LEIBNIZ ALGEBRAS WITH AN ABELIAN SUBALGEBRA OF CODIMENSION TWO
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ABSTRACT. A characterization of the finite-dimensional Leibniz algebras with an abelian subalgebra of codimension
two over a field F of characteristic p # 2 is given. In short, a finite-dimensional Leibniz algebra of dimension n with
an abelian subalgebra of codimension two is solvable and contains an abelian ideal of codimension at most two or
it is a direct sum of a Lie one-dimensional solvable extension of the Heisenberg algebra h(F) and F*~* or a direct
sum of a 3-dimensional simple Lie algebra and F”~3 or a Leibniz one-dimensional solvable extension of the algebra,
h(F) @ Fr—4.
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1. INTRODUCTION

Abelian subalgebras of Lie and Leibniz algebras play a key role in their structure. In fact, they have been a
matter of study for a long time. Characterizing arbitrary Lie and Leibniz algebras of finite dimension with an abelian
subalgebra of a fixed codimension k is a cumbersome problem which can barely be addressed when the codimension
is small enough. For example, if k is one it is known that the Lie or Leibniz algebra must be solvable and must
contain an abelian ideal of codimension one, see [4,6,8]. Likewise, a characterization of the Lie algebras (and Poisson
algebras) with an abelian subalgebra of codimension two was given in [9]. Obtaining a similar characterization for
the case of Leibniz algebras with an abelian subalgebra of codimension two is an interesting question which we tackle
in this manuscript.

In this context, it is natural to consider the invariants o and S, corresponding respectively to the dimensions of
abelian subalgebras and ideals of maximal dimension of a given algebra. The systematic study of these invariants
for Lie and Leibniz algebras has been pursued since the work by Burde and Ceballos [4]. Let us briefly recall the
principal results in this sense first. Let L denote a Lie algebra (or a Leibniz algebra) of dimension n. Maximal
subalgebras that are abelian of Leibniz algebras over an algebraically closed field have codimension one, see [8]. For
solvable Lie algebras over an algebraically closed field of characteristic zero, it is known that a(L) = B(L), see [4].
The computation of o and 8 for complex Lie and Leibniz algebras of small dimension was given in [5,8]. Over an
arbitrary field of characteristic p # 2, if L is a Leibniz algebra and a(L) = n — 1, then S(L) = n — 1. Moreover, if
L is a supersolvable Lie algebra or a nilpotent Leibniz algebra such that a(L) = n — 2, then S(L) = n — 2, see [8].
Furthermore, if L is a nilpotent or a supersolvable Lie algebra such that a(L) = n— 3, then a(L) = n—3 (for p # 2),
see [7,11]. If L is a nilpotent Lie algebra and a(L) = n — 4, then S(L) =n — 4 (for p # 2,3,5), see [11]. Also, some
of the mentioned results obtained for Leibniz algebras were later extended to Leibniz superalgebras in [3].

The main purpose of this paper is to prove the following characterization of the Leibniz algebras with an abelian
subalgebra of codimension two.

Theorem 1. Let L be a Leibniz algebra of dimension n over an arbitrary field F of characteristic p # 2 with an
abelian subalgebra of codimension two. Then L is solvable and contains an abelian ideal of codimension k < 2 or we
have one of the following three situations
(1) L is a 3-step solvable Lie algebra and L =2 ¢(m) ®F"~*, where m € sly(F) is irreducible. Moreover, L? = h(IF)
is the Heisenberg algebra and C(L) = F*~* + L) is the unique abelian ideal of mazimal dimension n — 3.
(2) L is an almost simple Lie algebra and L = d(m) & F"~3, where m € sla(F). Moreover, C(L) = F"~3 is the
unique abelian ideal of maximal dimension n — 3.
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- NextGenerationEU and by Junta de Andalucia, Consejeria de Universidad, Investigacién e Innovacién: ProyExcel 00780 “Operator
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(3) L is a 3-step solvable algebra and L = e(p,¥,v,n) for certain v € I, and ¢ € Dery(B) such that the induced
map ¢* = V* : B/C(B) — B/C(B) is irreducible, where B := Nil(L) = h(F) & F"~*. Moreover, C(B) is the
unique abelian ideal of mazximal dimension n — 3.

The definitions of the algebras ¢,0, ¢ can be found in section 2 and section 3.

