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Abstract

In this thesis, we study a discrete dynamical system provided by the deformation
of cluster mutations associated with cluster algebras of finite Dynkin diagrams of
type Aoy (N > 3), Co(= By), Bs, By, Dy and Dg. In the first part of the thesis,
we show that the corresponding cluster algebras exhibit a remarkable periodicity
phenomenon, known as Zamolodchikov periodicity. =~ We present a particular
deformation, which is a novel approach introduced by Hone and Kouloukas. This
procedure modifies cluster mutation in such a way that it preserves the natural
presymplectic form in cluster algebras. For the cases of type Cy, Bz, Dy, we
construct Liouville integrable maps defined by the specific composition of deformed
cluster mutations and show that the new cluster algebras emerge by considering
Laurentification, which is a lifting of the map into a higher-dimensional space where
the Laurent property is exhibited. The corresponding deformed integrable maps are

also closely related to Somos-type recurrences.

In particular, we prove the integrability of the birational map defined by a
sequence of mutations in cluster algebra of type Aoy. We examine the deformation
of discrete dynamics in cluster algebra of type Ag and compare the result associated
with the type A4 case. Following this, we introduce a local expansion operation on
quivers, which provides a special family of quivers corresponding to specific types
of cluster algebras. We demonstrate that these cluster algebras are obtained by
lifting the deformation of type Ay maps via Laurentification. We also show that
the discrete dynamics in the new cluster algebras, induced from cluster algebras of
type Aoy, By and Dg via deformation, admit the tropical (max-plus) analogue of
the system of homogeneous recurrences. This allows us to calculate the exact degree

growth of the discrete dynamical system.
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Chapter 1

Introduction

Cluster algebras are a class of commutative algebras, constructed as subalgebras
of rational function fields, which were introduced by Fomin and Zelevinsky in
[1]. These algebras are built differently from many other commutative algebras as
cluster algebras are not presented with generators and relations from the beginning.

Instead, to define cluster algebras, we start with initial data, given by two objects,

e initial cluster variables, n distinguished generators x = (x1,...,z,) and

e an exchange quiver @), a finite directed graph with n nodes which does not

contain loops or oriented 2-cycles.

The pair of objects (x, Q) is called an initial seed. Then we apply a special iterative
process called mutation to produce more cluster variables and exchange quivers.
Continued application of the mutation process results in constructing the algebra,
which is called the associated cluster algebra, as the subalgebra of Q(z1,...,x,)

generated by all the cluster variables.

Fomin and Zelevinsky further extended the notion of mutation to define the
alternative version known as a Y-seed pattern |2, 13]. This introduces coefficient
variables. Similar to cluster mutation, the coefficient variables have their own

dynamics described by the mutation.

Along with the Laurent phenomenon (or Laurent property), which says that
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every cluster variable can be expressed as a Laurent polynomial in the initial (or
indeed any) seed (rather than just being a rational function), the other main result
they obtained is the classification of cluster algebras of finite type. A cluster algebra
is said to be of finite type if it has only finitely many cluster variables. Such cluster
algebras are classified by quivers that are orientations of a Dynkin diagram of a

finite dimensional semisimple Lie algebra.

These results raised the importance of the question of studying the recurrence
relation which is given by mutations in Y-seeds. Such a relation is equivalent
to the difference equation known as a Y-system. Y-systems were discovered by
Zamolodchikov in [4] and he showed that the solutions of the difference equation
are also solutions of the Bethe ansatz equation associated with conformal theories
of ADE scattering diagrams. Furthermore, it was observed that the solutions
appeared to be periodic with a particular period; this was known as Zamolodchikov’s
periodicity conjecture. In [5], this was investigated via the cluster algebra setting

and Fomin and Zelevinsky showed a specific product of mutations exhibited

Zamolodchikov periodicity, which we discuss in Section [2.1.5]

In [6], Marsh and Fordy introduced the periodicity phenomenon for particular
quivers, which is known as mutation periodic that is a feature that the associated
quiver remains to be invariant up to permutation of labellings i.e. p;, pt;,_, -+ py, @ =
p(Q), where p is a permutation of the nodes. Following it, Hone and Fordy in [7]
(and Nakanishi in [8]) used the notion of mutation periodicity and introduced the
birational map between seeds, referred to as the cluster map, which induces the
new cluster variables but preserves the quiver. There exist unique cases of cluster
maps such that the initial seed is fixed under a particular number of iterations of
mapping, which is referred to as periodic cluster maps. In this thesis, we consider the
cluster map which possesses Zamolodchikov periodicity. The notion of cluster maps

establishes a connection between cluster algebras and discrete integrable systems.

What is an integrable system? In the world of physics, physical processes can be
described by differential equations whose solutions provide a better understanding of
unknown phenomena. Most continuous models using differential equations cannot

be solved exactly and require analysis with numerical approximation. However,



there exist particular models that allow for direct integration without numerical

methods. Models with this special feature are referred to as integrable systems.

There are various notions of integrability, for instance: compatibility conditions
for the Lax pairs, exhibiting regular motion, and existence of a complete set of
conserved quantities (first integrals). Thus there is no general definition for an
integrable system as the notion varies depending on the context. Here, we consider
the specific case, known as a Liouville integrable system, which is, roughly speaking,
a dynamical system whose motion is constrained by a sufficient number of conserved
quantities which are invariant under the dynamics and are in involution with respect
to the associated Poisson bracket. In Section [2.2] we review the definition in the

context of Hamiltonian system.

The notion of Liouville integrability can be transferred to a discrete dynamical
systems, defined by iteration of mappings. This leads us to the identification of
a discrete integrable system (see |9 [7]). From the view of the discrete system,
the iteration of cluster maps can be regarded as a discrete dynamical system; one
can identify an associated discrete integrable system in the sense of the Liouville
integrable map introduced in [9] (see further detail in section 2.2). Over the years,
the relationship between cluster algebras and discrete integrable systems has been

studied and produced numerous interesting methods and results up to this point.

Recently, Hone and Kouloukas [10] introduced deformation of coefficient-free
cluster mutation which preserves the symplectic form that is compatible with
mutation. They showed that the composition of deformed mutations can be regarded
as a symplectic cluster map and thus enables us to discover a family of new discrete
integrable systems. However a problem arises upon applying the deformation, that
is, it ends up destroying the Laurent property of the cluster map, which is an
essential property of cluster algebras. In order to resolve the problem, they took a
specific procedure, Laurentification (a term coined by Hamad et al. in [11]), that is,
lifting the system to a higher dimensional system where the Laurent property exists.
This was established by constructing the transformation through the p-adic methods
introduced by Kanki in [12] which is analogous to the singularity confinement test

[13]. As a result, they presented several examples, including deformed integrable



cluster maps associated with Dynkin types A, A3 and A4, which can be successfully

lifted to higher dimensional integrable cluster maps, where Laurent property holds.

1.1 Outline

The main aim of this thesis is to study a special families of discrete integrable
systems which emerged from the iteration of Dynkin type cluster maps equipped

with periodicity property via the deformation procedure of [10].

Chapter [2 reviews definitions and results related to cluster algebras and discrete
integrable systems. This chapter provides the necessary background for exploring
results in the later chapters. We then review the deformation of cluster mutation
introduced in the paper [10]. Following on from this, we consider several examples
of integrable deformation of type Ay and A, cluster maps to see how singularity
analysis can be used in the process of Laurentification which lifts deformed map to

cluster algebra of higher rank whose seed is extended by frozen variables.

Chapter |3 is based on the paper |14] which is joint work with Jan Grabowski
and Andrew Hone. We begin the analysis of cluster maps associated to type Agy in
general and show that the periodic cluster map associated to type Ay is integrable
(Theorem . Next we examine the base case for our “inductive” approach,
namely type Ag and compare it with type A4;. We see that the Laurentification of
the former is obtained from that of the latter by insertion of a particular quiver,
in a form of local expansion. By successive local expansions, we can construct an
associated family of quivers that are corresponding to the deformation of type Asn
maps via Laurentification. In the final part of the chapter, we examine the degree
growth of the deformed type Asy to perform one of the integrability tests, algebraic
entropy.

Chapter {4 is based on the paper [15] which is joint work with Andrew Hone
and Mase Takafumi. In this chapter we consider an integrable deformation of the
Cy cluster map and show that this lifts to a cluster algebra of rank 5 extended by

a single frozen variable. We apply the same procedure to periodic maps of type
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B3 and D,. We will see that each case admits two distinct deformations that are
integrable. This is a novel situation which was not seen in other known cases. We
prove that the discrete dynamics, induced by the deformed maps, are closely related

to Somos-5 and (a special case of) Somos-7 recurrence

Chapter 5[ concerns deformation of periodic cluster maps associated with type By
and Dg. We show that these maps can be lifted to cluster maps via Laurentification.
We show that the degree growth of these deformed maps is quadratic, which lead

us to conjecture that they are integrable.
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Chapter 2

Preliminaries

2.1 Cluster algebras

In this section, we will define mutation, which has two aspects: quiver mutation
and cluster mutation and introduce an example to see the construction of cluster
algebras (see |1, |16, 13, |17] for further details of cluster algebras). We follow by
introducing the features of cluster algebras: Laurent phenomenon and finite type
cluster algebras; we observe that the features were used to link the cluster algebras

with root systems, Zamolodchikov periodicity and mutation periodicity.

2.1.1 Quiver and matrix mutation

Let @ = (V,E) be a quiver with n nodes, V = {1,2,...,n} and directed edges
E. We assume that ) does not possess any loops or oriented 2-cycles. However,
multiple edges between nodes are allowed and when there are many edges between

two vertices we write = as a shorthand for i parallel arrows.

Definition 2.1.1. Let Q) be a quiver. Quiver mutation at node k, to obtain the new

quiver jux(Q), is performed by following the steps below:

1. For each full subquiver i 2 k % j, insert a (multiple) edge i LENy

12



2. Reverse all arrows which are connected to k, j — k 2 i
3. Remove any 2-cycles which are formed by inserting arrows.

Example 2.1.2 (Quiver mutation at node 2).
2 2
3 3

As we assumed that the quiver has no 2-cycles and no loops, then we can identify

W
—

W —> 00

|

1 1

a n X n skew-symmetric matrix which corresponds to the quiver.

Remark 2.1.3. The applet authored by Bernhard Keller, available at
https://webusers.imj-prg.fr/ “bernhard.keller/quivermutation/, can be used
as a graphical tool to help compute quiver mutations. Throughout this thesis, we have

done so and outputs from it appear in e.g. Figure[2.4)

Definition 2.1.4. Let Q) be a quiver with n vertices and no 2-cycles and no loops.
Then one can encode this quiver in the n X n skew-symmetric integer matrix B =
B(Q) by setting the matriz entry b;; to be the number of arrows i to j. Then we

refer to this matriz B as an exchange matriz.

As the quiver @) can be represented by the exchange matrix B = B((Q), one can
formulate the quiver mutation in terms of entries of B, giving ux(B). We refer to

this formula as matriz mutation (see |17, |3} |16]).

Definition 2.1.5. Let B be an exchange matriz and let B' = pi(B) be the new
exchange matriz obtained by applying mutation to the exchange matriz B in direction

k. The entries of B', b.., are given by

177

by = (2.1)
bij + L(|bik|bij + bir|bij|)  otherwise

Alongside quiver (correspondingly, matrix) mutation, cluster variables transform

under cluster mutation.
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Definition 2.1.6. Let F be the field of rational functions in n independent variables
x1,...,x, over C and set x = (x1,...,x,) € F". The cluster mutation of x in
direction k is pi(x) = (z1,...,Tp-1, T}, ... T,) where x) is the element defined by

the expression,
1
prlan) = = —| [ «"*+ J] ™ (2.2)
J J
This expression is known as a (coefficient free) exchange relation.

Note that we could work over other base fields than C but we will restrict to this

choice to employ geometric methods later.

Given an initial seed (x, B) of size n, one can apply the mutations in n possible
directions. This results in n new seeds. In succession, the mutations can be applied
to each such seed in n possible directions again, and so on. It is important to note
that consecutive mutations in the same direction do not yield anything new. This
is due to the mutation being involutive: u? = id. Then, in this way, we may label
the vertices of a rooted n-valent tree by clusters. Note that in general mutations
on different vertices do not commute (in the sense that j; o p1; # p; o ;) unless
the vertices are “far apart” (i.e. are at least distance 2 apart in the quiver). Then
one can produce the collection of cluster variables which are induced by iterated
cluster mutations in all directions; the set of all cluster variables obtained in this

way generates the so-called cluster algebra.

Definition 2.1.7 (Cluster algebra, [1]). The cluster algebra A(x,B) is the C-
subalgebra of the field F whose generating set is the set of all cluster variables

produced by all possible sequences of mutations applied to the initial seed (x, B).

Note that if x is of size n (so B is an n x n matrix), we say (x, B) is of rank n.

Example 2.1.8. Begin with the initial seed (x,B), where x = (x1,x3) and the

exchange matriz



The mutation in the direction 1, py(x, B) = (x/, B), where <x’1’x’2>

1 0 -1
(4,5 =< ”x) B = - B
21 1 0

Since the mutation returns the initial seed if we apply the mutation in the same

direction as previously, the next mutation should be in direction 2. The mutation

pa(od) = (2, 23)

and
M2(B/) =B

Applying mutation in sequence yields the following cluster variables,

T To B
1
1 (x, B) Lo _B
T
1421+
piapu (X, B) ——— | B
T122
1+2
i piopin (X, B) - —-B
T2
pafi1piap (X, B) 1 B
fu1 fiafir propin (X, B) T2 -B

We reach the seed ((x2,x1),—B) after a sequence of five mutations. Notice that
this seed ((x,z1), —B) can be obtained from the initial seed ((x1,x2), B) by swapping
the labels 1 and 2 i.e. the entries of B, bis <> bay and x1 <> x5. Following on

from ((xq,21), —B), the sequence of mutations generates cluster variables which are

15



already found, and the seed will eventually be returning to the initial seed. Hence

associated cluster algebra is given by

1420 1421 1+21+2x
A(x) = Clzy, xo, 2, ! ! 2

X1 ) ’ T1X2

Notice from the above example that all the cluster variables are given by
Laurent polynomials in initial variables x; for ¢ = 1,...n. This is one of the most
significant features of the cluster algebras such that cluster variables, obtained from
the sequence of mutations, are expressed as Laurent polynomials in initial cluster

variables. This is known as the Laurent phenomenon, stated as follows.

Theorem 2.1.9 (Laurent phenomenon (see [1] )). Every cluster variable generated
by the cluster mutations is in the Laurent polynomial ring in its initial cluster

variables.

2.1.2 Cluster algebra with coefficients

It is possible to generalize the notion of a cluster algebra by introducing coefficients.
In order to define this, let us consider the general class of exchange matrices as

follows.

Definition 2.1.10. An n X n integer matriz B is called a skew-symmetrizable
exchange matrix if there exists an integer diagonal matriz D, which satisfies

(DB)" = —DB. We refer to such a matriz D as a skew-symmetrizer.

Note that D is the identity matrix if B is a skew-symmetric matrix. The
notion of cluster algebras can be extended by introducing frozen wvariables in
clusters, that are extra variables which do not mutate. We call a cluster x =
(T1,To, ..o, Ty Ty 1y - -+ Tpam) an extended cluster, formed by mutable cluster
variables x1,...,z, and the frozen variables x,.1,...,Zpim. If the (n +m) X n
matrix B has upper n x n submatrix a skew-symmetrizable matrix, then we call
B an extended exchange matriz. Thus we obtain a cluster algebra with initial

seed (X, B) generated by cluster variables induced by the sequence of mutations

16



e (X, B) = (¥, B’) where X' = (1, ..., T}, .-+, Tn, Tptdy -« -y Tpm) and B’ are given

by the cluster mutation,

n n
/ bk —bjk
Tpxp = Qg H "+ By H x; (2.3)
j=1 j=1
bjk>0 bjk<0

where the coeflicients are

n-+m n+m
bj.k —bjk
o T - T1 o 2
bj x>0 bj k<0

and the matrix mutation is defined by (2.1). Note that the formulas for X’ and
B’ are the same as previously given except that the range of indices is now from
1 to n + m. We refer to these more general cluster algebras as cluster algebras of

geometric type.

There is an another form of expression for cluster algebra of geometric type. To

define it, we need the notion of tropical semifield.

Definition 2.1.11. A semifield is an abelian multiplicative group with the operation
@ which satisfies the property of commutative, associative and distributive under

multiplication i.e. a(b@® ¢) = ab® ac

Definition 2.1.12. Let P be semifield. Then P is tropical if the operation @ of any

Laurent polynomials yields following

H B H x?j = xfin(a"’b") (2.5)
i i 2

for x; € P.

Let P be a tropical semifield defined by generators x,.1,...,Z,1m and let ZP
be group ring of P over Z. By setting the F to be a field of rational functions

ZP(x1,...,x,). One can define alternative version of the cluster algebra of geometric
type.

Definition 2.1.13 (Coefficient variables). Let P be tropical semifield and let

A(x, B) be cluster algebra of geometric type with initial seed consisting X =

(T1, T2y« Ty Tt 1y -« o Tpym) and (n+m) X n exchange matriz B. The variables
n+m

yi= [[ 27 epP (2.6)
j=n+1

17



are called coefficient variables such that

n+m n+m

Yk | | bk 1 | | —bj
= T - = x (27)
Vi Y
1®ve 25 1Ove 25
bj7k>0 bj,k<0

It turns out that the coefficient variables y; evolve along the orbits of mutations.

We call these as Y-patterns (Y-system) stated below.

Definition 2.1.14. Let (y, B) be the initial seed formed by coefficient variables y =
(Y1,Y2, - -, Yn) and (n+m)xn extended exchange matriz B. Then applying mutation

tr on the initial seed produces a new seed (y', B') consisting of new exchange matriz

B’ given by (2.1 and

U ifj=k

Yi = vi(1 @ yp) if j # k and by, > 0 (2.8)

\yjy,;bjk(l ® ) if j £k and by, <0
2.1.3 Cluster algebra of finite type

In Example 2.1.8] we demonstrated that a specific sequence of mutations returned
to the initial seed and thus had a finite number of cluster variables. Unlike most
cluster algebras, which are formed by infinitely many cluster variables, this is a
unique feature that certain types of cluster algebras possess. Such cluster algebras

are referred to as cluster algebras of finite type.

Definition 2.1.15 (Cluster algebra of finite type). A cluster algebra is said to be
of finite type if it has finitely many seeds.

Recall that new cluster variables depend on the entries of the exchange matrix.
It may be good to think that the characteristics of cluster algebras are determined
by the structure of the exchange matrix (or quiver ()). Therefore a cluster algebra
A(xg, B) being finite type entirely depends on the form of its exchange matrix B (or
quiver ). One of Fomin and Zelevensky’s important results is the characterisation

of the exchange matrices, or quivers, corresponding to the cluster algebra of finite

18



type (see Theorem 1.5 in [5]). It turns out that the above case is closely related to
the Cartan matrices corresponding to the graphs called Dynkin diagrams (shown in
Figure which classifies the finite dimensional semi-simple Lie algebras (Cartan-
Killing type).

Definition 2.1.16 (Cartan matrix). An integer square symmetric matriz A = (a;;)

is a Cartan matriz if and only if it satisfies the following properties:

e all diagonal entries ay; in the matrix are 2
o off-diagonal entries a;; <0 for any i # j

e there exists an diagonal matric D = diag(dy, ..., d,) with d; > 0, satisfying
(DA)T = DA (skew-symmetrizable)

Furthermore, if the third condition includes the additional property, a;;a;; < 3 for

i # j (Positive definite), then the Cartan matriz is of finite type.

The Cartan matrices are closely related to exchange matrices as each exchange

matrix can be encoded to the Cartan matrix, shown below.

Definition 2.1.17. The Cartan counterpart A of the exchange matrixz B is given
by
2 ifi=7
Q5 = (29)
—|by| ifi# ]

One can see the above relation from the Dynkin diagram in Figure 2.1} For
instance, for type A,, the Cartan matrix can be represented by the connected graph

such that edges between ¢ and j in the graph correspond to components a;; # 0 of

the matrix.
Note that there is an equivalence relation between two distinct exchange matrices
which are related by sequence of mutations, stated as follows.

Definition 2.1.18 (Mutation equivalent). The exchange matrices B and B’ are
mutation equivalent if there exists a sequence of mutations that transforms B to B’

and vice versa.
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In addition to the result above, it was shown in [5] that there exists a isomorphism
between the cluster algebras whose exchange matrices are mutation equivalent, as

stated below.

Theorem 2.1.19 (Theorem 1.7 in [5]). Let B and B be exchange matrices such
that their associated Cartan counterparts A(B) and A(B) are Cartan matrices of
finite type Dynkin diagrams. Then corresponding cluster algebras, A(x,B) and
A(x, B) are isomorphic if and only if A(B) and A(B) are equal up to simultaneous

permutation of rows and columns.
Therefore, based on the fact that there exists a cluster algebra for each Dynkin
diagram, Fomin and Zelevensky in [5] found the following result.

Theorem 2.1.20 (Theorem 1.8 in [5]). A cluster algebra is of finite type if and only
if it 1s equipped with an exchange matriz which is mutation equivalent to a matrix

whose Cartan counterpart corresponds to the Dynkin diagram.

A, O0—O0—--—0—>0

B, O0—0—--—0—0=0

O—O0—--—0—C0==0
D, O—O—%—{
GQI CE)

Fy: O0—O0=—=0—7->0

EG:OO\IOO
E7200\jj

Egi O O i

O
O

)
N

O
Q
O

)
N\

Figure 2.1: Dynkin diagrams
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2.1.4 Root systems and cluster algebras
In this section, we will briefly cover the notions of root systems and show how they
are related to cluster algebras. We mainly follow the reference [18] written by Marsh.
Definition 2.1.21. Let V' be a finite dimensional vector space, equipped with the
bilinear map (inner product) (-,-) : V- x V — R. Then V is Euclidean space if the
map (-,-) satisfies the following properties:

e symmetric i.e. (o, ) = (B, )

e positive definite i.e. (o, ) >0

Let us consider the hyperplane H, that is, an orthogonal complement to one-

dimensional subspace of V, H, = {v e V|(o,v) =0for a € V, a #0}. Here we

concentrate on a reflection in the hyperplanes.

Definition 2.1.22 (Reflection). Let V' be a finite dimensional vector space with

inner product (-,-). A reflection on V' is a linear map r : V. — V such that

which illustrates the reflection on the hyperplane H, with o being a normal vector

1.e.

e If € H,, ro(B) =, B is orthogonal to «

o [f 5=« then ro(a) = o — 2 = —a, which is on the opposite side of the «

The group generated by the reflections in V' is known as a reflection group, W.

Definition 2.1.23 (Root system). Let V' be a Euclidean space which is equipped
with the inner product (-,-). Then a root system ® C V is a set of vectors (or roots)

which satisfy the following conditions:

o & spans V' ;
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o forae®, seR,s-a€®if and only if r = +1 ;

o fora,Bed, r,(0) €D.

A root system ® admits a standard basis I1 = {«; : ¢ € I}, called a simple root
system, which spans ® i.e. o = ciaq + caa + - - - + ¢, Given the choice of simple
root system II, we call the subset of root system ®, C ® a positive root system if it
contains only positive roots e.g. 4+a;, ay + as. Similarly, we refer the subset ®_ C ®

a negative root system if it consists of negative roots e.g. —ay;, —a; — Qs.

Example 2.1.24 (Type A,). Let us consider R3 equipped with standard basis
e1, ea, e3 and inner product satisfying the relation (e;,e;) = 0;; fori,j € Zy. Then

one can show that the following set

O = {es —e1,e53 — 9,63 —€1,€1 — €9,€9 — €3}
(2.10)

={ay, ag, a1 + @z, —ay, —ag, —a; — as}
together with the simple root system 11 = {aq, s} is a root system. It is clear that
the first and second conditions hold; one can show that it also holds for the third
condition by direct calculation of the reflection roots,

2(62 — €1,€3 — 62)0&1

(62 —€1,€62 — 61)

Toy () = g — =ay+og

The reflections: rq,(fa1) = oy + ag, To,(Fay) = tag £ @g, 7o, (1 + an) = g,
Tap(0 + 2) = ay, 7o, (£a1) = Fay. Therefore the root system is closed under the

reflection. The root system can be depicted as

%) a1 + Qg

—Q a1

—Q — Q2 —Q9

The corresponding positive root system ®, = {aq, ag, oy + as} whereas the negative

root system ®_ = {—ayq, —an, —ay — o }.

The set of reflections forms a group which is associated with the root system.
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Definition 2.1.25 (Weyl group). Let ® be a root system. Then the finite group

generated by the reflections,
W = {r.|la € &}
is known as the Weyl group (or reflection group) associated with the root system ®.

Definition 2.1.26 (Coxeter group). Let W be a Weyl group generated by the
reflections ry,79,...,7n. The group W 1is said to be a Coxeter group if it has a

presentation,

W= {7“1, ol =, (riri)® = e, (i)’ =e, i # j}
Example 2.1.27. The Weyl group of type A; has presentation,

W(Al) = {7"17 ce arn’ﬁ? =6 (7'1'7’1'+1)2 =e, (7"@-7“]-)3 =e, i # j}

Let & be the root system associated with a finite type Dynkin diagram and let
A(x, B) be a cluster algebra of rank n with initial cluster x and exchange matrix B
whose Cartan counterpart is the Cartan matrix of the Dynkin diagram. The root

system and cluster algebra are deeply connected as shown in the Theorem below.

Theorem 2.1.28 (Theorem 1.9 in [5]). Let us consider the cluster algebra of finite

type A(x, B) which consists of cluster variables,

Let ®~_1 be an almost positive root system which consists of the roots of the positive
root system ®, and negative of a simple system 11 i.e. >_y = & U{-II}. Then
there is a bijection between almost positive roots a € ®~_; and the denominator of

cluster variables as follows.

xd:xflx?---xfl" —— a=qaidy + agdy + -+ + a,d,,

Example 2.1.29 (Type A,). Example showed that the cluster algebra of type

Ay is generated by the following variables.

{ 1429 1424 1+x1+x2}
X = €T1,T2, P

T T2 ’ T1T2
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Furthermore in Example the positive definite root system ®>_; yields,
Qs ={—a, —ag, a1, 00,01 + s}
We begin with the associating initial cluster variables with the negative simple roots,
r[—aq] =z, T[] =29 (2.11)

Then it is clear that there is correspondence between cluster variables and roots as
follows:

I+w l+a+2
wlon] = P zlon] = T - m[al-lﬂm]:#
! 2 172

Therefore there is a bijection X +— &>_4

2.1.5 Relation with Zamolodchikov periodicity

In Example 2.1.8] we observed that the specific sequence of mutations takes us
back to the initial seed: such composition of mutations is said to be periodic. By
incorporating the relation between roots and the denominator vector, Fomin and
Zelevensky in [19] proved that the periodicity in cluster algebra of finite type can
be equivalent to Zamoldchikov periodicity [4]. In other words, there exists a certain
sequence of mutations which is periodic with period h + 2 where h is the Coxeter

number. Here we follow the work of [19].

We begin with considering a particular quiver ) whose structure is equivalent
to the bipartite graph. Let us define € : [1,n] — {—1,+1} to partition the set of its

vertices I into two subsets,
I.={iel:ec(i)=+1}, [-={iel:e(i)=-1}

where each vertex in I, is a source and each vertex in /_ is a sink. Then vertices
within in [, are not connected by the edges, and this also applies to the I_. Then
the corresponding exchange matrix admits entries b;;,

€(i) =+1

€(j) = —1

We refer to corresponding matrix as a bipartite exchange matriz. For example

bij >0 =
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i U2 i3 iq i5
)1 O——>0«—O0—>0«—0

where 71,13,%5 € I, and 19,14 € [_

Now let us consider the mutation on the bipartite seed. As mentioned above,
each vertex in I, is incident to only with vertices in /_ and vice versa. Then when we
apply mutations, for instance, only on the vertices of I, each will reverse the arrows
of edges incident to each vertex in I, which results in producing the quiver whose
edges are reverse of the ones in the original quiver. Thus quiver returns to ) after
applying mutations on the other vertices in /_. Hence there exists a unique sequence
of mutations which preserves the structure of the quiver. We can see this from the
quiver (); above that the composition mutations p;, p;, (Q) = —Q (arrows reversed),
and then applying mutations u;, j1;, take us back to the original quiver p;, p;,(—Q) =
(). Such composed mutations give discrete dynamics on the bipartite quiver, and it

is known as the bipartite belt.

Definition 2.1.30 (Bipartite belt). The composed mutations on the initial seed

(x0, By) induce the following iterations,

S (X07B0> — (XOJBI = _BO) — (212)
(X, (=1)"B) = ppuy - -+ iy f1— (X0, Bo) (2.13)
—
rfactors

In this context, let . and g be composition of mutations on the vertices I,

and [_ respectively.
pe= [ m n-= ] m (2.14)
e(i)=+1 e(i)=—1

Note that the composed mutations p_ and py are well defined as there is no edge
connected between the nodes in the same set, and thus mutations in the product 7,
and 7_ commute. Given the ;41 = ;,, with €(i) = (—1)™, the cluster variables

under sequence of mutations p_ .y can be formulated as

Tjm+1Tjm—1 = H %;gjj +1 (215)
e(i)=—e(i)
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with €(j) = (—=1)™"!. Such difference equation is known as T-system.

Recall Theorem [2.1.28| that for cluster algebra of finite type, the denominators
of cluster variables are bijective to the roots a = cjay + coag + - - + ¢y, in the
associated root system ®-_;. This implies there exists a sequence of reflections r,

which is analogous to the sequence of mutations g pi_.

Let ® be an irreducible root system such that the associated Cartan matrix is
irreducible (which implies that Cartan matrix can be encoded into Dynkin diagram)
and let W be the associated Coxeter group. The indexing set I of a connected ¢
can be separated into two disjoint sets I, and I_ so that associated sequence of

reflections can be separated into

= I[ r —= ][ = (2.16)

e(i)=+1 e(i)=—1
where 7; are simple reflections and I, = {i € [ : €(i) = £1} i.e. [ =1, UI_. Then
the actions of 7. can be expressed as

- ifjel
(e =4 ' * (2.17)

aj—zj#aijai lf] GI:F

where «; are simple roots in ® and a;; = 2(a;, o) /(, ;). The product of the two
compositions of reflections above, 7 = 7_7, forms an element in associated Coxeter
group, known as the Cozxeter element which has order h, referred to as the Cozeter

number.

Let us consider the almost positive root system ®>_; = &, U {—II}, which
consists of positive roots ®, and negative simple roots {—II}. We can define

modified version of 74, that is, o0 : ®>_; — ®>_; expressed by

o if a; = —a; for j & I,
oo (o) = ! (2.18)

T+(y) otherwise

Following on from above, we introduce wqy expressed as

Wy =0_04...040+
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. The number of factors of wy is the Coxeter number h if wy satisfies wo(a;) = —ay
with k& € I (see 2] for the details). By using this fact, Fomin and Zelevinsky showed

the following result.

Theorem 2.1.31 (Theorem 2.16 in [2]). The order of o_o. is equal to “52 if

wo = —1, and equal to h + 2 otherwise.

This result can be illustrated by continuing the previous Example [2.1.29]

Example 2.1.32 (Type Az). The cartan matriz for type As is given by
(2.19)

We set the simple root system for type Ay by II = {aq, as} with indices: €(1) =
+1 and €(2) = —1. The associated root system ®=_y is given by the sequence of

reflections as follows.

o4 o_ o o_
- ———» 0] ——p ]t g ——p Oy ——p —
g_ 04 o_ 04
—Qp———p Qg ——— ]+ 0y ———p ] — —Q

It is clear that
wo(—ar) = 0001 (—a1) = a
wo(—a) =0_010_(—a2) =
Hence iteration returns to simple roots after applying
(0_04)(~ay) = —a; forie€ {1,2}

which matches with the result in Theorem [2.1.531].

Combining Theorem [2.1.28 and exchange relation (2.15)) with Theorem [2.1.31
leads to a result identical to Zamolodchikov periodicity conjecture, which confirms

the statement mentioned at the beginning of this section.

Theorem 2.1.33 ([19]). Let A(x,B) be a cluster algebra of finite type together

with exchange matriz B whose Cartan counterpart is the Cartan matriz of Dynkin
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diagram. The cluster mutations p = pu_p (2.15)) satisfy the two cases of periodicity

such as

e period %

h
pE(x,Q) = (x,Q) (2.20)
if associated roots «; satisfies wo(a;) = —aq
e period h + 2,
W (x,Q) = (x,Q) (2.21)

otherwise.

Remark 2.1.34. The periodicity conjecture holds for Y-seed pattern. In [19], they
defined a new piecewise linear function which is analogous to the function (2.18)) and
showed that it is closely related to the Y-seed pattern. This results in showing that
coefficient variables vy; satisfy the periodicity conjecture. Further detail can be found

in (3, 2.

Remark 2.1.35. In the literature (5], it was shown that any quivers, which have

the orientation of Dynkin diagram, also satisfy the results.

Remark 2.1.36. In [§/, Nakanishi and the other authors considered the general

version of T- and Y-systems and proved the periodicities via several approaches.

2.1.6 Periodicity in Quiver and Cluster maps

In the previous section, we observed that there exists periodicity in dynamics given
by mutations p_p, preserving the structure of the quiver. Such periodicity is
essential to define a specific biratinal map between clusters x and x’, known as a
cluster map. In this section, we explore the the notion of periodicity in quiver/matrix

mutations introduced by Fordy and Marsh [6], and Nakanishi [§].

Definition 2.1.37 (Mutation periodic). Let @ be a quiver with n vertices. Then

the quiver is mutation periodic with period m if there exists a sequence of quiver
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mutations which is equivalent to cyclic permutation of the labelling of the quiver Q)

1.€.
P Wiy _q * * * Hig iy (Q) = pm(Q)
for N > m, where p: (1,2,...,N) = (N,1,2,..., N — 1) is the cyclic permutation.

Example 2.1.38 (Type As). The quiver associated with type Ay is drawn as

2
O »O

The mutation py on the quiver is equivalent to a reversing arrow. Permutating the

labels will return the quiver to its original position.

Example 2.1.39 (Somos-4 quiver). Let us consider the quiver which generates

Somos-4 sequence (see formula (4.22)) in the section and see [20] for the
further detail) . If we apply the mutation py on the quiver, followed by permutation

p1 = (1,2,3,4) and rotating, we recover the initial quiver.

In a more general setting, the periodicity of the exchange matrix was defined by

Nakanishi [§] as follows.

Definition 2.1.40. Let Q) be a quiver with n vertices and let p be permutation of the
indices I = {1,2,...,n} of Q. Then the quiver is p-period if there exists sequence

of mutations satisfying the relation below
MinL[’Limfl oo .ILLiQI“’Lil (Q) = p\(Q)

Example 2.1.41. The sequence of mutations transforms the following quiver,
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M5 41
—>

If we permute the labellings of the right-hand side quiver by p = (1,2,3,4,5,6), we

retrieve the original quiver.

In the examples above, we have shown that a particular type of quivers satisfies
Wi, - iy (Q) = p(Q) for some integers r > 0 and some permutation p. Suppose
we define the map ¢ = p~tp; -y ; then the map preserves the structure of the

quiver. This induces a birational map that we refer to as a cluster map.

