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The interplay between information-scrambling Hamiltonians and local continuous measurements
hosts platforms for exotic measurement-induced phase transition in out-of-equilibrium steady states.
Here, we consider such transitions under the addition of local random white noise and measurement
inefficiency in a XX spin chain. We identify a non-monotonic dependence on the local noise strength
in both the averaged entanglement and operator correlations, specifically the subsystem parity
variance. While the non-monotonicity persists at any finite efficiency for the operator correlations, it
disappears at finite inefficiency for the entanglement. The analysis of scaling with the system size in a
finite length chain indicates that, at finite efficiency, this effect leads to distinct MiPTs for operator

correlations and entanglement.

Our result hints at a difference between area-law entanglement

scaling and Zeno-localized phases for inefficient monitoring.

I. INTRODUCTION

The ability to control quantum dynamics using quan-
tum measurement has driven monitored systems to the
centre of active research as a promising platform to host
novel phases of matter far from equilibrium. At their
heart, these systems feature a competition between an
observer actively performing measurements on the sys-
tem and coherent unitary dynamics [I—4]. The simplest
implementation of this competition is the Zeno effect
in which sufficiently strong monitoring freezes the uni-
tary dynamics, locking the system in an eigenstate of
the measured observable [5-7]. In many-body systems,
where unitary evolution generically scrambles informa-
tion and has been shown to induce unbounded volume
law scaling of entanglement, the competition with local
monitoring leads to novel phenomena, most remarkably
measurement-induced phase transitions (MiPTs) in the
entanglement scaling [3—13].

Random quantum circuits offer a general platform
for exploring generic entanglement MiPTs in which the
measurement-inherent stochasticity naturally combines
with the randomness of unitary gates. In these settings,
dynamics is independent of the specifics of the local en-
tangling component. Random quantum circuits punc-
tuated by measurements have been intensively studied
and shown to host MiPT from volume to area law en-
tanglement [13], with some experimental evidence [14-

]. MiPTs with continuous Hamiltonian unitary dy-
namics have been studied prevalently for deterministic
Hamiltonians [3, ], also in the presence of static
(quenched) disorder [36—41]. Stochastic unitary compo-
nents, however, have been shown to modify the MiPTs,
altering the scaling of entanglement [12, 43] or the critical
point [36, 44, 45], and can even lead to exactly solvable
model [46]. The stochastic unitary component and the
measurement-induced one can also be regarded as differ-
ent unravellings of the same averaged dynamics. From

* c.y.leung2@]lancaster.ac.uk

this perspective, averaging over the stochastic unitary or
introducing a finite measurement inefficiency introduces
a Lindblad dissipative term, washing away measurement-
induced phase transitions [47-50].

In this paper, we address the interplay of a stochastic
unitary component and inherent measurement-induced
stochasticity in stochastic Lindblad dynamics, from
purity-preserving monitored systems to fully averaged
deterministic Lindblad dynamics. We study specifically
the dynamics of a qubit chain with nearest-neighbour
interactions and additional incompatible stochastic con-
tributions from (i) local continuous quantum measure-
ment and (i) random local unitary. We first address the
dynamics in the simplest case of two qubits, revealing
a non-trivial, non-monotonic behaviour in the entangle-
ment and operator correlations dependence on the lo-
cal unitary noise. With the introduction of inefficiency,
this non-monotonicity in the entanglement disappears
below a threshold efficiency value. On the contrary, it
persists in the operator correlations (for any finite ef-
ficiency), indicating a breakdown in the correspondence
between entanglement scaling and a quantum Zeno phase
signalled by correlations. We explore the implication
of this breakdown for MiPTs by extending the proto-
col to a finite-length chain. The system size dependence
of both entanglement and operator correlations indicates
that the correspondence between the two, valid for fully
efficient measurement, is broken with the inclusion of in-
efficiency. This breakdown suggests a difference between
the measurement-induced quantum Zeno phase and area-
law entanglement phase, with different phase diagrams
obtained from entanglement and operator correlations.

The rest of the paper is structured as follows. In
Sec. II, we present the model of interest. In Sec. III,
we introduce various entanglement and operator correla-
tion quantities and discuss and analyse numerically the
simplest version of the model (a 2-qubit system). We
demonstrate here how operator correlations in this sys-
tem are insensitive to measurement inefficiency contrary
to the behaviour shown in entanglement. In Sec. IV, we
extend our analysis to a spin- 1/2XX chain, demonstrat-


mailto:c.y.leung2@lancaster.ac.uk

alakatababatalalala

FIG. 1. Sketch of the model under consideration. A spin 1/2
chain (red arrows) with nearest neighbour spin-flip is sub-
jected to local continuous measurement of o* (yellow detec-
tors). The spins are subject to random local magnetic fields
in y-direction (blue arrow). The two stochastic dynamics are
incompatible.

ing that operator correlations and entanglement can lead
to different measurement-induced phase transitions. We
summarise our results and possible implications of our
work in Sec. V.