In summary, a Leibniz algebra of dimension n over a field of characteristic p # 2 with an abelian subalgebra of
codimension two has an abelian ideal of codimension at most two or it is a direct sum of a Lie one-dimensional
solvable extension of the algebra h(F) and n — 4 copies of the field or a direct sum of a 3-dimensional simple Lie
algebra and n — 3 copies of the field or a Leibniz one-dimensional solvable extension of the algebra h(F) & F*~4,
In particular, if the field is quadratically closed, the situations (1) and (2) are not possible. Note that our result
generalizes [8, Theorem 3.5], which considers solvable Leibniz algebras, to the general case. The proof of this theorem
is divided over the next two sections in the following way. Let L be a Leibniz algebra with an abelian subalgebra A
of codimension two, then we have two possible situations, either A is a maximal subalgebra, considered in section 2,
or it is not, considered in section 3. A detailed examination of this two cases is given in this paper. Some of our
arguments use linear algebra results that involve commuting linear operators, which can be consulted in [10].

1.1. Notation. Let us fix some notation. Recall that a (left) Leibniz algebra is a vector space L endowed with a
bilinear multiplication [-, -] : L — L satisfying the Leibniz rule [z, [y, z]] = [[=, y], 2] + [v, [z, 2]]. For a introduction to
Leibniz algebras, we refer to [1]. We use the term abelian subalgebra to refer to a zero subalgebra. For z € L, we
denote by L, : L — L (resp. R, : L — L) the linear operator of left multiplication given by L,(y) = [z,y] (resp.
R, (y) = [y, z]). We denote by I, the vector space generated by the elements [z, z] for « € L, then [I,, L] = 0. The
space Iy, is an ideal and it is zero if and only if L is a Lie algebra. We denote by C'(L) the center of a Leibniz algebra
L and by Cp,(A) the centralizer of a subalgebra A of L. The normalizer of a subalgebra A will be denoted by N(A).
The radical of L is denoted by R(L), the nilradical of L is denoted by Nil(L) and the space {x € L: [z, L] =0} is
denoted by Anny(L). The derived series is denoted L*+1) := [L®*) L] with L(®) := L. Finally, we denote by a(L)
and B(L) the dimension of an abelian subalgebra and ideal of maximal dimension in L, respectively.

2. ABELIAN SUBALGEBRAS WHICH ARE MAXIMAL

Recall that by [8, Proposition 2.2}, if the base field is algebraically closed, then any abelian subalgebra which is a
maximal subalgebra has codimension one. Thus, we may assume the field is not algebraically closed in this section.
Moreover, recall that in the case when a Leibniz algebra contains an abelian subalgebra of codimension one, then
it contains an abelian ideal of codimension one too, as it was proved in [8, Theorem 2.1], assuming the field has
characteristic p # 2.

2.1. General results. Let L be a Leibniz algebra of dimension n with a subalgebra A. We denote by M (A) the
vector space generated by the maps L, with a € A. Note that M(A) is a subalgebra of the Lie algebra gl,,(F). The
following useful lemma is a consequence of the Fitting decomposition.

Lemma 1. Let L be a non-abelian Leibniz algebra of dimension n. If A is an abelian subalgebra of codimension
k > 1 which is mazimal, then there is a subspace L1 C L such that L =A@ Ly and [A,L1] = L;.

Proof. By the Leibniz rule, for z € L and a,b € A, we have [a, [b, z]] = [[a,b], z] + [b, [a, z]] = [b, [a, z]], so the maps
L, and L commute, that is, L,L, = LyL,. Consider the Fitting decomposition of L, with respect to the maps
M(A). Write L = Lo ® L;. Clearly, A C Ly. Since M(A) acts nilpotently in Lo, there is some x € Ly such that
x ¢ Aand [A,x] C A. Suppose I, C A, then [a,z] + [z,a] € A and [a,z], [v,z] € A, for a € A. Hence, the space
A+ Fz is a subalgebra containing A, which is a contradiction. So assume I, ¢ A, then L = A+ I, and [L, A] = 0.
Now if [z,2] € A, then A + Fx is a subalgebra containing A, and if [x,2] € A, then A 4+ F[z,z] is a subalgebra
containing A. In both cases, we obtain a contradiction. Therefore, Ly = A and it follows that L; is M (A)-invariant
and [A, Ll] = Ll. O

Proposition 2. Let L be a Leibniz algebra of dimension n over an arbitrary field. Let A be an abelian subalgebra of
mazximal dimension n —m which is a mazimal subalgebra. Then dim(Anng(L)) >n —m — (|m?/4] +1).

