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Abstract

We consider the problem of optimizing initial conditions and termination time in dynamical
systems governed by unknown ordinary differential equations (ODEs), where evaluating
different initial conditions is costly and the state’s value can not be measured in real-time but
only with a delay while the measuring device processes the sample. To identify the optimal
conditions in limited trials, we introduce a few-shot Bayesian Optimization (BO) framework
based on the system’s prior information. At the core of our approach is the System-Aware
Neural ODE Processes (SANODEP), an extension of Neural ODE Processes (NODEP)
designed to meta-learn ODE systems from multiple trajectories using a novel context
embedding block. We further develop a two-stage BO framework to effectively incorporate
search space constraints, enabling efficient optimization of both initial conditions and
observation timings. We conduct extensive experiments showcasing SANODEP’s potential
for few-shot BO within dynamical systems. We also explore SANODEP’s adaptability to
varying levels of prior information, highlighting the trade-off between prior flexibility and
model fitting accuracy.

1 Introduction

This paper studies a widely encountered, yet less investigated, problem: optimizing the initial conditions
and termination time in unknown dynamical systems where evaluations are computationally expensive. We
assume that the primary evaluation cost comes from switching initial conditions and wish to use as few
trajectories as possible.

This issue is prevalent in multiple fields, including biotechnology, epidemiology, ecology, and chemistry. For
instance, consider the optimization of a (bio)chemical reactor. Here, the objective is to determine the optimal
“recipe,” i.e., the set of initial reactant concentrations and reaction times that maximize yield, enhance
selectivity, and/or minimize waste (Taylor et al., 2023; [Schoepfer et al., 2024} |Schilter et al., [2024; Thebelt
et al., [2022). Specifically, the high costs associated with changing reactants for multiple experimental runs
highlight the need for developing efficient optimization algorithms (Paulson & Tsayl, [2024)).

Bayesian Optimization (BO) (Frazier, 2018} |Garnett} |2023)) is a well-established method for optimizing
expensive-to-evaluate black-box objective functions. It relies on probabilistic surrogate models built from
limited function evaluations to guide the optimization efficiently. However, standard Gaussian Processes
(GPs) (Williams & Rasmussen, [2006) (the de facto probabilistic surrogate model in BO) with conventional
kernels do not capture the dynamics of these systems effectively. Recent efforts to introduce Bayesian ODE
models aim to incorporate suitable assumptions; however, their inference often involves time-consuming
computations (Heinonen et al., |2018} [Dandekar et al., |2020]), making them impractical for a time-sensitive
optimization scenario. Some Bayesian ODE models attempt to alleviate computational burdens by leveraging
crude approximation inference (Ott et all 2023)) or approximating numerical integrators (Hegde et al.| |2022;
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Figure 1: Illustration of meta-learning-based few-shot Bayesian Optimization (BO) with time-delay constraints
(detailed in Section E[) applied to the Lotka-Volterra (LV) system using three different models: Gaussian
Process (GP), Neural Process (NP), and System Aware Neural ODE Process (SANODEP) (Section. [3).
Starting with one randomly sampled trajectory (marked with a <), The BO progressively selects promising
initial conditions for experiments (Section. and, based on these, recommends subsequent measurement
times while enforcing a minimum time delay constraint (At) (Section. [£.2). The figure demonstrates that after
evaluating just one trajectory (the first, left-most column of the three rows), the meta-learned SANODEP
model more closely approximates the original LV system compared to the non-meta-learned GP model. This
enhanced approximation facilitates the BO search in identifying more promising initial conditions.

[Ensinger et al., [2024)). While these approaches reduce computation time, the necessary approximations
may degrade model performance. Consequently, the widely encountered yet under-investigated problem of
performing BO in dynamical systems remains open, primarily due to the lack of an appropriate model.

This work attempts to tackle this optimization problem by conceptualizing it as a few-shot optimization,
through leveraging prior information about dynamical systems to formulate the meta tasks to train a learning
model, which is then able to adapt to new problems with very few data (a.k.a., shots) and served as our
BO surrogate model. To achieve this, we focus on the Neural ODE Process (NODEP) (Norcliffe et al.
[2021) as our learning model due to several useful model properties. First, NODEP combines Neural ODEs
(Chen et all [2018)—emphasizing the dynamical system perspective that may provide a more informative
inductive bias—with Neural Processes (NP) (Garnelo et al., 2018b), enhancing the meta-learning aspect for
few-shot optimization. Second, meta-learning endows NODEP with fast adaptation to new observations,
mitigating the potential concern of model training time with incoming measurement results. Third, NODEP
enables continuous gradient-based optimization over time, compared with discrete-time meta-learn models
(e.g., [Foong et al| (2020))), integrating seamlessly within the BO framework. Finally, compared to other
continuous-time models involving computationally intensive operations (e.g., time domain attention
), NODEP is computationally efficient, making it suitable for BO.

However, building a meta-learning-based few-shot BO framework for unknown dynamical systems is not a
straightforward downstream application. An obstacle is that NODEP’s functionality is limited by its original
learning objective: predicting a single trajectory state value given context data for that trajectory. For
initial condition optimization of unknown ODE systems, it is essential to learn to be aware of the underlying
governing systems using context data consisting of one or several different trajectory observations, as this
benefits for forecasting trajectories starting from arbitrary initial conditions. Moreover, no BO frameworks
are proposed for such problem settings.

In line with our optimization requirements, we introduce the System-Aware Neural ODE Process (SANODEP),
a generalization of NODEP in terms of meta-learning of ODE systems to plug-in our newly developed BO
framework for few-shot BO in dynamical systems. Figure [I] shows, through example, SANODEP outcomes in
comparison to other approaches. Our contributions are as follows:

1. We propose a novel context embedding mechanism enabling SANODEP to meta-learn from batch of
trajectories with minimal model structure adjustments based on NODEP.
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2. We developed a model-agnostic, time-delay constraint process BO framework for optimizing initial
conditions and termination time in dynamical systems.

3. We compare SANODEP and other meta-learned models under our BO framework, validating the
benefits of the ODE-aware model structure and demonstrating the effectiveness of the few-shot BO
framework’s model agnosticity property.

4. We conduct initial investigation on how the different levels of prior information can be utilized for
SANODEP. Strong prior information can enable a physically-informed model structure with extended
loss considering parameter inference, enabling a novel few-shot parameter estimation functionality,
while weak prior information may still be useful through a properly designed task distribution, albeit
at a detriment to model fitting capability.

The rest of the paper is organized as follows: In Section 2] we describe the preliminaries. Section [3]introduces
the System-Aware Neural ODE Processes (SANODEP). In Section [4) we develop the optimization framework
based on SANODEP specific to our optimization problem. Section [f] discusses related work. Section [f]
presents the numerical experiments we conducted. In Section [E] we investigate the impact of different levels
of prior information.

