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Geometric contribution to adiabatic amplification in non-Hermitian systems
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Concepts from non-Hermitian quantum mechanics have proven useful in understanding and manipulating a
variety of classical systems, such as those encountered in optics, classical mechanics, and metamaterial design.
Recently, the non-Hermitian analog of the Berry phase for adiabatic processes was experimentally measured.
In non-Hermitian systems, the Berry phase can have an imaginary part, which contributes to the amplification
or decay of the total wave intensity. When the imaginary part of the Berry curvature is zero, this geometric
amplification factor is determined solely by the initial and final points of the adiabatic path in parameter space,
and it does not depend on how these points are connected by the path. We list classes of non-Hermitian
Hamiltonians where this path independence is guaranteed by suitable symmetries, and we find that, for some
of these classes, the amplification factor can be written only in terms of the Petermann factors of the initial and
final points. Our result can, in turn, be used to experimentally obtain the Petermann factor by observing how the
norm of the wave function changes under adiabatic processes. We validate our theory using a couple of concrete
examples of physical relevance.
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I. INTRODUCTION

Non-Hermitian quantum mechanics is a theoretical frame-
work describing systems whose state vector, i.e., wave
function, obeys a Schrödinger equation with a non-Hermitian
Hamiltonian [1,2]. Originally proposed to describe open,
decaying, and statistical quantum systems, such as nuclei
interacting with the environment [3,4] or an array of super-
conducting vortices [5,6], non-Hermitian quantum mechanics
recently found applications in various classical systems,
and it has been rapidly developing since the realization
of a PT -symmetric Hamiltonian in optics [7–11], and the
subsequent generalization into non-Hermitian topological
photonics [12–19].

One distinguishing feature of non-Hermitian quantum me-
chanics is that the norm of the state vector is not conserved.
Although the overall normalization of the state vector is not
a measurable property in quantum systems, it is a physically
meaningful property in classical setups; for example, in op-
tics the squared norm of the state vector describes the total
intensity of the light in the system. One origin of the change
of the norm of the state vector is the imaginary part of the
energy. Because of the non-Hermiticity of the Hamiltonian,
the eigenenergies can have a nonzero imaginary part, which
describes the transient amplification or decay of the state
vector. Another origin of the change of the norm of the state
vector is the complex non-Hermitian Berry’s phase [20–28],
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which appears when one slowly (adiabatically) changes some
parameters in the Hamiltonian. This contribution is geometric;
the change of the norm of the state is determined by the
path followed in parameter space and the geometric properties
of the state vector along the path, and it occurs even when
all the instantaneous eigenenergies of the system along the
path are real-valued. A further distinguishing feature of the
non-Hermitian Berry’s phase is that it is gauge invariant, i.e.,
independent of the normalization of the basis vectors, even
when the path is open. In contrast, the ordinary Berry’s phase
in Hermitian systems is gauge invariant only when the path
is closed. This adiabatic amplification or decay of the state
vector due to the non-Hermitian Berry’s phase has recently
been experimentally probed in feedback-coupled mechanical
oscillators [27].

In this paper, we show that, under some circumstances, the
geometric contribution to the adiabatic amplification depends
only on the initial and final points in the parameter space, and
does not depend on the details of the path connecting the two
points. The necessary and sufficient condition for this path-
independent adiabatic amplification is the vanishing of the
imaginary part of the appropriately defined Berry curvature.
We identify several key cases in which this path independence
holds, and we find that in some cases, such as reciprocal
Hamiltonians, the adiabatic amplification factor is determined
solely by the ratio of the Petermann factors at the initial and
final points in the parameter space.

This provides a conceptual link to a previously unrelated
concept from non-Hermitian physics. Just as the eigenen-
ergies, the Petermann factor relates to the quasistationary
properties of a fixed Hamiltonian, for which it character-
izes the nonorthogonality associated with a given eigenstate
[29]. Originally, this factor was uncovered as a source of
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excess quantum noise [30–32]. Subsequently, it was found
that it characterizes the general sensitivity of the system
to perturbations [33], including dynamical perturbations in
the form of external noise [34]. The Petermann factor also
highlights the unconventional physics near non-Hermitian de-
generacies (exceptional points) [33,35,36], where it diverges
in accordance with a qualitatively altered, super-Lorentzian,
line shape [37–39], and it leads to the design of sensors with
nonlinear response functions [40–42]. However, determin-
ing the Petermann factor directly in experiments has been a
significant challenge [43,44].

Our results suggest that, in order to amplify the signal to
a desired value, one does not need to precisely control the
speed of the parameter change or the path in the parameter
space. One just needs to identify the initial and final points in
the parameter space which provide the desired amplification,
and one needs to change the parameters slowly enough via
the path connecting the two points that is most easily acces-
sible in a given experiment. When the amplification factor
is determined solely by the Petermann factor, our results in
turn provide a method to experimentally measure the Peter-
mann factor directly through the geometric amplification of
the signal.

Here is the outline of our paper. In Sec. II, we lay out a gen-
eral framework of adiabatic amplification in non-Hermitian
setups, and we establish that a vanishing imaginary part of the
Berry curvature is the necessary and sufficient condition for
the adiabatic amplification to only depend on the properties of
the initial and final points in the parameter space. In Sec. III,
we identify several key cases in which the imaginary part
of the Berry curvature becomes zero and hence the adiabatic
amplification factor is only end-point dependent. In Sec. IV,
we give a summary of the general discussion given in Sec. III.
In Sec. V, we analyze two concrete models to examine the
validity of the adiabatic theorem upon which our formalism
relies. In particular, we first examine a paradigmatic two-
level Hamiltonian, and then we study a non-Hermitian lattice
system of experimental relevance. Our conclusions, given in
Sec. VI, include a summary of the findings and an outlook on
possible applications and further work.

II. ADIABATIC AMPLIFICATION

We first review the geometric contribution to the intensity
amplification in non-Hermitian systems. Consider a non-
Hermitian Hamiltonian H (λ) that depends on a set of real
parameters λ = (λ1, λ2, . . . ). The right and left eigenstates
of a non-Hermitian Hamiltonian are generally different from
each other, but they share the same eigenvalues. We write
the right and left eigenstates with an eigenvalue E (λ) as
H (λ)|R(λ)〉 = E (λ)|R(λ)〉 and 〈L(λ)|H (λ) = E (λ)〈L(λ)|, re-
spectively. Throughout this paper, we do not assume any
particular normalization of the right and left eigenstates; we
allow 〈R(λ)|R(λ)〉, 〈L(λ)|R(λ)〉, and 〈L(λ)|L(λ)〉 to take arbi-
trary nonzero values.

We consider the dynamical evolution of the system where
we start from a right eigenstate of the Hamiltonian at
some point λ(0) in the parameter space, and then adiabat-
ically change the parameters as λ(t ) until some time t =
T . The evolution of the wave function |ψ (t )〉 follows the

Schrödinger equation

i
d

dt
|ψ (t )〉 = H (λ(t ))|ψ (t )〉. (1)

The initial condition is |ψ (0)〉 = c|R(λ(0))〉 with a constant
c determined by the initial norm of the wave function. We
will examine the change of the intensity I (t ) ≡ 〈ψ (t )|ψ (t )〉,
which we will separate into a dynamical and a geometric
contribution.

