follows from the fact that HY.[E] is closed by

Suppose that f belongs to the closure of the ideal of HP[E] generated by
M. o|E], and take a weak*-null net (z,) in Bg-. The set M}. ([E] is a sublattice
of H[E] because the vector lattice operations are defined pointwise. Therefore, for
each € > 0, we can find g € H?[E] and h € M}. ,[E] such that ||f — g|lpeLrg) < €
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and |g| < |h|. Since h(0) = 0 by positive homogeneity, we can choose ag such that
|h(z%)| < € for every o > ag. Then we have

|f(z5) = FO)] = |f(zo)l < [f(2) — 9(z3)] + [g(x5)]
<N f = gllesreis) + |h(2y)| < 26 (o > ),
which shows that f € M. ([E], and therefore M. ;[E] is a closed ideal of H?[E].

This implies that Jp.[E] C M. ([E] because H},.[E] C M. ([E]. O

The following two chains of inclusions summarize the relationship among the
sets defined above:

lat §|E] C FBLP[E] C I, [E] C HY.[E]

C Jy-[E] C Jp-[E] € M. o[E] C HP[E], (2.2)
where S denotes the closure of a set S with respect to the norm || - lleBLP[E], and
lat 6[E] C I,~[F] C I[E] C JE.[E]. (2.3)

In the next three sections we shall examine when two (or more) of these lattices
are equal.

3. CHARACTERIZATIONS OF FINITE-DIMENSIONALITY

In this section we study the chains of lattices and when the Banach space
F is finite-dimensional. It turns out that in this case the lattices will effectively re-
duce to two options, either C(Sg~) or oo (Sg+), where Sp- = {a* € E* : ||z*| = 1}
denotes the dual unit sphere; see Proposition and Corollary for details.

We begin by showing that in dimensions 0 and 1, even more is true: all the
lattices defined on page[d are equal, and this happens only in these two dimensions.
Perhaps more surprisingly, this is equivalent to the second inclusion I,«[F] C I[E]

in (2.3) being an equality.

Lemma 3.1. Let E be a Banach space, and take 1 < p < oo. Then the following
conditions are equivalent:

(a) dim E' < 1

(b) lat 6[E] = H[E];

(c) HP[E] € Hy-[E];

(d) Hy.[E] = Jy-[E];

() Lo-[E] = I[E].
Proof. |(a)l{(b)l We have lat §[E] = H[E] for E = {0} because H[E] = {0} in this
case.

Now suppose that £ = R, in which case F* = R, and the duality is given by

0z(y) = (x,y) = xy for x,y € R. Take f € H[R], and suppose that f(1) > —f(-1).
Then, for each y € R, we have

(Ory VOo_p—1)W) =6ry(y) Vo_p—ny(y) = fF(My V(= f(-1)y)

[ f@ fory>0 | _
_{ —f(gl)y forz<0 }_f(y)

by positive homogeneity. Hence f = 071y V d_f_1). A similar argument shows
that f = 651y Ad_p—1) when f(1) < —f(—1), and so f € lat 6[R] in both cases.
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We have |(b)=i(c)| because the inclusions HP[E] C H[E| and lat §[E] C H,»[E]
are always true.
(d)l Suppose that HP[E| C H,«[E]. Then we have H?.[E] = H?[E], from
which |(d)| follows.
(e)l Suppose that H?.[E] = JP.[E]. Then Lemma implies that
I[E] € Hy.[E] € Hy-[E].

Finally, we prove that |(e)={(a)| by contraposition. Suppose that dim F > 2, and
choose two linearly independent functionals z§, y; € E*, each having norm % Then

(x5 + Ly§)nen is a sequence in Bg- which converges to z in norm and therefore
also in the weak® topology. Define f: E* — R by

. t if ¥ = taj for some t > 0,
f(z*) = 0
0 otherwise.

It is easy to see that f is positively homogeneous. Choose xqg € FE such that
z§(wo) = 1. Then |f| < |64, so f € I[E]. On the other hand, f(z§+ 2y5) =0
for each n € N by definition, but f(x§) =1, so f[g,. is discontinuous at zf;, and
therefore f ¢ H,-[E]. O

Let E be a non-zero Banach space. The restriction mapping R: f — flg,.
defines a lattice isomorphism of H[E] onto the vector lattice of functions Sg- — R
because every function Sg+ — R extends uniquely to a positively homogeneous
function E* — R. When F is finite-dimensional, we can use this lattice isomor-
phism R to identify the Banach lattices FBL?[E] and HP[E] explicitly.

Proposition 3.2. Let E be a non-zero, finite-dimensional Banach space. Then,
for every 1 < p < oo,

R(FBL?[E)) = R(H, ) = C(Sp-) and R(J3.[E]) = R(H”[E]) = £oc(S5-),
where Lo (SE+) denotes the Banach lattice of bounded functions Sgx — R.

Proof. Lemma implies that R(FBLP[E]) C R(H,~[E]), while the inclusion
R(H,+[E]) C C(Sg~) follows from the fact that the weak™ and norm topologies
on E* coincide. Therefore, to prove the left-hand identity, it only remains to verify
that C'(Sg~) C R(FBLP[E]), which can be done by arguing as in the proof of [30,
Proposition 5.3]; see also [6, Corollary 2.9(iii)] for the connection between de Pagter
and Wickstead’s notion of the free Banach lattice over a set studied in [30] and the
free Banach lattice over a Banach space.

To prove the right-hand identity, we begin by observing that R(JZ.[E]) C
R(HP[E]) because JY.[E] C HP[E] by definition, and R(HP[E]) C £ (Sg-) be-
cause |f(z*)| < ||fllrBLr(g) for every z* € Bp- and f € HP[E]. Finally, to
verify that (o (Sg<) C R(JV.[E]), take fo € loo(SE+). In view of the remarks
we made before the statement of the result, we can find f € H[E] such that
Rf = fo. Let v € H[E] be the “norm function” defined by v(z*) = ||z*|| for every
x* € E*. Then Rv is the constant function 1, which obviously belongs to C'(Sg~), so
v € FBL?[E] C HY.[E] by the first part of the proof and Lemma [2.1[vi)] Since f is
positively homogeneous, we have |f| < || f[s,.|loc ¥, which shows that f € JE.[E],
and the conclusion follows. O

Remark 3.3. The equality signs in Proposition[3.2lmean “equal as vector lattices”,
with only equivalence of the norms. In fact, one can check that the constants in the
equivalence tend to co as the dimension of the underlying Banach space E grows.
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The following general observation will be useful for us.

Lemma 3.4. Let (z,,) be a sequence in a Banach space E with ||x,|| — 0. Then
n—oo

\/ 162, € Hy- [E).

neN

Proof. Set f =\/, cyldz, |, which is clearly a positively homogeneous function, and
consider the functions f,, = \/T:1|5En\ € Hy+E] for m € N. They satisfy

I(f = fm)IBplloc = sup
x*EBpx

n=1 n=1
oo 00
< swp \/ @)=\ el — 0,
T E€Bpr 1 n=m+1 meee

so f € Hy+[E] by Lemma O

Theorem 3.5. Let E be a Banach space, and take 1 < p < oco. Then the following
conditions are equivalent:

(a) FE is finite-dimensional;

FBL?[E] = H,-|E];

(b)

(c) Hy[E] C HP[E];

(d) I[E] = HP[E];

(e) I[E] = Jy.[E;

(f) I[E] is closed in HP[E];
(g) FBLY[E] C I[ ik

(h) I-[E] = Hy-[E];

(i) I,-[E] is closed in HP[E);
(j) FBLP[E] C I,-E].

Proof. The proof has three parts: first we show that conditions |(a)H(c)| are equiv-
alent, then we show that conditions [(a)| and [(d)H(g)] are equivalent, and finally we
show that conditions |(h)H(j)| are equivalent to the other conditions.

L@]‘[@ This follows from the first identity in Proposition

[@]‘[.] This is obvious because FBLP[E] C HP?[E] by definition.

(c)={(a)l To prove the contrapositive, suppose that E is infinite-dimensional.
Then, by the weak Dvoretzky—Rogers Theorem [I4] Theorem 2.18], E* contains
a sequence (x) which is weakly p-summable, but not strongly p-summable. By

n
scaling this sequence by a suitable constant, we may suppose that

o0
sup Z |2k ()P < 1 and Z |z ||P = oc.
n=1

IEBE

For each n € N, choose z,, € Bg such that z (z,,) > HI:“, and choose a decreasing
sequence (sy,) in (0, 1) such that

lim s, =0 and Z sP ||k ||P = oo.
n—oo
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Lemma 3.4 shows that the function f =\/, y|0s,«, | belongs to H,~[E]. However,
f ¢ HP[E] because the fact that ||(z})7||p,weak < 1 for every m € N implies that

oy > o 15P =32 (Y suleitan)
k=1

k=1 “neN
m 1 &
> Z_:S£\x2(wk)|p > % ;Sillfﬂﬂlp el

Consequently H,«[E] ¢ HP|E

H Suppose that E has dimension n € N, and let (b;)7_; be a basis for £
with coordinate functionals (b5)%_,, which form a basis for £*. We may suppose
that [|b%|| = 1 for each j € {1,...,n}. Given f € HP[E], the number t = || f|p,.
is finite by Lemma and for each non-zero z* € E*, we have

Zx (tb)) Z|x (tb;)

This inequality is trivially true for z* = 0, so [f|] < j:1|(5tbj|, and therefore
f € I[E] by Lemma [2 This shows that HP[E] C I[E], while the opposite
inclusion follows from Lemma

It is clear that|(d)={(f)={(g)] We also have|(d)={(e)=l(g)|because Lemmal2. 1 vii)|

and show that the following inclusions always hold:
I[E] C JP.[E] C H?[E] and FBLP[E| C HP.[E] C JP.[E)].