II. MODEL

We study an XY spin-1/2 chain of length L subject to
local continuous measurements of the z-component of the
spin and under the influence of a local random traverse
magnetic field in the y direction. A sketch of the model is
presented in fig.1. We model the local random magnetic
field as a local white noise statistically independent at dif-
ferent sites and the measurement backaction via quantum
state diffusion equations in which we explicitly incorpo-
rate measurement inefficiency. The overall dynamics of
the system can then be written as [1]

dpy = —idt[H, p;] (1)
: r
j=1,L j=1,L
A z z
+ Z {o.— (o tvpt}\det—*dt Z [Uja[ajapt]],
j=1,L j=1,L
where
H= Ziajajj_l + h.c., (2)
J
and (...); = Tr[...p:] represents the quantum expec-
tation value evaluated w.r.t. to the density matrix p;
at time . We set the notation so that we denote

aj ,a € {z,y,2,+,—} as the a Pauli operator on site
7. The state’s labelling follows the usual convention with
0 for spin-down states and 1 for spin-up states so that

|01) represents a state with spin-down on the first
site and spin-up on the second site. Furthermore, In
Eq. (1), n € [0,1] quantifies the efficiency of the mea-

surements, I' is the strength of the white noise and A

is the measurement strength. d¢! and dW) are inde-
pendent It6 processes, with d§§d£§; = Ddtd; 0, and
AW!AW?Y = Adtdy ;5. The strength of the Hamilto-
nian can be fixed as it merely appears as an overall energy
scale that we set to be 1 hereafter.

The efficiency of the quantum diffusion process is con-
trolled by 7, which vanishes for completely inefficient
measurements when Eq. (1) reduces to a Lindbladian
master equation for the measurement part. As described
Appendix A, the inclusion of inefficiency in the quantum
diffusion equation can be obtained from a microscopic
model in which each site is coupled to an ancillary de-
gree of freedom, which in turn is projectively measured
[1, 2, 20, 51]. Inefficiency is then included as the lack of
some fraction of the measurement readouts — a common
uncontrolled error in experiments [1, 2, 51]. This neces-
sarily induces mixedness in the density matrix, with the
associated complications in the quantification of entan-
glement.

It is important to note that detecting non-trivial Zeno
regimes or capturing the entanglement dynamics requires
computing averages of non-linear observables over differ-
ent quantum trajectories. Averages over measurement
outcomes (i.e. over quantum trajectories) and noise re-
alisations are denoted by an overline above —. If one
considers linear observables e.g. Tr [ajpt] = Tr [Ujﬁt]
or observable of mean state Tr [ajﬁ], the dynamics is
entirely controlled by p,, which is determined by a Lind-
bladian

dp, = —idt[H, ;] — *dt Z ]apt
j=1,2
A z z =
j=1,2

In this case, the long-time steady state p,_,.. ~ I is the
fully mixed state. Instead, averages of non-linear observ-

ables e.g. ’I‘r[ojz-pt}2 contain non-trivial statistical cor-
relation terms leading to non-trivial steady state value;
this is analogous to deep thermalisation which is only
detected by the higher moment of density matrix along
each quantum trajectory[52].

III. TWO QUBITS

To elucidate our motivation and results, we begin by
presenting the most simple scenario of the model: a 2-
qubit system (cf Eq.1 with j € {1,2}). We use the model
to introduce quantifiers of entanglements and operator
correlations, as well as proxies for them, which will be
used later for the extensive system. We are particularly
interested in the case of inefficient measurements in which
the state is generically non-pure, and entanglement quan-
tifiers for pure states, like entanglement entropy, are no
longer applicable.



A. Entanglement and operator correlation
measures

a. Concurrence There are several proposed estima-
tors of entanglement in an overall mixed state; for two
qubits, a natural choice is the Concurrence C, which is
a genuine entanglement monotone and remains valid for
mixed state [53, 54]. It is defined as follow: let p; be
the instantaneous 2-qubits density matrix at time ¢, we
define p; = o¥ ® o¥pio¥ ® oV (p* represents the com-
plex conjugate) and a non-Hermitian matrix pyp;. The
Concurrence C associated is

€= max (0.4~ VA - VA~ VA, @

where \; ... 4 are the the eigenvalues of the matrix p;ps
in descending order.