The assumption of adiabaticity in Hermitian systems im-
plies that the wave function remains proportional to the
instantaneous eigenstate during the evolution, which is the
consequence of the adiabatic theorem. In non-Hermitian se-
tups, for the adiabatic theorem to hold, it is required not only
that the change of the parameters λ(t ) is slow compared to
the scale determined by the energy gap, but also that the
eigenvalue corresponding to the right eigenstate |R(λ(t ))〉 has
the largest imaginary part among all the eigenvalues of the
Hamiltonian H (λ(t )) at any time t [45–47]. Under these con-
ditions, in non-Hermitian systems, the wave function remains
proportional to the instantaneous right eigenstate |R(λ(t ))〉
during the evolution. An important case in which this adia-
baticity can hold is when all the eigenvalues are real, such as
in the PT -symmetric regions in PT -symmetric Hamiltonians
[7–11].

Assuming that the adiabatic theorem holds, the
Schrödinger equation (1) can be integrated, as explained
in Ref. [27], and the wave function at the final time T can be
written as

|ψ (T )〉 = c exp

[
−i

∫ T

0
E (λ(t ))dt + i

∫
C
ALR(λ) · dλ

]

× |R(λ(T ))〉, (2)

where we have defined the left-right Berry connection by

ALR(λ) = i
〈L(λ)|∇λR(λ)〉
〈L(λ)|R(λ)〉 . (3)

We will later also use another Berry connection, ARR(λ),
which we define by

ARR(λ) = i
〈R(λ)|∇λR(λ)〉
〈R(λ)|R(λ)〉 . (4)

The integral of the left-right Berry connection in Eq. (2) is the
line integral along the path C in the parameter space λ drawn
by λ(t ).

The ratio of the squared norm (total intensity) of the wave
function at the final time to the initial time, which we call the
adiabatic amplification factor, is

I (T )

I (0)
= 〈ψ (T )|ψ (T )〉

〈ψ (0)|ψ (0)〉 = 〈R(λ(T ))|R(λ(T ))〉
〈R(λ(0))|R(λ(0))〉

× exp

[
2

∫ T

0
Im[E (λ(t ))]dt − 2

∫
C

Im[ALR(λ)] · dλ

]
.

(5)

We can further show that

〈R(λ(T ))|R(λ(T ))〉
〈R(λ(0))|R(λ(0))〉 = exp

[
2

∫
C

Im[ARR(λ)] · dλ

]
, (6)
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which follows from integrating

∇λ log [〈R(λ)|R(λ)〉] = 2 Im[ARR(λ)]. (7)

Then, the adiabatic amplification factor is

I (T )

I (0)
= exp

[
2

∫ T

0
Im[E (λ(t ))]dt

]

× exp

[
−2

∫
C

Im[ALR(λ) − ARR(λ)] · dλ

]
. (8)

The first factor, which involves the imaginary part of the
eigenvalue, is a dynamical factor that depends on the speed
with which one is changing the parameters. The second fac-
tor, which only depends on the path C in the parameter
space and does not depend on the speed of the parameter
change, is a geometric contribution to the adiabatic ampli-
fication factor. We note that, as discussed in earlier works
[27,48], the combination ALR(λ) − ARR(λ), which appears
in the geometric contribution, is invariant under the (gener-
alized) gauge transformation to change |R(λ)〉 and |L(λ)〉 by
a nonzero λ-dependent multiplicative factor. In other words,
ALR(λ) − ARR(λ) is independent of the normalization of the
right and left eigenstates.

When the eigenvalues of the Hamiltonian are all real,
the adiabatic amplification factor is determined solely by the
geometric term. When the eigenvalue E (λ(t )) is a complex
number with nonzero imaginary part, the adiabatic amplifica-
tion factor generally contains the dynamical factor. However,
we note that we can cancel the dynamical factor and single
out the geometric factor if we also consider the adiabatic am-
plification factor of the inverse process, where the parameters
change adiabatically as λ(T − t ), and we take the ratio of the
adiabatic amplification factors for these two processes.

The geometric contribution to the adiabatic amplification
factor, which we denote by

Ag(C) = I (T )

I (0)

∣∣∣∣
geometric

≡ exp

[
−2

∫
C

Im[ALR(λ) − ARR(λ)] · dλ

]
, (9)

only depends on the path C in the parameter space.
Our primary interest is to understand under which circum-

stances this geometric amplification factor only depends on
the choice of initial and final points of the adiabatic process
in parameter space, and not on the specific path that connects
the chosen two points.

One obvious case is when the parameter space is one-
dimensional. The adiabatic amplification factor is then
determined by the values of the primitive function of the
integrand at the initial and final points of the path.

We therefore consider the nontrivial case of the param-
eter space being two-dimensional or higher, and we study
the conditions under which the geometric contribution to the
adiabatic amplification factor is only determined by the initial
and final points of the path.

Let us consider two different paths, C and C ′, which share
the same initial and final points in the parameter space. The
condition that the two paths should give the same geometric

amplification factor is equivalent to

exp

[
−2

∫
C−C′

Im[ALR(λ) − ARR(λ)] · dλ

]
= 1, (10)

where the path C − C ′ is the closed path obtained by joining
the two paths so that path C is followed by path C ′ in the
backward direction. Let us introduce the Berry curvature to
rewrite Eq. (10) in terms of a surface integral when the path
C − C ′ is contractible to a point. If λ is three-dimensional [49],
we define the left-right and right-right Berry curvatures by

�LR(λ) ≡ ∇λ × ALR(λ),

�RR(λ) ≡ ∇λ × ARR(λ). (11)

We note that Im[�RR(λ)] = 0 always holds, but Im[�LR(λ)]
is generally nonzero. Then, Eq. (10) can be written as

exp

[
−2

∫
S

Im[�LR(λ)] · dn̂

]
= 1 (12)

for a contractible path C − C ′, where the integral is a surface
integral over any surface S enclosed by the path C − C ′, and
dn̂ is the normal vector perpendicular to S . Imposing the
condition Eq. (12) for any paths C and C ′, where C − C ′ is
contractible, and any surface S enclosed by the path C − C ′,
we arrive at the condition

Im[�LR(λ)] = 0, (13)

under which the geometric amplification factor is invariant
under the continuous change of the path.

We make a remark here regarding the condition that C − C ′
be contractible. This condition implies that the geometric am-
plification factor can be different between C and C ′ if the path
C − C ′ forms a nontrivial loop in the parameter space and thus
we cannot write the surface integral Eq. (12). The contractibil-
ity condition is always fulfilled when the parameter space is
simply connected. For simply connected parameter spaces, the
condition Eq. (13) is the necessary and sufficient condition
for the geometric amplification factor to depend only on the
choice of the initial and final points in the parameter space. In
the rest of the paper, we assume that the parameter space is
simply connected.