2 Problem Statement and Background

2.1 State Optimization

Consider a dynamical system whose evolution is described by the following ordinary differential equation
(ODE) system in the time domain, denoted as t:

dx =TF(x,h), Xx(h=ty) = Xo, (1)
dh

where X(t) [ X, [CRPx represents the state value of the system at time t, F(:) : R% x R - R9 is an
unknown function (vector field) governing the system dynamics, and Xo [ Xy Xk [CRPx is the initial
system state. Define Feyolve(Xo,t, F) : Xo X T % (R% x R - R%) -, RY%_ where T , tmax/, to obtain
the system state at time t from an initial condition X as: Fevove(Xo,t, F) = Xo + t f(x(h),h)dh. Let
g(+) : R% - R be a practitioner-specified (known) function that aggregates the state values into a scalar, we
consider the following multi-objective problem:

max L i Xo,t, F)), —t. 2

{t.x0} €T X Xo g ( evolve( 0 )) ( )

The goal is to identify the initial conditions Xy along with the corresponding evolution termination time t

that provide the optimal trade-off between the objective g applied to the state values X(t) and the amount of
time to reach this state. Simply put, we wish to maximize the objective function g early.

2.2 Neural ODE Processes (NODEP)

NODEP (Norcliffe et al., |2021)) is a latent variable-based Bayesian meta-learning model with generative
processes that can be summarized as follows: given a set of N observations of state values at different times
from a single trajectory, represented by context set C := {(t&, x)}¥;, NODEP assumes the conditional
prediction has been generated from a latent controlled ODE of state dimensionality d The stochasticity of
the model is induced by stochastic latent initial condition Lo and the stochastic dynamics representation,
which in practice is implemented via a time-invariant control Lp. These two terms are obtained through first
encoding the context elements @ ([tF, ﬁcp;]_):?nd then applying average pooling (Zaheer et al., 2017 to produce
a single representation vector r = % i=1 or ([t¥, xF]), which is then mapped to corresponding distributions
Lo and Lp. Once we sample the latent initial condition and the trajectory dynamics representation LEL the

IWith slight abuse of notation, we follow the common notation in control to use U (instead of d) to represent the realization
of time-invariant control term Lp.
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evolution of the latent ODE is:

=
1(t) = Fevotve(lo, t, Fan(U, Boe)) := 1(to) +  Fn (1(h), U, h, Boge) dh. (3)

to

Here f, represents the vector field as a neural network parameterized by 8p4e. We compute Feyolve using
numerical ODE solvers. To predict the state values at time t, after solving the latent ODE, the latent state
I(t) CRF' can be decoded back to real state predictions through a decoder p(X(t)|I(t),t). Thus, the overall
joint probability of the model can be represented as:

p(u,lo,X|C,t) = p (X]lo, u, t) p(u|C)p(lo|C). (4)

The latent state’s dimensionality d; is typically chosen to be larger than dx as additional state variables
benefit the model flexibility (Dupont et al., [2019) and enable learning of higher-order dynamics implicitly
(Norcliffe et al., [2020).

Given a context set C and a target set T := {(t§, X})}2=; P} to calculate the log-likelihood on T for inference,
the intractable posterior of p (Ig]C) p(u|C) has been approximated through the mean field approximation
q(LIT)g(u|T), which in practice has been implemented through encoder qi_ (Ig|C), gp (u|C) in an amortized
fashion, eventually leading to the following evidence lower bound (ELBO):

O] O
log p {(XI)}JF; H(E x)He, TT =

= Eq(touim log p (Xi|u, lo, k) — KL [q (Io|T) [lac (lo|C)] — KL [gp (u|T) [lap (u|C)],
k=1

(5)

where TT := {(t])}]=; represents the (irregularly sampled) target timesﬂ NODEP has competitive perfor-
mance in predicting single trajectory, and we therefore consider extending its functionality to meta-learn
ODE system distributions for our subsequent optimization purpose.

3 System Aware Neural ODE Process
Few-Shot Optimization with Prior Information

Given that evaluating Feyolve(Xo, t, F) is limited by cost
to a small number of different initial conditions. To enable
fast adaptation with few evaluations, we take a meta-
learning approach by assuming that F is a realization of
a stochastic function F, and we can access data from its
different realizations to formulate the meta-task distribu-
tions.

More precisely, consider a random function F : X X T -
RY% representing the distribution of dynamical systems.
From a specific realization of F, suppose we have observed
M distinct trajectories, the context set then encompasses Figure 2: Graphical Model of SANODEP, the
observations from all M trajectories, denoted as T¢ = model predicts any time point in the new tra-
{TE, ..., TG} Each trajectory, labeled as T,C, includes its jectory by knowing both observations from new
own set of Nj context observations: TIC = {(tlic, XIiC) :\'zl 1 trajectories and from past trajectories. Depend-
Furthermore, consider a new trajectory Tpew. After ob- ing on whether the Xr?ew and Tr?ew consists of
serving additional context observations on this trajectory, more than the initial condition, the model focuses
TG, (e.g., the initial condition of this new trajectory), on forecasting or interpolating tasks. The solid

we can define the extended context set as C = TC [T[,,. and dashed lines represent the generative and in-
ference processes, respectively.

2We follow the [Garnelo et al.|(2018b)) and [Norcliffe et al.| (2021) convention by assuming T is a superset of C.

3We denote context trajectory data either as a set of pairs {(tf, X?)}E\‘zl or as vectors {TC, XC}, where TC = [t$, ...,t&]T7
XC = [XC, e X&}T. We use similar notation {T T, XT} for the target set.
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Additionally, the target setis denedas T=TC¢[T neWE], a visual elaboration is provided in Figure@ in
Appendix [A]

Itis straightforward to see why NODEP is suboptimal in such scenario as it makes predictions based on single
time series C= TS, , T = T,.,), unable to leverageM trajectorys' information. Below, we demonstrate
how SANODERP is e ciently enabled through the set-based representation (Zaheer et al., 201[7).

3.1 Set-based Dynamical System Representation

Similar to the latent variable u (Eg. [3) capturing trajectory dynamics in NODEP, we adapt a latent variable
Dsys g(usysjC) in SANODEP, e ectively replacing u in the model structure but with an enhanced
conditioning on context observations fromM + 1 trajectories, to capture the dynamical systems properties.
Follow this mechanism, we will have a feature extraction formulti-start multivariate irregular time

series, in addition with an e ciency requirement for our optimization purposes.

Such questions are less considered in contemporary time series models, as existing approaches (Shukla
& Marlin,| 2021 Schirmer et al [2022) are mainly developed for single initial condition start trajectories.
Speci cally for multi-start scenario, Jiang et al.|(2023) proposes rst extracting a trajectory-wise aggregated
feature vector, and then averaging feature vectors as a nal representation. However, both extraction are
implemented through a convolution operation, which poses challenges with irregular time series without
additional modi cations.

A straightforward thinking would be still using average pooling across all context elements as a set-based
representation. While the Picard-Lindel6f theorem (Lindel6f, [1894) guarantees the uniqueness of state values
in an initial value problem when f (x;t) is Lipschitz continuous, in case when only part of the underline
system states can be measured as(t), di erent trajectories might still share identical x(t) values, leading
to identi ability issues (duplicate context elements come from di erent initial conditions). Consequently,
we propose an augmented sets-based approach: we augment each observation with its corresponding initial
condition: (tj;Xo;Xi), to enhance the model's ability to di erentiate between trajectories that might otherwise
appear identical. Then we perfg,rm thq,average poollng on the attened context set to obtain the context
representation r sys = P“”lilr\n |M:1+1 i1 rsys (lt€;x1§;x1€1), which is then mapped to a distribution
representing possible syslftlam realizations fronf that has generatedC. Aside from the theoretical intuition,
we also empirically compare the average pooling without initial condition augmentation in the Section[ 6.1,
and nd that the augmentation leads to more robust performance evenF only represents rst-order systems
with fully observable states.

