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Abstract

The need for a timely and detailed measure of the economy has become increasingly

important in recent years due to sudden periods of economic growth and decline. It has

become imperative for policymakers and practitioners to accurately capture short-term

dynamics and trajectories as we emerge from shocks. However, relying on traditional

survey-centric economic indicators presents challenges, as they often lack granularity

and are published with signi�cant delays. For this reason, National Statistics Institutes,

such as the UK’s O�ce for National Statistics, are undergoing a transformation by

incorporating administrative and alternative data-sources as key components of their

statistical frameworks. These data sources o�er several bene�ts, including timeliness,

cost-e�ectiveness, reliability, and comprehensive coverage of economic processes. While

a sense of awareness for these new data-sources is being established, the statistical

methodology to calibrate insights from these sources remains under-developed.

This thesis develops new methodology for producing timely and interpretable eco-

nomic statistics. Speci�cally, it proposes novel techniques to address the crucial tasks

of temporal disaggregation and nowcasting when dealing with large volumes of high-

dimensional data. The frameworks developed in this research leverage the growing

body of literature on sparsity-inducing regularisers, allowing for interpretable measures

of relevant data-sources. Acknowledging the importance of reproducibility, the work

presented is developed into R packages, and a wide range of case studies are extensively

covered to showcase applicability of the proposed methodologies.
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Chapter 1

Introduction

The world's economic landscape has faced many changes in recent years, both on a global

and localised scale. Much of this change may be attributed to the coronavirus pandemic

and related restrictions on trade and movement of people. Prior to the pandemic, which

rapidly spread at the end of 2019 (reaching UK shores early 2020), the last global

�nancial shock to meaningfully impact the UK was that of the �nancial crisis of 2008.

The cause of these shocks are drastically di�erent, as are the potential consequences

and trajectories of the economy as we emerge. Fundamentally, to examine the impact

of economic events and assess these trajectories, we �rst need to accurately measure

activity across the economy.

In the UK, the O�ce for National Statistics (ONS) has a primary responsibility

for this task, and reports on a wide range of statistics of interest, from headline Gross

Domestic Product (GDP) �gures, in
ation indices, to novel indicators of economic

activity and social change (ONS, 2022a). These latter measures have been more recently

introduced, in part as a response to the 2016 Independent Review of UK Economic

Statistics (Bean, 2016) that identi�ed increasing the timeliness and granularity of

economic statistics as key to improving the situational awareness of policy makers,

government agencies and statistical organisations. Similar reports (e.g. Pfe�ermann,

1
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2015; Eurostat, 2017; Hand et al., 2018) have explored the way in which o�cial statistics

are gathered and motivated attempts to move away from the traditional survey-centric

approach. In particular, there has been a notable shift towards embracing alternative1

and administrative data sources that o�er timeliness, cost-e�ectiveness, and reliability,

while also capturing numerous processes (Fuleky, 2019). While traditional, low-frequency

data sources will remain critical, their role will evolve to complement and enhance the

measurement capabilities of the new higher-frequency sources (Jarmin, 2019).

The ONS has made great strides in improving the timeliness of its key statistics, for

instance through integrating Value Added Tax (VAT) return data to construct a monthly

indicator index of GDP (ONS, 2022b,d), and developments into using supermarket

scanner data for constructing consumer in
ation indices (ONS, 2021). However, many

statistics of interest are not produced on a timescale relevant to understanding the

fast moving economic environment that we have faced in the last few years, and the

statistical methodology to calibrate insights from large collections of alternative data

sources remains under-developed.

This thesis explores new methods for producing timely and interpretable economic

statistics. In particular, I propose novel techniques for the tasks of temporal disag-

gregation and nowcasting when in the presence of large (high-dimensional) amounts

of data. Temporal disaggregation (Dagum and Cholette, 2006) is a method for esti-

mating a high-frequency (e.g. monthly) version of a low-frequency (e.g. quarterly)

time series using related high-frequency indicator series (if available). The resulting

high-frequency series is constrained to be temporally consistent with the low-frequency

series for every low-frequency period observed. Temporal disaggregation is an important

task for National Statistical Institutes (NSIs) because it provides a coherent way to

combine precise but not very timely aggregate data from National Accounts with timely

1Alternative data sources include a wide range of examples, such as satellite imagery for address
registry (ONS, 2017b), road tra�c sensor data, and ship tracking (ONS, 2019a), as well as internet
search data from Google Trends (Ferrara and Simoni, 2022). Chapter 1 of Fuleky (2019) provides
numerous additional illustrations.
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indicators capable of revealing short-term dynamics. Nowcasting, on the other hand,

is a technique for estimating current or very recent values of a time series based on

available information. Popularised in economics by Giannone et al. (2008), nowcasting

has become an important tool to provide real-time information on the current state of

the economy, which consequently can be used to make timely and informed decisions.

As the majority of o�cial statistics are published with delay, nowcasts can be used as

an early estimate and avoid the long delay.

With the prevalence of large volumes of high-frequency administrative and alternative

data sources NSIs endeavour to incorporate into the production of o�cial statistics,

it becomes imperative to draw upon the extensive body of literature concerning high-

dimensional statistics (B•uhlmann and Van De Geer, 2011) and how this can be used in

conjunction with the well-established temporal disaggregation and nowcasting litera-

ture. A crucial aspect of the methodology developed in this context is interpretability.

How does one interpret estimates of economic statistics obtained from a potentially

overwhelming amount of data? Transparency is crucial in today's fast-paced economy,

where decisions have to be made in short spaces of time. Identifying relevant variables

gives the user knowledge on the main driving forces behind estimates, helping with

future data revisions and the understanding of policy e�ects and shocks. If appropriate

variables and features can be isolated, then estimates are likely to be more accurate and

more consistent as noise from irrelevant variables is mitigated.

1.1 Main Contribution and Thesis Structure

The primary contribution of this thesis is to provide novel, coherent and reproducible

methodologies for the tasks of temporal disaggregation and nowcasting in high-dimensional

scenarios. The two main methodologies of Chapter 3 and 4 have been made into R pack-

ages available on the Comprehensive R Archive Network (CRAN) for reproducibility.
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They should allow the reader a practical way to implement and interpret a high-

dimensional amount of time series for the purpose of producing timely and accurate

estimates of target variables. Throughout the thesis, we shall see several case studies

across a range of important real data applications. The structure of the thesis is as

follows.

Chapter 2 aims to provide the background knowledge and statistical tools required

for the main contributions of the thesis. It begins by exploring the fundamental concepts

of time series analysis. Subsequently, a thorough literature review is presented, focusing

on the methods and motivations behind two crucial topics: temporal disaggregation and

nowcasting.

Chapter 3 introduces a new method, named Sparse Temporal Disaggregation (spTD),

that extends the well-established Chow and Lin (1971) family of methods for temporal

disaggregation to allow for a high-dimensional set of indicators. A regularised M-

estimation framework that is able to simultaneously select the relevant indicators

and estimate their impact is established. The advantages of the proposed method is

demonstrated through simulation study. The chapter then presents two case studies

implementing spTD using a high-dimensional mixture of traditional and alternative data-

sources. The �rst attempts to accurately disaggregate quarterly UK GDP and inform us

on the most relevant indicators for this task. The second attempts to disaggregate the

quarterly index of service turnover for transportation in Italy and compares the accuracy

and stability of spTD with competing methods in a pseudo-real time nowcasting exercise.

Chapter 4 formally introduces a new class of sparse Dynamic Factor Models (DFMs).

DFMs are a very popular tool for modelling high-dimensional time series and in par-

ticular for the task of nowcasting, however, it is often hard to interpret the meaning

of the latent factors. In the proposed methodology, DFMs are estimated using an

expectation-maximisation (EM) algorithm to enable estimation of model parameters

using a regularised quasi-maximum likelihood. The regularisation (`1-norm) is placed on
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the loadings parameter of the DFM to obtain a sparse amount of non-zero loadings for

the estimated latent factors. This provides much greater interpretation into the factor

structure, allowing us to identify which series, or group of series, are in
uencing the

dynamics of the system. Synthetic experiments demonstrate consistency in terms of

estimating the loading structure, and superior predictive performance where a low-rank

factor structure may be appropriate. The utility of the method is further illustrated by

two case studies in distinct �elds. The �rst is an econometric application that looks

to nowcast 9 of the main trade commodities the UK exports worldwide. The second is

an energy application that forecasts electricity consumption across a large set of smart

meters across a University campus.

Chapter 5 presents results of a case study attempting to produce timely estimates of

the subdivisions of UK Trade in Services, with particular focus on how the trajectory may

have varied throughout the months of the coronavirus pandemic and Brexit transition

period. For this task, a large state-space framework is constructed combining the sparse

dynamic factor model with multivariate temporal disaggregation to produce a quarterly-

to-monthly disaggregation of quarterly service data with the ability to obtain real-time

nowcasts - avoiding the 3 month publication delay service data currently possess. In

addition, an intervention study employing an interrupted time series model is conducted,

which explores the potential impacts that Brexit has exerted on UK trade with EU

countries.

Chapter 6 provides details on the two R packages available on CRAN called

DisaggregateTS and sparseDFMimplementing the methods in Chapter 3 and Chapter

4 respectively. The core structure and functionality of the packages are presented, as

are detailed walk-through examples on synthetic and real data applications on how one

might use the packages in practice.

Chapter 7 gives concluding remarks, highlighting the main takeaways from each

chapter and presents several avenues for future work.



Chapter 2

Literature Review

A time series (Hamilton, 2020) is a collection of observations made sequentially through

time. In the context of this thesis, the focus lies on the domain of o�cial statistics,

encompassing datasets published by NSIs such as the UK's ONS. These datasets pre-

dominantly comprise of information derived from surveys, censuses, and administrative

data-sources, covering a wide range of vital indicators such as GDP, unemployment

rates, in
ation measures, crime statistics, and demographic data. It is important to note

that all time series examined in this study are discrete, implying that observations are

recorded at speci�c, evenly spaced intervals, such as months, quarters, or years. This dis-

crete nature contrasts with continuous time series, where observations are continuously

gathered over time.

Figure 2.0.1 illustrates a prominent time series that is used throughout the literature

review. This particular time series corresponds to quarterly GDP data sourced from the

UK's Quarterly National Accounts (QNA), comprising the period between 2016 and

2022 with key economic events in this period highlighted. The QNA is a vital publication

in the UK, providing a comprehensive and consistent depiction of the economy. Notably,

policymakers and analysts heavily rely on the QNA within government circles and

various industries. At the Bank of England, the country's central bank, the QNA plays

6
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Figure 2.0.1: UK GDP Quarterly National Accounts time series: chained volume
measures (CVM) and seasonally adjusted (SA). Key dates highlighted: [1] June 23,
2016 Brexit referendum; [2] March 29, 2017 Article 50 of the Treaty on European Union
invoked; [3] March 23, 2020 UK lockdown due to COVID-19 pandemic; [4] 30 December,
2020 UK-EU Trade and Cooperation Agreement signed; [5] Autumn, 2021 Energy crisis
begins; [6] 24 February, 2022 Russia invade Ukraine.

a crucial role in informing the Monetary Policy Committee's decisions regarding interest

rates. Furthermore, the O�ce for Budget Responsibility utilises the QNA for economic

growth projections and forecasting public sector debt. For detailed insights into the

construction of the QNA speci�c to the UK, please refer to ONS (2022c).

Time series data exhibits a distinctive characteristic whereby consecutive time points

are not independently sampled. Consequently, the presence of correlation between these

time points, referred to as autocorrelation, must be accounted for by time series models

when performing inference. In these models, the current observations are typically

expressed as a function of their preceding observations. Notably, observations that are

closer in time tend to exhibit a stronger interdependency relationship compared to those
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with larger time separations.

A popular class of time series models are the autoregressive-moving-average (ARMA)

models (Hamilton, 2020). For a given univariate time seriesf x t : t 2 Ng, these models

combine an autoregressive component (AR), capturing the linear relationship between

current and past observations, with the moving-average (MA) component capturing the

in
uence of past error termsf � t : t 2 Ng. Formally, an ARMA (p; q) model is de�ned as:

x t = � 1x t � 1 + � � � + � px t � p + � t +  1� t � 1 + � � � +  q� t � q ;

for p AR lags with AR coe�cients � 1; : : : ; � p, and q MA lags with MA coe�cients

 1; : : : ;  q. The error terms are assumed to be serially uncorrelated and identically

distributed white noise processes. When dealing with multivariate time series, these

models can be extended to vector autoregressive-moving-average (VARMA) models

(Tsay, 2013), enabling the measurement of autocorrelation properties across multiple

time series.

The concept of stationarity is essential in time series analysis. Stationarity refers

to the property of a time series where its statistical properties, such as mean, variance,

and autocovariance structure, remain constant over time. Formally, a time seriesx t is

considered stationary (or weakly stationary) if it satis�es the following conditions:

ˆ E [x t ] = � for all t;

ˆ E [x2
t ] < 1 for all t;

ˆ Cov(x t ; xt � k) = 
 (k), for all t and k .

A strictly stationary time series maintains an invariant joint probability distribution over

time, while a weakly stationary time series with Gaussian distribution is also strictly

stationary (Brockwell and Davis, 2009). When stationarity is discussed throughout the

thesis, we can assume this is in the weak-sense. Stationarity plays a crucial role in
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simplifying and interpreting time series analysis, serving as a prerequisite for reliable

statistical inference. ARMA models are highly popular because, according to Wold's

decomposition theorem (Hamilton, 2020), any stationary process can be approximated

by a stationary ARMA model1.

Most time series data exhibit trends, representing long-term increases or decreases,

and seasonality, which refers to repeated cycles at �xed frequencies. These characteristics

make time series inherently non-stationary. To ensure stationarity when modeling,

considerable e�ort is invested in preparing and publishing o�cial time series data. One

simple technique used to remove trends from a time series is di�erencing, which involves

computing the di�erences between consecutive observations. By di�erencing the data,

non-stationary time series may be transformed into stationary ones. A canonical example

is the ARIMA( p; d; q) that takes on an ARMA(p; q) after di�erencing d times.

In addition to trends, seasonality can also be addressed through di�erencing. By

di�erencing the series at �xed intervals corresponding to the occurrence of seasonality,

the seasonal patterns can be eliminated. The X13-ARIMA-SEATS methodology (U.S.

Census Bureau, 2022) is a highly regarded technique for seasonal adjustment that also

considers holiday e�ects, and is implemented by several NSIs.

When multiple non-stationary time series are modeled together, it is possible that

they share a stable relationship. Although these series may exhibit independent move-

ments, their average distance remains relatively constant. This property is known as

cointegration (Johansen, 1988). Cointegration allows for the joint modeling of non-

stationary variables, as they will demonstrate a stationary relationship in the long run.

This is particularly useful for capturing the interdependencies and long-term dynamics

among multiple time series.

For a more detailed understanding of time series theory and analysis, refer to the

1ARMA (p; q) models are stationary when the roots of the characteristic equation (the equation
that relates the current observation to past observations) lie outside the unit circle. In other words, all
the roots of the autoregressive polynomial must have magnitudes greater than one. For example, the
frequently used AR(1) model (i.e. ARMA(1; 0)) in this thesis is stationary when j� 1j < 1.



CHAPTER 2. LITERATURE REVIEW 10

comprehensive books by Brockwell and Davis (2009), Tsay (2013), Box et al. (2015)

and Hamilton (2020). The rest of the chapter provides a detailed literature review for

two important time series techniques in production and publication of o�cial statistics:

temporal disaggregation and nowcasting.

2.1 Temporal Disaggregation

This section aims to provide a detailed literature review for temporal disaggregation

methods. For alternative reviews, see Dagum and Cholette (2006) and Pav��a-Miralles

et al. (2010) for surveys of the literature, and Chen (2007) for an empirical comparison

of popular methods using 60 series of annual data from the national accounts of the U.S.