In the next section, we identify key cases in which the
condition Eq. (13) holds, and we derive expressions of the
geometric amplification factor in terms of local properties at
the initial and final points in parameter space.

III. PATH-INDEPENDENT FORMULATION OF THE
GEOMETRIC AMPLIFICATION FACTOR

We now analyze the geometric amplification factor, Eq. (9),
under the condition Eq. (13). We find that this condition is
fulfilled in the following two classes of systems:

A. When there exists a λ-independent Hermitian matrix M
such that |L(λ)〉 = M|R(λ)〉.

B. When there exists a λ-independent symmetric matrix
M such that |L(λ)〉 = M|R(λ)∗〉.

Furthermore, the condition can also be fulfilled in two
similar classes:

A′. When there exists a λ-independent Hermitian
matrix M such that |R(λ)〉 = M|L(λ)〉.
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B′. When there exists a λ-independent symmetric matrix
M such that |R(λ)〉 = M|L(λ)∗〉.

Here, |R(λ)∗〉 and |L(λ)∗〉 are the complex conjugates of
|R(λ)〉 and |L(λ)〉, respectively. One can check that, for the
cases B and B′, not only the imaginary part but also the real
part of the Berry curvature vanishes: �LR(λ) = 0.

The cases A and A′ are equivalent when M is invertible,
and so are the cases B and B′. However, we do not need to
impose the invertibility of the matrix M; this is the reason we
need to consider these cases separately. An important example
of a noninvertible M is when M is a rank-1 projector, in which
case |L(λ)〉 = M|R(λ)〉 implies that |L(λ)〉 can be chosen to
be a λ-independent vector; we will come back to this example
later.

Before examining each case to find the path-independent
formula for the geometric amplification factor, we derive
some useful relations about the integrand of the geometric
amplification factor. First, let us note that the geometric am-
plification factor can be written also in terms of the projectors

PL(λ) ≡ |L(λ)〉〈L(λ)|
〈L(λ)|L(λ)〉 , PR(λ) ≡ |R(λ)〉〈R(λ)|

〈R(λ)|R(λ)〉 , (14)

as

Ag(C) = exp

[
−

∫
C

Tr(PL∇λPR)

Tr(PLPR)
· dλ

]
. (15)

We also introduce here the Petermann factor, which is a local
gauge-invariant quantity characterizing the different orienta-
tion of the right and left eigenstates, and it is defined by

K (λ) ≡ 〈L(λ)|L(λ)〉〈R(λ)|R(λ)〉
|〈L(λ)|R(λ)〉|2 = 1

Tr(PLPR)
. (16)

We will see shortly that, in many cases, the geometric amplifi-
cation factor can be written in terms of the Petermann factors
at the initial and the final points in the parameter space.

The integrand of Eq. (15) can be written as

Tr(PL∇λPR)

Tr(PLPR)
= ∇λ

(
ln

1

〈R|R〉
)

+
( 〈L|∇λR〉

〈L|R〉 + c.c.

)
, (17)

where c.c. stands for the complex conjugate of the term within
the same parentheses, and similarly

Tr[(∇λPL )PR]

Tr(PLPR)
= ∇λ

(
ln

1

〈L|L〉
)

+
( 〈R|∇λL〉

〈R|L〉 + c.c.

)
.

(18)

Since the integrand of Eq. (15) can also be written as

Tr(PL∇λPR)

Tr(PLPR)
= ∇λTr(PLPR)

Tr(PLPR)
− Tr[(∇λPL )PR]

Tr(PLPR)
, (19)

adding Eqs. (19) and (17), using Eq. (18), and dividing by 2,
we obtain that the integrand is

Tr(PL∇λPR)

Tr(PLPR)
= 1

2

∇λTr(PLPR)

Tr(PLPR)
+ 1

2
∇λ

(
ln

〈L|L〉
〈R|R〉

)

+ 1

2

( 〈L|∇λR〉
〈L|R〉 − 〈R|∇λL〉

〈R|L〉 + c.c.

)

= ∇λ ln

√
1

K

〈L|L〉
〈R|R〉 + �(λ), (20)

where we have grouped some terms as

�(λ) ≡ 1

2

( 〈L|∇λR〉
〈L|R〉 − 〈R|∇λL〉

〈R|L〉 + c.c.

)

= Im[ALR(λ) − ARL(λ)]. (21)

The geometric amplification factor can then be written as

Ag(C) =
√

KT
〈RT |RT 〉
〈LT |LT 〉

1

K0

〈L0|L0〉
〈R0|R0〉 exp

[
−

∫
C

�(λ) · dλ

]
.

(22)

Here, |R0〉 and |L0〉 are the right and left eigenstates of the
Hamiltonian at t = 0, and |RT 〉 and |LT 〉 are those at t = T .
As one can see, the square-root factor is solely determined by
the properties at the initial and final points of the path C in
parameter space, but the integral of �(λ) still depends on the
path C itself.

When �(λ) = 0, it follows that ∇λ × �(λ) =
Im[�LR(λ) − �RL(λ)] = 2 Im[�LR(λ)] = 0. (We have
used Im[�LR(λ)] = −Im[�RL(λ)].) Since Im[�LR(λ)] = 0,
as discussed at Eq. (13), is the necessary and sufficient
condition to have the geometric amplification factor Ag(C)
to be path-independent, the condition �(λ) = 0 provides a
sufficient condition for the path independence. We note that
the converse is not always true; Im[�LR(λ)] = 0 does not
imply �(λ) = 0.

As we will see, when one of the conditions we listed in
the beginning of this section is met, �(λ) = 0 holds, and thus
Im[�LR(λ)] = 0 also holds. We now consider each of these
cases separately.

A. |L〉 = M|R〉 with a Hermitian M

When the right and left eigenstates are linearly related by a
Hermitian matrix M as |L〉 = M|R〉, we see that

�(λ) = 1

2

( 〈R|M†∇λR〉
〈R|M†|R〉 − 〈R|∇λMR〉

〈R|M|R〉 + c.c.

)
.

= 0. (23)

Thus, the geometric amplification factor is

Ag(C) =
√

KT
〈RT |RT 〉
〈LT |LT 〉

1

K0

〈L0|L0〉
〈R0|R0〉

=
√

KT
〈RT |RT 〉

〈RT |M2|RT 〉
1

K0

〈R0|M2|R0〉
〈R0|R0〉 . (24)

We note that the final expression is manifestly invariant under
the change of the norm and/or phase of the right eigenstates
at the initial and the final positions.

One noticeable example in which |L〉 = M|R〉 with a Her-
mitian M holds is when the non-Hermitian Hamiltonian H (λ)
can be transformed into a Hermitian matrix under a sim-
ilarity transformation—namely, if there exists an invertible
λ-independent matrix P with

(P−1H (λ)P)† = P−1H (λ)P. (25)
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One can then show that the eigenvalues of H (λ) are all
real, and |L〉 = M|R〉 holds with M = (PP†)−1, which is a
Hermitian matrix.