Definition 2.1.42 (Cluster map). Let (x, Q) be an initial seed with an initial cluster
x = (x1,...,x,) and mutation periodic quiver Q i.e. p; -+ i, (Q) = p(Q) for some

m > 0 and some permutation p. Then
Y = pilﬂimuim—1 v Mg iy
1 a birational map such that

p: C* = C"
(2.22)
X = (21,...,2,) — X =(a,...,2))

where X' = (2, ..., x)) is new cluster given by ¢(x). Such a map is called a cluster

rrn

map.

Example 2.1.43. The cluster map corresponding to quiver in the Example

1S given by
1 -+ To
T

¢ (21, 72) = (22, ) (2.23)

Remark 2.1.44. Notice that a single mutation is not identified as a single birational
map. This is because the exponent of each cluster variable in the exchange relation
changes along the mutations. Furthermore, each mutation cannot be specified simply
by the integers labelling a sequence of mutations, it is specified by discrete steps in
an n-valent tree. However periodicity enables the sequence of mutations, that return

us to the initial exchange matriz, to be identified as the birational mapping.
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2.2 Integrable cluster maps

A discrete dynamical system can be described by the points induced by the finite
iteration of mapping (discrete mapping i.e. x,+1 = p(x,)). For example, the orbits
given by iteration of the cluster map ¢ : C* — C" can be considered as a discrete
dynamical system. Therefore the notion of integrability [9] in discrete systems can
be applied to the cluster map by introducing the suitable Poisson bracket that is

compatible with the cluster algebra structure.

In this section, we consider the notion of integrability for cluster algebras,
introduced in [20, [7]. By mainly following the references |21, 22|, we begin with
some basic facts regarding the Poisson bracket defined on the manifold and see
the rank of the Poisson bracket (or Poisson tensor) forms a connection between
the Poisson and the symplectic manifold. This brings us to the notion of Liouville

integrable system.

2.2.1 Poisson bracket, symplectic form and symplectic leaves

Definition 2.2.1 (Poisson bracket, Poisson manifold). Let M be a smooth real
manifold and let f,g,h € C®°(M) be smooth functions defined on M. A Poisson
bracket is skew-symmetric bilinear map {-,-} : C*°(M) x C*°(M) — C*>°(M) which

satisfies the properties,

1. Leibiniz rule: {fg,h} = f{g,h} +{f, h}g

2. Jacobi identity: {f,{g,h}} +{g, {h, f}}+{h.{f,9}} =0

Then the smooth manifold M with the Poisson structure {-,-}, satisfying the above

properties is known as a Poisson manifold.

In the local coordinates x = (z1, ..., x,), the explicit form of the Poisson bracket

between smooth functions f, g is written as

{9} = meg—ij—i (2.0
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where the coeflicients

Py (x) = {2} (2.25)

are entries of the n x n skew-symmetric matrix. Note that the rank of the Poisson
structure (or Poisson bracket) is determined by rank of the matrix (P;;). This
implies the rank of Poisson structure is equal to the dimension of the manifold if it

is full rank.

The explicit form of the Poisson bracket (2.24])) and Leibiz rule suggests that we

can use a vector field to express the Poisson bracket as follows
Xu()={,H} =PdH (2.26)

Such a vector field is called a Hamiltonian vector field. The Poisson bracket ([2.24])

can be represented as a tensor product of the form

0 0
= § P,i(x)— ® — | (df,d 2.2
as 81 are dual to dx;. Therefore the Poisson bracket can be represented as

{f,g} = m(df dg) (2.28)

where 7 : Ty M x TxM — R is called a Poisson tensor. Equivalently one can define
a linear map 7 : T M — T, M such that 7 = 7(df,-). Then any Hamiltonian vector
field can be written as X; = Pdf = @(df). So the map 7 can be treated as a

Poisson structure.

Next, let us consider the following notion of a map between two Poisson

manifolds.

Definition 2.2.2 (Poisson map). Let (M,{-,-},;) and (N,{-,-}y) be Poisson
manifolds and let x = (xq1,%s,...,T2,) be local coordinates of M. Then a map

w: N — M is a Poisson map if it satisfies

90*{':(:1'7 xj}M = {30*‘%17 SO*xj}N (229>

Definition 2.2.3 (Poisson submanifold). A submanifold N C M of a Poisson
manifold M is called a Poisson submanifold if there exists a Poisson bracket on

N such that the inclusion map N <y M is a Poisson map.
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2.2.2 Symplectic manifolds

Suppose the rank of Poisson tensor (the rank of the matrix P;(x)) at any point
x on M is maximal i.e. rank(P) = dim(M) = n. Then it turns out that the

corresponding Poisson manifold can be identified as a symplectic manifold.

Definition 2.2.4 (Symplectic manifold). A smooth manifold S is a symplectic
manifold if it is equipped with bilinear form w : T, M x T,M — R, expressed as

W = Zwijda:i A dl’j (230)

2%
which is a closed (dw = 0) and non-degenerate 2-form, called a symplectic form.

The coefficient w;; is given by

o 0
Wi = W (8_332’ 8—£]> (231)

One can define a linear map @ : T, M — TFM such that & = w(Xy,:) = df.

This implies that the symplectic form satisfies the following form

w(Xy, Xg) ={/f, 9} (2.32)
This relation gives rise to
w(Xy, Xg) = w(Pdf, Pdg) = w(P(0(Xy), P(0(Xy)) (2.33)

Therefore this indicates that the symplectic structure is the inverse of the Poisson
structure in non-degenerate case. Similar to the Poisson case, one can define the

map on symplectic manifold as following

Definition 2.2.5 (symplectic map). Let (M,wy) and (N,wy) be symplectic
manifolds of 2m dimension and let x = (1,9, ...,%2,) be local coordinates of M.

Then a map ¢ : N — M 1is a symplectic map if it satisfies
YWy = Wy (2.34)

For non-degenerate cases, the symplectic and Poisson structures are closely

related by (2.32). Following this, the birational map can be either Symplectic
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or Poisson map depending on its domain and codomain (Symplectic manifold or

Poisson manifold).

On the other hand, if rank P = 2r < n = dim(M), then there exist m =n — 2r
independent functions Cy such that {Cx, f} = 0 for any arbitrary function f, which
are called Casimir functions. Since the Poisson bracket can be represented as a
Hamiltonian vector field and we have X;(C;) = 0, Casimir functions are
constant along the flow of Hamiltonian vector fields i.e. the Hamiltonian vector

fields are tangent to Poisson submanifolds
S;={x€ M : Ci(x)= constant} (2.35)

Each submanifold S; is known as a symplectic leaf, endowed with the symplectic

form defined by (2.32).

Definition 2.2.6 (Symplectic leaf). The symplectic leaf S, containing the point p is
a set of points q which are connected to p by the piecewise curve where each segment

15 a trajectory of a Hamiltonian vector field.

Theorem 2.2.7 (|22]). Let M be an n-dimensional Poisson manifold which has rank
m < n Poisson tensor. Then each symplectic leaf M; of M is a Poisson submanifold

if rank(P) = dim(M;).

2.2.3 Liouville integrable systems and integrable maps

On each symplectic leaf S;, if we set the variables to be x; = C; for i = {2r,...,m},
then the Poisson tensor P;; becomes a (2r4+m) x (2r 4+ m) matrix, which consists of
the 2r x 2r non-degenerate Poisson matrix and zero rows and columns. This implies
one can lower the dimension of S;; the local coordinates on each symplectic leaves
are (z1,...,Ts.) and the Poisson tensor has rank 2r which is equal to the dimension
of the symplectic leaf. Suppose there exists r independent functions I; which are in

involution with respect to the Poisson bracket {I;, I;} = 0. Then

Xp,(I;) =0 (2.36)
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Therefore the level set is tangent to the flow, induced by vector fields Xj,.

Furthermore, the vector fields commute which leads to the following definition.

Definition 2.2.8 (Liouville integrable system). Let M be 2n dimensional Poisson
manifold with full rank Poisson bracket. If there exist n first integrals which
are constant along the Hamiltonian vector fields, satisfying {I;,1;} = 0, then the
Hamiltonian system, produced by Hamiltonian vector fields Xy,, is called a Liouville

integrable system.

With the notion of the Poisson map defined above, one can state the discrete

version of the Liouville integrable system, introduced in [9).

Definition 2.2.9 (Liouville integrable map). Let A(x,B) be a cluster algebra of
rank n where the B is an n X n exchange matriz and X is an n-tuple of cluster
variables. Suppose ¢ : C* — C" is a cluster map. Given P a Poisson tensor of rank

2r, the map ¢ is integrable if there exist

e n—2r Casimir functions Cy, i.e. ©*(Cx) = Cy satisfying {C, f(x)} = 0 for all

functions f(x)

o 1 first integrals h;, j =1,...,7 (p*(hj) = h;) such that {h;, h;} = 0.

2.2.4 Poisson brackets and symplectic forms for cluster

algebras

Now we reviewed Poisson and symplectic structure for general manifold, let us
consider the specific case of cluster algebras of rank n where B is an n X n
exchange matrix and D is an n x n diagonal matrix, skew-symmetrizer, satisfying
(DB)T = —(DB). In the case of cluster algebras, we are interested in Poisson

brackets taking a particularly nice form on the clusters
{ZL’Z‘, l‘j} = Pz-sz-xj (237)

where P = (P;;) is a n X n skew-symmetric matrix, which is referred to as a Poisson
matriz. The terminology for a bracket of this form is log-canonical Poisson bracket,

as coined by Gekhtman, Shapiro and Vainshtein [23].
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Definition 2.2.10. For a cluster algebra A(x, B), a Poisson bracket {-,-} is said
to be mutation compatible if the bracket between any clusters is restricted to log-

canonical form.

Let us assume that the exchange matrix B has a maximum rank (non-degenerate
matrix det(B) # 0). Imposing the condition of mutation compatible, one can obtain

the following result (the further details can be found in 23| |24]

Theorem 2.2.11 ([24]). Assume that B is skew-symmetrizable with skew-symmtrizer

D and that B is of maximum rank, the Poisson matrix can be written as
P=)DB' XeQ (2.38)

In addition to this, the product PB is mutation invariant.

The fact that the Poisson structure P is directly proportional to the inverse of

the exchange matrix B enables us to identify the cluster map as a Poisson map,

stated in Definition 2.2.2

Suppose we wish to adapt the notion of Poisson map to the case of cluster

algebras. One can show that single mutation py, satisfies the following relations,
iz, x5} = Piaid;
{tps, sy = {&:, 3} = Py,
The cluster mutation puy is Poisson if and only if the corresponding Poisson matrix is
invariant under py. As already noted in the section this cannot happen for a
single mutation u. However, since the cluster map is constructed by the periodicity

of the exchange matrix B (¢(B) = B), then the relation (2.38) suggests that the

cluster map also preserves the Poisson matrix P, and hence it is a Poisson map.

The above result can be attained if rank(B) = n (full rank). Conversely, for
the rank(B) < n, it turns out the map can be reduced to a symplectic cluster map,
defined by cluster algebra of lower rank. The latter will be explained in the next

section.

In the same way that there is a Poisson bracket compatible with cluster algebra,

an associated symplectic form also exists. This was also shown in [23] that there
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exists a symplectic form in cluster algebra, which is written in the log-canonical

form,
w= Z o dw; Ada; = Zbijdlog z; A dlogz; (2.39)
1<j 1<)
It is mutation compatible i.e., the cluster mutation p : ((z1,...,2n),B) —

((#1,...,%n), B) yields & = Zi<j IN)Z-jdlog z; N dlogz;. Note that if the exchange
matrix is degenerate then the bilinear form is pre-symplectic form; when it
is non-degenerate, we have an honest symplectic form. Similar to the Poisson case,
the cluster map is symplectic map since it preserves the associated exchange matrix

that is equivalent to ¢*w = w.

2.2.5 Symplectic reduction in cluster algebras

For the non-degenerate case with rank(B) = n, the coefficient matrix of the
symplectic form w is the inverse of the Poisson matrix as P = B~!. In the setting
above, the cluster map can be either a Poisson or a symplectic map. On the other
hand, for the degenerate case rank(B) < n, it is Poisson but not symplectic. Recall
that a Poisson manifold equipped with a degenerate Poisson bracket is foliated by
symplectic leaves. With the related ideas, there is a canonical way to reduce the
Poisson map to a symplectic map via the symplectic form. The following result was

shown in the Theorem 2.6 in [7]

Theorem 2.2.12 (Symplectic reduction). In the degenerate case rank B = 2r < N,
there exists rational map T,
7:CN — C*
(2.40)
x=(x1,...,25) = Y= (Y1, -, Y2)

equivalent to
v vl (i)
y; =X :Hl‘j’ , vVelmB (2.41)
J
which reduces the @ to the symplectic map ¢ satisfying the following relation,
7"' . (p _= @ . 7'('

depicted by



cN 2V

oL

CQ’I‘ ¥ CQ’I‘

In addition to this, the symplectic form @ associated with ¢ is given by T™w = w,

which ie expressed by following

~

b
@ =) —dy Ady; (2.42)
i<j YiY;

Example 2.2.13 (Somos-5). To see the application of Theorem let us

consider one of the examples that has been considered in the paper [7, 20)].
o 1 -1 -1 1
-1 0 2 0 -1
B=|1 -2 0 2 -1 (2.43)

It is periodic uy = p(B) for permutation p = (1,2,3,4,5); this gives rise to the
cluster map

P (S€1,£C2,373,5U47955) _>($27373,£U4,9€5,JC6)

ToZs + T3X4 (244)

T

)

where we labeled the new variable as xg. If we repeat the same procedure over the

= (ZBQa X3,T4,Ts,

iteration of cluster maps, we can write non-linear recurrence

Tn+5Tn = Tnt1Tntd + Tnt2Tn43 (245)

which s known as Somos-5 recurrence. Since the matrixz has rank 2, Im B is spanned

by the three basis vectors
er = (1,-2,1,0,0)", ey =(0,1,-2,1,0)", e3=(0,0,1,-2,1)" (2.46)

We choose
V1 = €1 — €2
= (17 _17 _17 17 O)T7
(2.47)

Vg = €9 — €3

=(0,1,-1,-1,1)"
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Then image vectors vy, vy generates T,

T o C> — C?
(2.48)
X = (xl,x2,$3,l'4,l’5) = u= <u17u2)
where the new variables are given by
Uy = 1’133'4’ 2 = 1205 (249)
ToT3 3Ty
This induces the following reduced cluster map,
R ’ UQ+-1
&1 (ug,ug) — (uy, uy) = (ug, (2.50)
Utz

Denoting uy = us, the expression from the second component of 1s written as
UsUslUy = Uy + 1 (2.51)

We repeat the process for each step; the subsequent iteration of ¢ gives
Uy UpUp—1 = Up + 1 (2.52)

Note that since we label new variables as t,.5 = @(x,) for any n > 0, the

substitutions in (2.49) can be written as

xnxn+3

(2.53)

Up = .
Tn4+1Tn+2

Then substituting the variable directly into the above expression will give us the

recurrence ([2.45)).

On reduced space, the map ¢ is in fact a Liouville integrable map as there exists

an invariant function,

1 1 1
I = U1U9 + — 4+ —+
U1 U9 U1U9

(2.54)

Remark 2.2.14. In the example above, the level set defined by the invariant function
I is a biquadratic curve of genus 1. This suggests that the reduced cluster map ([2.50)
is a special case of map, known as QRT map introduced in [25] (see the Remark

in the section for brief background of QRT map).
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2.3 Integrability detection

Here we will introduce several algebraic methods which were developed for identi-
fying integrable systems among the discrete dynamical systems. In each section,
we will review each method, which is a crucial factor for the results in the later

chapters.

2.3.1 Singularity analysis of difference equations

In this section, we introduce a heuristic approach in a discrete system, called the
singularity confinement test, which was introduced as an algebraic tool detecting
integrability. We follow the reference [26] and consider particular examples to

demonstrate the process of the test.

The singularity confinement test was proposed by Grammaticos, Ramani and
Papageorgion in [13] in order to assess the integrability of a discrete dynamical
system. The motivation for such criterion came from the local singularity analysis
of the solutions of ODEs, called the Painlevé test, which was used to detect the
ordinary differential equations with the Painelevé property (solutions of the ordinary

differential equation possessing removable singularities).

In [27], Ablowitz, Ramani and Segur made a conjecture that there exists a
connection between non-linear integrable PDEs and non-linear ODEs with the
Painlevé property such that any ODE which emerged from the reduction of an
integrable PDE is of Painlevé type. Then, passing the Painlevé test gives a necessary
condition for the integrability of the system. Thus Grammaticos, Ramani and
Papageorgion in [13] adapt these notions for discrete systems to identify the discrete
analogue of Painlevé equations by performing the singularity confinement test. Let

us consider the following examples to see the procedure.
Example 2.3.1 (Lyness recurrence). The autonomous difference equation
Tpt2Tn = ATppq + b
15 known as the Lyness recurrence, where a and b are non-zero parameters. It is
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clear that one of the potential singularities of the equation is x, = 0. By setting
suitable initial data, the iteration of the recurrence reaches the singularity. Let us
assume that the step ng iteration gives xp,, = 0 and T, 11 = u (finite regular value).

Then the further iterations give

_ ATpgp1 T b
':Eno—i-Q - T -
no
b
Tpg+3 = 00 + 5 =00
00 b
AR

As one can see %2 is an ambiguity term (a true singularity, with loss of information).

To resolve it, we study the neighbourhood of the singularity by introducing the small

quantity €. Thus let x,, = €; then

Tpy = €
Tng+1 — U

Tpot2 = (au + b)e?

alau+b) _, b
xn0+3:¥6 1+5
2

a
Lno+4 = E + O(E)

a® + bu 9
o= (et )+ O

bu
Tng+6 = 2 + O(e)

Notice that x,,+4 is no longer an ambiguity term and now it is well defined. As

e — 0, the sequence given by the iteration is

(- eu e et a®fu,e b, ..
("',O,R,O0,00,R,O,R,"‘)

The sequence above is referred to as the associated singularity pattern. The
iteration enters 0 and then it passes through poles x; = 0o and zeroes x; = 0,
after which the next iteration depends on the initial value u. We call this singularity

confined.
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Note that the difference equation above can be represented by a two-dimensional

complex birational map of the form

-1'2,71
T1n
(R — b
Lo b ¥ aon
T1n

In [28], Lafortune and Goriely defined the singularity confinement property for

discrete mappings.

Definition 2.3.2 (Singularity confinement). For the class of N-dimensional bira-

tional maps of the form

Tin T1n+1

Ton T2 n+1
—

TN n TN n+1

a singularity of the map is defined as a point'y = (y1,Ys,...,yn) where the right-
hand side of the map is undefined. This singularity is said to be confined if there

exists a positive integer M such that limy_,, M (x) = 1y exists.

Now we consider an example of particular relevance to us; we will shortly see

that it arises from a deformed A, cluster map.

Example 2.3.3. Consider

1+ a1T9
T T
: — (2.55)
To T + CL2(1 + alxg)
T1T2

This birational map has two singularities x1 = 0 and xo = 0. We begin singularity
analysis with the singularity x1 = 0. Once again we study the singularity by

introducing the small quantity 0 < € < 1. By setting the initial data v1 = u, 9 =

- terati 1+
—eu, the next iteration of the map reaches <e, L+ eaz)ar
ax

>, where it is at a
eu—1
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singularity:

—(a; — 1) (a; + et — a?(u + as) —ay + €(u + as)ay + O(e?)
%
az(ar —1)(a1 +1) |  was+a3—1 —(ag — 1)(ag + 1)ay )
€ _— € + O(e?)
aq aq CLQ(CLl - ].)(CLl -+ 1)
1
_CL_2 + 0(6)
2 2 2
—a3 +u(a; — 1)ag + aj
G VR

As e — 0, the sequence becomes

1

o —a9 as

R IR 2.56
N e (250
0. @)

ar (a3 — 1)

Therefore there ezists a limit limy_,y ™ (x) # 0, which is non-vanishing. Therefore

the singularity is confined.

For the case of the singularity x4 = 0, we take the same procedure with the initial
iterates x1 = as(1 + aju)/(eu — 1) and then € — 0 give us the following sequence of
iterations,

—as 00 0 R

00 (a; —aja3)/ (a3 — 1) —1/a; R

where R is some non-zero reqular value. Therefore both singularities are confined.

Example showed that this particular map possesses the confinement
property. In addition to this, one can show that the map is Liouville
integrable, as there exists a first integral that is invariant under the map, given
by

1 a% a a1as ai a1x1 A1Ty  A1To

T+ —+—+ + + + + + (2.58)
T I a1T9 T T1T9 ) a9 I

From these examples, it may appear that the confinement property leads to finding
an integrable map, but in fact, this is not the correct statement. This was shown
by Hietarinta and Viallet in [29], who provided a counter-example, passing the

confinement property test but non-integrable in the sense of degree growth (see the
section [2.3.3)).

43



2.3.2 Singularity pattern via p-adic analysis

There is an alternative procedure to find a singularity confinement pattern by
considering birational maps over the completion of Q of p-adic integers (p is a
prime number). In this section, we consider the arithmetic version of singularity
confinement, introduced in 12, 30]. We begin with a brief introduction of p-adic
integers (following [31}, |32]) which is necessary for understanding the process of p-

adic analysis.
Any z € Q can be uniquely written as
z = p'®@ (2.59)

where v(x),a,b € Z and a,b are coprime integers, which are not divisible by the

prime p. The p-adic norm is defined as [|z||, = pv@,

Definition 2.3.4 (Field of p-adic numbers). The field of p-adic numbers is the

completion Q,, that is, field Q endowed with p-adic norm ||Hp

Definition 2.3.5 (p-adic expansion). The ezpansion of rational number o € Q, in

powers of p is called p-adic expansion. i.e.

a= i anp” (2.60)

where ng € ZU{oo} and 0 < o, <p—1

Note that for ng # 0, (2.60) can be written as p™ (30 )ty 4,p™") in the form of
(2.59). Hence it is clear that v,(a) = no.

Lemma 2.3.6. Let > 7 , Qnp" be p-adic expansion of a € Q. Then

k—1
o= ap" (mod p*)
= (2.61)

= Qg™ + Qg 1™ a4 g™ (mod p¥)
for all k > 0 where the remaining terms vanishes

Example 2.3.7 (5-adic expansion of %) Since H%”s = 1, it is 5-adic integer and

its 5-adic expansion must be in the following form.

; = ag+ ai(5) + az(5)* + ... (2.62)
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To determine the coefficients «;, we begin with the case k =1 in Lemma |2.5.6)
3
5= (mod 5)

Following congruence is equivalent to ag = % (mod 5) = 209 = 3 (mod 5). For the
remainder of the division to be 3, the only choice of cy must be 4. If we proceed to

k = 2, the expansion can be written as
3 2
5 =4+ 505 (mod 5%)

Once again, rearrange the expression and obtain —g = bay (mod 25). Dividing by 5
and reordering yield the simplified congruence —2cq = 1 (mod 5). Therefore fixing

a1 = 2 solves the expression. Repeating the same procedure for other cases k, gives

5-adic expansion,

3

§:4+2-5+-~- (2.63)
One can verify that the left-hand side of the expression is indeed %
Definition 2.3.8 (Ring of p-adic integers).

Zp:{erp D, <1 = U(JU)ZO}

The ring of p-adic integers Z, has a unique maximal ideal,
p=ply={x€Zy : vy(x) 21}

Following this, one can define a ring homomorphism between Z, and congruence

classes Z,/pZ,,
&1 Z, - 7,/pZ,=F,

(2.64)
r T
for which the following relation holds:
mwty)=2+7, wlaTy")=a"g" (2.65)

This map is called reduction modulo p.

We can extend the reduction by replacing the domain with Q,\{0}. Above,

we already noted that any elements in @, can be expressed as z = pr@y! =
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pr@ 3" aipt by p-adic expansion. Thus the reduction of z € Q,\{0} modulo

prime p is given by

x> 7(r) = 4 oo vp(x) <0 (2.66)

ap=R uv,(z)=0

where R is a non-zero regular value.

Example 2.3.9. Going back to Example the reduction of 3/2 modulo 5 gives
m(3/2) =4.

Example 2.3.10 (Reduction modulo 5). The 5-adic expansion of 1/10 yields the

following form,

11—():3-(%)+2+2-(52)+--- (2.67)

The reduction of 1/10 modulo 5 gives w(1/10) = oc.

Now let us consider reduction modulo p of rational mappings x,11 = ¢(x,) i.e.

T1n T1n+1
Ton T2 n+1

0 — (2.68)
TN n TN n+1

where z;,, € Qy(z1,...,2y) for i € {1,... N}. If we apply the reduction to ¢, then
we obtain a reduced map X,11 = @(X,) € F;)V which satisfies 7 ¢ = ¢ - 7 (depicted

in the figure 2.2)). Such a reduction is known as a good reduction in [12].

©
Xno ? Xno +1

ook

N ) ~
Xno XTL0+1

Figure 2.2: Good reduction

However, in particular cases (7(z;,) = 00), the reduction is not well defined.
Note that this coincides with the situation of singularity analysis, that is, the iterates

1

T, € Q, yielding p-adic norm, |z, , > 1, corresponds to the € in the singularity

analysis. In [12], the notion analogous to Definition is introduced as follows
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Definition 2.3.11 (Almost good reduction). Let ¢ be rational map ¢ : Qév — Q]]?V,
shown at (2.68)). The reduction modulo p is said to be almost good if there erists a

positive integer mg such that — lim (™ (X,,)) = @m0 "0

(Xno) = Xmg
m—mo—ng

® ® mo=no—3 @
Xny — Xnpgtl —— Xngt2 ————- > Xmg—1 —— Xmg

PLob b L

- ® 4 @ & @mo—m0 8 ® 4
Xpy — Xpgtl —— Xpgta ———- > Xmg—1 —— X

Let us again consider the map v in Example to see the process.

Example 2.3.12. Setting initial clusters (x1,z2) = (1,1) and the parameters to be

a1 = 2 and ay = 3, we consider the orbit given by iteration of the map 1 as shown
in the table below,

33 5-103 | 3-11-401 | 11-29-419
T1in 1 3 7
’ 5.7 | 32-11 29-103 3-137-401

195 11| 22.29 | 7-137 | 2-3-3049 | 17-43%-103
:E n . JR—
> 5 | 7-11 | 3-29 103 - 137 401 - 3049

where each iteration is factored into primes.

We can see that for p = 7,103,401 etc., the p-adic norm for x; , and xs, exhibits
the patterns

|I‘1,n’p : 1>p_17p7 171

(2.69)
‘xQ,ﬂ’p : 17 1>p7p717 1
As for the prime p = 5,11,29,137 etc., the pattern is
|x1, | : ]-7 17 17p7p_17 1
" (2.70)

|‘r2,n|p : 17p717p7 17 17 1
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If we take x;, modulo p then the sequences (2.69) and (2.70) are analogous to the

following singularity pattern:

€ et R R
— — — (2.71a)
R e € R
R R et € R
— — — — (2.71b)
€ e R R R

which is identical to the pattern, shown in Example[2.3.3

2.3.3 Algebraic entropy

Recall that the singularity confinement test was insufficient to detect the inte-
grability of the system as there exists a counter-example which is non-integrable
(exhibiting chaotic behaviour) but still passes the test. There is an alternative
algebraic test which is a stronger integrability indicator than the singularity
confinement test. This test involves an algebraic quantity called algebraic entropy,
introduced by Bellon and Viallet in [33],

log d,

e = lim (2.72)

n—oo 1
where d,, = deg(¢™) is given by the maximum degrees of the components of ¢" i.e.,
the entropy is determined with the growth of the degrees d,. As we observed in the
previous examples, the rational expression becomes more complex as we iterate the
map on initial data. If there were no factorisation, then the degree would have grown
exponentially. In the iteration, the cancellation of common terms occurs between
the numerator and denominator, reducing the complexity of the expression. Thus
the factorisation reduces the growth rate of degree d,,. In many cases, it was shown

in [33][29],

e Exponential growth represents chaotic behaviour
e Polynomial growth represents regular behaviour

Particularly, the degree with polynomial growths corresponds to zero entropy, € =

0. From observation of many integrable maps, it is conjectured that zero entropy
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indicates integrability. Therefore the amount of cancellations in the iteration decides

the entropy.

It is well known that the calculation of algebraic entropy is very complicated in
general. However, it was shown in [7] that the complexity of calculation is reduced
in the cluster setting, which allows us to find the tropical max plus relation analogue
of the exchange relation. To comprehend the mechanism, here we follow [7], that is,
the exact growth of the degree of cluster maps associated with the period 1 exchange

matrix.

Let us consider a cluster algebra A(x,B) of rank n. Recall that due to
the Laurent phenomenon, any cluster variables generated by cluster mutation are

expressed as Laurent polynomials in the initial cluster, which take the form
(2.73)

where P;(x) is a polynomial in the initial cluster xq with positive coefficients and
xdit = I x?j’l with denominator vector d;;(z;;) = (diy,...dn;). From exchange
relation, we can see that homogeneity degree of numerator P,(x) is equal to the
homogeneity degree of z;,, plus 1. This implies that the d-vector in the monomial

is sufficient to determine the growth of the degree of iterates.

To find the d-vector, it is important to remark that the variable arising from the
exchange relation is a subtraction-free rational expression due to total positivity of
cluster algebras [34]. Thus, upon substituting the directly into the exchange
relation and comparing the denominator of each side of it, we can see that d;

satisfies the following relation,

diy + deg = max | > budig, — > budiy (2.74)
b0 b <0

which is expressed as (max,+) expression corresponding to (2.2)).

Remark 2.3.13. Simply speaking, the (max,+) algebra is constructed from an

ordinary algebra equipped with operations addition and multiplication through
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tropical method in mathematics |35, |36] which replaces the operations as following

a+ b — max(a,b)

axb—a+bd

One of the approaches representing tropical method is ultradiscretization that is
process of transforming the difference equations into the (maz,+) expression through
a limiting procedure i.e setting each dependent or independent variable x; = e and
using identity of the limit

X

lim ¢ log (ﬁ + e?2> — max(Xy, Xa) (2.75)
e—

allow us to rewrite the difference equation as (maz,+) expression, which is also
known as ultradiscrete equation . This limiting process was introduced by Takahashi
and Satsuma in [37] for which they used to show the connection between ultradiscrete
KdV equation and specific type of Celluar Automata (CA), the boz ball system. Over
the years, this procedure has been useful in the various aspects of discrete integrable
systems. In this thesis, ultradiscretization is the key for finding the leading order of
degree growth which will be seen in the later chapters. If the reader is interested in

ultradiscretization in further detail, please have a look [3§]

Example 2.3.14 (Algebraic entropy of Somos-5 sequences). We follow the work in
139]. Recall from Ezample the Somos-5 recurrence relation

Tn45Tn = Tnt1Tntd + Tni2Tnt3 (276)

which can be obtained by the iteration of the period 1 cluster map. By setting the

degree vector d(x,) = d,, = (dp, dpi1, ..., dnys), one can express tropical analogue

of as follows
d, +d, 5 =max (d,y1 + dpsa , dpso +dpys) (2.77)
If we subtract d,, 14 + d,i1 from both sides of the equation, we obtain
d, +dyi5 —dpys — dpn = max (( dygo + dpgs, 0)

Following from above, we set variable U, = d,,14 + dpy1 — dpyo — dyrs, which is

tropical analogue of the substitution (2.53)); the expression becomes
Upi1 +Us1 = [Uy]+ (2.78)
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where [Uy,]+ = max(U,,0). Notice that this expression is ultradiscrete version of the

recurrence (2.53|) given by the reduced map in Example|2.2.15.

With fizing the initial degree vector dy = —1 (equivalent to Uy = —1), a direct
calculation of first three iterations of (2.77) shows by inspection that w, = 3.

Hence u,, has period 3, or in other words U, satisfies the relation
(S* - 1)U, =0 (2.79)

where S s the shift operator that sends n — n + 1. By imposing the condition to

[2.78), then we have

(S —1)(S+8HU,
= (& -1(S+STHNS+S -8 -8, (2.80)
=SS+ D(S*+)(S*+S+1)(S—-1)°d, =0

By solving the characteristic equation for S, we obtain the d-vector d,, whose leading
order term 1s given by

d, = an® + O(n) (2.81)

for some constant o > 0. Since n grows faster than logd,, as n — oo, the algebraic
entropy of Somos-5 recurrence relation is (. Hence the entropy indicates that it is

integrable, which matches the result in Example [2.2.15,.

Remark 2.3.15. In accordance of [40], the complezity of iterations x,,1 = p(x,),
over field of rational Q, can be measured by the height function, that s,

H () = max {|ul, [v]}

where u and v are numerator and denominator of x,,, and they are coprime. Then
the same author in (40] introduced an alternative version of algebraic entropy, which
is known as Diophantine integrability: the discrete dynamics given by x,+1 = o(zy,)
is Diophantine integrable if the logarithmatic of heights h(z,,) = log(H(x,,)) grows
slower than polynomial in m. This is immediate approach to check the growth of

complexity.
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2.4 Deformation of cluster mutations

In this section, we will briefly review the deformation theory which preserves the
presymplectic form, introduced by the Hone and Kouloukas [10]. Let us consider
the exchange relation ([2.2]) and express it in the following form:
—1 + — .

z fk(M 7M )7 fOI‘j =k
o= " e (2.82)

zj, for j #£ k
where fi : F x F — F is a differentiable function and

N

N
M]j _ sz[bik“? M]; _ Hx[‘*bik]-% (283)
=1

%
i=1

Note that if f.(M,", M,") = M," + M, , then the mutation is the ordinary coefficient-
free cluster mutation (2.2)). In [10], Hone and Kouloukas introduced such functions
f in order to extend the definition of cluster mutation gy, while still wishing to
maintain the property of preserving the pre-symplectic form w. The first key lemma

and theorem in this setting are the following.

Lemma 2.4.1 (|10]). If (x/, B") = ux(x, B') is defined as in (2.82) and (2.1), then

the symplectic form w is preserved, i.e.

bl b,
Z x{;/.da:; Ada; = Z x;dxl A dz; (2.84)
i<j i3 iy Vil
if and only if
M-
fe(MyF, My7) = Mf gy (M—’i> (2.85)
k

for some differentiable function g, : F — F

Theorem 2.4.2 (|10]). Let iy, . . ., fiyftiy be a sequence of generalised mutations of
the form (2.82) such that

Mgy = - 'Mi2ui1(B7X) = (B7X>

with f;, being of the form (2.85)). Then ¢:x — X is such that ¢*w = w, for w
log-canonical as per (2.39)).

52



Thus exchange matrices that are periodic under a particular sequence of
mutations (or more generally, are periodic up to a permutation) give rise to
parametric cluster maps that preserve the pre-symplectic form w. In other words,
by adjusting the function f in , one can generalise the symplectic cluster
map. Furthermore, if the map is integrable then one can find a family of deformed

integrable maps. Let us consider several examples of the deformed integrable maps.

Example 2.4.3 (Dynkin type Ay). Let us consider the cluster algebra of type As
which is constructed by initial data formed by the initial cluster x = (x1,z3) and the

exchange matriz

By, = (2.86)

The matriz is tmvariant under the action of the sequence of mutations pspy, i.e.
popt1(Ba,) = Ba,. This composition of mutations enables us define a cluster map

©A, = Hopt1 Such that it preserves the two-form

1

T1T2

WA, =

Note that wa, is symplectic form as it is not degenerate. One can confirm that
the map @a, is periodic with period 5 (i.e. ©>(x) = x) by an explicit calculation.
Alternatively, one can check by Theorem (stated in Section , that 1is,
h+2=3+4+2=5, where h = 3 is the Cozeter number of type As.