Bureau of Economic Analysis. The concept of temporal disaggregation is motivated and

explained in Section 2.1.1. In Section 2.1.2, the temporal aggregation matrix that ensures

disaggregate estimates are temporally consistent with low-frequency observations is

de�ned. Section 2.1.3 reviews smoothing methods used for temporal disaggregation that

aim to derive a smooth path for the unobserved series. Section 2.1.4 reviews regression-

based temporal disaggregation methods that make use of a collection of related indicator

series. This section opens the door for the methodology discussed in Chapter 3. Section

2.1.5 concludes with a review on multivariate temporal disaggregation methods where

contemporaneous constraints may be present.

2.1.1 Introduction

Temporal disaggregation is a vital tool for National Statistical Institutes (NSIs) such as

the UK's O�ce for National Statistics (ONS) to transform data from a lower to higher

frequency. NSIs often face the challenge of having information not directly observable

at the temporal frequency they desire and are increasingly asked to provide more

frequent publications of headline statistics like GDP, in
ation rates, and employment.
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For example, when compiling a country's Quarterly National Accounts, NSIs often

use comprehensive data sources obtained from annual industry and household surveys.

The typical motivation for providing these more frequent measures is to paint a more

timely picture of the economic health of a country. Data at lower frequencies may miss

short-term 
uctuations and trends that could be signi�cant for policy makers when

making informed decisions.

The temporal disaggregation problem is perhaps best explained from the perspective

of a practitioner working in o�cial statistics. The practitioner observes a low frequency

data-stream of a key statistic (such as GDP) that they wish to disaggregate to a

higher frequency. For the sake of clarity, we can assume that this low-frequency data-

stream is at a quarterly scale and denote this as the vector�y 2 Rn l � 1, containing

nl quarterly observations. Note, we use the bar notation above variables that are

at the lower temporal frequency andnl will represent the number of low-frequency

data points. The practitioner seeks to construct a disaggregated version of�y at a

sub-quarter time resolution. In addition, it is desirable that the disaggregated series

be temporally consistent during each quarter and not contain spurious jumps between

quarters. Consider, by way of example, a setting where one seeks to produce a monthly

version and denote this byy 2 Rn� 1, wheren = 3nl in the case of quarterly-to-monthly

disaggregation. The disaggregation challenge lies in developing a principled approach to

interpolate or distribute between each observed quarterly data point.

A common approach to achieve this goal is to use indicator series2 recorded at

the desired high-frequency (monthly) that are believed to indicate the intra-quarter

movements and help with their estimation. We denote a set of high-frequency indicator

series as the matrixX 2 Rn� p where each column is a monthly time series representing

one ofp indicators. By way of example, consider the task of disaggregating the quarterly

series of UK GDP we saw in Figure 2.0.1 to a monthly frequency using the Index of

2Indicator series may also be referred to as related, covariate, predictor or explanatory series.



CHAPTER 2. LITERATURE REVIEW 12

Figure 2.1.1: Monthly estimate of UK GDP using Chow-Lin temporal disaggregation
with Index of Production and Services as indicator series. Key dates highlighted: [1] June
23, 2016 Brexit referendum; [2] March 29, 2017 Article 50 of the Treaty on European
Union invoked; [3] March 23, 2020 UK lockdown due to COVID-19 pandemic; [4] 30
December, 2020 UK-EU Trade and Cooperation Agreement signed; [5] Autumn, 2021
Energy crisis begins; [6] 24 February, 2022 Russia invade Ukraine.

Production and Services for the UK as two monthly indicator series. Using the well-

established temporal disaggregation method by Chow and Lin (1971), that is explained

in detail in Section 2.1.4, we obtain a monthly disaggregate series of UK GDP displayed

in Figure 2.1.1. Key events a�ecting the UK economy are again added to the �gure.

Having GDP at the monthly frequency allows us to better understand the short-term

movements around these key dates, informing us on months of economic decline and

recovery. The disaggregate series estimate is constrained such that three monthly values

in a quarter sum to the corresponding observed quarterly �gure from the Quarterly

National Accounts. This temporal aggregation constraint is discussed in the next section.
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2.1.2 Temporal Aggregation Constraint

The disaggregate estimates of a low-frequency time series are constrained to be temporally

consistent for each low-frequency period. For example, in a quarterly-to-monthly

disaggregation, three monthly estimates of a quarter must correctly aggregate to their

respective observed quarter �gure. The type of aggregation that must be adhered to

depends on the nature of the data in question. With o�cial statistics, data can be

typically classi�ed as either stock or 
ow. Stock data measures the quantity/level

of a variable at a speci�c point in time, for example, capital stock at the end of a

year. Flow data measure how much of something has happened over a period of

time, for example, production over a month. Temporal disaggregation of stock data is

essentially an interpolation problem that is constrained to pass through the low-frequency

observations. Typically, the last disaggregate estimate in a low-frequency period is made

equal to the corresponding low-frequency observation. I.e.

�y � = y t ; for t = 3� ;

for quarterly-to-monthly disaggregation of all quarters� = 1; : : : ; nl . For disaggregation

of 
ow data, high-frequency estimates are typically summed or averaged over low-

frequency periods. I.e. in quarterly-to-monthly disaggregation we have

�y � =
2X

i =0

y t � i or �y � =
1
3

2X

i =0

y t � i ; for t = 3� ; � = 1; : : : ; nl ;

for sum and average constraints, respectively.

In general, the disaggregate series,y , must satisfy the temporal aggregation constraint

given by

�y = Cy ;
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whereC is a nl � n temporal aggregation matrix de�ned by

C = I n l 
 c =

0

B
B
B
B
B
B
B
@

c 0 : : : 0

0 c : : : 0
...

...
. . .

...

0 0 : : : c

1

C
C
C
C
C
C
C
A

;

where 0 and c are vectors of lengthk = n=nl , with 0 containing zeros andc taking

various forms:

ˆ c = (1 ; : : : ; 1) for summing 
ow series;

ˆ c = ( 1
k ; : : : ; 1

k ) for averaging 
ow series;

ˆ c = (0 ; : : : ; 0; 1) for interpolating stock series.

The applications considered in this thesis aim to �nd timely estimates of 
ow data, where

the sum of high-frequency estimates between low-frequency periods are constrained to

equal the corresponding low-frequency observation. Henceforth, the aggregation matrix

is C = I n 
 c, wherec = (1 ; : : : ; 1), the k-dimensional vector of ones.

2.1.3 Smoothing-based Methods

There are several methods that exist to perform the task of temporal disaggregation.

The choice of method ultimately depends on what related information is available at

the high-frequency and the preferences of the practitioner. The most naive approach

would be to simply distribute the unobserved high-frequency values pro-rata, i.e. set

each monthly value in a quarter to be one-third of the observed quarter value. The

problem with this simplistic approach is that it would result in large, spurious jumps

between each quarter and not capture the more realistic smoother, gradual temporal

change economic time series possess.
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When no related high-frequency information (indicator series) are available, the

preferred option is to use constrained smoothing methods that aim to �t a smooth and

continuous curve through high-frequency data points ensuring that temporal additivity

constraints are satis�ed. A commonly used smoothing procedure is cubic spline smooth-

ing. A cubic spline is a series of cubic (third-degree) polynomials that interpolate a

tabulated function at certain data points called knots such that the �rst and second

derivatives of the overall curve at each knot are continuous to guarantee smoothness.

Quenneville et al. (2013) demonstrate how cubic splines can be used for temporal

disaggregation, as the low-frequency observations act as `knots', and, as each cubic

polynomial linking up these knots is a function of time, sub-period estimates can then

be simply derived from each spline. The levels and slopes at adjacent low-frequency

periods are set equal to avoid spurious jumps, and the sum of the values of the spline

over each low-frequency period is set equal to the respective low-frequency value to meet

temporal additivity constraints. The ONS use cubic splines when producing the Index

of Services (ONS, 2017a).

A di�erent smoothing approach in the absence of indicator data is to set up a

constrained quadratic optimisation problem trying to minimise the period-to-period

changes in the disaggregate series subject to observed low-frequency temporal constraints.

Boot et al. (1967) consider minimising the sum of squares of the di�erences between

successive high-frequency values. Formally, lettingdt = yt � yt � 1 be the �rst-di�erence

process fort = 2; : : : ; n, and d be the full vector for all t, they solve the constrained

minimisation given by

min
y

d> d = y > D > Dy s.t. �y = Cy ; (2.1.1)
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whereD is the n � n matrix of �rst-di�erences:

D =

0

B
B
B
B
B
B
B
@

1 0 : : : 0 0

� 1 1 : : : 0 0
...

...
. . .

...
...

0 0 : : : � 1 1

1

C
C
C
C
C
C
C
A

: (2.1.2)

The solution of the constrained minimisation (2.1.1) is

y = ( D > D )� 1C >
�
C (D > D )� 1C >

� � 1
�y : (2.1.3)

Appendix A.1 provides details for solving a general quadratic optimisation problem with

a linear equality constraint for the purpose of temporal disaggregation. The general

solution derived encompasses solution(2.1.3) for the Boot et al. (1967) smoothing

method, as well as other popular temporal disaggregation methods described in the

subsequent text.

Stram and Wei (1986) generalise the smoothing optimisation method of Boot

et al. (1967) by assuming the latent high-frequency series evolves according to an

ARIMA (p1; d1; q1) process. Ifp1 = q1 = 0 and d = 1, then this is identical to the

Boot et al. (1967) approach. Stram and Wei (1986) attempt to �nd solutions of the

constrained minimisation given by

min
y

d> V � 1
d d = y > D > V � 1

d Dy s.t. �y = Cy ;

where Vd is the n � n covariance matrix of d that will depend on the parameters

of the assumed ARIMA model fory . Denton (1971) extends the Boot et al. (1967)

smoothing method by incorporating a single high-frequency indicator series,x , that is

believed to approximate the short-term dynamics of�y . Their approach seeks to obtain

a disaggregate seriesy that maximally preserves the movements in the indicator series
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x while being temporally consistent with�y . Formally, they �nd solutions to

min
y

(y � x )> B (y � x ) s.t. �y = Cy ;

whereB is an n � n symmetric, non-singular weighting matrix. Denton (1971) specify

various forms ofB including B = D > D to preserve period-to-period level changes

betweeny and x , and B = ~X � 1D > D ~X with ~X = diag(x ) to preserve proportional

period-to-period change. The corresponding solution is given by

y = x + B � 1C >
�
CB � 1C >

� � 1
(�y � Cx ) ;

that involves adding a distribution of aggregated residuals to the indicator seriesx to

ensure temporal consistency.

Denton (1971) is a popular method amongst national statistical organisations to

benchmark unbalanced data. For example, it is used within the X13-ARIMA-SEATS

seasonal adjustment program (U.S. Census Bureau, 2022) to ensure aggregate totals

of seasonally adjusted data matches aggregate totals of non-seasonally adjusted data.

There has been modi�cations to the original Denton method that include preserving

the percentage growth rate (Causey and Trager, 1981), improving the treatment of the

initial conditions (Cholette, 1984), and accounting for bias and/or errors in the observed

aggregate benchmark series (Cholette and Dagum, 1994).

2.1.4 Regression-based Methods with Indicator Series

Pioneered by the work of Chow and Lin (1971), regression-based methods for temporal

disaggregation allow the practitioner to model more than one related high-frequency

indicator series in the disaggregation of low-frequency data. The premise of the Chow-

Lin framework is to assume that a linear relationship exists between the unobserved

disaggregate target series,y , and the set of high-frequency indicator series,X , through
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the expression

y = X� + u ; (2.1.4)

where� 2 Rp� 1 is a vector of unknown parameters andu 2 Rn� 1 is a residual vector.

Note, it is possible for the matrixX to contain deterministic terms such as constants

and trends. The residual vectoru is mean-zero and has covariance matrixV . Chow and

Lin (1971) assume the data generating process ofu follows a �rst-order autoregressive

(AR(1)) process,ut = �u t � 1 + � t , with � t � N (0; � 2
� ) and j� j < 1. This assumption of a

stationary residual process allows a cointegrating relationship betweeny and X when

they are non-stationary, a likely scenario with economic time series. Thus, the regression

coe�cient � measures both the long- and short-run e�ect ofX on y . The resulting

covariance matrixV has the well-known Toeplitz form

V =
� 2

�

1 � � 2

0

B
B
B
B
B
B
B
@

1 � : : : � n� 1

� 1 : : : � n� 2

...
...

. . .
...

� n� 1 � n� 2 : : : 1

1

C
C
C
C
C
C
C
A

; (2.1.5)

containing two unknown parameters� and � 2
� that must be estimated. Alternatives to

the Chow-Lin AR(1) assumption include Fernandez (1981) who assume that residuals

follow a random walk process3 (ut = ut � 1 + � t ), and Litterman (1983) who assume that

residuals follow an ARIMA(1,1,0) process (ut = ut � 1 + � t and � t � AR(1)).

As the dependent variable in(2.1.4) is unobserved, the regression is pre-multiplied

by the nl � n aggregation matrixC to obtain the observable low-frequency counterpart

given by

�y = �X� + �u ; (2.1.6)

3The random walk assumption of Fernandez (1981) can be viewed as analogous to the Denton
(1971) additive �rst-di�erence method, where B = D > D , when a preliminary estimate x is used in the
place ofX� .
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where �y = Cy , �X = CX and �u = Cu with covariance matrix �V = CV C > . The

regression equation in(2.1.6) is now fully observable and can be solved using standard

techniques. As autocorrelation is present in the Chow-Lin assumption of an AR(1)

residual process, this is dealt with by using the generalised least-squares (GLS) estimator:

�̂ = arg min
� 2 Rp

� 




 �V � 1=2(�y � �X� )








2

2

�

= ( �X > �V � 1 �X )� 1 �X > �V � 1�y :

The estimator for � is conditional on the covariance matrix �V which contains the

unknown parameters� and � 2
� . In fact, the � 2

� parameter can be factored out of the

covariance matrix �V and will cancel itself out in the estimator�̂ . Thus, only � has to be

estimated prior to the estimate for� . It follows that �̂ , conditional on �̂ , is a feasible GLS

estimator of � (Kariya and Kurata, 2004). Originally, Chow and Lin (1971) proposed

an iterative procedure to infer the� parameter from the observed autocorrelation of

the aggregated residuals by identifying a functional relationship between annual and

quarterly AR(1) processes, however, it has since been shown this method is not very

reliable and su�ers when sharp movements are present in the series (Chen, 2007).

Bournay and Laroque (1979) provide a more intuitive method by �rst estimating�̂ and

�̂V via pro�le-likelihood maximisation, before searching for the autoregressive parameter

over the stationary range of� 2 (� 1; 1). I.e. the pro�le estimator of � is a function of � .

The feasible GLS estimator�̂ (i.e. �̂ �̂ ) conditioned on the maximum likelihood

estimate of � is used to construct the target high-frequency unobserved seriesy . Chow

and Lin (1971) show following the standard GLS argument (Kariya and Kurata, 2004)

that the optimal (best linear unbiased) solution is given by

ŷ = X �̂ + V C �V � 1�
�y � �X �̂

�
:
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The �rst part of this expression X �̂ is an estimate for the conditional expectation of

y given X . The second is an estimate of the high-frequency residualu , obtained by

adjusting the observed low-frequency residualŝ�u = �y � �X �̂ with the smoothing matrix

L = V C �V � 1 to ensure temporal consistency between the estimatesŷ and observations

�y . This solution follows the same structure as the derivations in Appendix A.1.

A bene�t of a regression approach is the possibility to obtain con�dence intervals and

quantify any uncertainty in point estimates. Con�dence intervals for the high-frequency

estimates can be calculated from the covariance matrix of estimation errors given by

Cov(ŷ � y jX ) = ( I m � LC )V + ( X � L �X )( �X �V � 1 �X > )(X � L �X )> :

The regression model also provides a natural way to produce forecasts of the high-

frequency target series outside the sample time window by simple extrapolation using

estimated model parameters.