We now discuss two special cases, where M is also a
unitary matrix, and where M is a projector. As we see, for
these two cases the geometric amplification factor is written
solely in terms of the Petermann factors at the initial and final
points in the parameter space.

1. When M is unitary

When M is unitary as well as Hermitian, M2 = I holds,
where I is the identity matrix. Important nontrivial examples
where M is both Hermitian and unitary are the Pauli matrices
and any tensor products of them. The geometric amplification
factor then reduces to

Ag(C) =
√

KT

K0
, (26)

which is a particularly simple form written solely in terms
of the Petermann factors at the initial and final points in the
parameter space.

2. When M is a projector

When M is a projector, M2 = M holds, and we see the
following relations:

〈L|L〉 = 〈R|M2|R〉 = 〈R|M|R〉 = 〈L|R〉 = 〈R|L〉. (27)

Then,

〈R|R〉
〈L|L〉 = 〈R|R〉〈L|L〉

|〈L|R〉|2 = K. (28)

Using Eq. (28) in the first line of Eq. (24), we obtain

Ag(C) = KT

K0
, (29)

and thus the geometric amplification factor is again written
solely in terms of the Petermann factors, but now we have a
linear dependence, instead of the square-root dependence we
saw in Eq. (26).

An important example where M is both Hermitian and a
projector is when |L〉 can be taken independent of λ. We can
then choose M = |L〉〈L| with a normalized |L〉, and we see
that |L〉 ∝ M|R〉 [50]. In this case, M is a rank-1 projector. We
will later consider a model where |L〉 is λ-independent, and
verify by numerical simulations that the geometric amplifica-
tion factor is indeed given by KT /K0.

B. |L〉 = M|R∗〉 with a symmetric M

When the right and left eigenstates are antilinearly related
by a symmetric matrix M as |L〉 = M|R∗〉, we see that

�(λ) = 1

2

( 〈R∗|M∗∇λR〉
〈R∗|M∗|R〉 − 〈R|∇λMR∗〉

〈R|M|R∗〉 + c.c.

)
. (30)

Since the first term in the parentheses is the complex conjugate
of the second term, the first and second terms give a purely
imaginary value. Therefore, adding its complex conjugate, we

see that �(λ) = 0, and the geometric amplification factor is

Ag(C) =
√

KT
〈RT |RT 〉
〈LT |LT 〉

1

K0

〈L0|L0〉
〈R0|R0〉

=
√

KT
〈RT |RT 〉

〈R∗
T |M∗M|R∗

T 〉
1

K0

〈R∗
0|M∗M|R∗

0〉
〈R0|R0〉 . (31)

This expression is again manifestly invariant under the change
of the norm and/or phase of the right eigenstates at the initial
and final points in the parameter space.

One noticeable example in which |L〉 = M|R∗〉 with a
symmetric M holds is when the non-Hermitian Hamiltonian
H (λ) can be transformed into a symmetric matrix under a
similarity transformation—namely, if there exists an invertible
λ-independent matrix P with

(P−1H (λ)P)T = P−1H (λ)P. (32)

One can then show that |L〉 = M|R∗〉 holds with M =
(P∗P†)−1, which is a symmetric matrix. In particular, when
the Hamiltonian H (λ) is symmetric, which constitutes an
important class of non-Hermitian Hamiltonians represent-
ing reciprocal systems, the condition |L〉 = |R∗〉 holds with
M = I .

We again consider two special cases, where M is also a
unitary matrix, and where M is a rank-1 projector.

1. When M is unitary

When M is unitary as well as symmetric, MM∗ = I holds.
An important example of M being unitary is when the
Hamiltonian can be transformed into a reciprocal (symmet-
ric) form with a fixed unitary matrix—namely, when P in
Eq. (32) is a unitary matrix, and thus M = (P∗P†)−1 is unitary
as well.

Noting that 〈R∗|R∗〉 = 〈R|R〉 generally holds, the geomet-
ric amplification factor when M is unitary is

Ag(C) =
√

KT

K0
, (33)

which is again written solely in terms of the Petermann factors
at the initial and final points in the parameter space. We note
that this result is the same as Eq. (26), namely this square-root
dependence on the ratio of the Petermann factors holds for
both Hermitian and symmetric M if we additionally impose
unitarity.

2. When M is a rank-1 projector

When M is a projector, M† = M. Combining this with the
condition that M is a symmetric matrix, we have M = MT =
M∗ = M†. Together with M2 = M, we then have

〈L|L〉 = 〈R∗|M|R∗〉 = 〈L|R∗〉 = 〈R∗|L〉. (34)

When the rank of M is 1, we can write it as M = |c〉〈c|
with a λ-independent real vector with a unit length |c〉. Then,
|L〉 = M|R∗〉 implies that |L〉 = 〈c|R∗〉|c〉. Taking its complex
conjugate, |L∗〉 = 〈c|R∗〉∗|c〉 = 〈c|R∗〉∗

〈c|R∗〉 |L〉. This means that |L〉
and |L∗〉 are different by an overall phase factor, which
possibly depends on λ. Thus we can write |L∗〉 = eiφ(λ)|L〉.
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Then,

〈L|L〉2 = 〈L|R∗〉〈R∗|L〉 = 〈L∗|R∗〉〈R∗|L∗〉
= 〈R|L〉〈L|R〉 = |〈L|R〉|2. (35)

Therefore,

〈R|R〉
〈L|L〉 = 〈R|R〉〈L|L〉

〈L|L〉2
= 〈R|R〉〈L|L〉

|〈L|R〉|2 = K. (36)

Thus, from Eq. (31), we obtain

Ag(C) = KT

K0
, (37)

which is the same as in the case of |L〉 = M|R〉 with a Her-
mitian projector M. However, we note that the proof we
presented here only works for a rank-1 projector, whereas the
result in the case of |L〉 = M|R〉 with a Hermitian projector M
holds for projectors with any rank.

An important example in which M is both symmetric and a
rank-1 projector is when |L〉 is a real vector independent of λ.
As before, we can then choose M = |L〉〈L| with a normalized
|L〉, and we see that |L〉 ∝ M|R∗〉.

A′. |R〉 = M|L〉 with a Hermitian M

The argument for |R〉 = M|L〉 with a Hermitian M runs
parallel to that for |L〉 = M|R〉. Writing down the final result,
the adiabatic amplification factor is

Ag(C) =
√

KT
〈LT |M2|LT 〉

〈LT |LT 〉
1

K0

〈L0|L0〉
〈L0|M2|L0〉 . (38)

If we further impose that M be a unitary matrix, we obtain

Ag(C) =
√

KT

K0
. (39)

Instead, if we assume that M is a projector, the relation

〈R|R〉 = 〈R|L〉 = 〈L|R〉 (40)

holds and thus

〈R|R〉
〈L|L〉 = |〈L|R〉|2

〈R|R〉〈L|L〉 = 1

K
. (41)

This is the inverse of Eq. (28). As a consequence, we obtain

Ag(C) = 1, (42)

namely there is no geometric amplification. An important
example in which M is both Hermitian and a projector is when
|R〉 can be taken independent of λ. When |R〉 is independent
of λ,ALR = ARR = 0 holds, and thus we can also directly see
from Eq. (9) that the geometric amplification factor is 1.