To explain better and gain more intuition about this
measure, we note the following relationship between the
entanglement entropy and concurrence in a 2-qubit sys-
tem (in base 2)

S(x) = —xlogz — (1 — z)log(l — ),

1++v1-C2
r=—

> 5)

where S is the entanglement entropy of the first or second
qubit. From this, C = 0 corresponds to no entanglement
(product state), C = 1 corresponds to maximum entan-
glement (Bell pair), and S(z(C)) is a monotonic function
of C, making C a valid entanglement measure on its own.
To extend it to a mixed state, we first note that a mixed
state is a collection of pure states, that is

p= Zpi )il (6)

where p;’s is the probability and the set {|1;)} one of the
many possible pure-state decomposition. Naturally, one
would expect the entanglement of a mixed state would
be the probability-weighted sum of the pure state’s en-
tanglement. Indeed, this leads to a valid mixed state
entanglement measure definition: denoting £(p) as an
entanglement measure for the state p, £(p) is the mini-
mum average entanglement over all possible pure states
decomposition of p [55]

E(p) = mianiﬁ(\wi><¢il)- (7)

It was shown in Ref. and that Eq.(4) output a
result consistent with Eq.(7). As an example, for a 2-
qubit system in a totally mixed state, C = 0 as individual
pure states are unentangled.

b. Negativity As C only applies to a 2-qubit system,
other entanglement monotones in mixed states should be
considered for later extension to a chain. A good candi-
date is the subsystem logarithmic negativity (an entan-
glement monotone [56]), which can readily be applied to

larger systems. The subsystem logarithmic negativity is
defined as:

ea = log||p™ ], (8)

where p”4 denotes the partial transposition of the density
matrix p concerning region A (in this case, one of the two

qubits), and |[pT4]| = Tr{\/pTA TpTA} is the sum of the

singular value of p74.

Conventionally, entanglement negativity has been
proven more useful than entanglement entropy in some
aspect: in a many-body system where one is interested
in the entanglement between two non-complementary
parts, in which their combined reduced density matrix is
a mixed state, entanglement negativity remains a valid
measure whereas the naive entanglement entropy only
gives an upper bound [57]. Moreover, the definition of
entanglement negativity in Eq. (8) is basis-independent,
making an appealing quantifier.

c. subsystem parity variance Operator correlations
are quantities which are closely related to entangle-
ment [58]. For example, in many-body physics, gapped
area law entanglement phases are associated with expo-
nentially decaying 2-point correlations, whilst logarith-
mic growth entanglement is associated with power-law
decaying 2-point correlations. However, they capture
both classical and quantum correlations in the system.
We are interested in operator correlations that signal a
quantum Zeno regime in which the system is frozen in an
eigenstate of the measured observable.

There are several candidates to be considered; here, we
choose the subsystem parity variance P /5 [47, 59, 60]. It
is defined as

L)2 2 L/2 2
P1/2 = <H O';>t = TI' H O';pt y (9)
j=1 j=1

and, for a two qubits system, it is merely
2
Py = Trlofpe]”, (10)

coinciding with the squared local z-magnetization [61,

]. This measure serves as an indicator for the quantum
Zeno effect in the following way. P /5 quantifies how close
a state is to a product of spin-z eigenstate in the half-
system L/2. Under frequent measurements (spin-z in our
model), spin excitations are localised, resembling closer
to a global product state of spin-up/spin-down states,
and P /5 approaches a value close to unity. On the other
hand, infrequent measurements lead to a steady state
with little overlap with a global spin-z eigenstate, and
Py /5 deviates and admits a value less than 1, lower than
the quantum Zeno phase. Therefore, a higher subsystem
parity variance indicates a quantum Zeno regime.

In the following, we are always considering the steady-
state values of these measures, i.e. ¢ — oo, and therefore,
the results displayed are always their steady-state values.



d. subsystem purity For completeness, we also com-
pute the half-system purity. The half systems purity is
defined as

pay2 = Tr [P%/z]a (11)

where py /5 is the reduced density matrix of one part of
the system.

Physically, p; /2 is not an entanglement monotone, in-
cluding classical and quantum correlations. Its relation
to the quantum Zeno effect is clear: if spin excitation
is localised, the half-system reduced density matrix is
highly pure and does not correlate much with the rest of
the system.

B. Results — efficient measurements

We compute the entanglement monotones and oper-
ator correlation functions introduced in Sec. IIT A for
the two-site chain by numerical simulation of Eq. (1),
following the procedure in Ref. We set 0t =
min(0.05,0.05/X,0.05/T") across all simulations, which
guarantees that the continuous limit is reached (tests
with smaller time steps leave the results unaffected). For
numerical convenience, we also restrict the initial state
of the form

[)) = a|00) + £ ]01) + v|10) + d|11), (12)

with a, 5,7, € R so that they remain real at all times
according to the evolution in Eq.(1).

Before proceeding to the results, we shall discuss
briefly some of the effects of the various contributions.
In a 2-qubit system, H with j € {1,2} is the usual
hopping term coupling the two qubits. In the absence
of any randomness, starting from an initial state |¢) =
a|00)+3|01)+~ |10} +4§ |11), the system displays period-
icity in entanglement reflecting the unitarity of H. With
the addition of white noise and measurement, which does
not commute with H, all three dynamics compete. With-
out measurement, finite local white noises scramble infor-
mation within the system, suggesting a noise’s strength-
independent entanglement in the long-time steady-state
dynamics. With the addition of measurement (which
tends to localise information), entanglement is expected
to be suppressed as the measurement strength increases.
The ultimate fate of entanglement and correlations with
the interplay of all three dynamics depends non-trivially
on their relative strength.