Since the map satisfies the condition of Theorem [2.4.1, one can define a new
symplectic map @, which is constructed by the composition of mutations fix for 1 <

k < 2, where [i; are deformed mutations in the direction k,

N _ M,
fir(y) = xklMJgk(—M’i) (2.88)
k

with MF defined in (2.83).
By setting the function gi(x) = ag + brx, the mutated variables fix(zy) can be

written as

Furthermore by rescaling each cluster variables, x; — \iw; for (A1, A2) € (C*)?, we

fiz the parameters by, by to be 1; we find the deformed cluster map ©a, = fiaji1,
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which takes the form of the map ¢ in Example[2.5.3, Due to the theorem[2.].9, the

deformed cluster map Qa, is symplectic map.

The deformed cluster map ¢a,, which preserves the symplectic form wa,, (2.87),
is then 1 as in Example[2.53.3. As mentioned there, the map 1) is integrable as one
can find the first integral (2.58)), which is invariant under the map. Thus deformed

map pa, s integrable.

Example 2.4.4 (Dynkin type Ay). The quiver with linear orientation of Dynkin

type Ay can be drawn as

Let By, be exchange matrix associated with type Ay quiver, which is given by the

skew-symmetric matriz

0 -1 0 0
1 0 —1 0
B, = (2.90)
01 0 -1
00 1 0

This matriz has period 4 with respect to a sequence of cluster mutations:

papizpiopin (Ba,) = Ba,

We define the cluster map pa, with the composition of mutations above, @, =
paptzpioptr. Once again, we fix the function fi in the cluster mutation as (2.89) and
then apply the rescaling to the cluster, i.e. x; — \ix;, for (A, A2) € (C*)? to adjust
the parameters into b; = 1 and a; = 1 for i € {2,3}. This yields the following
parametric map
Pay : (T1, 22,13, 24) — (2], 75, 75, 7))

where the mutated variables x; are given by the following relations:

/]1 . 33’1.’1311 = bl + a1

[l : ToTy =1+ zix3

(2.91)

fig : T3xy =1+ x5xy

. /o /
Ha P XTyTy = b4 + Ay Tq
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As the Coxeter number for type Ay is 5, one can confirm that the original cluster
map a, is periodic with period 7 (¢% (x) = x). In our case, the periodicity takes
an important role in constructing first integrals which are invariant under the type

Ay cluster map. This property allows us to define the symmetric functions,

where L; = (¢*)!(x1). The symmetric functions are first integrals associated with
@A, as they satisfy ¢4 (I;) = I;. In addition to this, they are in involution with

respect to the Poisson bracket, i.e.

{zi,2;} = Pyw; (2.93)
where
0 1 0 1
-1 0 0 O
P = (2.94)
0O 0 0 1
-1 0 -1 0

With these properties holding, we see that the cluster map ¢4, is Liouville integrable.
In the same fashion, one can show that the deformed map @4, possesses integrability
under certain conditions. The most natural candidates for the first integrals are
(12.92)), as the Poisson structure remains as per . Howewver, they are not

preserved under ¢ 4,.

To resolve this problem, we consider expanded first integrals, which are expressed
into a sum of monomials and modify them by inserting arbitrary coefficients into

each term:
i J

where J; and K; are monomials arising from the first integrals I, and I respectively,
and o, B; are arbitrary coefficients. Then by imposing the condition gbju(fi) =

I;, one can constrain the coefficients o, 5; and find the necessary and sufficient

conditions for integrability with I, being first integrals. Thus if we fiz the parameters
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by =1 = by, then [~1 and fg are first integrals,

~ 1
2 2 2
I, = m(a1a4x1x2 + 103212223 + A1T1T223 + A104T1 0205 + A1A4T1T4 + A1A4T1T524
1424344

2 2 2 2
+ 414420324 + A1A4T]T3T4 + AgT203T4 + ATA4X2T3T4 + ATTT2T3T4 + A1A4THTITY

2 2 2
+ 104717524 + A1Q4T1ToTy + A1T1T2X377)

[ (a1 + xo)(z1 + x3) (21 + x3)(ag + x3) (X129 + Q412273 + T124 + T3T4 + 122732 4)
=

123137,

(2.96)
Furthermore, by explicit calculation, one can show that they commute with respect
to the Poisson bracket (2.93)). This allows us to conclude that the deformed map

©a, 18 Liouville integrable.

The examples above show that ¢4, and ¢4, are integrable symplectic maps.
However, as a result of applying the deformation, the map no longer generates
cluster variables, belonging to a Laurent polynomial ring. Thus in general, the
deformed map is not a cluster map. To restore the property, we require a process

called Laurentification, which will be introduced in the next section.

2.5 Laurentification

In this section, we will introduce a specific projectivization that lifts our deformed
map, which is not given by a cluster algebra structure, hence we do not have Laurent
polynomial expressions for the iterates to a higher dimensional one which is and
does. This lifting is called Laurentification (coined by Hamad et al. [41]) and was
introduced and studied by the authors in ([42],[43]). Thus this procedure helps us

to resolve the problem that emerges from the deformation.

To be a little more concrete, recall that one of the key features of a cluster algebra
is the Laurent phenomenon, where every variable induced by cluster mutation can be
expressed as a Laurent polynomial in the initial cluster variables. This implies that
a cluster map, which is composed of certain mutations, has the Laurent property, in

the following sense.
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Definition 2.5.1 (Laurent property). Let x = (x1,%2,...,2,) € F" be an initial
cluster and let : C* — C" be an associated cluster map. Then 1 is said to have the
Laurent property if for all n, the nth iterates of v are given by Laurent polynomaials
in the Laurent polynomial ring C [:Eit, Ty, ... ,x,ﬂ

Notice that the deformed map ¢4, in Example with generic choice of
parameters ag, as is not a cluster map. This is because the iteration of the map,
beginning from the initial cluster (z1,x2) yields the new variables

a1ay + a1y + a3asTy + 119

N zo(1 + ajxs)
(Pag)® 1 x— ) ) , (2.97)
x1(ar1a3 + a1a9my + x9 + aja5ws + agT1T2 + a125)

(1 + all‘g)(ag + 1+ alagl‘z)

which consists of rational expressions whose denominator is no longer monomial as
the parameters prevent the cancellation with the numerator. Thus deformation of
the cluster map destroyed the Laurent property of the undeformed counterpart to

this map.

To restore the property one must try to lift the map to a higher dimensional

space, where the Laurent property is restored.

Definition 2.5.2 (Laurentification). Let ¢:CM — CM be a birational map. A
birational map : CN — CV (for some N > M) is said to be a Laurentification of

© if the map 1 possesses Laurent property and there exists a rational map 7 : CN —

CM such that ¢ - = 7 -1 holds.

cV YN

ok
cM £, M

Figure 2.3: Laurentification

Note that there are several methods which fit the description of Laurentification
such as recursive factorization, which was introduced by Hamad and Kamp in [41].

They showed that certain QRT maps, which do not generate the elements of the
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Laurent polynomial ring, can be transformed into Somos-4 and Somos-5 recurrence

relations with periodic coefficients.

Here we take an approach, that is, finding appropriate rational map 7 defined
by dependent variable transformations, that is, expressed by new variables, tau-
functions e.g. T,0. The following transformation can be identified by the singularity
confinement patterns induced by a deformed integrable map. This method was
applied to several examples in [43], |10]. To see the significance of this approach,
let us consider the Laurentification of the deformed maps ¢4, and @a,, which are

shown in Example [2.5.3| and Example [2.5.5] as below.

Example 2.5.3 (Laurentification of ¢,). The singularity confinement pattern given

by Pa, (shown in Example defines a rational map,
T (T*h 70, 71,00,01,02, 03) — (:Eh :CQ)

which is equivalent to the dependent variable transformation

UnTn+1 O-n+37—n—1
R g, = 2 (2.98)

3
On+1Tn On+2Tn

where tau-functions T and o represent (2.71a) and (2.71b)) respectively. Substituting
(2.98) gives the deformed map on the space of tau-functions, ) = WY -, which is

Tin =

equivalent to the following system of equations
Tna20n = OpioTn + 10, 43Th_1 (2.99a)

OntaTp—1 = On42Tnt1 T Q20 n41Tn 2 (2.99Db)

If the relations above are to be regarded as exchange relations, then there must be

initial data formed by initial clusters and exchange matrix. The initial clusters can

be extracted from (2.99a) and (2.99b)), as follows. Let us denote
(T—la T0,71,00,01, 09, 0-3) - (jh 5717 ... 7:’57) (2100)
The presymplectic form w4, on the space of tau-functions can be written as

Wa, =TwWa, = Z b;dlog Z; A dlog Z; (2.101)

i<j
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where the b;; are entries of a new exchange matriz,

0 1 -1 -1 1 0 0
-1 0 1 1 -1 1 -1
1 -1 0 0 0 -1 1

Bayy=|1 -1 0 0 0 -1 1 (2.102)
-1 1 0 0 0 1 -1
0 -1 1 1 -1 0 0

0o 1 -1 -1 1 0 O

Let us consider the extended initial cluster (T_1,7o,T1,00,01,09,03,a1,02) and

extended exchange matriz,

10 1 1 -1 1 -1
1 -1 0 0 0 -1 1
1 -1 0 0 0 —1 1

Byu,=]-11 0 0 0 1 (2.103)
0 -1 1 1 -1

1

0 0
o 1 -1 -1 1 0 O

0 0
-1 -1 0 0 0 1 1

The cluster mutation in direction 4 acting on the initial clusters (2.100)) gives a new

cluster:
Ha (T—la T0,71,00,01,02,03, 01, a2) — (T—IJ T0,71,72,01,02,03, a1, CLQ), (2104)

where the fourth component of the tuple sees oo replaced by the new wvariable
To. Note that [i; indicate cluster mutations in the cluster algebra associated with
Laurentification of the deformed map. The mutation iy induces the following

exchange relation
ToOg = T_103 + A1To0 (2.105)
Further applying the mutation in the direction 1,

M1t (7_1,7—0,7—1,7—270'1,0'2,0'37(11,(12) — (0'4,7'077—1,7—2,0'170'270-3,CL1,CL2> (2106)
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gives another form of exchange relation

O4T_1 = 09T1 + Q2012 (2107)

Notice that equations (2.105) and (2.106) are (2.99a) and (2.99b) with n = 0

respectively. Applying the mutations in a similar way consecutively onto the initial

seed (X, Ba,), we see that

A

37 26 15 74 63 52 41 (5(, BAQ) = (5{/, BAQ), where Hij = ilts, (2-108)

generates a new set of cluster variables X' = (74, 77, Ts, 07, 08, 09, 010, 41, a2), which
are in the form of and , and moreover the exchange matrix BA2 18
invariant under the sequence of mutations. Recall that the exponents of monomials in
exchange relations depend on the entries of the exchange matrix. Thus the mutations
(2.108) acting on the new seed (X', EAQ) gives cluster variables which are expressed
by and . This tmplies that by the Laurent phenomenon, variables
induced by the iteration of the deformed map @4, belong to the Laurent polynomial

ring in the initial tau-variables.

Remark 2.5.4. Note that deformation of type Ay case was considered in [10] with

the cluster map expressed as pa, = p~*pu1 for permutation of labels p = (1,2),

Ton
T1n _
YAy
T1in
which corresponds to Lyness recurrence,
TpioTy = ATpi1 + b. (2.109)

Following from the process of p-adic analysis, one can find specific pattern (see

Example which suggests the structure of tau functions for each variable

Tn+5Tn
Ty = —
Tn+2Tn+3

When we take the same procedure as above, we find the exchange matrix BAQ (2.102])

and another version recurrence of Somos type,
Tn7Tn = ATng6Tn41 + DTni3Tnya (2.110)

which is special case of Somos-7 recurrence
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Example 2.5.5 (Laurentification of ¢4,). In order to define the associated rational
map 7, we need to determine the singularity structure for the deformed map pa,.
Performing the empirical p-adic method, one can find four types of singularity

patterns as follows
(1):... > (¢, R,R,R) — (6_1,6_1,6_1,6_1) — (R,R,R,¢e) — ...

(2):... > (R,R,R,e) » (R,R,R,e ") = (R,R,e",R) = (R, ",R,R)
— (¢, R,R,R) — (¢, R,R,R) — ...

3):... > (R,e,R,R) — ...
(4):... = (R,R,e,R) — ...

where the € in the pattern (3) and (4) corresponds to the primes which can be seen

only in x5, and x4, respectively. Then we define the rational map 7,
T &0 = <q0a T-1,T0,71,00,01,02,03, 04, g57p0) — X = (ZL‘17 Tg, T3, l’4) (2111)

which s equivalent to the following dependent variable transformation:

OnTn+1 DPn qn On+5Tn—1
Tin = Ton = T3n = Tan = (2112)

On+1Tn ' On+2Tn On+3Tn ' On+4Tn

where oy, Tn, Dn, Gn correspond to the singularities in (1), (2),(3), (4) respectively.
We define a new initial seed (Xo, 3A4), where Xq is the extended cluster obtained by

adding frozen variables a; and ay,

Xo = <QO7 T-1,70,71,00,01,02,03,04, 05, Do, A1, a4)

and B 4, s the deformed exchange matriz, which is depicted by the quiver in Figure

24
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Figure 2.4: Type A4 deformed quiver

Then the deformed map @, is Laurentified to the cluster map

¢A4 = ¢A47T = ,5;11”2”1”11,“57 fOT 16144 = (27 37 47 57 67 77 87 97 10)

on (Xo,Ba,), which generates the cluster variables expressed by the following
recurrence relations:
Tn420n = Ont2Tp + A1Pn
Pn+1Pn = Ont30n4+2TnTnt+1 + GnOnt1Tn42
(2.113)
Gn+19n = On+40n+3TnTn+1 + Dnt10n+5Tn—1

Ont+6Tn—1 = OntdaTntl T G1Qn11

This example follows the working in [10)].
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Chapter 3

The cluster map of type Aoy

The examples above showed that the singularity confinement patterns of type A, and
Ay deformed integrable maps allow us to define rational maps 7 such that ¢ = @

is a cluster map on the space of tau functions.

Therefore it is natural to ask whether Laurentification can be successfully applied
to the defomed integrable maps associated with general type A. We are able to

answer this positively for cluster algebras of type Asy.

3.1 Initial analysis

In this section, we use the same argument from [44] to prove that the cluster map

associated with cluster algebra of type Ay is Liouville integrable map.

The exchange matrix associated to a linear orientation of a Dynkin diagram of
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type Aoy can be expressed as

0 1 0 0 0 0
~1 0 1 0 0 0
0 -1 0 1 0 0

B= (3.1)
0 0 -1 0 1 0
0O - 0 0 -1 0 1
0 - 0 0 0 =10

This exchange matrix is mutation periodic with periodicity 2/N under the particular
sequence of mutations ponpon—1---popr. Let @a,, be the associated birational
map; then g, (B) = B. On the cluster, pa,, : x — X' gives the following
exchange relations

Ty =1+ x

rhry = 1+ 2fx3

R

(3.2)

Thy_1Tan—1 = 1+ Thy_»Tan
TonTan = 1+ Thy 4
The matrix is mutation equivalent to a matrix which represents a bipartite
graph. Therefore due to Zamolodchikov periodicity (Theorem , the map ¢
s periodic with period 2N + 3, i.e. (@a,,)*3(x) = x. The sequence of cluster

variables, which are generated by (%, ) (21) = L, are given as follows,

1+ T + T3 ToN—2 + Tan 1+ 2oy
Ly=x, Li=——, Ly=—— -, Lonsy =", Lyn=——",

T Ta TaN-1 TaN
Lany1 = Tan,

in ! T; + HQN 2 (Hin 330 + (HQiV 41’ + - (rima 4 (1 + (1 + 22)xs)2y) - - ')$2N—1)$2N

L2N+2 = HQN N
=11
(3.3)

Let P be the standard Poisson structure for type Asy, given by

N N
Py=(B"Yy=1l—j +Zz5g2z 1052k — | J—Z+Zz5i,2l—15j,2k

=1 k=l =1 k=l
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where [i — j], = max(i — 7,0). Then the associated Poisson bracket is
{zi, 25} = Py (3.4)
which simplifies to give us the following log-canonical Poisson bracket relations:

{56'27«71, 3625} = Tor—1T2s (3-5)

Using the above, these relations give us the following Poisson bracket relations on

the space of functions L;:

{Lo, L} = LoLy — 1
{L07L2j} = _L0L2j for 1 Sj S N (36)
{Lo, Laji1} = LoLojy1  for 1<j <N

To find further relations, we can use one of the properties of the cluster map, namely,
preservation of the Poisson bracket. For example, let us consider the Poisson bracket

{Lo, L1}. By the relation above, Ly and L; satisfy

{Lo, L1} 0 pa,y = {SDZQN(LO)a @ZQN(LQ}
The left-hand side of the equation can be written as
{Lo, Ll} oY = L1L2 -1

Since %, will shift the index i of L; by 1, the right hand side is {L1, Lo}. Thus

altogether, we obtain the bracket relation
{Ly, Ly} = LiLy — 1
Arguing in this way, the Poisson brackets between the L; are given by

{Li7 L’i+1} = LiL/L'Jrl —1 for i > 0
{L;,L;} = (=)L L fori+1<j
Combining the Poisson relations above, we can represent the Poisson bracket
{L;, L;} as the sum of the two homogenous terms, P + P©®_ TIn fact, the two

terms give rise individually to Poisson brackets, {-,-}, and {-,-}, as the Jacobi

identities are homogeneous.
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Lemma 3.1.1. For i = 0,...,2N + 2, the set of functions L; (3.3) generate a

Poisson subalgebra with the brackets

{Li, Ly} = {Li, Lj}, + {Li, L},

(3.7)
P® L pO

The corresponding {-,-}, and {-,-}, are Poisson brackets, given by
{Li,Lj}, = CPLiL;, {Li,Lj}, = C)

where the skew-symmetric matrices C? and C© are Toeplitz matrices with their top

rows given by C’fi) =(0,1,—1,...,1,—1) and C’fz) =(0,-1,0,...,0,1) respectively.
Proof. Immediate from the above relations. n

Note that the linear combination of the brackets, {-,-}, and {:,-},, satisfy the

properties of Poisson bracket, including Jacobian identities i.e.

{Li, {L;, Li}o } o + {Lis { L, LiYo}o + { Lns {Lis Ly} },

+ {Li, {Lj, Li}yy by + {Lj {Ln Li}o Yo + { Lo {Lis L}, }
+{Li,{Ly, Lido by + ALy ALk Lido}y + {Lu {Lis L}
+ {Li,{Lj, L}, } o + {Ljs { L Lits o + {Les {Lis L}, },
=0

Thus the Poisson bracket on the space of functions generated by the L; can
be split into two distinguished Poisson brackets. Moreover, the property of the
Poisson bracket holds for the linear combination of the Poisson brackets, which is a
compatibility condition for the system to be bi-Hamiltonian, introduced by Magri in
[45]. In accordance with [45, 46|, the bi-Hamiltonian structure leads to the existence
of Poisson-commuting first integrals I; which can be constructed by the so-called

Magri—Lenard scheme, that is, recursion relations
POdI, ., = PPdI,. (3.8)

Since {-,-}, and {-,-}, are both degenerate and thus there exist Casimir functions

for each Poisson bracket. Starting from the Casimir function I; for P(9), the relation
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(3.8) yields the sequence of relations

PV, =0
P()V[k = PQVkal for 2 < k < N (39)
P,VIiy =0

which ends at the Casimir function Iy of P5. One can show that following invariant

functions I; and Iy expressed as

I :ZLja IN:HLj> (310)
J J

are Casimir functions associated with the Poisson structures Py and P respectively.
Thus by using these Casimir functions above, the relation provide N invariant
functions Iy (of degree 2k + 1) associated with the cluster map ¢a4,,. However, we
need to confirm the consistency of system of equations (compatibility) in . To
show this, we need to verify that I; satisfies VI1P,V I, 1 = 0. We use the argument

mentioned from [44].

Lemma 3.1.2. The Poisson brackets {-, -}, and {-, -}, satisfy the relation below
{[iv Ij}o = {[i7 [jfl}g = {[i+17 [jfl}o (3'11)

Proof. Starting from {I;, I;},, we find
{1, I}, = (VL)PO(VL) = (VL)PP(VI) = {L;, ),

where we used the relation POV, = P@VI,_; in (3.9). Thus if we apply the

relations subsequently then

{1 11}y = (VL)PO(V ) = (VI )PO(V ) = {Li, [

[]

Lemma 3.1.3. Casimir function I; satisfies the following Poisson bracket relation,
{,It-1}, =0 (3.12)
for2 <k <N.
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Proof. We use the same reasoning in the proof of Lemma to obtain the result
above. We apply the relation (3.11)) step by step to reach the particular Poisson

bracket, which vanishes due to the anti-symmetric property of the bracket i.e.

{h Ity = {lo, Ik g = Lo, D2}y = - = {Ln, I}, =0

for some 1 < m < M and s € {0,2} O

The Poisson bracket (3.12)) is VI;P3V Iy = 0. Thus Lemma implies the

consistency of recurrence in ([3.9)).

As mentioned above, by general theory, if the relations (3.9) hold, then the
associated first integrals are in involution with respect to the Poisson brackets {-, -},

and {-,-},, which we record in following.

Lemma 3.1.4. Let I; be the first integrals which are obtained from the sequence of

relations (3.9). Then

for any i, j.

Proof. We use the same argument used in the proof of Lemma to show their

involution property. Starting from {I;, I;}, for i < j, we find that

i, Liyo = {0, Lo}y = {Liv1, i by = - = {Im, I}, = 0.

One can show that {I;,I;}, = 0 by taking the same steps and hence first integrals

I, are Poisson-commuting with respect to {-,-}, and {-,-},. O

This immediately yields the integrability of the cluster map ¢a,, .

Theorem 3.1.5. The periodic cluster map ¢a,, associated with type Asn is

Liouville integrable. [

It is important to remark that the same method above has been used in [44]. In
this paper, Fordy studied the period 1 cluster map associated with affine type AS\),

and found the existence of functions periodic under the map. It turns out that the
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Poisson structures of those functions take a form which is similar to (3.7). Thus
by the Magri-Lenard scheme, the integrability of the map was shown. Soon after,
in [7], Fordy and Hone gave explicit formulee for Poisson-commuting first integrals

corresponding to the map:

Theorem 3.1.6 (|7]). In the case of affine type AS\),, there exists periodic functions

Intp = Jn, satisfying Poisson bracket relation

2 0
— P(Q) + P(O)

where C?) and C©) are Toeplitz matrices (shown in Lemma . The correspond-

ing Casimir function IC with respect to the Poisson bracket above given by
(PP 4+ POYWEK =0 (3.14)
such that there exist expressions

Pt = ROICEH)  yith K@ =7, KO = J,Jq — 2 (3.15)

n

where p = 2N — 1 represents is the period of the function J,, so J, = Jypyp, and

9 0 ”
R(p) =1+ Jn+p<]n+p+1 — Jn-l—pﬁ — Jn+p+1 9J o + Jn+pt]n+p+1m
- ntp— n nrp—

(3.16)
Moreover, the Poisson matrices are compatible and therefore one can define a bi-

Hamiltonian ladder such that IC can be written in the following form:
K=Y (-1)Yh (3.17)
j=1

with h; is a homogeneous polynomial of degree 2j — 1. The h; are first integrals

which are in involution with respect to the Poisson bracket.

Note that when we substitute Casimir function (3.17)) directly into (3.14]), we

can decouple the expression into the system of equations (3.9)).

Now we understand that the (undeformed) maps @a,, of even type A are
integrable cluster maps. Next we consider the deformation of the corresponding
cluster map. As our method will be inductive, in the next section, we will consider

first in detail how the Ag case may be related that of Ay, which we have seen earlier.
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3.2 The periodic type Agz cluster map

In this section, we consider the deformation of the periodic cluster map of type As.

The exchange matrix of (linearly oriented) type Ag is given by

0o -1 0 0 0 0
1 0 -1 0 0 O
0o 1 0 -1 0 0
o 0 1 0 -1 0
o 0 0 1 0 -1
o 0 o0 0 1 0

The corresponding matrix possesses period 6 with respect to a sequence of cluster

mutations:

Heispapispizpin (B) = B

Given the initial cluster xg = (21, x9, 3, T4, x5, %), let us denote by @4, the
composition of mutations above i.e. @, = pelspapisitopr. Once more, with

fe(z) = oM, + ap M5 in (2.82), we define the modified mutations fy(xy) =

equivalent to the following exchange relations,

ﬁl . [Elilfll = bl + a1Z2
~ / , .
i : xw, =14z jri (2<i<4)
(3.19)
fs : x5y = by + aszlTe
g : TeTy = bg + agrs
where the parameters b; and a; for i = 2, 3,4 are rescaled to 1 via x; — \jz; \; € C*

for each cluster variable.

For integrability of the deformed map, we know from Section [3.1] that the first
integrals of the original cluster map ¢4, can be found by the relation (3.9). By

solving the equations, the corresponding first integrals are Laurent polynomials
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which are given by following:
8
L=) I
j=0
8
L=]]L; (3.20)
§=0

5 2
Iy = Z LiLjy1(Ljya + Ljra+ Ljye) + Z LiLjisLjte
=0 =0

where L; = (pa,*)'(z1). Recall, as in the Example [2.4.4] the deformed first integrals
are found by modifying each term by attaching an arbitrary coefficient and imposing
the invariance condition @} (K) = K which provides the necessary and sufficient

condition.

Adopting the same approach, we can determine the conditions by using computer
algebra (MAPLE): we first rewrite the expression ¢} (K) = K as identity between
two polynomials in x1, 29, 3, 24, T5, g and then comparing the coefficients at each
degree produces the system of equations in the coefficient. Then we find that the
system has a solution if and only if the parameters are fixed as by = 1 = b5 and

beaz = 1. Upon the calculations, we obtain the following three independent rational

functions:
2 4 2
105061 T2T3T4 + 12122032425 + A105A5T1T2T3T4T5

2 2 3 3 2

+ a1a506X1T2L3L4X5 + A10506T1L2X3L6 + A1A5A6L1X2T3L L
3 3 2 3

+ 1050621 22T5T6 + A1A5A6T1T2T3L52L6 + A1A506L1L4T5T6

[~1 = ! + a1a3a6x x2r4a: T + a1a3a6x3r4$ T + a1a3a6x2x3r4aj5x6
a3agr1ToT3T4T5T6 576102 ATS 5 TATS 5o

3 2 3 3 2
+ A5A6T2T3T4T5T6 + A]AAT2T3T4T5T + A5AgT]T2T3T4T5Te

3 2 3 2 3 2
+ A1A5A6LoX3T4T5T6 + A1A5A6T1T3T4T5T6 + A10506X1T2T 4 T5T6

3 2 4 2 2 2
+ 1a5A6X1T2T3L5T6 + A1A5062L1L2X3L4Lg + A1A5T1L2X3T4T5Lg

f—(a +x) 1+ 3 To + Ty T3+ Ts T4+ Q52 175—&—@%@6
2 ! 2 i) I3 Ty Ts Qs

a§a6x1x2x3x4x5 + A1a5T9X3T4T5T6 + A5T1T2T3T6
+ A5T1T2T5T6 + A5T1T4T5T6 + A5T3T4T5T6 + T1T2T3T4

A5T1T2X3L4T5L6

= P
I

arrdririadverirag

(3.21)
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where

P = myriwgad(ay (zg + 14)xs + 21(ay + T2)24 + 010925 v5747108 + 13( (a1 (20 4+ 74) 23
+ ((mom1 + a1 (@1 + @5)) w4 + 2325) 03 + 2125(22 + 24) (01 + T2))T2T575 7106
+ 22((w5(ar + 22) (@129 + )34 + a12971) (22 + 24)75 + (((aF + 2)22 + 201)T57175
+ mo(arxs (w1 + 25)25 + (a3 + )2k + 27)20 + ar (21 + 25)H) 24 + 20121 20575) 73
+ ((a123525 + a171 + 2o01) T4 + a17275)T571 (T2 + 14)))azal
+ zeagzs((zo + 74)(w5(a1 + 22) (179 + 1)y + (2277 + 207 )2071 )75
+ ((ayx3zs + (ajzy + T507 + 271 + 25)22 + (271 + 25) @) w527 + To(a1 2575 + 27974
+ ay (23 + 221 + 375)) 11704 + 25((2175 + 25 + 1o + ay (7125 + 2)) 2571 )75
+ (((w5a] + @1 + 225)@2 + a1 (21 + 225)) 24
+ 2o (w122 + 21 + 25) 20 + @121 (22 + 1)) w571 (T2 + T4) 73 + 2302 (29 + 14)* (01 + 72))al
+ z3a6(w2(ar (22 + 1) (29 + 24) 25 + (22 + 1) (2921 + a1 (21 + 75)) 24
+ (@3 + 25)23 + afaowd) s + 1125(22 + 1) (20 + 24) (01 + T2)) 237106
+ w225 (5 (a1 + 22) (a1m9 + 1) 2y + ay20m1) (T + 24) 23
+ (w1 (7307 + (a] + 2)ws520 + 20175) 7]
+ w9(a12s (21 + 25)w3 + (a2 + 1) 22 + 2320 + a1 (21 + 25)) 24 + 20121 7575) 73
+ (17325 + a171 + D921 T4 + a12275) 0571 (T2 + 14)))as + (@121 (72 + 24) (0175 + 2) 23
+ (a17122(ay + m5)23 + (ar25(ay + o5)20 + 22 + a1 (2] + V)5 + 227) (a + o) 14
+ ay7179(a1 23 + a1 + 3x5)) T3
+ ay 7175 (29 + 24) (2224 + 1) (a1 + 75))Tow376a6T574a5 + Tow3((a1 (12 + 4) 75
+ (o1 + ay (w1 + 25)) 24 + 2o (w225 + a3 (22 + 1)) 23 + 2125(79 + 74) (a1 + 72))ag

2.2 2 2 2
+ a1x2x3$5x6)x5x4x1a5 + a1T5X,T5T3T

Then computer-aided calculation (by using MAPLE) enables us to verify the

following.

Theorem 3.2.1. The conditions by = 1 = bs and bﬁag = 1 on the parameters
are necessary and sufficient conditions for Iy, I and Iy to be first integrals that are
preserved by the type Ag deformed map, i.e. @Rﬁ(fi) = I;, and are in involution with
respect to the Poisson bracket. Hence ©a, s a Liouville integrable map whenever

these conditions on the parameters hold. [
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The deformed map ¢a, is a Liouville integrable symplectic map, however, it is
no longer a cluster map as the generated variables stop being Laurent polynomial
after some iterations. Therefore once again, we look to lift the deformed map to a
higher dimensional space by Laurentification. Following the same process as in the
previous examples, we study the singularity structures of the deformed map ¢, by
observing the prime factorization of iterates defined over Q. Then we observe the

following singularity patterns:

(1) :
(2):

& R,RRRR)—(chelel el el e) = (R R R, R, R,
R,R,R,R,R,¢) = (R,R,R,R,R,e') = (R,R,R,R,e ', R)
R,R,R,e 'R R)— (R,R,e*,R,R,R) = (R, ',R,R,R,R)
e R R, R R R)— (¢, R,R,R,R,R) =

R,e,R, R R R

R R R e,R R

iiii¢¢ii

(
(
(
(e
( ) =
(R,R,¢,R,R,R) — ...
( ) =
( ) =

o T e
ot
~—  ~— ~— =

R,R,R,R, &R
(3.22)

By introducing the tau-functions 7,,, o,, pn, s, qn, W, corresponding to € in each

pattern, one can construct the rational map ma, : C» — C® in the same way as

(2.111]) in Example [2.5.5]

Definition 3.2.2. Given the conditions bs = 1 = by and bga? = 1, the singularity
confinement patterns in (3.22)) enable us to define a rational map wa,, which is

wdentified as the dependent variable transformation

OnTn+1 Pn Tn dn
Tinm = — Ton= T3 n = Ton =
On+1Tn On42Tn On+3Tn On+4Tn
(3.23)
Wp, On+7Tn—1
Tsn = Ten =
On+5Tn On+6Tn

where T and o represent patterns (1) and (2) respectively. The variables p,r,q,w

correspond to the patterns (3)-(6)

If we substitute these directly into the components (2.91) of @A, with the

conditions bga? = 1, b; = 1 = a; for ¢« = 1,...,5 and j = 2,3,4 one obtains
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the following system of equations:

Tn+20n = On42Tn + ai1p,
Pnt1Pn = On430n4-2TnTn41 + TR0 1Tny2
Tni1Tn = Ontda0ni3TnTnt+1l T GnPnil
(3.24)
An+19n = Oni50n44TpTnt1 + WpTnit
Wn41Wn = On460n+5TnTn+1 + 50 n+7qn+1Tn—1

On+8Tn—1 = b60p16Tnt+1 + QWpi1

Once again, we begin by presenting the initial data as

(xlu X2,T3,T4,Ts5,Lg, L7, X8, L9, T10, L11, L12, L13, , T14, x15)

= (q07 Wy, T-1,70,71,00,01,02,03,04, 05,06, 07, Do, TO)

Then the corresponding exchange matrix can be found by reading off the coefficients

of the new pre-symplectic form, 3 wa,. This matrix is given by

0 1 o o0 0 0 0 O 1 o -1 0 0O 0 -1
-1 0 1 o o0 O 0 0 O 1 0o -1 1 0 0
0 -1 0 1 o 0 0 0 0 O 1 o 0 0 O
0o 0 -1 0 1 1 -1 0 0 0 O 1 -1 0 0
o o0 0 -1 0 0 O 10 0o 0 0 O 1 0
o o0 o0 -1 0o o0 O -1 0 0 0 0 O 1 0
0o 0 O 1 0o 0 O r1 o o0 o0 o0 0 -1 0
BAG = o 0 0 O 1 1 -1 0 1 o o0 o0 0 0 -1
-1 0 o0 o0 0 0 0 -1 0 1 0O 0 O 1 0
o -1 0 O O O O 0 -1 0 1 0o 0 O 1
$1 0 -1 0 0 O 0 0 0 -1 0 1 -1 0 0
0 1 o -1r0 o0 o0 o o0 o0 -1 0 0 0 O
0 -1 0 1 o 0 0 o0 0 O 1 o 0 0 O
o o0 o0 o0 -1 -1 1 o -1 0 O 0O 0 O 1
1 0o o0 O 0 0 O r1 0o -1 0 0 0 -1 0
(3.25)

If this case is similar to that of type Ay and Ay, then one would expect to be able
to find an extended exchange matrix which contains entries corresponding to frozen
variables a1, a5 and ag. Then it should be invariant under a certain sequence of

mutation, generating cluster variables expressed by the relations (3.24). However,
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the first few iterations of the recurrence (3.24) give rise to the variable whose

denominator is given by

CL?UOTAPOTOQOUJO
which shows that the denominator contains the frozen variable.

In cluster mutation, the frozen variables are only apparent in the numerator of
the fraction in a Laurent expression. This indicates with the condition bga? = 1,
we cannot generate cluster variables corresponding to the recurrence (3.24f). Thus
to achieve our goal, one is required to put further constraints on the parameters.
The simplest choice is to fix bg = 1 = a5, which satisfies bgaZ = 1. By adjusting the

parameters, this leads to the following theorem.