B′. |R〉 = M|L∗〉 with a symmetric M

After calculations similar to the ones for |L〉 = M|R∗〉, we
obtain that the geometric amplification factor is

Ag(C) =
√

KT
〈L∗

T |M∗M|L∗
T 〉

〈LT |LT 〉
1

K0

〈L0|L0〉
〈L∗

0 |M∗M|L∗
0〉

. (43)

If we further impose that M be a unitary matrix, we obtain

Ag(C) =
√

KT

K0
, (44)

as before.
Instead, if we assume that M is a rank-1 projector, the

relation

〈R|R〉2 = |〈L|R〉|2 (45)

can be proved, and thus

〈R|R〉
〈L|L〉 = |〈L|R〉|2

〈R|R〉〈L|L〉 = 1

K
. (46)

As a consequence, we obtain

Ag(C) = 1, (47)

namely, there is again no geometric amplification. We note
that, similar to the case of |L〉 = M|R∗〉, when the symmetric
matrix M is also a projector, the derivation above works only
when the rank of the projector is 1.

IV. SUMMARY OF DIFFERENT CASES

We provide a summary of the previous section in Table I.
We also summarize here some representative Hamiltonians
and systems in which each of the cases holds.

(i) Important examples of the case in which |L〉 = M|R∗〉
or |R〉 = M|L∗〉 with symmetric and unitary M are when
the Hamiltonian is related to a symmetric Hamiltonian via
a unitary transformation. A special case includes when the
Hamiltonian itself is a symmetric matrix. The geometric am-

plification factor of such systems is Ag(C) =
√

KT
K0

. Various

classical reciprocal systems, such as mechanical metamate-
rials [51], mass-spring systems [52], and inductor-capacitor
systems [53], fall into this category. We will encounter this
situation as special cases of the two examples of Sec. V, where
one is a two-level system with generally nonreciprocal hop-
pings that in a special case can be transformed into reciprocal
form, and the other is a model derived from a mechanical
metamaterial [51].

(ii) Important examples of the case in which |L〉 = M|R〉 or
|L〉 = M|R∗〉, with M being a (rank-1) projector, are systems
in which |L〉 is independent of the parameter λ. The geometric
amplification factor of such systems is Ag(C) = KT

K0
. We will

see in Sec. V an example of such a situation using the model
derived from a mechanical metamaterial [51].

(iii) Similarly, the case in which |R〉 = M|L〉 or |R〉 =
M|L∗〉, with M being a (rank-1) projector, is obtained when
|R〉 is independent of the parameter λ. Such a situation should
also be realizable using mechanical metamaterials of a similar
setup. However, we note that in these special cases there is no
geometric amplification, namely Ag(C) = 1.

We note that, in principle, the relations such as |L〉 =
M|R∗〉 need to hold only for the particular state in which we
are interested. Requiring, for example, the Hamiltonian to be
symmetric results in |L〉 = |R∗〉 for all the eigenstates, which
is more strict than the condition to hold for a particular state.
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TABLE I. Summary of the adiabatic amplification factor Ag(C) when it only depends on the initial and final points of the adiabatic path in
the parameter space.

M is Hermitian M is Hermitian and unitary M is a Hermitian projector

|L〉 = M|R〉 Ag(C) =
√

KT
K0

〈RT |RT 〉
〈RT |M2 |RT 〉

〈R0 |M2 |R0〉
〈R0 |R0〉 Ag(C) =

√
KT
K0

Ag(C) = KT
K0

|R〉 = M|L〉 Ag(C) =
√

KT
K0

〈LT |M2 |LT 〉
〈LT |LT 〉

〈L0 |L0〉
〈L0 |M2 |L0〉 Ag(C) =

√
KT
K0

Ag(C) = 1

M is symmetric M is symmetric and unitary M is a symmetric rank-1 projector

|L〉 = M|R∗〉 Ag(C) =
√

KT
K0

〈RT |RT 〉
〈R∗

T |M∗M|R∗
T 〉

〈R∗
0 |M∗M|R∗

0〉
〈R0 |R0〉 Ag(C) =

√
KT
K0

Ag(C) = KT
K0

|R〉 = M|L∗〉 Ag(C) =
√

KT
K0

〈L∗
T |M∗M|L∗

T 〉
〈LT |LT 〉

〈L0 |L0〉
〈L∗

0 |M∗M|L∗
0 〉 Ag(C) =

√
KT
K0

Ag(C) = 1

V. MODELS

We now examine concrete models to show how the gen-
eral framework we have developed can be applied. We first
consider a paradigmatic two-level non-Hermitian Hamilto-
nian, and then we discuss a model of a non-Hermitian
one-dimensional robotic metamaterial.

A. Two-level Hamiltonian

We first consider a non-Hermitian two-level Hamiltonian,

H (�, J, δ) =
( −� J + δ

J − δ �

)
, (48)

which depends on three real-valued parameters λ = (�, J, δ).
Such non-Hermitian two-level Hamiltonians have been ex-
plored using coupled mechanical oscillators in Refs. [27,54]
to detect the non-Hermitian adiabatic Berry’s phase.

The eigenvalues of this Hamiltonian are

E± = ±
√

�2 + J2 − δ2. (49)

Assuming that we only work in the regime �2 + J2 − δ2 � 0,
both eigenvalues are real and thus we can expect the adiabatic
theorem to hold.

The corresponding non-normalized right and left
eigenstates are

|R±〉 =
(−� ± √

�2 + J2 − δ2

J − δ

)
, (50)

|L±〉 =
(−� ± √

�2 + J2 − δ2

J + δ

)
. (51)

The Petermann factor is identical for both (+ and −)
eigenstates, and is given by

K = �2 + J2

�2 + J2 − δ2
. (52)

The gauge-invariant Berry connection difference is

ALR
± − ARR

±

≡ i
〈L±|∇λR±〉
〈L±|R±〉 − i

〈R±|∇λR±〉
〈L±|R±〉

= iδ/2

(�2 + J2)E2±
(�δ + JE±, Jδ − �E±,−�2 − J2).

(53)

The Berry curvature difference is

�LR
± − �RR

± ≡∇λ × (
ALR

± − ARR
±

) = ±i
(�, J, δ)

2(�2 + J2 − δ2)3/2
,

(54)

which is purely imaginary.
We can see that, when � = 0, the �-component of the

Berry curvature is zero, which means that the Berry curvature
vanishes in the J-δ plane. We will show below that, in this
case, the adiabatic amplification is solely determined by the
ratio of the Petermann factors of the initial and final points of
the path in the parameter space. We will also examine, as an
example of a case in which the adiabatic amplification factor
does not only depend on the ratio of the Petermann factors,
the adiabatic amplification for fixed J and δ when only � is
varied.