The Chow-Lin family (Chow and Lin, 1971; Fernandez, 1981; Litterman, 1983) of

regression-based temporal disaggregation methods are vital for the production of o�cial

statistics and compilation of national accounts across many national statistical institutes

(Eurostat, 2018). Several authors have considered extensions to the well-established

regression-based framework. Silva and Cardoso (2001) and Proietti (2006) include

dynamic features to the model by adding lagged values of the variable of interest and the

indicator series to the regression equation. Proietti (2006) cast the lagged model into a

state-space form and incorporate a time-varying cumulator variable to systematically

track temporal aggregation constraints. The state-space framework allows inference

to be conducted via the Kalman �lter (Harvey, 1990). Moauro and Savio (2005) also

consider the state-space framework by specifying a seemingly unrelated time series

equations (SUTSE) model to take advantages of structural components of related time

series. Labonne and Weale (2020) use the SUTSE model for temporal disaggregation

of low-frequency data that is noisy and overlapping. Mitchell et al. (2005) derive an



CHAPTER 2. LITERATURE REVIEW 21

approximation for temporal disaggregation when data are in logarithms. Note, this

is an approximation since logarithms of three monthly estimates do not add up to

the logarithm of the quarterly estimate. Proietti (2006) show how to obtain an exact

disaggregation using a non-linear �ltering algorithm in this setting. This is useful when

aggregation constraints are non-linear. Angelini et al. (2006) propose a method to

perform temporal disaggregation using a large, potentially high-dimensional number of

indicator series. They perform principal components analysis on the large indicator set

and use a small number of principal components explaining the majority of variance of

the indicators as a new, low-dimensional indicator set. Chapter 3 introduces a novel

method to perform temporal disaggregation in the presence of a high-dimensional set of

indicator series that is based on a regularised M-estimation framework.

2.1.5 Multivariate Methods with Contemporaneous Constraints

Temporal disaggregation methods discussed so far are essentially univariate, aiming

to obtain a single disaggregate time series,y 2 Rn� 1. These methods can be readily

extended to a multivariate setting aimed at obtaining a matrix of disaggregate series

Y 2 Rn� m . The m target series in question are likely to not only have to meet temporal

aggregation constraints from the observed low-frequency counterpart ofY , denoted by

�Y 2 Rn l � m , but also contemporaneous aggregation constraints from a cross-sectional

total aggregate seriesz 2 Rn� 1. For example, multivariate temporal disaggregation

methods can be used when producing more frequent statistics at the regional level

of a nation, where timely regional estimates must reconcile temporally with observed

low-frequency regional �gures and contemporaneously with the high-frequency national

�gure. In recent years, reports (Pfe�ermann, 2015; Bean, 2016; Koop et al., 2020b) have

expressed the importance in understanding the economic disparity between regions and

suggest that, by working out how regions are correlated with each other and deviate from

the national average at a more disaggregate level will signi�cantly help when evaluating
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a nations economy and when making policy decisions. Since 2019, the ONS have been

publishing a quarterly index of GDP for the countries of the UK and nine regions in

England (classi�ed by the International Territorial Level [ITL] 1). Quarterly estimates

of the regions are based on the industry action taking place in that region coming from

Value Added Tax (VAT) returns for almost two million business units to HM Revenue

and Customs (HMRC). See ONS (2019b) for full details of the methodology.

Formally, the multivariate temporal disaggregation problem consists of an aggregation

constraint given by

yc = ~Cy ; (2.1.7)

whereyc = ( �Y 1; : : : ; �Y m ; z)> 2 Rn(m+1) � 1 stack each low-frequency observed series in

�Y and the cross-section aggregatez on top of each other,y 2 Rnm � 1 stack each high-

frequency target series inY on top of each other, and~C = [ C1; C2]> 2 Rn(m+1) � nm is the

full aggregation matrix with C1 = I m 
 C the temporal constraint andC2 = 1m 
 I n

the contemporaneous constraint with1m the m-dimensional vector of ones to sum

cross-sectionally acrossY . With the complete aggregation constraint(2.1.7) de�ned,

the univariate regression-based framework (Chow and Lin, 1971) can be adapted to a

multivariate framework:

y = X� + u ;

s.t. yc = ~Cy ;

whereX = diag(X 1; : : : ;X m ) is an nm � p block-diagonal matrix of indicator series

for each regionj = 1; : : : ; m, with pj indicators in each block andp = p1 + � � � + pm .

The coe�cient vector � = ( � 1; : : : ; � m )> is a p � 1 vector of unknown parameters and

u = ( u 1; : : : ; u m )> is the nm � 1 stacked vector of random disturbances which has

mean-zero and covariance matrixV .

Assuming full knowledge ofV , the best linear unbiased estimator (BLUE) fory can
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be obtained similarly to before by the equations:

ŷ = X �̂ + V ~C
>

V +
c

�
yc � X c �̂

�

�̂ =
�
X >

c V +
c X c

� � 1
X >

c V +
c yc ;

whereX c = ~CX , Vc = ~CV ~C
>

and (�)+ represents the Moore-Penrose pseudo inverse

which is used as the aggregation matrix~C becomes singular with the contemporaneous

constraint involved. Furthermore, the error covariance matrix is found to be

Cov(ŷ � y jX ) = ( I nR � V ~C
>

V +
c

~C )V +( X � V ~C
>

V +
c X c)(X >

c V +
c X c)� 1(X � V ~C

>
V +

c X c)> :

The solution is dependent on the covariance matrixV . Rossi et al. (1982) and

Di Fonzo (1990) originally proposed the disturbance seriesu to follow a multivariate

white noise process,V = E(uu > ) = � 
 I n . The m � m matrix � can be estimated

using the OLS residuals of separate temporally aggregated regressionsYj = CX j + Cu j ,

for j = 1; : : : ; m. Pav��a-Miralles and Cabrer-Borr�as (2007) extended this restrictive

assumption to modelu as either a multivariate set of independent AR(1) or random

walk processes. Under such assumptions, the AR(1) parameter can be derived for each

u j 2 Rn� 1 separately using the univariate Chow-Lin procedure. They note that in

some applications the non-stationary random walk hypothesis leads to better estimates.

Therefore, they allow residuals to follow a random walk process if they fail to reject a

unit-root, determined via an augmented Dickey-Fuller (ADF) test. The full covariance

matrix V can be constructed asVi;j = � i;j 
 (� >
j � i )� 1 for i; j = 1; : : : ; m, where� i

is a n � n bidiagonal matrix with ones on the main diagonal and� �̂ i (the estimated

AR(1) parameter for regioni ) on the sub-diagonal, and� i;j is the covariance of AR(1)

shocks�̂ i;t = ûi;t � �̂ i ûi;t � 1. If it assumed that � i = � for all i = 1; : : : ; m, then we have

a simplerV = � 
 � , where� s;t = � js� t j=(1 � � 2) for times s; t = 1; : : : ; n. In this case,

� can be concentrated out of the the model's likelihood function and pro�le-likelihood
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maximisation can be utilised over the stationary range� 2 (� 1; 1) by grid search.

Guerrero and Nieto (1999) propose a model based approach that extends the multi-

variate BLUE procedure to the case where the series follow a general stationary VAR

process. The added 
exibility of the VAR enables the data itself suggests the VAR

model as opposed to assuming the error structure beforehand as in the previous methods.

The VAR model allows more complex inter-temporal correlations to be captured among

regions and is estimated using a straightforward procedure (Guerrero and Nieto, 1999).

Authors (Di Fonzo and Marini, 2011, 2015) extend the classic univariate benchmarking

procedure of Denton (1971) to the multivariate setting to adjust multiple time series

at once based on minimising additive and proportional �rst-di�erences, respectively.

Proietti (2011b) propose a state-space representation of the multivariate BLUE models

discussed that allows exact treatment of initial conditions when the series are non-

stationary (i.e. via di�use priors) and the use of the Kalman �lter to handle missing

data and perform out-of-sample extrapolation. Recent work (Koop et al., 2020a,b) also

use a state-space framework for the task of producing quarterly estimates of Gross Value

Added (GVA) growth for the ITL 1 regions of the UK satisfying both temporal and con-

temporaneous constraints. They adopt a Bayesian mixed-frequency VAR model treating

unknown quarterly GVA growth as latent states and perform inference using Bayesian

Markov chain Monte Carlo (MCMC) algorithms with a hierarchical Dirichlet{Laplace

prior (Bhattacharya et al., 2015) to induce parsimony in the overparameterised VAR

model.

2.2 Nowcasting

Nowcasting can be thought of as `forecasting' the current or very recent state of the

economy. This section hopes to provide a detailed literature review of the main techniques

used for the task of nowcasting, going from conventional regression-based approaches
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to more complex state-space solutions. For alternative reviews of the literature see

Ba�nbura et al. (2013), Bok et al. (2018) and Fuleky (2019).

In this review, Section 2.2.1 explains what the nowcasting task involves using a

visual representation that also highlights the challenges we face. Section 2.2.2 reviews

the conventional regression-based approach involving aggregation to the low-frequency,

while Section 2.2.3 introduces Mixed Data Sampling (MIDAS) models that work at

the high-frequency. The rest of the section puts focus on perhaps the most popular

nowcasting technique { Dynamic Factor models, detailing estimation methods in Section

2.2.4 and how they are adopted for mixed-frequency nowcasting in 2.2.5.

2.2.1 Introduction

Headline economic indicators are often released with a lag, which means that policy

makers and econometricians usually have to wait an undesirably long time for information

on economic activity. For example, the Quarterly National Accounts (QNA) release

of UK GDP is around 13 weeks after the end of the reference quarter. Nowcasting

is de�ned as the prediction of the present, the very near future and the very recent

past (Ba�nbura et al., 2011) and has become a very popular technique in recent years to

quickly estimate current economic conditions. Rather than wait for an indicators o�cial

release, nowcasts can be made in the weeks leading up to this release using available

information related to the indicator of interest. Take as an example the quarterly GDP

publication from the QNA in Figure 2.0.1. While the goal of temporal disaggregation

was to convert this entire series to a monthly frequency (Figure 2.1.1), nowcasting puts

focus on the very end of the time series and attempts to predict the next quarterly

observation not published yet, e.g. in this case the �gure for Q1 2023. Figure 2.2.1

is a visual representation of the nowcasting task we might face in this scenario. It

assumes we are currently in March 2023, where the Q4 2022 �gure for GDP has just

been released from the QNA. The current quarter �gure (Q1 2023) will not be released
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Figure 2.2.1: Visual representation for the task of nowcasting Q1 2023 GDP.

until June and therefore to avoid this delay, we can use related information (indicators)

available to us in this quarter (e.g. business surveys, in
ation indices, unemployment

rate, etc...) along with the previous published quarters of GDP to construct a nowcast

of Q1 2023. The idea is, as we move forward month by month (or week by week) to

June, we obtain more information on Q1 GDP, whether it be from new data releases or

data revisions of indicators. This way we can iteratively update our nowcast, hopefully

becoming more accurate each time, and also track the so called `news' component of

indicator information as we learn more from one revision to the next.

Figure 2.2.1 also highlights the challenges one might face when performing the

nowcasting task. The �rst problem is to deal with the \curse of dimensionality" when

in situations with relatively more indicators than observations of GDP. As discussed,

practitioners now have an abundance of potentially useful information from all di�erent

areas of the economy they may wish to model and hence this high dimensional situation

is a likely one. The second problem is how one deals with mixed-frequency data. In

the QNA GDP example, the response is quarterly yet the indicators are likely to be at

a monthly frequency (or higher) to incorporate as much information as possible when

constructing nowcasts. In the rest of this section we see methods to deal with mixed-

frequency data, whether it be from simple aggregation to the observed low-frequency or
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more complex state-space frameworks modelling everything at the highest frequency.

A �nal problem which is very common with economic time series applications is the

so-called `ragged edge' problem { how to deal with missing data at the end of the sample

caused by indicator series having di�erent publication lags. As we see in Figure 2.2.1,

the example gives a mixture of indicators with up to 2 months publication lag and hence

a ragged edge is formed of information that are observed in Q1. A nowcasting model

should e�ciently be able to deal with this pattern of missing data, as well as potentially

arbitrary patterns of missing data throughout the sample.

Notation

To introduce notation to the nowcasting task, without loss of generality we can assume

we observe a collection of quarterly variables denoted by�y i;� for variables i = 1; : : : ; m

and quarters� = 1; : : : ; nl , and a collection of monthly indicators seriesX j;t for variables

j = 1; : : : ; px and monthst = 1; : : : ; n, and wish to obtain a nowcast for the next quarter

of the targets �y i;n l +1 . For the UK GDP example in Figure 2.2.1, we havem = 1 and

nl + 1 = Q1 2023. Let us assume we update our nowcasts for the quarter of interest

every month. In practice, it might be that a practitioner updates their nowcasts weekly,

or even daily, as new information on indicators are released in real-time. This new set

of data release is known as a `vintage' of data occurring at vintage timev. For the

explanation of nowcasting and the models discussed, let us just assume the vintages

occur monthly, i.e. v represents a month.

Formally, the nowcast at a monthn aims to obtain a projection

E [�y i� j 
 n ] ;
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of the quarterly target onto the available information set
 n de�ned by


 n =
n

X jt : t = 1; : : : ; n � l j ; j = 1; : : : ; px ;

�y i� : � = 1; : : : ; nl ; i = 1; : : : ; m
o

;

wherel j is the lag (in months) for indicator j . The number of low frequency observations

will be nl = b(n � ly)=3c for a quarterly target with monthly indicators with ly being

the lag (in months) of the quarterly target, e.g. for UK GDP from QNA we havely = 3.

Of course, the least demanding approach to the nowcasting task is to nowcast�y i;n l +1

using only its own past,f �y i;� g for � = 1; : : : ; nl , e.g. via ARIMA models or exponential

smoothing. This approach can only capture a limited amount of information at the

low-frequency and it is not possible to update nowcasts between published low-frequency

periods (i.e. between two instances of GDP publication from the QNA). The following

sections provide a review of popular nowcasting methods that make full use of all

information in 
 n , allowing intra-quarter updates of nowcasts.

2.2.2 Bridge Equations

Traditionally, applied econometricians at central banks and government agencies would

use regression-based models, referred to as `bridge equations' (Ba�gi et al., 2004), for

the task of nowcasting. The nowcasting variable(s) of interest (e.g. quarterly GDP)

is linked, or bridged, in some way to a temporal aggregation of the higher frequency

indicators. Therefore, this can be classed as a two-step approach where in the �rst

step indicators,X t , are aggregated to the low-frequency,�X � . This could be a standard

aggregation as discussed in Section 2.1.2 of data recorded at their original level, e.g.

monthly 
ow data summed to be quarterly:

�X � =
2X

i =0

X t ;
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or it could be an aggregation of transformed data, usually made to ensure stationarity

of the data �tted in models that assume stationarity, e.g. the monthly-to-quarterly sum

of �rst-di�erenced data following:

� �X � = �X � � �X � � 1

= ( X t + X t � 1 + X t � 2) � (X t � 3 + X t � 4 + X t � 5)

= ( X t � X t � 1)

+ ( X t � 1 � X t � 2) + ( X t � 1 � X t � 2)

+ ( X t � 2 � X t � 3) + ( X t � 2 � X t � 3) + ( X t � 2 � X t � 3)

+ ( X t � 3 � X t � 4) + ( X t � 3 � X t � 4)

+ ( X t � 4 � X t � 5)

= � X t + 2� X t � 1 + 3� X t � 2 + 2� X t � 3 + � X t � 4 ;

with t = 3� for � = 1; : : : ; nl and �rst-di�erence operator � de�ned as � x t = x t � x t � 1.

For many nowcasting applications of GDP, it is the growth rate being tracked involving

a log-di�erence transform, � log(�y � ). In this case authors (Aruoba et al., 2009; Ba�nbura

et al., 2011; Ba�nbura and R•unstler, 2011) have used the approximation by Mariano and

Murasawa (2003) that roughly equates the arithmetic and geometric means:

1
3

(y t + y t � 1 + y t � 2) � 3
p

y ty t � 1y t � 2 ;

while others (Proietti, 2006; Proietti and Moauro, 2006; Proietti, 2011b) have imposed

exact aggregation using a non-linear smoothing algorithm.