Theorem 3.2.3. The sequence mutations in a cluster algebra defined by with
two frozen variables a1, ag generates the sequences of tau functions (0,), (pn), (rn),
(wn), (gn), () satisfying
Tn4+20n = Opy2Tp + A1Pn
DPn+1Pn = Ont30n42TnTn41 + TnOnt1Tn42
Tn41Tn = On4a0n43TnTn41 + GnPnt1
(3.26)
Qn+19n = Ont50n44Tn T+l + WnTpyt
Wn41Wn = Ont60n+5TnTn+1 T Ont7qn+1Tn—1
On+8Tn—1 = On+6Tn+1 + A6Wnt1

which are elements of the Laurent polynomial ring

+ +£ + +£ + 4+ + _+ _+ + 4+ 4+ .+ + +
Z>O[a17a6700701 70270370470570-670-777-7177—0 77—1 7p07T07w07QO]

Proof. Let us extend the initial data by inserting the frozen variables:

($1, Xo,X3,T4,T5,Te, L7, L8, L9, L10,L11, L12, L13, L14, L15, L16, 3717)

= <QO7 Wo, T-1,T0,71,00,01,02,03,04,05,06,07, Po, 0, A1, CLG)

We add two new rows, whose entries correspond to the frozen variables, to the
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exchange matrix (3.25) to define the extended exchange matrix

0o 1 0 0 0 0 0 0 1 0 -1 0 0 0 -1
-1 0 1 0 0 0 0 0 0 1 0 -1 1 0 0
0 -1 0 1 0 0 0 0 0 0 1 0 0 0 0
0 0 -1 0 1 1 -1 0 0 0 0 1 -1 0 0
0 0 0 -1 0 0 0 -1 0 0 0 0 0 1 0
0 0 0 -1 0 0 0 -1 0 0 0 0 0 1 0
0o 0 0 1 0 0 0 1 0 0 0 0 0 -1 0
o 0 0 0 1 1 -1 0 1 0 0 0 0 0 -1
Ba, -1 0 0 0 0 0 0 -1 0 1 0 0 0 1 0
0 -1 0 0 0 0 0 0 -1 0 1 0 0 0 1
1 0 -1 0 0 0 0 0 0 -1 0 1 -1 0 0
0 1 0 -1 0 0 0 0 0 0 -1 0 0 0 0
0 -1 0 1 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 -1 -1 1 0 -1 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 -1 0 0 0 -1 0
0 0 0 1 1 -1 -1 0 0 0 0 0 0 0 0
0 0 -1 -1 0 0 0 0 0 0 0 1 1 0 0
(3.27)

which can be depicted by the quiver in Figure (3.1}

XROUEA

B

Figure 3.1: Quiver corresponding to BAG

We then apply the mutation sequence [igfiofiyfi1sfi14fte to this quiver. If we
arrange the nodes and edges of the mutated quiver as per Figure [3.2] then one can
see that this is identical to the initial quiver except that specific labels are shifted

by 1. Thus the block mutation fi3fiafi1fi15f114f1¢ 1S equivalent to permuting the labels
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of the nodes in ()¢ and hence

fizflafin fiisfiaafic(Qs) = peQs (3.28)
where pg is the permutation

123456 78 9 10 11 12 13 14 15 16 17
12456 789 10 11 12 13 3 14 15 16 17 (3.29)

= (3,4,5,6,7,8,9,10,11, 12, 13)

Thus if we apply the mutations in the same order as previously, once again the
structure of the quiver remains the same except the labels of the nodes are shifted.

When we take the inverse of the permutation on each side of (3.28)), then we have

Yag = Pf;l/:b?)/:bzﬂlﬂlsﬂmﬂes(QAﬁ) = Qas (3-30)

and it is clear that the composition of mutations on the left-hand side is a cluster

map. The first iteration of the map gives rise to a new seed, which contains cluster

variables that are expressed by (3.26]) with n = 0:

¢A6 : (q07 Wy, T-1,70,71,00,01,02,03,04,05,06,07, Do, To, A1, CLG)

(3.31)

— <QI7 w1, 70,71,72,01,02,03,04,05,06,07,08,P1,71, 01, aﬁ)
One can see that a single iteration of the map on the initial values is equivalent
to shifting the subscript of the tau functions ¢, w, 7,0 by 1. Therefore successive

applying the map 14, will induce a series of seeds that consist of the cluster variables

(Gry Wiy Ta—15 Trs Tt 1s Ony Ontly Ont2y Ont 3y Ontds Ont5s Ont6s OntTs Pny Tny Q15 Ag)
(3.32)
for n € Z, satisfying . Therefore every tau function, generated by the
system of recurrences in , can be obtained by applying ¥4, repeatedly. Hence

Trs Ons Prs Wy, Gn, T are in the Laurent polynomial ring by the Laurent phenomenon.
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Figure 3.2: Mutated quiver Q) = pspiopipiispiiatie(Qa,). It has the same structure
as Figure with permuted labellings.

3.3 Local expansion

To investigate generalizing the integrable cluster map to arbitrary even rank, we
begin by exploring the relation between deformed quivers/exchange matrices of type
A4 and type Ag. Recall that in Example 2.5.5 we showed that Laurentification of
deformed type A4 lead us to new cluster algebra defined by pair of the initial cluster
(qo, 71, T0, T1, 00, 01, 02, 03, 04, 05, Po, 41, a4) and the exchange matrix illustrated by

Figure [2.4]

Comparison between (), and ()4, indicates that (Qa, can be obtained from ()4,
by local expansion, as illustrated in Figure [3.3] that is by removing edges between
the four-cycle formed by the nodes 1, 7, 8 and 11 in @4, and including new nodes

and edges in the quiver as per Figure [3.4]
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(a) Subquiver in Q 4, (b) Subquiver in @ 4,

Figure 3.4: Local expansion of the subquiver in ()4,

Recall that each node in the deformed quiver corresponds to a tau function, e.g.
for Qa,, the sequence of nodes (1,2,3,4,5,6,7,8,9,10, 11,12, 13) corresponds to the
sequence of functions (qo,7_1, 70, 71,00, 01, 02,03, 04, 05, Do, A1, a4). As the figures
show, Qa, can be built from (A, by carrying out the local expansion on the four-
cycle subquiver with nodes corresponding to the functions o3, 04, qo and py. From
the cluster point of view, the local expansion is equivalent to relabelling o3, o4, o5
as s, 0g, 07 respectively and inserting o3, 04, p; and ¢; in a way that the cluster

becomes (q1, 90, 71, To, T1, 00, 01, 02, 03, O4, 0506, 07, Do, D1, A1, A4)-

We will show that this pattern continues: one can recursively apply the same
local expansion by a four-cycle quiver to obtain the deformed quiver Qa,, with
nodes corresponding to

N-2 1,0 0,1 N—2
(P17 PP To1,T0, T15 00, 015,02, 03, -+, OaN+ 1, Po; Doy - - -5 P25 A1, Q2N )

=(1,2,3,...,4N + 3,4N +4,4N +5)

What does the local expansion tell us? The local expansion above gives insight

into the structure of the tau functions in the z; variables. Let us compare the
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tau functions in type A, and type Ag cases. In the setting (#1,%s,...,%11) =
(40, T—1, 70, T1, 00s - - -, 05, D0), the variables w;,, induced by the deformed map

associated to type Ay, are defined as

T5Ty4 _In o _ Z10T2
Tin = == Lon = = = » T3n = ——=» Tan = ==
LT3 L7T3 TeTs L9T3
The local expansion above (q07 T-1,70,71,00, - - -, 0'57]70) — (QIa 4o, T—1,70, 71,00, -+« » 0-7ap0ap1)
is equivalent to shifting the subscript of the variables z; — %, for j = 1,2,...,7

and Z; — Z43 for i = 8,9,10,11 and imposing the new variables

Z15 X1
=, L4 = T—=
L9y X10T4

T3 =

Then one obtains the variable transformation in (4.37)) whose tau functions are
denoted as (%1, Zo, .. ., Z15) = (q1, 90, T-1, T0, T1, O0s - - - , 07, Po, P1)- Lhis suggests that
the recursive local expansion constructs the following x; variables associated to the

type Aoy deformed map,

ITN+3TN+2 _ T3N+5 _ T3N+6
$1:f7 fL‘Q—fa I‘S—fw“:
TN4TN+1 TN45TN+1 TN+6LN+1
T4N+3 T T
IN=Z" ~ HINH1= = - IN{2= — — R (3.33)
LIN4+3TN+1 LIN+4TN+1 LIN4+5LN+1
ITN-1 _ T3N+4IN
LToN-1 = ==, TaN e
T3IN+2TN+1 T3IN+3TN+1
where
('Th Loy 7$4N+3)
= (QN72 -v-5q1,490,7-1,70,71,00,01,02,03, ...,02N+1,P0,P1, - - - :pN72:a17a2N>-

The symplectic form associated to Asy is defined by
w=Y bydlogz; Adlogz,
i<j
where b;; are entries of the exchange matrix By,, (3.1), defined by the following

(

1 ifj=i+1
(Bagy)ij = —1 ifi=j+1

0 otherwise

\
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Now,

_ dlog (?N—&-SJEN—FZ) Adlo g( T3N+5 )
TNH4TN+1 IN45TN41
N+2 N
+Zd10g (&) Adlog (L(l“))
TN+ITN+1 TN+(+1)TN+1
+dlog (M) Adlog (L)
LIN+3TN+1 TIN+4LTN+1
= i i
oo (Y g ()
LION+3+mT N+1 LIN+44+mT N+1
4 dlog (L) A dlog (M)
LIN+2L N+1 LIN+3TLN+1

To simplify the calculation, let us define o; = dlogz; and f; = agny; — any; and

gr = ) — agion+3. Then the pre-symplectic form can be re-written as

(ants + anie —ania —ani1) A (fs — ani)

N+2
=+ (Z N fin— finhani —ang A fl+1> + fanys A g1 — ani1 A 1

+ (Z Im N 9mi1 — m N ANt1 — Ay A 9m+1>

+ (gn—1 + ant1) A (gy — gn+1)

Combining and cancelling, we obtain

© = (any3 + ango — anga) A (fs — ani1)

N2 N-1
+ <Z JuA fl+1> + fan+s A1+ (Z Gm N 9m+1>

=5 m=1

+ gn-_1 A (a3nia) + anir A (gy — gns1)

Therefore @ is expressed as

Z Ersozr A

r<s

whose coefficients are entries of the (4N + 3) x (4N + 3) exchange matrix

(3.34)




which is composed of four block skew-symmetric matrices: a (2N + 3) x (2N + 3)
matrix Aoy, a (2N + 3) X 2N matrix Boy and a 2N x 2N matrix Cox where

0 1 010 e 001 0 -1 010 e 0 -1
—1 . e 1
0110 01]0 0[-10 0|0
0 -1 0 0 1 0
0 0 A4/Cy 0 0 0 B, 0
Aoy /Con = ) ) , Boy = .
0 1 0 —1
010 0 —1] 0 0 010 O 110 0
0 0100 0 1 0 010 O 0 -1
-1 0100 0]0 —-10 1 o(fo 0 -0} 0 =1 0

Here, the block matrix has (Ay);; = (Ay);j for N =2 < i,5 < N +6, (By)mn =
(By)mn for N <m < N+6and 3(N—2)+7 <n < 3(N—2)+12 and (Cn),s = (Cy)ys
for 3(N —2)+7<r,s <3(N—2)+12, and

0 1 0 00 0 O 0 -1 1 0
-1 0 1 00 0 O 1 0 0 0
0 1 -1 0
0 -1 0 11 -1 0 01 -1 0
-1 0 0 0
A =0 0 -100 0 -1], Bs=]0 0o 0 1|, Cy=
1 0 0 0
0 0 -1 00 0 -1 00 0 1
00 0 0
0 0 1 00 0 1 0 0 0 -1
0 0 0 11 -1 0 00 0 0

Based on the pattern of local expansion from QQa, to (Qa,, we introduce frozen

variables and extend the matrix by extra rows b; and b, in which entries are

(b1)i = din41 + Oing2 — Oin43 — OiN4a
(3.35)

(ba); = —0in — iN+1 + OisN+s + 0i3Nta
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so that

01 0
-1{0 1 0 0 0 0 0 1
L1 o 1 0 0 0 0
0 -1 0 1 1 10
0 0 -1 0 0 0 —1
0 0 -10 0 0 —1
001 00 0 1
0O 0 0 1 1 -1 0 1_ -1
-1 0 " L0
ad Lo T -1
Ba,y = e T ‘; (3.36)

10 1 -1 0
-1 0 0 0
1 0 0 0
-1 0.0 0 0 1.
0 -1 0
. ,'1
1 10 -1 -1°0
000 1 1 -1-10 00 0 0
0 -1-10 0 0 0 01 1 0

By this calculation and formalisation, we have obtained a description of local
expansion in terms of exchange matrices, corresponding to the graphical description

in terms of quivers.

For the example of Ay to Ag, the following exchange matrix

. A, | By
By, = (3.37)
-BI'| C,
represents a quiver in which the edges of a subquiver (four-cycle) have been removed

i.e. the beginning and end of off-diagonal entries in each block matrix are set to be

zero. The local expansion in Figure [3.3|is equivalent to inserting new columns and
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rows in each block matrix i.e.

o010 --- 0 |1 Oj-1 0 --- 0|-1
-1 0 1 0
0 A, 0 0 B4 0
AGZ ) B6:
0 1 0 -1
—1(0 0 —11(0 110 0 1] 0
0110 0|1
—1 0
0 Cy 0
Cs =
0 1
—-1/0 0 --- =110

Such extension leads to the exchange matrix ((3.25)), now written as

) As |B
Ba, = | —1—° (3.38)
_BT | G

3.4 The type Ayy deformed periodic cluster map

Earlier we proved that the Laurent property of type Ag deformed map can be
restored by lifting the map into a higher-dimensional cluster map defined on the
space of tau functions, which is done by finding the particular sequence of mutations
preserving the structure of the quiver up to shifting the labels. In this section, we
use a similar procedure to show that there exists a sequence of mutations such that
the structure of the candidate deformed quiver Q4,, (or exchange matrix By, , as
constructed in the previous section) is preserved and show that the corresponding
cluster variables can be produced by a two-parameter family of deformed cluster

maps corresponding to type Agy.

Example 3.4.1 (Deformed quiver Qa,). Let us consider the initial seed formed by

the initial cluster (i‘lu ':%27 s 7'%19) = (QQ7 q1,490,7-1,70,71,00,01, - --,09, Do, P1, P2, A1, CLB)
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and exchange matrix

0 -1/0 1

0

0 -1 0 1

0

0 -1 0 1 1 -1 0/ 0
0 0 -1 0 0 0 -1 O
0 0 -1 0 0 0 -10

0
0
0
0
0 -1 0 0

1

0

0 -1 0

o o
o~
o o
o o
o o
- o
o o
o o
(=R )
coco T
oo oo
coc o
coco T
coco T
O.I_..I.O
Tooo
0110

0 -1 0 1
0

0
0

0 -1 0 0

1

0 -1 0

0

0 -1 0

where

B,

Bs

0

A,/Cy

|

-1 00 00O0O0O0O0OO0O0O
0 0000OO0O0OT1T1TTO0OO0O

000 0 1 1 -1
000 -1 -10 0

Reading off the exchange matriz, the corresponding deformed quiver (QQa, can be

drawn and this is depicted in Figure[3.5

b+ b
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Figure 3.5: (Candidate) deformed quiver Qa,

@

Recall that the composition of mutations pgpiopiyfiispiafte maintains the form
of the deformed quiver Qa, except that the particular labellings of the nodes are
permuted. Such mutation periodicity was already observed in the type A4 case,
in which the relevant sequence of mutations is popipi1pts. Comparing the cases,
one can deduce the pattern of mutations for the type Ag, which is given by
Lhafispiofiy figfisiiir by Then performing the iteration of matriz mutations above gives

rise to the following exchange matriz:

o 1 o0jo o 0o 0o 0o 0 O O 1 O -1 O O O 0 -1
-1 0 1,0 O O O O O O O O 1 0 -1 0, 0 0 O
0 -1 11 0 0 0 0 O O O O 1 O -1 O O O
o 0 -1yy0 0 1 0 O O O O O O O 1 0 /0 0 O
o 0 -1y/0 0o 1 0 O O O O O O O 1 o0 /0 0 O
o o 0/j~+w1~-1 0 1 1 -1 0 0O O O O O 1,0 0 O
o o o0j)o 0 -1 0 0 0 -1 0 0 O O O O 1 0 O
o o o0j)o 06 -1 0 0 0 -1 0 0 O O O O 1 0 O
o o o0j)o o0 1.0 0o O 1 O O O O O O ~1 0 O
o o oj)o o o 1 1 -1 0 1 0 O O O O 0 -1 0
o o oj)jo o o o o 0 -1 0 1.0 O O O 1 0 -1
-1 0 O0}j0 O O o0 o o 0 -1 0 1 0 O O0//0 1 O
o -1 0;j)o 0o o 0 0o 0 O O -1 0 1 O 0 0 O0 1
$P 0 -1,,06 0 0o 0 O O O O O -1 0 1 0jj0 0 O
o 1 0/~ -1 0 0 0 0 O O O O -1 0 1,0 0 O
o 0 1))JO O -1 0 0 0 O O O O O -1 0,0 0 O
o o ojo o 0 -1 -1 1 0 -1 0 0 O O O O 1 o0
o o ojo o o 0 0o 0 1 0O -1 0 O O O -1 0 1
$P 0 o 0 O O o0 o o o6 1 0 -1 0 O 0 0 -1 0
o o o0jJjo 0 11 -1 -1 0 0 O O O O O O O O
o o o091 -1-1. 0 0 0 0 0O O O O O 1, 0 O O

(3.40)

Let us compare the mutated matriz (3.40) with (3.39). Then one can see
that there have been changes in certain regions in the matrix, highlighted above.

In the submatriz defined by the orange region, the transformation described by

86



mutations is equivalent to cyclic permuting of the matriz, i.e. for the 13-cycle

p=(4,5,6,7,8,9,10,11,12,13,14,15,16) cyclic permutation, the entries satisfy
boiyp(s) = bitr,j+1 for 4 <i,j <16,

with
bi,p(16) = bz‘71 (07” bp(16)7j = bl,j) fO’l” Z,] - {4, 57 ey 16} (341)
As for the green highlighted submatrices, the entries in the upper and lower rows are

shifted to the right by 1. For the left and right end column vectors, the entries are
moved downwards by 1, i.e letting I = {1,2,3} and Iy = {17,18,19} and then

bl,p(j) = bl,j+1 forle L UL, j€ {4, cee 16}

in agreement with by 16y = by1. Such a transformation is seen to be the cyclic

permutation of the labels {4,5,...,16} of the deformed quiver Q.

Thus by using the same procedure that appeared in the type Ag case, one can

construct the cluster map 4, = pZ;[L4[L3M2M1M19[L18M17M7 which generates the set of

cluster variables

Tn+20n = Ont2Tp + Q1Pn

P0o,n+1P0n = On+30n+2TnTn+1 + P1,nOn+1Tn+2

P1n+1P1n = On+40n43TnTn+1 T P2,nD0n+1

D2n+1P2,;n = Ont50n+4TnTnt1 + G2nP1,n+1

(3.42)

Q2n+192n = Ont+60n4-5TnTn41 + q1,nP2n+1

Q1n+191,n = Ont70n4+6TnTn+1 T 101 n+1

q0,n+190,n = On+80n+7TnTn4+1 + Ont9q1 n+1Tn—1

On+9Tn—1 = On+7Tn+1 T A8G0,n+1
The exchange matrix can be found by the pullback of the original symplectic
form by the rational map, that is, substituting the following variable transformation

(13.43) into the symplectic form.

_ OnTn+1 _ Pon _ Phin _ P2n
Tin = Ton = T3n = Tan =
On4+1Tn On4+2Tn On+3Tn On44Tn
(3.43)
q2.n d1,n qo,n On+9Tn—1
Tsm=—"—_ Tep—=_ _ Tin=___ Xgn=—"—_
On+5Tn On+6Tn On+7Tn On+8Tn
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Then by manipulation of equations in (3.42) and imposing (3.43)), we obtain

the original two-parameter family of maps pa, defined on the initial variables
(1,29, ...,x8). Hence it has been shown that the candidate deformed quiver/exchange
matrix that emerged from the constructive approach allows us to define the cluster

map Ya, which is obtained by considering Laurentification of deformed map @ay.

As we have seen from the example, the deformed type ¢, map admits a lift to a
higher dimensional cluster map 15, which preserves the deformed exchange matrix
(13.39). We now extend this procedure to show that the deformation of type Asy

cluster maps @a,, can be lifted to a cluster map 1,

Following from the cases of type Ay, Ag and Ag, there exists a specific sequence

of mutation equivalent to a permutation of the vertices:

Mr_y :[L/J“U'O (QAG) = p(QAe)

where i = fig g, fpi 1p, and p is the inverse cyclic permutation of the vertices
(T_1,70,71,00,--.,05). This begins with a mutation in the direction of ¢, sy,
followed by the mutations i, then ends with p, ,. Recall that the local expansion
on the deformed quiver introduces the new vertices o, p; and ¢; and new edges. The

position of the other vertices remains the same.

Proposition 3.4.2. For each deformed quiver Q) a,, with vertices

(QNan -++-»41,40,7-1,70,71,00,01,02,...,02N,02N+1,P0; P1;, - - - ,pr2)

we have invariance up to cyclic permutation under mutation:

:U"Llﬂlu’oo (QA2N) = p(QAZN) fOT [L = Hqo """ Han_alpn_s """ Hpo (344>

Proof. To see such a phenomenon explicitly, it is convenient for us to approach it
from the exchange matrix perspective instead of quivers. As we are aware from
the matrix , the local expansion in the matrix includes new entries on the
surrounding block matrices. The non-zero entries b;; in the direction of the first
two mutations i, fts, = H3N+5N+3 are positioned in the block matrices and their

adjacent columns and rows. The matrix mutation replaces old entries with new,
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pi(B), if bybg; > 0. Therefore the the transformation only occurs at the block
matrices and their adjacent entries. This implies the first two mutations give the

same result as the lower-rank cases (e.g. type Ag).

For the successive mutations, fip, fip,lle, = H3N+6M3N+5MUN+3, the entries in the

direction of the forthcoming mutation, fuy,

bir = (0int1+ 0inte) + (—0ik+1 — Oig—1 + dik—on + dik—2n+1) (3.45)
and its adjacent entries are written as follows

bik—1=—(0iN+1+ 0int+2) + (05 + 0ik—2 — dik—an—1 — Oik—2N)
(3.46)

bik+1 = (0ip—ant+2 — ik—an) + (Oig — Oikt2)
From , one can see there are only two negative entries and the rest of the
entries are positive. This implies that b;,b,; > 0 if 7 or j is K —1 or k+ 1. Therefore
the mutation p; does not affect the other entries except the adjacent entries in the

direction k. The matrix mutation p; can be written as

b = b — 25,60 — 25i,kbl(:j_1) +sgn(b) B

v v

for

/Bi(?_l) = (841 + 0j6—1)(0i N1 + Oi N+2 + 0ik—on + Oi p—2n+1)

and it gives rise to the new columns (and rows) in the k—1 and k+1 directions. The
new column b, ., is b;x in with with the subscript of entries in the second
bracket of each column shifted by 1. As for the new entries in b}, ,, the structure is
same as b; 41 in except the entries (6; x—an+2) — i k—2n) shifted by 1. From
, one can observe that the exchange matrix consists of columns, in which the

entries are written as

biw = 0iv—an+1 — Oipy—2aN—1 F Oip—1 — Oipt1

for SN +6 < v < 4N + 2. By comparison, the situation of the next mutation is
similar to the previous mutation. Thereby applying matrix mutations inductively
in the direction poy; = (3N +5) + 1, for [ € {1,..., N — 3}, we obtain the following

columns:

bi (3N+54m) = 04 N+7+m — Oi, N+5+m + 0i3N+4+m — 0i3N-+6-+m (3.47)
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form € {1,...,1 — 1}. Furthermore, the mutation in direction 4N 43 brings changes

to the last and first columns, which are given by

bian+s = —(0int1 + 6 ns2) + (—0ionts — Gionga + 6i1 + 0ians2) (3.48)

bin = (0in+1 + Ins2) + (—0i2 — dian+s + dionta + Gionts)

Now the mutations take place on the left side of the exchange matrix, which
begins from i, , = p1. The columns b;; in the exchange matrix (3.36) for
l€{2,...,N — 2} are structured as

big = Oiiron+a — Oigron+2 + 0ig—1 — 0igt1 (3.49)

Under the mutation in the direction of the first column, we have the last column
b;an+s written in the form of (3.47) with setting 6; 4n+4 = 0,1, and its subsequent

column b; o is

bio = (0in41+ 0ins2) + (—0i1 — i3+ diants + Oiante) (3.50)

Notice that we have the same situation as in the case of the sequence of the mutations
on the right side of the matrix. To be specifically, the entries in b; 5 and its adjacent
columns are arranged in the same way as and . Computing the matrix
mutations fu - - Un—o = flgy_, - - - Hgo Subsequently, we find new columns (b; ) (1 <

i<AN+3,1<s<N-2),
bis = 0is—1 — Ois41 — Ois2N+3 + OstanN+5

and the next adjacent column b; y_; is given by

bin_1=—0;n—2—0;n + 0iNt1+ 0int2+ 0isnt2 + 0isnt3 — 0i3n4a
(A4)i (=B1)i1

The mutation in the direction N — 1 gives the column b; y:

bin = —0iN—1 + 0i N+2 + 0i3N43
~ ——

-~

(A4)i,2 (7BZ)Z'72

Therefore, combining all the results above, we can say that the composition of

mutations in (3.44)) transforms the type A,y deformed exchange matrix (3.34)) into
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the following

0.1 1.0 -1 -1
) 01 10 -1
-1/0 1. 1 0 0 0 0 1 0 0
k10 0 1 0 0 0 0 1 0
10 0 1 0 0 0 0 1 0
0 -1-10 1 1 -1 0 0 0
0 0 0 -1 0 0 0f-1 0 0 1
0 0 0 -1 0 0 0f-1 0 0 1
0 0 0 1 0 0 01 0 0 -
1 1 -1 0.1 0. -1
Lo (3.51)
-1 -1
0 1 0
1 -1 -1'0 1 1
010 0 0 0 0 O 10 1 0 o0
‘10 -1-10 0 0 0 10 1 0
10 0 -1 0 0 0 0 0 0 0
00 0 0 -1-1 1) 0 -1 0 0 0 0 1.
1o -1 0.
1 10 1 10
00 0 1 1 -1-1 00 0 0
0 0 -1-10 0 0 0 0 1 1

From the transformed matrix (3.51f), one can see the same phenomenon as in
Example such that 1) the components in the (2N — 1) x (2N — 1) submatrix
which is positioned in the centre of the matrix are cyclically permuted and 2) entries
in the middle of the rows and columns, embedded next to the central submatrix, are
shifted one downwards and upwards by one respectively. Hence we conclude that
the quiver arising from the exchange matrix exhibits symmetry such that the
structure of the quiver is the same except that the labels {N, N —1,... 3N + 5}

are cyclically permuted i.e.

MNMN—1ML3N+5MN+3(Q2N) = P(QQN) for = UN_2N—1" " L1 AN +3L4N+2 * * * L3N+TIIN+6

where pa,, = (N,N+1,...,3N +5). O

The statement above enables us to define the cluster map which is associated

with the exchange matrix (3.36]), that is, we define 14,, = p;;NMNMN_lﬂM3N+5MN+3

and see that

gy (Bagy) = Pas ININ—1ffisN+51N+3(Bagy) = Bagy (3.52)

Let us consider the cluster variables generated by the 14, ,. Recall that the new
cluster variables are expressed by the exchange relation, in which the old cluster
variables and coefficients appearing in the expression entirely depend on the matrix

entries in the direction of mutation.
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In the proof of Proposition above, we see that the transformation given by
the first two mutations iy, fts, = sn+sitn+s only occurs in the block matrices and

their surrounding entries. The corresponding matrix entries are written as

bints = 0int1 + OiNys — 0iaNt5 — 05 aN+4
(3.53)
bisnt+s = OiN+1 + OiN+2 — 05 N+3 — Oi N44 T+ 0i N45 + 0i N+6 — 0i3N+6

where 0; 4n+4 corresponds to the frozen variable. From the results above, we can see

that the column b;  in the direction of mutation sy, for
ke{l,2,...,N—23N+6,...,4N + 3}
are arranged as following
bik = (0int1+ dinte) + (—6ik+1 — Oig—1 + dik—on + dik—2n+1) (3.54)
At the latter end of the sequence of mutations,

bin—1= —0in—2 = 0in + 0int2 + dignt2 + 0i3N+3 — 0i3N+4
(3.55)

~

bin = —0;n—1+ i Ny2 + 0i3N+3 — O0ianN+5
Thus starting from the initial seed (Xg, Ba,, ), where Ba,, is (3.36)) and %, is the

initial cluster

(QN—z,o, «+-,41,0,490,0,7-1,70,71,00,01,02, ... ;02N , O2N+1, P0,0, P1,05 - - - ,pN—2,0)
the n-th iterate of the cluster map v4,, generates cluster variables defined by the
relations

Tn+20n = Ont2Tn + Q1P n
Pon+1P0on = On430n+2TnTn+1 + P1.nO0n+1Tn+2

Pin+1P1n = On4da0n43TnTn+1 + P2.nP0,n+1

PN—2n+1PN—2n = OntN4+10n+NTnTn+1 T AN—2nPN—3n+1 (3.56)

AN—2n+19N—2.n = Ont N4+20ntN+1TnTnt1 T AN—3nPN—2n+1

GN—-3n+14N—-3n = OntN+30n+N+2TnTn+1 + GN—-4ngN-2n+1

q0,n+190,n = Ont2NOnt2N-1TnTnt1 T OntaN+191,n4+1Tn—1

Ont2N+2Tn—1 = Op2NTntr1 T G2N G0 n+1
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We then impose the variable transformations in (3.33) and we find the exchange

relations

T1nTips1 = 1+ a1z,

TonTant1 = 1+ X321 np1

(3.57)
TIN-1mT2N—-1;mn+1 = L + ToNnToN—2n+1
TINnTaNm+1 = 1+ anTon—1n+1

which are induced by the deformed type Asy map Qa,, = Honfan—1 - H1-
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3.5 Tropical dynamics and degree growth for

Laurentified deformed map

In the previous section, we observed that upon applying Laurentification, one
retrieves a higher dimensional cluster map, possessing Laurent property, from the
type Aoy deformed map. However, we didn’t touch the subject of the integrability
of the higher case of deformed maps. The problem is that the calculation for
determining the condition for the parameters becomes more complex as we try to use
the procedure on each modified first integral in each even case. Thus it is difficult
to prove the integrability by constructing invariant functions. Instead, we perform
an algebraic entropy test as an alternative to provide strong evidence that deformed
maps possess integrability. Here we begin with considering the calculation of degree
growth (ref. [7]) of lifted maps, which emerges from the deformation of type Ay; we

move onto the higher rank case, type Asy.

3.5.1 Tropical dynamics and degree growth for type A,

deformed map

Recollecting the example the rational map m, defined by

OnTn Ont3Tn—

xl,n — —H’ :[;2’” — L’ (358)
On+1Tn On+2Tn

lifts the deformed map @4, to higher dimensional cluster map ¥, = p~puop; which

is equivalent to the system

Tnt20n = Opi2Tn + 10, 13Th—1

(3.59)

OntaTp—1 = Op42Tnt1 + G205 41Tp42

As we are aware that this map possesses Laurent property, we can write the tau

functions generated by the system (3.76) as following

NT(LI) N N7g2) N
o= &) e (X) (3.60)
xdan Xen

with NU) (%) € Z[x] being polynomials in the initial cluster variables X =

(T-1, 70, T1, 00, 01, 02, 03, 1, a2) = (Z;)1<i<9, which are not divisible by any of cluster
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variables Z;, and the denominator being monomials whose exponent is d-vector
(denominator vector) in Z”. Note that we are not including the component of d-
vector for Tg, Tg as they are frozen variables (they do not emerge in the denominator
of cluster variables). We can assemble the d-vectors of initial cluster x to build the
7 x 7 identity matrix,

(d_l do d1 €y €1 €9 63) =1 (361)

Using the argument from the section [2.3.3] the components of d-vectors (degree
vectors) of the tau functions satisfy the (max,+) tropical version of the exchange
relations (2.74). Therefore the d-vectors d,,, e,, which arise from (3.59), yields the

following system of equations,

dn+2 +e, = maX(enJrQ + dn7 €n+3 + dnfl)a (3 62)

€nt4 + dn—l — maX(en—l-Z + dn—l—l; €n+1 + dn+2)7

This system permits us to derive the degree growth. To proceed we need to consider
the tropical analogue of variables (3.75)) given by the rational map 7, as shown

below,

Xl,n =e, + dn+1 —€npy1 — dny X2,n =€p13+ dnfl —€pyo — dny (363)
Such quantities leads us to the following result,

Lemma 3.5.1. Given that d-vectors d,,,e,, satisfy the system (3.62)), the quantity

Xjn for 3 = 1,2 in (3.63)) are induced by the tropical map X; 11 = Prrop(Xjn),
which is specified by

Xl nt+l = [X2,n]+ - Xl,na

(3.64)
X2,n+1 = [[X2,n]+ - Xl,n}_i_ - X2,n'

where [X; ], = max(X;,,0). Given arbitrary initial data (X;9,Xsay0), the orbit of

L+

Oirop 18 pertodic with period 5.

Proof. Firstly, the relations can be found by rearrange (3.62) and rewrite the
equations in terms of X;, using (3.63). One can confirm that the map ¢y is
tropical analogue of original cluster map (a, associated with type Ay. This implies

that each quantity X, ,, corresponds to each d-vector of cluster variable z;,, defined
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in cluster algebra of type A,. Furthermore as already noted that the cluster map
is periodic with period 5, and hence the orbits of ¢, is also periodic with period
6. Alternatively, the periodicity also can be found by directly checking case by case

analysis of initial data in different sectors of the plane. O

Remark 3.5.2. For the periodicity of the scalar map, one can directly verify by
performing the iteration (3.64). The initial d-vectors (3.61]) determines the pair of

vectors of initial values,
X10=1(0,1,-1,-1,1,0,0), Xs0=(-1,1,0,0,0,1,—1) (3.65)

The iteration (3.64) produces subsequent pair of vectors

n Xin Xaon

1] (0,0,1,1,—1,1,0) (1,-1,1,1,0,0,1)
(1,0,0,0,1,—1,1) | (0,1,—1,-1,1,0,0)
(-1,1,0,0,0,1,—-1) | (0,0,1,1,—1,1,0)
(1,-1,1,1,0,0,1) (1,0,0,0,1,—1,1)
(0,1,-1,-1,1,0,0) | (—=1,1,0,0,0,1,—1)

QU | = | W | DN

As one can see in the table, the iterates become initial values after 5th iteration
of . As another option, when we choose the initial data X109 = (—1,0) and
Xs0 = (0,—1), we have

(—1,0) — (1,0) = (0,1) — (0,—1) — (1,1) — (—1,0) (3.66)
(0,-1) — (1,1) - (—=1,0) — (1,0) — (0,1) — (0,—1)
This corresponds precisely to the sequence of pairs of d-vectors arising from the

Zamolodchikov periodicity of the orbit of mutations in cluster algebra of type As

shown in the table in Example[2.1.8(see also Example ).