Proof. Since A is an abelian subalgebra of maximal dimension, we have C(L) C A. By Lemma 1, there is a subspace
Ly C L of dimension m such that L = A@® L; and [A,L1] = L;. Put B = L; and define § : A — gl(B) such
that 6(a) = La|p. Then 6 is a homomorphism from A to gl(B) with kernel Ann’(B). Hence A/Ann%(B) = D,



LEIBNIZ ALGEBRAS WITH AN ABELIAN SUBALGEBRA OF CODIMENSION TWO

w

where D is an abelian subalgebra of gl(B). Hence dim(A/Ann%(B)) < LmTQJ + 1. Tt follows that dim(Ann%(B)) >
n—m— (Lmsz +1). But Ann%(B) = Ann% (L) C Ann,(L), whence the result. O

2.2. Abelian subalgebras of codimension two which are maximal subalgebras. Consider the algebra a(A, u),
where the parameters A = (X\;;), u = (1i;) € gly(F), with basis a,b, z,y given by the non-zero products

la,z] = Az + A2y, [a,y] = A1z + A2y, [b,z] = pix + oy, [b,y] = parx + pooy.
Note that the brackets are not assumed skew-symmetric. Clearly, this algebra is 2-step solvable.
Lemma 3. The algebra a(X, 1) is a Leibniz algebra if and only if Ay = pA.

Proof. Since [a, [b,z]] = [b,]a, 2]] for z € a(A, ), we have Ay = pA. The converse follows by an straightforward
verification of the Leibniz identity. O

Lemma 4. If span(, p) = span(N, p'), then a(\, p) =2 a(N, 1').

Proof. Write X = a1 A + aqap and 1/ = a1 A + agep. If dim(span(, 1)) = 0, then both algebras are abelian. Now,
if dim(span(A, 1)) = 1, then both algebras have a one-dimensional center and we can assume g = p/ = 0. Choose
the map sending a to a;;'a and fixing z, y and b. Finally, if dim(span(\, u)) = 2, then d := det(c;;) # 0 and the
map fixing z, y and sending a to aged 'a — a12d~'b and b to —an1d"ta 4+ a1d b is the desired isomorphism. [

Given m € gl,,(F), we denote by x.,(¢) the characteristic polynomial of m.

Theorem 5. Let L be a Leibniz non-Lie algebra of dimension n over an arbitrary field F of characteristic p # 2.
Suppose (L) =n—2. If A is an abelian subalgebra of codimension two which is a mazimal subalgebra of L. Then L
is a 2-step solvable algebra. Precisely, we have L = a(id,m) ® F*"~* where m € gly(F) with X, (t) irreducible. Also,
B(L)=n—2, O(L) =F"* and C(L) + L? is an abelian ideal of mazimal dimension.

Proof. Let A be an abelian subalgebra of codimension two which is a maximal subalgebra of L. By Lemma 1, we
have L = A® L;, where L C L is a two-dimensional vector space such that [A, L1] = Ly. Let z,y be a basis of L.
We distinguish two cases depending on the ideal Iy.

Case I;, Z A. Then we have L = A+1},, by the maximality of A. It follows that [L, L] = [A+1, A+1I.] = [A,IL] C I.
Since Iy, is abelian, L is 2-step solvable Leibniz non-Lie algebra. Also, we have [A, L1] = Ly, then [L, L] = 0. Hence,
C(L)+ Ly is an abelian ideal of L, because [L, A] = [A+ Iy, A] = 0 and [L1, A] = 0. Also, we have that the dimension
of C(L) is n — 4, because the dimension of the abelian subalgebra C(L) + L; is at most n — 2 and the dimension of
M(A) is at most two, because a(gly(F)) = 2.

Let a,b be a basis of the linear complement of C'(L) in A. Then, the algebra L is determined by the products
[a,z], [a,y], [b, 7], [b,y] € Li. Therefore, we have L = a(\, ) + F"~4, for certain linear independent A, s € gly(F). By
Lemma 3, the matrices A, u commute. By the maximality of A, the set {\, u} should be irreducible in L, but also
since this set of generators is maximal, then the algebra spanned by it contains the identity matrix. Hence, there is
m € gly(F) such that A, u € span(id,m). Moreover, the polynomial y,,(t) must be irreducible. By Lemma 4, the
assertion in the theorem follows.