We prove that |(g)=l(a)| by contraposition. Suppose that E is infinite-dimen-
sional, and take a normalized basic sequence (b,)neny in E. Let b5 € E* be a
Hahn-Banach extension of the n'" coordinate functional of this basic sequence for
each n € N, and define f = Y77 |8, /2", which belongs to FBL?[E] because the
series converges absolutely in the norm || - HFBLP[E]

We claim that f ¢ I[E]. By Lemma[2.1[7)] this amounts to showing that for every
m € Nand z1,...,z, € E, we can ﬁnd x* 6 E* such that f(z*) > Z]=1|x (x;)].
Since m + 1 > m, the system of m homogeneous linear equations

o0

)] = I II‘f o ‘\nx |-t =

m—+1

S bzt =0 (G=1,...,m)
k=1

in the m + 1 real variables t1,...,%,,+1 has a non-trivial solution, which we denote
(t1,-- s tmy1) € R™TE\{(0,...,0)}. Then the functional z* = Syt t4bt € E*
satisfies *(x;) = 0 for each j =1,...,m, and therefore

m+1

Z >0=) |o"(z))
j=1

We have thus shown that conditions |(a)H(g)| are equivalent. Combining condi-

tions |(c)| and @, we see that they imply condition

ﬁ Suppose that I,«[E] = Hy,«[E]. Then I,[E] = HE.[E], which is
closed by Lemma

This follows from the general fact that FBL?[E] C I, [E].

Finally, we can complete the proof by observing that the implication |(j)F={(g)| is
trivial. (]
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As a consequence, we obtain the following simplified version of the chains of in-
clusions exhibited in (2.2]) and (2.3]) when the Banach space E is finite-dimensional.

Corollary 3.6. Let E be a Banach space of finite dimension at least 2, and take
1<p<oo. Then

FBLY[E] = I,-[E] = H,[E] € I[E] = J5. [E] = M2, ,[E] = H?[E].

Proof. The equalities follow from Theorem and Lemma [2.1{(ix)} while Proposi-
tion [3.2] implies that the inclusion in the middle is proper. O

4. HP. vs. FBL? FOR INFINITE-DIMENSIONAL SPACES

Theorem [3.5]shows that when the Banach space F is infinite-dimensional, we should
replace I[E] and I,,~[E] with their closures I[E] and I,«[E] in the norm | - ||pgre(£],
for 1 < p < 0o, before we compare them with the other Banach lattices we study.

In this section we shall focus on the inclusions
FBLP[E| C I,-|E] C HE.[E].

We note that all three sets are closed sublattices of HP[E], and Theorem shows
that FBLP[E] = HP.[E] when E is finite-dimensional. However, at this point we
do not know whether one or both of these inclusions could be an equality for some
infinite-dimensional Banach space F, raising the following two questions:

Question 4.1. For which Banach spaces F is it true that FBLP[E] = I,,«[E] for
some/all 1 < p < 00?

Question 4.2. For which Banach spaces F is it true that I,«[E] = H%.[E] for
some/all 1 < p < oo?

We begin by addressing the first of these questions. Our aim is to prove the
following result.

Theorem 4.3. Let E be a Banach space which admits an infinite-dimensional,
separable quotient space, and let 1 < p < co. Then I,,+[E] € FBLP[E], and hence
FBLP[E] C I+ [E].

We remark that no infinite-dimensional Banach space E which fails to admit an
infinite-dimensional, separable quotient space is known. In view of this, we con-
jecture that the condition that FBLP[E] = I+ [E] for some (or all) 1 < p < oo is
equivalent to the Banach space F being finite-dimensional.

The following lemma will play a key role in the proof of Theorem [£.3]

Lemma 4.4. Let E be a Banach space. The following conditions are equivalent:

*

(a) For every (\,) € €5, E* contains a weakly 1-summable sequence (x%) such
that ||lz},|| = A for each n € N and the subspace |J,,cn (e, ker i, is
dense in E.

(b) For every (\,) € ¢}, E* contains a weakly 2-summable sequence (z%) such
that ||z}]| = A, for each n € N and the subspace |J,,cn (o, Ker x, is
dense in E.

(¢) E* contains a sequence () of linearly independent functionals such that
the subspace |, o Mo,y ker a;, is dense in E.

(d) E* contains a sequence (x7) of non-zero functionals such that the subspace
Umen Moz, ker a7, is dense in E.
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(e) E admits an infinite-dimensional, separable quotient space.

Proof. We begin by showing that conditions @ and are equivalent. It is
clear that [(c)] implies [(d)]
(d)F(e)l Suppose that () is a sequence in E* \ {0} such that (J,,cy Wi is

dense in E, where W,, = ﬂzo:m kerz}. Clearly W,, C W,,41 for each m € N,
and either W,,, = W41 or W, has codimension one in W,,+;. We cannot have
Wy = Wiy for all but finitely many m € N because if we did, we would have
Umen Wi = Wy, for some mg € N, so £ = W,,, because |J,,cy Wi is dense
in E and W,,, is closed. This would imply that z} = 0 for each n > mg, which
contradicts our assumption. Hence, by passing to a subsequence, we may suppose
that W,,, C Wy,41 for each m € N. According to a theorem of Mujica (see [23]
p. 199]), this implies that @ is satisfied.

Alternatively, we can easily verify @ directly, showing that the quotient space
E /W is separable and infinite-dimensional. To this end, take w,, € W41 \ Wi
such that Wy, 11 = Wy, + Rw,, for each m € N. Then the subspace

W1 + span{w,, : m € N}

is dense in F, and therefore the subspace span{Quw,, : m € N} is dense in E/W7,
where Q: E — E/W; denotes the quotient map. Hence E/W; is separable. Fur-
thermore, E/W is infinite-dimensional because the sequence (Qw,,)men is linearly
independent. Indeed, assuming the contrary, we can write Qw11 = Z;nzl 5;Qw;
for some m € N and some s1,...,S,; € R. Consequently wy,+1 — Z;n:l sjw; € Wi,
SO W41 € Win41, which is a contradiction.

(e)=i(c)l Suppose that W is a closed subspace of E such that E/W is infinite-
dimensional and separable. Then E/W has a Markushevich basis (see for instance
[I7, Theorem 4.59]), say (Qu;)men, where x,,, € E and Q: F — E/W denotes
the quotient map. Set xf = Q*(y)) € E* for each n € N, where y} € (E/W)* is
the n'" biorthogonal functional of (Qz,,)men, and observe that (z7),en is linearly
independent because Q* is injective. We claim that |J,,cy(n—,, ker ), is dense
in E. Indeed, given x € F and € > 0, we can find m € N, s1,...,s,,, € R and
w € W such that [z — 377", s;2; — w|| < € because span{Qz,, : n € N} is dense
in E/W. Now the conclusion follows because

m

<Z $jT; + w7$2> = 5;(Quj,y;) =0
j=1

Jj=1

for each n > m, so 377" | sjz; +w € -, ker .

Clearly [(a)| implies |(d)| and |(b)| implies [(d)l We shall now complete the proof by
showing th implies|(a)|and |(c){implies|(b)l This is the harder part of the proof,
but it is actually quite simple, as the former consists of making appropriate adjust-
ments to the proof of the Dvoretzky—Rogers Theorem given in [14] Theorem 1.2],
and the latter is a minor variation, using ideas from [22] Theorem 2]. We include
the details for the convenience of the reader.