First, we present our main results for efficient measure-
ment (pure state dynamics) in Fig. 2. Panels (a) and (b)
display the results of the average concurrence C in the
long-time steady-state as a function of the noise strength
T", for various measurement strength .

Without measurement (A = 0), the average concur-
rence in the long-time steady-state C converges to a value
independent of the noise strength, C = 0.5. This is a di-
rect consequence of the information scrambling by the

local random unitary, which, in the steady state, leads to
a flat probability distribution over all the allowed states.
As a result, the noise strength merely affects how fast
the information is scrambled (time required to saturate).
At the same time, the steady-state value is uniquely de-
termined by the subspace of available states. With the
parametrization in Eq. (12), the average concurrence is
given by

C— / dSN|ab — By] = 0.5 (13)
Q

where Q is the hyper-surface defined by a?+3%2++2+§% =
1, N = 1/(27?) is the normalised constant probabil-
ity distribution and dS the infinitesimal surface element.
With the inclusion of measurement, entanglement is over-
all suppressed, displaying a trend of reduction with in-
creasing measurement strength A, as indicated in Fig.2(a)
(vertical slices) and (b). A non-monotonic behaviour in C
with increasing I', as a non-trivial result of the interplay
between noise and measurement. The initial increase of
average concurrence with I' for weak noise can be under-
stood heuristically as an information scrambling effect
from the random local unitary. This scrambling com-
petes with and reduces the localising effect from measure-
ment. This simple argument, however, breaks down when
the noise is increased further: C first reaches a maximum
as indicated by the blue dots, then decreases for larger
T". This is one of our first findings: competing local noise
and measurement reduce entanglement for strong noise,
contrary to enhancement for weak noise. The reduction
in entanglement induced by measurement for strong noise
can be understood as an effect of fast fluctuations of local
energy levels, which hinder the ability of Hy to entangle
adjacent spins.

This non-monotonic behaviour is observed in the sub-
system parity variance as well. In fig. 2(c), we observe
from the half-system parity that there is an initial de-
crease for small T', reaching a minimum (blue dots), fol-
lowed by an increase for larger I'. The overall values of
P, 5 in the presence of measurement are higher than the
noise-only scenario, revealing less correlations within the
system and the dynamics resembling closer to a quantum
Zeno regime. The non-monotonic behaviour in P/ in-
dicates various degrees of localised correlations, and it is
qualitatively in agreement with the behaviour observed
in the concurrence: high C <+ low P, /2 and vice versa. It
is worth pointing out that the location of the minimum
in P/, does not match exactly the location of the max-

imum in C. In both cases, the maximum/minimum of
the non-monotonicity shifts to a larger value of I" with
increasing A as indicated by the blue dots. In particular,
the minimum in P/, shifts faster than the maximum of

C (the minimum for A = 1.15 lies outside of the plot in
fig. 2(c), estimated to be I' ~ 20 ).

Interestingly, in fig. 2(d), 772 does not show any non-
monotonic behaviour in the set of \’s values presented
here, but it is present for smaller X as reported in app. B.
Although the overall increase with I qualitatively agrees
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FIG. 2. Average entanglement and subsystem parity variance in the steady state of the 2 qubits model (cf Eq.(1)). (a): density
plot of the average concurrence C over an array of noise strengths I' and measurement rates A. A non-monotonic dependence
along I' can be observed. (b): horizontal cuts along the density plot fig.2(a) displaying the average C as a function of I' for
various A, see legend. The blue dots indicate the maximum of each curve. (c): average half system parity P/, as a function
of T for various A. The blue dots indicate the minimum of each curve, and for A = 1.15 (red) the minimum lies outside of the
plot (estimated to be I' & 20). (d): average half system parity P;/; as function of I' for various A. The curves are monotonic.

with the overall trend observed in C and m, the disap-
pearance of non-monotonicity for larger A suggests that
different indicators, may have quantitative differences in
capturing the features of Zeno dynamics. In the follow-
ing, we will drop 71,3 and retain the subsystem parity
variance, P/, that more closely matches the entangle-
ment dynamics.

C. Inefficient measurements

As presented above, for efficient measurements (pure
state), both the entanglement and correlations capture,
to some extent, the same non-monotonic feature in the
dynamics, indicating some correspondence between cor-
relations and entanglement in a similar fashion to equilib-
rium physics. In a many-body setting, this suggests that
a quantum Zeno regime, in which the dynamics stabilize
a short-range correlated dark-state (measurement oper-
ator eigenstate), is related to low entanglement area law
in the system [64, 65]. However, as demonstrated below,
this relationship appears somewhat broken in inefficient
measurements (mixed state).