Once indicators are aggregated to the low-frequency, the second step involves bridging

the low-frequency variable(s),�y � to the aggregated indicators using a bridge equation

of the form:

�y � = g( �X � ) + � � ;
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where� � is an error process andg(�) is a link function that may involve a distribution

of indicator lags, e.g.

g( �X � ) =
LX

l=0

� l
�X � � l ;

with � l the coe�cients to be estimated for lagsl = 0; 1; : : : ; L. It is also possible for the

bridge equation to contain lags of the response�y � . In Section 2.1.4 we saw a bridge

equation with L = 0 to obtain GLS estimates of� in Chow-Lin temporal disaggregation

(Chow and Lin, 1971).

Drawbacks

While the bridge model approach is popular among NSIs and central banks due to

its simplicity and ease of computation (Ba�gi et al., 2004; Diron, 2008; Eurostat,

2017), it is not without its drawbacks. Bridge equations assume that the measurements

are complete (fully observed) at the point of aggregation, for example, in temporal

disaggregation we assumed observed indicators overt = 1; : : : ; n = 3nl with �y n l
observed.

This assumption does not implicitly deal with the ragged edge problem typically faced

in nowcasting applications when tracking a target in real-time. The missing data in

the ragged edge could be initially predicted using univariate forecasting models (e.g.

ARIMA) on each indicator series beforehand, however, this would of course lead to a

large number of parameters needing to be estimated when the number of indicators

is large. In addition to not being able to implicitly deal with the ragged edge, bridge

equation models working at the low-frequency by temporal aggregation may potentially

lead to a loss of information as the dynamics of the aggregate model can be rather

di�erent to that of the high-frequency model (Marcellino, 1999). The remaining methods

model everything at the high-frequency by linking�y � directly to X t , thus avoiding the

potential loss of information from temporal aggregation.
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2.2.3 Mixed Data Sampling

Pioneered by Ghysels et al. (2004), and reviewed by Ghysels et al. (2007) and Andreou

et al. (2011), the Mixed Data Sampling (MIDAS) model is a nowcasting approach

directly linking the low-frequency target �y � to the high-frequency indicatorsX t via a

single equation given by

�y � =
pxX

j =1

� j

k� 1X

i =0

� j (i ; � j )L i X j;k� + � � ; (2.2.1)

where k is the number of high-frequency observations per low-frequency period (e.g.

k = 3 when t are months and� are quarters) andL i is the lag operator such that

L i X j;k� = X j;k� � i . Note the use ofk� instead of t to ensure the correct months are

summed. MIDAS is essentially taking a weighted sum (weighted via� j (i ; � j )) of the

high-frequency indicators over every low-frequency period of�y � and linking them with

a single coe�cient � j for each indicator. The role of� j is to capture the overall e�ect of

an indicator X j; � via �y � . Identi�cation of � j is ensured by the normalisation constraint
P k� 1

i =0 � j (i ; � j ) = 1. To avoid the proliferation of parameters, the weighting function

� j (i ; � j ) tends to take simple, parameterised forms such as the exponential Almon

function and the Beta function given by:

Exponential Almon Function: � j (i ; � j ) =
exp(� 1j i + � 2j i 2)

P k� 1
h=0 exp(� 1j h + � 2j h2)

:

Beta Function: � j (i ; � j ) =
f ( i

k ; � 1j ; � 2j )
P k� 1

h=0 f ( h
k ; � 1j ; � 2j )

;

where

f (x; � 1j ; � 2j ) =
x � 1j � 1(1 � x)� 2j � 1�( � 1j + � 2j )

�( � 1j )�( � 2j )
;

and

�( � q) =
Z 1

0
e� xx � q � 1:dx
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is the standard Gamma function. In both functions� j = ( � 1j ; � 2j ) are hyperparameters

governing the shape of the weighting function. They are very 
exible allowing lags that

can decline slowly or fast, or even have a hump shape.

The parameters of the MIDAS regression(2.2.1) can be estimated using non-linear

least squares (Ghysels et al., 2004) and then used to nowcast the current quarter:

�̂y � +1 =
pxX

j =1

�̂ j

k� 1X

i =0

� j (i ; �̂ j )L i X j;k� + k� l j ;

that utilises information in the ragged edge of the �nal quarter for the indicators with

lags l j . It is possible to add lags of the indicators to the MIDAS regression(2.2.1),

however, this would quickly increase the number of parameters to be estimated. For

example, if l lags are added, then the sum from 0 tok � 1 would need to be donel

times for l di�erent versions of � j .

Several authors have considered extensions to the classic MIDAS. Clements and

Galv~ao (2009) introduce autoregressive terms of the response and indicators using a

common factor (AR-MIDAS). Foroni et al. (2015) avoid the use of the exponential

weighting function and instead consider an unrestricted lag polynomial of orderk � 1

that can be simply estimated via OLS (U-MIDAS). Ghysels et al. (2007) generalise

the non-linear weighting function with an exponential generalized autoregressive con-

ditional heteroscedastic (EGARCH) model useful for �nancial applications. Galv~ao

(2013) combine the MIDAS with a smooth transition regression to allow a time-varying

structure that can make changes in the predictive power of the indicators. Gu�erin and

Marcellino (2013) incorporate regime changes in the parameters of the MIDAS model

by incorporating an ergodic Markov-chain with a �nite number of states.
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Drawbacks

The obvious drawback of the MIDAS approach is the amount of parameters that need to

be estimated { for px indicator series considered, this leads topx MIDAS models, which

each may already have a substantial amount of parameters if the temporal aggregation

ratio is large and/or several lags are used. The MIDAS approach is therefore not

practical for the desired scenario of high-dimensionalpx . Other concerns are that the

MIDAS (2.2.1) is set up for a univariate�y � { multivariate output again adds to the

proliferation of parameters. Also, missing data in the ragged edge is handled by just

shifting the end-point of each indicator series to the most recent observed value and no

consideration of the cross-sectional dynamics between indicators is taken into account

that can potentially lead to accurate estimation of this missing data.

Due to these aforementioned shortcomings, econometricians in recent years have

turned to state-space modelling approaches and in particular the use of dynamic factor

models (DFMs). The state-space framework is very 
exible and provides a basis for

Kalman �ltering and smoothing techniques to be used that can compactly estimate any

missing data present. This naturally allows any low-frequency variables to be modelled

at the high-frequency by writing the low-frequency variable as a partially observed

high-frequency series, for example, a quarterly series can be written as a monthly series

with every 3rd position observed and everywhere else missing. Latent states of the

multivariate framework can capture dynamics of a large number of variables and exploit

the cross-section when nowcasting in the ragged edge.

The next section provides an overview of DFMs and popular estimation strategies,

before Section 2.2.5 presents how DFMs are used for nowcasting purposes. For other

reviews of DFMs see Stock and Watson (2011) and Poncela et al. (2021). Alternative

popular state-space approaches in large-scale macroeconomic problems not considered in

this thesis include the use of mixed-frequency VAR models (Kuzin et al., 2011; Schorfheide

and Song, 2015; Koop et al., 2020b) and dynamic stochastic general equilibrium models
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(Kremer et al., 2006; Foroni and Marcellino, 2014b).

2.2.4 Dynamic Factor Models

Originally formalised by Geweke (1977), the premise of the dynamic factor model (DFM)

is to assume that the common dynamics of a large number of stationary zero-mean time

seriesX t = ( X 1;t ; : : : ; X p;t )> stem from a relatively small number of unobserved (latent)

factors F t = ( F1;t ; : : : ; Fr;t )> wherer � p through the linear system

X t = � F t + � t ; (2.2.2)

for observationst = 1; : : : ; n. The p � r matrix � provides a direct link between each

factor in F t and each variable inX t . The larger the loadingj� i;j j for variable i and factor

j , the more correlated this variable is with the factor. The loading parameter is pivotal

when trying to understand factor structure and is the main topic of discussion in Chapter

4. The common component� t = � F t captures the variability in the time series variables

that is due to the common factors, while the idiosyncratic errors� t = ( � 1;t ; : : : ; � p;t )>

capture the features that are speci�c to individual series, such as measurement error.

Interpreting the common and idiosyncratic components is important when trying to

understand data. For example, in an econometric application, it might be that the

common component represents an underlying business cycle, while the idiosyncratic

component may represent shocks speci�c to individual industries or regions (Kose et al.,

2008; Forni and Gambetti, 2021).

It is generally assumed the idiosyncratic errors� t are zero-mean and cross-sectionally

uncorrelated, meaning their covariance matrix, denoted by� � , is diagonal. Models

with these assumptions are termedexact. Under this assumption, the correlation of one

series with another occurs only through the latent factorsF t . When this assumption

is relaxed, and the idiosyncratic errors are allowed to be (weakly) cross-correlated,
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termed an approximate DFM, consistent estimation of the factors is still possible as

(n; p) ! 1 (Doz et al., 2011). Therefore, the `curse of dimensionality' problem, often

a burden for analysing time series models, is bene�cial when estimating approximate

DFMs (Barigozzi and Luciani, 2022).

Canonically, the dynamics of the latent factors in the DFM are speci�ed as a

stationary VAR(1) model:

F t = AF t � 1 + u t ; (2.2.3)

whereu t is a zero-mean series of disturbances with covariance matrix� u. The measure-

ment equation(2.2.2) along with the state equation(2.2.3) form a state space model

described as a DFM. Three popular estimation techniques are now presented.

Principal Components Analysis (PCA)

A simple approach to estimate factor loadings,� , is to consider the �rst r eigenvectors of

the sample covariance matrix ofX associated with the largestr eigenvalues, essentially

applying PCA to the time series. The factors are the principal components described

by F t = p� 1� > X t . This approach has been extensively reviewed in the literature

(Stock and Watson, 2002; Bai, 2003; Doz and Fuleky, 2020). When mild conditions are

placed on the correlation structure of idiosyncratic errors, such that they are assumed

independent and exhibit no contemporaneous or serial correlation, the PCA estimator is

the optimal non-parametric4 estimator for a large approximate DFM. With even tighter

conditions of spherical idiosyncratic components, i.e. they are white noise Gaussian, then

the PCA estimator is equivalent to the maximum likelihood estimator (Doz and Fuleky,

2020). The problem with using non-parametric PCA methods to estimate DFMs is that

there is no consideration of the dynamics of the factors or idiosyncratic components.

In particular, there is no feedback from the estimation of the state equation(2.2.3) to

the measurement equation(2.2.2). For this reason, it is preferable to use parametric

4In the sense that temporal dependence is not restricted to that encoded via a parametric model.
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methods that are able to account for temporal dependencies in the system.

Two-step Framework: PCA + Kalman �lter and smoother

Giannone et al. (2008) proposed a two-step framework for estimating DFMs which has

since been theoretically studied by Doz et al. (2011) and successfully applied to the �eld

of nowcasting. This method involves the following two steps:

Step 1: Preliminary estimates of the loadings� and the factorsF t are found via PCA as

as described above.� � is estimated as the empirical covariance of̂� t = X t � �̂ > F̂ t .

The remaining parameters are estimated by �tting a VAR(1) model onF̂ t .

Step 2: The model is cast into state space form(2.2.2)-(2.2.3) and the factors are re-

estimated using the Kalman �lter and smoother (Shumway and Sto�er, 1982;

Koopman and Durbin, 2000).

The Kalman �lter enables the factor estimates to be continually updated as new

observations become available. This way, we are able to assess the impact new data

releases of certain variables have in the nowcasting process, i.e. track the `news'. The

Kalman �lter provides the basis for smoothing, where the factor at a timet can be

estimated based on all data in the sample. This is very helpful for handling missing

data, whether it be backcasting missing at the start of the sample, forecasting missing

data at the end of the sample in the ragged edge or interpolating arbitrary patterns of

missing data throughout the sample.

Appendix A.2 provides the classic multivariate Kalman �lter and smoother (KFS)

equations of Shumway and Sto�er (1982), often used in DFM estimation. Also provided

is the univariate treatment (sequential processing) of the multivariate equations for

fast Kalman �lter and smoother seen in Koopman and Durbin (2000) that can lead

to substantial computational gains for exact DFMs. As it is assumed in exact DFMs

that � � is diagonal, it becomes possible to �lter the observationsX t one element at a
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time, as opposed to altogether as in the classic multivariate approach. This way, matrix

inversions become scalar divisions and thus signi�cant computational gains are possible.

Expectation Maximisation (EM)

Ba�nbura and Modugno (2014) build on the DFM representation of Watson and Engle

(1983) and adopt an expectation maximisation (EM) approach to estimate the system

(2.2.2)-(2.2.3) by quasi-maximum likelihood estimation (QMLE)5. Assuming the error

processesf � tg and f u tg are Gaussian, and collecting all parameters of the DFM in

� = ( � ; A ; � � ; � u ), the idea is to write the joint log-likelihood of X t and F t for all

t = 1; : : : ; n in terms of both the observed and unobserved data as:

logL (X ; F ; � ) = �
1
2

logjP0j �
1
2

(F0 � � 0)> P � 1
0 (F0 � � 0)

�
n
2

logj� u j �
1
2

nX

t=1

u >
t � � 1

u u t

�
n
2

logj� � j �
1
2

nX

t=1

� >
t � � 1

� � t ; (2.2.4)

where� t = X t � � F t , u t = F t � AF t � 1, and the factors are assumed to have an initial

distribution at t = 0 of F0 � N (� 0; P0). The EM algorithm then involves iterating

between two steps:

E-Step: Compute the expectation of the joint log-likelihood(2.2.4) conditional on the

available information up to n, denoted by
 n , using the parameters estimated in

the previous iteration, j :

E
�
logL (X ; F ; � (j ))j
 n

�
;

M-Step: Re-estimate the parameters through the maximisation of the conditional expected

5It is described as quasi-maximum likelihood as consistency results are robust to cross-sectional
misspeci�cation, serial correlation of idiosyncratic components, and non-Gaussianity.
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joint log-likelihood:

� (j +1) = arg max
�

E
�
logL (X ; F ; � (j ))j
 n

�
;

until convergence. A popular EM convergence criteria presented in Doz et al. (2012) is

to say the algorithm has converged when the value

M j =
logL (X ; �̂ (j )) � logL (X ; �̂ (j � 1))

�
logL (X ; �̂ (j )) + log L (X ; �̂ (j � 1))

� �
2

;

becomes less than some chosen threshold. The log-likelihoodL (X ; �̂ (j )) is presented in

Appendix A.2.

The E-step, involving computation of the conditional expected joint log-likelihood can

be directly obtained from the KFS equations discussed in the two-step framework. The

QMLE estimators in the M-step are shown to be constructed using state expectations

and covariances again obtained from the KFS equations. Details of this M-step is

discussed in Chapter 4 where an extension to the EM framework is presented to allow

for sparse DFMs, i.e. DFMs with the loading matrix� assumed sparse. This chapter

also details methods to tune for the number of factorsr in the DFM.

Doz et al. (2012) and Barigozzi and Luciani (2022) provide consistency results of

the EM approach as (n; p) ! 1 . It is proven under these settings that the estimated

loadings, �̂ , are
p

n-consistent and asymptotically normal if
p

n=p ! 0, the estimated

factors F̂ are
p

p-consistent and asymptotically normal if
p

p=n ! 0, and the estimated

common component,X̂ = �̂ F̂ > , is min(
p

n;
p

p)-consistent and asymptotically normal

regardless of the relative rate of divergence ofn and p (Barigozzi and Luciani, 2022).

In terms of macroeconomic forecasting, the EM algorithm approach has many gains

over the PCA and two-step procedures. It is much more e�cient in small samples, as

shown by simulation studies of Doz et al. (2012). It is a very 
exible framework able to
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deal with arbitrary patterns of missing data inX t , as shown in Ba�nbura and Modugno

(2014). It enables one to impose restrictions on parameters when updating them in the

EM algorithm. For example, Ba�nbura et al. (2011) impose restrictions on the loadings

to re
ect temporal aggregation and introduce factor speci�c groups of variables in their

nowcasting application. Furthermore, it is a computationally e�cient algorithm allowing

fast forecasts for policy makers/analysts, as opposed to computationally demanding

Markov Chain Monte Carlo (MCMC) based alternatives.

2.2.5 Nowcasting with Dynamic Factor Models

The ability to handle high-dimensions, interpolate arbitrary patterns of missing data

throughout the sample and make the most of available data in the `ragged edge' at the

end of the sample, has made DFMs very popular amongst the nowcasting literature.

