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Abstract

Random graphs have been widely used in statistics, for example in network anal-
ysis and graphical models. In some applications, the data may contain an inherent
hierarchical ordering among its vertices, which prevents directed edges between pairs
of vertices that do not respect this order. For example, in bibliometrics, older papers
cannot cite newer ones. In such situations, the resulting graph forms a Directed Acyclic
Graph. In this article, we extend the Stochastic Block Model (SBM) to account for the
presence of such ordering in the data, ignoring which can lead to biased estimates of
the number of blocks. The proposed approach includes in the model likelihood a topo-
logical ordering, which is treated as an unknown parameter and endowed with a prior
distribution. We describe how to formalise the model and perform posterior inference
for a Bayesian nonparametric version of the SBM in which both the hierarchical order-
ing and the number of latent blocks are learnt from the data. Finally, an illustration
with real-world datasets from bibliometrics is presented. Additional supplementary

materials are available online.
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1 Introduction

Random graphs have been widely used in statistics and computer science over the last years
to model network, interaction and bibliometric data, just to mention a few among many fields
of applications. For example, in social networks, friendships or message exchanges among
users can be modelled as random graphs, having users as vertices, and edges between two
users if they are friends or have exchanged messages. As another example, citation datasets
in bibliometrics analysis can be modelled as random graphs, having articles as vertices, and
directed edges from citing articles to cited articles.

In some applications, the dataset and the corresponding graph can contain an inherent
hierarchical order among its vertices. This means that directed edges can be present only
from vertices that appear earlier in this order to ones that appear later. As an example,
when modelling citation networks among journal articles, e.g. |Ji and Jin| (2016), articles
can cite only articles that were published earlier. As another example, in a network having
the employees of a big company as vertices and directed edges from the supervisor to the
supervisee, a directed path from one vertex to another can be present only if the former is
higher than the latter one in the company hierarchy. Similarly, the same structure appears
in a dataset having directed edges from PhD supervisors to their students. In all these
applications, the observed graph is a Directed Acyclic Graph (DAG), i.e. it cannot display
any directed cycles (any directed path having the same initial and final vertex). Moreover,
it respects a latent topological ordering among its vertices, i.e. a linear ordering  of the
vertex set V such that every pair (p;q) 2V V can belong to the edge set E only if p  q.
In general, the topological ordering is not unique, i.e. for a DAG there can be multiple

orderings that satisfy the definition above.



When analysing a given network dataset that is a DAG, if the latent topological ordering
is not properly accounted for, the statistical models can assign positive probability to ‘impos-
sible’” edges, i.e. directed edges in which the first vertex appears later than the second one in
the topological ordering. If this is the case for many edges, the resulting estimates from the
model can deteriorate dramatically. The same phenomenon arises other statistical contexts,
for example in presence of structural zeros when modelling tabular data (Manrique-Vallier
and Reiter, 2014), in which assigning, whatever small, positive probability to ‘impossible’
cells can deteriorate estimates and bias results.

In this work, we propose an approach to extending the popular Stochastic Block Model
(SBM) (Holland et al., [1983) for random graphs in general to graphs that are specifically
DAGs. The SBM, being among the most popular random graph models for vertex clustering
and community detection, was initially introduced by Holland et al. (1983)) and |Wang and
Wong (1987)), then formalised as latent models by [Snijders and Nowicki (1997) and Nowicki
and Snijders| (2001), and has further gained popularity with the incorporation of degree cor-
rection by [Karrer and Newman| (2011)). In online Appendices A.1 and A.2, we provide a brief
review of this model, its generalisations and approaches to posterior inference. For recent
comprehensive reviews, the reader is also referred to |Abbe| (2018) and Lee and Wilkinson
(2019), which focus on theoretical results and modelling approaches, respectively. When
extending the SBM to model a given DAG, the underlying topological ordering is unknown
and not necessarily unique. Furthermore, ignoring the ordering can lead to dramatic un-
derestimates or overestimates of the number of blocks, as the simulations in Section
demonstrate. Therefore, it will be included in the likelihood of the model as a parameter,
endowed with a prior and inferred a posteriori, together with the community memberships
and other parameters of the model.