For the rest of the model, SANODEP follows the NODEP structure, hence requiring minimal adjustment, only
with additional care on activation function choices to enable di erentiability (Appendix Appendix
provides a detailed description of the model structure.

3.2 Bi-scenario Loss Function

In line with the principles of episode learning (Vinyals et al.,|2016), SANODEP's training is structured
through multiple episodes. Motivated by our optimization problem that will be detailed in Section. f] the
design of each episode's problem ensures good model performance under two primary scenarios:

1. Forecasting : Using M context trajectorles TC, the model predicts future state valuesX [, for a
new trajectory initiated from TS, = f(thew 5 Xnew §)0 at designated target timesT,%,, .

2. Interpolating : From the same M trajectories, the model interpolates and extrapolates state
values for a new trajectory that aIready includesK > 1 observations: T.S,, = f (thew &; Xnew £) 95,
predicting the states at times T %, -

“Note that again T,Qy, T mw -
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Both scenarios can be considered under a bi-scenario loss function, designed to enhance model's accuracy for
predicting new trajectory states X 1, at TL,,:

i Ltorecast ;Tn%w (Ltorecast )Iog p X I’TGW JT ¢ [ T nCeW (1forecast )' TI’;I;EW ; (6)

where p () represents the SANODEP prediction when parameterized by .

L =Bt r mToTy

new

Algorithm 1 Learning and Inference in System Aware Neural ODE Processes (SANODEP)

Require: ODE system inducing distributions P, known trajectory range [M min ; M max |, batch size of Monte
Carlo approximation of initial condition sample Ny,, batch size of dynamical systems sampléNgys,
prespeci ed time grid Tyig := linspace (to; tmax ; Ngria ), minimum and maximum context points within
a trajectory Mmin ; Mmax - Minimum and maximum extra target points Nmin ; Nmax , iNitial condition space
Xo.

1: Initialize SANODEP model parameters with random seeds.

2. for step in training_steps do

3: # Training data generation

4 for j =1 to Ngys do

5: Sample ODE systemf F and Ny, dierent initial conditions from Xg, solve Ny, odes at time
grids Tgrig to obtain the dataset T 4;:::; TNX0 0.

6: Sample known trajectory number M from Uniform (M min ; M max ).

7: for =1 to M do

8 # Sample context and target elements within each trajectory

9: Samplem, from Uniform (Mmin ; Mmax ), Samplen; from Uniform (Nmin ; Nmax )-

10: Randomly subsample fromT, to extract the context dataset T,¢ and target dataset T,7, where

jT|Cj = m, and jT|Tj = m; + n and T|C T |T.

11: end for

12: ConcatenateM trajectories context set T = fT.°;::;; T\$gand target set TT = fT,7; 5 Tyl 9.

13:  end for

14: # Model Prediction
15:  for j =1 to Ngys do

16: for k=1 to Ny, do

17: sample Ligrecast from Bernoulli () # determine forecasting or interpolating

18: if ltorecast = 1 then

19: TS = f(tox; Xok)g where (toy; Xok) 2 Tk

20: else if liorecast =0 and k > M then

21: Randomly subsample fromT, to extract the context dataset T, and target dataset Ty ", where

iTCi=m,jT"j=m+nand T, T .

22: else

23: TS, = TS TC = TCnT,C.

24: end if

25: Augmented the context trajectories and target trajectories with the new trajectory T¢ = T¢[T §,,,
TT=TT[T.L,-

26: Compute variational posterior g(UsysiTT), A(L opewiT T)s A(UsysjT ©), (L opew T ©) through the
encoder block.

27: Samplel (to); Usys from q(I(to)iT ), a(UsysiT 7).

28: Solve latent odes as in Eq. (3) for all times and decode to obtain the model prediction.

29: Calculate the trajectory wise lossLg go  based on Eq. (8).

30: end for

31:  end for Py

32:  Average the trajectory wise lossLg go = ﬁ o-r LELBO o

33:  Update the model parameter through optimizer r Lepo

34: end for

During training, once a dynamical system realizationf from F has been drawn, we randomly sample the
number of context trajectories M that we have observed, where the number of context elements, the initial
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condition of the trajectory and the observation time are all sampled. For the new trajectory to be predicted,
besides sampling the target sef T L, ; X 1., 9, @ Bernoulli indicator Liorecast Bernoulli( ) parameterize
by is sampled to determine whether the episode will address a forecasting or interpolating scenario. This
indicator directly in uences the part of the context set sampled from the new trajectory®:

f(tnew 01 X new o)g if Ltorecast = 1;
f(tnew| i Xnew )g| if Ltorecast =0

)

Tn(éw (1forecast ) =

For each system realization, we train in a mini-batch way by making prediction on a batch of di erent new
trajectories.

The intractable log-likelihood in Eq. (6) can be approximated via the following evidence lower bound (ELBO):

IOg p X new J T ¢ [T new (1f0recast ); Tr;l;aw
T
Eq(u sys IT O[T S (Liorecast [T now )q(L Onew | (tC- gnew )) Ing X new ] Tnew s Usys L new

KL q lszs J T [T new (1forecast ) [T new K q Usys J T ¢ [T new (1f0recast )
KL q L OI'I(EW J tOV‘IeW X Onew k p(L Tnew ) ;

)

where q Usys j T[T G (Ltorecast ) [T new andqg L§ . j t§., :X§,.,  has been obtained through the
encoder in an amortlzed fashion, the pnorp(Lgnevv ) is isotropic Gaussian. Appendix B derives the ELBO and
Algorithm. 1 provides implementation details of the model inference procedure. Compared to Eqg. (5), Eq. (8)
is designed to generalize across any new trajectory within the same dynamical system. This aligns with our
Bayesian Optimization (BO) setting, where we further introduce the BO algorithm in the next section.

4 Time Delay Constraint Process Bayesian Optimization

Through maximizing the ELBO for , we can obtain SANODEP's predictive distribution p (X TjC;TT;X¢)
for batch of time TT = fty;:::;ty g at speci ed initial condition x o, which is su cient for few-shot learning
tasks. In the section, speci cally for our practically motivated optimization problem that incorporates one
additional time delay constraint, we propose an optimization framework, leveraging SANODEP for few-shot
BO in ODE and benchmark in Section. 6.2.

Minimum Observation Delay Constraint When optimizing Eq. (2), we assume that, while one can
observe state values at any chosen timé on a speci c initial condition X, as illustrated in Figure 1, the next
observation can only commence after a xed known time duration t. In practice, these delays stem from
the need to sequentially conduct separate, smaller experiments fastate value measurements, each requiring
a known period to complete before the next can begin.

With the above context, the proposed optimization framework consists of the following two steps:

4.1 |Initial Condition ldenti cation

The rst optimization stage identi es the optimal initial conditions necessary for starting experiments. The
optimality of the initial conditions is de ned as achieving the maximum expected reward after the completion
of observations starting at this location. Inspired by the batch strategy to achieve a similarnon-myopic
objective (Gonzalez et al., 2016; Jiang et al., 2020), we propose adaptive batch size based optimization

strategy for the initial condition identi cation:
maXimizexozx o;ftytasint N2 N 2N opt XO;tl;:::;tN ;p(X TjC;TT;XO) . (9)
st:8i2f1:uNg:ti t 1 t '

where is the batch acquisition function to be maximized, Nopx = f1;2;:::; Nmax g is the search space for
the total number of observation queries, with Nmax = b(tmax  to)= tc. TT = fty;:::;ty g represents the set
of observation times. We omit the dependence op (xjC;t; xo) in () for brevity thereafter.