Case I, C A. Assume I}, # 0, otherwise L is a Lie algebra, and I;, # A, otherwise A is not a maximal subalgebra.
Suppose [z,y] € A. Then A’ := A+F[z,y] is a subalgebra containing A. Indeed, note that [y, z] € A’ because I, C A.
It follows [Ly,L;] C A’. Observe that for any a € A, we have [q, [2,y]] = [[a, z],y] + [, [a,y]] € [L1, L1]. Also, we
have [[z,3],a] = [z, [y, al] — [, [z a]]. But [z, [y, a] + [a,5], [, [2,a] + [0 2] € Iy C A and [z, [a,]], [0, 2] € A"
Hence, [[z,y],a] € A’. Moreover, we have [[x,y], [z,y]] € I, C A. Consequently, the space A’ is a subalgebra, which
is a contradiction.

Next, suppose [z,y] € A. Then we have [y,z] € A and [L1, L1] C A. Observe that if v € Ly with v # 0 is invariant
in M(A), then A+ Fuv is a subalgebra, because [v,v] € A and [v,a] = [v,a] — [a,v] + [a,v] € I, + Fv C A+ Fv. Also,
dim(M(A)) < 2, because the maps M(A) commute. Now, distinguish the following cases.

- Case dim(M(A)) = 2. Since M (A) is an abelian subalgebra of gl,y(F) of maximal dimension, then there is

some b € A such that L, = id. It follows, [z,a] = [[b,x],a] = [b, [x,a]] = —[b, [a,z]] = —[a,z] for any a € A.
Similarly, [y,a] = —[a,y]. Moreover, we have the relations

[a:,x] = Hba J)],l‘] = —[l‘, [bv x]] = —[l‘,l‘], [ac,y] = [[bv l‘], y] = —[.13, [b7 y“ = —[.13, y]a

[y, z] = [[b,y], 2] = =[y, [b,2]] = —[y, =], [y,9] = [[b.v], 0] = —ly, [b ] = —[v, ]

If p # 2, then L is a Lie algebra, a contradiction.
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- Case dim(M(A)) = 1. Let h € A such that Ly # 0 is irreducible in L;. Clearly, we have h ¢ I; and

Ly(Ly) = Ly. Now, for z € Ly and a € A we have [[h, z],a] = [h,[2,a]] = —[h,[a,2]] = —]a, [k, 2]]. Since
x,y € Lyp(Ly), we obtain [z,a] = —[a, 2] for all z € L; and a € A. Also, for z,z’ € L; we have the equation
[[h,Z],Zq = 7[27 [h,Z’” = [Za [Z/ah]] = [Z/a [Zah]] = 7[2,7 [h7Z” Againa we obtain [Zazl] = 7[2/72] for all

z,2" € Ly. Therefore, we conclude that L is a Lie algebra, since p # 2.
- The case dim(M(A)) = 0 leads to a contradiction as explained above, because Fz is M (A)-invariant.

Hence, we have shown that the only possibility is the algebra in the statement, proving the result. O

Remark 6. Consider the algebra a(id, m) over R, where m = (m;;), mi1 = maa = 0 and miz = —mgo; = 1. Then
the non-zero products are given by [a,x] = x,[a,y] =y, [b,z] =y, [b,y] = —x. This is an example of a Leibniz non-Lie
algebra with an abelian subalgebra of codimension two A = span(a,b) which is a mazimal subalgebra.

Let us introduce the following algebras for A = (A;;), n = (pi5) € gly(F). The algebra b(A, ) with basis a, b, z,y
is given by the next non-zero products

la, 7] = —[z,a] = A1z + A2y, [a,y] = —[y,a] = A1z + A2y,

[b,2] = —[2,0] = pi1z + pi2y, byl = —[y,b] = p217 + p22y.
Also, the algebra ¢(\) with basis a,b, x,y is given by

[a,2] = —[z,a] = Az + A2y,  [a,y] = —[y,a] = Auz + A2y, [2,y] = —[y, 2] = b.

Remark 7. The algebra b(\, ) is 2-step solvable. Moreover, it is a Lie algebra if and only if \u = pA. Likewise,
the algebra ¢(\) is 3-step solvable. Moreover, it is a Lie algebra if and only if A € sla(FF).

The next proposition complements the result for Lie algebras obtained in [9, Theorem 4.3] with further observations
for the solvable case. Recall that the algebra q3()), introduced in [9], where A = (X;;) € My(F), is the vector space
with basis h, z,y and skew-symmetric multiplication given by

hyx] = A1z + A2y, [hyy] = Ao + Ao2y,  [z,y] = h.

Proposition 8. Let L be a Lie algebra of dimension n over a field F of characteristic p # 2 with a(L) =n — 2. If
A is an abelian subalgebra of codimension two which is a mazximal subalgebra. Then one of the following occurs:

(1) L is a 2-step solvable algebra and L =2 b(id, m) ® F*~*, where m € gly(F) with x.m(t) irreducible. Moreover,
B(L)=n—2, C(L) 2F"* and C(L) + L? is an abelian ideal of mazimal dimension.