The background literature regarding the use of the SBM for DAGs is quite limited and
mainly consists of an unpublished technical report by |Lee and Wilkinson| (2018)), which only

presents a preliminary data analysis of a DAG using a SBM. Not only was degree correction



not incorporated, but there was also no formal consideration of the issue of the number of
blocks. Instead, the model was merely fitted with different numbers of blocks separately
with no model selection, thus not justifying the interpretations of their results.

The issue of the number of communities or blocks is common with SBMs and clustering
in general, and has been reviewed in Table 1 of Lee and Wilkinson (2019). One common
approach to this issue is the use of Bayesian nonparametrics, which assigns a prior for the
allocation vector and allows the posterior sampler to infer the number of blocks from the data.
Kemp et al.| (2006) and Schmidt and Mgrup| (2013)) initially considered the in nite relational
model, which is a variant of the plain SBM, using a Dirichlet process prior, while |Geng et al.
(2019) extends this model by the use of a finite regime Pitman-Yor (PY) process (Pitman
and Yor, [1997)), which is reviewed in the online Appendix A.3. A further generalisation is
in Legramanti et al.| (2022), in which the Gibbs-type prior formulation is used instead of the
PY prior, for an application to criminal networks.

In the proposed model, we also use a Bayesian nonparametric version of the SBM, but
by adopting the PY process in a different way. This process allows two possible regimes:
one in which the total number of blocks is finite (and unknown) and another one in which
it increases with the sample size. While other works such as (Geng et al.| (2019) have used
Bayesian nonparametric formulation for the block membership, they usually focused only on
the first of the two regimes. As these two regimes imply different asymptotic behaviours of
the number of blocks, the model might be misspecified if only one regime is assumed before
fitting to the data. To circumvent this, the choice of regime becomes another part of the
proposed model, with a model selection step based on Gibbs variable selection (Carlin and
Chib) |1995)) embedded in the Markov chain Monte Carlo (MCMC) sampler.

The proposed approach is illustrated using both simulated data and real datasets from
bibliometrics. In the simulation study, where the proposed model is compared to a SBM
for directed graphs, which does not account for the latent order in the likelihood, the latter

brings about the aforementioned issue of assigning positive probability to many ‘impossible’



edges, as well as substantial biases in the estimates of the overall number of blocks. In the
applications to two datasets of citation networks, it is shown that the model can infer the
community structure and latent hierarchical order among vertices.

The rest of this article is organised as follows. The SBM for DAGs is presented in
Section[2. Sectiorj [3 presents both simulated (Sectipn 3.1) and real data (Sectipn$ 3.2 and
[3.3) illustrations. A nal discussion in Sectior] 4 concludes the article. The online appendices
contain reviews of the SBM and PY process, a detailed description of the MCMC sampler to
perform posterior inference for the SBM for DAG, additional information on the likelihood

derivations, and plots from the real-data illustrations.

2 Model

To introduce the model and notation used throughout the rest of the paper, let us consider
a directed network to be represented as a directed multi-grap8 = (V; E), where V is the
vertex set andE is the edge set. The size of, denoted byn := jVj, is the number of vertices
of G. Then n adjacency matrix of the graph is denoted by := (Yyq)1 pq n. If there are
y directed edges from vertex to vertex g, i.e. y copies of p; g) in E, then Y,q = y, otherwise

Ypq = 0. We also assume no self-loops, i.e{,, =0 for all p=1;2;:::;n. Next, we de ne

vertex p. Two vertices,p and g, belong to the same group if and only iZ, = Z,. Essentially,

Z, represents the group memberships of the vertices. We assume therel@re> 1 unique

Z; is the label associated with vertexp is of concern, for notational convenience, hereafter
we write | (Z, = i) in place of [(Z, = Z; ), where|(A) denotes the indicator function of the
eventA, i.e. I(A) =1if A is true, O otherwise. We also de neC := (Cj )1 ij «, to be the
block matrix, where C; represents the general connectivity between blocksand j. Similar

to above, givenC and Z, = Z,, Cz,; will denote elementCy; .