(c)=i(a)l Let (M) € £, and set ng = 0. As in the proof of [14, Theorem 1.2],
we choose integers 1 < n; < ng < --- such that

> oM<2 (keN). (4.1)
j=ng+1
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Suppose that () is a linearly independent sequence in E* such that the subspace
Unmen N, kery* is dense in E. For each k € N, we can apply [14, Lemma 1.3] to
the 2(ny —ng—1)-dimensional space span{y;‘ 1 2n,_1 < j < 2ng} to find functionals

* * .
2k 1 Py 425+ - s 2y € SPAN{Y] 1 2n 1 < J < 2npf,

each having norm between 1/2 and 1, such that

ng ng 1/2
Z a;zi|| < ( Z a?) (npy_ 1415 -+ Oy, € R). (4.2)
j=ng_1+1 j=ng_1+1

Define x5 = \;z7/[|2}]| € E* for every j € {np—1 +1,...,mx}, so that [[z}[| = A;,
and observe that
2ng
m kery; C ker z; C ker z (Je{nw—1+1,....,n%}). (4.3)
i =2np_1+1

%) is weakly 1-summable.
Hence it only remains to show that (J,, oy (Nae,, kerz}, is dense in E. Given
z € Eande > 0, choose m € Nand y € (), kery? such that ||z —y|| < e. Then,

choosing ¢ € Ng such that 2ny + 1 > m, we obtain

oo o 2ng41 0o Nkt1 00
Y€ ﬂ kery;"ﬂ( m keryf)Qﬂ( ﬂ ker:vj) ﬂ kerz7},

1=2np+1 k=0 M=2n;+1 k=t “j=ni+1 j=ne+1

The argument given in [I4] shows that the sequence (x

where the inclusion in the middle follows from .

(c)={(b)l As already stated, this proof is a minor variation of the argument we
have just given to show that implies so we shall focus on explaining the
differences. It suffices to consider (\,) € ¢j with norm at most 1. We can no longer
ensure that is satisfied; instead, we choose integers 0 = ng < n; < ng < - --
such that

sup \; < 27* (k e N). (4.4)
J>nk
Our assumption that ||(Ay)|lcc < 1 implies that this estimate is also valid for k = 0.
Now, for (y;,) chosen as before, we can find the sequence (z) and define (z}) as
above. Then the proof that (J,,cy Ny, ker 2}, is dense in E carries over verbatim,
so we only need to verify that (z}) is weakly 2-summable. For every (a;) € B,

and m € N, we can apply (.2)), (4.4) and the fact that ||z|| > % to obtain

m ng ngk

Nom m ails
Sa| <3| S an|-3] = s
j=1 k=1"j=np_1+1 k=1"j=np_1+1 J
- & ajAj P 2-k < 2 :
(X ) (X 6) =
k=1 Nj=ng_14+1 77 k=1 j=ng_1+1
This shows that (z}) is weakly 2-summable because n,, — oo as m — oo. (]

Proof of Theorem 4.3} This proof is a more subtle variant of the proof of the im-

plication |(c)={(a)| in Theorem [3.5

Recall that we seek a function f € I,,«[E]\FBLP[E]. It turns out to be convenient
to decompose E as E = F & Rz and then carry out the main technical part of
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the construction of f within the subspace F. Consequently we choose x; € E and
x} € E* such that ||z1]| = ||zf|| = 1 = 27 (z1), and we then define F' = ker z7.

Since E admits an infinite-dimensional, separable quotient space, so does F'; that
is, F satisfies one, and hence all, of the equivalent conditions in Lemma [£.4] Using
this, we shall prove that, for a suitably chosen real number ¢ > p, F* contains a
weakly p-summable sequence (y) such that

lysll=n"3  (meN) and  |J () kery; =F. (4.5)

meNn2m
We split the proof of this claim in two cases:

e If p < 2, we choose ¢ € (p,2) and observe that (nfé)neN € (5. Therefore
Lemmaimphes that F™* contains a weakly 1-summable sequence (")
which satisfies (4.5). Since p > 1, it follows that (y) is weakly p-summable.

e Otherwise p 2, in which case we choose g € (p, 00). Since (nié)neN €cd,
Lemma shows that F* contains a weakly 2-summable sequence (y)
which satisﬁes . The fact that p > 2 ensures that (y)) is weakly
p-summable.

Let P be the projection of E onto F given by Px = x — z3(x)x for € E. For
each n € N, set z;,,; = P*y,, € E*, and take a unit vector x,41 € I such that
Yi(nt1) 2 ||y ll/2. Then we have:

oz 1(x1) =0and z} (Tnt1) = |lys]|/2 for every n € N;
o the subspace W = J,,,cy Wi is dense in E, where W, = (", kera};
e the sequence (z) is weakly p-summable, so

1

— )P
: 7cseuEE)E (Zx ) < 0. (4.6)
Set s, =ni v € (0,1] for each n € N. Then s,, = 0asn — oo, so Lemmashows
that the function g = \/,_;|ds, ., | belongs to H,-[E], and therefore f = |6,,|Ag
belongs to I,,«[E] by Lemma We shall now complete the proof by showing
that f ¢ FBLP[E], using (z},) to produce a suitable “witness sequence”.

The sublattice L of H[E] generated by {0, : w € W} is dense in FBLP[E]
because W is dense in E. (This follows easily from the construction of FBLP[E] in
[25, Theorem 6.1].) Therefore it will suffice to show that

inf{||f — hllpere(s : h € L} > 0. (4.7)

Since W is a subspace of E, every function h € L can be expressed in the form
h = \/f:1 (5@1.—\/521 0y, for some k € N and some vy,..., 05, wi,...,wx € W. As W
is the union of the increasing sequence (W,,) of subspaces, we can find m € N such
that vy, ..., 05, w1, ..., wx € Wp,. Then, for each j € {1,...,m}, we see that the

functional 27 = m~ pxl +a¥ . € E* satisfies

m—+j

<w

(m~ Pasl(vl) + x5, 4 () (m~ Pml w;) + x5 (w;))

>
—~
QN*
SN~—

Il

s
Il
_

=1

k
i) =V m () = mFhed) (48)

Il
'@\»—‘

«
Il
-

because v1,..., Vg, Wi,..., Wk € Wm C kerz}, for every n = m.
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It follows from (4.6) that ||(z})32,,, ;1 [lp.weax < K. Combining this estimate with
the easy observation that

1, 1,
H(m PLiy.y PITq

m

= [lz7]l =1 (4.9)

p,weak

and the subadditivity of || - [|p,weak, We see that [|(2])7L [|p,weak < K + 1, s0

”) %. (4.10)

(K +1)1f - hllepees > (Zmz;) (=)
j=1

Another application of (4.9)) shows that

15 = Hlemariey > (o |m™ () = ai)f”) (1.11)

Now we combine (4.10) and (4.11) with the subadditivity of the norm on £} to
obtain

(5 + 217 = Wl > (156 ~ i) - mb () — hGa) )

_ (fjlmz;) —m P (112)

where the final equality follows from (4.8]).
To find a lower bound on the right-hand side of (4.12)), we recall that f = |d,,|Ag,
where g(z7) = 0 because x,,+1 € F = kerz} for every n € N, so f(z7) = 0, while

oo
*

1 1
F(z5) = [m™ v @i (@) + 2y (@) A\ salm ™72 (@na1) + 2y (@ns1)]
n=1
1 > 1
=m » A \/ 5n|$:n+j(xn+1)} Zm » A 3m+j*1|x:n+j(xm+j)‘

n=1

Smtj—1 1Yt i 1 1
> b oWl oy Loyt s Loy
for each j € {1,...,m}. Substituting these estimates into (4.12)), we conclude that

(K +2)f = hllpperm > 275,

from which follows because the constant K is independent of h.

This completes the proof that f € I,«[E] \ FBLP[E]. The final clause follows
because FBLP[E] C I, [E]. O

Moving on to Question we shall only give one result which shows that this
inclusion need not be proper, and finding a general answer may not be easy. We
first need to introduce some machinery.

Let E be a Banach space, and equip Bg++ with the relative weak® topology.
Then, for 1 < p < co and a positive Radon measure p on Bg++ (so in other words
p € C(Bg=+)}), we can define a function ff: E* — R, by

= ([ r**(x*)l”du(w**)); @eB). (413
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This construction is useful for our purposes because [25, Propositions 7.6 and 7.7]
show that, on the one hand, f € H?[E] with || f||rpLr(z] < [|p|| and on the other,
for every f € HP[E], we can find a probability measure u € C(Bg-+-)} such that

|f(@)] < flleBree £ (2") (2" € E7). (4.14)
Proposition 4.5. For 1 < p < oo and any set A,
Lo [61(A)] = Hy. [61(A)),
where the closure is taken with respect to the norm || - |[pBre(e, (A))-

Proof. Set E = (1(A), and let R: E* — C(Bpg~~) be the bounded linear operator
defined by (Rz*)(z**) = «**(2*) for * € E* and 2** € Bg-; that is, Rz* is the
restriction of the evaluation map 6, to Bp.