(2) L is a 3-step solvable algebra and L = ¢(m) & F"~4, where m € sla(F) with xm(t) irreducible. Moreover,
B(L) =n—3, L? is the Heisenberg algebra and C (L) = F"—* + L3 is an abelian ideal of mazimal dimension.

(3) L is almost simple and L = 2(m) @ F"=3, where m € sla(F) with x,,(t) irreducible and d(m) = q3(m).
Moreover, B(L) =n — 3 and C(L) 2 F"=3 is an abelian ideal of mazimal dimension.

Proof. Let L = A + Ly be the decomposition of L with respect to the maps in M(A). Let z,y be a basis of L;.
There are two solvable cases in [9, Theorem 4.3]. Let us denote ad, := L, for z € L in this proof.

The case when L is 2-step solvable. This case arise when [z,y] = 0. Then dim(ads) = 2 and C(L) + L; is an abelian
ideal of codimension two. Suppose ad 4 is spanned by ad, and adp, then a, b are linearly independent. It follows that
L = b(\, p) @ F*~* for certain commuting linearly independent \,u € gly(F). By a similar argument used in the
previous theorem, we have that L = b(id, m) @ F"~* where m € gly(F) and the polynomial X, (t) is irreducible. The
statement (1) in the theorem is obtained.

The case when L is 3-step solvable. This case arise when b := [z,y] # 0, b € A and ady, = 0. Then ady can be

realized as a abelian subalgebra of s, (IF), because 0 = [a, [z, y]] = [[a, x], y] + [z, [a, y]], and dim(ad4) = 1. Therefore,
we have that L = ¢(m) @ F*~* for some m € sly(F) where the polynomial X, (t) is irreducible. The assertion (2) in
the theorem follows. O

In conclusion, the characterization of the Leibniz algebras L over a field of characteristic p # 2 with an abelian
subalgebra of codimension two which is a maximal subalgebra and such that «(L) = n — 2 is given by Theorem 5
and Proposition 8.
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3. ABELIAN SUBALGEBRAS OF CODIMENSION TWO WHICH ARE NOT MAXIMAL

In this section we study the case in which the Leibniz algebra contains an abelian subalgebra A of codimension
two and a subalgebra B of codimension one such that A C B. The case in which A contains the distinguished ideal
Iy, is considered first in the following lemmas.

Lemma 9. Let L be a Leibniz algebra of dimension n over an arbitrary field F of characteristic p # 2 such that
a(l) =n—2. Let A be an abelian subalgebra of codimension two such that I, C A. Suppose B = A + Fe; is a
subalgebra of L and suppose A is an ideal of B. Moreover, suppose M(A) does not act nilpotently in L. Then A is
not an ideal of L, but 8(L) =n — 2.

Proof. Note that since A is an abelian ideal in B, we have that M (A) acts nilpotently in B which has codimension

one. Therefore, there is some z € L with « ¢ B such that [A, 2] C Fx. Write [e;, 2] = Az for a basis eg, ..., en_1
of A and \; € F. Assume Ay # 0. Then A is not an ideal of L. Denote Z = span(v; : 3 < i < n — 1) where
v; = e; — Ay "Ajea. Note that [v;,z] = 0. Also, we have [e1,z] = A, *[e1, [e2, [e2, #]]] = pz for some p € F, using

the Leibniz rule. If I, ¢ Z, then Z 4+ I, = A. But we have [Z,z] = 0 and [z, Z] C I, C A, implying that A is an
ideal, which is a contradiction. So assume I, C Z. Then, A’ = Z + Fx is an abelian subalgebra of codimension two.

Certainly, we have 0 = [eg, [z, z]] = [[ez, ], x] + [, [e2, z]] = 2X2[z, z], so [z, 2] = 0, and

["E,’Ui] - Agl[[€2»$], Ui] = A51[627 ["E,’Ui]] = _A51[€27 ['Uivx]] = —[vi,x] = 0
Moreover A’ is an ideal, since [e1,z] € Fz and [z,e1] € Fax + I, C A’. Also, since [[e1,¢;],2] = 0 and Z has
codimension one in A, we have [e1, ¢;] € Z, implying [e1, v;], [vj, e1] € Z. The result follows. O