In fact, the periodicity of the quantities X, and Xj, is the key to determine

the degree growth of d-vectors d,, and e,,, which is shown in the result below,

Theorem 3.5.3. The d-vectors d,, and e,, which solve the system of equations

(13.62), are elements in the kernel of linear difference operator
L=(T>=1)(T°-1)(T -1) (3.67)
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where T is shift operator corresponding to n — n + 1. For the tau functions

generated, the leading order of degree growth of their denominators is given by

1
e, =—(1,1,1,1,1,1)n* + O(n)
15 (3.68)

1
d, = 1_5(1, 1,1,1,1,1)n* + O(n)

Proof. In terms of linear operator 7T, the tropical relations in can be expressed
as,

Xin=(T-1)d,— (T —1e,

Xon = (T '=1)d, + (T° = T?e,
The sum of X, ,, + X3 41 cancels out the terms of d,, and by the Lemma m

(3.69)

Le, = (T —1)(T*=T*=T +1)e, =0 (3.70)

The solution of the characteristic polynomial gives the solution of recurrence

relations above

e, = an’> + O(n) (3.71)

for some constant vector a € Z7. Note that the linear operator £ can be rewritten

as

(T°=1)(T° =T —De, =0 <= (T° = 1)(T° = )ep = (T° = 1)(T* = 1)ey,

(3.72)

This implies (7°—1)(7? —1)e, is constant in n and it is equal to 30a. To derive the

constant a at the leading order term, we need to calculate more terms e,, by tropical
relations with initial tropical seed . This gives rises to sequences
e; = (1,0,0,1,0,0,0), e5=1(1,1,0,1,1,0,0), es=(2,1,1,2,1,1,0)

er =(3,2,1,3,2,1,1), es=(3,3,2,4,3,2,1)
Therefore we can calculate the constant term, ([3.72)),
(T° = 1)(T? = 1)e, = 30a=(2,2,2,2,2,2,2) (3.73)

and fix the vector a. This enable us to determine the leading order behaviour of the

sequence and hence it is given by

1
e, = 1—5(1, 1,1,1,1,1)n* + O(n)
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For degree growth of d-vector d,,, we can derive it from the
(T~ (T = )X, = (77 = (T = (T ~ N~ Lo =0
Thus for d,, satisfying the relation above, we can write
d,, = bn?+ O(n) (3.74)

where b is element of Z7. We can specify the coefficient b from the terms, generated

by the (8:62),

(0,0,0,1,0,0,0), (1,0,0,1,1,0,0), (1,1,0,2,1,1,0), (2,1,1,3,2,1,1),

(3,2,1,3,3,2,1), (4,3,2,5,3,3,2), (5,4,3,6,5,3,3)
As a result, we can fix the constant vector b from
(T° = 1)(T° = 1)d,, = 30b = (2,2,2,2,2,2,2).
Hence the d-vector d,, yields the following expression,

1
d, = 1—5(1, 1,1,1,1,1)n* + O(n)

O

Remark 3.5.4. The result suggests that the algebraic entropy of the cluster map is
zero, which hints that the discrete dynamical system given by the deformed cluster
map is integrable. This is indeed true as mentioned in Frample the deformed
map Qa, preserves the first integral and hence it is integrable. Thus the result
of the algebraic entropy test verifies the integrability of the deformed As map.

3.5.2 Tropical dynamics and degree growth for type Ay

deformed map

Recalling the example [2.5.5 given initial cluster

X = (q077——177—077—1’00701702a037047057p07a1aa4> - (xj)lgjgl?n
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deformed map lifted to higher dimensional cluster map ¥, = p~*papi1 pr11 445 via the

rational map ,

OnTn+1 Pn dn On+5Tn—1
Tip = ——— Tan= Ty p = Ty = ———— (3.75)
On+1Tn On+2Tn On+3Tn On+4Tn

which is equivalent to the system,

Tn+20n = Op42Tn + a1p,
Pn+1Pn = On+30n4+2TnTn+1 + 4nO0n+1Tn+2
(3.76)
On19n = Ont40nt3TnTntl T Pnt10n45Tn—1
Ont6Tn—1 = OntdTnt1 T Q1Qnt1
Since the map consists of Laurent property, the tau functions, the system of

equations in (3.76)) produces the sequence of tau functions expressed in the form

NP (%) NP () NP (%) NP ()
~2a, » 9n= "o v Pn=7Z s U=
XHr XEn

(3.77)

Tn = )A(fn )A(gn
where N (%) € Z[%X] is polynomials in the initial cluster variables %, and
d,.e, ., g, € Z' are d-vectors whose initial data is given by 11 x 11 identity
matrix,

(god_1dodiese e esese;g)=—1 (3.78)

With the same argument mentioned in previous section, we can find the (max,+)

tropical relations of the d-vectors, which arose from (3.76]), shown as below

dn+2 +e, = max(e,42+ dn7 fn)7

fn—i-l + fn = maX{€npy2 + €n+3 + dn + dn-i—la gn + €n+1 + dn+2)7 (3 79>

=

(
(

n+1 +g, = maX(en+3 + €nt4 + dn + dn+17 fnJrl + €n+5 + dnfl)a
(

€n+6 + dnfl = ax\€n4+4 + dn+17 gn+1)7

Let us consider the tropical analogue of variables (3.75) given by the rational
map T,

Xl,n =e, + dn+1 —€nt1 — dn7 X2,n = 8n — ©€pt2 — d”’ (380)

X3,n = fn —€n43 — drm X4,n =€p45 + dn—l —€n4a — dn

Then one can show the following result,
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Lemma 3.5.5. Given that d-vectors d,,e,,f,, e, holds the system , the
quantity X, for1 <j<4in are induced by the tropical map <ptmp, which is
specified by
Xinm+ Xy, = |
Xom1 +Xop = [Xing + Xsal,,
Xant1 +Xsgn = [Xopp + Xy n]
[Xsnt1],-

X2 n]

(3.81)

X1 + Xy =
Given arbitrary initial data (X1, X2,0, X350, X40), the orbit of gpg’p is periodic with
period 7.

Proof. We can use same reasoning as Lemma [3.64, The above system of equations
can be derived directly from the by using the substitution . One can
see that takes form which is identical to (max,+) version of exchange relation
given by the original cluster map @a, = papspzpn in the example [2.4.4] Hence by
the periodicity property of ¢a,, we can see that evolution of X, ,, is periodic with
period 7. Alternatively, the periodicity also can be found by directly checking case

by case analysis of initial data in different sectors of the plane. n

We can utilise the periodicity of terms (3.80]) to obtain the following result.

Theorem 3.5.6. Let T be linear operator which shifts n — n + 1. The d-vectors
d,, and e,, which solve the system of equations (3.62), are elements in the kernel of

linear difference operator
L=(T"—=1)(T°=1)(T -1) (3.82)

where T is shift operator corresponding to n — n + 1. For the tau functions
generated, the leading order of degree growth of their denominators is given by

2
e, = §_5(27 17 17 17 17 17 17 1’ 1’ 1’ 2) - O(Tl)

2
T (2.1,1,1,1,1,1,1,1,1,2) + O(n)
5 (3.83)
55(42.2.2,2,2,222.2.4) + O(n)
n2
Prn = %(472727 27 272727 27 27274) + O(n)

qn =
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Proof. By definition (3.80f) , we have

X, = (T —1)d, — (T — e,
Xyni1 = —(T = 1)d,, + (T = T?)e,

Followed by the periodicity of the terms, the sum X ,, + X4 41 produces the linear

difference equation,

Ley=(TT—1)(T —T° =T +1e,
=(T"=1)(T°=1)(T —1)e, =0

Therefore, given that e,, satisty Le, = 0, from the formula of X, ,, above we find
(T"=1(T°=T° =T +1)d, = 0.

Similarly, we can find the relations of d-vectors g, and f, from the relations Xy,

and X, in (3.80]) respectively. Then we have

Egn = ;CXQ’n -+ £Gn+2 —+ /:dn =0
ﬁfn = £X37n + ﬁen+3 + Edn =0

Altogether, solving the linear difference equation above gives the expression for d-
vectors whose leading order term is n? with some constant coefficient, e, = an? +
O(n). We now consider the sequences of d-vectors, emerged from the iteration of

(13.79), are given by

(1,1,0,0,1,0,0,0,0,0,1)"
(1,1,1,0,1,1,0,0,0,0,1)7
(1,1,1,1,2,1,1,0,0,0,2)T
e = (2,1,1,1,2,2,1,1,0,0,3)T
e = (3,2,1,1,2,2,2,1,1,0,3)7
( )
( )
( )

€ —
er —

ey —

4,3,2,1,3,2,2,2,1,1,4)T
5,3,3,2,4,3,2,2,2,1,5)T
6,4,3,3,5,4,3,2,2,2,7)T

en =
€12 =
€3 =
Note that from the sequences above, we can see the components of e, taking the

form

€n = (egzl)v 6512+)27 6512117 6%2)7 67(13+)57 67(13+)47 67(13+)37 61(13+)2? 61(13+)1> 61(13)7 624)) (384)
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which holds following relation,
(7-7 - 1)(T5 - 1)en = (4, 2, 2, 2, 2, 2, 2, 2, 2, 2, 4)T = T70a

This enables us to fix the constant coefficient a, which lead us to the d-vector

n2

2
n pu— O =
e, =an”+ O0(n) 3

(2,1,1,1,1,1,1,1,1,1,2)" + O(n)
Similarly as (3.84)), the sequence of d-vector d,, takes particular form

dn:(d(l) d(2) d(2) d(2) d(3) d(3) d(3) d(3) d(3) d(S) d(3))

n o Yn+2 “nt+1r Yn o Y'n4+5r Yn+4r Yn+3» “n+22 Yn+10 Yn 0 Yn

whose components are given by

dV :0,0,0,0,0,1,1,2,3,3,4,5,7,8,9
d, :0,0,—1,0,0,0,1,1,2,2,2,3,4,5,5

d? :0,0,0,1,1,1,1,2,3,3,4,4,5,6,7

Then we find leading order quadratic growth of d-vector (3.80)

n2

d, =
35

(2,1,1,1,1,1,1,1,1,1,2)T + O(n)

Following on the result above, we can determine the coefficient of leading order
terms for the d-vectors g, and f, from the formula of Xs,, X3, in (3.80) together

with periodicity as following

gn ~epio+d, ~ 2an?

f, ~ e i3+ d, ~ 2an?

with same constant a. We claim the result ([5.24]).

]

Remark 3.5.7. For homogenous degree of left and right hand side of relation ((3.76|)
to be consistent, the homogeneous degree for q, and p, must be twice the degree of
Tn and o,. Hence the degrees of g, and £, should grow twice as fast as d,, and e, ,

which matches the result above.
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3.5.3 Algebraic entropy of Laurentified cluster map v 4,,

Following the process of which we viewed in the previous section, we set the initial

d-vectors
T T S A e )
associated with initial cluster
X = (fj) = (QN—Q,Oa -++3,40,0,7-1,70,71,00,01, - --,02N, O2N+1, P0,0, - - - ,pN—Q,o)

Recall that we have shown that the map 4,, given by (3.56) corresponds to the
mutations in a cluster algebra. By Laurent property, we can write the tau functions

generated by 14,, in the form

N (%) N (%) N (%) Ny (%)
Tn = ——=53 Op = = y  Pin = ) Qjn = — o (386)
xdn xen xfn xX8n

Using the same argument in the previous section above, we find that the correspond-

ing d-vectors satisfy the ultradiscrete version of the system of exchange relations

(3.56)), which is given by

d,i2+e, = max(e, s +d,, fT(LO)),
f?S(-)El + f7(10) = maX(enJr?) + €n+2 + dn + dn+1> fél) + €n+1 + dn+2)a
£ 4 £ = max(ens + €nrs + dn + dpyr, £+ £0),
fgi;m + f7(lN72) = max(en-i-N-i-l +enin T+ dn + dn+1> g7(lN72) + f7(zj—i\—[173))7
gfﬁ]m +gl Y = max(eniny2 + €npnt1 + dn + dpyr, g Y+ f7(L]4YI2))7
gﬂﬁ) + gSLN_g) = maX(en—i-N—i-S + €ntN+2 + dn + dn+17 gﬁlN_Zl) + gﬁfm),
(0) 0 _ d d d (1)
8ht+1 1 8n max(e,on + €nron—1 + dp + dny1, €pgoni1 + dur + 8,01),
epponi2 tdp1 = maX(en+2N +dpq, gﬂl)

(3.87)
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For the next step, we introduce the quantities X; which are analogous to the tropical

version of variable transformation (3.33)), as shown below.

Xl,n = e, + dn+1 —€p41 — dn7

XQ,n = fr(LO) — €py2 — dna
X n f1SN_2) — € - d’m
a ) o (3.88)
XN+l,n = 8n —€p4 N1 — dn7
Xon—im = g7(10) —ey4on-1 — dy,
Xonn = epyong1 +dp1 —€ppony —d,

By defining these quantities, the system (3.87) can be expressed as discrete
equations in (3.89)), which is identical to the (max,+) relations obtained from the

ultradiscretization of the cluster map @a,,. Then this leads to the following result.

Lemma 3.5.8. The combination of d-vectors defined by (3.88)) satisfy the tropical
analogue of deformed Aoy map Pa,, (3.57), given by the following system of

equations,

Xy +Xin = [Xonlt
Xopt1 + Xop = [X17n+1 + X3,n]+
: (3.89)
Xon-imt1 + Xovoin = [Xov_ont1 + Xonal+
Xonpt1 + Xovn = [Xov-1a)+

which we specify by the tropical map QOZ;J]{;. Given arbitrary initial data (X 0)1<j<on,
the orbit of the 4,07220]’; is periodic with period 2N + 3.

Proof. The (max,+) relations (3.89) can be directly derived from the structure of
quantities (3.88)) and the tropical analogue (ultradiscrete) of exchange relations
(3.57) which gives (3.87). Notice that (3.89) is indeed a (max,+) relation of
undeformed cluster map ¢ga,,. As we are aware that the map ¢4,, possess
periodicity with period 2N + 3 due to Zamolodchikov periodicity. Hence the

trop trop

components of ¢ is periodic with period 2N + 3 i.e.(py " )*V X, = X,,. O

By using the periodicity, one can calculate the degree growth of d-vectors.

104



Theorem 3.5.9. The d-vectors dn,en,gg),fﬁi) satisfying the (max,+) relations

(13.87), are solution of following linear difference equation,

(TN 1) (T —1)(T — Dr,, = 0 (3.90)
forr, =d,,e,, gg), £ For the tau functions generated, the leading order of degree

growth of their denominators is given by

- 1 2 o 1 2
b= Bvrren e TOM e = g ren e TOW 3.9
. 1 4 1 '
gl = agn® +0(n), £ = agn’ + O(n)

(AN2 + 8N + 3) " (4N?+8N +3)
where a = (a;)1<i<an+3 whose entriesa; = 4 fori ={1,...,N — 1}U{3N +5,...,4N + 3}
and a; =2 fortr =N —1,...3N + 4.

Proof. Given the shifting operator 7 : n — n+1, the first and last relation in (3.87))
can be written as
X1, = (T-0d,— (T —1e,,
" (T=1d = (T~ 1) (3.92)
XQN’n_H = —<T— 1)dn + (T2N+2 - TQN“)en

Addition of these two terms, followed by applying the periodicity property i.e.
(T?N*3 —1)(X;)i=1.2 = 0, produces the linear difference equation,

(7—’2N+3 _ 1)(7-2N+1 o 1)(7-_ 1)en =0

2N+2 2N (3,93)
— (T =13 THQ_T)en=0

It is clear that the corresponding characteristic polynomial has root A\ = 1 with mul-
tiplicity 3, and the other roots are A = —1, exp{2k7n/(2N + 3)}, exp{2l7/(2N + 1)}
for k € Zonyo and | € Zsy. Thus for constant a, the leading order of e, takes the
form

e, = an’> + O(n) (3.94)

as n — o0o. Since the linear expression holds for e,, the constant vector a satisfies

the linear relations,
(TN — )TN —1)e, = (8N? + 16N + 6)a (3.95)

By inductive method, one can deduce the constant vector a = (a;)1<i<an+3 Whose
entries a; = 4 for i = {1,...,N =1} U{3N +5,...,4N + 3} and a; = 2 for i =
N —1,...3N + 4.
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By using the first relation in (3.92)) together with periodicity of X ,, , the d-vector

e, satisfies same linear relation as d,,, which shown by

(. /

(T2 )T = )Xy, = (T = )TV = 1)(T - 1)d,,

. <T2N+3 - 1)(7-’2N+1 . 1)(7-_ 1>en
=0

Then
d, = an® + O(n) (3.96)

We can impose (3.94) and (3.96) into X;,, for 2 < i < 2N — 1 and obtain the

expression of other d-vectors whose leading order term is polynomial n?. Then by

inductive approach, we can show the required result (3.91). O
Since the growths of degree of the variables is quadratic, the entropy gives zero.

Hence the result leads us to conjecture that deformed type Aoy cluster map is

Liouville integrable.
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Chapter 4

Deformation of cluster type: Co,

Bs and Dy

4.1 An integrable deformation of the C, cluster

map

In this section, we will consider the deformation of the periodic cluster map, which

is constructed by the cluster algebra of type Cs,.

4.1.1 Deformed Cy; map

The Cartan matrix for the Cy root system is

2 -1
C = ,
-2 2

and this is the companion to the exchange matrix B = (b;;) given by

0 1
B= . (4.1)
20

which is obtained from C' by removing the diagonal terms and adjusting the signs

of the off-diagonal terms appropriately (with the requirement that if b;; # 0, then

107



b;; should have the opposite sign). The latter matrix is skew-symmetrizable, since

for D = diag(1,2) we have that
Q=BD = (wij)

is the skew-symmetric matrix. Skew-symmetrizability of B is seen from the fact

that Q@ = BD is skew-symmetric, where D = diag(1, 2) gives

0 2
Q= . (4.2)
-2 0
Starting from an initial cluster x = (x,23), we consider a pair of deformed
mutations, of the form
ﬁl : (xlax2) = (x/17$2)7 xllxl = (1135% + bla (4 3)
fio o (2, me) — (2, ), xhty = asx) + by.

One can confirm that, after applying the corresponding pair of matrix mutations,
namely p; followed by ps, according to the rule (2.1)), the exchange matrix (4.1)) is

mutation periodic under the composition of mutations, that is to say
popn(B) = B

So, this is similar to the situation for skew form constructed from the exchange
matrix in previous cases (e.g.symplectic form associated with type As in
Example [2.4.3). By a minor variation on Theorem 1.3 in |10] and adjusting the
presymplectic structure to the skew-symmetrizable setting (see [24], for instance),
the map ¢¢, = figfiy composed from the pair of deformed mutations preserves the

log-canonical two-form

wl-j
= dxq A day = 2d1 Adl 4.4
w Z T T To 0g T 0g T2 ( )

The latter is the skew form build from the coefficients of the matrix 2 in (4.2)),
which is obtained from skew-symmetrization of (4.1)). In other words, ¢§, (w) = w.
In addition to this, the two form (4.4]) is non-degenerate as is not singular,
which suggests that deformed Cs, cluster map is symplectic for arbitrary values of

the parameters a;,b;. However, note that when these parameters take the generic
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values, the composition of deformed mutations, ¢¢, is not a cluster map, because it

does not generate Laurent polynomial in xq, x5.

The original undeformed mutations obtained from the exchange matrix (4.1)),
which generate the cluster algebra of type C,, are recovered by setting all the
parameters to 1. Since the Coxeter number of C, is 4, Zamolodchikov periodicity

implies that the cluster map pc, = pop1 has period 3 = %(4 + 2), so that
Oy, = o1 (@withay =b=a=0b=1) = 303(x) = X.

Therefore due to the periodicity, for any function f : C?> — C, the associated

symmetric function given by the product over an orbit, that is

2
: 2 T To 1
K= (@) =2+ —+2+2 .
(™) (22) x2+x2+x2+x1+x1x2

(4.5)

Before proceeding further with the general deformed case, for arbitrary non-zero
parameters a;, b;, we apply the rescaling x; — \;x; to each cluster variables with
suitable choice of parameters (A1, A2) € (C*)?, so that a; = 1 = ay to simplify
the calculations. With the remaining parameters by, by fixed, the iteration of the

deformed map ¢c, is given by a system of recurrences

Tip1Tin = x%n + by, (4.6)
Tont1T2n = Tipt1 + bo.

An invariant function for the deformed map ¢¢, can be constructed by following the

same procedure, shown in the Section (or Example [2.4.4)), whereby we modify

each Laurent monomial in by inserting arbitrary coefficients k; in front of each

monomial, so that we have

K=my+—+—— 224 (4.7)
X9 T2 X 122

Next, we proceed to impose the condition of invariance on K, that is gb*(f( ) =
K, which constrains the coefficients x; and b;. This gives rise to a necessary and
sufficient condition for the deformed map (4.6)) to be Liouville integrable, leading to

the following result,
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Theorem 4.1.1. The necessary and sufficient condition for a rational function of

the form (4.7) to be first integral for the map defined by (4.6]) is

by =by =0 (4.8)
in which case K is given by
- + x
L S (4.9)
) Ty  T1d2

Hence the deformed symplectic map ¢ given by

9502 : (C2 — CQ
(z2)%+8 m’ﬁ—ﬁ) (410)

X = (21,22) — X = L

is Liouville integrable whenever the condition (4.8) holds.

Proof. The proof of the above result follow from an explicit calculation, which can
be carried out by using a computer algebra package such as MAPLE: assuming that
a first integral of the form (4.7)) exists, the equation gp*(K )= K can be rewritten as
an identity between two polynomials in x1,z9, and then comparing coefficients at

each degree yields a set of linear equations in the coefficients k;; this linear system

has a solution if and only if (4.8) holds. m

Remark 4.1.2. Notice that the family of level sets of the first integral (4.9), given
by fizing the value K = &,

21(29)* + (1 + B)xy + (1) + (22)* + B = Ry,

15 a pencil of biquadratic curves, that is, one paramter family of curves. This suggests
that we can construct a map of QRT type [47, |25], which is defined by the two

mvolutions :

Vertical switch : iy : (x1,22) — (21, 2))

(4.11)
Horizontal switch: iy : (21, 23) — (21, 22)

where ZELZL’; are points on the curve which intersect with horizontal/vertical line,

respectively. The QRT map is composed of the switches,

PQRT = Uy Olp (4.12)
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By using Vieta’s formula for the product of roots of a quadratic, the horizontal and

vertical switch can be written as

. i b—i—x%
Zh3$1—>l'1:x—
1 4.13
. 1 b+[L’1 ( )
Iy : Tg — Ty =
T2

Comparison with the formula , shows that in this case, the transformation p,
15 the horizontal switch and po is the vertical switch. Hence the map coincides with
the QRT map porr. For the full details of QRT map, we direct the reader to |47,
29).

We have seen that, when the parameters satisfy the constraints , the
symplectic map given by is Liouville integrable. However, as mentioned above,
general deformed cluster map is not itself a cluster map and this continues to be
true for the constrained version , as the variables generated by the map are
not elements of the Laurent polynomial ring. To resolve this issue, we must go to
a step further, and try to apply Laurentification, analogously to what was carried
out in the previous sections. We once again consider an empirical version of p-adic
analysis, which is done by inspecting the prime factorization of the terms given by
the iteration. With the choice of values for the initial cluster, (zi,z2) = (1,1),
and parameters, by = 2 = by, we find the prime factorizations of numerators and

denominators of successive terms, as in the below:

n Tin Ton
1 3 5
2 32 2
19 3-23
3 52 5-11
4 569 5-811
112 3.11-23
5 172.107 11-8089
32.232 3.23.811
6 139-3299 3-7-23-23039
8112 811-8089
7 457737691 13-173-811-3793
80892 7-23039-8089
Q | 345781689827 53-41-39461-8089
72.230392 7-13-173-23039-3793

We can see that for each of the primes p; = 5,11, 23,8089 (for instance), the p-adic
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norm for z;,, and z, exhibit the patterns

|$1,n| : 1717p271a1
” (4.14)

ol PP

Furthermore the prime ps = 19,569, 107, 139, 3299, appear successively as factors in
the numerator of z,, but not in x5,. This suggests that there exists singularity
patterns,

Pattern 1 :... — (R,0) — (R, 00') — (00?, 00") — (R,0") — ...

(4.15)

Pattern 2 :... — (0Y, R) — ...
where R is a regular (non-zero) finite value. Then we introduce two tau-functions,
T, = 0 (mod py) and 0, = 0 (mod p,), which are associated with Pattern 1 and
Pattern 2, respectively. Then we define a monomial rational map = : C> — C2,

which is specified by the following transformation of dependent variables:

On TnTn+3
Tip = o, Tgp=—0 (4.16)
Th+1 Tn+1Tn+2

If the two expressions (4.16]) are substituted directly into the components (4.6 of ¢

with the paramter constrained so that by = 8 = by, one obtains following system of

recurrence relations,

2 2 22
OnOntl = /BTn—i—lTn—l-Z + TaThts
(4.17)
2
TnTn+4 = ﬁTn+2 + On+1
If we iterate the latter pair of equations with initial values (o¢, 79, 71,72, 73) =

(1,1,1,1,1) and 8 = 2, then we obtain a pair of integer sequences, with the first

few terms presented in the following table:

n 0] 1] 2 3 4 5 6 7

on |39 | 19569 | 30923 | 458561 | 457737691 | 111996752817
Tonta || O | 11 ] 69 | 811 | 8089 | 161273 | 8530457 202237625

This table provides initial evidence that this system (4.17) has the Laurent
property. Furthermore we can observe that the primes appearing as isolated factors
in each of these integer sequences are the same ones that were identified as factors

of numerators and denominators in the preceding table.
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The system of recurrence relations (4.17) can be interpreted as iteration of a

birational map 1 : C> — C® which is interwined with ¢ via 7, that is,

w . <0_077—077_177_277—3) — (01,7_1,7_2,7'3,7'4), p-T="7" w

Then we would like to identify the initial data for the map v as an initial cluster
in a seed for a cluster algebra of rank 5, so that & = (%1, &9, T3, T4, T5). To verify
that Laurent property holds when the deformed map ¢¢, is lifted to the map ) on
the space of tau functions, we need to find a cluster algebra structure defined by
an initial seed (X, Bg,), for a suitable exchange matrix Bg, € Mats(Z). We will
then proceed to show that this extends to a seed (X, BCZ), where the initial cluster
x = (x, ) includes the parameter 5 as a frozen variable, and 302 is an extended

6 x 5 exchange matrix (with an additional row to incorporate the frozen variable).

To start with, we apply the pullback of the symplectic form (4.4) by the rational

map T, Tw,
w=m'w= E (Dz’jy

which gives rise to a new skew-symmetric matrix,

0 —2 2 2 =2
2 0 —4 0 0
Q=(@;)=|-2 4 0 -4 4 (4.18)
-2 0 4 0 0
2 0 —4 0 0

Similar to the matrix in (4.2)), the Q) can be expressed as a product Q = BCQD of
skew-symmetrizable matrix 302 and diagonal matrix D. By post-multiplying by the
diagonal matrix D! = diag(1,1/2,1/2,1/2,1/2), this gives the exchange matrix

0 -1 1 1 -1

2 0 =2 0 O
Be,=QD'=By)=|-2 2 0 -2 2 (4.19)

-2 0 2 0 0

2 0 =2 0 0

Now observe that if we apply the composition fisft; for the latter exchange
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matrix, applying the mutation fi; associated with index 1 followed by the mutation
fiz associated with index 2, then the initial cluster x = (o9, 70,71, 72,73) gets
transformed to fiofi1(X) = (T, %5, T3,%4,%5) = (01,74,71,72,73), Where the new
cluster variables o1, 74 are obtained from a single iteration of each of the recurrences
in , setting n = 0 and f = 1 therein. To generate the general sequence
of mutations for tau functions that corresponds to with arbitrary [, it is
necessary to extend the initial cluster to x = (X, 3) by inserting the frozen variable

£, and then a further calculation shows that we can define the extended exchange

matrix

0o -1 1 1 -1
2 0O -2 0 0

N -2 2 0o -2 2

B = , (4.20)
-2 0 2 0 0
2 0o -2 0 0
-1 0 0 0 1

which is obtained by inserting an extra row at the bottom of (4.19)). The form of the
recurrence system (4.17)) also requires that we permute the cluster variables after

applying the two mutations fi; and fis.

Theorem 4.1.3. Let p be the permutation (2345). Then ¢, = p~'fiafiy is a cluster
map that fizes the extended exchange matrix 3(32. Iteration of v generates two
sequences of tau functions (0,,), (1) satisfying the system (4.17). The tau functions

are elements of Z>0[ﬁ,05—q,7ﬁ:1,Tfl,TQil,Tg—Ll]

Proof. Consider the cluster algebra with initial cluster x = (o9, 79, 71, T2, 73, ) and
extended exchange matrix BC2. One can see that, by applying cluster mutation
to (09,70, T1, T2, T3, B) = (T1, Ta, T3, T4, T5, Tg) in direction 1, mutation fi; gives the

exchange relation
22

_ a.2.2
0100 = BTy + 7575,

producing the new cluster fi,(X) = (o1, 70, 71, T2, T3, 5) and the mutated exchange
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matrix (Bg,)1 = fi1(Bg,) given by

0 1 -1 -1 1
-2 0 0 2 0
- 2 0 0O -2 0
(BC2)1 -
2 =2 2 0 -2
-2 0 0 2 0
1 -1 0 0 0

Following this up with a mutation in direction 2, applying fio gives the new cluster

variable 74 defined by the following relation:
T4T0 = B3T3 + 0y

The new cluster is then fisfi;(X) = (09,74, 71,72, 73,/3). Therefore applying the
composition of mutations ji, and fi; generates this pair of exchange relations,
which corresponds to a single iteration of the map c,, but requires an additional
cyclic permutation of the middle 4 variables to obtain ¢(X) = (o1, 71, T2, T3, T4, 5)-
Furthermore, we see that the combination of two matrix mutations is equivalent to

a permutation of order 4 acting on the corresponding 4 non-frozen labels, namely

p = (2345), i.e.
fizfi1(Be,) = PiBe, Py = p(Bg,)

where P, and P, are row and column permutation matrices

100000
10000
000O0T10
00100
010000
P = , PBb=10 0010 (4.21)
001000
00001
000100
01000
000001

Thus we have shown that the extended exchange matrix B given by (&.20) is cluster
mutation periodic in the generalized sense defined in [8], so that ¢, (Bg,) = Be,,
where the cluster map ¢, = p~'fiofi; generates two sequences of tau functions

satisfying the coupled system (4.17). Hence, by the Laurent phenomenon in the
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cluster algebra, it follows that iteration of the map v on the space of tau functions
produces Laurent polynomials that are elements of Zso[3, 05", 5t it 757t 757
(where each monomial that appears has a positive integer coefficient, due to

positivity [34} 48]). O

Remark 4.1.4. Note that Dynkin type Cy and By diagrams are isomorphic to each
other. Then corresponding two exchange matrices can be obtained from each other
by permutation of rows and columns. This implies that the undeformed cluster map,
defined in the type Cy case, can be constructed in the cluster algebra of type By. This
leads to the conclusion that, in the case of type Bo, we can obtain the same result,

presented above.

Remark 4.1.5. In a similar manner to the section[3.5, we can measure the algebraic
entropy of the discrete dynamical system defined by iteration of 1c,. By using the
periodicity of the original (undeformed) cluster map @c, and tropical method, one
can explicitly show that degree growths of the ¢, is quadratic (the calculation can
be seen [15]), which suggest its algebraic entropy is equal to zero. This confirms that

the deformed type Co map possesses integrability.

4.1.2 Connection with Somos-5 and (special) Somos-7 re-

currences

Recall Remark in the section , it was briefly mentioned that the tau
functions generated by the cluster map associated with the deformed type Ay map
satisfy the particular Somos-7 relation. Similarly, there is a close connection between
the sequence of tau functions given by and the Somos type sequence. Here,
we show the Somos-5 and Somos-7 recurrences hold for the sequence of 7, satisfying

(4.17). We start by introducing the general formula of Somos recurrence.

The sequence (z,,) induced by a quadratic recurrence,
lk/2]
Ty Ty = Z QT T (4.22)
j=1

is known as the Somos-k sequence. In particular, there are particular cases of Somos-

type recurrences which fit into the framework of cluster algebras, namely that the
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recurrences have s sum of two monomials on the right-hand side of (4.22]). One such

case is the Somos-5 recurrence relation, which is written in the form,

TnTn+s5 = &Tn+l7—n+4 + BTn+27—n+3

It turns out that the Somos-5 recurrence can be reduced to a certain QRT map (see
[49], for instance), equivalent to the recurrence,

Up i 1Uplp_1 = Qly + 6 (4.23)

where u,, takes the form of substitution xo, in (4.16]). We refer to the above iteration
as Somos-5 QRT map. The substitution allows us to establish a connection between

the system (4.17) and a suitable Somos-5 recurrence relaion.

Theorem 4.1.6. The sequence of T, generated by the iteration of (4.17) satisfies

Somos-5 relation with coefficients, that are constant along each orbit, given by

TnTn+s5 = CTn+17—n+4 =+ 07—n+27—n+3 (424)

where coefficients are

B((BT{ + 00)75 + 7573 (17 4 00)
0pToT17T27T3

(=1-8, 0= = BK, (4.25)

with K being the value of the first integral (4.9). Hence u, = x2, satisfies the

Somos-5 QRT map [E.23) with coefficients & = ¢, f = 6 as in [@.25) along any
orbit of the deformed Cy map (4.10)).

Proof. The first three iterations of the Somos-5 sequence can be represented as the

matrix form as

ToTs TiTa ToT3 1
T1Te T2Ts T3T4 —C =0 (4-26)

ToTy T3Tg T4Th —0
N 7

~~

M

T

As the vector v = (1, —n, _0> is non-zero, det(M) = 0 is a necessary condition
for the tau functions 7, obtained from (4.17) to satisfy (4.24). With the help of
MAPLE software, we can easily confirm that the relation holds. The coefficients ¢

and 6 can be found by computing the kernel of M, which turns out to be independent
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under shifting the indices of each tau function (n — n+1): to be precise, ( =1—
is just a constant (independent of tau functions), while

g BB+ 00)1y +7573) (77 + 00)

0070717273

but this is just § times the first integral (4.9) lifted to the space of tau functions.

Hence the vector v is constant along each orbit, and remains in the kernel of the
matrix M when the replacement 7,, — 7,11 is made for each tau function appearing

therein.

We have seen that, subject to the condition b; = [ = by, the variable u, =
Ta, satisfying one half of the system (4.6)), also satisfies the Somos-5 QRT map
[123) with appropriate coefficients &, 3. This suggests that each invariant curve for
the deformed map ¢, given by a level set of , is birationally equivalent to a
corresponding elliptic curve associated with a level set of the Somos-5 QRT map.
According to [50], each such curve is also isomorphic to a curve that corresponds to

a level set of the Lyness map
Wy W1 = Ewn +6 (4.27)

which is a birational map of the plane corresponding to the deformed integrable
map of type A, (forthmentioned at Remark). (for suitable ¢ and ), which is the
integrable deformation of the periodic map of type A,. Applying the results from
[50], it can be shown that the iterates z3, of the deformed C; map ¢ are also
associated with the Lyness map, via the transformation

9 1 Tn—1Tn+4
Wy =Typ+ == -—.
C CTn-l—lTn—i—Q

The above substitution is consistent with the fact that 7,, satisfies the bilinear
recurrence

Tot7Tn = CTna6Tns1 + OTnasTnid. (4.28)
which a special type of Somos-7 recurrence, namely the same as associated
with the Lyness map . This is another type of Somos sequence generated by
a sequence of mutations in a cluster algebra of rank 7 (for further detail see [6] and

[7]). The same Somos-7 relation will also be seen to appear in the next section.
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Remark 4.1.7. Another way to see that the existence of the special Somos-7 relation
follows from Theorem is to apply a result from [49], which says that
every Somos-5 sequence also satisfies a Somos-k relation of odd order, for each odd
integer k > 7: so every Somos-5 is also a Somos-7. The converse is not quite true,
however: every Somos-7 does satisfy a relation of Somos-5 type, but generically it
has one coefficient that is periodic with period 3, rather than having two constant

coefficient (the result is proved in Appendiz B of [15]).