5For notation simplicity, we always use subscript 0 to represent the initial condition of a trajectory.
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4.2 Choose the next query time

Once the initial condition xo has been chosen, and our last observation query made is at timtg, when still
have query opportunity (i.e., tmax >tnh + t), rede ne the maximum remaining trajectory observation N yax
as b@c, the batch size search spac®ly, and time search space =[t, + t;tmax ], we choose the next
guery time recurrently via the following optimization problem:

sit: 8i2f1Ng:t ti t

Maximizer i ;t,nt y 2 giN2N o (X0 t15 5N ). (10)

Search Space Reduction The integer variable N 's search spacéN o in Eq. (9),(10), though one dimensional,
can be cumbersome to optimize in practice. However, for the batch expected hypervolume improvement
acquisition function (qEHV) (Daulton et al., 2020) that we will use as acquisition function , the search
space can be reduced without losing optimality:

Proposition 1.  For acquisition functions de ned as () = Epx tjc:itrixg) HVI X ;TTF jC

maximize  y,2x,: (Xo;t1; 01ty ) = maximize X02X o' (Xo;ty; it );
ftatait N g2 ftotantn g2
N 2f 1;:5N max g N 2fd N max =2€;::5N max g

where HVI stands for hypervolume improvementbased on Pareto frontierF , see De nition 2 of Daulton
et al. (2020). Appendix C.1 provides the proof and shows that the search space reduction property holds
for generic acquisition functions that are monotonic w.r.t. set inclusions. Consequently, we de neNq, as
[dNz2ce; Npmay | thereafter.

Algorithm 2 Model Assisted Ordinary Di erential Equation Optimization Framework

1: Input:  maximum number of experiment trajectories Ney, , minimum spacing t, maximum observations
per trajectory Nnax , initial evaluated context datasets C, acquisition function , evaluated trajectory

number n = 1, initial time lower bound tp = tp, time range = [tp;tmax |, Observerf ¢yone for
measurement.
2: while n Ng, do
T =

Construct the probabilistic model for p(xjt; C; Xo)

# Initial Condition Optimization

Xo; N = arg maXXOZX fta=tostosintn 2 gN 2[d7Nm23’< &N max | (Xo;tl; :::;tN)
s.t.8i2fL1 i Ng:ti ti 1 t

th =to+ t =[tp;tmax ;T =T [f t0;X00,C=C[T

7 Niraj = Nmax 1

8. # Within trajectory Next Measurement Time Scheduling

9:  while Ngy >=1 do

o gk w

10: N ;tl = arg maxftl;tz;:::;t N2 N 2[dNtrTaje;Ntraj ] (tl; :::;tN)
s.t.8i2f1uNg:ti t 1 t
11 X1 = fevolve (Xg:ty)
12: th =ty + t, =[tp;tw], C=(CnT)[ (T [f t1;x,0);T =T [f t1;x409
13: Niyg = blme_tog
14:  end while
15 n=n+1
16: end while
Optimization Framework is outlined in Algorithm. 2. We refer to the Appendix C.1 for details of how

SANODERP is utilized within gEHV| together with acquisition function optimizer described in Appendix C.1.
Finally, we highlight that this Bayesian Optimization framework is agnostic to the model choice of p (X T j
C;TT;x0), as we will compare in Section. 6, both NP and GP (as a non-meta-learn model) can be used.
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5 Related Work

Meta-learning of Dynamical Systems : Our work is built upon a meta-learned continuous time-based
model for state prediction in dynamical systems. Singh et al. (2019) extended Neural Processes (Garnelo et al.,
2018b) by incorporating temporal information from the perspective of the state-space model. However, their
approach is limited to discrete-time systems. Following the NODEP framework, Dang et al. (2023) extended
the model for forecasting purposes in multi-modal scenarios. Recently, Jiang et al. (2023) used meta-learning
to tackle high-dimensional time series forecasting problems for generic sequential latent variable models, they
leverage spatial-temporal convolution to extract the usys, which only works on regularly spaced time steps
(e.g., image frames in their use cases). However, SANODEP extracts system dynamic's feature from multiple
irregularly sampled multivariate time series using the newly proposed encoder structure. Song & Jeong (2023)
explored Hamiltonian representations, which are exible enough for cross-domain generalizations. Beyond
the Bayesian meta-learning paradigm, Li et al. (2023) used classical gradient-based meta-learning (Finn
et al., 2017) to meta-learn dynamics with shared properties. Auzina et al. (2024) investigated the separation
and modeling of both dynamic variables that in uence state evolution and static variables that correspond
to invariant properties, enhancing model performance. Motivated by recent advances in extending Graph
Neural Networks (GNNs) to dynamical systems, several studies have explored leveraging GNN-ODEs for
modeling multi-agent interactions (e.g., Luo et al. (2025); Yuan et al. (2024)). However, such advantages is
not applicable to single-agent problem setting. Additionally, several works (Luo et al., 2025; Fotiadis et al.,
2023) investigate robustness to distribution shifts in system-level dynamics by separating system-level and
trajectory-level dynamics encoding. While this separation improves trajectory-level prediction robustness, it
is less bene cial to guard against trajectory-level predictive performance if the initial condition optimization

is already misleading due to distribution shift.

Process-Constrained Bayesian Optimization . Vellanki et al. (2017) address process-constrained batch
optimization where each batch shares identical constrained variables within a subspace. Our problem similarly
treats initial conditions as constrained variables in batch optimization but di ers by using a joint expected
utility method instead of a greedy strategy. Additionally, our approach involves on-the- y optimization with
system evolution, leading to a novel time-constrained problem addressed by an adaptive batch BO algorithm
with search space reduction. Folch et al. (2022; 2024) also consider optimization under movement (initial
condition) constraints.

Few-Shot Bayesian Optimization : A signi cant amount of recent work has focused on meta-learning
stochastic processes, to be used as alternatives to GP for BO. Within the (Conditional) Neural Process
framework ((C)NP) (Garnelo et al., 2018a;b), Transformer Neural Processes (TNP) (Nguyen & Grover, 2022)
have demonstrated robust uncertainty quanti cation capabilities for BO. Dutordoir et al. (2023) introduced a

di usion model-based Neural Process, providing a novel framework for modeling stochastic processes which
enables joint sampling and inverse design functionality. Similar to TNP, Muller et al. (2021) approached
the meta-learning problem as Bayesian inference, subsequently integrating a BO framework into this model
(Mller et al., 2023). We note that while a majority of the aforementioned approaches lead to promising
empirical performance on BO for regular black-box functions, their backend models (if there are any) are
mainly motivated by a drop-in replacement of GP or non-temporal stochastic process. A meta-learned BO
method speci cally for dynamical systems is, to our best of knowledge, not revealed yet.

6 Experiments

This section conducts experiments on meta-learning and few-shot BO for dynamical systems. All models
are implemented usingFlax (Heek et al., 2023) and are open source, available irhttps://github.com/
TsingQAQ/SANODETPhe optimization framework is based onTrieste (Picheny et al., 2023).