Remark 10. An example of a Leibniz non-Lie algebra of the type of the Lemma 9 is the following. Consider the
vector space L over F with basis e, es, ez, x endowed with the multiplication

le1,z] = —[z,e1] =z, e, x] = —[x,e2] =2, [e1,ea] =es3.
We have A = span(es, e3), Le, is not nilpotent, B = A+ Fey, I, = Fez and A’ = span(z, e3).
Lemma 11. Let L be a Leibniz algebra of dimension n over an arbitrary field F of characteristic p # 2 with
a(L) =n—2. Let A be an abelian subalgebra of codimension two such that Iy, C A. Suppose B = A + Fe; is a

subalgebra of L and suppose A is an ideal of B. Moreover, suppose M(A) acts nilpotently in L and suppose B is not
an ideal of L. Then A is an abelian ideal or L is a Lie algebra.

Proof. Suppose A is not an ideal of L. Let es,...,e,—1 be a basis of A. Complete the basis of L and write
L = B + Fe,,. Suppose there is some a € A such that L,(e,) € B, then L, is not nilpotent. Therefore L(L) C B,
that is, we have [A, L] C B. Moreover, since I, C A, then we have [L, A] C B. Since A is not an ideal of L, we can
assume [eq, e,] = €1, using again that I, C A. Denote [e;, e,] = 22;11 oyker for ay, € F with 3 <4 <n—1. Then if
v; = e; — a;1e3 we have [vg, e,], [en, v;] € A. Thus, we have

[e1,vi] = [[ea, en], vi] = [e2, [en, vil] — [en, [e2, vi]] = 0,  [vi,e1] = [vs, [e2, €x]] = [[vi, €2], en] + [e2, [vi, €n]] = 0.

Assume without loss of generality that e; = v; for 3 <i < n — 1. Let us show that L is anticommutative.

First, observe that 0 = [en, [e2, €2]] = [[en, €2], e2] + [e2, [en, €2]] implies that [e;, ea] = —[e2, e1]. Now, since B is
not an ideal of L, we have Fle,,e1] + Flei,e,] ¢ B and we can assume [e1, e,] € B. Let us write [e1,e,] = Ae,, + b
for some A € F and b € B with A # 0. Easily, we obtain [e1, e,] = —[en, e1]. Also, if [e1, es] = 0, then

Aer + [ea, b] = Mea, en] + [e2, b] = [ea, [e1, en]] = [e1, [e2, en]] = [e1,e1] € I, C A,

which is a contradiction. Assume [eq, ez] # 0, but then [ey, [e1, e2]] = ple1, e2] for some p € F. Denote b = Z?:_ll bie;
and [e1, e3] = EZ:; ~v;€;. It follows v = u. By the equation

e1 = [ea, en] = A7 ([e2, [er, en]] — [e2,0]) = A7 ([[e2, e1], en] + [e1, €1] — bifea, e1]),
]

}
we have A = —pu. So the equations [e;, [e1, e,]] = [[es, €1], en] +[e1, [€:, €n]] and [e1, [en, €;]] = [[e1, €n), €] + [en, [€1, €],
imply that [en, e;] = [es,en] = 0 for 3 <4 < mn — 1. Furthermore, since [[e;, €;], e1] = 0 and [ez, e1] # 0, we have that
[e1, 1], [en, en] € span(e; : 3 < i <n—1). But then, [es, [e1, €,]] = [[e2, €1], en] + [e1, [€2, €, ]] implies that [e1,e1] = 0,
because 2 # 0. Finally, the equation [eq, [en, e1]] = [[e2, en], €1] + [en, [e2, €1]] implies that [e,, e2] = —e; and the
equation 0 = [eq, [en, en]] = [[€1, €n], €n] + [en, [€1,€n]] = 2[en, e,] implies that [e,, e,] = 0. Hence, we conclude that
L is a Lie algebra. O
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Remark 12. The Lie algebras of Lemma 11 are studied in the case (2) of the proof of [9, Theorem 4.2]. This
algebras are precisely of the form L = Li(y) @ F"=3, where Li(v) is a simple Lie algebra studied in [2]. For this
algebras, we have B(L) = n — 3. Note that 9(m) = Li(v), when m € sly(F) is reducible, for some v depending on m.
Also, if the field has characteristic p # 2, then Li(v) = sly(F).