pj



The main idea of the classic SBM is that the number of edges, from vertex p to
vertex ¢ is independent of that of any other dyad,conditional on their group memberships
Z, and Zq (Holland et al., 1983, Nowicki and Snijders, 2001). Moreover, we will consider the
degree-correctedversion of the SBM (Karrer and Newman, 2011), which takes into account

the degree heterogeneity of the vertices within the same group, by introducing the vector

for vertex p. Namely, the number of edges between vertgxand g is modelled as

ind

YodC;Zn; Poisson(, ¢Cz,z,): (1)

To introduce the proposed model, we restricG to be a DAG for the rest of this section.

the random vector that represents the ordering o6, with the collection of all permutations
of f1;2;:::;ng as the sample space. A value of is deemed topological with respect t&
if it satis es the de nition of topological ordering, i.e. if vertex p precedes vertexg in the
ordering, then there cannot be edges fromto p. We de ne several quantities implied from
. First, = ( 1;:::; n)is the \inverse” of , which means that if vertexp is the r-th

vertex in the topological ordering, we have, = pand , = r. Essentially, contains the
position of each vertex in . Second, we deneZ, = (Z,;Z,;:::;Z,) as the reordered
allocation vector, whereZ, = Z  and Z , comes fromZ,. In the same way, we de ne

= ( 1 2::11; ) as the reordered version of . Lastly, Y is the adjacency matrix
reordered by for the columns and rows off’ simultaneously, such thatY,, =Y .

The central component of the SBM is the distribution assumption about each dyad of
G, essentially each element of . Due to the acyclic natrue ofG, the combinations of the
possible values ofY,q; Yqp) are restricted to be (Q0), (0;y) or (y;0), for some positive integer

y 2 N. Equivalently, asY is upper triangular for a that is topological, we require that,



for all dyads (p;0 where1l p<q n,

Yo =0;  YyiCiZn; 5 " Poisson , (Cz 7, : 2)

2.1 Likelihood

With the model established in Equation 2, we can proceed to compute the likelihood. As
Z, is unknown prior to tting the model, it will be treated as a vector of latent variables
and assigned a prior, of which the parametrisation will be detailed in Section 2.2. However,

given this prior choice, several quantities can be de ned to facilitate the likelihood deriva-

P
frequenciesN := (Nj;:::;Nk,). The i-th element of N, i.e. N; = B=1 1(Z, = Z;) =
;:1 [(Zp = 1) is then the number of vertices in groug. Second, we derive fronZ, and Y
(orY )two K, K, matricesk :=(Ej)1 ij «, andM :=(M;j)1 ij k,. The matrix E

is the edge matrix between the groups, where

X‘ X1 . . X 1 X] . .
Ej = Yool (Zp=1;Z4=j) = Yool (Z, =124 =]); (3)
p=1 g=1 p=1 g=p+1

while in the matrix M, Mj; is the number of dyads §; g) between groups andj such that
vertex p is topologically in front of vertex g. Mathematically,

XX

X1x
Mij— =

p gl Z,=1LZ2 =] = | Z, =02, =] : (4)
p=1 g=p+l p=1 g=p+l

With all required quantities de ned, we will derive the likelihood with observedy given
Z, and . We rst check that is topological, or equivalentlyY is upper triangular, i.e.

Yqp = O for all dyads (p;d) where 1 p <qg n, otherwise the likelihood is 0. Once is



checked to be topological, using Equation (2), the observed data likelihood is

P(YJC;Zn, 5 )= I(Y uppertri) Y (p q)qu e Ci Mij CiF” - (5)
p=1 ¢=1 i=1 j=1
- Qn 1Qn 1 . .
whereY = “0 'L 1 Y,! T andE; and M; are given by Equations 3 and 4, respec-

tively. Detailed derivations are in the online Appendix B. Likelihood (5) is in uenced byZ,

and through the two matrices and M.

2.2 Priors and posterior density

We shall assign independent priors one by one ©, Z,, and , in order to carry out
inference within the Bayesian framework. In the subsequent calculations, some additional
parameters of the priors used will be included in the notation.