For f € HE.[E], we can choose a probability measure p € C(Bp+)% such
that is satisfied. Let Joo: C(Bp+) = Loo(Bpgw, ) and Jy: Loo (B, 1) —
L,(Bg++, 1) be the formal inclusion maps. Then, by [I2, Theorem I1.8] or [14}
page 97|, the composite operator T' = J,JR: E* — L,(Bp«-, j1) is strictly p-in-
tegral, and we can restate the inequality as

[f @) < fllepLe T (2% € EY). (4.15)

Let Jo: co(A) = loo(A) = E* be the inclusion map. Its domain is an Asplund
space, so [12, Theorem II.3] shows that the operator T.Jy is p-nuclear; therefore,
using [12] Definition I.1] or [14] Proposition 5.23], we can find sequences (y;);en
in = ¢(A)* and (z;)jen in Ly(Bg+-, p) such that

(i) TJox* = 3272, (yj, %) 2; for every a* € co(A);
(ii) (y;)jen is strongly p-summable; that is, 2;11 l|ly; [P < oo;

(ili) (2;);en is weakly p*-summable, where p* € (1, oo] is the conjugate exponent

of p; that is, sup,ey [|2;]| < oo if p = 1, and otherwise

oo
sup{z|<2*,zj>|p* 12" € Lp(Bp=+, 1), |27 < 1} < 00
j=1

where %ﬁ—p% = 1. By rescaling, we may suppose that these suprema equal 1.

Condition implies that we can define a bounded linear operator U: E* — £, by
Uz* = ((y;,2*))jen. Applying|(i) and as well as Holder’s inequality if p > 1,

we obtain

oo

D (g a™) (=", z)

=1

T Joz™|| = sup |(z*,TJoz*)| = sup
llz*[I<1 ll*]I<1

S <Z|<yjax*>|p) T US| (@ o)), (4.16)
j=1

We now claim that the map g € H[E] defined by g(z*) = ||Uz*| for z* € E*
belongs to FBLP[E]. For ¢ > 0, take m € N such that 3372 ., [ly;]|” < ?, and set

1

1
gm = (271116,,1P)" € FBLP[E]. We observe that g, (¢*) = (372, (ys, z*) ) ? =
| PnUz*|| for z* € E*, where Py, : ¢, — £, denotes the m'" basis projection. Hence,
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for n € N and (x})p_, C E* with ||(z})7_; |lp,weak < 1, we have

n

Y Mg —gm) @)l = >[I0l = 1PaUE " < Y Ni(Te, — Pa)Ui|?
k=1 k=1

k=1

=> > luedlr= Y ZI@U@Z)I"i Z ly;[I” < €

k=1j=m+1 j=m+1k=1 j=m+1

This proves that [|g — gm|lFBLr| g, and the claim follows.

Combining the inequalities (4.15| h ) with the definition of g, we see that
|f(z)] < [|fllpBLeE) 9(x*) for 2* € co( ) Goldstlne s theorem allows us to extend
this inequality to z* € E* because the restrictions of f and g to B+ are weak™-
continuous. This shows that f € I,«[E], and therefore H:.[E] C I,,+[E].

The opposite inclusion follows from Lemma O

The above proof follows an approach due to T. Oikhberg [28], and fixes a gap in
an earlier version.

5. CHARACTERIZATIONS OF REFLEXIVITY

To understand the case where the underlying Banach space E is reflexive, we begin
with the observation that E** C H[E| because every functional z** € E** is
positively homogeneous. Under this inclusion, the canonical image of E inside E**
is identified with {¢, : € E}. The following lemma clarifies where the elements
of E** sit in the hierarchy of sublattices (2.2)-(2-3) of H[E] that we study.

Lemma 5.1. Let E be a Banach space, and take 1 < p < oco. Then:
(i) B C HP[E] with ||[2**||ppLr(g) = |27 for every x** € E**.
(i) E**NI[E] = E** N Hy+[E] = E* N MP. olEl ={6.:z € E}.

Proof. The Hahn—Banach Theorem implies that

m 1
P
(Dx**(m;fnp) < ™) - @)
=1

for x** € E**, m € N and z7,...,7;, € E*, and hence |[2**||rpLr(g) < [[2*7[]. The
opposite inequality follows from the fact that ||2*||, weak = ||2*|| for every z* € E*.

(i)l It is clear that 6, € E**NI[E|NH,«[E] for every € E, and Lemma|2.1{vii)|
an show that I[E] C M. ([E]. Hence we can complete the proof by showing
that if 2** € E** belongs to H,-[E] or M. ([F], then 2** = §, for some z € E.
In both cases z**[p,. is weak*-continuous at 0, so z** [EEl* ({0}) = ker x** N Bp-
is weak*-closed. This implies that z** = §, for some x € E by an application of
the Krein—Smulian Theorem (see, e.g., [I7, Corollary 3.94]). O

p,weak

Corollary 5.2. Let E be a non- reﬂe:mve Banach space and 1 < p < oo. Then
E] & M7 o[E]U Hy[E].
Proof. Lemmashows that E**\{(Sz ‘x € E} C HP[E|\(M},. o[E)UH,-[E]). O

Before stating our next result, we recall the following classical characterization
of weak sequential convergence in C(K)-spaces (see [I5, Theorem 1.1] or [16, Corol-
lary IV.6.4]), which will be required in the proof.
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Theorem 5.3. Let K be a compact Hausdorff space. A sequence (fn)nen in C(K)
converges weakly to a function f € C(K) if and only if sup, eyl frllo < 00 and
fulx) = f(x) as n — oo for every x € K.

Lemma 5.4. Let 1 < p < o0, let E be a reflerive Banach space, and equip its unit
ball Bg with the weak topology. Then the map 1,: Bp+ — C(Bg) defined by

Yp(a¥)(x) = 2" (2)[”  (+" € Bg-, x € Bg)
is continuous with respect to the weak topologies on Bg« and C(Bg), respectively.

Proof. We begin by showing that 1, is weakly sequentially continuous. Take
a sequence (z})npen in Bpg» which converges weakly to some z* € Bp«. Then

supp el () oo < 1 and
bple)(@) = [z (@) — " @P =b,(e")  (x € Br)

so Theorem shows that (¢, (z}))nen converges weakly to 1, (z*).

Now, in order to complete the proof, take a weakly closed subset C of C(Bg), and
let us prove that 1, L(C) is weakly closed in Bg+. By the reflexivity of E and the
Eberlein-Smulian Theorem, this is equivalent to showing that ¢, () is weakly
sequentially compact. To verify this, take a sequence (z},)nen in ¥, (). Due
to the weak sequential compactness of Bp-, (2, )nen has a subsequence (7, )jen
which converges weakly to some x* € Bg«. The first part of the proof implies that
(Vp(ay,))jen converges weakly to ,(z*). Since (a7 ) belongs to the weakly
closed set C for each j € N, we see that ¢, (z*) € C. In conclusion, we have shown
that (2},)nen has a subsequence which converges weakly to z* € ¢, (C), and the
result follows. O

Recall that for a Banach space £, 1 < p < oo and p € C(Bg+)} (where Bp-«- is
equipped with the relative weak™ topology), we have defined a function f; € HP[E]

by (4.13).
Theorem 5.5. Let 1 < p < oo, and let E be a Banach space. The following
conditions are equivalent:

(a) E is reflezive.

(b) fh € Hy-[E] for every p € C(Bp+)% .

(c) HP[E] = JE.[E].

(d) JE-[E] is dense in HP[E] in the |- |[ppre(s)-norm.
)

(e) fb e M.  [E] for every p € C(Bg-)%.

Proof. [(a)={(b)| Suppose that E is reflexive, so that F** = E with the weak® and
weak topologies coinciding, and take € C(Bg)%. For * € Bg-, we have

fﬁ(ff*)p=/B 2% (2)|P dp(x) = (p(x7), ) = (o tbp)(2"),

so that (f2]p,.)P = po 1y, where 1, is the map defined in Lemma Take a
net (z) in Bg» which weak*-converges to 2*. Then, by reflexivity, («}) converges
weakly to z*, so Lemma implies that (¢,(x})) converges weakly to i, (z*),
which means that (g, (3), #) = (f2(23)7) converges o (d,(z7), ) = f2(2°)P.
This shows that ff € Hy,-«[E].

(b)=i(c)l Suppose that f2 € H.,-[E] for every y € C(Bg--)%. Then fF € H,,.[E]
because fl always belongs to HP[E]. As explained above, for every f € HP[E], we
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can find a probability measure y € C(Bg-+)% such that (4.14)) is satisfied. This
implies that f € JP.[E], and consequently H?[E] = JV.[E].

C(Bg+ )%

Finall;, we prove the implication [(e)=1(a)| by contraposition. Suppose that E is
non-reflexive. Then B~ contains a net (z%) which weak*-converges to 0, but does
not converge weakly to 0. Take z§* € E** such that (z{*(z%)) does not converge
to 0, and consider the Dirac measure y = 0,2+ € C(Bg«~)}; it satisfies

= ([ |x**<wz>|pdu<x**>)‘l’ _ A 0= f2(0).

This shows that f?]p,. fails to be weak*-continuous at 0, so f& ¢ M. ([E]. O

zg" (27,)

6. LATTICE HOMOMORPHISMS

It is well known that for compact Hausdorff spaces K and L, every lattice homomor-
phism T': C(K) — C(L) arises by combining a composition operator with pointwise
multiplication by a positive continuous function. (A precise statement of this result
can for instance be found in [27, Theorem 3.2.10].) The aim of this section is to
obtain an analogous representation for lattice homomorphisms between free Banach
lattices and related lattices of positively homogeneous functions, and then study
the properties and consequences of this representation.