In Fig.3, we display the results of the concurrence and
the half-system parity variance for inefficient measure-

ments. From the simulations of C (fig. 3(a)-(c)), we ob-
serve that the entanglement in the system generally de-
creases with decreasing efficiency of the measurements
(lighter to darker blue). This is a direct consequence of
inefficient measurements that make the density matrix
increasingly mixed and closer to the fully mixed state
as the inefficiency increases, diminishing entanglement
in the system. An important feature is observed here:
for any measurement strength, A\, the non-monotonicity
in I" disappears below a threshold efficiency n*, which de-
pends on A (disappearance of maxima indicated by black
dots). We interpret this as a new regime in which the
density matrix is highly mixed, and the scrambling from
local random unitaries cannot out-compete information
loss/localisation from local measurements.

However, the operator correlations in the system tell
a different story. In Fig.3(d)-(f), we display the results
of the average subsystem parity variance in the steady
state as a function of I'. Although the absolute values of
P, /5 are lower for decreasing 7, non-monotonic behaviour
is present across all finite efficiency 7. This behaviour is
different from that of the entanglement: the average con-
currence C becomes monotonically decreasing for larger
n, whilst the average subsystem parity variance P re-
mains non-monotonic. This comparison shows that en-
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FIG. 3. Trajectories averaged concurrence C (top) and half-system parity m (bottom) as a function of local white noise
strength I', for given measurement strength A with increasing values from left to right panels, and various measurement
efficiencies 7. The values of 7, in decreasing shade, are {0,0.2,0.4,0.6,0.8,1}. (a)-(c): the black dots indicate the maximum for
each curve. The maximum drifts to lower I" for smaller n. (d)-(f): the black dots indicate the minimum for each curve. The

position of the black dots is essentially independent of 7.

tanglement and operator correlations may behave as two
distinct system features. Therefore, it is natural to ask
whether the phase transition captured by operator cor-
relations is the same as that captured by entanglement.
This will be the main theme of the next section, Sec.IV

IV. SPIN CHAIN

We now extend our investigation to a chain of more
than two qubits (cf eq.(1)). Given the qualitative dif-
ferences of inefficiencies in entanglement and operator
correlations highlighted in the last section, we focus
specifically on whether the phase transitions (of a many-
body system) indicated by the two separate measures are
equivalent. We employ the half system logarithmic en-
tanglement negativity labelled by €, /o = €1/ to quantify
entanglement (cf eq.(8)), and half system parity variance

2
labelled by Py, = Tr[Hfi % O"?:| for operator correla-

tions in the spin chain dynamics (cf Eq.(10)).

Note that although there exists a generalised many-
body concurrence [66, (7], it only applies to pure state
(efficient measurement), hence we employ the entangle-
ment negativity as a proper entanglement estimator.

A. Efficient measurement

From Sec.IIIB, entanglement and operator correla-
tions generally agree with each other in capturing the
same qualitative features for the case of two qubits for
efficient measurement. We expect this to hold here as
well. The system’s entanglement changes from extensive-
entanglement scaling (pale yellow lines) to area-law be-
haviour (dark copper lines) as A increases. Similarly, P; /o
changes from system-size dependent to system-size inde-
pendent, indicating strong spin-spin correlations.

In Fig. 4, we display the scaling of €5 and ?/2
with respect to different system sizes L, for various A at
fixed I". Fig.4(a) shows a qualitative change in entangle-
ment scaling upon increasing measurement strength for a
fixed value of I' = 0.1. For small measurement strength
A < 24, €3 is L dependent with extensive scaling of
entanglement; in contrast, €2 becomes L independent
for larger A\ > 2.4, suggesting an area-law phase. When
the noise strength is increased, the extensive entangle-
ment phase sets on at increased values of A > 4 as shown
in fig. 4(b). Although the system sizes are limited and
finite size effects are relevant, the results indicate noise
strength-dependent MiPTs between an area-law phase
and an extensive entanglement scaling phase. With the
caveat of finite-size scaling, the latter appears to be a
volume-law scaling phase. We also note that our results
imply a measurement-induced phase transition induced
by local unitary noise, which has recently been addressed
in a different model [68].
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FIG. 4. Scaling of the averaged entanglement negativity €3 (panels a,b) and half system parity (panels c,d) in the spin chain
model under efficient continuous measurement n = 1 for different values of the measurement strength. The results are shown for
two different values of noise strength, I' = 0.1 in panels (a) and (d), and I’ = 0.2 in panels (b) and (c). (e): estimated critical
measurement strength Acrit as a function of I' as estimated from from P; /2 (square marker/dashed line) and €12 (triangle
marker/solid line). The two lines are indistinguishable since they fully overlap

Turning our attention to the results of half system par-
ity in fig. 4(c) and (b), their L-scaling is qualitatively
consistent with that of entanglement: whenever €1 /5 indi-
cates an area law phase entanglement, m is L indepen-
dent (dark colour lines in fig.4(c)), whereas it decreases
with larger L in the extensive entanglement phase (pale
colour lines fig.4(c) and all lines in fig.4(b))[17, 59].