Given a nilpotent algebra N of dimension n, a s-dimensional solvable extension of N is a solvable algebra L of
dimension n+ s having N as its nilradical. For instance, the algebras in the families a, b are two-dimensional solvable
extensions of the two-dimensional abelian algebra. Likewise, the algebras in ¢ are one-dimensional solvable extensions
of the Heisenberg algebra

Remark 13. Let us recall the definition of the classical oscillator Lie algebra. The oscillator algebra os(F) is the
vector space over F with basis e_1, g, e1, €1 together with the bracket given by

[e_1,e1] = —[er,e1] =é1, [e—1,é1] = —[é1,e1] = —e1, [e1,é1] = —[é1,e1] = eo.
The algebra 0s(F) is a one-dimensional solvable extension of the Heisenberg algebra bh(F), which is spanned by

e1,é1,e9. The algebras such that a(L) # S(L) in the next lemma are a special type of solvable extensions of the algebra
h(F) @ F~. For example, if F = R, one of this extensions is 05(R), for which we have 2 = a(os(R)) # B(0s(R)) = 1.

We denote by ¢(p,9,v,n) the one-dimensional solvable extension of the algebra (h(F) & F*~4,[-,]) := H with
vector space Fx @ H and multiplication [Az + a, pz + bl = Apv + Ap(b) + pd(a) + [a,b] for a,b € H and A\, u € F,
where v € C(H) and ¢ is a left derivation of H, write ¢ € Der;(H), and ¥ : H — H is a linear map. The following
result is obtained.

Lemma 14. Let L be a Leibniz algebra of dimension n over an arbitrary field F of characteristic p # 2 with
a(L) = n—2. Let A be an abelian subalgebra of codimension two such that Iy, C A. Suppose B = A+ Fey is
a ideal of L and suppose A is an ideal of B. Then B(L) = n —2 or L = ¢(p,9,v,n) for certain v € Iy, and
¢ € Dery(B) such that the induced map ¢* = 9* : B/C(B) — B/C(B) is irreducible. In the second case, we have
Nil(L) = B=haF" 4, B(L) =n — 3 and C(B) is the unique abelian ideal of mazimal dimension.

Proof. Suppose A is not an ideal of L. Assume M (A) acts nilpotently in L, otherwise the result follows by Lemma 9.
Let es,...,e,—1 be a basis of A. Suppose [A, L] C A, then since I, C A, we have [L, A] C A and A is an ideal. So
assume [es, e,] € A for some e, € L with e,, ¢ B. Moreover, since B is an ideal, we can assume [es, €,] = e;. Write
e, en] = Zz;ll ke with o, € F. Then for 2 < i <n — 1, we have
lei, e1] = [es, [e2, en]] = [ea, €, €n]] = ir[ea, e1], le1, €] = [[e2, en], €] = [ea, [en, €3]] = —auir[ea, e1],

where the second equation uses that Iy, C A. Then, we have [e1,e;] = —[e;,eq] for 2 <i<n—1.

Moreover, denote v; = e; — aj1e2 and Z = span(v; : 3 < i < n —1). Then [Z,B] =0 and [B,Z] = 0. Suppose
It ¢ Z, then A = Z + I, and we have [v;,e,] = [e; — aj1€2,e,] € A and [e,,v;] € A, because I, C A. Hence, A
is an abelian ideal. Similarly, if [e1,e2] € Z, then A = Z + Fley, eo] is an ideal. Also, if [e1, e3] = 0, then B is an

abelian subalgebra, since [e1,e1] = [e1, [e2, en]] = [e2, [€1, €n]] = 0. The previous assumptions lead to a contradiction,
so assume Iy, C Z, [e1,e2] € Z and [e1, ea] # 0.

Now, we show that Z is an abelian ideal of L. Note that [e1, [v;, e,]] = [[e1, vil, en] + [vi, [e1,€x]] = 0, implying
Sohsy cvikler ex] = 0 and Yp7) cikans = 0, 50 iz = — Y p_g aggans. Then [vj,en] = Y32, aiker = Y p_g ikv;,
concluding [v;,e,] € Z and [e,,v;] € Z, since I, C Z. Next, by the equations

e1, e1] = [ex, [en, e2]] = [[e1, en], €2] + [en, [e1, €2]],
[en, [e2; e1]] = [[en, e2], e1] + [e2, [en, e1]] = [e1, e1] + [e2, [en, €1]],
we have 2[e1, e1] = [[e1, €], €2] — [e2, [en, e1]] =0, so [e1,e1] = 0.

Hence, B is a Lie algebra. In fact, B = h(F) @ F*~* where h(F) is the Heisenberg algebra. Now, consider
A’ = Z + Fey. The space A’ is an abelian subalgebra of codimension two. Moreover, we have I, C A’ and A’ is an
ideal of B. By Lemma 9 we can assume A’ acts nilpotently, otherwise we have 5(L) = n —2. Therefore, we have that
M (B) acts nilpotently in L. If L. is nilpotent, then L is nilpotent by the Engel’s theorem for Leibniz algebras, see
[1, Theorem 2.1, p.44]. In that case, we have (L) = n — 2 by [8, Proposition 3.2]. So suppose L., is not nilpotent.