6.1 Modeling Comparison

We evaluate model performance comparisons on meta-learning diverse ODE system distributions with a
twofold purpose. First, we investigate whether leveraging the system information can help modeling. We also
investigate whether the inductive bias could bring performance bene ts.
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Baseline : To see if adding system information helps with the modeling, we compare SANODEP against
NODEP under its original testing scenario (interpolation). For the second purpose, we compare SANODEP
with Neural Processes (NP) (Garnelo et al., 2018b). As mentioned in Section 5, we were not able to compare
with the meta ODE models of Jiang et al. (2023) as it is not been able to be applied on irregular time series.
Although GP-ODE (Heinonen et al., 2018) appears to be a promising non-meta-learning baseline for modeling
dynamical systems, it is not directly applicable to our meta-testing scenario. This is due to its prohibitively
expensive training process and the fact that its performance on modeling multiple irregularly sampled
trajectories from the same dynamical system has not been investigated in the original work. Therefore, we
instead provide results using a standard Gaussian Process with independent outputs for reference, where
we use Matérn 3/2 kernel as a common choice (e.g., Xie et al. (2024); Baek et al. (2024)) and trained with
maximum likelihood estimation ®. For models that do not explicitly incorporate the ODE in their structure,
we use the trajectory's initial condition augmented with time as its input. We also note that due to the
context set consisting of batches of multiple trajectories sampled irregularly, prevents e cient use of scaled
dot product attention-based models (e.g., Nguyen & Grover (2022)) (see Appendix B.2 for details) hence we
omit for comparing these none ODE based NP models.

Training : Following Norcli e et al. (2021), we treat F as a parametric function of a speci ckinetic model
with stochasticity induced by model parameter distributions P 7. We refer to Appendix D.1 for the model
formulations, its parameter distribution P's form, and the training epochs. Interpolation-only experiments use
SANODERP trained using Eq. (6), setting =0, and NODEP trained using Eq. (5), We refer to Appendix. B.2
for the speci c training parameter setting for Algorithm. 1. For the second experimental purpose, we train
all models using Eq. (6) setting =0 for interpolation only training and = 0:5 for bi-scenario training,
with 5 di erent random seeds for model initialization.

Evaluation : We evaluate the model performance on target data generated from systems sampled from
the sameF, which is known asin-distribution generalization evaluation. Excluding GP, each model was
evaluated on 10* random systems, each consisting of 100 trajectories to predict in a minibatch fashion.
As it is computationally infeasible to evaluate GPs on the same scale, we used a random subset of the
test set, 5,000 trajectories. Appendix B.2 provides full data generation settings. Following Norcli e et al.
(2021), we assess model performance in terms of Mean-Squared Error by conducting a sequential evaluation
with varying numbers of context trajectories, as illustrated in Figure 3 (and Figure 8 in Appendix D.2
for Negative-log-Likelihood). We also provide the model prediction illustration in Appendix D.3 and the
averaged-context-trajectory-size performance results in Tables 2 and 3 in Appendix D.2.

Table 1: Model comparison on interpolation tasks (mean-squared-error 10 2) for a range of
dynamical systems.

Models Lotka-Volterra (2d) Brusselator (2d)  Selkov (2d) SIR (3d) Lotka-Volterra ( 3d) SIRD (4d)

NODEP- =0 38:9 052 155 0:379 712 0:56 3675 580 268 1:53 1881 218
SANODEP- =0 32:1 0:55 8.7 111 0:52 0:03 254:3 60:3 25:1 1:85 137:2 12:8

Does System Awareness Improve Predictive Performance ? Table. 1 demonstrates that SANODEP is
better than NODEP in all problems, indicating the bene t of capturing system information.

Does Incorporating Temporal Information Enhance Model Performance ? lllustrated in Figure 3,
comparing with NP, except for the Lotka-Voterra problem where the SANODEP trained with mixing
probability = 0:5 shows larger predictive variance, and Lotka-Voterra @d) where NP demonstrates better
performance when context trajectory numbers are small, for the rest of the problems, SANODEP is either on
par or noticeably better than NP irrespective with the mixing probability. Indicating that the incorporation

of right inductive bias has the potential to help modeling.

Does Augmenting Initial Conditions Improve Modeling ? We further evaluate the performance of
SANODEP by comparing models with and without initial condition augmentation, as depicted in Figure 3

SWe use the GP implementation within  Trieste and additionally follow the common numerical trick implemented in
linear_operator  (used by GPyTorch, where the jitter ~ term is progressively increased if Cholesky decomposition fails.
“We discuss in Appendix E on how the exibility of F may change and a ect the SANODEP.

10
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Figure 3: Model evaluation performance comparison on a di erent number of context trajectories. The rst
row corresponds to forecasting performance (prediction with only the initial condition known), and the second
row represents an interpolating setting. It can be seen that SANODEP is either on-par or marginally better
than NP for most problems, and the initial condition augmented encoder-based model variant provides more
robust performance across problems.

(labeled as SANODEP+1xq for without augmentation). The results intriguingly show that even for rst order
systems, models augmented with initial conditions exhibit greater robustness across various systems. This
demonstrates the empirical bene ts of our context aggregation approach.

How Do Meta-Learned Models Compare with Non-Meta-Learned Models ? We provide the
sequential model evaluation plot in Figure 7 including GPs in Appendix D.2. As expected, the meta-learned
models show superior accuracy when the number of trajectories is small (as we have also illustrated in
Figure 1), aligning with the problem setting of this study. We also remark that GP can quickly overtake
when the context trajetcory number is abundant, since the Neural Process typed model is known to su er
from under t when the data is abundant.

6.2 Few-Shot Bayesian Optimization

Figure 4: Comparison of few-shot BO performances in terms of mean standard deviation. Except for the
Lotka-Voterra ( 3d) problem, SANODEP-based few-shot BO demonstrates competitive performance on all
the rest of the problems.

Baselines : We conduct few-shot BO using the meta-learned models (SANODEP, NODEP, NP) trained in
the previous section using our optimization framework (Algorithm 2). For reference, we provide GP-based BO
(GP-BO) using the same framework. Since the optimization problem we consider is novel and not addressed
by existing BO algorithms, we conduct our comparisons within the proposed BO framework, evaluating
di erent models under a consistent setting.

Optimization : We optimize dynamical system realizations sampled fron. The parameter settings, the

objective function de nitions and performance indicator calculation are provided in Table 4. For simplicity, in
to

each optimization problem, we assume the maximum number of observations per trajectory is t = tmaxlio.

11
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We start with one randomly sampled trajectory with uniformly spaced observations and have an additional
budget to query 10 trajectories. Each optimization is repeated 10 times with di erent random seeds.
Results : are reported in terms of the scaled experimental time versus théypervolume indicator, with the
reference point also provided in Table 4 (we also report the results of PI-SANODEP that will be introduced
in next section.).

Does Meta-learning Help Few-Shot Optimization in Dynamical Systems ? We highlight the merits
of few-shot BO, as it consistently demonstrates signi cant convergence speed improvements during the early
stages of BO.

Does Dynamical System Informed Model Behaves Better than Standard Model for Optimization ?
Exept for Lotka-Voterra (3d), SANODEP demonstrates better performance compared with Neural Processes.
Again validate the potential of a deliberate consideration of temperal information.