The natural setting in which to develop this theory is a vector-valued version of
the Banach space HP[E] defined as follows. For 1 < p < co and Banach spaces E
and F, let PHP[E, F] denote the set of positively homogeneous maps E — F that
map weakly p-summable sequences in E to weakly p-summable sequences in F'.
This is a linear subspace of the vector space of functions £ — F', and a Banach
space with respect to the norm

ol = 5o 00 )) e €
(x.j)gnl:1 CE, ”(m]');n:l”p,weak < 1} (‘I) S PHP[E,F]).

We shall often use the elementary observation that a positively homogeneous map
¢: E — F belongs to PH?[E, F] if and only if the quantity ||®|pur(g, ) just de-
fined is finite. Furthermore, we see that HP[E] = PHP[E* R] with equality of
norms, which justifies our claim that the Banach space PHP[E, F] (or more pre-
cisely PHP[E*, F]) is a vector-valued generalization of HP[E]. However, PHP[E F
generally does not have a natural lattice structure.

We shall only consider positively homogeneous maps between dual Banach spaces;
therefore, the Banach space PHP[F*, E*] will suffice for our purposes. We begin
with an easy result which establishes its connection, via composition operators, to
the vector and Banach lattices that we are investigating.

Lemma 6.1. Let &: F* — E* be a positively homogeneous map for some Banach
spaces B and F'.

(i) The composition operator

C@Zf*—)fo@
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defines a lattice homomorphism Cg: H[E] — H[F].
(ii) Suppose that ® € PHP[F* E*| for some 1 < p < co. Then
®(Bp-) C ||®[lpur(pe, g Be- and  Co(HP[E]) € HP[F],

and Cg is bounded with norm ||Cs|| = ||®|purp+ g+] when viewed as a
linear operator (HP[E], || - |[rrrie)) — (HP[F], || - |leBLP[F])-
Suppose in addition that ®|p,. is weak*-to-weak* continuous. Then
Co(Hy+[E]) C Hy[F],  Co(Hy-[E]) € Hy.[F],
Co (I3 [E]) C J5-[F], Co(J3-[E)) C T3 [F],
Cfb(Mf;*,o[E]) C MS)*,O[F]'

(iii) The map p — ||®|pur(p- g+ is decreasing; that is,
|®|lpraire, 5+ < ||PllpHP [P+, B4 (1<p<qg<oo).

Proof. The composite map f o ® is clearly positively homogeneous when f
and @ are, so Cop(H[E]) C H[F], and Cs is a lattice homomorphism because the
vector lattice operations are defined coordinatewise.

Suppose that ® € PHP[F*, E*]. Then [|®(y*)| < ||®|lpur(r-, £+ for every
y* € Bp+ because ||2*||p,weak = ||2*|| for every functional z* (in either E* or F™*),
and therefore ®(Bp-) C ||®|/pyr(p+ g+ Br+. Furthermore, working straight from
the definitions of the norms, we obtain

o lransir) = sup (YIF(@5)P) " s m €T, (555 €
j=1

1) powente < 1} <N @lpwriee oo | flrsem  (f € HPLED.

This shows that Cy maps HP[E] into HP[F] and ||Cs|| < ||| par(r-,5+]-

On the other hand, given x € B and (y;)jL; C F'* for some m € N, we have

(D l@y@i)” = (3 la(@y)lF)” = (3 1(Cada)w)))
j=1 j=1 j=1
< IC 8, o 1)l eate < ICa I 1) lpoveat

which shows that ||®||pys(p+ g+ < [|Cal|, and therefore ||Cs|| = ||®||pur(p-, 5.

Now suppose that the restriction of ® to Bp- is weak*-to-weak™ continuous (as
well as ® € PHP[F™*, E*]). Since ®(Bp-) C ||®||pur(p+, £+ Be~ and the functions
in H,+[E] are positively homogeneous, we see that Cy maps Hy»[E] into H,~[F]
and My. o[E] into M. o[F]. The inclusion Cg(H,.[E]) € H,.[F] follows by
combining the two inclusions Cq(Hy+[E]) C Hy+[F] and Co(HP[E]) C HP[F].

Finally, for each f € J2.[E], we can find g € HY.[E] such that |f| < g. Then
we have |Co(f)| < Cs(g) € HY.[F] by the previous inclusion, and consequently
Co(f) € JE.[F]. This implies that Co(JE.[E]) C JE.[F] because Cy is continuous
with respect to the FBL”-norms, as we have shown above.

This proof is similar to the proof of [25, Proposition 7.3]. We may
suppose that [|®|pur(p- g+) < 00, as otherwise there is nothing to prove. Take
z € Bp and (y;)7L; C F* with [[(y7)7:]lgweax < 1 for some m € N, and set
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Aj = |(z, @(y; W9/ >0 for j € {1,...,m}, where r = pq/(q — p) € (p,o0). Then
(1+7r/q9)p= r which together with the positive homogeneity of ® implies that

Z/\T—Zuxcpyj Z|:c<I> )
1

j=
< [(@(y; )] 1||p weak S H(I)”PHP F* E*]

[(A97) 51 1 weak- (6.1)

The choice of r means that the conjugate exponent of r/p € (1,00) is ¢/p. Hence,
for y € Bp, Holder’s inequality gives
m

Sl Al = 30N (Z”)T(il@’yﬁlq)g <(X%)

=1 =

This shows that [|(A;y7)72: 17 wear < (271 )\g)p/r, so by (6.1)), we have

m

m ya
SN <0 o (D)
,

j=1

Rearranging this inequality and using once more that 1 — p/r = p/q, we obtain

I (i: %) - (f;l“m(y;w)g
j= j=

Now the conclusion follows by taking the p*® roots and the supremum over z and
(yj)Tzl U

We can rephrase Lemma [6.1(iii)| as saying that for 1 < p < ¢ < 0o, we have a
formal inclusion map PHP[F*, E*] — PHY[F*, E*] of norm 1.

Example 6.2. Identify ¢, with 7, as usual. By [29, Remark 10.6], there is a map
® € PH' (o, loo] for which @],  is weak*-to-weak* continuous (so that ® satisfies
both hypotheses of Lemma [6.1(ii)| for p = 1), but the corresponding composition
operator Cp does not map FBL"[{1] into itself.

We can now provide a much more general version of this result. Take 1 < p < oo,
and let £ and F' be Banach spaces, where E is non-zero and F' admits an infinite-
dimensional, separable quotient space. By Theorem [1.3] we can find a function
f € HE.[F]\ FBLP[F]. (In fact, we can take f € I,,+[F|\FBLP[F], but this will not
help the following argument.) Choose z§ € E*\ {0}, and define a map ®: F* — E*
by ®(y*) = f(y*)zf for y* € F*. Since f € HE.[F], it is straightforward to
check that @ is positively homogeneous, ®|p,. is weak*-to-weak® continuous, and
|®llprrir= 6] = || fllrBLo |25]] < oo, so ® € PHP[F*, E*]. However, if we pick
xo € E such that z{(z¢) = 1, then

Ca(020)(y") = (0ay 0 ®)(y") = D(y")(w0) = f(y") (v € F7),
50 Cg(0y,) = f ¢ FBLP[F]. Hence Cy does not map FBLP[E] into FBL?[F.

The following question arises naturally by comparing the list of inclusions es-
tablished in Lemma [6.1§(i1)| with Example We have been unable to answer it,
partly due to the lack of progress on Question
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Question 6.3. Let ® € PHP[F*, E*] for some 1 < p < oo and infinite-dimensional
Banach spaces E and F', and suppose that ®[p,.. is weak™®-to-weak* continuous. Is

Co(Tp-[E]) C T [F]?

We shall now present our main representation theorem for lattice homomor-
phisms between free Banach lattices.

Theorem 6.4. Let T: FBLP[E] — FBLP[F] be a lattice homomorphism for some
1 < p < o and some Banach spaces E and F. Then there is a unique map
O F* — E* such that

Tf=fo®p (f € FBLP[E]). (6.2)
This map @7 is positively homogeneous and satisfies
(i) 7 € PHP[F*, E*] with || ®r|lpue(r- 5 = [ T];
(ii) ®rlp,. s weak™to-weak™® continuous.

Proof. We begin with the uniqueness. Suppose that ®7: F* — E* is a map which
satisfies (6.2)). Substituting f = J, for some z € E into this identity and evaluating
it at some y* € F*, we obtain

(T02)(y") = (32 0 27)(y") = 27 (y") (). (6.3)
Reading this equation from the right to the left, we conclude that there is only
one possible way to define ®;. Taking this as our definition, we must check
that ®p(y*) € E*, which is easy: Linearity follows from the fact that dyytz =
Ay + 05 for A € R and w,z € FE, and continuity from the estimate |(T9;)(y*)| <
171 ||| lly*|l- This estimate also shows that ®7 maps Bp» into ||T||Bg=.
It is equally easy to see that ®p is positively homogeneous because

D7 (A\y*)(x) = (T6:)(A\y™) = MTd2)(y") = A@r(y*)(x) (A =0,y" € F*, v € E).