Giannone et al. (2008) �rst applied DFMs for the nowcasting task when nowcasting

GDP growth at the Board of Governors of the Federal Reserve. Other central banks and

statistical institutes have since followed (Matheson, 2011; Schumacher, 2011; R•unstler,

2016; Castle et al., 2017). Giannone et al. (2008) take a two-step approach whereby

in the �rst step, common factors,F t , are extracted from a large monthly indicator set

using the system(2.2.2)-(2.2.3), and in the second step, these factors are aggregated

to a quarterly frequency and regressed on quarterly GDP to obtain current-quarter

nowcasts of GDP growth:

�̂y � = �̂ F̂ � ;

where �y � is quarterly GDP growth, F̂ � are the quarterly aggregated correspondent of

F̂ t and � 2 Rm� r are regression coe�cients. This two-step approach can be viewed as

a bridge approach, the quarterly target is bridged onto a temporal aggregation of the

factors. Similarly, one could simply bridge estimated factors at the monthly frequency

in a MIDAS regression as in Marcellino and Schumacher (2010).

Alternatively, instead of nowcasting low-frequency targets after estimation of factors,
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one could jointly model low-frequency targets with high-frequency indicators together

in a single, coherent state-space (DFM) framework. This allows factor estimates and

nowcasts of the target series to be obtained simultaneously, bringing in the dynamics

of the entire cross-section of data available and also the ability to perform temporal

disaggregation. The idea is to assume that the completely unobserved monthly version

of the target (e.g. monthly GDP), denoted byy t , t = 1; : : : ; n, admits the same factor

model representation as the DFM assumed for the monthly indicators (2.2.2)-(2.2.3):

y t = � y F t + � (y )
t ; � (y )

t � N(0; � � ( y ) ) ; (2.2.5)

where� y 2 Rm� r and � y
t 2 Rm� 1 are factor loadings and idiosyncratic errors speci�c

to variables in y , while � 2 Rpx � r and � t 2 Rpx � 1 from (2.2.2) are factor loadings and

idiosyncratic errors speci�c to the monthly indicatorsX . To make this assumption,

we requirey t to be (weakly) stationary and hencey t is usually the �rst-di�erenced

or log-�rst-di�erenced (for growth rates) transformation of the monthly target at its

original level, i.e. y t = � Yt or y t = � log(Yt ), whereYt is the (non-stationary) monthly

target at its original level.

Writing �y t , t = 1; : : : ; n, as the partially observed monthly series which has the

quarterly observations of �y � assigned to every 3rd month, t = 3� , and is missing

everywhere else, this can be expressed as the sum of its unobserved monthly contributions:

�y t =

8
>><

>>:

y t + y t � 1 + y t � 2 ; for t = 3; 6; 9; : : :

unobserved; otherwise.

The stationary version of this partially observed monthly series can be found by taking

�rst-di�erences or log-�rst-di�erences, i.e. �Y t = � �y t or �Y t = � log(�y t ), where �Y t is



CHAPTER 2. LITERATURE REVIEW 41

the stationary version, and is linked to the di�erenced latent monthly data,y t , via

�Y t = y t + 2y t � 1 + 3y t � 2 + 2y t � 3 + y t � 4 ; (2.2.6)

derived in Section 2.2.2 and shown to be an approximation if log-di�erences are used

(Mariano and Murasawa, 2003).

Bringing equations (2.2.5) and (2.2.6) together, it is possible to write:

�Y t = [ � y 2� y 3� y 2� y � y ][F t � � � F t � 4]> + [1 2 3 2 1][� (y )
t � � � � (y )

t � 4 ]> : (2.2.7)

The seminal paper by Ba�nbura et al. (2011), that has become the industry standard

for nowcasting across the Euro area, use the measurement(2.2.7) along with the DFM

of the indicators (2.2.2)-(2.2.3) to construct a new state space framework with the

joint measurement (X t ; �Y t ) and the latent state (F t ; � � � ; F t � 4; � t ; � (y )
t ; � � � ; � (y )

t � 4). See

Ba�nbura et al. (2011) for full details of this state space framework.

This state space framework of Ba�nbura et al. (2011) is set up with the objective

to nowcast quarterly GDP growth rate, i.e. predict the latest quarterly value of�Y t .

Other authors (Angelini et al., 2010; Ba�nbura and R•unstler, 2011; Proietti, 2011a)

demonstrate how the nowcasting framework can also be adapted for the purpose of

temporal disaggregation, i.e. the estimation ofy t for t = 1; : : : ; n, by treating the

disaggregate series as latent states in the state vector. Wheny t represents growth rates,

the approximate temporal aggregation(2.2.6) is converted into a systematic sampling

problem by constructing a cumulator variable de�ned by the recursive formula:

�Y c
t = � t

�Y t � 1 +
1
3

y t

where � t = 0 when t is the �rst month of a quarter and � t = 1 for all other months

(Harvey, 1990). See Ba�nbura and R•unstler (2011) for full details of the state space
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framework to obtainy t . Proietti (2011a) consider a framework obtaining the disaggregate

monthly series in its original level, i.e. they obtainYt for t = 1; : : : ; n. This is achieved

by iterating between an EM algorithm for DFM estimation and a non-linear smoothing

algorithm for estimation of Yt . The non-linear smoothing algorithm implements exact

aggregation constraints when data in logarithms are used, rather than the Mariano and

Murasawa (2003) approximation in equation(2.2.6). Chapter 5 proposes a joint state

space framework incorporating a sparse dynamic factor model with an application to

disaggregate quarterly UK Trade in Services data and nowcast it at the monthly level.



Chapter 3

Sparse Temporal Disaggregation

Temporal disaggregation is a method commonly used in o�cial statistics to enable

high-frequency estimates of key economic variables, such as GDP. The generalised least-

squares regression approach (Chow and Lin, 1971), introduced in Chapter 2.1.4, have

proven to work well when only a couple of indicator series are used for the disaggregation

task. However, with the integration of alternative and administrative datasets, the

collection of indicator series that can potentially provide important information on the

output is vast and we �nd ourselves operating in a so-calledhigh-dimensionalsetting. In

this case, classical methods for temporal disaggregation demonstrably fail. It is precisely

this gap in the temporal disaggregation literature that this chapter seeks to address:

how to build a robust and interpretable methodology that can accurately disaggregate

key survey based statistics by utilizing large numbers of alternative and administrative

data sources. The motivation for high-dimensional temporal disaggregation methods

from the perspective of performing high-frequency disaggregation for UK national GDP

are laid out in Section 3.1, ending with an overview of the chapter's structure.

43
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3.1 Introduction

The methodology presented in this chapter is motivated by the challenging task of

performing high frequency disaggregation for UK national GDP, moving from a quarterly

to a monthly resolution. A monthly estimate for GDP should accurately capture the

monthly dynamics between quarters while remain temporally consistent with published

quarterly �gures. For this task, there are a considerable number of indicator series that

one may wish to use to help indicate the monthly dynamics of GDP. The application in

Section 3.5 considers a mixture of traditional, survey-based indicators, including the

Monthly Business Survey (MBS) for turnover in the production and service industries,

alongside Value Added Tax (VAT) returns data, retail sales indices, and several novel

indicators such as tra�c 
ows at ports and on roads. In total, 97 indicators are

considered, all of which are collected at a monthly frequency.

Given the signi�cant interest in fast measurements of economic activity, the ONS has

developed a monthly GDP index, and published this statistic since May 2018. This index

is constructed using monthly information from the Index of Services, Index of Production

and Index of Construction. For details see ONS (2022b). Even though a monthly index

exists in this case, there is still great interest in performing temporal disaggregation, the

reasons are threefold. Firstly, the monthly index is an output based measure, however

economists may also be interested in both expenditure and income based estimates.

Since, temporal disaggregation can be applied to any output stream, either expenditure

or income based measures could be used. The resulting high-frequency estimate can

thus complement the existing output based index. Secondly, due to the construction

of the index, publication lags the period of measurement, an issue common to most

economic statistics. However, temporal disaggregation can be used to �nd indicators

that are relevant and updated more frequently, potentially enabling the estimation of

the output statistic at a more frequent rate than is traditionally reported. This way, we

are able to evaluate higher frequency estimates of the economic activity itself, rather
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than an index, and obtain detailed short-term information at the end of the sample.

National Statistical Institutes (NSIs) are actively developing so-called fast-indicators

for exactly this purpose and in this application several of these are considered in the

form of tra�c data. Finally, one of the key issues surrounding the fast release of

data is in understanding the associated short-term movements. To this end, temporal

disaggregation using interpretable indicator series can provide insight by highlighting

which indicators are driving movement.

Traditionally, NSIs have relied on the well-established regression-based approach of

Chow and Lin (1971) and its extensions (Fernandez, 1981; Litterman, 1983; Cholette

and Dagum, 1994; Mitchell et al., 2005; Proietti, 2006) to perform the task of temporal

disaggregation. This approach is centred around a generalised least-squares (GLS)

regression that regresses the unobserved high-frequency target series (e.g. monthly

GDP) onto a set of high-frequency indicator series. These methods have relied on only a

couple of high-frequency indicator series to produce estimates. However, the prevalence

of large, and increasing, volumes of administrative and alternative data-sources motivates

the need for such methods to be adapted for high-dimensional settings. In fact, we

naturally �nd ourselves in this setting when we consider the GDP disaggregation

challenge previously outlined (97 series over 50 quarters).

One way to deal with a high-dimensional set of indicator series would be to just

select a limited set of indicators that are commonly known to have a strong relationship

with the target based on economic sense. For example, just using a total aggregate for

each of the Index of Production, Services and Construction as a small set of indicators.

However, solely relying on economic sense may overlook complex interactions economic

variables possess and leads to subjective judgements rather than selection based on

empirical predictive performance. A second option is to make a selection based on

standard indexes of correlations between the target and indicators or other classical

approaches concerning information criteria as suggested in Ng (2013). As the number
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of indicator series to consider becomes large, these classic approaches quickly become

computationally insu�cient and will likely over�t the data. A third option is to extract

a few factors from the large indicator set by means of statistical methods like principal

components analysis (PCA). The idea is that this new, low-dimensional set of factors

are able to explain the majority of variance in the full indicator set and not contain

idiosyncratic noise that arises from features that are speci�c to an individual indicator

variable such as measurement error. Standard temporal disaggregation procedures can

then be performed using these estimated common factors as predictors (Angelini et al.,

2006; Labonne and Weale, 2020). Although such approaches can be e�ective, the factor

model approach possesses di�culties regarding speci�cation and interpretability. There

exists uncertainty in how the appropriate factor estimation method is selected, and in

the number of factors used (Kuzin et al., 2013). A more considerable issue is the loss of

interpretation into the individual e�ects of indicators, as it is the factors or principal

components, that are retained instead of original predictors.

Methodologically, this chapter tackles the high-dimensional temporal disaggregation

problem from the variable selection viewpoint. In particular, the key contribution

is to establish a regularised M-estimation framework, referred to asSparse Temporal

Disaggregation (spTD), that extends the Chow-Lin approach for high-dimensional

indicator sets and is able to simultaneously select the relevant indicators and estimate

their impact. This approach is the �rst work to tackle the disaggregation problem

in this way. A key aspect of the method is the incorporation of a penalty function

on the regression parameters which operates alongside the usual GLS cost function.

These regularisation functions are able to take a variety of forms, and help ensure the

estimator is stable in high-dimensional settings (B•uhlmann and Van De Geer, 2011).

To illustrate the e�ectiveness of the methodology, the focus is put on the popular

`1 penalty (LASSO) (Tibshirani, 1996). This has the twin bene�ts of computational

robustness due to convexity, and interpretation due to its ability to produce sparse
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sets of regression coe�cients. In addition,̀ 1 penalisation has rapid, robust algorithms

available to compute parameter estimates over a range of sparsity levels (Efron et al.,

2004).

The remainder of the chapter is structured as follows. Section 3.2 recaps the

well-established regression-based framework of Chow and Lin (1971) and explores

shortcomings when working in high-dimensions. Section 3.3 proposes a sparse modelling

framework for high-dimensional temporal disaggregation and provides details of an

estimation strategy and tuning procedure for̀ 1 penalisation. Section 3.4 highlights the

advantages of the proposed methodology through a simulation study. In Section 3.5,

the method is implemented on real quarterly UK GDP data to construct a monthly

estimate and inform us on the most relevant indicators for this task. Section 3.6 extends

the sparse modelling framework to allow for a stable selection of indicators over time

and this is analysed in a second case study attempting to disaggregate the quarterly

index of service turnover for transportation in Italy1.

3.2 Shortcomings of the Classic Temporal Disaggre-

gation Framework

In Chapter 2.1.4 the well-established regression-based temporal disaggregation framework

of Chow and Lin (1971) was presented. This framework seeks to obtain a high-frequency

unobserved time series,y 2 Rn , from its observed low-frequency counterpart,�y 2 Rn l ,

using a collection ofp observed high-frequency indicator series,X 2 Rn� p, such that

the unobserved target seriesy is temporally consistent with �y for every low-frequency

period observed. It is assumed thatn = knl , where k is the disaggregation ratio,

for example,k = 3 for quarterly-to-monthly disaggregation andk = 4 for annual-to-

1This second case study was undertaken as an independent research project subsequent to the
publication of the remainder of Chapter 3. Consequently, the possibility of inconsistencies arising is
acknowledged.
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quarterly disaggregation. Suppose that the following linear regression model holds at

the high-frequency:

y = X� + u ;

where� 2 Rp� 1 is a vector of unknown parameters andu 2 Rn� 1 is a residual vector

with zero mean and covariance matrixV . Chow and Lin (1971) derive that the best

linear unbiased estimator ofy that is consistent with the temporal aggregation (de�ned

in Section 2.1.2) constraint�y = Cy , is given by

ŷ = X �̂ + V C �V � 1�
�y � �X �̂

�
(3.2.1)

where �X = CX and �V = CV C > . It is noticed that:

1. �̂ is the GLS estimator of� for the fully observed aggregated model:�y = �X� + �u ,

where �u is the aggregated residual process with mean zero and covariance�V . This

GLS estimator is given by

�̂ = arg min
� 2 Rp

� 




 �V � 1=2(�y � �X� )








2

2

�

= ( �X > �V � 1 �X )� 1 �X > �V � 1�y : (3.2.2)

2. The estimator in (3.2.1) depends on the assumed distribution of high-frequency

residuals,u . The variations regularly considered are:

- AR(1) model (Chow and Lin, 1971):ut = �u t � 1+ � t , j� j < 1 and� t � N (0; � 2
� );

- Random walk model (Fernandez, 1981):ut = ut � 1 + � t , � t � N (0; � 2
� );

- Random walk-Markov model (Litterman, 1983):ut = ut � 1 + � t , � t = �� t � 1 + et ,

j� j < 1 and et � N (0; � 2
e).

Despite the popularity of Chow and Lin (1971) to compile national accounts across

Europe (Eurostat, 2018), the method runs into several shortcomings when operating
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in data-rich environments NSIs now �nd themselves in. Several of these are outlined

below, prior to introducing the novel regularised temporal disaggregation approach in

Section 3.3.

In moderate and high-dimensions, the behaviour of the Chow-Lin procedure faces

several statistical challenges: a) excessive variance in�̂ impacts interpretation in the

weight given to indicator variables; b) unreliable estimation of the AR(1) parameter and

variance (�; � 2
� ) leads to poor performance in identifyingV , and thus the high frequency

series; c) interpretation into which indicator series are most relevant is hampered since all

indicators will be included in the model by default. Many of these shortcomings will be

identi�ed in the simulation study of Section 3.4. To date, there has been limited research

to answer this collection of shortcomings in the temporal disaggregation literature.