4.2 An integrable deformations of the periodic

map for Bj

In this section, we consider the deformation of a 3D periodic cluster map which
arises from mutations in the cluster algebra of type Bs. The original cluster map in
3 dimensions has period 4 = (6 + 2), which is £ x (Coxeter number + 2), and as
before our aim is to construct parameter-families of deformations of this map that
result in a periodic dynamics that is Liouville integrable. However, in contrast to
all the examples previously considered, for the B3 we find that there is more than
one distinct family of deformations that is integrable (in fact, precisely two distinct

1-parameter families, up to obvious equivalence via scaling transformations).

4.2.1 Deformed map Bj

For the B3 root system, the Cartan matrix is

0 2 0
B=1-1 0 1|,
0 -1 0



Skew-symmetrizability of B is seen from the fact that 2 = BD is skew-symmetric,

where D = diag(2,1, 1) gives

0 2 0
Q=1 -2 0 1
0 -1 0

We now consider the sequence of deformed mutations

fir 1 (w1, 22, 23) = (77, 22, 23), 171 = b+ aixy,
/:LQ : (x/17 T2, .Tg) = (x/la x/27 x3>7 xl2x2 - b2 + a/2(x/1)2x37 (41)
[L3 : (xlh :13/2, 1‘3) = (11/17 mIQ’ xé)7 ng?’ = b3 + CLSI‘/%

where a;, b; are arbitrary parameters. With a generic choice of these parameters, the
Laurent property no longer holds for these mutations, so the map ¢p, = i3 - fio - fi1
does not have the Laurent property; moreover, it is no longer completely periodic
with period 4 (generically, it defines an automorphism of infinite order of the field
of rational functions on C?). However, by a slight extension of Theorem 1.3 in [10]
(generalizing from the case of skew-symmetric B to the skew-symmetrizable case), it
is not hard to see that this deformed version of ¢p, preserves the same presymplectic

form w.

Before considering the deformed case further, there are two ways to simplify
the calculations. Firstly, assuming the case of generic parameter values a;b; # 0 for
all 7, we apply the scaling action of the three-dimensional algebraic torus (C*)3,
given by x; — A\;x;, A; # 0, and use this to remove three parameters, so that we
may set

a—1, i=123,

without loss of generality, but keep b; arbitrary for ¢ = 1,2,3. Having simplified

the space of parameters, the map ¢p, is equivalent to the iteration of the system of

recurrences
Tint1T1n = Ton+ b1,
Tont1lon = x%,n—l—lx&n + bg, (42)
T3n+1T3n = Tapt1 + bs.

Secondly, since we are in an odd-dimensional situation where necessarily det(€2) = 0

and w is degenerate, we can apply Theorem [2.2.12| to reduce the deformed map to
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2D symplectic map. By using
ker Q =< (1,0,2)" >, imQ = (kerQ)*t =< (0,1,0)", (=2,0,1)" >,

we can generate the one-parameter scaling group (zy, T2, ¥3) — (Az1, T2, A\213), A €
C* (obtained from the null vector field x10,, + 2x30,, by exponentiation), and the

projection 7 : C3 — C? onto its monomial invariants,
e Y1 = X9, Yo = -
1

On the (y1, y2)-plane, ¢p, induces the reduced map ¢p,, such that 7 - g, = @g, - 7,

where
(7 yr (g1 + b1)2ys + bo)
—>

— b b
Y2 y11<14—5jﬁ5§ﬁa>

The reduced map is symplectic, that is to say ¢*(w) = @, where the non-degenerate

@Bg . (43)

two-form preserved by ¢ is

*

(4.4)

&
I
&

w = dlogy; A dlogys, 7

In the original case where all parameters are 1, the reduced map (4.3) with
by = by = b3 = 1 has period 4, because Ty 44 = Top and Tgnia/27,,,, = T3n/27,
for all n. In that case we can construct two functionally independent first integrals
in the plane, K, K say. Here we will just focus on one of these, namely

KO = 3%, ()
= yie+y +3p 3L+ B+ 4 o S

Y1y2 Y1y2

(4.5)

which satisfies @*B?)(K(i)) = K@ when b = by = by = 1.

Next, we modify K@ by inserting constant coefficients in front of each of the
Laurent monomials in ¥y, yo that appear, fixing the coefficient of the first term to
be 1 without loss of generality, to obtain

~ C C C C C
K=ymptom+omptoltosy2 00,08 5 0 (4
(At Y1 Y2 Y1 Niy2 Yiye

If we assume that these modified first integrals are preserved by the deformed map
OB, given by , then this puts a finite number of constraints on the coefficients
¢; and the parameters b;, which leads to finding necessary and sufficient conditions
for the deformed symplectic map to be Liouville integrable. Thus we obtain the

following result.
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Theorem 4.2.1. For the deformed symplectic map to admit a first integral
of the form @, it is necessary and sufficient that the parameters b; should satisfy

either

bi=by, by=1, (4.7)

or

If we fix by = (3, then in the case that the constraint holds, the first integral
takes the form

36+2 1 2 2 1
5 +—+ f +—+ -, (4.9)
n Y2 Y1 Y1y2 y1y2

K1—yun+yr+@ﬁ+¢nn+ﬁu%+m32+62m

while in the case that (@ holds, the first integral is

; 262 +26+ 1 232 2+1 2
K> = y1ya+y1+(28+1) 2+5(5+2) +52y MJF +£+5 5
Y1 y1 Y1 Y2 y1 Y1Yy2 y1y2
(4.10)

Hence the map pp, given by 1s Liouwville integrable whenever either condition

or (@ holds.

Thus we arrive at two 1-parameter families of integrable maps of the plane

associated with the deformation of the Bj cluster map, namely

—1 2
) Y1 yi ((y1 + B)y2 + B)
Y2 (7 (1 + (y1+5)>
which has the first integral K, given by 1) and
L) Y yi ((y1 + B8)%y2 + 5)
B, - = B2(1 41) , (4.12)
1+ =4
Y2 ( mw@

with the first integral Kg, as in (4.10)).

Remark 4.2.2. Each map has an invariant pencil of genus 1 curves of degree 5 and

bidegree (3,2); that is too high for a QRT map, where the bidegree is (2,2) [47)].

Remark 4.2.3. Clearly the maps coincide for f = 1 when the map is completely
periodic with period 4 (corresponding to a pencil of elliptic curves with 4-torsion,).

However, it seems that the maps cannot be birationally conjugate to one another for
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other values of B; one way to see this is to look at the j-invariants of the curves in
each pencil, which are rational functions of 5 and the value of the invariant K =K
(for j = 1,2, respectively): the factorizations of the two different j-invariants have
polynomial factors in their denominators that appear with quite different degrees, and
this could be used to show that there is no automorphism of C(3, k) which transforms
one elliptic fibration into the other; or perhaps there is a geometrical way to see this
more easily. It is possible to see that the two maps cannot be conjugate to one
another more directly, by considering the fized points: for generic 3, in the affine
plane C? the map has three fixed points outside the line y; = 0 where it is
singular, whereas the map only has one fixed point outside this line.

4.2.2 The deformed 95](313) for Bj
Let us consider the deformed map (4.11)), which is rewritten in the form of

recurrences
Yint1Yin = Yo+ 8)yzn + 8 (4.13)
Yonr1Y2nY1n(Yin +B) = (Yin+ B)y2n +1
Following the same process as in the previous section, we study the singularity
structures of the deformed map by observing the p-adic properties of iterates
defined over Q. With the choice of values for parameters § = 5, the iteration

starting from initial data (x1,2z5) = (1,1) gives a particular orbit, as shown in the

table below:

n Yin Yo.n
7
1 41 S
181 2
2 3 7-23
127 3
3 3.23 24.7
4 547 3223
7-23 59
5 61-503 7-232
7-59 23.32.132
6 73-3527 73-59
132.59 232.2729
7 479-683 132.592
132.2729 2.3-73.17-131
Q | 4314273847 22.13%.2729
3.17-131-2729 592.97.277
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From the table, we can see that the primes p; = 3,23,59, for instance, provide a
specific sequence of p;-adic norms as follows.

’xl,n‘ : 1,]71,]71,1,1,1,1
2 (4.14)

|'r277’b|p1 * D1, 07p1_17p1_27p%7 Ovp
, while the prime py, = 41,43,61,73,181,127,479, 503,547,683, 1427, 3527, 3847,
appearing only in y; ,,, corresponds to isolated values of n where |:1317n|p2 = py. Then

we find that there are two singularity patterns for (yi ,,y2.,), namely
Pattern 1: ... — (R,00') = (o', R) — (00',0") — (R,0%) = (R,00%) — ...

Pattern 2: ... — (0, R) — ...
(4.15)

This indicates that the y; , and y,, can be written in terms of tau functions 7,, and

N as

2

Mn Tp+1Tn+2

Yin=————, Yon=/Pon—py—) (4.16)
Tn4+2Tn+3 ThTn+4

where the quantity p, is an additional prefactor. However, substituting these
expressions directly into gives rise to relations between tau functions that
are not in the form of cluster exchange relations. So in addition to p-adic analysis,
we proceed to consider the singularity patterns more closely via explicit analysis

with the introduction of a small quantity e.

A discrete dynamical system defined by a birational map can have two types
of singularities: the points in phase space at which the map is undefined, and the
points where the Jacobian of the map vanishes. From , one can see that
the deformed map @1(313’ possesses a singularity at y; = —(3. Performing singularity
analysis by setting v, = —8 + €, we find the confined singularity pattern

—f -1 oo! oot -1 —p C’

— — — — — —
C ool —-1 0! 02 00? -1/

where C,C" are regular values, and when ¢ — 0 the subsequent terms are not

indeterminate (they are generic, regular values). By comparing (4.17) with (4.15)),
it is clear that (4.17]) corresponds to Pattern 1, but with more detail revealed. The
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detailed form of the singularity pattern suggests another way to relate y;, to the

tau function 7,, after shifting by the parameter 3, expressing it as

Yin = —B+ 0, 2 (4.18)
7 Tn+3Tn+2

where v, is another prefactor. Defining a new variable w,, = y; + [ leads to a system
of three recurrence relations, expressed in terms of w,, y1, and y2,. Furthermore,
subtracting the first relation in from w, times the second and removing a
common factor of vy, results in simplifying the recurrence for ys,, yielding the
three equations
W, = Y1+ 5,
YintiYin = WiYan + 0, (4.19)
Yoms1YonWy = Yinpr + 1.

Theorem 4.2.4. Under the iteration of , the quantity w, satisfies the Lyness
recurrence

Wy 1Wn—1 = GWy, + B, (4.20)

where the coefficients along each orbit of the map ¢, are « = 1 — § and B =
BK, +268%+ B +1.

Proof. By following the same approach as used in the proof of Theorem after
setting the prefactor ¥, — 1 in (4.18]), one can show that 7, satisfies a special
Somos-7 relation of the same form as (4.28)), namely

Tn+7Tn = dTn-ﬁ-GTn—‘rl + 57_71-&-37_71-&-4- (421)

where & = 1 — 3, and the coefficient 3 is given as above in terms of 5 and the
conserved quantity K. Then from (4.18) and the first relation in (4.19)), it is clear

that w, is given in terms of the tau function 7, by

Tn+5Tn

w, = —2m (4.22)
Tn+3Tn+2

and from this it is an immediate consequence that w, satisfies the Lyness recurrence

(4.20) with these coefficients, which are constant along each orbit. O]

As noted in the previous section, the special Somos-7 recurrence (4.21]) corre-

sponds to a cluster algebra of rank 7, where (7,) is a sequence of cluster variables
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and the coefficients &, 3 are regarded as frozen variables; and in that setting, the
associated exchange matrix has rank 2 (for further details, see [7]). In the discussion
of the deformed C,; map, we already noted that there is a close connection between

this special Somos-7 relation and Somos-5. This leads to a related result for the

map defined by (4.13]).

Theorem 4.2.5. Under iteration of (4.13), the quantity v, = y1, + 1 satisfies the
Somos-5 QRT map, in the form

Vng1UnUn_1 = QU, + B (4.23)

where the coefficients along each orbit of the map 1 are given by & = K; + 8+ 3
and B = (8 — 1)a.

Proof. This result, including the above formulae for the coefficients @,B, is a
consequence of Theorem 1 in [50], which states that each invariant curve of the
Lyness map is birationally equivalent to an invariant curve corresponding to the
Somos-5 QRT map, and hence there is a direct correspondence between the orbits
of the two maps, whenever the parameters of the maps related to each other in
a specific way. See also Proposition B.2 in the appendix B section of the paper

[15]. 0

Recall from the discussion around Theorem [.1.6 that a substitution of the form

v, = 4Tl (4.24)

Tn+3Tn+2

relates (4.23)) directly to the Somos-5 recurrence, that is
7A'n+57:n — d%n+17:n+4 + B%n+27ﬁn+3. (425)

Now the substitution (4.24]) and the definition of the quantity v,, implies that

7A—n+4'7A_n+1
Yin = -1+ ~ -~
Tn+3Tn+2

but in general this is not compatible with the substitution (4.22)) that relates w, to
a solution of (4.21)), in the sense that the tau functions 7, and 7, need not be the
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same, but rather are related by a gauge factor that depends on n. Rather, the most

general way to relate v,, to 7, is to write

Tn Tn
Uy =Y +1=26, ﬁ, (4.26)
Tn+3Tn+2

with another prefactor &, that depends on n. It will turn out that, with an

appropriate choice of gauge, this quantity is periodic with period 3. (See Theorem

below, and also Appendix B of [15] for the further detail)

Observe that, with the extra variable v added to ¥, 72 and w, the map defined
by (4.13]) is equivalent to iteration of a system of four equations, namely

Wnp = Yin + 6 )
2
Yin+1Yin = WyY2n + Ba

* (4.27)

Un = UYin + 17

yz,n+1y2,nwi = Un+1,

and upon substituting for yi,y, from (4.16]), for w from (4.18), and for v from
(4.26) the most general set of relations between the tau functions is found to be the

following;:

ﬁn Tn+5Tn = B Tn+3Tn+2 + M,
o 2 _2 2 2
Mn41Tn = Pn(ﬁn) To+5Tn+1 T B Tn+4Tp13Tn+2,
(4.28)
fnTn+4Tn+1 = Tpt3Tn+2 + M,

Pn—I—lpn(ﬁn)Q = &nt1-
Theorem 4.2.6. There is a choice of gauge which fizes ¥,, — 1 in the system (4.28),

and implies that &,13 = &, and ppie = pn for all n, with

5 3
[Iri=]]¢=K+8+3. (4.29)
i=0 j=1

In that case, the system corresponds to a lift of the deformed Bs map o1 to a

birational map on an extended space of tau functions, that is

D : (7'0,7'1,7'277-3>7'477707P0>5) = (Tla7_277-377-477—5an17p176)7 (430)

where the sequences (1), (n,) possess the Laurent property, but the periodic

coefficients p,, do not.
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Proof. By definition, in the context of the tau function formulae , a gauge
transformation is any transformation of the tau functions which leaves the variables
Y1n, Yo, invariant. If we make the replacement 7,, — ¢, 7,,, where the dependence
of g, on n is arbitrary, then clearly replacing 1, — ¢ni20n+37, leaves y;, the
same, while replacing p,, — gign+4g;2r1 g;lrQ pn leaves ys , unchanged. Now in ,
regardless of what non-zero prefactor 1J,, appears to begin with, we can always make
the replacement v, — gn+29n+39, 197;1519” = 1; to be precise, this is achieved by
specifying any solution of a linear difference equation of order 5 for logg,. With
that choice of gauge, the variable w, is given in terms of 7, by , and the
sequence (7,) satisfies the special Somos-7 recurrence , as in the proof of
Theorem [4.2.4, However, as already mentioned above, in general the prefactor &,
appearing in cannot be simultaneously fixed to be 1 (rather, fixing &, — 1,
so that 7, satisfies the Somos-5 relation , is a different gauge choice). Thus,
in the “Somos-7 gauge”, where ,, = 1, the system of recurrences becomes

Tn+5Tn = B Tn+3Tn+2 T Mn,
_ 2 2 2
Mn+1Mln =  Pn Tn+57—n+1 + /6 Tn+47—n+37—n+27
(4.31)
§n+1 Tn+5Tn+2 = Tn4+4Tp+3 + Nn+1,
Pn+1Pn = £n+1

(having shifted n — n+1 in the third relation). In the above, an extended “cluster”
of initial data, including the fixed parameter (“frozen variable”) [, is given by
(7o, T1, T2, T3, T4, Mo, Po, ), and via this fixes initial data yo = (y1,0,%2,0) for
the map @1(31:3. Now iterating each of the equations one by one, in order,
starting from n = 0, produces in turn 7s,1,&, p1, giving the image of the lifted
map ® as in . Notice that the intermediate step of finding & can be skipped:

for each n, by combining the last two relations, we have

_ TntdTnt3 T Mt
Pnt+1Pn = .
Tn+5Tn+2

Hence the first two relations in appear like a pair of cluster exchange relations,
with one of them having a coefficient p, that is non-autonomous (dependent on
n). Upon iteration of the map ®, we obtain the three sequences (7,), (7.), (pn),
which together specify the orbit y,, = (Agg))”(yo), as well as the sequence () of

intermediate values, which appear in the formula (4.26]) for the quantities v,,. Now
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consider the ring of Laurent polynomials
_ 1 41 41 41 _+1 41 1
R_Z[ﬁa’r[) yT1 »Ta 5 T3 Ty 7770 7p0 ]

Direct calculation of three steps of ® shows by inspection that &;,& € R, and

T3T2 + Mo
§3=——"=§€ENR,

T4Ty

hence the sequence (&,) has period 3, or in other words (72 —1)¢&, = 0 (where T
denotes the shift operator that sends n — n + 1). Then, upon taking logarithms on

both sides of the fourth relation in (4.31)), we have

(T +1)logp, =log&nyr = (T2 = 1)(T +1)logp, =0

= (T° = 1) logp, = (T° = 1)(T° + 1) log p, = 0,

hence the sequence (p,,) has period 6, as required. However, while pg, p1, p5s € R, we
find that po, p3, ps & R: the latter three terms have non-monomial factors appearing
in their denominators, so they cannot be cluster variables. A direct calculation shows

that the product of three adjacent &, is
§166 =K +B+3€R,

where here K is used to denote the value of the invariant along an orbit of the
lifted map @, considered as a function of 7y, 7, 79, 73, 74, Mo, po, 5; hence K, € R,
and using the fourth relation in once more, we see that the latter product is
equal to pop1p2p3p1p5, SO holds, as required. Next, we claim that 7,,7n, € R.
To see this, we just need to show that 7,, € R for all n, since if this holds then
the first relation in implies immediately that 7, = 7,157, — 8 Thi3Thie € R.
So we consider the aforementioned fact that, due to the gauge choice, 7, satisfies

the special Somos-7 recurrence , which has coefficients @, 3, and there is an
associated Lyness invariant quantity (see [50], for instance), which we denote by K.
Then, by a minor modification of Theorem 3.7 in [51] and its proof, it follows that
the Somos-7 recurrence has the strong Laurent property, in the sense that 7, € R

for all n > 0, where

_ ~ D I +1 _+1 __4+1 _+1
R*Z[&aﬁaKaTO yT1 T T3 77-477—577-6]'
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(For further details, see Theorem B.5 in the appendix B section of the paper [15] )
By inspection of the first two iterates of ®, we can verify directly that 75,7 € R,
while from Theorem we have @ =1 — 8, f = BK; + 262+ 8 + 1 and a short
explicit calculation with computer algebra shows that K = K+ 2 + 2. Since, as
already noted, K, € R on an orbit of @, it follows that &, 3, K € R, hence R is
a subring of R. Thus we see that 7,, € R for n > 0, and an analogous argument

extends this to n < 0 and completes the proof of the theorem. O]

Remark 4.2.7. The first two relations in (4.31)) resemble exchange relations in a
cluster algebra, but the third and fourth relations (which define p,) do not. Thus, the
sequence of tau functions cannot be produced by cluster exchange relations with frozen
variables alone. Nevertheless, this can be considered an “almost Laurentification” of
the deformed map: the tau functions 1, and n, are Laurent polynomaials, while the
periodic quantities p, only contain a finite number of non-monomaial factors in their
denominators, so this is an example of the extended Laurent property [(52], where
only a finite extension of the ring R is required. The coefficients p, are reminiscent
of y-variables in a cluster algebra with coefficients, which can be used to generate
non-autonomous difference equations, including those of discrete Painlevé type [53,
54)]. We have attempted to construct the relations from a suitable Y-system,
by pulling back the two-form to derive an associated exchange matriz (cf. the
formulae , and for the case of the map P below), but as yet we

have not succeeded in doing this in a consistent way.

4.2.3 The deformed map gbg; for Bj

The action of the deformed map @ﬁj given by (4.12]) is equivalent to iteration of the

coupled pair of recurrences

n n = U)2 n T 27
Y1n+1Y1, nY2, B (4'32)

y2,n+1y2,nyl,nwi = w?lyQ,n + 62 (yl,n + 1)7

where for convenience we made use of the same variable w,, = v, + 8 as in the
previous discussion of the map @gg. Subtracting the first relation from the second

gives rise to a simplified relation for ¥, 5,41, and thus iterates of the map are generated
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by the system of four relations

w, =
Yin+1Yin =
Un+1 —

2 _
Yonr1lYonW, =

yl,n + ﬁ?
wiyZ,n + ﬁ27
Yins1 + 52,

U?’L—‘rl)

(4.33)

where, in contrast to (4.27)), there is a different definition for the quantity v, =

Yin + 62'

Subject to the parameter value 8 = 5 together with initial values (y10,y20) =

(1,1), the orbits of the system (4.33)) provide a specific sequence of rationals shown

in the table below:

n Yin Yoa.n W, Un
1 61 -3 2.3-11 243
2 2.72 4 2 =2
2 3°-19 213 2511 247
3 32.17 307 24.23 22.307
43 27.72 43 43
4 16927 13-43-2677 2-3-23-199 2:13-2677
72.43 232.307 72.43 72.43
5 11-211-1283 72.19-43-88261 2:3-199-2557 2-19-88261
72.307 2-32.13-1992-2677 72.307 72.307
6 3-9403-11273 2-72.307-3401731 23.67-271-2557 22.43-3401731
12-307-2677 19-88261-25572 13-307-2677 13-307-2677
7 3-23712415183 13-307-853-9152173-2677 23.67-271-2498599 22.72.853-9152173
13-19-88261-2677 25.672-2712.3401731 13-19-88261-2677 13-19-88261-2677
Q | 537664578593509 | 13-19-37-661-1663-88261-27241-2677 2-32.47-61-4391-2498599 | 2-37-307-661-1663-27241
19-88261-3401731 853-9152173-24985992 19-88261-3401731 19-88261-3401731

By looking into the prime factorization of the rationals, we observe that p;-adic

norm, for the primes p; = 13,43, 307,2677,88261 (for instance), follow the pattern

|y1,n|p1 : 17 17p17p17 17 17 17 1

‘yZ,n’pl : p;lapla 17pflap;17 1

|wn|p1 : ]-> 17p17p17 1a 1

|U7l|p1 : p1_17 17p17p17 ]-7p1_1

(4.34)

, whereas for the primes py = 23,199, 271, 2557, 2498599, appearing in ys,, and w,,

give the following pattern

|y2,n|p2 : 17p§7 ]-

|wn‘p2 : 17p517p;17 1
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and the primes p3 = 17,19,61,211,1283,16927,9403,11273,23712415183 only
emerge in v ,, which gives the py-adic norm \yl,n|p2 = p~! for particular values
of n. Then we can see the corresponding singularity patterns in the orbits of

(Y1.ns Y21, Wn, Uy ), Which are confined.

Pattern 1: ... — (R,0,R,0) — (R, 00, R, R) — (00, R, 00, 0)

— (00,0,00,00) = (R,0,R,R) — (R,R,R,0) — ...

(4.36)
Pattern 2 : ... — (R, R,0,R) = (R,00% 0, R) — ...

Pattern 3: ..., — (0, R, R, R),....

We introduce tau functions 7,,, 0, and 7, which correspond to Patterns 1,2 and 3,

respectively, such that y; ,, Yon, Wy = Y1, + 5 and v, = Y1, + (32 can be written as

Tin Tn+4Tn+1Tn On+10n Tn+4Tn—1 4
Wn=—"-9- Yon = 5 Wy = —, Up = ——— ( 37)
Tn+2Tn+1 UnTn+3 Tn+2Tn+1 Tn+2Tn+1

Note that the structure of tau functions in the variable v,, can be verified with fourth

equation (4.33) i.e.

Tn+5Tn

2 2
Y2, nr1Y2,nW,, = = Y11 + 57 = Ut

Tn43Tn4-2
Upon inspecting the structure of a particular singularity further by approaching it
in the limit of a small parameter ¢ — 0, one can see that the singularities of v,

and v, in Pattern 1 correspond to the sequence

C —3? -1 ool oot -1 —3?
B2(C41) — o — . — ) — o — o — o
~ CZ4280+57 o0 -
with C, C" being regular values, which propagates from the point <C’, —%)
where the Jacobian of the deformed map 95](323) is zero. Noting that the value y; = —1

appears in the singularity pattern, we can consider another variable w,, = y;, + 1,

and find that

Tn+3Tn

Un = Yin +1= £n (439)

)
Tn+2Tn+1

where the prefactor &, cannot be removed without a change of gauge, which would
modify the form of some of the expressions in v,, of . Notice that the ratios of
tau functions in v,, of and are identical to the substitutions associated
with the Lyness map and Somos-5 QRT map, respectively. This suggests that the
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quantities v, = y1, + % and u, = y1,, + 1 should provide solutions of these maps

under iteration, as described by the following statement.

Theorem 4.2.8. The quantities v, generated under iteration of the system of

recurrences (4.33)) satisfy the Lyness map which is equivalent to the recurrence
Up41Un—1 = YUp + 6, (4.40)

where the coefficients along each orbit of the g?)l(gzg) are specified by v = 1 — 5% and
6= 52K, + 2B(B33+1), and the associated sequence of tau functions (1,,) related via
vy, in (4.37) satisfies the Somos-7 recurrence

Tnt7Tn = Y Tnt6Tn+1 1 0 TntaTnys. (4.41)

The corresponding iterates of u, = Y1, + 1 satisfy the Somos-5 QRT map which is
given by the recurrence

Up s 1 UpUy—1 = YUy + 5, (4.42)

where 4 = Ky + 28 +2 and § = (62 — 1)7.

Proof. This follows from analogous arguments to those used in proving Theorem
and Theorem |4.2.5] For a more detailed explanation of the connection between
the Lyness map and the Somos-5 QRT map , see Proposition B.2 in the
second appendix of [15]. O

The tau function expressions (4.37)) can be substituted directly into (4.33)), giving

rise to the system of equations

Ont10n = BTpi2Tnt1 + N,
Tt 1Tn = TngaTnOury + B2 Tni 3T 9Tt (4.43)
Tn45Tn = B Tns3Tnt2 + Tt
Since the three recurrences above are all of the right form for an exchange relation, it
appears likely that their iteration can be described by a sequence of cluster mutations

in an appropriate cluster algebra. To verify this is the case, we set the initial cluster

to be

X = ($1,$2,$37$4,$5,$67$7) = (7]0700,7'0,7'1772;7'3,7'4)7
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and then determine a new exchange matrix via the pullback of the symplectic form
(4.4) by the rational map 7 : C” — C? defined by the equations for (y10,%2,0) € C?
given by setting n = 0 in (4.37)). As a result, one finds a presymplectic form on the

space of tau functions, written in terms of the cluster variables z; for 1 < j <7 as

W="7'w= Zflijdlog:ii Ndlogz;,

ij

where the 7 x 7 matrix ) is given by

0 -2 1 1 0 -1 1
2 0 0 -2 -2 0 0
-1 0 0 1 1 0 0

Q=|-1 2 -1 0 1 1 -1]. (4.44)
0 2 -1 -1 0 1 -1
1 0 0 -1 -1 0 0
-1 0 0 1 1 0 0

Given the skew-symmetric matrix €2 as above, a skew-symmetrizable exchange
matrix BBS such that BBS[D = Q can be determined by post-multiplying with the
diagonal matrix D~! = diag(1,1/2,1,1,1,1,1), to obtain

0 -1 1 1 0 -1 1
2 0 0 -2 -2 0 0
-1 0 0 1 1 0 0
Bp,=QD'=(B)=[-1 1 -1 0 1 1 -1 (4.45)
0 1 -1 -1 0 1 -1
1 0 0 -1 -1 0 0
10 0 1 1 0 0

The matrix B]gg above generates a coefficient-free cluster algebra, but both the
parameter [ and its square appear in front of some of the terms in . To
incorporate this into the exchange relations, we extend the initial cluster by adding
the frozen variable g = [ and adjoining an extra row with entries (0, 1,0, 0, 0,0, —2)
to the exchange matrix BBS. Then we can obtain the following statement, which

constitutes the Laurentification of the deformed B; map @ga)
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Theorem 4.2.9. Let (X, 333) be given as an initial seed which is composed of the

extended initial cluster

X = (jj)1§j§8 = (77070077'077'177'2,73;7'47@

together with the associated extended exchange matrix

2 0 0 =2 -2 0 O
-10 0 1 1 0 O
. -1 1 -1 0 1 1 -1
BB3 - 3 (446)
o 1 -1 -1 0 1 -1
1 0 0 -1 -1 0 O
-1 0 0 1 1 0 O
o 1 0 0 0 0 =2

and consider the permutation p = (34567). Then the iteration of the cluster
map vp, = p ‘isfiifia 1S equivalent to the system of recurrences (4.43)), and for
all n € Z the tau functions n,,o,, T, are elements of the Laurent polynomial ring
Z[ﬁ, nit ot ot i ot Tz))il,Tfl], with positive integer coefficients.
Proof. Let us consider the seed (X/, B]’3 L) = faflfiz(X, §B3) that arises from applying
the sequence of mutations fizfi;fio to the given initial seed, where (as usual) we use
ft; to denote mutations in the cluster algebra associated with Laurentification of the
deformed map. The new cluster is X' = (Z, &), T4, T4, T5, T, T7, Tg), where the new

cluster variables (with primes) are obtained from the exchange relations
P iy = Fsiads + F1,
T 71 = (28)74(75) %6 + (o) 237, (4.47)

This = (T8)*isde + T,
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while the mutated exchange matrix 13’{33 — [isffiz(Bg,) is given by

o -1 1 1 1 0 -1
2 0 0 0 -2 -2 0
-1 0 0 0 1 1 0
-1 0 0 0 1 1 0 (4.48)
-1 1 -1 -1 0 1 1
o 1 -1 -1 -1 0 1
1 0 o0 0 -1 -1 0
o 1 -2 0 O 0 O

For the new cluster variables, if we identify Z," = 1, &' = 01, 3’ = 75 and replace
all variables z; for 4 < ¢ < 8 with the corresponding tau functions and frozen
variable from the original cluster x, then we find that the exchange relations
are equivalent to the recurrence formulae for n = 0. As for the exchange

matrix Bl’gs, we can rewrite it in the following way:
/23/21/22(EB3) = PlBB3P2 = p<BBs)'

In the above, the action of the permutation p = (34567) is equivalent to applying

the row and column permutation matrices

10000000
1000000
01000000
0100000
00000010
0001000
00100000
P = , B={0000100 (4.49)
00010000
0000010
00001000
0000001
00000100
0010000
00000001

Hence we see that the cluster map defined by g, = p~fisfi1 iz satisfies ¥p, (Bp,) =
Bg,, and its action on any cluster is equivalent to the shift n — n+ 1 on the indices
of the tau functions. Since they are cluster variables, these tau functions exhibit
the Laurent property. Moreover, the coefficients of the Laurent polynomial cluster

variables are positive integers, due to the positivity property [34, 48]. O]
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Remark 4.2.10. By adapting the procedure in the section|3.5, we can measure the
algebraic entropy of the discrete dynamical system defined by iteration of yp,. In
[15], we used the fact that the tau function T, satisfies Somos-7 recurrence, namely
, to simplify the calculation of the degree growth for tau functions. As a result,

we showed that the degree growth is quadratic.

4.3 An integrable deformation of the periodic
map for Dy

In this section, we consider the deformation of a 4D cluster map which is composed

of mutations in the cluster algebra of type D,. We will show that there are two

essentially different choices of the deformation parameters that yield a discrete

integrable system, each of which lifts to a cluster map in higher dimensions via

Laurentification.

4.3.1 Deformed D, cluster map

The Cartan matrix for the D, is

2 -1 0 O
-1 2 -1 -1
(4.1)
0o -1 2 0
0o -1 0 2
The corresponding exchange matrix is
0O -1 0 0
1 0 -1 -1
B = (4.2)
0o 1 0 0
0o 1 0 0
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The deformed mutations with parameters a;, b; for 1 < 5 <4 take the form

fi1 (1,9, 3, T4) — (2], T2, T3, 24), r1x] = by 4+ a1x9
Lo - (2, o, k3, 24) — (2], T, 23, 24), Toxh = by + asx3xa) (43)
fis = (2, @h, k3, x4) — (27, 75, 2%, x4), xr3xh = by + asx)
g : (2, 2y, 2y, ) > (2, 2y, 2, 7)), xaxy = by + auh

The deformed map @p, = fuafizfizfiy reduces to the original cluster map when we
fix the parameters a; = 1 = b; for all .. The Coxeter number for Dy is 6, and the

periodicity for the cluster map is period 4 = %(6 +2), ie.
YDy - (X> B) = (SODAL(X)? B) (With aj = 1= b]) — 904D4(X) =X. (4'4)

As usual, we can reduce the number of parameters in the problem by rescaling each
of the cluster variables independently, x; — \;x;, and choose the scalings so that the

parameters a; are removed and the sequence of deformed mutations can be rewritten

as
Tip1T1n = T, + b1,
Ton41T2n = T3pTanTint1 + o, (4.5)
T3nt+123n = Topt1 + bs,
Tant1Tam = Topt1 + by

Since the exchange matrix is skew-symmetric, by the result of Theorem 1.3 in [10]

the deformed map preserves the presymplectic form w given by

w =

1
dxl A diL‘z + dfl?g VAN dl’g +

dzy A day. (4.6)
T1T9 ToX3 Loy

Now since B is degenerate and of rank 2, one can reduce the birational map ¢ from

4D to a 2-dimensional symplectic map. The null space and image of B are given by

ker(B) =< (1,0,0,1)",(1,0,1,0) >, im (B) =< (0,1,0,0)", (—1,0,1, )" > .
(4.7)
Hence the null distribution of the presymplectic form w is spanned by the two
commuting vector fields vi = 210, + 240,, and vy = x10,, + v30,,. The space of

leaves of the null foliation has local coordinates

T34

Y1 =Tz, Y2 = (4.8)

x
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Then the rational map defined by

T (C4 — CQ
(4.9)
X = (21,22, 23,24) — Y= (Y1,Y2)

reduces the cluster map ¢p, to the 2D symplectic map

¢D4 : Cc? = C?
by + +by (by+ + b1y + ba2)((bs + +biy2 + b
v = (1) — (( L+ Y)ye 2’ (bs +y2)n 1Y2 22)(( 3+ Y2)U 1Y2 2)) 7
Y Y2y (b1 + 1)
(4.10)
which is intertwined with ¢p, via 7, so that
¢D4'7T:7T'S0D47 ¢E4(@>:@7
where 7*(w) = w is the pullback of the symplectic form
. 1
w=——-dy; A dys (4.11)

Y192
under m. When all of the parameters b; = 1, the reduced map ¢p, has period 4, and

one of the first integrals associated with this map takes the form

3
Y (L+y1)® + 2+ 5p1 + yd)ye + (1 + 1)y
K=> (¢h,) () = 0 - 2
—0 1

(2

(4.12)

By applying the same procedure as in the previous examples, we suppose that there
is an analogous first integral that is compatible with the deformed map (4.10)), taking

the form

~ a o) o} a a o} o) a
K:y1+a1y2+2y1+3y2+—4+—5—|—6y2+—7+—8—9

4.13
Yo iy oy Y Y Yi vt (4.13)

where «; are undetermined parameters. Then imposing the requirement that K
should be preserved, so that ¢p), (K) = K, constrains these parameters and leads
us to find necessary and sufficient conditions for the map ¢p, to be integrable, as

follows.