Next, we shall prove|(1)H(ii)} beginning with the latter. Suppose that (y%) is a net
in Bp+ which weak*-converges to some y* € Bp-, and take € E. Lemma [2.1{vi)|
implies that the net ((79,)(y))) converges to (T'0,)(y*), which in view of the defi-
nition means that the net (®r(y?)(z)) converges to ®r(y*)(z).

To verify we observe that the uniqueness part of the universal property
of FBLP[E] implies that T is the lattice homomorphism induced by the bounded

linear operator T o 6%: E — FBLP[F]; that is, T = m, and therefore

I = 11T 0 65| = sup{ |75, lewirie) : v € By} = sup{(Zl(Téx)(yj)lp) "
j=1

2 € By meN, (1) C F*, [ oo < 1}

= Sup{“ ((I)T(y;));l:al,weak rm €N, <y;);n:1 C F*’ ”(y;k);n:1| p,weak < 1}

= || ®rllpur (-, B

It remains to verify that the map @ defined by (6.3)) satisfies (6.2)). We have
already shown that ®r € PHP[F*  E*], so Lemma @ implies that it induces a
lattice homomorphism Cg,.: HP[E] — HP[F] by composition; that is, Ce,.(f) =
fo®p for f € HP[E]. The fact that

Car(0:)(y") = 02 (P (y")) = @r(y")(2) = (T)(y")  (z€ E,y" € F7)
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shows that the restriction of Cg,. to FBLP[E] satisfies Co,|pprr(p) 007 = 10T 06",
where ¢: FBLP[F| — HP[F] denotes the inclusion map. This in turn implies that
Ca,lrBLrip) = t o T by [25, Corollary 3.5(ii)], bearing in mind that the map 6% is
denoted ¢ in [25]. Now the conclusion follows because

Tf=Cor(f)=fo®r  (f€FBLVE]). O

Definition 6.5. Given a lattice homomorphism 7': FBLP[E] — FBLP[F], we call
the unique map ®7: F* — E* satisfying (6.2)) the map induced by T.

Remark 6.6. Suppose that T: FBL?[E] — FBLP[F] is a lattice homomorphism
for some 1 < p < oo and some Banach spaces F and F, and let ®&7: F* — E*
be the induced map. Theorem shows that ®p € PHP[F* E*| and ®r|p,.
is weak*-to-weak* continuous, so Lemma implies that the composition oper-
ator Cg,: H[E] — H[F] induces a lattice homomorphism between each of the
following four pairs of Banach lattices, for every ¢ € [p, 00):

HY[E] — HYF], H!.|E] - H!.[F],
JLE] = JL.[F], M. o[E] = M. o[F].

In fact, we already used the first of these identities for ¢ = p in the proof of
Theorem As we saw towards the end of that proof, we can interpret (6.2)) as
the statement that the lattice homomorphism Cg,. is an extension of T' because

(6.4)

Cor(f)=fo®r=Tf  (f€FBL[E]). (6.5)
We shall now complement (6.4) by showing that the answer to Question
is positive in the case where ® = &1 is induced by a lattice homomorphism

T: FBLP[E] — FBLP[F]. Furthermore, using Lemma |6.1{(iii)} we can show that
FBL? is Cp . -invariant for every ¢ > p.

Lemma 6.7. Let T: FBLP[E] — FBLP[F]| be a lattice homomorphism for some
1 < p < oo and some Banach spaces E and F'. Then:

(i) Cor(Lw+[E]) C L= [F];

(ii) Co,(FBLI[E]) C FBLI[F] for every q € (p, ).

Proof. It suffices to show that Cg, (f) € L,[F] for every f € I,-[E]+ be-
cause Cg,. is a lattice homomorphism (in particular continuous). Take m € N and
Z1,...,Zm € E such that f < Z;nzl\éij Using that Cg, is a lattice homomor-
phism together with (6.5]), we obtain

0< Cop(f) < Cop (Z\%D =3 1Cor (82, = S_|T6,.,| € FBL?[F] C T, [F].
j=1 j=1 j=1

Since I« [F] is an ideal of H%. [F] and Co.,(f) € H%.[F] by (6.4), we conclude that
Cor(f) € Ly« [F], as desired.

Suppose that 1 < p < ¢ < oo. Then | f|lppLejr] < || fllppLep) for every
f € H[F) by [25, Proposition 7.3] (or Lemma in the special case ® =
f: F* — R). This implies that FBL?[F] C FBL?[F] and therefore, using (6.5), we
obtain

Cop(6,) = T8, € FBLP[F] C FBLY[F]  (z € B).

Now the conclusion follows by viewing Cs,. as a lattice homomorphism from H?[E]
to H[F], as shown in (6.4)). O
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Corollary 6.8. Let E and F be Banach spaces for which FBLP[E] and FBLP[F] are
lattice isomorphic for some 1 < p < co. Then so are each of the following six pairs
for every q € [p,00) (where the closures are taken with respect to the FBL-norms):

FBLY[E] = FBLI[F]; Ly [E] 2 L, [F]; H!.|E] = H!.[F)
S [E] = T3 [FT; M o[E] = My o[F]; HI[E] = HI[F].

Proof. Suppose that T': FBL?[E] — FBL?[F] is a lattice isomorphism with inverse
T-1: FBL?[F] — FBLP[E]. Then, for z € E and z* € E*, we have

o*(x) = (T7HT0;))(a") = (0z © D1 0 op-1)(2”) = (B 0 Dr-1) (™) (2),

with a similar calculation showing that ®7-1 o &7 = Ip~; that is, the induced
maps ®7: F* — E* and ®r-1: E* — F* are inverses of each other, and therefore
the composition operators Cg, and Cg, _, are also inverses of each other. As
we saw in and Lemma they restrict to lattice homomorphisms between
each of specified pairs, from which the conclusions follow. (In the case of the
FBL-closure of the ideal I,,« for ¢ > p, a little extra care is required; before invoking
Lemma [6.7(1)} we use the second part of the same result to deduce that Cs.,. is a
lattice isomorphism between FBLY[E] and FBLY[F] with inverse Cgp__, .) O

Example 6.9. In general, one cannot reverse the implication
FBLP[E]| = FBLP[F|] = HP[E]| = HP[F)|

proved in Corollary [6.8] To see this, take Banach spaces E and F whose dual
spaces E* and F* are linearly isomorphic. Then it is clear that HP[E] and HP[F]
are lattice isomorphic. In particular, H'[(1] is lattice isomorphic to H'[L1[0,1]],
but FBL'[¢(;] and FBL'[L,[0,1]] are not lattice isomorphic by [6, Theorems 4.11
and 4.13].

Proposition provides another example, valid for any 1 < p < oo; it shows
that HP[E] and HP[F] are lattice isomorphic for every pair F and F of finite-di-
mensional Banach spaces of dimension at least 2, but FBL?[E] and FBL?[F] are
only lattice isomorphic if dim £ = dim F.

Our next result uses Lemma[6.1] to obtain an infinite-dimensional generalization
of the above observation that HP[E] and HP[F] are lattice isomorphic when E
and F' have finite dimension at least 2.

Proposition 6.10. Let F' be a closed subspace of finite codimension in a Ba-
nach space E, and suppose that F' has dimension at least 2. Then the Banach
lattices HP[E] and HP[F| are lattice isomorphic for every 1 < p < oc.

Proof. Since HP[G;] and HP[G5] are lattice isomorphic whenever G and Go are
linearly isomorphic Banach spaces, it suffices to show that HP[E] and HP[F] are
lattice isomorphic for E = ¢1* & G and F = (} & G, where G is a Banach space
and m,n € N\ {1}. Take a bijection 0: Spn — Spm, where Sp  denotes the unit
sphere of (% = (¢¥)*, as usual. (Such a bijection exists because both sets have
cardinality ¢.) Let ©: £% — ¢7 be the positively homogeneous extension of 6, that
is, ©(0) = 0 and

o) = Il 0( L) = Vi l0(Eo) e\ op,
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where (e;)!_; denotes the unit vector basis for £7.
To verify that © € PHP[(Z, £7], take (y5)¥_, C €2 with ( Y5 )i k| < 1 for

001 Yoo p,weak

some k € N. We may suppose that y; # 0 for each j € {1,...,k}, and find

15l = 222 (VI8 0)” (o) )

”yjHOO

< (Z(_\/|aei<y;>|)p)” <[V

where the first inequality follows from the fact that ||6( yi/ Hy;HOO)Hoo = 1. Hence
1Ol prr(en em) < H\/ _110e, |FBLP n) < 00, 80 © € PHP[(Z, 072].