For C, we assume eacly; is a priori independent and identically distributed according
to the Gammafa; b) distribution, where a and b are the positive shape and rate parameters,

respectively. This enable< to be integrated out, to obtain

Z
P(YjZn; ; ja;b= P(YJC;Z,; ; )P(Cja;pdC
v B Y (g v q)

— i Ypa A St B A
I(Y upper trl-) Y ( p q) ( a) (Mij + b)Eij +a’
p=1 g=1 i=1 j=1

(6)

Independent and relatively uninformative gamma prior distributions are assigned to the
parametersa and b, as well as the components of.

For , we assign a uniform prior to all permutations of 1;2;:::;ng,i.e. ( )=(n!) L
There is no issue with an ordering that is not topological having a positive prior probability,
as such an ordering will result inl(Y upper tri.) and the likelihood (6) being equal to 0.

For Z,, we assume that its components are the rsin elements of an exchangeable

sequencedp)p2n driven by a Pitman-Yor (PY) process (Pitman and Yor, 1997), i.e. Z,jP i



P forallp2 NandP PY(; ;P o). The PY process, reviewed in the online Appendix
A.3, is a distribution for an unknown probability distribution P and is parametrised by three
hyperparameters (; ;P o), wherePy, called base distribution, is a distribution on the sample
space, and and are two scalars satisfying either: 1) 0 < 1 and ;2) < 0

and = kj jfor k 2 N. The Dirichlet process corresponds to the special case= 0.

2.3 Bayesian model selection

The PY process prior forZ,, helps select the number of blocks and distinguish between the
in nite and nite regimes. Speci cally, in thein nite regime, correspondingto 0 < 1
and , P has an in nite number of support points, and the sequenceZ)pon Will
display an in nite number of distinct values. In the nite regime, corresponding to < 0
and = kj jfor k2 N, P hask support points, which is also the total number of distinct
values in Z,)p2n. When considering the nite regime, i.e. when < 0, we apply the re-
parametrisation (; )! (;k),with :=j j>0andk:= =j j2 N, and assign a prior to
(;k)2Rs N.

As detailed in the online Appendix A.3, it is possible to compute the marginal likelihood
(when P is marginalised out) of a sample&Z,, driven by the PY process, which we denoted
by P(Z,j ,), where . is a parameter vector of length 2, dependent on the choice of regime
r 2 f0;1g, either innite 4 = (; ) or nite ; = ( ;k). This in turn requires the
speci cation of the prior of , under both regimes. Under the in nite regime,r = 0 and

r = o= 1(; ) and we assume that Uniform[0; 1] and +  follows a Gamma
distribution. This choice of dependent priors for and is done in order to include all
possible values in parameter space. Under the nite regime=1and ,= ;=( ;k),and
we assume that and k are independenta priori, follows a Gamma distribution, andk

follows a truncated negative binomial distribution, with parametersa, and b, and density

( kO+ a)

Caoi KT K= 12

Pk = kfa;h)=(1 ) *



where () is the gamma function. The factor (1 K*) * is due to the truncation of O
from the original support of the negative binomial distribution. The negative binomial is
over-dispersed, allowing possibly high variance, hence high prior uncertainty of the value
of k.

The regime-dependent parameters and their priors are introduced this way because, ul-
timately, we want to enable model selection of the regime, which in turn requires the prior
of r, denoted byP(r). The boundary case®?(r =0) =1 and P(r = 1) = 1 represent staying
within the in nite and nite regimes, respectively, while model selection takes place when
0< P(r =0) < 1, allowing the data to select the more suitable among the two regimes.
The model selection step, implemented within the MCMC sampler, follows the algorithm of
Carlin and Chib (1995). Moreover, the prior choice for allows unbalanced weights between
models, as this may improve mixing of the model selection step, as shown in Friel and Pet-
titt (2008), in the context of reversible jump MCMC. At the end of Section 3.1, in Table 1,
we show results from a simulated study in which the posterior sampler in general recovers
the correct regime between the nite and in nite ones. A detailed description of the model
selection step can be found in the online Appendix C.2.