Theorem 4.3.1. For the deformed symplectic map ¢p, to admit the first integral
(4.13), it is necessary and sufficient for the parameters b; to satisfy one of the

following sets of conditions:
(1) ba = by = byb3; (4.14a)
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(2) bl = bg = bgb4; (414b)
(3) bg = b3 = blb4. (414C)

Hence in each of these cases, the deformed map ¢p, given by (4.10) is Liouville

integrable, preserving the function

% bi+1)ys | by+ba+l | bit+botbs+bat+l | biya | bsbstbs+b 2b bsb
K — Y1 ( 1 3104 11702103104 304103104 202 304
ity + Y2 + Y1 + Y2 + Y1 + y? - Y1y2 + Y3 + y3y2

(4.15)
Remark 4.3.2. Observe that the form of the original deformed mutations
remain invariant under switching x3 <> x4, by < by, and similarly for the form
of the reduced map pp, in (4.10) and the first integral (4.15) when these last two
parameters are switched. Hence cases (1) and (3) are equivalent to one another, and

(1) and (2) are really the only two distinct cases to consider in Theorem |4.5.1]

For the two essentially distinct cases of the reduced map obtained by deformation

of the D4 cluster map, as identified in the preceding theorem, we have two 2-

parameter families of integrable maps given by gbgi, @Sj respectively, where

@1(312 : (y1’y2) s ((b1+y1£2+b1b37 [(b1+y1)y2+b1:yb%3£;1+1)]~[y2+b3]) (4.16)
~(2 bsb. bsb b bsb -[(b bsb
A () o (bt (st st

(4.17)
where the coefficients in each map are fixed in cases (1) and (2), respectively. The

corresponding invariant functions K, Ky are given by

~ b +1 bs +bibs+1 by +2b1bs+b3+1 b
K1:y1+y2+£+(1 )y2+ 3 103 i 1 103 3 n 122
Yo U1 Y2 n Y1
bs(bibs + by + 1 2b1b b b3
+3(13 1 )+ 123+;37
Y1Y2 n Y1Yy2
(4.18)
~ bsbs +1 bs +bys+1  2bsby+bs+bs+1 b3b
K2:y1+y2—|—£+<34 )y2+3 4 I 304 3 4 +3z;312
Yo n Y2 n Y1
bsby + bs + b 2bsb bsb
i 304 3 4+ 324+ 247
Y1Y2 n Y1Yy2
(4.19)

which are the particular relevant cases of the function (4.15). The level sets of each

of the latter functions gives a pencil of plane curves, of which the generic member
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has genus 1 and hence corresponds to an elliptic curve. It turns out that the two
functions above become equivalent to one another when b3 = 1, upon identifying the
remaining parameters b; and by in each case, although the associated maps 1, ¥o

remain distinct from one another.

Remark 4.3.3. Since both sets of curves corresponding to K, and K have bidegree
(3,2), they do not correspond to QRT maps, which come from curves of bidegree
(2,2) (that is, biquadratic curves).

4.3.2 The deformed map gbl()lj for Dy
The iteration of the deformed map gbl(jlz can be written as the following system of

recurrence relations:

Ynt1Yin = (b1 4+ yin)y2n + bibs

(4.20)
((bl + yl,n>y2,n + b1b3(y17n + 1))(y2,n + bS)

y27n+1y2,nyin
Using the p-adic method used in previous cases, we set the values of parameters
by = 2,b3 = 3, and initial variables of y to be (y1,0,¥20) = (1,1); observe the orbit

of the 95](3127 that is, a sequence of rational numbers.

n yl,n y2,n
1 32 22.3.5
2,
2| 2.37 =
29 47
3 3 23.3.7
4 23 19-167
23.3 23.47
5 12149 3-5:11-17-43-67
23.47 19-47-167
6 3:73-2069 24.33.13-33347
47-167 11-17-43-67-167
7 | 25310247 47-1009-248309
43-67-167 33.13-43-67-33347

’yl,n|p1 - 17 17

’y2,n|p1 = 17pflup17p17 17pI17 1

appearances in both v, , and y2,. The p-adic norms for such primes:

]-7p17p17 17 1
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. There exists primes p = 17,19, 1009, 103979 in y; ,, which do not emerge in y,,
, and conversely primes p = 23,29, 37, 12149, 2067 which do only show up in ¥, .
Then we find the following three patterns of singularity in the orbits of (y1 ., y2..):

Pattern 1: ... — (R,0") — (R, 00') — (00!, 00") = (00!, R) = (R,0') = (R, R) — ...
Pattern 2 : ... — (0', R) — ...

Pattern 3 : ... — (R,0') — (R,00') — ...
(4.22)

By associating a tau function with each pattern, so that 7,,r,, o, correspond to

Patterns 1,2,3 respectively, we are led to the change of variables

Tn On+1Tn—2Tn+2
Yin = , Yon = . (4.23)
Tn—1Tn UnTnTn+1

If we directly substitute these variables into the recurrences (4.22), then we obtain
the relations

2
(blTnflTn + rn)an+17—n727-n+2 + bleTnflTnTn+10’n
On

T'nt1Tn =

On+2Tn+3

101630, T Tt + 010011 Tn—2Tny2] - (0170170 + 70) Ot 1 Tn2 ot + 01030, Tn Tt (Tno1 T + 73]

b1707217—n720-n
(4.24)

To simplify the above relations and decouple them in such a way that they
represent exchange relations, it is helpful to observe the full singularity pattern in
4D, which emerges from applying the sequence of deformed mutations subject
to the conditions by = by = [ = bybs. Once again, we adjust the initial variables
10 = Tap = T30 = T40 = 1 and the parameters b; = 2,b3 = 3; we obtain the

sequences of 21, T2, T3, T4, through the iteration, shown as below,
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n Tin Ton T3n Tan
1 3 32 22.3 35
11 11 24
2 5 2-37 373 5
3 22.3.19 29 23.19 47
11 3 7-11 24
4 5-7-11 23 5-7-11 2-167
22.32.19 23.3 26.3 3.47
5 3-19-71 12149 23.3.17-71 3:5-43-67
2-5-7-11 23.47 5.7-47 24.167
6 5-72.11.97 3-73-2069 32.5.72.13.97 24.33347
22.3.47-71 47-167 22.17.71-167 43-47-67
7 22.3-17-23-71-109 2-53-10247 22.17-23-71-109-1009 47-248309
5.72.97-167 43-67-167 32.5.72.13-43-67-97 167-33347
] 32.5-72.13-97-1459 3371.94513 32.5-72.13-97-1459-103979 | 5-7-167-544097
17-23-43-67-71-109 | 43.67-33347 17-23-71-109-1009-33347 43-67-248309

From the table, observe that particular primes (for instance p = 47, p = 19,
29, which correspond to 7,, g,, ,, respectively ) appearing in each of the integer
sequences are the same ones that were emerged in the numerators and denominators
in the preceding table. In addition to this, we can see there are certain primes that
do not appear in the y coordinates, for instance, the primes p = 11,71, 97, arising
in the numerator of ,, and x3,. From this, we can define a transformation on the

level of the z-variables via p-adic method, given by

On Tn On+1 Tn—2Tn+42
Xon = X3n = Pn y Ty = ———, (425)
Tn—1 Tn—1Tn Tn Tn—1Tn+1

LTin = Pn

where the extra prefactor p, corresponds to an additional singularity pattern,
appearing only on this level. By a short calculation, one can confirm that these
new formulae are consistent with the expression for ys,, previously given in (4.23)),

since we have

y _ T3nTan  Ont1Tn—-1 Tp-2Tp+2  On+1Tn—2Tn+2
2n — - ' -
Tin OnTn Tn—1Tn+1 OnTnTn+1

as required. Thus, with the parameters constrained as in (4.14a)), the iteration of

the deformed map (4.5 is equivalent to a system of four relations, namely

PrA1PnOn+10n = b1Ty_1Tn + Tn, (4.26a)

Tn+1Tn = Pn+1PnUT21+1Tn+2Tn_2 + b1b37'n+17'37'n_1 (426b)
Prt1PnOn+20n4+1 = 03Tp 1Ty + Tt (4.26¢)
Tn+3Tn—2 = b103Tn Tt + Tt (4.26d)
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By incorporating the above relations into (4.24)), and eliminating p,, we obtain
recurrence relation for o, o as shown below,

(4.26a)

—N—
[blb3071t7ztn+1 + b10-n+1tn—2tn+2} : [(blTn—lTn + rn) On+1Tn—2Tn+2 + bleOnTnTrH—l (Tn—lTn + rn)]
bIT%Tn—Zo-n

On42Tn4+3 =

2 2

[bleUntntn+1 + b10n+1tn72tn+2} : [pn+1pn0—n+1gn7—n+27—nf2 + bleJnTnJrlTnTnfl + bleO—nTnJrlann)]
bir27, a0y,
[1.26b)
2 2

[bleUntntrH-l + b10n+1tn—2tn+2] : [Un (pn+1pn0-n+17—n+27—n—2 + bleTn+1TnTn—1) +b1b3OnTn+lTnTn

by 12720y,
[bleUvztntn+1 + b10n+1tn72tn+2} : [UnrnJrlrn + blb30-n7—n+17-nrn}

byriT, a0y,

(4.26d
—N—
[blb307Lt'rLt7L+1 + blo-n+1t7L—2tn+2] : [U’nTn (rn+1 + BTIL+ITTL)]
bl’f’%’Tn,QO'n
[bleJntntn+1 + b10n+1tn72tn+2} : [O—n/]ﬂnTnﬁ»iiTan]
byr27, 00,

= Optaln = D30 TnTug1 + On1 Tn—2Tnge ()

(4.27)
We take same approach as above to eliminate p, in the second relation (4.26b]),

which gives

_ 2
Trt10n42Tn = (03T Tng1 + Tng1)Oni1Tng2Tn—2 + D1030n 1 9T T Tro1.

Then substituting the o,.27r, (a) directly into above expression gives rise to the
relation as following

(a)
/—/H 2
= Tpt1 Ont2Tn = (03T Tt + Tl ) Oni1 TntoTn—2 + 01030 o Tn 1 T Tt

_ 2
= D37 10T Tl T Tn10nt1Tns2Tn—2 = (03TnTnt1 + Tt 1) Oni1 TntaTn—2 + 010302 Tn i1 T Tt
= Tn+10n = Opt1Tn42Tn—2 + b10n+27_n7—n71

Hence we are able to decouple the expressions into a total of three recurrences, which

all take the form of exchange relations, given by
Op+2Tn = bSUnTnTnJrl + On+1Tn—2Tn+2
T"n+10n = On+1Tn+2Tn—2 + blan+2TnTn—1 (428)
Tn43Tn—2 = D103 Tp1 + Tt

Next, in order to confirm that this gives a cluster map defined on a suitable space

of tau functions, we need to build an appropriate exchange matrix which produces
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(4.28) via a sequence of mutations. Firstly, let us combine the initial tau functions

into a cluster in a seed for a coefficient-free cluster algebra, by setting
(‘Tb X2, T3, T4,T5,Le, L7, 'TS) = <007 01,70, T—2,T—1,70, T1, T2>7

and let 7; : C® — C? be the rational map defined by (4.23)). Then, upon taking the
pullback of the symplectic form (4.11)) by 71, we find

o=ri@) =Y b dlog®; Adlogi; (4.29)

1<i<j<8

where the coefficients are combined into the matrix B&) = (52(]1)) given by

0 0O -1 0 1 1 0 0
0 0 1 0O -1 -1 0 0
1 -1 0 -1 0 1 1 -1
= (1) 0 0 1 0O -1 -1 0 0
B0 _ (4.30)
Dy
-1 1 0 1 0o -1 -1 1

0 0 0
o 0 1 0 -1 -1 0 O
We proceed to add two extra rows, associated with the frozen variables b; and b3,
to the bottom of the exchange matrix (4.30), which will result in the construction

of the extended exchange matrix 13’1(314) shown in (4.31]) below. Figure depicts the

quiver associated with the full matrix B&)

Theorem 4.3.4. Given the extended initial cluster

X = (x]>l§_]§10 = (0070177’077127711;7'077'177'27617[)3)7

and the permutation p; = (123)(45678), the iteration of the cluster map 1?1(314) =

p1 flafi s defined by the estended exchange matriz B&) i (4.31)) with square

submatriz (4.30)) is equivalent to the system of recurrences (4.28)), which generates

+1 41 41 41 41 1 41 +1
elements 0fZ>0[b1,b3,00 JOL STy Ty, Tois Ty T 5 T5 }

Proof 4.3.5. Let us consider the initial seed (X, E&)) containing the extended initial
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Figure 4.1: Extended quiver associated with the deformed Dy cluster map zp]‘){f

cluster x as above, with the corresponding extended exchange matriz given by

0 0O -1 0 1 1 0 0
0 0 1 0O -1 -1 O 0
1 -1 0 -1 0 1 1 -1
0 0 1 0O -1 -1 0 0
& (1) -1 1 0 1 o -1 -1 1
AL _ (4.31)
Dy
-1 1 -1 1 1 0 -1 1
0 0O -1 0 1 1 0 0
0 0 1 0O -1 -1 0 0
-1 0 0 O 0O 0 O 1
0 1 -1 0 0 0 0 1

Applying cluster mutation i3 at node 3, followed by [1; and fiy, will give the exchange

relations
jg.i‘:; = .i‘l(]i’li’ﬁ.iﬁ + jgi&%g,
T\ T = ToZyTs + ToZs'T56, (4.32)
)Ty = ToT10TeT7 + T1,

which have the same form as the expressions in . Under this sequence of

mutations, the extended exchange matrix 31(314) satisfies the relation
AT ¢! A1 A(1
fuinjis(BS)) = p(BY)) = PLBY) Py
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where the action of the permutation p; = (123)(45678) on the rows/columns is

represented by the matrices

001 0O0O0O0O0O0O0

1000O0O0O0OO0OOG®O 01 00O0O0O0®O
01 0000O0O0O0O0 001 0O0O0O0®O0
000O0O0OO0OO0OT1O00©O0 1 00000O0O00O

P 0001O00O0O0O0O©O Cp- 000O01O0O0®O0 (433)

00001O0O0O0O0O 0000O0OT1O0®O0
000O0O0OT1TO0O0O0O0 000O0O0OO0OT1O®O0
000O0O0OO0OT1QO0O0O®O0 000O0O0O0O0OT1
0000O0OO0OO0OO0OT1O0 0001O0O0O0®O
000O0O0O0OO0OO0OTO01

It follows that B&) is preserved by the action of the associated cluster map, that
08 w]()lz(é&)) = E&), where w&) = py  papips, and the combination of the inverse
permutation with the exchange relations in precisely corresponds to the shift of
indexn — n—+1 acting on the tau functions in each cluster, reproducing the iteration
of the system . Hence this cluster map is a Laurentification of the deformed
Dy map @82, generating Laurent polynomaials in the initial cluster variables, and

positivity for skew-symmetric cluster algebras [34] implies that their coefficients are

positive integers.

Remark 4.3.6. The subquiver in Figure consisting of the 8 unfrozen nodes is
mutation equivalent to another particular quiver presented by Okubo, which enables
a q-Painlevé VI equation to be constructed from an appropriate combination of

coefficient mutations [54).

4.3.3 The deformed map @1(322 for D,

Let us now consider iteration of the map @1(322 given by , which can be written
as the recurrence
Yinsi¥in = (b3bs 4 Y1,n) Y20 + b3bs
Yom1Y2nli nba(bsbs +y10) = ((ba+ y2n)y1n + b3ba(y2n + 1)) ((bs + Y2,0) ¥, + b3ba(yzn + 1)).
(4.34)
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Repeating the same procedure as in the previous sections,

n Yin Ya.n
24.3.5
1 13 7
92 2:3:59 52.23
7 7-19
3 659 23-37
7-19 2.32.11-19
4 41-157 7-479-607
2-32.11-19 2.32.11-31-47
5 1181-8623 5-19-109-167-4493
2.32.11-31-47 7-31-47-29009
6 13-100445747 22.32.5.7-11-911-76379
31-47-29009 19-29-58693-29009
7 | 2:3:11700760949 26.7.31-47-263-3623-2957
29-58693-29009 3-11-29-71-1155961-58693

For the prime p; = 19,47,29009, 58693 , the p;-adic norms follows the pattern:

’yl,n‘ : 17p17p171
o (4.35)

|y2,n‘p1 : P1, D1, 17p1_17p1

There are isolated primes py = 23, 37,479,607 and p3 = 13,59,659, 1181 appearing
in numerator of ¥, and ys ,, respectively. Thus we find three singularity patterns

which arise from orbits of (4.34]), namely

Pattern 1 :... — (R, 00') = (00!, 00') = (00!, R) = (R,0') = (R,00") — (R,R) — ...

Pattern 2 : ... — (0', R) — ...

Pattern 3 : ... — (R,0") — ....

(4.36)

By relating the singularities appearing in each pattern with new variables, we define

the following variable transformation, in an attempt to Laurentify the deformed

map @so:
'f]n pn%an
Yin = 2 ~ Yom = 2 ~ =~ (437)
Tn—1Tn Tn+1TnTn—3

By substituting these expressions into (4.34)), we find a rather complicated system
of equations: in particular, the resulting expression for the product p,.1p, cannot
be considered as an exchange relation, as it is not immediately given as a binomial
expression in the other variables. To resolve this problem, we follow the same

procedure as described in the preceding section (section [4.3.2]), where we look at
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the singularity patterns in the original 4D deformed map (4.5)) with by = by = bsby,

and introduce variable transformations corresponding to these. The table below

represents
n T1in Ton T3n Tan
1 7 13 35 24
9 19 2:-3-59 24.23 353
7 7 3-5-7 24.7
3 22.32.11 659 3-53.37 25.232
19 7-19 24.19.23 3-53-19
4 31.47 41-157 23.232.607 53.37-479
22.32.7.11 2.32.11-19 33.53.11.37 26.3.11-232
5 2-7-29009 1181-8623 3-54.37-479-4493 25.232.109-167-607
19-31-47 2.32.11-31-47 24.232.31.47-607 3.53.31-37-47-479
6 19-29-58693 13-100445747 24.232.109-167-607-76379 3-5°-7-37-479-911-4493
22.32.11-29009 31-47-29009 3.54.37-479-4493-29009 24.232.109-167-607-29009
7 22.32.11-71-1155961 | 2-3-11700760949 | 24-3-55.72.37-479-911-4493-2957 | 2%.232.109-167-263-607-763793623
29.31-47-58693 29-58693-29009 232.29.109-167-607-76379-58693 55.7-29.37-479-911-4493-58693

Similarly to the situation above, one can observe the primes which we recognise

from the sequences of rationals in (y; ,,%2,), but there is further detail which can

not be seen in the 2D system. Notice that the prime p = 37, for instance, begins

to appear at the numerator of x33; it appears again in denominator of the next

rational 3 4. This situation occurs recursively after x3 4. In similar way as preceding

statement, the same prime appears in x4, except the pattern starts at 3 4. In other

words, in terms p-adic norm, |:c373\p = p~! and then for m > 3, whenever |a:37m\p =p

, then ]x47m|p = p~! or vice vera. One can also observe similar case happening in

Z4,. As soon as we move to 2D system, the primes cancel out and only single prime

remains throughout the sequence e.g. p = 37 exists only in yo 3 = (r33243)/213. We

associate the primes exhibiting those pattern with new tau function &,. Altogether

it suggests that x; should be expressed as

Tin =

)

Tn+1Tn—3
TnTn—2

3 Ton =

Tn _ Tndn
~ -~ ) T3n = —QX >
TnTn—1 Tn
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where &, satisfies £,£,11 = (’—: By directly substituting these variables into (4.5)),

T

we find a system of equations written as follows:

Tn4+2Tpn—3 = b3b47—n7—n71 + s

~

o o A A ~ ~ D A
Mn+1Tn = TnOpTp—2Tn+2 + b3b47_n+17_n7-n—17 (4 38)

Tny10n = b3TnTn+1 + Nn+1,

On4+1Tn = b47—n7-n+1 + Mnt1-

Also, by observing the singularity pattern for y; ,, explicitly from (4.34)), one can
see that y; , should satisfy the relation

Wiy 1= Y10 + b3by = M, (4.39)

TnTn—1
which is in agreement with what is found by combining with the first
recurrence in (4.38]). Furthermore, by setting p, = 7,0,, the relation for p,.1p,
obtained from follows by taking the product of the last two expressions in
(14.38).

Using the above, we can consider (y10,¥20) = (1, ¥2) and define a rational map

7o : C8 — C? by

~ 7o 007072
o - N ==——, Yo = ——%—=-
T-170 T1ToT-3

The exchange matrix describing the cluster dynamics (4.38]) is found by pulling
back the symplectic form w, as in (4.11]), via the rational map 7y, to obtain the

presymplectic form

H2)
O =m@) =) —L-di; Adi.

T

i<j
Now if we choose to order the coordinates and identify them with variables in a

coefficient-free cluster algebra as
(xla To,T3,T4,Ts5,Tg, T, .’L'g) = (7_—37 To,70,00,T—1,T0, T1, 7——2)7

then we see that the map 75 is equivalent to 7, defined by (4.23)) in case (1) above,
so that

T3 TolyTy
=== Yo = ——=—=
T5T¢ 1Ty
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and the exchange matrix with entries 13532) is identical to the one obtained previously,
that is
2 _ pO
By, = By, (4.40)

as in ({4.30)).

Figure 4.2: Extended quiver associated with the deformed D, cluster map ng

To obtain an extended version of 31(324) that includes b3, by as frozen variables and

reproduces (4.38) from a suitable sequence of mutations, we need to construct two
extra rows as in (4.41) below. The result of this is represented by the quiver in

Figure 4.2 with two frozen nodes.

Theorem 4.3.7. Given the extended initial cluster
X = (fj)lgjglo = (7—3,7“0,770,0077—1770771,7—2753754)7

and the permutation ps = (24)(18567), the iteration of the cluster map ¢1(324) =
p5 fiofiafisfin defined by the extended exchange matriz ng in (4.41) with square
submatriz (4.30)) is equivalent to the system of recurrences (4.38)), which generates

Akl okl Adl Al Al Al Akl Akl
elements 0fZ>0[b3,b4,T0 Mo 300 TogsTog, ToisTo 71 ]

Proof 4.3.8. From (4.40) we note that the coefficient-free cluster algebra is identical
to that specified by the same 8 x 8 exchange matriz as was found in case (1)
previously, but we need to extend it in such a way that, once bs and by are included

as frozen variables, it is compatible with the four relations in (4.38) (whereas in case
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(1) there were only thee relations). In this way, we construct a 10 x 8 eztended

exchange matriz égj from B](Di) = B&), given by

o 0 -1 0 1 1 0 O
o o0 1 0 -1 -1 0 O
1 -1 0 -1 0 1 1 -1
o o0 1 0 -1 -1 0 O
31(324): -1 1 0 1 0 -1 -1 1 ’ (4.41)
-1 1 -1 1 1 0 -1 1
o 0 -1 0 1 1 0 O
o o0 1 0 -1 -1 0 O
-1 1 0 0 o0 0 0 O
-1 0 0 1 0 0 0 O

and we note that the last two rows are different from B&) in (4.31) (as can be seen
by comparing Figures and . Such an extended exchange matriz is invariant

under the following

Applying a sequence of mutations, starting with mutation i, at node 1 and
successively mutating at nodes 3,4 and 2, we find that the nodes are permuted by
the given permutation py, so that

A A A A (2 (2
finfufisin(BS)) = pa(BS)),

which is equivalent to the action of a suitable pair of row/column permutation
matrices acting on ng Hence the overall action of w](i) = py fiaflafizi

31(324) invariant, and it is straightforward to check that the corresponding combination
of cluster mutations with a permutation is equivalent to one iteration of the relations

(4.38]). Then as usual, because they are cluster variables, the iterates are elements

of the corresponding ring of Laurent polynomials, with positive integer coefficients.

Remark 4.3.9. Since the subquiver with 8 unfrozen nodes in Figure 1s the same
as that in Figure it 1s also mutation equivalent to the quiver associated with the
q-Painlevé VI equation in [54).

Remark 4.3.10. The degree growth for the tau functions can be determined in
both cases ¢](314) and ng by proceeding in the same way as in the section (the

calculation can be found in [15]).
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4.3.4 Connection with special Somos-7 relation

As we have already seen in examples of deformations in type A and B, on fixed level
sets the orbits of suitable tau functions satisfy a special Somos-7 relation, which is
related to the Lyness map. There is also a corresponding Somos-5 relation, although
the details of this are a bit more subtle (see Appendix B in [15]). We find a similar
result for the deformed maps of type Dy.

Theorem 4.3.11. For each integrable case of the deformed Dy map, the variable
Wy, = Y1, + B satisfies the Lyness map in the form

Wp+1Wp—-1 = (]_ — ﬁ)wn + (5, (442)
where in case (1) we have
B = bibs, § = BK1 +28° + by + by,

on each level set of the invariant function K, given in ([£.18), while in case (2) the
parameters are specified by
B=1bsby, & =pKy+25 + b3+ by,
with Ky as in [@19). Furthermore, in case (1) we can express w, by the formula
Tn+2Tn—3

w, = 23 (4.43)

TnTn—1

where the tau function 7, satisfies the special Somos-7 relation

Tn+7Tn = (1 - B)Tn+67—n+1 + 57—n+47—n+37 (444)

and for case (2) we have the same expression as (4.43)) except that T, is replaced by
Tn, where the latter satisfies the same relation (4.44)) but with the modified expression

for B and 9, as above. Similarly, in each case the quantity
Wy = Y10+ 1
satisfies the Somos-5 QRT map, in the form of the recurrence
W1 W W1 = CWyp, + 0, (4.45)

where, for the appropriate value of 5 in each case, the coefficients are given by

0= (6—1)¢ with
case (1): ¢ = Ky +by +bs+2, case (2): =Ky +bs+by+2.
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The proof of the preceding statements is very similar to what was done before

for the other examples, so it is omitted.
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Chapter 5

Higher rank type B and D cluster

maps

Up to this point, we have shown that the cluster maps of initial type B and D
admit the deformation. However, as we move onto a higher-order case, the process
of finding the integrability conditions of the parameters in a deformed map becomes
more complex since we need to build a sufficient number of invariant functions which
are in involution with respect to the Poisson bracket defined by the inverse of the
skew-symmetric matrix. We have attempted the same procedure used in the type
A case by using the periodicity of the map, but as yet, we have not succeeded
in finding compatible first integrals. However, it does not imply that one cannot
proceed further. From the several successful cases in the previous chapters, we could
see that the complexity of iteration of the maps (measured by the height function)
reduces significantly when the integrability condition is imposed. On the other
hand, the numerator and denominator grow exponentially if we set other parameter
conditions. This suggests there is a relatively close relation between integrability

conditions and Laurentification.

In this chapter, we consider the deformation of cluster algebra associated with
type By and Dg with certain parameter conditions analogous to the conditions in

type Bz and Dy cases.
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5.1 Deformed B, cluster map

The Cartan matrix for the type By is

2 -2 0 0
-1 2 -1 0
(5.1)
0o -1 2 -1
0 0O -1 2
which is Cartan counterpart of the following exchange matrix,
0 2 0 O
-1 0 1 0
Bg, = (5.2)
0O -1 0 1
0 0 -1 0
The following sequence of the deformed mutations
M1 ($1,$2,$3,$4) — (J’Jl ZE2,$3,$4), Ill‘ll == bl +a1x2
M2 (x/1,$2,$3, 1’4) = (xlla 2,$3, 4)7 $2$,2 = b2 + a2x3($€[)2 (5 3)
ps o (2, 2, xs, x4) = (2, 24, h, 4), x3ry = by + azraxh
Ha (:p'l,xé,x?),x4,) = (.17/1,1'271‘371' )7 ZE4$£1 - b4+a4$§,

provides a birational map ¢p, which fixes the exchange matrix Bg,. The original
cluster map ( deformed map with parameters fixed with 1) is periodic with period
5,

wB, - (X, B) = (¢p,(x), B) and ¢}, (x) =x (5.4)
as the Coxeter number for type B, is 8 i.e. (84+2)/2 = 5. Both original and deformed

maps preserves the following symplectic form,

d:r:l A\ d&?Q +
T1T2 Ta2l3

w = dxe A dxs
(5.5)

+

d$3 VAN dl‘4
T34

To ease the process of calculation, we rescale the variables i.e. x; — \;x; in a way

that the parameters a; = 1. Then the deformed mutations can be rewritten as

Tint1T1n = Ton +b1

Ton+1T2n = 3Ll pi1 2 (5 6)
T3n+1T3n = TanTantl + 03

Typ1Tapn = T3pi1 + by
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Suppose we impose the condition on the parameters, that is , by = b? = by = by,
We set initial variables x; = 1 and b; = 5 and perform the iteration. This produce

the iterates which can be written in terms of prime numbers, shown in the table.

n Tin Ton T3n Tam
1] 2-3 61 2-43 3-37
2 11 3219 13- 17 24
4 127 2:263
3] 2 331 L 2263
22.43 3-337 2-509
4 3.7 37 41 263
5 17 9857 33.733 31-4243
37 37.41 537-263 37-509
6 2-33.19 71-127-239 2-97-223-337 33-37-559297
41 41-263 41-509 31-41-4243
7 2153 35.129119 89-109-127-977 2-19-41-653-751
263 263-509 31-263-4243 32.263-559297
] 22.612 1433-5935759 | 7-149-6941549 | 2-263-62129-6997
509 31-509-4243 32.509-559297 19-509-653-751

One can observe from the table that the growth of the number of digits in
numerator and denominator is stable which suggests possibility of lifting the ¢p, to
the new coordinate system. For the prime p; = 37,41,263,509 , the p-adic norms

follows

|$1,n|p1 : 1a 1717 17 1ap1a 1717 17 1
|l‘2,n|p1 : ]-a ]-717 17p17p17 ]-7]-717]-

(5.7)
’$37n|p1 : 17 17 17p17p17 17 17 17 17 1

’x4,n‘p1 . 17pfl>p17 17 17 1:P17PI1a 1

The prime py = 11,17,19, 2153 only emerge at x;, and not at the other variables
. The other prime numbers p3 = 19,61,331,9857 and p, = 13,17,127,337 appear
at T, , T3, and 4, respectively. Let us introduce new variables 7 = 0 (mod py),
o =0 (mod py), n = 0 (mod p3) and £ = 0 (mod py). Altogether suggests that
variable transformations (equivalent to the rational map 7 : C¥ — C*) possess the

following form,

o M n

Tin = ) x2,n - $3,n -
Tn+1

)

TnTn+5

(5.8)

Tan =

3 )
Tn4+1Tn+2 Tn+1Tn+3 Tn+17—n+4

This lifts the higher dimensional map p,, which can be represented as the system
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of recurrence relation,
On+10n = ﬁTn+1Tn+2 + M

2 2 2
Nt 1Mn = B Tn+1Tp12Tn+3 + Sno-n—i—l

(5.9)
_ 02
£n+1§n — ﬂ Tn+1Tn+2Tn+3Tn+4 + TnTn+5Tn+1
2
Tn+6Tn = ﬁ Tn+2Tn+4 + €n+1
Upon labeling initial variables, x = (&, 00, 7o, T1, T2, T3, T4, T5, o) = (1, Ta, . .., Tg),

we apply pull back of symplectic form w by the rational map to obtain the new
symplectic form, expressed with z; for 1 <i <9,
w=7'w= Z Qijdlog:ii A dlog z;
4]

which yields 9 x 9 skew-symmetric matrix,

o 0 1 o0 1 0 -1 1 -1
o 0 0 -2 -2 0 0 0 2
-10 0 1 0 1 0 0 0
0O 2 -1 0 1 0 1 -1 -1
Qps= -1 2 0 -1 0 1 0 0 O (5.10)
o 0 -1 0 -1 0 1 -1 1
1 0 0 -1 0 -1 0 0 0
-10 0 1 0 1 0 0 0
1 -2 0 1 0 -1 0 0 0

If we post-multiplying the Q with D = diag(1,1/2,1,1,1,1,1,1,1), we obtain the

skew-symmetrizable matrix

o 0 1 0 1 0 -1 1 -1
O 0 0 -2 -2 0 0 0 2
10 0 1 0 1 0 0 0
0o 1 -1 0 1 0 1 -1 -1
Bg, -1 1 0 -1 0 1 0 0 0 (5.11)
0O 0 -1 0 -1 0 1 -1 1
1 0 0 -1 0 -1 0 0 0
-1 0 0 1 0 1 0 0 0
1 -1 0 1 0 -1 0 0 0




One can confirm that this is exchange matrix, which provide coefficient free cluster
algebra, whose cluster variables are expressed by the relation (5.9) with 5 = 1. We
add the extra row (frozen vertices) to the exchange matrix and thus we obtain the

following result.