We can obviously extend © to a posmvely homogeneous map ®: F* — E* by
defining ®(y*, z*) = (O(y*), z*) for y* € £ and z* € G*. This extension belongs
to PHP[F*, E*| with ||®||pyr(p+, £+ < [O|lpurien em) + 1 because

?
FBLP[¢7]

H(q)(y]’ ;))] 1||pweak ||( y] ’ J)J Ipreak

||( y] )] 1||p,weak+”( )J 1

for every k € N and (y}, 25)5_, C F* with [|[(y7, 2)%_, [l weak < 1.

On the other hand, by repeating the above arguments for the inverse map
o1 S¢m — Sen instead of 6, we obtain a map ®~! € PHP[E*, F*] which is an
inverse of ® (as our choice of notation indicates). Therefore, Lemma implies
that we may regard the restrictions of Cy and Cg-1 as lattice homomorphisms
Cy: HP[E] — HP[F]| and Cy-1: HP[F| — HP[E], respectively. They are clearly
inverses of each other, from which the conclusion follows. ([

|p,weak < ||@HPHP en o)+ 1

Example 6.11. Gowers [19] and Gowers and Maurey [20] have shown that there
are infinite-dimensional Banach spaces FF which are not isomorphic to their hyper-
planes. However, Proposition [6.10] shows that HP[E] and H?[F] are lattice isomor-
phic whenever F' is a closed subspace of finite codimension in £ and 1 < p < oco.

More generally, for every k € {0,2,3,...}, Gowers and Maurey [2I] have con-
structed a Banach space Ej such that E}, is isomorphic to a closed subspace F' C Ej,
if and only if F' has finite codimension in Ej, and this codimension is a multiple
of k. As above, HP[Ey] and HP[F| are lattice isomorphic for every 1 < p < oo and
every closed subspace F of finite codimension in Ey, irrespective of the value of this
codimension.

Remark 6.12. Examples[6.9] and demonstrate that there are non-isomorphic
Banach spaces E and F for which HP[FE] and HP[F)] are lattice isomorphic for
every 1 < p < 0o. As the proof of Proposition |6.10[shows, the lattice isomorphisms
in Example are induced by composition w1th a bijection ® € PH?[F*, E*] that
lacks any weak* continuity properties.

In general, exhibiting weak™ homeomorphisms between the unit balls of dual
Banach spaces is not difficult. For instance, Keller’s Theorem (see, e.g., [I7), Sec-
tion 12.3]) implies that the dual unit ball Bg- is weak*-homeomorphic to the Hilbert
cube [—1, 1]N for every separable, infinite-dimensional Banach space E. Under some
technical assumptions, this weak* homeomorphism can be chosen to be positively
homogeneous, as shown in |29, Theorem 10.24].
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Unfortunately, none of the above arguments provide any information about the
corresponding free Banach lattices. It remains a major open problem whether
there exist non-isomorphic Banach spaces E and F' such that FBLP[E] is lattice
isomorphic to FBLP[F] for some 1 < p < oo.

Our next lemma relates the properties of a lattice homomorphism between free
Banach lattices to the map it induces.

Lemma 6.13. Let T: FBLP[E] — FBLP[F] be a lattice homomorphism for some
1 < p < oo and some Banach spaces E and F. Then:
(i) T has dense range if and only if the sublattice generated by the range of the
operator T o §F is dense in FBLP[F].
(ii) Suppose that one, and hence both, conditions in are satisfied. Then the
induced map Pp: F* — E* is injective.

Proof. follows from the fact that FBLP[E] is the closed sublattice of HP[E]
generated by the image of 6F.

Suppose that the sublattice generated by (T o 6¥)(E) is dense in FBLP[F].
Since @ is positively homogeneous, it suffices to verify that its restriction to Bp«
is injective. Take y*, z* € Bp« such that ®r(y*) = &r(z*). By , we have

This implies that f(y*) = f(z*) for every f belonging to the sublattice generated
by (T o 6%)(E). By hypothesis, this sublattice is dense in FBL?[F| with respect to
the FBLP-norm, which according to Lemma [2.1}(iii)| dominates the uniform norm
on B, so we conclude that f(y*) = f(z*) for every f € FBLP[F]. In particular,
taking f = §, for y € F, we see that y*(y) = 2*(y), which proves that y* = z*. O

Example 6.14. Given a bounded linear operator S: F — F between Banach
spaces E and F, there is a standard way to associate a lattice homomorphism
between the corresponding free Banach lattices with it. Indeed, for 1 < p < o0,
6% 0 S: E — FBLP[F] is a bounded linear operator of norm [|S|| into a p-convex
Banach lattice, so the universal property of FBL?[E] implies that there is a unique

lattice homomorphism S = §¥ o S: FBL?[E] — FBLP[F] such that
SodP =605, (6.6)

and ||S|| = ||S||. The map ®5: F* — E* induced by S is simply the adjoint S*
of S, as the following calculation, valid for every y* € F* and x« € E, shows:

5(y") (@) = (62 0 P5)(y") = (S02)(y") = dsa(y") = y"(Sz) = S™(y")(2).

Consequently, we have

Sf=foS" =Cs(f) (f€FBLIE]), (6.7)
and Lemma implies that
Cs+ Ly [E]) € L+ [F]. (6.8)

We can use this inclusion to obtain stability results for the properties that Ques-
tions (1] and are concerned with.

Proposition 6.15. Let 1 < p < 0o, and suppose that F' is a complemented subspace
of a Banach space E for which FBLP[E] = I,+[E]. Then FBLP[F| = L,~[F].
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Proof. The hypothesis that F' is complemented in £ means that the inclusion map
J: F — FE has a bounded linear left inverse L: F — F'; that is, LJ = Ip. This
implies that (Cp« o Cy)f = f o J* o L* = f for every f € H[F], and consequently

Iw*[F] = C(L* (CJ* (Iw* [F])) g C(L* (Iw* [E]) = C’L* (FBLP[ED
— L(FBLP[E]) C FBLP[F],

where we have used , the hypothesis and (6.7). This completes the proof
because the opposite inclusion FBLP[F] C I,,+[F] is always true. O

Remark 6.16. In view of Theorem [£.3] it is possible that Proposition [6.15 has no
genuine content in the sense that the hypothesis that FBLP[E] = I,«[E] for some
1 < p < co may only be satisfied when E is finite-dimensional.

Proposition 6.17. Let E be a reflexive Banach space for which I« [E] = HE.[E)]
for some 1 < p < oo. Then L,[F] = HE.[F] for every quotient space F of E.

Proof. Let Q: E — F denote the quotient map, and write q: Bg — Bp for its
restriction to the unit balls. Then ¢ is continuous with respect to the relative weak
topologies and surjective (because E and F are reflexive), so we can define an iso-
metric lattice homomorphism C,: C(Br) — C(Bg) by composition: Cyf = foq.
Hence, by [27, Theorem 1.4.19], its adjoint C;: C(Bg)* — C(BF)* is a surjective,
interval-preserving operator.

As previously mentioned, for every f € HY.[F], we can find a probability mea-
sure y € C(Bp)% such that is satisfied; that is,

|f@)] < flleBLeie fR(27) (a7 € F7), (6.9)
where we recall that the function f; € HP[F] is defined by (4.13). In view of the
previous paragraph, we can take v € C(Bg)% such that Cy(v) = pu. Since E is

reflexive, f? € HY.[E] = I,,~|E] by Theorem and the hypothesis.
For y* € Bp-, the function ¢,(y*) € C(Br) defined in Lemma [5.4] satisfies

Co(Wp(y™)) (@) = ¥p(y)(a(x)) = ly*(a(@))|" = [(Q"y")(@)]" = ¥p(Q"y")(2)
for each x € Bg, so
(fE™)" = Wuly"), ) = (Caldhp(y™)),v)
= (@ y"),v) = (F2(Qy))" = (Co-(F) ()"
This proves that f7 = Cq-(f}), which belongs to I,«[F] by (6-8), and therefore
].

f € I, [F] by because [, [F] is an ideal of HY.[F O

We shall next address two very natural questions concerning a lattice homo-
morphism T between free Banach lattices: When is the induced map ®p linear?
And how can we tell whether T arises from a bounded linear operator between the
underlying Banach spaces via the construction described in Example

Proposition 6.18. Let T: FBLP[E] — FBLP[F] be a lattice homomorphism for
some 1 < p < oo and some Banach spaces E and F. The following conditions are
equivalent:
(a) The induced map ®1: F* — E* is linear.
(b) The induced map ®r: F* — E* is an adjoint operator; that is, ®p = S*
for some bounded linear operator S: E — F.
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(c) There is a bounded linear operator S: E — F for which T o 6% = 6" 0 S.
(d) T =8 for some bounded linear operator S: E — F.

Proof. We begin by showing that conditions @ and @ are equivalent. It is clear
that @ implies @ Conversely, suppose that ®p is linear. By Theorem
its restriction ®r[pg,. is weak*-to-weak™ continuous. This implies that & = S*
for some bounded linear operator S: E — F, as one can prove by adding an
application of the Krein—Smulian Theorem to the standard proof that a weak*-to-
weak™® continuous linear operator between dual Banach spaces is the adjoint of a
bounded linear operator.