As all priors required have been speci ed, the joint posterior &,, , ,, aandb (and

r), up to a proportionality constant, is

P(Zn; 5 5 nasbidY )l P(YjZa; 5 saiBP(Zaj )P( )P )P( (jr)P(@P0P(r): (7)

We sample from this joint posterior using MCMC, of which the detailed description is avail-

able in the online Appendix C.1.

2.4 Posterior point estimate of Z |

To provide a posterior point estimate ofZ,,, we follow the clustering approach introduced in

Meik (2007) and further discussed in Wade and Ghahramani (2018). Speci cally, the point
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estimate, denoted byZ,, is obtained using a decision theoretic approach, by minimizing
with respect to the posterior distribution a loss function on the space of allocation vectors,
h i X
2., =argmin E L(Zn;Z,)jY =argmin L(Zn;Z,)P(ZnjY): (8)
Zn Zy Zn
For the loss functionL(Z,;Z,), Meik (2007) chose theVariation of Information (VI), de-

ned as

“log — + - =L 2 L jog L
. n . n s n n
i=1 j=1 i=1 j=1

VI(Z,;Z,) = ;
P, N _ P« Px. _

wherenj = I(Zp=1;Zp=]), nie = ;4 nj,andn,; = ;7 ny. The loss function

L(Z,;Z,) can be seen as a distance betweéh, and Z,, which can be computed even if

K, 6 K,, i.e. the numbers of groups implied by, and Z,, are di erent.

2.5 Identiability of Z | and

Our inference approach does not raise any concern of identi ability issues. Fdar,, the
problem of label switching in Bayesian MCMC estimation of nite mixture models and
related models is indeed less common in nonparametric models, given that the prior of the
block weights is not symmetric (Jasra et al., 2005, Papaspiliopoulos and Roberts, 2008).
This issue is further avoided through obtaining the posterior point estimate af, de ned in
Equation 8, which minimizes the posterior expectation of a well-chosen loss function. For

or equivalently , the likelihood is not invariant to its permutations as it is an ordering. The
absence of identi ability issues for is further evidenced in our applications in Section 3,
where the posterior estimates closely approximate the known true topological ordering in the
simulated examples (Figure 3), and the posterior distributions of do not look particularly

at for a real dataset (Figure 7).
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3 Application

3.1 Simulated data

This section presents an illustrative simulation study in which the proposed DAG-SBM
(Equation (2)) is compared with the SBM for a directed graph (Equation (1), referred to as
the directed SBM). The purpose of this study is to show how tting the directed SBM without
considering the inherent hierarchical ordering among vertices can result in assigning positive
posterior probability to many \impossible" edges, and substantial bias in the estimate of the
overall number of blocks in the model.

Upon sampling the parameters from their priors speci ed in Section 2.2, adjacency ma-
trices are sampled from the DAG-SBM for di erent sample sizea = 250,500,100 and
combinations of the PY parameters, ( )= f( 1;10), (C;1), (0:1;1), (0:6;1)g, thus includ-
ing both nite and in nite regimes. Both the DAG-SBM and directed SBM are tted to the
resulting adjacency matrices, also under both regimes.

Figure 1 plots the actual adjacency matrixy with n = 250 (not shown forn = 500 and
n = 1000), ordered according to the true topological ordering, alongside with the posterior
point estimates ofY , for each simulated dataset t by the directed SBM. The true adjacency
matrices in the rst column are necessarily upper triangular, as they are reordered according
to the true . However, from the second and third columns, it is evident that many edges
in the lower triangular sections have positive posterior probability, while it should be equal
to zero. This is especially true for vertices having either high in-degree or out-degree counts.
This is due to the fact that the directed SBM is row and column exchangeable, and vertices
with high in-degrees tend to also have high out-degree counts. However, when a hierarchical
ordering is present, the model is not exchangeable anymore and the out- and in-degrees
of each vertex are negatively correlated, with vertices at the beginning of having higher
out-degree than in-degree counts, and the opposite for vertices at the end of

Figure 2 displays the posterior histograms of the number of blocks,, estimated using
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