1. When � = 0

When � = 0, the Hamiltonian

H (0, J, δ) =
(

0 J + δ

J − δ 0

)
(55)

is unitarily related to a reciprocal (symmetric) Hamiltonian.
In fact, after a unitary transformation by the fixed matrix U =

1√
2

(
1 −i
−i 1

)
, the Hamiltonian becomes

UH (0, J, δ)U † =
(

iδ J
J −iδ

)
, (56)

which is a symmetric non-Hermitian matrix. According to
the general discussion given in Sec. III B 1, the adiabatic
amplification factor is then simply given by

√
KT /K0, where

KT and K0 are the Petermann factors at the final and initial
points of the path in parameter space.

Let us numerically confirm this prediction by choosing
several different paths in the δ-J plane. In Fig. 1 we fix � = 0
and we change (δ, J ) from (1,5) to (3,5) along three different
paths, which we traverse with a constant speed over a time
interval T = 10. We see that, while the detailed time depen-
dence of the norm of the state vector during the adiabatic
change does depend on the particular path one chooses, they
all converge to the same value, which is simply

√
KT /K0. We

note that small oscillations observed for the middle (blue) line
of the left panel of Fig. 1 are due to the nonadiabaticity of the
process; if we make the time interval T larger, the oscillation
goes away.
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FIG. 1. Numerical simulation of adiabatic amplification for the
two-level Hamiltonian Eq. (48) with � = 0. Left: Intensity ampli-
fication factor as a function of time for three different paths in the
J-δ plane, traversed over a time duration T = 10. The theoretically
expected adiabatic amplification factor

√
KT /K0 is indicated by the

horizontal line, to which all three curves converge. Right: The three
paths in the parameter space of (δ, J ). The shaded region in the right
panel is the PT -broken region where the energy eigenvalues become
complex. The three paths are all confined to the PT -symmetric
region, where the energies are real. The colors of the three curves
in the left panel match the colors of the paths described in the right
panel.

2. When only � is varied

Fixing J and δ and varying only �, one obtains adia-
batic amplification in the one-dimensional parameter space
of �. As we have noted in the general discussion, when the
parameter space is one-dimensional, the adiabatic amplifica-
tion is determined solely by the properties at the initial and
final points in the parameter space. Varying � from �0 to
�T , the adiabatic amplification is given by the integral of the
�-component of the Berry connections as

Ag(C) = exp

[
−2

∫ �T

�0

Im[ALR
± (�) − ARR

± (�)]d�

]

= exp

[
−δ

∫ �T

�0

�δ ± J
√

�2 + J2 − δ2

(�2 + J2)(�2 + J2 − δ2)
d�

]
,

(57)

where the upper (lower) sign corresponds to the adiabatic
amplification of the |R+〉 (|R−〉) state. This integral can be
performed analytically. After simplifying the expression, one
obtains that

Ag(C) = 1 ∓
√

1 − KT /K (0)

1 ∓
√

1 − K0/K (0)
, (58)

where K0 and KT are the Petermann factors at �0 and �T ,
respectively, and K (0) ≡ J2/(J2 − δ2) is the Petermann factor
at � = 0.

One can see from Eq. (58) that, unlike in the case of
adiabatic amplification in the parameter space of (δ, J ) with
� = 0, the expression is not just a function of KT /K0, but it
has a different dependence on the Petermann factors at the
initial and final points.

B. One-dimensional robotic metamaterial

To illustrate the effects of adiabatic amplification in a con-
crete physical setting, we adopt the model underlying recent
experiments on nonreciprocal robotic metamaterials [51]. As
detailed below, this model provides free and independent

control of the profiles of a particular pair of right and left
eigenstates, so that it can be used to realize the different cases
mentioned above.

We will examine amplification properties of a zero mode,
which is induced by the coupling topology (connectivity of
the oscillators) and symmetry of the structure. As we show,
making use of velocity-dependent friction, we can make such
a zero mode the most stable mode of the system, suitable
for adiabatic state control. Furthermore, it has been predicted
that the behavior of the Petermann factor of this zero mode
dictates a transition in the static behavior of the system, where
it becomes directionally unstable [34]. This instability occurs
when the right and left eigenstates of the zero mode become
localized at opposite ends of the structure. In the unstable
phase, the structure then serves as a directional amplifier,
which is sensitive to an input source at the end where the left
eigenstate is localized, and produces an exponentially ampli-
fied output at the end where the right eigenstate is localized.
Furthermore, this strong response does not occur when the
source and detector positions are interchanged. In reciprocal
systems, the right and left states have exactly the same mode
profile, so that this effect does not occur. Analysis of the
Green’s function then reveals that the Petermann factor serves
as an order parameter for this transition, as it diverges in
the limit of a large system when the system is directionally
unstable, whereas it converges to a finite value when the
system is stable [34]. The effect can be used for nonrecip-
rocal sensing [55], and it also appears in open nonreciprocal
quantum-optical systems [56,57]. Furthermore, we note that
while often occurring along with it, this effect is distinct from
the non-Hermitian skin effect, where the latter pertains to a
high sensitivity of the spectrum to the boundary conditions,
which can also occur in reciprocal systems [58,59]. Based
on the theory developed in the present work, we establish the
dynamical signatures of this instability as the system is steered
adiabatically across the phase transition. We also contrast this
situation with the reciprocal setting in which the transition
does not exist.

1. Model details

The metamaterial is constructed out of N mechani-
cal oscillators whose couplings are mediated by electronic
components, whereby the reciprocity conditions of purely
mechanical systems can be circumvented. Spectral and topo-
logical notions can be applied to the physics of this system
when it operates in the linear regime. The equation of motion

d2

dt2
x = −Mx (59)

of the oscillator amplitudes x is then governed by a generally
nonsymmetric dynamical matrix M 
= MT , whose spectral
properties form the basis of our considerations. In such struc-
tures, zero-frequency modes appear whenever there is an
imbalance between the number of degrees of freedom and the
number of constraints in a suitably chosen coupling topology,
which is also encoded in M [51,60–62].

The equation of motion, Eq. (59), is a second-order differ-
ential equation. To apply the theory of adiabatic amplification
developed in this paper, we rewrite the equation of motion
in terms of first-order differential equations, i.e., in the form
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of the Schrödinger equation, following the steps in Ref. [60]
where this analogy was pursued to illuminate the origin of
the zero modes. This can be achieved by exploiting that the
dynamical matrix can be decomposed as M = QR, where
QT and R are (N ′ × N)-dimensional matrices with N ′ � N ,
and the ranks of QT and R are both N ′. We can then rewrite
the equation of motion, Eq. (59), in terms of first-order differ-
ential equations by introducing effective momentum degrees
of freedom p, whose number of elements N ′ may differ from
N , as

i
d

dt

(
x
p

)
= i

(
0 Q

−R 0

)(
x
p

)
. (60)

For the precise definition of p, see [63]. This equation of
motion takes the form of a Schrödinger equation when we
identify the effective Hamiltonian and the state vector as

H = i

(
0 Q
−R 0

)
, |ψ〉 =

(
x
p

)
. (61)

The effective Hamiltonian is non-Hermitian if Q† 
= R and
effectively nonreciprocal (nonymmetric) if QT 
= R [64].