Does Weight Training Objective help Optimization ? For SANODEP, except in the case of the
Brusselator, combining training with bi-scenario losses shows either comparable or slightly better performance
than training solely in the interpolation setting. This suggests that careful design of the loss function for
optimization purposes may o er modest bene ts.

Finally, we provide the time pro le of di erent models in the Appendix D.5, in general, as the involvement of
simulation in inference process, SANODEP and NODEP takes more time than NP and GP when perform
optimization.

7 Discussion

Bayesian Optimization (BO) of unknown dynamical systems is an underexplored area, with existing approaches
often relying on unsuitable surrogate models. Addressing this gap, while minimising the number of costly
optimization steps, we have developed a novel few-shot BO framework. Our approach extends the Neural
ODE Processes (NODEP) into the System-Aware Neural ODE Processes (SANODEP), which meta-learns the
system's prior information to enhance the optimization process. Through extensive benchmark experiments,
we demonstrated SANODEP's potential over NODEP. Our results show that SANODEP, equipped with
an optimization-driven loss function, o ers competitive performance compared to other non-dynamic-aware
meta-learning models, and can o er additional possibilties including parameter estimation , which can't be
said with other non-dynamic-aware meta-learning models.

Limitations : A key limitation of SANODEP, inherited from Neural Processes, is the issue of under tting.
This necessitates a trade-o between few-shot functionality and model tting capability. While strong prior
information enhances performance in scenarios with well-de ned priors, the model performance is limited by
a lack of prior information about the dynamical system. Although We have discussed extensively on the
variety of prior information in Appendix E, and our proposed task distribution (Appendix E.2) shows promise
for cross-domain generalization, SANODERP still faces a trade-o between model tting and prior exibility,
indicating that it cannot be used out of the box as a generic probabilistic model to optimize arbitrary
dynamical system without knowing its kinetic form. Furthermore, unlike GP-BO which has established
sublinear cumulative regret bounds typically due to the connection between maximum information gain
and model predictive variance from the kernel (Srinivas et al., 2009), amortized latent variable models like
SANODEP face several upstream open issues, including the convergence properties of amortized variational
inference. Consequently, regret bounds for SANODEP based BO remain an open.

Future investigations : Future work will aim to develop more adaptable conditional distributions to better
capture a wider range of dynamical systems. This will address the trade-o between model performance and
the exibility needed to handle diverse and complex dynamical systems without relying heavily on strong
priors.
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A.2

Problem Setting and Model Structures

Problem Setting lllustrations

Model Structure

The model structure and hyperparameters of SANODEP are summarized as follows:

Initial State Encoder  : rint =
activation functions in between.

it ([to;Xol); it :RY* I R' consists of three dense layers and

~ Augmented State Encoder :ri = ,([ti;Xo;Xi]), r:= R¥*1 1 R consists of three dense layers
and activation functions in between.
P
* System Context Aggregation  : rgs = & L 1y
" Context to Hidden Representation “heys = sys(sys), - Ninit = init (Finit ), sys() and init ()

are one dense layer followed by a context encoder activation functiorhsys 2 RM: hiie 2 R".
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Figure 5: lllustration of the initial condition optimization problem within one state variable ( d = 1)
ODE system. The optimization involves a forecasting scenario: having observed the context sef :=

[M, TS [T S, (including the new trajectory's initial condition, illustrated as ), one tries to predict the

Hidden to Variational posterior of Usys: O(Usysj) = N SyS(hsys);diag Sys(hsys,)2 ,

ovs :R"! RY9s is adense layer, . := R"! R9s isdenedas +0:9 softplus(Densd)) ,
b IS & hyperparameter.

Y

Hidden to Variational posterior of Lo: g(L Olewj )= N init (Ninit )57 it (Nt )2 . it =

R"! R'and ; :R"! R'hasthe same structure as above, but with independent weights.

" ODE block : ope [l;usys;t] ! 1% ope := R *I*1 1 Rl oo is consisted of three dense
layers with nonlinear activation functions in between.

Decoder :  gec[l(t);Usys;t] ! X (1), 1= N o [1(t);Usys;tl;  Gecll(t);Usys;t] , where . and
dec has the same structure as variational posterior, but with independent weights.

Model Hyperparameters

Encoder | output dimension r: 50

Context encoder ( ; sys; init ) activation function: SiLU
Encoder hidden dimensionh: 50

ODE layer ( ope ) activation function: Tanh

" ODE layer hidden dimension: 50

Decoder hidden dimension: 50

Latent ODE state dimension I: 10

Context to latent dynamics ( sys) activation function: SiLU

sys ;

Context to latent initial ( init ) condition activation function: SiLU

init
Latent dynamics dimension dsys: 45

Variational posterior (L oﬁewj ) variance lower bound: |, =0:1
Variational posterior g(usysj ) variance lower bound: |, =0:1

Decoder ( gec; ) activation function: SiLU

dec ? dec

18



Published in Transactions on Machine Learning Research (5/2025)

ODE solver: Dopri5 with rtol =1e 5andatol =1e 5

We use SiLU instead of ReLU as in the original NODEP is to enforce the di erentiability, which we elaborate
on in the following subsection.

A.3 On the Di erentiability of the Encoder and Decoder

Since the optimization takes the initial condition together with the time as decision variables, we need the
model output to be di erentiable w.r.t. these quantities. NODEP overlooked this part and utilized RelLu

activation functions originally, we elaborate that the di erentiability requirement practically a ects our choice
of activation functions.

Time derivative  Without loss of generality, we assume we optimize a functiorg that takes the output of
the decoder . [I(t); Usys;t] (de ned in Appendix A.2) as its input 8. The derivative of g w.r.t t is:

dg dec[l (1) Usys, t];t @ dec @ @g
= [(t); Ugys;t]+ dec 4 = 11
dt dec g @(t) ODEs [ ( ) sys ] @t @f ( )
where opgs = represents the neural network structure modeling the latent ODEs. It is clear that the

di erentiability of model output w.r.t time t needs to be enforced through%, as long as the timet is
taken into account in the decoder part.

Initial Condition Derivative The derivative of the model output w.r.t the initial condition xg can be
represented as:

dg dec[l (t); usys; t];t
dx (to)

@ dec @(t) + @ dec @sys

=r . gz @)  @(to) @sys  @(to)
i ; (12)
=r g4 @ dec @(tO) + i @ dec @ sys(hSyS) + d|ag sys (hsys)
oee @(t) @ (to) @sys @ (to)
@sys @sys
@ sys @ 0

wherergys and hgys are de ned in Appendix A.2, Sys(hSyS) +diag  ¢s(hsys) represent the reparame-
terization based sampling of the latent variable usys, where is a random sample from Gaussian prior. Note
that the derivative of the state value w.r.t to initial condition géfg) can be obtained through the adjoint
method, a derivation has been provided in Appendix C of Chen et al. (2018), without a full speci cation

of such cumbersome terms, it is su cient to indicate the sensibility of having di erentiable activation
functions in context encoding %(ios , context to latent representations g‘% , as well as the decoder

CIONEE For a practical calculation of the gradient of the model w.r.t decision variables in both training

and optimization, we simply leverage the standard backpropagation through the ODE solver (also known as
the "discretize-and-optimize" (e.g. Onken & Ruthotto (2020); Kidger (2022))) to obtain the gradient due to
its speed advantage and minimum implementation e ort.