We can identify a critical measurement strength, which
separates the two distinct phases from either the entan-
glement negativity or the subsystem parity variance. In
the former, €3, it separates the extensive entanglement
phase from the area-law phase and in the latter, m,
it separates long-range operator correlations from short-
range operator correlations. We denote the respective
critical measurement strengths by Acz and A, 5. Repeat-
ing the analysis in Fig. 4(a-d) for different values of I", we
can estimate the I'-dependence of A\;z and )‘cf' Shown
in Fig.4(e), Ace and A.7 approximately coincide with
each other and increase monotonically for increasing I'.

B. Inefficient measurements

We now discuss our results for inefficient measure-
ments. As observed from the simple case of two qubits
(cf ec. TIT C), correlations and entanglement under inef-
ficient measurements may display different behaviours.
Therefore, we are interested in the implications of this
discrepancy on the measurement-induced entanglement

transition, comparing it with the transition indicated by
correlations.

In fig. 5(a)-(d), we report the results for the scaling of
the average half-system negativity €5 and the average

half-system parity variance ?/2 for inefficient measure-
ments at given noise strength and inefficiency, for differ-
ent measurement strengths. For high efficiency, n = 0.8,
we observe that the behaviours of entanglement and oper-
ator correlations remain qualitatively similar to the fully
efficient case, i.e. both P; /5 and €3 undergo a transition
from long-range to short-range upon increasing the mea-
surement strength. As an example, this is shown in fig. 5
panel (a) and (c) for I' = 0.15. However, different from
the fully monitored case, the estimated critical measure-
ment strength from the two indicators is different, with
Ace = 3.6 < A 5 ~ 4.4. The critical points follow a de-
pendence on the noise strength similar to that observed in
the fully monitored case, with the critical measurement
strength increasing with the noise strength, as shown in
panel (e). Notably the difference between Az and \, 5
is also reduced at smaller noise strength, and the two are
no longer distinguishable at I" ~ 0.05.

The different behaviour of the entanglement negativ-
ity and the half-system parity variance mirrors the be-
haviours observed in two qubits, in which for n > n*, the
non-monotonicity survives in entanglement, but not in
the subsystem parity variance The discrepancy between
the two is further enhanced as we reduce the efficiency
to n = 0.4 [panels (b) and (d)]. In fact, A\.(¢) appears at
a much lower value and is no longer \ dependent. This
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FIG. 5. Scaling of the averaged entanglement negativity €5 (panels a,b) and half system parity (panels c,d) in the spin chain
model under inefficient continuous measurement 7 < 1. The results are shown for two different values of noise strength and
inefficiencies, I' = 0.15 n = 0.8 in panels (a) and (c), and I" = 0.05 7 = 0.4 in panels (b) and (d). Legend of the lines appears at
the top left corner. (e): estimated critical measurement strength Aci¢ as a function of T' for A, 5 (square marker/dashed line)
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yellow for n = 0.4.

aligns with the known effect that highly inefficient mea-
surement tends to thermalise the system with vanishing
entanglement. This suggests a different kind of MiPT
controlled by inefficiencies, which generates mixedness
and suppresses entanglement differently from the local-
ising effect of measurement [69]. Such transition to van-
ishing entanglement due to inefficiency was also found in
other models, and in some cases, a critical inefliciency
can be identified [17, 48]. Below the critical efficiency,
the system is generally in the mixed phase. This transi-
tion to a mixed phase can also be observed through the
effect of noise. For small inefficiency, increasing I' still
has the effect of favouring the extensive entanglement
phase, which increases A.z as shown in fig. 5 (e) (solid
purple line). However, as the inefficiency is increased fur-
ther, this entanglement enhancing effect by noise is sup-
pressed as displayed in fig. 5 (e) (solid yellow line), where
Ac,e is I'-independent and possibly equal to 0 for any finite
measurement strength. The absence of this enhancement
by noise is in line with the discussion previously on en-
tanglement suppression by inefficiency/thermalisation in
Sec. III.

Finally, we note that the case n = 0 is trivial: any
finite A will induce trivial dynamics since the measure-
ment part of the master equation Eq.(1) reduces down
to a Lindbladian, and the density matrix at long times is
merely proportional to identity.