In general, Hamiltonians of this structure have N − N ′ zero
modes. To see this, note that since R is N ′ × N and its rank is
N ′, according to the rank-nullity theorem there must then be
N − N ′ linearly independent N-component vectors xi, which
satisfy Rxi = 0. Then, the vectors

( xi

0N ′

)
, with 0N ′ being an

N ′-component zero vector, are right eigenstates of H with zero
eigenvalue. The left eigenstates can be similarly constructed
as follows. Since Q† is N ′ × N with rank N ′, there again
must be N − N ′ linearly independent N-component vectors
x̃i that satisfy Q†x̃i = 0. Then, the vectors

( x̃i

0N ′

)
are the right

eigenstates of H†, so that the adjoint of these vectors gives
the left eigenstates of H . An important feature to notice here
is that the right and left eigenstates of H are completely
determined by R and Q, respectively. We also note that the
effective momentum components of the zero modes are all
zero for both the right and left eigenstates.

2. Coupling configuration and mode profiles

Here, we focus on the case N ′ = N − 1, where there exists
a single zero mode. Specifically, we refer to the experiment
[51], which was designed so that the effective Hamiltonian in
Eq. (61) corresponds to a nonreciprocal Su-Schrieffer-Heeger
(SSH) chain. This is achieved by setting

Rnm = −aδnm + bδn,m−1, Qnm = −a′δnm + b′δn−1,m,

(62)
which, in the setting of the effective Hamiltonian (61), corre-
sponds to alternating directed couplings a, b, a, b, . . . as one
moves along a one-dimensional chain of 2N − 1 sites in one
direction, and analogously with a′, b′ for the other direction.
This coupling configuration places the zero mode into the
middle of a band gap of size

� = 2
√

(|a| − |b|)(|a′| − |b′|). (63)

The position amplitudes of the right and left eigenstates of
the zero mode are given by

〈n|R〉 = cR

(a

b

)n
, 〈L|n〉 = cL

(
a′

b′

)n

. (64)

As we noted earlier, the momentum amplitudes of the right
and left eigenstates all vanish for the zero mode. This gives
rise to exponentially localized mode profiles, whose confine-
ment to the near end (around n = 1) or far end (around n = N)
of the system can be determined from the indices

ξ = sgn (|b|2 − |a|2) (65)

for the right eigenstate, and

η = sgn (|b′|2 − |a′|2) (66)

for the left eigenstate. As we will see below, the relevant
difference in the mode profiles depends only on the nonre-
ciprocity parameter

ε = ab′ − ba′

ab′ + ba′ . (67)

We see from its definition, Eq. (16), that the Petermann
factor directly captures differences of the mode profiles. In
particular, the Petermann factor becomes large when the over-
lap |〈L|R〉|2 is small, which occurs when the two types of
states are localized at opposite ends.

An explicit expression is found by inserting the mode pro-
files (64) into the definition (16) [34]. In the limit of a large
system N � 1, the Petermann factor then behaves as

K ∼
{

K∞, ξη = 1 (stable);
|K∞|gN , ξη = −1 (unstable).

(68)

where

K∞ = |aa′ − bb′|2
(|a|2 − |b|2)(|a′|2 − |b′|2)

, (69)

and g = min(|b/a|2ξ , |b′/a′|2η ). Therefore, the Petermann
factor either converges to a finite value, or increases expo-
nentially with system size. As indicated, this discriminates
between two phases in which the system is stable or unstable
against external dynamical perturbations, and in particular,
driving by external forces at one of its edges, with the response
exponentially amplified at the other edge.

3. Adiabatic amplification with a fixed left eigenstate

We first consider the adiabatic state amplification for a
fixed left eigenstate, hence for fixed a′ and b′. This situation
corresponds to |L〉 = M|R〉 with a Hermitian projector M,
and thus according to Table I the amplification factor for an
adiabatic parameter change is given by the ratio of Petermann
factors KT /K0. Any deviations from this signal a departure
from the adiabatic conditions.

This ratio generally only depends on the nonreciproc-
ity parameter ε defined in Eq. (67). For instance, we can
rewrite the Petermann factor in the stable phase of an infinite
system as

K∞ = |(a′/b′)2 − (1 − ε)/(1 + ε)|2
[|a′/b′|2 − |(1 − ε)/(1 + ε)|2](|a′/b′|2 − 1)

. (70)
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FIG. 2. Comparison between intensity dynamics IT /I0 (colored curves) and ratio of Petermann factors KT /K0 (dashed black curves) in a
robotic metamaterial in which the left eigenstate of a zero mode is fixed (with two different decay factors a′/b′), while the right eigenstate
evolves adiabatically as the nonreciprocity parameter ε is changed at a constant rate γ ; see Eq. (71). The intensity dynamics approach the
prediction of our theory, according to which the amplification factor is given by the ratio of Petermann factors, when the rate is decreased.
The Petermann factor becomes large when the right eigenstate relocalizes to the other side to the system, so that its overlap with the left state
becomes small. This would become a sharp transition for large systems (here we have N = 7 or 9 mechanical oscillators).

However, we note that while the zero-mode profiles only
depend on the ratios a/b and a′/b′, the adiabaticity condition
also depends on the size (63) of the band gap � (as the
relevant dimensionless timescale is � t) and the system size
N (as this determines the sharpness of the instability transition
and the size of the Petermann factor in the unstable phase).

To illustrate these points, we set a = a′(1 + ε), b = b′(1 −
ε), and we increase the nonreciprocity parameter ε at a con-
stant rate

ε(t ) = γ�0t (71)

from εmin = 0 to εmax = 0.8, where �0 = 2||a′| − |b′|| is the
band gap in the reciprocal system (ε = 0), and γ gives control
of the degree of adiabaticity.

We performed numerical simulations of the time evolution
of Eq. (60) changing ε(t ) as Eq. (71), starting from a zero-
mode right eigenstate of the Hamiltonian at t = 0. We choose
two different values a′/b′ = 1/2 and 3/4, and we show the
intensity ratio I (t )/I (0) as a function of time in Fig. 2. The
system is in the stable region (ξη = 1) at t = 0 and enters
into the unstable region (ξη = −1) at ε = 1−|a′/b′|

1+|a′/b′| , which are
1/3 and 1/7 for a′/b′ = 1/2 and 3/4, respectively. We note
that the zero mode is more strongly localized for a′/b′ =
1/2, resulting in larger amplification of the state after time
evolution.

As seen from the figure, the zero-mode amplification be-
comes adiabatic when the rate γ is sufficiently small, and the
amplification factor I (T )/I (0) ∼ KT /K0 then closely follows
the prediction from our theory. Furthermore, this adiabatic
regime is attained more easily (i.e., for relatively larger rates)
when the system size N is small, or the zero mode is less
strongly confined (|a/b| closer to 1). The directional insta-
bility transition is clearly visible as a drastic increase in the
amplification factor, which reaches up to I (T )/I (0) ∼ 30 000
under the displayed adiabatic conditions, and it exceeds this
under nonadiabatic conditions.