In Figure 6, we also empirically show the necessity of these di erentiable choices by inspecting the time and
initial condition derivative with respectto g().

8we note that this is su cient to show that the requirements of time di erentiability irrespective to the consideration of
dec [1(t); Usys ;]
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() 7@52) using ReLU. (b) @?’,ﬁtg) using RelLU. (c) @><t) using SiLU. (d) @@ﬁto)) using SiLU.

Figure 6: Initial condition gradient and time derivative w.r.t di erent activation function choices, the
comparison is conducted with the same model structure but di erent activation functions.

B ELBO Derivation and Training Details

B.1 SANODEP ELBO derivation

Note that since the forecasting scenario is a special case of interpolating scenario, below we derive through a
uni ed representation:

logp X neWJTC [T e Toew

= IOg p XnewJTr;rew;uSyS;L-(l)-new p Usys]T [Tnew p LTnew dquys;Lgnew g

Z S j I [ ew
- |Og p uS J I [ I © S j I I
yS new . q (u yS] ew [ I new )

9 Lép i 153X,
q Ly, Jt5x§,,

p X newJTr;I;:‘w ' uSyS ' L -(l)—new df uSyS; L -lo—new g
new (13)
£ log P UsysiTO[T now
C.y C
Q(Usys JT C[T new [T new )C](L Opew J(tO’XOneW )) (u S|ySJT c [T new [T new)

T
p Lonew

i t+C.yC

J t 'Xonew

gLl P X newiTnew: Usysi L oy,

new
T ;7T . g T
Eq(U sys T o new [T e new )q(L Onew J(tc. gneW )) |Og p X newJTnew ! uSyS’ L Onew

KL 0 UsysiTOIT gw [Trew 10 UsysiTC[Tew KL a Lg,J t§:x§,., ipL

Onew

We note the variational posterior q(UsysjT [T S, ). 0 LTnew jts; xgnew has been obtained through the
encoder in an amortized approach similar in Garnelo et al. (2018b).

B.2 Learning and Prediction Process of SANOEP

The practical learning process of SANODEP is summarized in Algorithm. 1, with parameters listed in
section. F as well. In all of our subsequent experiments, we U nin = 0, Mmax =10, Ny, = 100, Ngys = 20,
Ngrig =100, Mmin =1, Mmax =10, Nmin =0, Nmax = 45. We note that all the loops have been practically
implemented in batch, and all the subsampling approach has been implemented practically througimasking
in Jax.

Challenges to incorporate attention Finally, we remark that meta-learning of ODE systems is computa-
tionally challenging with models havngg an attention block. With lines 15-16 of Algorithm. 1, the training
model takes a batch dataset ofNgys J- 1’ jTjj points simultaneously, while the data are subsampled as

context and target data separately. ThIS is handled with a mask Contemporary deep learning libraries
(e.g., Jax) cannot leverage sparse masks to reduce attention computation complexity inherently. Hence, it is
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, . . . P - L .
infeasible to calculate self or cross-attention over keys with the number -N:Xl" iTjj, which in our cases is tens

of thousands. Generally, it is well recognized (e.g., Feng et al. (2023)) that utilizing attention blocks in neural
processes with large data is computationally intensive. Additionally, lines6 of Algorithm. 2 preferably require
a dynamic update of C with the initial condition, which is also computationally intensive for self attention.

C Time Delay Constraint Optimization

C.1 Acquisition Functions

We advocate that the framework is agnostic to the acquisition function forms as long as it can be written as
expected utility form and satisfy the property mentioned in Lemma. C.1, we however mention the acquisition
function form we speci cally utilized for performing few-shot BO in Section 6.2 as:

1 e

Xoity;untn:p (X TJC; T T xo)
Nwmc

HVI ol )ugys s TTLTTHE (14)
i=1
In practice, we infer the current Pareto frontier F from SANODEP as well from the M context trajectories
TC. We useNyc =32 as the MC sample size to approximate the expected hypervolume improvement in all
our experiments.

Acquisition Function Optimization We note the acquisition optimizer of both initial condition (Eqg. (9)),
as well as optimal time scheduling (Eqg. (10)) involves constraint optimization. We utilize trust region-based
constraint optimization available in Scipy ° to optimize acquisition function in both optimization problems
starting with a uniform time scheduling (i.e., linspace( to, ti, N)) . Note that for the initial stage
optimization, we additionally leverage a (10 instances) multi-start procedure on the initial condition decision
variable only to boost the optimization performance.

C.2 Search Space Reduction

Proof of the search space reduction We prove that the search space can be reduced, without eliminating
the global maximum in acquisition function optimization processes (Eg. (9)).

Lemma C.1. For batch acquisition function de ned as expected utility = E,(x)(u(x)) where the utility
function u() is monotonic w.r.t set inclusion (S T ) u(T) u(S)), the aquisition function is also
monotonic w.r.t set inclusion: (T) (S).

Proof. Let T = S [ T=S, then (T) (S) = Ep(S)Ep(T=SjS)(u(T)) Ep(S)Ep(T=SjS)(u(S)) =

Ep(s)Ep(t=sjs) (U(T) u(S)) 0, hence prove complete. O
Corollary C.1.1.  Assume that the utility function u() is monotonic with respect to the inclusion of the
Xi Y 8i2fl:;ngthenu(X) u(Y). Then, the batch acquisition function de ned as = Epx )(u(X))

satises (Y) (X).

Lemma C.2. gEHVIis a monotonic acquisition function with respect to set inclusion

Proof. Using Corollary. C.1.1, Lemma C.2 and the well-acknowledged fact that the hypervolume indicator is
monotonic with respect to set inclusion on each output dimensionality, the proof is straightforward. We note
that the above property is asymptotically hold when gEHVIlis monte carlo approximated. O

Finally, we start the proof of Theorem. 1:

Proof. whenN 2 1; d"‘m%e , 9 2 1;d’\'"‘2ax e sit:t; ti 1 2 t meaning that one can insert a new batch

point in between, forming an augmented setT as input, with Lemma C.2 and Corollary. C.1.1, the proof
hence complete. O

9https://docs.scipy.org/doc/scipy/reference/optimize.minimize-trustconstr.html
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We nally remark that, with Lemma. C.1, a large series of batch improvement-based acquisition functions
(e.g., parallel Expected Improvement, parallel Probability of Improvement, and parallel information-theoretic
acquisition functions that can be written as expected utility form and also preserve the set inclusion
monotonicity property (e.g., Qing et al. (2023))) also embrace the same search space reduction bene t.

D Experimental Details and Additional Results

D.1 Meta Training Data De nition

Lotka-Voterra

2D Cases

dx X1 X 1X2

dt X1X2 X2 (15)
The initial condition is sample from x(tg)  U(0:1;3)?, the dynamics F are sampled from U(%; 1),

u(l;2), U(0:5;1:5), U(0:5;1:5), tmax = 15. We run the meta-learn on this system distribution
with 300 epochs.

3D cases 2 3
dx X 1 X 1X2 X 1X3
T 4 %,%1  Xp  XpXzd o (16)
X3X2 X3

The initial condition is sampled from x(to) U(0:1;3)3. The dynamics F are sampled from U %; 1,

u(1;2), U(0:5; 1.5), U(0:5; 1.5), U(0:5; 1.5), U(0:5; 1.5), U(0:5; 1.5), and
U(0:5; 1:5), with tnhax = 15. We run the meta-learning algorithm on this system distribution for 300
epochs.