Theorem 5.1.1 (Laurentification of the deformed map). Let (%X, Bg,) be initial seed

which 1s composed of extended initial cluster

X = (&)’ 00,70,7T1, 72,73, T4, Ts5, 10, B)

(5.12)
= (1, T2, T3, T4, T5, Te, T7, Tg, T9, T10)
together with the associated extended exchange matrix
o o0 1 o 1 0 -1 1 -1
o 0 0 -2 -2 0 0 0 2
-1 0 0 1 0 1 0 0 0
o 1 -1 0 1 0 1 -1 -1
3134 _ -1 1 0 -1 0 1 0 0 O (5.13)
o 0 -1 0 -1 0 1 -1 1
1 0 0 -1 0 -1 0 0 O
-1 0 0 1 0 1 0 0 O
1 -1 0 1 0 -1 0 0 O
o 1 0 0 0 0 0 =2 0

and consider the permutation p = (345678). Then the iteration of cluster map g, =
P spiipiops s equivalent to the recurrence (5.9), and for the tau functions o,, n,,

&, T are elements of the Laurent polynomial ring Zi~q [5, cr(:)t, ne, & T, T T, T i, Tﬂ )

Proof. The mutation fisfigfiyfi3 acting on the initial seed (X, §B4) produces the
new cluster (mutated variables) x = (Z, &, &4, 4, T5, T, T7, Ts, Tyy), where the new
cluster variables are given by following exchange relations

i’IQIEQ - i10f4i’5 + 539

~/ ~ 2 o o~ o~ < a2
ToTo = T1gTaTeT7 + T1(T5)

(5.14)
~! ~ ~2 ~ o~~~ ~ o~ o~
T1T1 = T]pTaT5TeX7 + T3TRTy

~l o~ N2~ ~ ~/
T3Tz = T1gTsT7 + X7
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along with the mutated exchange matrix

o o 1 1 o 1 0 -1 -1
o o0 o o0 -2 -2 0 0 2
-1 0 0 o0 1 o0 1 0 O
-1 0 0 o 1 0 1 0 O
3134 o 1 -1 -1 0 1 0 1 -1 (5.15)
-1 1 0 O -1 0 1 0 0
o 0 -1 -1 0 -1 0 1 1
1 o o0 0 -1 0 -1 0 O
1 -1 6 0 1 0 -1 0 O
o 1 -2 0 O O O 0 O

When we substitute the tau functions (5.12)) into the exchange relations (5.14]) and

replace mutated variables ¥ &, 4, &y with &;,01, 76, 11, we obtain (5.9) with n = 0.

The mutated exchange matrix can be derived from the exchange matrix via

permutating the rows and columns by P; and P,
fisfirfiofiz(Be,) = p(Be,) = PiBg, Py (5.16)

where permutation p = (345678) can be represented by 10 x 10 and 9 x 9 matrices,

1000000000
100000000

0100000000
010000000

0000O0O0OO0T1UO0O0
000100000

0010000O0O00O
0000T1O0U0TU00O0

0001000000
P = ., Bb=100000T1000

00001O00O0O0O0
0000O0O0OT1TU0O0

0000O0T1O0O0GO0O0
0000O0O0OO0T1O0

0000O0O0OT1O0O00
001000000

0000O0O0OO0O0T10
0000O0O0OO0TO 01

0000O0O0OO0O0O0 1
(5.17)

Hence the iteration of the cluster map g, = p~'fisfi1figfiz on the initial cluster x

induces cluster variables which are expressed in the form of recursion (|5.14]).

160



5.2 Tropicalization and degree growth for de-

formed B, map

In the previous example, we have seen that the deformation of type B, cluster
map can be lifted to higher dimenisonal cluster map via Laurentification with the
condition of parameters by = b? = by = by. However, we have not yet to prove the
integrability of the deformed map. In this section, we consider the calculation of
the degree growth by using tropical method which we applied in the type Ay case.

This provides us positive indication that the deformed type B4 map is integrable.

Due to the Laurent property of the cluster map, the sequence of tau-functions

Tny Ony N and &, generated by ¥p, (5.9), can be expressed as

NV (%) NP (%) NP (%) N (%)
Tn = Tl En = Zon Op = 5 T = %8n (5.18)

with initial d-vectors of the initial cluster variables (non frozen variables) identified

by the 9 x 9 identity matrix.

(eo fo do dy do d3 dy d5 go) =-1 (5-19)

Upon substituting the expression ([5.18]) into (5.9) and compare the denominator

on each side, we obtain the relation which d-vectors holds:
fn+1 + fn = mmnaxX{dp+1 + dn+2; gn)7

(5.20)

=

axX(Ap41 + dn+2 + dn+3 + dn+47 dn + dn+5 + gn+1),

(d

8nt1+8n = max(dni1 + 2dnto + diys, € + 2£41),
e, 1t+e, = (d
(d

dn+6 +d, = max n+2 + dn+4; en+1);

To determine the degree growths of d-vectors, as usual, we introduce the tropical

analogues of the substitutions (5.8)), which takes the form,

Xl,n = fn - dn+1> X2,n = 8n — dn+1 - dn+27 (521)
XS,n =€, — dn+1 - dn+37 X4,n - dn + dn+5 - dn+1 - dn+4

Then we can use these substitution to derive the tropical version of the expressions

(5.6) generated by deformed map ¢p,, as stated in below.
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Lemma 5.2.1. The structure of X, in (5.21)) satisfy the tropical analogue of

deformed map @p, which is given by the following system of (maz,+) equations:

Xint1 + X = [Xoa],,

Xont1 + Xop = [Xipg + X3 n]+> (5.22)
Xant1 +Xsn = [Xonp + Xy n]+,

Xint1 +Xan = [Xznpily

where [a], = max(a,0). Given arbitrary initial values (Y1, Y20), the quantities X,

+

18 pertodic with period 5.

As mentioned above the structure of d-vectors in ([5.21)) and periodicity of X,

allow us determine the growths of d-vector, shown below.

Theorem 5.2.2. Let T be linear operator which shifts n — n + 1. The d-vectors
e,,d,.f, and g,, which solve the system of equations (5.20)), are elements of the

kernel of linear difference operator
L=(T>=1)(T"=1)(T -1) (5.23)

where T is shift operator corresponding to n — n + 1. For the tau functions

generated, the leading order of degree growth of their denominators is given by

2 2

d, = " at O(n), f,= " at O(n)
40 40 (5.24)
— Y at0m), g.=—a+O)

where a = (2,2,1,1,1,1,1,1,2)T.

Proof. The expression for X4, can be written as
(T = 1I)(T — Dd,, = Xypn.
Then by applying Lemma we have
Ld, = (T° = 1)(T' = 1)(T = 1)d,y = (T° = 1) X4, = 0
which shows d,, is kernel of linear operator L.

Lf, = LX1, + Ldper =0
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where we used the fact that X ,, has period 5, from the same lemma. Similarly, the

expression X, , and Xs,, gives

Egn = ,CXQ,n -+ Een+2 —+ /:dn =0
ﬁfn = £X37n + £6n+3 + Edn =0

The solution of the difference equations gives the expression for d-vectors whose

leading order terms expressed by
d, =an®*+0(n), e,=am’+0(n),

£, =azn’+0(n), g,=am’>+0(n)

Now we first consider determining the constant coefficient a; in d,,. The expression

of linear operator £d,, = 0 suggests that
(T° = 1)(T* = 1)(dpy1 —d,) =0 <= (T° = 1)(T* - 1)d,, = constant

Furthermore since difference equation above can be written as d,, 19 —d, 15 —dp1q4+
d,, = constant, substituting the d,, = a;n? +O(n) directly into such equation results

annihilating the O(n) term. Thus the constant term above is in fact vector 40a;.

To find the a;, we consider the sequence of d-vectors induced by the relations in

(5.20) with the initial data (5.19). We look at the sequence of d,, given by

ds = (1,2,1,0,0,0,0,0,1)T
d; = (1,2,1,1,0,0,0,0,2)
ds = (2,2,1,1,1,0,0,0,2)"
dy = (2,2,2,1,1,1,0,0,2)7
do = (3,4,2,2,1,1,1,0,3)"
d; = (4,6,3,2,2,1,1,1,5)7
d, = (5,6,3,3,2,2,1,1,6)"

Based on the observation of d,, vectors, we can denote each vector components of
d,, as

dn = (d 1)7 d 2)7 dn3+57 dgi)rzlv dngJ)rS? d1(13+)27 dn+17 dS), dn ) (525)

n n
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dY :0,0,0,0,0,0,1,1,2,2,3,4,5,6,7,8,10,11, . ..
d? :0,0,0,0,0,0,2,2,2,2,4,6,6,6,8,10,12,12, ...
d® :0,0,0,0,0,-1,0,0,0,0,0,1,1,1,2,2,3,3,...
d® :0,0,0,0,0,0,1,2,2,2,3,5,6,6,7,9,11,12, ...

For any value, explicit calculation of the difference equation d,,; 9 —d,,15—d,14+d,

using the data above gives vector (2,2,1,1,1,1,1,1,2)T. Then, by combining this

with the other results above, we have
(T5 —1)(T* = e, = (2,2,1,1,1,1,1,1,2)" = 40a

which fixes the constant vector a;. Hence we find

d,
40

(2,2,1,1,1,1,1,1,2)" + O(n)

For the other d-vectors, we can take the same procedure since they are in the same

situation such that they are elements in kernel of linear operator £. Alternatively,

one can use the formula for X ,,, Xy ,, X35, in ((5.21)) and their periodicity,

f, =d,1 + X, =an®+ O0(n),
gn = dn+1 + dn+2 + Xl,n = 2&17’L2 + O(n)7

e, =d, 1 +d,3+ Xz, =2a,n” + O(n).

We obtain the expression for d-vectors whose leading order is quadratic. Hence we

obtain the desired outcome.

Upon applying the algebraic entropy test, we are led to the conjecture that

deformed type B4 map is Liouville integrable map.

164



5.3 Deformed Dy cluster map

The Cartan matrix for the type Dg is

0
(5.26)
0o 0 -1 2 -1 -1
o 0 0 -1 2 0
o 0 0 -1 0 2
which is corresponding to the following exchange matrix,
o 1 0 0 00
-1 0 1 0 00
0O -1 0 1 00
B = (5.27)
o 0 -1 0 11
o 0 0 -1 00
0o 0 0 -1 00

Let us consider the deformation of the composition of cluster mutations pigpis 4 ptspiofin

which is shown as below.

w1 (21, 9, 3, T4, 5, T6) > (T, T, T3, T4, T5, Tg), rx] = b+ ajxs
M2 - (:B y L2, X3, Ly, T5, T 6) = (xllv 2,$3, T4,T5,T 6)7 332$/2 = by + a2x3$/1
ws (2, xh, x3, x4, 5, T6) > (2], b, 15, x4, X5, Tp), xr3xh = bs+ azxyxl
pa (2, xh, ok, xg, w5, w6) > (2, 2, 2, 2, x5, 26) Tyl = by + aqxrsxeny
ws (2, @b, xh, o), xs, x6) > (2, xh, o%, 2, xk, ve), rrs = by + azr)
pe : (2, @b, xhy, wg, 2k, x6) > (2, xh, 2%, 2, xk, ), reTg = b+ asTy
(5.28)

As usual, the deformed map @p, = figilsiafistiafin transforms back to original cluster
map @p, = Melsilapislop; When we fix the parameters a; =1 =b; foralle =1,...,4.
Furthermore, since Coxeter number A for the type Dg is 10, the periodicity for the

cluster map is period 6,

¢p; (%, B) = (op,(x), B) and ¢°(x) = x (5.29)
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The symplectic form w, that is invariant under the deformed map, takes a following

form,

d$1 VAN d$2 +
XT1T2 T2l3

1
d.CE4 VAN dﬂ?g, +
Tys Tyle

w= dzy A dxs

(5.30)
+

dZL‘4 VAN dSEG

Like several previous examples, we can rescale each cluster variables (i.e. x; — \z;)

to adjust the parameters in a way that the (5.28) can be rewritten as

Tin+t1T1n = T, + b1,
Tont1T2n = T3nTipt1 T Do,
T3n41T3n = TapTops1 + b3
(5.31)
Tan+1Tan = T5nT6nT3nt+1 T D3
T5nt1T5n = Tapt1 + b5
T6nt+1T6,n = Tapt1 + b

From the exchange matrix Bp,, (5.27)), one can see that it is degenerate and

possess rank 4. Thus we consider the null and column space of Bp, given by following
ker(B) = {(1,0,1,0,0,1)",(1,0,1,0,1,0)"},

im (B) = {(0,1,0,0,0,0)", (-1,0,1,0,0,0)", (0, -1,0,1,0,0)", (0,0, —1,0,1,1)"}

(5.32)
The vectors in im (B) leads to constructing new variables yi, y2, y3, y4 i.e.
x x T5T
YI=Ta, Y=, Ys=—, Y= (5.33)
T ) T3
which reduces the deformed map into the 4D symplectic map i.e.
@t (Y1, Y20 Y3, Y2) = (Y1, Y5, Y3, ) (5.34)

where the produced variables are written as

;o (b4 y1)ye + by

v =
n
g = Y3lbr T y1)ye + bays + by
2 y2(by + v1)

) = Y3 (b1 + y1)y2ys + bayzys + bsys + by
ys3(bg + (b1 +y1)y2)
o ((brye + 3192 + b2)ysya + beyrys + baya + ba) (b1 + y1y2 + ba)ysys + bsy1ys + bsys + by)
= Y1y3ya((D1y2 + y1y2 + b2)ys + bs)

w

(5.35)
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Along the map, the exchange matrix is also reduced to the 4 x 4 skew-symmetric

matrix of the form,

_ O = O

(a]
o o O
o

=}
—_
=}

Here we take same step as shown in the type By case, that is, we impose certain

parameter condition which yields iterations where the number of factors in both

each numerator and denominator grows slower than exponential growth. Suppose

we impose the condition on the parameters, that is , by = by = b3 = by = bsbg. We

set initial variables y; = 1 and b5 = 2 and bg = 3 and perform the iteration. This

gives the iterates which can be written in terms of prime numbers, shown in the

table.
n Yin Ya,n Ysn Yan
19 52 22.33.7
1 13 7 13 19
31 43 7-47
2 7 19 2-3-7 43
3 127 23.3.7-23 977 5-11-29
19 73 127 22.3.19-23
4 2.33.137 13109 2:23-467 33.52.7.11-13
73 7-241 33.19-137 73-13109
5 5-2797 47-499 3-7-36263 24.17-19-443
7-241 2.3-19-653 5-73-2797 47-241-499
6 94307 3-7-257501 22.19-23-19259 73-13457-5197
2.3-19-653 73-24107 241-94307 32.653-257501
7 3-13117691 24.19-211-30559 52.73-2711-62311 25.7.23.41-181-241-881
73-24107 7-241-269-2011 32.653-13117691 211-30559-24107
] 2-199-980249 23.13-73-149-1053713 83-229-241-6317-8681 32.11-179-653-98597-14281
241-269-2011 33.7-11-19-653-10289 199-980249-24107 23.13-149-269-1053713-2011
9 19-252533-45127 59-97-241-605239213 | 32-11.13-109-653-74857-31627 5-1543-24107-6089-280759
33.7-11-653-10289 73-7712933-24107 19-269-252533-45127-2011 2.3.7-59-97-605239213-10289

From the table, we see that the number of prime factors increases as polynomial

growths.

One can see that the prime numbers p =
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variables. The corresponding p-adic norm gives the sequence
|y1,n|p - 17 ]-7p7 17 ]-ap7 1
‘y2,n| :17p71717p717p717p71
8 (5.36)
‘y3,n’p = 17 17 1>pa 1ap717 17 1

Yaml, =1,1,p,1,p7 1, 1,1
There are particular values which emerge in two variables. For p = 31, 137, |y1,n|p =
p~! and |Y3.nl, = p. For ps = 19,23,43,47,499, 13109, [y2,n|, = p~! and |Yanl, = p-
There are unique primes which do not appear in the other variables. e.g primes

p = 31,137 emerge only in the y;.

For each variable, there are unique primes which do not appear in the other
variables. e.g primes p = 31,137 emerge only in the y;. Thus one can observe the
pattern in the iterations in (Y1, Y2.n, Y3n, Yan)

Pattern 1 :... — (R,00', R, R) — (00!, R, R,00') = (R, R,00", R) = (R, 00", R,0")
— (00!, R,0", R) = (R,0", R,R) — (R,c0", R,R) — ...

Pattern 2 :... — (0', R,00, R) — ...
Pattern 3 :... — (R,0", R, 00) — ...
Pattern 4 :... — (R, R,0", R) — ...
Pattern 5 :... = (R, R, R,0') — ...

(5.37)
Given tau-functions specified by 7 = 0 (mod p;), P = 0 (mod py),Q =
0 (mod p3), R =0 (mod pg),V =0 (mod p5), J =0 (mod pg), each symplectic
coordinates can be written as

o Pn - Tn+1Qn o Tn+2Rn o Tn+3ann
yl,n - ) y2,n — ) yB,n - P ) 4n —
Tn+2Tn+5 TnTn+3Tn+6 Tn+414n Tn+5Qn

(5.38)

If we substitute the variables into exchange relations, we obtain long expressions
which do not match with exchange relation. Instead, we look at view of original
system in terms of x-variables. We fix the initial cluster variables x; = 1 for i =
1,2,3,4,5,6 and set the same paramter values as above. Then iteration yields

sequences shown in the table below,
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n T1in Ton T3n Tan
1 7 13 19 52
19 31 43
2 . 2 = 2-3-31
3 3 127 2%.3.7.23 977
19 19 19 19
4 241 2.33.137 13109 22.23.467
73 73 773 19-73
5 22.3-653 5-2797 2-47-499 3-36263
241 7-241 19-241 73-241
6 24107 94307 257501 2-23-19259
22.3.7-653 2-3-19-653 22.73.653 3.241-653
7 2.7-269-2011 3-13117691 25.211-30559 52.2711-62311
19-24107 73-24107 241-24107 3-653-24107
8 32.7.11-19-10289 | 2:199-980249 | 22.13-149-1053713 | 2-83-229-6317-8681
2.73-269-2011 241-269-2011 3-269-653-2011 269-24107-2011
n x5,n -I'G,n
1 33 22.7
22.47 33
2 33 22
3 33.5.7-29 23.11-47
22.19.47 33.19
4 23.112.47 33.53.13.29
5.29-73 23.11.47-73
5 53.13-29-443 28.112.17.47
23.112.47-241 53.13-29-241
6 26.112.17-47-13457 53.13-29-443-5197
3.53.13-29-443-653 28.3.112.17-47-653
7 53.13-23-29-41-443-881-5197 216-7-112.17-47-181-13457
26.112.17-47-13457-24107 53.13.29-443.24107-5197
8 215.3.7.113.17-47-181-98597-13457 53.13-23-29-41-179-443-881-5197-14281
53.13-23-29-41.269-443-881-5197-2011 216.7-112.17-47-181-269-13457-2011

The prime numbers, appeared in the y variables, once again can be spotted in

the x-variables. e.g p = 73,241,653 corresponds to 7, p = 31,137 associated with
P, p=19,23,43,47,499 corresponds to ). p = 467,977,36263 corresponds to R.

There are specific primes in x5 and xg, which cancels out in y4 = w576/73. As we

witnessed in the type D4, we define the new tau function o, which is associated such

primes. Hence by observing singularity pattern, we can construct the tau-function

expressions,

Tin =

)

Lan

where 0,0,11 =

Tn+6Tn

- ’
Tn+1Tn+5

Ry,

)
Tn+4Tn+5

Va

P, I Q@n
9 3n —
Tn+2Tn+5 Tn+3Tn+5
Vnan o Jn
) Len =
Tn+5 Tn+50n
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Jo  Then directly inputting the variables into the deformed



mutations produce the following relations,

Tn+7Tn = b5b67n+57_n+2 + Pn
Pn+1 Pn - b5bﬁ7—n+27-n+37—n+57—n+6 + QnTn—l—lTn—i-?
Qn1Qn = bsb6T 3T aTng5Tnrs + R Py
(5.40)
2
Rn+1Rn = b5b67n+47—n+57—n+6 + VanQn-‘rl
Vn+1 Jn - b57n+57-n+6 + Rn+1

Jn—l—lvn = b67n+57-n+6 + Rn+1

which we denote the relations as iteration of birational maps

¢D6 : (TOa T1,72,73,T4,,75,,76, POa QU? ROa ‘/Oa JO) — (7—17 T2,73,T4,T5,,T6,T7, P17 Qb Rla ‘/1a Jl)
(5.41)

Let us set initial tau functions
(xlu X2, X4, T5,Tg, L7, T8, L9 L10, L11, x12) - (7—07 T1,T2,73,T4,T5,,Té, P07 Q07 R07 ‘/07 JO)

and let 7 : C'2 — C* defined by . By repeating the same process as in the
previous sections, we apply pull back of symplectic form w by the rational map 7; we
construct the exchange matrix, which is essential in defining 1p,. In addition to this,
we inserts extrarows, (1000000000 —10)"and (10000000000 —1)7,
at the bottom of the matrix, which results in building extended exchange matrix

BDG, illustrated in Figure As a result of the insertion, the parameters bs, bg

Figure 5.1: Extended quiver associated with the deformed Dg

appears in the cluster variables generated by mutations in cluster algebra consisting
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the pair: matrix Bp, and initial cluster

X = (T07 T1,72,73,T4,T5, T6, P07 Q07 R07 ‘/07 ']07 b57 b6)
== (jél) 5727 fi‘47 j}57 ij j’7a 'i‘87 ji‘g, j107 jll) jl?) j137 j514))
Thus we reaches to the following result.

Theorem 5.3.1 (Laurentification of the deformed map). Let (X, Bp,) be initial seed

which is composed of extended initial cluster

X = (7_07 T1,T2,73,T4,T5,T6, POa QO) ROa ‘/Oa JO) b57 bﬁ)

(5.42)
= (T1, T, T4, Ts, T, 7, Tg, Tg, T10, T11, T12, T13, T14)
together with the associated extended exchange matrix
0 0 -1 0 0 -1 0 1 0 0 0 0
0 0 1 0 0 1 0 -1 0 0 0 0
1 -1 0 1 0 0 1 0 0 0 0 0
0 0 -1 0 1 0 0 1 0 0 0 0
0 0 0 -1 0 1 0 0 1 0o -1 -1
1 -1 0 0 -1 0 1 0 0 1 -1 -1
BDG _ 0 0 -1 0 0O -1 0 1 0 0 0 0 (5.43)
-1 1 0o -1 0 0 -1 0 1 0 0 0
0 0 O 0 -1 0 0 -1 0 1 0 0
0 0 0 1 0O -1 0 0 -1 0 1 1
0 0 0 0 1 1 0 0 0 -1 0 0
0 0 0 0 1 1 0 0 0 -1 0 0
1 0 0 0 0 0 0 0 0 0 -1 0
1 0 0 0 0 0 0 0 0 0 0 -1

and consider the permutation p = (1234567)(11,12) . Then the iteration of
cluster map ¥ = p~piapir iotopisph 1S equivalent to the recurrence (5.40), and for

the tau functions ,, P,, Qn, R,., V., J, are elements of the Laurent polynomial

: + Nt pt + 9+ £ .+ £ £+  +  + _+
rlngZ>0[b57b67P0 7@07R07‘/0 790570571 572,73 574 5, Ts 7T6:|'
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5.4 Tropicalization and degree growth for de-

formed Dy

In section [3.5.3| and section [5.2] we showed that the degree growth of iteration
of cluster maps (constructed by Laurentification) is quadratic which led us to
conjecture that the deformed type B, map is integrable. In this section, we proceed
with the same method to find the expression for the d-vectors of cluster variables

generated by the system (5.40|) (¢p,) and determine associated algebraic entropy.

As the Laurent property of the cluster map ¢p, holds, we can write the sequence
of tau-functions 7,,, o,, n, and &, as Laurent polynomial in initial cluster x (5.42]),

shown below

_NE) ,  NIE) N
Tn = %dn ) n — %P ) n — Xan ) (5 44)
4) /4 4) /4 4) /4 ’
PN N N
n )A(I‘n 9 n )A(Vn Y n )A(Jn

where d-vectors d,,,d,,,d,,,d,, is associated with the tau-functions assoicated with
unfrozen variables (7, 71,72, T3, T4, 75, T6, Po, Qo, Ro, Vo, Jo) and have initial data

given by a 12 x 12 identity matrix.
(do dy dy d3 d4 d5 dg Po Qo To Vo jo) = —1 (5.45)

As usual, a direct substitution ([5.44)) into (5.40)) yields the (max,+) relations for the

d-vectors,
d,7+d, = max(d,i5+ duio,Pn),
Pnt1 +Pn = max(dpgs + duyz + dogs + dugs, G + dpgr + diyr),
Qi1 +dn = max(dpts + doga + dogs + doge, Tn + Prs), (5.46)
rpy1 + 1, = max(d,ig+2d,is5 + dngs, Vi + Jn + Qust),
Vit1 TJn = max(dyys + dote, Tns1),
Jni1 + v, = max(duys + dpye, Tntt),

Next we introduce quantities which is analogous to the tropical version of (5.39)) as
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following,

Xl,n - dn + dn+6 - dn+1 - dn+57

X3,n =dqn — dn+3 - dn+5’

X5,n =V, +s, — dn+57

XZ,n = Pn— dn+2 - dn+57

X4,n =r, — dn+4 - dn+57 (547)

X6,n =Jn— dn+5 — Sn,

along with quantities corresponding to symplectic coordinates y; (5.38), shown

below.

Yl,n = Pn — dn+2 - dn+57 Y2,n = dnJrl +q, — dn - dn+3 - dn+67

Y3,n - dn+2 + Iy — dn+4 — Pn, Y4,n = dn+3 + vy +Jn - dn+5 —qn

(5.48)
Then we can see that X, satisfies ultradiscretized expression of original type Dg

((5.31) with all b; = 1) from the (max,+) equations ([5.46)) as stated in below,

Lemma 5.4.1. The structure of X, in (5.47) satisfy the tropical analogue of

deformed map pp, which is given by the following system of (maz,+) equations:

Xintr +Xin = [Xaal,,
Xomt1 +Xop = [Xipr + Xzl
Xans1 +Xsn = [Xopgr + X4,n]+7 (5.49)
Xint1 + Xy = (X5, + X+ X3,n+1]+-
Xsnt1 +Xs5n = [X4,n+1]+
Xent1 + Xen = [Xangi],
where [a], = max(a,0). Given arbitrary initial values (X1,0, Xa2,0, X3,0, X4,0, X5,0, X6,0),

the quantities X, and Y, are periodic with period 6 for 1 <t <4 and1 < j <6.

Proof. By similar argument in the proof of Lemma|3.5.1] the statement above holds.
O

It important to remember from the previous sections that the periodicity of
Xin (or Y;,) for all 4, is essential in finding the degree growth of d-vectors of tau

functions. By using the periodicity, we obtain the following result.

Theorem 5.4.2. Let T be linear operator which shifts n — n + 1. The d-vectors

e.,d,.f, and g,, which solve the system of equations (5.20)), satisfy the following
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linear difference equations
Lr, = (T° = 1)(T° = 1)(T = Dr, =0 (5.50)

where T is shift operator corresponding ton — n+1 and r,, = e, ,d,,.f,,g,. For the

tau functions generated, the leading order of degree growth of their denominators is

given by
n2 n2 n2
d,=—a+0(n), v,=-—a+0(n), j,=-—a+0(n)
n? n? n? '
Pn = %a—i—O(n), An = %a—l—O(n), r, = %a—i—O(n),

where a = (1,1,1,1,1,1,1,2,2,2,1,1)7.

Proof. Let us consider the quantity X;,. With the periodicity feature mentioned

in Theorem [5.4.1], we find the expression for d,, vectors as follows.
X, =(T°=T° =T +1)d,
— (T° = 1)Xy,, = (T = 1)(T° = 1)(T —1)d, =0

By a similar argument above, one can show that the d-vectors p,,, q, and r,, satisfy

(5.52)

the recurrence relation above. As for the rest of d-vectors v,, and j,, we first look
at the last two (max,+) relations in (5.46]). Subtracting these relations gives rise to
expression

(T = 1)v, = (T — 1D)jn. (5.53)
Now applying periodicity in Lemma to Y4, followed by using the recurrence
of d,, in (5.52)), we have

(T° = 1)(T° = D)(Vass +Jns1 — Vi —Jn) = 0 (5.54)
Then substituting the identity (5.53]), we find that both v, and j, satisfy the

recurrence in ({5.52]).

For the rest of proof (determining the coefficients of leading order terms of d-
vectors), we can apply the similar arguments in the proof of Theorem and
attain the result. O

Since the degree growth of each variable is quadratic, associated algebraic entropy
vanishes, which leads to the conjecture that the deformed type Dg map is a Liouville

integrable map.
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Chapter 6

Conclusion

In this thesis, we considered a special class of discrete dynamical systems which
are described by periodic (Zamolodchikov periodicity) cluster maps associated with
Dynkin type A,B and D. This is an extension from the work introduced by Hone
and Kouloukas in [10].

In chapter [2| we began with reviewing background of cluster algebra and discrete
integrable system, which is necessary materials for the later chapters of the thesis.
We were led to one of the main results produced by Fomin and Zelevensky in [19],
which forms a strong link between cluster algebra of finite type and Zamolodchikov
periodicity conjecture [4]. We then studied another notion of periodicity, that
is, mutation periodicity in quiver. The composition of mutations, which fixes
the quiver, can be regarded as a birational map between cluster seeds, which
we call cluster map. This discussion led us to the theory of discrete integrable
system in cluster algebra which is described by iteration of Liouville integrable map
(introduced in |9, [7]). We introduced the singularity confinement test, algebraic
entropy, and p-adic analysis, which are algebraic methods used in detecting the
integrability of the system. In final part of this chapter, we gave a summary of the

deformation of cluster mutations introduced by Hone and Kouloukas in [10].

In chapter |3, we considered the construction of a 2-parameter of deformations of

type Asn cluster maps for all N > 2. We began with considering the cluster algebra
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of type Asny and proved that the specific cluster map is the Liouville integrable
by using Bi Hamiltonian theorem [45] and the results in [7]. Then we showed
that the periodic cluster map associated with type Ag has a 2-parameter integrable
deformation, which can be lifted to a cluster map that is identified by the particular
quiver ()5, consisting 2 frozen nodes and 15 mutable nodes. In comparison with the
quiver Q, in the type A4 case, we observed that inserting a particular quiver (shown
in Figure into the Qa, gives rise to the Qa,. The local expansion gave insight
into the structure of the tau functions in the variable transformations, which led us to

construction of class of quivers arose from the pull-back of symplectic form associated

type Agy, for N > 2. Followed by an inductive approach, we showed that the
6‘ ‘i A@

S

(a) Subquiver in Q 4, (b) Subquiver in @ 4,

Figure 6.2: Local expansion of the subquiver in @4,

particular structure of this expansion indeed gives Laurentification of the deformed
type Aoy cluster map. For the integrability of the map, we used most trusted
integrability detector, algebraic entropy. To use this, we needed to calculate the
degree growth of the Laurentified cluster map (obtained by Laurentification). Due
to the Laurent property and total positivity of cluster algebras, we only needed to

concern the total degree of monomial in each cluster variable for measure the growth.
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To find exact measurements, we used the Zamolodchikov periodicity property of
cluster algebra of finite type. This enabled us to show that the growth of the degree
is quadratic. As a result, its algebraic entropy vanishes. This makes us confident that

the periodic cluster map associated with type Asy admits integrable deformation.

In the chapter {4 we extended the analysis of deformation to other root systems
Dynkin type C,, B3 and D4. Firstly, with the same procedure used in type A
cases, we found an integrable deformed type C, map, which can be lifted to the
1-parameter family of cluster map on space of tau functions. In addition to the
above, we showed that tau functions, generated by the iteration of the latter map,
satisfy the Somos-5 recurrence relation. As a result of linking it to Somos-5, we were
able to show that it is closely related to a specific QRT map [25], which provides
a special family of discrete dynamical systems. It is important to note that the
deformation of type Csy cluster map gives the same result as the case of type C,
since their Dynkin diagrams are isomorphic to each other. Next, we studied the
case of type Bs and D,. Compared with the results in type Ag, Ay, Ag, Co, each
cluster map associated with type Bs and D4 can be deformed to an integrable map
in more than one distinct way. Nevertheless, there seem to be very close connections
between the two cases obtained for Bj; the close connections between the case (1)
and case (2) deformations for D4 are even more apparent, given that the underlying

coefficient-free cluster algebra is the same for both.

In chapter [5, we investigated the next higher rank of type B and D. In contrast
to the cases in the previous chapter, the number of required first integrals (invariant
function) rises as we move onto the higher rank. Unlike the case of type Aay,
we have not yet found the appropriate first integrals that commute with respect
to the associated log canonical Poisson bracket. From the cases we considered so
far, we observed that the complexity of rational sequences (the size of digits in
numerator and denominator of rationals) of corresponding deformed maps, reduces
considerably when we set the particular conditions for the corresponding deformed
map to be integrable. We were able to see the same phenomenon when we fixed
the parameters analogous to the integrability conditions that appeared in type Bs

and Dy, respectively. Following from this, we found the several distinct singularity
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patterns which allowed us to perform Laurentification on the type B, and Dg. This
resulted in finding the new cluster map in enlarged space for each case. By carrying
out the same method, used in section [3.5] we showed that the degree growth of each
latter map is quadratic and thus algebraic entropy vanishes. This provides strong

evidence that the deformed maps for type B and Dg possess integrability.

In recent studies, we successfully performed Laurentification in the case of type
Bg and Dg , subject to the parameter conditions analogous to the ones in type By
and Dg respectively. As a result of the procedure, we built an exchange matrix

corresponding to type Bg

o 1 o o O O 1 0 -1 0 0 0 -1
-1 0 0 1 0 O O 1 O -1 1 0 O
o o0 o0 o0 -2-2 0 0 O O 0 2 O
0 -1 0 01 0 O O 1 0 0 0 O
o o0 1 -1 0 1 0 0 O 1 —-1-120
o o 1 0 -1 0 1 0 O O O O -1
-1 0 0 0 0 -1 0 1 0 O O 1 O
o -1 0 0O O O -1 0 1 0 0 0 1
1P 0 0 -1 0 0 0 -1 0 1 -1 0 O
o 1 o 0 -1 0 0 0 -1 0 O O O
0 -1 0 0 1 0 O O 1 0 O 0 O
o 0 -1 0o 1. 0 -1.0 0 O O 0 O
$P 0 0 0 0 1 0 -1 0 0 O 0 O

and the matrix corresponding to type Dg, which can be depicted by the quiver in
Figure In comparison with the quiver in Figure |5.1] we can see that the quiver
in Figure can be constructed by the local expansion procedure (introduced in
section as shown in fig[6.4] Then recursive local expansion gave rise to a family
of quivers associated with type Doy represented by the exchange matrix in the figure
6.6l Similarly, for type B case, the expansion, which transforms the exchange matrix
BBG to 4N + 2 x 4N + 1 skew-symmetrizable matrix, was achieved via inserting the
rows and columns, taking the form of the matrix in Figure[6.7] The future work will
be aiming at the complete description of integrable deformation corresponding to
type A, B and D, including odd rank case Ayn.1 Banii and Donyq. We hope this
investigation finds a systematic procedure that enables us to find Poisson commuting

first integrals which admit deformation.
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0o 0
0 o0
i1 =i
0 0

o = O ©

Figure 6.6: Exchange matrix associated with type Doy for N > 3, built from

recursive local expansion. The coloured regions in the matrix are submatrices of

the matrix (5.43))

0O 1 0 0 o0
-1 0 1 0 0
0O -1 0 1 0
0O 0 -1 0 1
0O 0 0O -1 o
-1
-1
0O 0 0O 0 o©
0O 0 0O 0 oO

0 1 1
-1 0 0
-1 0 0
0o 0 -1
0O -1 0

0. 1 1,0, -1 —1
_1. ..'. .. . .0..
' 0o 1 0
—1fo o 1 0 o 1
0 0 0 —2 —2
1.0 0 1 0
0 1 -1 0 1
0 1 0 -1 0, 1
-1 0, 1
1
-1 ’ 0 -1
0 "1 o0
1 1
0’ 10 1
1 —1fo 1 -1 0
1.0 0 0
1 0 0 0
0 0 0 0
1 10 -1
0 1 0 0 0 0 0 -2 0

Figure 6.7: Exchange matrix associated with type Bon for N > 2| built from
recursive local expansion. The coloured regions in the matrix are submatrices of

the matrix (5.13])
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