Delving into the details of these challenges a little further, we see the GLS estimator

of (3.2.2) takes the form:

�̂ = ( �X > �V � 1 �X| {z }
M

)� 1 �X > �V � 1�y : (3.2.3)

This solution is only uniquely identi�ed if the matrix M highlighted in (3.2.3) is

invertible. Using well-known linear algebra theory (Strang, 1993), this fails to be the

case in high-dimensional (nl < p) scenarios asrank(M ) = nl < dim(M ) = p. In

moderate-dimensional scenarios,M may have many eigenvalues close to zero, leading

to estimates�̂ with high variance and inevitably results in over�tting. In such settings,

Ciammola et al. (2005) noted the poor performance of Chow-Lin in estimating the

AR(1) parameter � . Further, a reliable estimate of� 2
� is important for quantifying the

uncertainty associated with the estimate�̂ . Chow and Lin (1971) use the standard

estimator: �̂ 2
� = k �V � 1=2(�y � �X �̂ )k2

2=nl , however, it has been shown that even in the

classicalnl > p setting such an estimator is biased downwards (Yu and Bien, 2019).

Finally, in addition to the challenges of dimensionality, the Chow and Lin (1971)
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approach o�ers limited model interpretation as no model selection is performed. Since

it is sometimes di�cult to collect high-frequency indicator series, it can be bene�cial to

identify which are of most importance when monitoring the economic phenomenon of

interest. This way, when future estimates are made, irrelevant indicators can be avoided,

reducing model complexity and the cost of creating outputs by a great deal.

3.3 Sparse Temporal Disaggregation

This section introduces a novel sparse temporal disaggregation (spTD) method. This

method seeks to providerobust and reliable solutions, with a view to resolving the

aforementioned shortcomings of the classic temporal disaggregation framework. Section

3.3.1 provides a general regularised M-estimation framework that allows us to encompass

a variety of penalty functions in the Chow-Lin regression framework to accomplish

temporal disaggregation in moderate and high dimensions. Section 3.3.2 draws attention

to a speci�c penalty of the general framework, namely thè1 penalty and provides a

detailed description of the estimation strategy and tuning procedure. Section 3.3.3

concludes with a discussion on how to extend the model when the indicator series are

highly correlated. Let us assume throughout that the indicator setX is fully observed

up to the latest low-frequency observation. Note that, it would be possible to extrapolate

indicator variables forward if they contain end-of-sample missingness by assuming the

indicators follow a certain time series model.

3.3.1 A General Regularised M-estimation Framework for Tem-

poral Disaggregation

With large scale datasets now becoming popular, developing parsimonious models

contains numerous advantages. By imposing the assumption that only a relatively small

subsetK = jf � j 6= 0gj of the p possible indicators may actually be active in the model,
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this gives us scope to achieve good performance in increasing the accuracy of estimators

by discarding noisy information and helps towards revealing underlying characteristics in

the data. The empirical performance of sparse modelling has been examined in various

settings by Meinshausen and B•uhlmann (2010) and B•uhlmann and Mandozzi (2014).

Mirroring the established Chow and Lin (1971) temporal disaggregation approach to

construct the high-frequency estimator̂y , we propose to study estimators of the form:

�̂ � = arg min
� 2 Rp

� 




 �V � 1=2(�y � �X� )








2

2
| {z }

Chow-Lin Cost Function

+ P� (� )
| {z }

Regulariser

�
; (3.3.1)

where we explicitly index the solution as a function of� to highlight dependence on this

parameter. This estimator incorporates a regularising penalty function in conjunction

with the classic Chow-Lin cost function to encode the assumption of sparsity. It does

this by shrinking coe�cients of indicator series, � , towards zero that cause a large

least-squares score in the Chow-Lin cost function. By doing so, we simultaneously

select important indicator series and estimate their regression coe�cients with sparse

estimates. This will signi�cantly reduce the variance in moderate dimensions and enable

accurate estimators in high-dimensions. Not only is this novel in the area of temporal

disaggregation, working with a GLS cost function in the high dimensional setting has

to-date received little attention in the statistics literature2.

The regulariser function,P� (� ), is indexed by the regularisation parameter� � 0

that controls the degree of shrinkage. This function may take various forms depending on

the assumptions required by the user. As indicated by Hastie et al. (2015) and B•uhlmann

and Van De Geer (2011), common choices include`q norm penaltiesP� (� ) = � k� kq
q =

�
P p

j =1 j� j jq for q > 0, and the `0 pseudo-norm penalty�I (� 6= 0) for q = 0, where

I (� 6= 0) is the number of non-zero components of� . Estimates have the parsimonious

property with some components being shrunk exactly to zero whenq � 1, and the

2More on this is discussed in Chapter 7.
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minimisation problem is convex whenq � 1.

3.3.2 The `1-spTD method

Given our interest in performing accurate model selection for temporal disaggregation,

we here focus on the LASSO (`1) penalty (Tibshirani, 1996; Hastie et al., 2015). This

speci�cation provides an example of our general M-estimation framework whilst enabling

us to examine the bene�ts a�orded by`1 shrinkage. Notably, out of the class of̀q norms,

only the `1 penalty has the properties of yielding sparse solutions while maintaining

convexity. We refer to this method as̀ 1-spTD and utilise the regulariser function

P� (� ) = � jj � jj 1 := � �

pX

j =1

j� j j :

A further useful property of LASSO penalisation is that fast algorithms exist to

�nd estimators for a range of� values. These methods are known aspath algorithms,

with least angle regression (LARS) (Efron et al., 2004) perhaps being one of the more

widely used approaches. In this work we employ LARS to provide an initial screening

of indicator series by constructing unique solution pathŝ� � (� ), with varying sparsity

levels controlled by� � . We suggest an additional re-�tting procedure here to reduce the

bias in the LARS solution paths.

Unlike GLS which generates only one set of coe�cient estimates, the loss function in

(3.3.1) will produce a di�erent set of estimates for each value of the regulariser parameter.

Correctly selecting the best� is vital. If too small, then not enough shrinkage occurs

and we over�t. Conversely, if it is too large then we shrink too much and under�t.

Since the parameter� , and consequently the coe�cient estimate�̂ � , depend on the

speci�cation of the AR parameter� , the estimator in (3.3.1) can be seen as maximising

a penalised pro�le likelihood as a function of� . A �nal optimisation step searching over

the stationary domain of � is then used to obtain a �nal set of parameter estimates.
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Our approach proceeds according to the following steps, which we now elaborate on:

1. Generating solution paths�̂ � (� ) for a range of� using the LARS algorithm;

2. Reducing the bias of these solution paths using a re-�tting procedure;

3. Tuning the model for the best� and optimising over� .

To simplify notation we use~y = �V � 1=2�y , ~X = �V � 1=2 �X and ~u = �V � 1=2 �u . This tilde

notation represents the GLS rotated aggregate data we �nd LASSO solutions for.

Generating Solution Paths

To compute solution paths�̂ � (� ) of the convex problem(3.3.1), we use the LARS

algorithm (Efron et al., 2004). This combination of forward stagewise regression (Hastie

et al., 2007) and LASSO (Tibshirani, 1996) is able to provide full piecewise linear solution

paths for many values of� . We use LARS as it is a computationally fast algorithm

that o�ers interpretable models, with stable and accurate predictions. Furthermore,

the solution path forms a useful graphical output that shows key trade-o�s in model

complexity (Hesterberg et al., 2008).

In our approach, we will need to solve Equation(3.3.1) multiple times, over a range

of GLS rotations and regulariser parameters. For any �xed� , the LARS procedure

begins with a large value of� , and correspondingly sets all regression parameters� = 0.

Let the i th indicator series be the one that is most correlated with the response~y ,

this indicator then enters the active set of relevant predictors. Rather than �t this

predictor completely (i.e. set to OLS solution), the algorithm moves the coe�cient� i of

this predictor continuously towards its least squares value, causing its correlation with

the evolving residual to decrease in absolute value. The value of� is then decreased

until another predictor j has as much correlation with the current residual. At this

point, the process is then paused andj enters the active set. The two corresponding

predictor coe�cients ( � i ; � j ) now move in the direction of their joint least squares �t of
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the current residual on the two predictors. The process continues adding predictors in

this fashion by gradually decreasing� , and is able to remove predictors from the active

set (the LASSO step) if their coe�cient hits zero. For this reason, the algorithm usually

has more iterations than the number of predictors,p. Each iteration steps = 1; : : : ; S

of the algorithm has a decreasing� (s) value causing the solution paths to become less

sparse as the algorithm moves forward. The �nal step occurs when the model becomes

saturated with nl non-zero coe�cients. It is interesting to note that the sparsity of this

�nal step contains no more than� = min(nl ; p) non-zero values. This means that the

number of di�erent LASSO estimated sub-models is typicallyO(� ), which represents

a huge reduction compared to all 2p possible sub-models, especially in the case where

p � nl .

After running the LARS algorithm on the regression we get a set of solution paths

�̂ � (� (s)) for stepss = 1; : : : ; S that are of the form:

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

Step 0: �̂ � (� (0) : � (0) > 0) = (0 ; : : : ; 0) ; with all values zero;

Step 1: �̂ � (� (1) : 0 < � (1) < � (0) ) = ( �� ; � � ; �� ) ; one non-zero;

Step 2: �̂ � (� (2) : 0 < � (2) < � (1) ) = ( �� ; � � ;i ; � � ;j ; �� ) ; two non-zero;

...

Step S: �̂ � (� (S)) = ( �� ; � � ;1; : : : ; � � ;� ; �� ) ; with � = min( nl ; p) non-zero:

Figure 3.3.1(a) shows the LARS algorithm applied to a synthetic data-set with

non-stationary indicator series,nl = 100, p = 150, � = 0:5 and the true � parameter

having the �rst 10 values equal to 5 and the other 140 equal to 0. This demonstrates the

algorithm beginning with the null model, then correctly activating the �rst 10 predictors

towards 5. Then, as the algorithm moves forward, and� decreases, the model becomes

less sparse until the model is saturated.
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(a)

(b)

Figure 3.3.1: Random walk synthetic data example usingnl = 100, p = 150, � = 0:5
and true predictor coe�cient � with the �rst 10 values equal to 5 and the remaining
140 equal to 0. (a) Solution paths generated via LARS, plot showŝ� (� (l )) as a function
of step l; (b) BIC plot for each step of the LARS algorithm indicating the best step and
cut-o� point.

Reducing the Bias in Solution Paths

Before tuning the above algorithm to select the optimal� (s) for s = 1; : : : ; S, we propose

a preliminary step to reduce the bias in the solution paths. The signi�cance of this

preliminary step is assessed in the simulation study in Section 3.4. It is a recognised

drawback of LASSO estimators that they include a small amount of bias, as their

absolute value is typically smaller than that of the true parameter;jE(�̂ � (� )) � � � j > 0

for � > 0. This behaviour can be seen in Figure 3.3.1(a) with the parameter estimates

for the �rst 10 predictors being slightly below 5, whereas, the unbiased estimator in this



CHAPTER 3. SPARSE TEMPORAL DISAGGREGATION 56

case would have expectation of exactly 5. Many authors (B•uhlmann and Van De Geer,

2011; Zheng et al., 2014) have suggested a simple remedy to this issue is to treat LASSO

as a variable screening procedure and to perform a second re�tting step on the selected

support. Belloni et al. (2013) provide a theoretically justi�ed re�tting technique which

involves performing a least-squares re-estimation of the non-zero coe�cients of the

LASSO solution. We suggest adopting this least-squares re-estimation approach in our

algorithm. With each solution path �̂ � (� (s)) for s = 1; : : : ; S obtained from the LARS

algorithm, a new design matrix ~X
0
is constructed containing only the predictors that

have a non-zero coe�cient in the corresponding solution path. We then perform usual

least squares estimation on (~X
0
; ~y ) and obtain estimates�̂ � without bias.

Tuning Model Parameters

The performance of our estimator relies heavily on the choice of tuning parameter�

to select the optimal estimate from�̂ � (� (1) ); : : : ; �̂ � (� (S)). We propose to use the BIC

statistic (Schwarz, 1978) to achieve this and choose� such that

�̂ � = arg min
� 2f � (1) ;:::;� ( S ) g

�
� 2L (�̂ � (� ); �̂ 2

� ) + log( nl )K �
	

; (3.3.2)

where K � = jf j : (�̂ � (� )) j 6= 0gj is the degrees of freedom andL(�̂ � (� ); �̂ 2
� ) is the

log-likelihood of the GLS regression.

Since we are working with relatively small sample size of low frequency observa-

tions, BIC seems more appropriate than resampling procedures such as cross-validation

or bootstrap and comes at a much lower computational expense (Friel et al., 2017).

Furthermore, Efron et al. (2004) show how BIC o�ers substantially better accuracy

than cross-validation and related non-parametric methods in selecting optimal� in

LARS. BIC is preferred to other information criteria as parsimony is a primary concern,

and BIC generally places a heavier penalty on models with many variables due to the
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log(nl )K � term.

Assuming Gaussian errors, the log-likelihood of the GLS regression(3.3.2) is given

by

L (� ; � 2
� ) = �

nl

2
log(2� ) �

nl

2
log(� 2

� ) �
1
2

log(j� j) �
1

2� 2
�
(~y � ~X� )T (~y � ~X� ) ;

wherej� j is the determinant of the aggregated covariance matrix� such that �V = � 2
� � .

We know � is of Toeplitz form (2.1.5) and depends solely on� . We can then maximise

this log-likelihood at the reduced-bias estimator̂� � (� ) from the re-�tted LARS algorithm

and using an estimator of the error variancê� 2
� . Finding a good estimator of� has

received considerably more attention in the literature than �nding a good estimator

of � 2
� (Reid et al., 2016). However, constructing a reliable estimator of� 2

� in �nite

samples is crucial as it enables one to understand the uncertainty in estimating� and

be able to constructp-values and con�dence intervals (Yu and Bien, 2019). We utilise

the estimator

�̂ 2
� =

1
nl � K �

f ~y � ~X �̂ � (� )g> f ~y � ~X �̂ � (� )g ;

which de-biases the residual sum of squares by the degrees of freedom. We use this

form of estimator as it has been shown to have promising performance in an extensive

simulation study done by Reid et al. (2016). After substituting the estimators into the

log-likelihood to obtain Lf �̂ � (� ); �̂ 2
� g, we simply search along the solution path to �nd

the � that minimises the BIC objective (3.3.2).

In high dimensional settings this BIC heuristic may not be optimal. Indeed, we

�nd that after a certain number of steps of the LARS algorithm, whenK � becomes

close tonl , the BIC starts to behave erratic and drop in value. Figure 3.3.1(b) plots

the BIC score for each step of the LARS algorithm applied to the high dimensional

synthetic non-stationary data-set. After around iteration 100, corresponding toK �

being around 70, the BIC starts to exhibit this erratic behaviour. Such behaviour may
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be due to the expected increase in variance in estimatinĝ� 2
� with a small degrees of

freedom. To accommodate this shortcoming, we adopt a heuristic approach and only

considered solution paths�̂ (� ) where K � is less thannl=2; identi�ed by the cut-o� line

shown. Constructing a well-behaved information criteria in high-dimensions is an active

research area in the literature. For instance, the extended BIC formulas of Chen and

Chen (2008), or alternative tuning strategies such as Belloni et al. (2011) form directions

for future research.

Once we have found the LARS step minimising BIC, and thuŝ� , we store the

corresponding BIC score and repeat the process with a new initialisation of� 2 (� 1; 1).

The estimate �̂ is then given by the � that has the lowest overall BIC score in our

search. Using�̂ , we then have our �nal parameter estimate�̂ �̂ . The pseudo code

for this procedure can be found in Algorithm 1. Code for implementing thè1-spTD

algorithm, as well as the classic temporal disaggregation methods, can be found in the

R packageDisaggregateTS on CRAN. Chapter 6 provides details on the structure and

functionality of this package.