Brusselator Prigogine & Lefever (1968)

dx _ A+ xix, (B+1)x; .

dt Bx; x3x» ' (17)
we leverageA U(0;1), B U(0:1;3), xog U(0:1;2:0)?, tmax = 15. We run the meta-learning algorithm
on this system distribution for 300 epochs.

SIR model

ds dl dR

T Sl; i SI l; E_I' (18)
The initial condition is sampled from S(tg) U(1:0;3:0), I(tg) = 0:01, R(tg) = 0, and u(0:1,; 2),

U(0:1; 10). tmax = 1. We run the meta-learning algorithm on this system distribution for 300 epochs.

SIRD model ds dl 4R D
- = = —= | — = . 19
at SI; ot Si | I ot I at | (19)
where S(tg)  U(10;30), I(tg) = 0:01, R(tg) = D(tg) = 0. tmax =1, 2 [0:52:0], 2 [0:1;10], and
2 [0:1;5:0]. We run the meta-learn on this system distribution with 300 epochs.
GP Vector Field
SRS IOE 20)
dt '
We assume a vector-valued GP as the non-parametric prior for the vector eldf GP (0;K (x;x9), with
no correlations between each output as the most generic cases. To sample the vector eld, we leverage the
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parametric approximation of GPs through the random Fourier feature approximation of the RBF kernel
Rahimi & Recht (2007) as a Bayesian linear model, which is a common approach (e.g. Qing et al. (2022)) to
obtain di erentiable GP samples, the vector elds in practice are generated from kernel lengthscale 0.8 and
signal variance 1. The implementation also utilizes the parametric sampling approach of th&PJax(Pinder
& Dodd, 2022) library.

D.2 Additional Experimental Results

We report all model's performance on interpolating tasks and forecasting tasks, averaged over known trajectory
rangesM , in Table. 2 and Table. 3.

Table 2: Model comparison (mean-squared-error 10 2) for a range of dynamical systems.

Models Lotka-Volterra (2d) Brusselator (2d) Selkov (2d) SIR (3d) Lotka-Volterra (3d) SIRD (4d)
Forecasting
GP 87:2 319 393 610 318 6:72 176993 9806 414 158 1322845 4894
NODEP- =0 102:9 6:85 1052 108 161 1:14 6367784 1618 648 2:56 3368685 1895
NP- =0:0 486 31 216 056 16 0:0916 9523 736 32:8 0:85 7242 1688
NP- =0:5 47:3  1:34 224  1:47 17 0:0882 105781 2072 348 153 5730 883
SANODEP- =0 48:4 2:.09 201 0:816 1:22 0:0376 861:6 89:0 362 117 4264 440
SANODEP- =0:5 506 6:4 18:8 0:467 1:28 0:0459 8731 824 355 0:824 410:5 27:3
Interpolating
GP 522 202 962 190 117 276 173:7 296:8 16:8 13:7 2807 1373
NODEP- =0 38:9 0517 156 0:379 712 0:559 3675 580 268 1:53 1881 218
NP- =0:0 332 259 104 0:523 Q742 0:0436 2862 297 247 0:557 3020 1109
NP- =0:5 332 1:48 110 0:477 Q807 0:0638 3783 1430 259 1:39 2446 543
SANODEP- =0 32:1 0:556 874 1:.09 0:53 0:03 2575 603 252 1:84 139:5 13:5
SANODEP- =0:5 366 7:73 8:06 0:265 0:573 0:0247 3078 535 252 0464 1438 140

Table 3: Model comparison (negative log-likelihood 10?) for a range of dynamical systems.

Models Lotka-Volterra (2d) Brusselator (2d) Selkov (2d) SIR (3d) Lotka-Volterra (3d) SIRD (4d)
Forecasting

GP 182 771 302 257 171 495 11143352 31169575 19:3 575 27321033 57173003

NODEP- =0 119:3 217 791 139 1364 321 1086616 3313 6255 1742 4477 860

NP- =0:0 989 522 17:7 441 4:28 1:34 162:6 78:6 4912 1221 1975 1517

NP- =035 2009 880 377 185 593 0:836 2797 1982 9611 4541 757 428

SANODEP- =0 15:5 6:9 226 2:98 798 1:39 20689 794 2775 779 487 174

SANODEP- =0:5 270 130 237 455 855 1:42 2194 1397 3290 1038 48:3 11:0
Interpolating

GP 327 124 188 20 527 1.87 7180 2426002 2:69 1:61 1045453 3397.646

NODEP- =0 32:6 673 127 2:89 139 294 664 182 671 229 229 844

NP- =0:0 187 7:46 0:254 0:61 2:29 0:215 22:4 10:1 658 112 301 231

NP- =05 348 140 288 2:01 1:97 0:147 401 284 1221 496 125 6:12

SANODEP- =0 2:88 1:59 1:24 0:568 1:74 0:308 281 105 413 177 7:17  2:39

SANODEP- =0:5 6:08 3:63 113 0:596 1.5 0284 313 193 473 146 T4 197

D.3 Model Prediction Visual Comparison

We provide the prediction comparison of di erent models on a speci c realization of ODE systems in Fig. 9,
12, 10, 11, 13.

D.4 Optimization Problem De nition

The de nitions of the optimization problem are provided in Table. 4.
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Figure 7: Sequential model evaluation performance including GPs. The rst row corresponds to forecasting
performance (prediction with only the initial condition known), and the second row represents an interpolating

setting.

Figure 8: Sequential model evaluation performance in terms of Negative-Log-Likelihood (NLL) including
GPs. The rst row corresponds to forecasting performance (prediction with only the initial condition known),
and the second row represents an interpolating setting.

Table 4: Optimization problem formulations

Problem Lotka-Volterra (2d) Brusselator (2d) Selkov (2d) SIR model (3d) Lotka-Volterra ( 3d) SIRD (4d)
g formulation X1 X1 X2 xlz'J f:l Xi O:OSH i3=1 Xj X1 xle ?:l Xi O:OSH i3=1 Xj
2 [0;15], 2 [0;15], 2 [0; 10} 2[0;1], 2 [0;15], 21[0;1]
Design space Xdec 2 [0:1; 2:0P Xdec 2 [0:1; 2P Xgec 2 [0:1; 0:5F Xdec 2 [10;30] Xdec 2 [0:0; 2] Xdec 2 [10;30]
X0 = Xdec X0 = Xdec X0 = Xdec X0 = [Xdec; 0:1  Xdec; 0] X0 = Xdec X0 = [Xdec; 0:1  Xdec; 0; 0]
t 15 1.5 1 0.1 1.5 0.1
=05
=1:2
T =0:5, =1:0 _
Opt'gg;‘"o" =12 A=08, a=0:25 =15 =15 ; 01_5
de nition =1:0, B=15 b=0:45 =5 =0:5 __l'
=15 =1:2 B
=1:0
=15
Reference point [ 1:771,12686] [ 1:467,3:887] [ 0:4745:440] [05115% 0:79646] [ 1:7557131687] [0521981:04]

D.5 Inference Time

We provide the parameter counts, training time and prediction time comparison of SANODEP vs. baselines in
Table. 5, we note that all the models have the same latent dimensionality for a fair performance comparison,
which is regarded as the key bottleneck of the latent variable typed meta-learning model (Kim et al., 2019).
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