V. DISCUSSION AND CONCLUSIONS

In this work, we have numerically investigated the ef-
fect of local unitary noise in locally monitored systems.
In a minimal 2-qubit setup, the interplay of these com-
peting dynamics produces an intriguing non-monotonic
behaviour in entanglement and operator correlations as
a function of noise strength. This unique feature associ-
ated with quantum trajectory dynamics is most visible
at small measurement strength, where the system dis-
plays higher entanglement/correlations for intermediate
noise strength. With increasing measurement strength,
the minimum/maximum of the non-monotonicity shifts
to larger noise strength and the non-monotonicity be-
comes less prominent.

Interestingly, upon the inclusion of measurement in-
efficiency, the 2-qubit system signals non-trivial dynam-
ics for the entanglement and operator correlations: en-
tanglement gradually becomes monotonic, whereas cor-
relations, specifically the half-parity variance, remain
non-monotonic for all finite measurement inefficiencies.
This suggests a breakdown of the conventional corre-
spondence between entanglement and operator correla-
tions present in equilibrium physics, and mixed dynam-
ics could host correlations behaving differently from en-
tanglement. This can be heuristically understood from
the argument that operator correlations generally cap-



ture both quantum and classical correlations, distinguish-
ing themselves from entanglement measures which only
capture quantum correlations. Particularly in strongly
inefficient measurement, high classical statistical uncer-
tainty is introduced, and this purely classical effect is
likely responsible for exaggerating the difference between
entanglement and operator correlation, ultimately lead-
ing to different scaling behaviours. Such behaviour was
also hinted at in pure state unitary dynamics [70], where
the entanglement entropy scales differently in subsystem
size from higher order Rényi entropies: entanglement
entropy is known to be a genuine entanglement mono-
tone [71]; in comparison, higher-order Rényi entropies
are not entanglement monotone and may be spoiled with
classical correlation [72]. Thus, relating to our work, the
discrepancies observed suggest that entanglement (quan-
tum correlations) is distinguished from certain operator
correlations, which can contain classical correlations.

Motivated by this observation in mixed state dynam-
ics (inefficient measurement), we study an extended spin
1/2 chain model and compute the system size scaling
of entanglement and half-parity variance. For efficient
measurements, the scaling of entanglement and opera-
tor correlations display the typical correspondence in be-
haviour so that the short-range (area-law) entanglement
phase coincides with the short-range phase from opera-
tor correlations. For inefficient measurements, however,
the breakdown of the relation is visible: short-range en-
tanglement no longer corresponds to short-range correla-
tions. The results suggest that entanglement and opera-
tor correlations can generically differ from each other in
mixed-state dynamics, and the phase diagrams indicated
by the two quantities are no longer equivalent.

Our results hint at a richer scenario for MiPT's in mixed
states than that depicted by the entanglement phase
transition alone. They further raise the question of how
generic the reported discrepancy between the entangle-
ment scaling and operator correlations is. On the one
hand, the generality of the observed features beyond the
model studied here is an interesting aspect to address, es-
pecially for other models where a mixed state transition
has been identified [17]. On the other hand, the ques-
tion extends to whether the discrepancy can be somehow
associated with some classical correlation components in
the subsystem parity variance and whether non-classical
correlations different from entanglement, like quantum
discord, may play a role.

Additionally, boosted by the restricted accessible sys-
tem sizes via exact diagonalisation in this paper, it opens
up an engaging question on the possibility of incorporat-
ing tensor-network simulations, e.g. MPS, in an ineffi-
ciently measured interacting model. We leave this fasci-
nating direction for future investigation.

Data availability: the data that support the findings
of this article are entirely within the manuscript.
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Appendix A: Inefficiency

This appendix outlines the derivation of the quantum
state diffusion in the presence of inefficiency Eq. (1).
From a microscopic perspective, there are two main ways
in which measurement is considered inefficient: 1. the
detector only records a fraction of the readout, and 2.
the readout by the detector has a non-zero probability of
being wrong. Case 1 arises naturally in a photon count-
ing detector, while case 2 is a fault in the experimental
apparatus[1].

Consider case 1, where one can view the real physical
detector as two imaginary sub-detectors: the first sub-
detector with measurement streng th Ay is a perfect
detector where all readouts from the real detector are
recorded by it solely (cf. Eq. (1) for perfect efficiency).
In contrast, the second sub-detector with measurement
strength A(2) loses all its readouts, and the observer only
has access to the average dynamics induced by it (c.f.
Eq. (3)). Representing the measurement operator as Oj,
one can then write down the combined effects of these
two sub-detectors on the conditional density matrix as
from (1) and Eq. (3):

At
dpi = {0; = (0,). pi}dW}yy = =5t [0;, (05 p1]

_ e

5 4105105, pell

(A1)

where dW(tl)dW(tl/) = A\(1)dtd; . Calling a new Ito pro-

cess dAWtdW?t = (A1) + A2))dtdeyr, Eq.(Al) precisely
describes a real detector with measurement strength
A=Ay + A2y and efficiency n = Ay /(A1) + A2))-