3.3.3 Dealing with Correlated Indicator Series

It is likely that high-dimensional datasets of economic indicator series will exhibit

correlation between series and multicollinearity. It has been shown (Fan and Li, 2001;

Zou, 2006) that in certain correlated design settings the choice of regularisation parameter

� is not guaranteed to satisfy the oracle properties and this can lead to inconsistent

selection results in high-dimensions. Variable selection consistency is only guaranteed

if the design matrix X of indicators satis�es the so-calledirrepresentability condition

(see Zou, 2006, for details). Intuitively, this condition says that relevant indicator series

in the model are not allowed to be too correlated with irrelevant indicator series. If

X violates the irrepresentability condition then an irrelevant variable may enter the

active set in the LARS algorithm before all relevant variables have entered, leading to
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Algorithm 1 `1-spTD

Input: � y 2 Rn l and X 2 Rn� p

for � 2 (� 1; 1) do

Initialise: � 2
� = 1, C = I n l 
 1k and V := Toeplitz( �; � 2

� ) 2 Rn� n

Aggregate: �V = � 2
� � = CV C > 2 Rn l � n l and �X = CX

GLS Rotate: ~y = �V � 1=2�y and ~X = �V � 1=2 �X

LARS(~y � ~X ) =) �̂ � (� (s))

for s = 1 to S do

Find K � = f j : �̂ � (� (i )) j 6= 0g

if Perform re�tting step to de-bias then

De�ne ~X
0
= ~X [K � ]

Derive �̂ GLS (� (s)) using ~y � ~X
0

New non-zero values of̂� (� (s)) are �̂ GLS (� (s))

end if

end for

for j in 1; : : : ;maxf j : K � ( j ) < bnl=2cg do

�̂ 2
� ;j = ( ~y � ~X �̂ � (� (j )))> (~y � ~X �̂ � (� (j )))=(nl � K � )

L (�̂ � (� (j )); �̂ 2
� ) = � nl log(2� )=2� nl log(�̂ 2

� ;j )=2� log(det(� ))=2� (nl � K � ( j ) )=2

BIC( � (j )) = � 2Lf �̂ � (� (j )); �̂ 2
� ;j g + log( nl )K � ( j )

end for

�̂ = arg min � (BIC)

BIC � = BIC( �̂ )

�̂ � = �̂ � (�̂ )

end for

�̂ = arg min � (BIC � )

�̂ = �̂ �̂

ŷ = X �̂ + V C > �V � 1(�y � �X �̂ ) using �̂ for V
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incorrect support recovery. This will cause problems in our re-�tting strategy as an

over-�tted support will be re-�t.

One approach to overcome this di�culty is to apply a di�erent penalty to each

predictor variable by re-weighting the usual̀ 1 penalty. This is the adaptive lasso(Zou,

2006). For a linear model, it is de�ned as a two-stage procedure:

�̂ adapt (� ) = arg min
�

�
jj y � X� jj 2

2 + �
pX

j =1

j� j j

j �̂ init ;j j

�
; (3.3.3)

where �̂ init is an initial estimator. Zou (2006) proposes to use the OLS estimatê� OLS

for �̂ init , however, in high-dimensional scenarios B•uhlmann and Van De Geer (2011)

propose to use the lasso estimatê� lasso for �̂ init . We propose to use the estimatê� �̂ from

a run of our `1-spTD algorithm for �̂ init . That is, using the aggregated indicator matrix

~X that has been GLS rotated by�̂ obtained from the initial �t, we then re-scale this to

get X new = ~X j�̂ �̂ j. A second stage regression is then performed using LARS (with BIC

tuning) on (X new; y ) to get an estimate�̂ � . Finally, we scale back by�̂ adapt = �̂ � j �̂ �̂ j

to obtain the adaptive lasso solution. In non-GLS settings, this has been shown (Zou,

2006; van de Geer et al., 2011) to have variable selection oracle properties even when

the data violates the irrepresentability condition.

B•uhlmann and Van De Geer (2011) outline scenarios where the irrepresentability

condition holds despite the predictors inX being correlated. These include scenarios

when the covariance matrix ofX has equal positive correlation, Toeplitz structure or

bounded pairwise correlation. In these settings, using LARS without adaptive weighting

has been shown to be stable, Bach et al. (2011) have con�rmed this good behaviour

in simulations using di�erent levels of correlation. Furthermore, they compare LARS

against other lasso-solving algorithms such as coordinate-descent, re-weighted-`2 schemes,

simple proximal methods, demonstrating that LARS both outperforms and is faster

than the other methods for small and medium scale problems. LARS also performed
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the best when predictors were highly correlated. This good behaviour is con�rmed in

the simulation study of Section 3.4.

3.4 Simulation Study

This section provides an in-depth simulation study to asses the performance of the`1-

spTD algorithm in performing annual-to-quarterly disaggregation in the high dimensional

setting, and compares how the model does against the well-established Chow-Lin (CL)

method (Chow and Lin, 1971) in moderate dimensions. The bene�ts of there�t step

to reduce the bias of LASSO estimates are also examined. This consists of running

Algorithm 1 and comparing the results with and without the re�tting procedure, these

methods are respectively referred to as spTDRF and spTD.

To understand the behaviour of the methods under di�erent covariate inputs, we

consider two data generating processes for the indicator series inX . Firstly, we consider

an example with stationary series by simulating from the standard Normal distribution

and secondly, we consider non-stationary series by simulating from a random walk

process. That is, we consider (i)x t;j � N (0; 1) and (ii) x t;j = x t � 1;j + et;j , et;j � N (0; 1)

respectively fort = 1; : : : ; n and j = 1; : : : ; p, the residual series is given by an AR(1)

processuj = �u j � 1 + � j with j� j < 1 and � j � N (0; 1). We assume a sparse regression

coe�cient

� = (5 ; : : : ; 5
| {z }

10

; 0; : : : ; 0
| {z }

p� 10

) :

This allows us to generate the true `unobservable' quarterly series usingy = X� + u

and we aggregate this usingC = I n l 
 14 to get the `observable' annual series�y = Cy .

To explore di�erent situations we use the following scenarios of parameters. We

�x the low-frequency sample size to benl = 100 and consider three scenarios for the

number of indicator seriesp. These arep = 30; 90 and 150 to represent low, moderate

and high dimensional settings respectively. We consider three values of the AR(1)
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parameter � = 0:2; 0:5 and 0:8 to represent low, medium and high auto-correlation in

the residuals respectively. Under each scenario we perform 1000 simulations and assess

the performance on the following three outcomes:

1. The accuracy of the estimated quarterly disaggregated seriesŷ ;

2. The recovery of the true regression coe�cient parameterŝ� = ( ^� 1; : : : ; ^� p);

3. The distribution of estimates for the true AR(1) parameter ^� .

The study is similarly extended to include a correlated design setting for the indicators.

First, a block structure with equal correlation that satis�es the irrepresentability condi-

tion (B•uhlmann and Van De Geer, 2011). Second, a random covariance matrix design

that does not satisfy this condition. We adopt the adaptive lasso weighting scheme in

(3.3.3) to assess whether this improves spTDRF in this second setting.

3.4.1 Estimating the True Quarterly Series

To assess how well we estimatey , we compute the root mean squared error (RMSE)

between the true series and our estimate. Figures 3.4.1 and 3.4.2 display the distribution

of RMSE scores over 1000 simulations for̂y in the stationary and non-stationary

experiments respectively. The �rst column in each represents the low-dimensional

setting with p = 30. In this setting both CL and the two versions of our method perform

similarly well, with spTD RF performing slightly better. It is interesting to note that

RMSE score is only slightly worse for larger values of the true AR(1) parameter� ,

thus, the amount of auto-correlation present in the residuals does have much impact on

temporal disaggregation results.

The middle columns represent the moderate dimensional setting,p = 90, and we

start to notice the decrease in performance of CL. To make the comparison visible, we

have taken a log-scale of RMSE scores (keeping y-axis values �xed) as the di�erence in

performance is so large. Again with spTDRF performing slightly better than spTD, the
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.4.1: Boxplots comparing RMSE values of̂y for CL, spTD and spTD RF in
the stationary i.i.d. standard Normal indicator series experiment. Left, middle and
right columns representp = 30, 90 and 150 respectively. Top, middle and bottom rows
represent AR(1) parameter� = 0:2, 0:5 and 0:8 respectively.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.4.2: Boxplots comparing RMSE values of̂y for CL, spTD and spTD RF in the
non-stationary random walk indicator series experiment. Left, middle and right columns
representp = 30, 90 and 150 respectively. Top, middle and bottom rows represent
AR(1) parameter � = 0:2, 0:5 and 0:8 respectively.
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proposed methods clearly perform a great deal better in moderate dimension scenarios

in accurately disaggregating time series.

The columns on the right represent the high dimensional setting ofp = 150. In this

setting, CL can no longer be used, whereas, both our methods still perform very well

with low RMSE scores across the 1000 simulations. Additionally, experiments with even

larger dimension ofp = 400 resulted in similar low RMSE scores for the methods we

propose. A further interesting property of these results is that RMSE scores are generally

lower in all scenarios for the non-stationary random walk indicator series experiment

(Figure 3.4.2). This is a consequence of known results in the statistics literature showing

least-squares estimators of the parameters for non-stationary but co-integrated series

can converge to their true values faster than stationary series (Johansen, 1988).

3.4.2 Recovery of the True Regression Coe�cient

In addition to the recovery of the true high-frequency series, a further motivation for

temporal disaggregation is to understand potential drivers of short term change. To

this end, we here assess the recovery of the regression coe�cients. Table 3.4.1 provides

the mean and standard deviation (in brackets) across 1000 iterations of our simulation

assessing the recovery of the true� for the three methods CL, spTD and spTDRF. It is

quite clear from this table that spTD RF provides the lowest score on all three metrics

used across all scenarios. The improvement of our method on CL in the moderate

dimension scenario can again be seen by the RMSE scores. Interestingly, asp increases,

the RMSE for our methods decreases, meaning we are closer to recovering the true

values of the support of� . The `1 := maxi =1 ;:::;p j �̂ i � � i j metric has been included to

measure the worst case error, again showing the improvements we make on CL. RMSE

and `1 are on average lower with non-stationary indicator series, however, more false

positives (FP) are included as seen in the tables. The re�tting step certainly reduces

the number of FP and it is interesting to note that as the AR(1) parameter� increases,
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the number of FP on average decreases.
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(a) (b) (c)

(d) (e) (f)

Figure 3.4.3: Boxplots for the estimateŝ� 1; : : : ; �̂ p using CL, spTD and spTDRF (left
to right respectively) with � = 0:5 and p = 30 (top row) and p = 90 (bottom row) with
stationary indicator series.

Figure 3.4.3 shows the distribution for each� parameter over 1000 iterations in the

stationary indicator series experiment with CL, spTD and spTDRF from left to right

and p = 30 on top and p = 90 on the bottom. There is very large variance in the CL

boxplots, with tails overlapping in the p = 90 setting (plot d). In comparison to our

methods, the variance is very narrow around the true� values at 5 and 0. It is evident

here to see the re�tting strategy in action in plots (c) and (f), as the estimates in (b)

and (e) have reduced in bias and shifted upwards towards the true support value of 5.

Furthermore, the shrinkage e�ect for our methods are evident by there not being boxes

for estimates�̂ 6 onwards. Except for outliers, which have not been shown on this plot,

our method is able to correctly set coe�cients to zero, which from a practical point of

view means analysts/practitioners are able to identify irrelevant indicator series.
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3.4.3 Distribution of AR(1) Parameter Estimate

We restrict our grid search for�̂ to the positive stationary domain [0:01; 0:99]. Performing

the search on the positive domain has been motivated previously in Chow-Lin related

studies (Sax and Steiner, 2013; Ciammola et al., 2005; Miralles et al., 2003).

Figure 3.4.4 displays the distribution of�̂ over 1000 iterations for the stationary

indicator series experiment. A horizontal line is drawn at the true value of� to compare

performance. In the �rst column representingp = 30 we observe how all three methods

tend to over-estimate the true value of� , with CL over-estimating the most. There is

also a large variance associated with the estimator when� = 0:2 and this is again the

case whenp = 90 (middle column). In this moderate dimensional setting CL fails to

identify the true � completely with it seeming to only select� at the boundaries of the

search space (0; 1). The proposed methods seem to perform similarly well with the centre

of mass surrounding the correct values. In the high dimensional setting we are again

centred around the true values with a little more variance. We believe these estimates

will be a lot more accurate with a better way of de�ning BIC in high dimensions.

Figure 3.4.5 shows the distribution of̂� with non-stationary indicator series. It is

evident from these plots that in this non-stationary setting, correctly identifying the

true � becomes a lot more challenging. In moderate dimensions (p = 90) CL always

selected 0 as the estimate, whereas, our methods spread the search space, tending to

under-estimate the truth. This large variance in performance may be the result of the

algorithm including a lot more false positives in the non-stationary setting. It is worth

noting that even though estimating the true AR parameter is a lot less accurate in the

non-stationary setting, the recovery of� and y is more accurate in this setting. Thus,

one may conclude that correctly identifying� does not play that large of a factor in the

quality of regression estimates.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.4.4: Violin plots showing the distribution of�̂ for CL, spTD and spTD RF
using stationary indicator series. Dimensionp = 30, 90 and 150 from left to right and
true AR parameter � indicated by horizontal dashed line.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.4.5: Violin plots showing the distribution of�̂ for CL, spTD and spTD RF
using non-stationary indicator series. Dimensionp = 30, 90 and 150 from left to right
and true AR parameter � indicated by horizontal dashed line.
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3.4.4 Correlated Design Setting

To investigate the e�ects of correlation present between indicator series, we extend the

above i.i.d. setting forX to now be generated from two correlated designs. The �rst

has a block structure with 10 indicators in each block, where each block has a covariance

matrix � with � ii = 1 and � ij = � for i 6= j . We consider� = f 0:2; 0:6; 0:9g and let

� = (5 ; : : : ; 5
| {z }

5

; 0; : : : ; 0
| {z }

5

)

in the �rst 3 blocks and 0 everywhere after. This equicorrelated design does not violate

the irrepresentability condition. Therefore, in order to assess an even more challenging

situation we further consider a random covariance design setting forX that does break

this condition.

We found the spTD RF method handles the block correlation design setting very

well, presenting accurate predictions fory and recovery of the correct support for� in

all scenarios. Figure 3.4.6 shows the distribution of each� j for the most di�cult case of

� = 0:9. The variance using Chow-Lin is very large in this setting as shown in 3.4.6(d).

We notice some variance around 0 in spTD without re�t, whereas spTDRF does an

excellent job in recovering the true support.

In the second experiment considering the design that breaks the irrepresentability

conditions, we use the coe�cients

� = ( � 2; 2; � 2: : : ; 2
| {z }

10

; 0; : : : ; 0
| {z }

80

)

to allow a change of sign and a lower signal-to-noise ratio than previously. In this

design setting we observe spTDRF is still able to provide accurate estimates for the

high-frequency serieŝy but struggles to obtain the correct support for� . Out of the 1000

simulations, spTD RF produced on average 4:26 false positives with a large standard
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(a) (b) (c)

(d) (e) (f)

Figure 3.4.6: Boxplots for the estimateŝ� 1; : : : ; �̂ p using CL, spTD and spTDRF (left
to right respectively) with � = 0:5 and p = 30 (top row) and p = 90 (bottom row) with
correlated (0.9) indicator series.

deviation of 4:03. By re-�tting the obtained estimates using the adaptive re-weighting

scheme outlined in Section 3.3.3, we see signi�cant improvements in the support recovery

performance with 91% of the 1000 iterations achieving exact support recovery and the

remainder having at most 3 false positives.

3.5 Case Study 1 - Temporal Disaggregation of UK

Gross Domestic Product

There are many measures we can use to assess the state of the economy. These are

often disaggregated to di�erent resolution levels, temporally, geographically, and across

business sectors. To illustrate the methods developed, we consider the most popular

measure of a nations production, its GDP as the output series of interest, and a

range of high frequency indicator series as inputs. In our analysis here we deliberately

include indicators which are direct inputs into the deterministic calculation of GDP, for

instance, reports from the monthly business survey (MBS). However, to supplement this

information, we also include a set of relatively novelfast indicators produced by the
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Indicator (No. of series) Description
MBS Turnover in Production (38) Total turnover of production industries in

£million
MBS Turnover in Services (29) Total turnover of service industries in£million
Retail Sales Index (4) Value of retail sales by commodity at current

prices as an index
VAT Di�usion Index (18) Di�usion index tracking industry turnover from

VAT returns
Tra�c Flow on Roads (4) Mean 15 minute tra�c count for vehicles on

roads across England
Tra�c Flow at Ports (4) Mean 15 minute tra�c count for vehicles within

10km of a port in England

Table 3.5.1: Summary of indicators used in GDP analysis

ONS, based on VAT receipts, and tra�c 
ows. A summary of the indicators we use in

our analysis is given in Table 3.5.1. The use of sensor data for tra�c 
ows is an indicator

of particular interest here as this aligns with the ONS' endeavour to incorporate and

gain insight from alternative data sources into the production of o�cial statistics. This

data provides mean 15 minute counts, aggregated to the monthly level, of the number

of vehicles on roads across England and within 10km of ports with details on the size of

the vehicle observed. This has potential to be a key indicator of supply and demand

across England and trade activity at ports.