Furthermore, consider the induced map L} : B/Z — B/Z. If v € B/Z is an eigenvector of L} , then there is
some v’ € B such that L., (v') € Z+Fv’ and we have that Z +Fv’ is an abelian ideal of codimension two. Therefore,
assume L7 is irreducible in B /Z. Now, suppose A’ is an abelian ideal of maximal dimension of L. Then we can
easily see that A" C B and then Z C A’. By this fact and L} being irreducible in B/Z, we conclude that Z is an
abelian ideal of maximal dimension, i.e. we have 8(L) =n — 3. The statement in the lemma follows. g
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Remark 15. An ezample of a Leibniz non-Lie algebra of the type a(L) # B(L) of the Lemma 1/ is the following.
Consider the vector space L over R with basis ey, es, ez, es endowed with the multiplication

[61762} = —[62761] = €3, [61,64] = —[64,61] = —é€g, [62,64] = —[64,82] = €1, [64764] = €3.

We have A = span(ea,es), Le, is not nilpotent, B = A + Fe; is the nilradical of L, I;, = Fez and L = ¢(p,v,n),
where v = eg and ¢ : B — B is given by p(e1) = ez, p(e2) = —ey1 and p(e3) = 0. Note that the map ¢* is irreducible.

The previous lemmas together with the previous section already characterize the Lie algebras with an abelian
subalgebra of codimension two. In the next theorem, we complete this description for Leibniz non-Lie algebras.

Theorem 16. Let L be a Leibniz non-Lie algebra of dimension n over an arbitrary field F of characteristic p # 2
with a(L) = n — 2. Let A be an abelian subalgebra of codimension two. Suppose there is a subalgebra B of L of
codimension one containing A. Then (L) =n—2 or L is 3-step solvable and L = e(p, 9, v,n) for certain v € I, and
¢ € Der(B) such that the induced map p* = 9* : B/C(B) — B/C(B) is irreducible, where B = Nil(L) = h & Fr~*
(see Lemma 14).

Proof. By [8, Theorem 2.1], we can assume A is an abelian ideal of dimension n — 2 of B as p # 2. Let ea,..., €51
be a basis of A. Write B = A+TFe; and L = B + Fe,,. It follows that B C N(A). If N(A) = L, then A is an abelian
ideal of L and we have 8(L) = n — 2. So assume N(A) = B. Let us distinguish three situations depending on I7.
The case I, C A is already studied in Lemma 9, Lemma 11 and Lemma 14, obtaining the respective claim in the
statement. Assume now that I, ¢ A. If L = A+ I, then L is clearly solvable.

So suppose that L # A + I;,. If A acts nilpotently on L, there exists £ > 0 such that L’IE‘(L) Z A+ Iy, but
LML) C A+ I Let € LM(L)\ (A+1p), 50 [A,2] CA+1Ip. Then L = A+ 1y +Fx, L2 C A+ 1y and L is
solvable. Suppose now that A does not act nilpotently on L. Let L = B @ L; be the Fitting decomposition of L
relative to M(A), and put Ly = Fa. If B = A® I, we have L? C I}, + Fz, L(® C I and L is solvable again. If
B # A4 1, then L = B+ I}, in which case L2 C A+ I}, and L is solvable once more.

Finally, suppose that S(L) # n — 2. Then L must be as in [8, Theorem 3.5 (iii)]. Let N be the nilradical of L.
Then A+ I, € N and I;, C C(N), whence A + I, is abelian, a contradiction. The result follows. O

Corollary 17. Let L be a Leibniz algebra of dimension n over a quadratically closed field F of characteristic p # 2
with (L) =n — 2. Then B(L) =n — 2 or L is isomorphic to the Lie algebra sly(F) & F7—3,

Proposition 18. Let L be a Leibniz algebra with an abelian ideal of codimension two. Then L is solvable.

Proof. Let B be an abelian ideal of codimension two. If I, C B, write L = B +Fx +Fy. Then L? C B + F[z,y|] and
L® CBand L® =0. If L, B# I, + B. Then L = Fx + I, + B and we have L> C I; + B, L® C B and L® = 0.
Finally, if L = I}, + B, then L = 0. O

Combining the results from section 2 and section 3, we have proven Theorem 1.
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