4. Adiabatic amplification for reciprocal Hamiltonian

In the considered model, reciprocal systems are realized by
setting a = a′ and b = b′. If these parameters are all real, the
effective Hamiltonian is Hermitian and the time evolution is
unitary, so that there is no amplification, even under nonadia-
batic conditions. We therefore consider the setting where a =
a′ can be complex and time-dependent, while we keep b = b′
real and fixed; the latter constraint can always be achieved
under static conditions by a suitable local gauge transforma-
tion. When the Hamiltonian is reciprocal, |R〉 = |L∗〉, and thus
from Table I the adiabatic amplification factor is given by√

KT /K0.
For this non-Hermitian reciprocal setting with complex

parameters, the bulk band structure of the periodic system is
complex as well, and in the finite system the zero mode will
sit inside a cloud of complex resonance eigenenergies that
arise from the size-quantization of the bulk modes. Within
the original definition of the system, our assumptions for
adiabatic time evolution of the zero mode are therefore vi-
olated. However, the zero mode energy and profiles survive
the addition of any form of velocity-dependent friction, which
therefore can be used to stabilize the adiabatic evolution of
this state. We therefore modify the equations of motion (60)
to read

i
d

dt

(
x
p

)
= i

(
0 Q

−R −�I

)(
x
p

)
, (72)

where � quantifies the damping rate. This parameter then has
the effect of moving the complex bulk resonance energies
down into the complex plane as it is increased. We note that
the introduction of � does not break the reciprocity of the
Hamiltonian.

Figures 3 and 4 show results for systems with fixed b =
b′ ≡ b0, � = b0, N = 7, in which a = a′ is changed along
two paths from a real initial position, a = a′ = a0, to an
imaginary final position, a = a′ = ia0. The path may be
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FIG. 3. Large panels: Comparison between intensity dynamics I (T )/I (0) (colored curves) and
√

KT /K0 (dashed black curves) in a damped
reciprocal robotic metamaterial (N = 7 oscillators), with additional damping at a damping rate � = 1. The parameters b = b′ = 1 are kept
fixed while the parameter a = a′ is changed over a time T = 20 (left) or T = 100 (right) from a0 = 1/2 to aT = i/2, where the path is straight
(orange curves) or on a circular arc (blue curves). Side panels: Trajectories in the parameter space of complex a and evolution of the complex
energies while a is changed along the trajectories; the zero mode energy is marked in red. The Petermann factor increases as the system departs
from Hermiticity. The intensity dynamics closely follows this behavior in the adiabatic regime, even though at the very end of the trajectory
some of the eigenenergies enter into the upper half of the complex plane.

circular, a = a′ = a0 exp(iϕ), with ϕ changing linearly in time
from 0 to π/2, or straight. In Fig. 3 we set a0/b0 = 1/2,
which produces more strongly localized zero modes than for
the choice a0/b0 = 2/3 shown in Fig. 4. For each setting, we
then compare the results for the dynamics of traversing these
paths over a given time interval T .

In all cases, the amplification factor agrees well with the
prediction I (t )/I (0) = √

Kt/K0 as long as the adiabaticity
conditions are fulfilled. We note that at the end of the paths,
some bulk modes acquire a positive imaginary part in their
energies, so that our assumptions of adiabatic evolution are
violated. However, this has a noticeable effect only if the
corresponding instantaneous states acquire a sufficient overlap
with the evolving state, as seen for the circular path with
a0/b0 = 2/3. In particular, for a0/b0 = 1/2, where effective
adiabaticity holds until the very end of both paths, the fi-
nal amplification factor I (T )/I (0) = √

KT /K0 agrees for both
path shapes.

Overall, the amplification factors are much smaller than
in the nonreciprocal case with a fixed left eigenstate, which
reflects the absence of directional instability in reciprocal
systems.

VI. CONCLUSION

We have studied the geometric contribution to the adia-
batic amplification in non-Hermitian Hamiltonians, and we
elucidated conditions under which the adiabatic amplification
factor is determined solely by the initial and final points in the
parameter space, and therefore does not depend on specific
paths chosen to connect the two points. Our method provides
an experimentally robust method to amplify the signal (state
vector) to a desired intensity, which depends neither on the
path connecting the initial and final points nor on the speed of
the change of the parameters along the chosen path, as long
as adiabatic conditions are observed. We have also identified
conditions under which the adiabatic amplification factor can
be written solely in terms of the ratio of Petermann factors
of the states at the initial and final point. Our method thus
provides a practical method to directly determine the Pe-
termann factor, which generally quantifies the sensitivity of
non-Hermitian systems to static and dynamical perturbations,
but so far has been challenging to isolate in observable data.

Generally, our findings open the door to reliably steer non-
Hermitian systems into states with favorable properties, as
is desirable for sensing and amplification. While we focused

FIG. 4. As Fig. 3, but for paths from a0 = 2/3 to aT = 2i/3. As long as adiabatic conditions are observed, there is again good agreement
between the numerical amplification factor and the prediction from the Petermann factor. For the circular path, the adiabatic conditions now
noticeably break down after the instantaneous eigenenergy of a bulk state moves into the upper half of the complex plane (at t = 0.49 T ,
indicated by the dashed vertical line), but for adiabatic conditions (T = 100) this effect occurs with a significant delay. For the straight path,
some eigenenergies enter into the upper half of the complex plane as well, but the intensity dynamics more robustly follows the prediction
from the adiabatic theorem.
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on these effects in classical systems, this could be extended
to the quantum limited operation of devices in which anal-
ogous effective non-Hermitian descriptions arise, e.g., from
a mean-field treatment in which quantum noise can then be
incorporated via fluctuation-dissipation theorems [65].

We note that we have mainly focused on the case in which
the parameter space is simply connected. When the parameter
space is not simply connected, such as a torus, the geometric
amplification factor can depend on the path even when the
condition Eq. (13) is met. A particularly interesting situation
is when two different paths C and C ′ enclose singularities in
the parameter space, such as an exceptional point. In such sit-
uations, the difference in the geometric amplification factors
for the two paths should be topological, depending only on the
topology of the closed path C − C ′. We should, however, note
that when encircling an exceptional point, adiabaticity would
be violated and thus the geometric amplification factor would
not simply appear as the change of the norm. We leave it for
the future to further investigate the property of the geometric
amplification factor on such non-simply-connected surfaces.

From a broader perspective, our results raise the prospect
of identifying a wider range of dynamical effects that re-
veal the geometric properties of non-Hermitian physics. This
could encompass nonadiabatic situations, generalizing the
Aharonov-Anandan phase [66] known in Hermitian settings.
Nonadiabatic situations unique to non-Hermitian settings

include sudden quenches across a non-Hermitian phase tran-
sition and systems stabilized at non-Hermitian eigenvalue
degeneracies (exceptional points), which occur, for instance,
at the phase transition of spontaneous PT symmetry breaking.
In analogy to the situation in Hermitian systems, the latter
setting promises to reveal non-Abelian geometric effects in
the driven dynamics, which would offer additional routes to
manipulate the state of a system.
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