To see that conditions @ and are also equivalent, we observe that for x € F,
y* € F* and a bounded linear operator S: E — F', we have

(67 0 8)(2)(y") = ds2(y") = y*(Sz) = (S*y") (@),
while implies that
(T 0 6%)(2)(y") = (T6:)(y*) = (32 0 1) (y*) = Pr(y") ().

Comparing these two equations, we conclude that 7 o 6¥ = §¥ o S if and only if
O = 5%,

Finally, we verify that and @ are equivalent. Equation shows that @
implies while the converse implication follows from the fact that S is the unique
lattice homomorphism satisfying . 0

The following example shows that not all lattice homomorphisms between free
Banach lattices arise from bounded linear operators, or equivalently that the maps
they induce need not be linear.

Example 6.19. Take 1 < p < 00, let (e, )nen denote the unit vector basis for ¢4,
and identify ¢7 with /, as usual. Since

1.,

FBLP[¢1] — ||56nHFBLp[f1] - ||6n||[1 =1 (n € N)7

we can define a bounded linear operator R: ¢; — FBL?[¢1] of norm 1 by Re,, = |d,,|
for every n € N. The universal property of FBLP[¢;] implies that R induces a lattice
homomorphism R: FBLP[(;] — FBLP[(;] such that R o 6 = R, which in turn
induces a map ®5: foo — £ such that Rf=fo 5 for every f € FBLP[{] by
Theorem Combining these identities with the definition of R, we obtain

®5(27)(en) = (e, 0 5)(a7) = (R, )(2*) = (Ren)(z")
= |00, [(z%) = |2*(en)| = |z*](en)  (nEN, z* € Ly).

This shows that ®z(z*) = |2*| for every 2* € £, so ®5 is non-linear.

Although the map induced by a lattice homomorphism between free Banach
lattices need not be linear, it is sometimes possible to find a bounded linear operator
which agrees with it on certain vectors.

Proposition 6.20. Let ¢ € PHl[F*,E*] for some Banach spaces E and F, and
suppose that F* has an unconditional basis (f)nen. Then the map R: f— ®(f))
for n € N extends to a bounded linear operator R: F* — E*.
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Proof. We extend R by linearity to the dense subspace of F* spanned by (f)nen
and claim that this map is bounded by K ||®|[py1 [+ g+, where K denotes the un-
conditional basis constant of (f). Take (aj) 7.y C R for some m € N, and choose
o; = =£1 such that o;a; > 0 for each j € {1,. m} Then, by (1.4 ., we have

H(U]ajf Jj= 1”1 weak\

which implies that

®llprt e, 52 K q’(ojajf;));lluLweak

= sup ZEJ ajajf ‘ = sup Zsjajaj ‘
gj=%1 gj=%1
-Jetnl
j=1
This proves the claim, and the result follows. O

A possible strategy for showing that the Banach spaces E and F' are linearly
isomorphic whenever a lattice isomorphism 7': FBLP[E] — FBLP[F] exists for
some 1 < p < oo would be to find a suitable linearization of the induced map
& F* — E* that one could then use to construct an isomorphism between FE
and F.

Remark 6.21. Let ® € PHP[F*, E*] for some 1 < p < oo and Banach spaces E
and F. Then, for every m € N and (y})7,; C F'*, we have

H@(iy}‘) - i@@;) < H@(iy;f) |+_i<1><y;>|
Yo+ Zn@npm .

j=1
This implies that ® is quasi-linear if it is homogeneous (not just positively homoge-
neous). Since there is more than one definition of “quasi-linear” in circulation, let
us explicitly state the definition we use, following [9, Chapter 16] and [11, Defini-
tion 3.2.1] (not [26], Definition 2.a.9]): a map ®: E — F between Banach spaces E
and F' is quasi-linear if it is homogeneous and there is a constant K > 0 such that

18(z +y) = (z) = 2(y)ll < K(l|lz] + [lyl}) (2,9 € E).

As we saw in Example the issue that the map ® may not be homogeneous
is genuine, even when it is induced by a lattice homomorphism between free Banach
lattices. However, our next result shows that there are instances where homogeneity
is automatic, so the induced map is quasi-linear.

< 2| @lpure- E*]ZHZ/]H
j=1

< ||@lpr(pe 7

Lemma 6.22. Let E and F be Banach spaces, and let ®: F* — E* be a positively
homogeneous bijection for which ||®|pyi(p- ) = 1 = @7 pur(p p. Suppose
that the norm on E* is strictly convex. Then ® is homogeneous.
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Proof. Tt suffices to show that ®(y*) = —®(—y*) for every unit vector y* € F*
because ® is positively homogeneous. Combining the triangle inequality with the
fact that ||®[|pgi(p+ p+) = 1 and (1.4, we obtain

2 2 max||[®(y") £ (=) = ("), D(=y"))[[1.wear = (4", =4") 1. weax
because ||~ ||py1 g+ p+) = 1. Another application of (L.4) shows that
1", =y 1 weak = max|ly™ + (=y*)|| = 2,
so either [[®(y*) + ®(—y")|| = 2 or [|@(y") — ®(—y")|| = 2. Since [|£(+y")|| <
lly*|| = 1, the strict convexity of the norm on E* implies that ®(y*) = ®(—y*) in
the first case and ®(y*) = —®(—y*) in the second. However, ®(y*) = ®(—y*) is

impossible because @ is injective and y* # 0, so we must be in the second case,
which gives the desired conclusion. ([l

Corollary 6.23. Let T: FBL'[E] — FBL![F] be an isometric lattice isomorphism
for some Banach spaces E and F, and suppose that the norm on E* is strictly
convex. Then the induced map ®r: F* — E* is homogeneous.

Proof. This follows immediately from Lemma because the hypothesis that T
is an isometric lattice isomorphism means that the induced map ®: F* — E* is
a positively homogeneous bijection with inverse ®1-1, and Theorem ensures
that |7 ||p1(p- g = [T = 1 and |7 |pm (- pep = |77 = 1. O

We refer to [29, Section 10.3] for a detailed analysis of lattice isometries between
free Banach lattices.

We conclude with an extension of another result from [29]. By an isomorphic
embedding of a Banach space F into a Banach space F', we understand a bounded
linear operator J: E — F which is injective and has closed range, or in other
words J is bounded below by some constant 7 > 0 in the sense that ||Jz| > n||z||
for every x € E. In this case J*: F* — FE* is surjective, so implies that
the associated lattice homomorphism J: FBL?[E] — FBLP[F] is injective for every
1 < p < 0o. The question of whether J is an isomorphic embedding (that is, has
closed range) was analyzed in depth in [29] Section 3.3]. We shall next provide an
extension of the main result therein. In the proof, we require the following standard
identity between the operator norm of a bounded linear operator S from a Banach
space E into £ for some 1 < p < co and n € N and the weak p-norm:

HS” = ||<S*e;>?:1||p,weak7 (610)
where (e;f)?zl denotes the unit vector basis of (éz')*.

Proposition 6.24. Let J: E — F be an isomorphic embedding of a Banach
space E into a Banach space F', and take 1 < p < co. The following conditions are
equivalent:

(a) There is a constant C > 1 such that, for every n € N, every bounded linear
operator S: E — L admits a bounded linear extension S: F' — £ (in the
sense that S = SJ) with || S| < C||S|I.

(b) The lattice homomorphism J is an isomorphic embedding of FBLP[E] into
FBL?[F].

(¢) The lattice homomorphism Cy» is an isomorphic embedding of HP[E| into
HP[F].
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Proof. The equivalence of conditions [(a)] and [(b)]is essentially a restatement of [29,
Theorem 3.7, (1)<(3)]. (“Essentially” refers to the fact that [29, Theorem 3.7] is
stated only for isometric embeddings. However, it is explained in the text above it
how to reduce the isomorphic case to the isometric.) Furthermore, the implication

(c)2{(D)]is immediate from (6.7), so it only remains to verify that [(a)] implies
Suppose that [(a)]is satisfied for some constant C' > 0, and take n € (0,1). Then,
for every f € HP[E], we can find n € N and (z})7_; C E* with [|(2})7_;[[p,weak = 1

such that )
0l lesiee < (Zu ")

Define an operator S: E — £ by Sz = ((:r x ))J 1. Clearly S is bounded and
linear, and [|S|| = 1 by (6.10) because S*e; = =} for each j = 1,...,n, so the

hypothesis implies that S admits a bounded linear extension S:F— ¢, whose norm

is at most C. Another application of (6.10) shows that [|(S* €)1l
consequently we have

CPCr fggar = SNC S NP = STUFI* 5 )P
j=1

j=1
=D IFS™ENP =1 @I = 0PI psros
j=1 j=1

This proves that Cj« is bounded below by 7/C > 0 and therefore an isomorphic
embedding. O

p,weak X C and
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