To demonstrate case 2, we remind ourselves that con-
tinuous measurements on the spin are simply feedback
from the projective measurements performed on the an-
cillae via a quantum channel upon tracing out the ancilla
degree of freedom. Restricting to a single two-level an-
cilla, the channel may be represented by the following
Kraus’ operators:

K, = LQ (VI T e 11| + vI—e|0)o])

K, = \% (VI=e[11] + VITe|0X0]),

and they satisfy the condition K] K, + K;Kd =1 €is
a small parameter, and we need only terms up to O(€?).
The two Kraus’ operators in Eq.(A2) correspond to the
two possible readouts from the ancilla and they update

(A2)



the state in the following way: given a readout r € {u,d},
the state after a measurement event is

K, pK}
p(u)Z% ,ifr:u

KapK}
P(d) = Pa dalfr:dv

(A3)

with respective probability p, = Tr [KupKﬂ and pg =
Tr [deKH . pu and pg represents the post-measurement

state corresponding to readout v and d. Eq.(A3) assumes
perfect detector: let A € (0,1) be the conditional prob-
ability of a detector readout to be u given that the real
readout is u, A = p(r = u|u) = 1 is unity for perfect mea-
surement (respectively for d). However, Consider now
systematic errors so that A = p(r = u|u) < 1 can be
less than 1. Translating the effect of this error onto the
density matrix update, Eq.(A3) is modified to be:

AK pK! 4+ (1 — A)KpK}

Plr=ulu) = p(u>
AKgpK)+ (1 — A)KypK]
Pr=d|d) = d () . (A4)

Py = Tr [AKupK:E +(1- A)deK:g (and similarly

P(a)) is now modified. A = 0.5 corresponds to a com-
pletely inefficient detector whose readout is completely
random, and A < 0.5 is equivalent to exchanging u <> d
with a new A’ = 1 — A (a detector with A = 0 has
its readout ‘flipped’, but working just fine). Expanding
Eq.(A4) up to O(€?), we can combine both equations into
a single differential equation:

dp= 20 = 1){o%,p} — S 0%, 0%, ]
~aw(a - e - P20 (00 )
+ (2A — 1)%p(o?)?. (A5)

dp represents the change in p after a measurement event
(dp = pa=kk) — P,k € {u,d}) and we introduce a bi-
nomial variable dW = +e with probability distribution
p(de) = 1/2(1+£(2A—1)e(0?)) and dW = €2(2A—1)(c?).
Constructing a new binomial variable d¢ = dW — dW
(overline corresponds to average), the mean is now cen-
tred at zero dé = 0 and the variance dé2 = €2 + O(e*) =
dW? is unchanged up O(e?). Eq.(A5) now becomes:

dg z z 62 z z
dp = 5 (28 = 1){0" — (0%), p} — ¢ [0%,[0%, pl]  (A6)
Setting the scaling e = 2v/Adt, d¢ is equivalent to a
Wiener process (central limit theorem giving Gaussian
distribution) with mean 0 and variance 4Adt in the time
continuum limit. With this, we recover Eq.(1) with
n = |2A — 1]? (and appropriate scaling).
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Appendix B: Supplementary numerical simulations

We present more numerical results for entanglement
negativity and purity for completeness. We also report
simulations using the quantum jump equation, which
shows identical average features.

a. Quantum jump —The procedure to simulate the
quantum jump equation is slightly different from the one
used in the main text: we modify the measurement op-
erator 0% to a jump operator n; = 1/2(1 + o%) which is
a projector. The quantum jump equation can be derived
using suitable Kraus’ operators, similar to Eq.(A2):

Ky = e|1(1]

Kq=+T—e|1)1] + [0)0]. (B1)

Here € is a small number quantifying the strength of the
measurement, and its temporal scaling should be set as
€ ~ dt = ~dt to derive the time continuum quantum
jump equation [1, 73]. Measurement inefficiency is in-
corporated as outlined in App. A: given a true readout
u, the probability of the detector output being u is not
unity (cf. Eq(A3)).

In Fig. 6, we present the results for average concur-
rence squared C2? using the quantum jump equation.
Non-monotonicity is present for perfect measurement
(fig. 6(a)), and it disappears for sufficiently inefficient
measurement (Fig. 6(a)).

b. Logarithmic negativity —In Fig. 7, we display the
results of half system logarithmic negativity, obtained
by simulating Eq.(1). Non-monotonicity is also present,
which confirms that this is a general entanglement feature
in this 2-qubit system, irrespective of the monotone used
for entanglement.
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FIG. 6. Average squared concurrence C2 as a function of noise
strength and for different values of the measurement strength
for jump operator n; = 1/2(1 4 03), j € {1,2}. Results for
two measurement inefficiencies are presented: (a) n = 1 and
(b) n = 0.57.
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