While it may seem counter-intuitive to try and recover the GDP series from quantities

that directly drive this, there is still signi�cant interest in how temporal disaggregated

estimates align simply using monthly level data. In general, much more information goes

into the estimation of the quarterly GDP results, and these are often considered the gold

standard in terms of calibrated measurements of economic activity. Thus, disaggregating

to a monthly level whilst maintaining consistency with the calibrated quarterly output

is of signi�cant interest. In this example, the output series we aim to disaggregate is the

published quarterly (seasonally adjusted) GDP at chained volume measure from 2008 Q1

to 2020 Q2. To illustrate the behaviour of our monthly disaggregated estimates we make

comparisons with the published monthly GDP index that represents a percentage growth-
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rate based on the average of 2016 being 100%. To make these comparison meaningful we

adjust the published monthly index to be a value in£million by benchmarking it onto

the quarterly output using the Denton adjustment method discussed in Chapter 2.1.3.

As we are using a total count of 97 monthly indicator series and output data from

2008 Q1 to 2020 Q2 (nl = 50 quarters) we are �rmly in the high dimensional setting,

and thus hope to capitalise on the bene�ts of sparse temporal disaggregation to produce

a monthly estimate. Additionally, for comparison in the standard dimensional setting

we produce an estimate using only 10 indicator series by aggregating our indicator set

such that we have a single series each for MBS Turnover in Production , and MBS

Turnover in Services, alongside four each for Retail Sales, and the VAT Di�usion Indices.

This allows us to make a comparison with the traditional Chow and Lin temporal

disaggregation procedure.

Before discussing our results, it is worth considering our data-quality checks and

pre-processing routines. Generally, releases from the ONS are of high-quality and based

on robust production pipelines, however, in this case there are a couple of missing

observations from January to March 2015 for the road tra�c indicator data. This is due

to a pause in the data being published throughout this period, as it is only 3 months in

total we simply apply imputation based on linearly interpolation for these series. Beyond

issues of data-quality, we need to ensure indicator series are of comparable form, for

instance, if we want to benchmark with respect to a seasonally adjusted output, it would

be prudent to use seasonally adjusted input series. To this end, and to enable better

comparison we therefore seasonally adjust each of the indicator series before performing

temporal disaggregation by making use of theseasonalpackage in R that calls the

automatic procedures of X13-ARIMA-SEATS to perform seasonal adjustment (Sax and

Eddelbuettel, 2018). The �nal pre-processing step we perform is to re-scale our indicator

series such that they are comparable in the eyes of the penalised regression problem. For

example, the MBS results and road tra�c counts are 
ow data, whereas VAT di�usion and
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retail sales are indexes. We therefore scale both the inputs and output to have zero mean

and unit variance in order to obtain more interpretable results. To re-scale the monthly

estimate back to the original£million scale we use the following:Final Estimate =

Model Estimate � SD(Quarterly Output) + mean(Quarterly Output) =3.

3.5.1 Results

Given the automatic tuning procedure we have developed both̀1-spTD and the Chow-

Lin method can be straightforwardly applied to the data. In the synthetic experiments,

the re�tting procedure improved performance over the pure lasso approach, as such we

generally recommend the re�tting strategy, and focus on this method in this application.

Figure 3.5.1 shows the monthly estimates of disaggregating quarterly seasonally adjusted

GDP at chained volume measures using Chow-Lin and̀1-spTD with 10 indicators (red

and blue respectively) and also using̀1-spTD with 97 indicators (green line). Further it

shows the index based monthly GDP series described above to compare against (black).

For the purposes of this discussion, we will refer to this index based series as the true

series. In general, all methods seem to be doing a good job of estimating the true trend

in Fig. 3.5.1(a) with `1-spTD using 97 indicators being the smoothest and most accurate.

This advantage is demonstrated in panels (Fig. 3.5.1b-d) where the absolute error is

shown to be both lower in magnitude, and more consistent over time. For instance, with

the high-dimensional example we do not see large errors in the periods around early

2012, and 2020. This behaviour is further captured by the RMSE errors between the

true monthly series and the estimates. For the Chow-Lin and̀1-spTD methods with

10 indicator series we obtain respectively RMSE scores of 1055.74 and 985.13. Given

its access to a wider array of indicator series, thè1-spTD method applied to 97 series

gives signi�cantly improved performance on average with an RMSE of 749.63.

Even though it may seem the performance of the estimates between Chow-Lin and

`1-spTD with 10 indicators is close, the real advantage of`1-spTD stems from the fact
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(a)

(b)

(c)

(d)

Figure 3.5.1: Comparison of estimated sequences and the ONS' monthly GDP index.
a) Estimated high-frequency (monthly) series for 2008-2020. b-d) Absolute di�erence
between the index and the estimate for each month (millions of pounds), b) CL with
10 indicators, c) `1-spTD with 10 possible indicators, d)`1-spTD with 97 possible
indicators.
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that our method selects a sparse subset of the most relevant indicators. This informs

practitioners and users of this data about the main factors driving the economic variable

of interest; assisting with understanding data revisions and analysis. Table 3.5.2 displays

the coe�cient estimates of the 10 indicator series used in the GDP analysis.`1-spTD

selects 3 out of the 10. These are: the aggregate series for MBS Turnover in Production,

the VAT Di�usion Index for Production and the Retail Sales Index for Clothing and

Footwear. Unsurprisingly, MBS for Production appears as one of the main components

that goes into GDP. Perhaps somewhat more surprisingly is the large weight given

to the clothing and footwear sales index. Indeed, if one plots the published monthly

GDP index alongside this indicator it is clear they share very similar dynamics. Table

3.5.3 displays the indicator selected out of 97 in the high-dimensional task and their

corresponding coe�cient estimate. They are, 4 MBS Production industries, 7 MBS

Services industries, Vehicles over 11.66m on roads, VAT Di�usion Index for Services,

and the Retail sales Index for Clothing and Footwear. The bene�ts of using this many

indicators is that we get information on exactly which industries in production and

services are most informative across MBS surveys, alongside the inclusion of faster,

alternative indicators. Interestingly, the fact that vehicles over 11.66m on roads is

selected gives evidence that these relatively novel tra�c indicators can be of use for

rapid economic measurement. More large vehicles/lorries on the motorways could be

a sign of increased supply and demand of goods, positively impacting the economy.

Cars and aircraft drive manufacturing movements so it is no surprise they are selected.

Similarly, mining and quarrying are signi�cant in wider production.

Since many of these indicators may be correlated, as a �nal check we also run the

adaptive lasso extension outlined in Section 3.3.3 to assess the impact on the variables

selected. Table 3.5.2 and 3.5.3 shows the weightings from this adaptive extension. In the

case of 10 indicators the method selects exactly the same variables, whereas in the 97

application, a subset of the indicators is returned as active. We can see in this case, the
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Indicator CL `1-spTD Adaptive
MBS Turnover in Production Aggregate 0.0728 0.121 0.121

MBS Turnover in Services Aggregate 0.0505 0 0
VAT Di�usion Index - Agriculture 0.00327 0 0
VAT Di�usion Index - Production -0.0395 -0.0206 -0.0206

VAT Di�usion Index - Services 0.00235 0 0
VAT Di�usion Index - Construction 0.0138 0 0

Retail Sales Index - Clothing 0.201 0.239 0.239
Retail Sales Index - Food -0.0772 0 0

Retail Sales Index - Household -0.00325 0 0
Retail Sales Index - Non-foods 0.0587 0 0

Table 3.5.2: Coe�cient estimates of GDP analysis with 10 indicator series using Chow-
Lin (CL), `1-spTD and adaptive extension

Indicator `1-spTD Adaptive
MBS Production - Mining and Quarrying 0.0232 0.0366

MBS Production - Fabricated Metal Products (excluding weapons) 0.00546 0
MBS Production - Motor Vehicles 0.0305 0.0234

MBS Production - Air and Spacecraft 0.00355 0
MBS Services -Wholesale Retail Trade Repair of Motor Vehicles 0.0599 0.0591

MBS Services - Rail and Land Transport 0.0140 0
MBS Services - Food and Beverage Serving 0.107 0.124

MBS Services - Legal Activities 0.0231 0.0281
MBS Services - Rental and Leasing 0.0344 0.0426

MBS Services - Employment 0.0198 0
MBS Services - Creative Arts and Entertainment 0.0187 0.0168
VAT Di�usion Index - `S' Other Service Activities -0.0201 -0.0216

Retail Sales Index - Clothing 0.00273 0
Vehicles Over 11.66m on Roads Across England 0.0263 0.0397

Table 3.5.3: Non-zero coe�cient estimates of GDP analysis with 97 indicator series
using `1-spTD and adaptive lasso extension
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adaptive lasso acts to further prune out potential false positives, however, the RMSE

score of 799.11 is very similar to that achieved without using adaptive weighting.

3.6 Case Study 2 - Indirect Estimation of a Monthly

Service Turnover Indicator in Italy

A second case study is now considered that applies the`1-spTD method to perform

quarterly-to-monthly disaggregation of the quarterly index of service turnover for

transportation in Italy. The purpose of this second case study is to go into further

detail on two important questions: (a) How well does thè1-spTD model predict months

in the current quarter that is not observed yet (i.e. nowcasting) compared to other

popular models? (b) How stable are the indicators selected by`1-spTD overtime as you

make future forecasts? For this second question, an extension to the original`1-spTD

algorithm is proposed that �xes the number of variables to be selected to ensure more

stable results.

The Italian turnover index is released monthly for industry and quarterly for market

services by the Italian National Institute of Statistics (ISTAT) and is crucial for the

estimation of GDP components from the production side in the Quarterly National

Accounts (QNA). The publication delay is around 55 days after the end of the reference

quarter and therefore a preliminary estimate based on an ARIMA forecast is used for

input into the QNA which is published around 30 days after the reference quarter. For

this reason there is great interest in producing an accurate prediction (nowcast) of the

service turnover index before its quarterly release and also the desire to estimate it

monthly.

The application refers to the turnover service index in transportation, particularly

challenging since strongly a�ected in 2020 by the dramatic movements due to the

COVID-19 pandemic and the resurgence of in
ation at end of 2021. The series over the
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sample 2010 Q1 to 2021 Q4 is shown in Figure 3.6.1. Potential monthly indicators are

taken from a total of 143 time series:

ˆ 56 series from Business Surveys (BS) in transports which provide information on

manager's current assessments and expectations of the main economic variables in

their company;

ˆ 18 series from Assaeroporti (AA) (the association of Italian airports, representing 28

airport management companies for 37 airports at Italian and European institutions)

referring to the number of commercial, cargo and passenger movements in both

national and international 
ights;

ˆ 69 series of monthly Turnover in Industry (IT) split by both sector of economic

activity and reference market measuring evolution of sales by industrial enterprises

at current prices.

Full details of the indicator data is provided in Appendix B.1.

The estimation sample for the quarterly response series representing service turnover

index in transportation target spans over the quarters 2010 Q1 to 2021 Q4, while the

monthly indicators span the months January 2010 to December 2021. Using this data, a

pseudo-real time nowcasting exercise is set up as follows. The �rst round of the exercise

involves using data over the sample 2010 Q1 - 2016 Q4 and indicators over January

2010 - March 2017. This represents a scenario where 2017 Q1 has not been released

yet for the response series but we observe indicator information for the months in this

quarter. The indicator information in these months is assumed to be fully observed,

i.e. no ragged edge is considered. From this �rst round we are able to obtain a �rst

monthly estimate of the transportation index for the months January 2010 to March

2017. At this point we can assess two results: (i) What indicators have been selected?

(ii) What is the nowcast error if we aggregate the three monthly estimates in 2017 Q1

and compare this to the actual observed 2017 Q1 �gure? After this, we can continue
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Figure 3.6.1: Italian quarterly turnover index in transports

to the second round where the data set is augmented moving the sample period one

quarter ahead and the model is re-estimated to obtain estimates over January 2010 to

June 2017. This experiment is iterated until 2021 Q4, a total of 21 steps. Note the �nal

estimate (step 21) uses all information available and is not involved in calculating the

over all nowcasting error.

Given the low number of available observations in the full sample, we opt to use an

expanding window exercise, letting all available data be part of the in-sample regression

whose parameters are used to generate the forecasts. As benchmark comparisons

to the `1-spTD model, we implement the following. A basic ARIMA model with

parameters automatically selected using the R package `RJDemetra'. The classic

temporal disaggregation methods of Chow-Lin (Chow and Lin, 1971) and Fernandez

(Fernandez, 1981) also using `RJDemetra'. We apply the Chow-Lin and Fernandez models

for each one of the 143 indicator series separately using the full sample of data (January

2010 - December 2021) and use the single indicator providing the best performance as
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the indicator of choice in the nowcasting exercise, i.e. the best indicator is used as a

consistent indicator throughout. Principal components analysis (PCA) is also used as a

�nal benchmark model where 3 principal components (PCs) are used to summarise the

indicator information set which are then used in a Fernandez temporal disaggregation.

To measure nowcasting error we use the mean absolute error:MAE =
P n

t=1 j �̂y � �y j=nl ,

between the true quarterly �gure, �y , and the aggregate monthly estimates,̂�y and then

average this for all 20 steps in the pseudo-real time exercise.

3.6.1 Results

Let us �rst identify what indicators are being selected for the nowcasting exercise. When

applying the Fernandez method to each of the 143 indicator series in separate temporal

disaggregations using the full sample, we �nd the number one ranked indicator, in terms

of MAE, is �d ene (domestic industrial turnover [IT] in energy) with an MAE of 2:90.

It turns out the best 4 indicators all represent the energy sector and come from IT.

Unsurprising since transport is a sector strongly dependent on energy in terms of costs

and e�ciency. In the PCA, 3 principle components were used to capture the majority

of the variance in the indicator data. Applying PCA to the whole data sample we �nd

that the �rst PC mainly consisted of IT indicators, while the second PC consisted of

AA and the third, BS.

For sparse temporal disaggregation, we �rst applỳ1-spTD at each time point in the

expanding window letting all the 143 potential indicators be selected. The result has

been that just 68 of them appears almost once in the selection set over the 21 waves.

A view of this subset is provided in Figure 3.6.2 where the y-axis displays the �nal

quarter observed and the x-axis represents the index of the indicators out of the 68

unique indicators. Table 3.6.1 provides the corresponding selected indicator indexes of

indicators appearing at least 5 times. The colours are representative of the membership

data set: red = BS, yellow = AA, orange = IT.
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Figure 3.6.2: Chart of the indicators selected at each extension of the sample window.
The y-axis displays the date observed from 2016:Q4 up to 2021:Q4. Refer to Table
3.6.1 for the indicator indexed on the x-axis. The colours are representative of the
membership data-set: red = BS, yellow = AA, orange = IT.

Indicator Dataset N. of times selected Indicator Dataset N. of times selected
�t CA (56) IT 18 bh49 i (33) BS 8
ah49 o (23) BS 16 air ptr (40) AA 7
ah49 z (26) BS 16 air pt (41) AA 7
�e CA (57) IT 15 nh49 i (32) BS 6
�e CI (65) IT 14 air cmt (45) AA 6
air cms (44) AA 12 sh a (1) BS 5
�d ene (50) IT 12 nh a (2) BS 5
�e str (48) IT 11 bh a (3) BS 5
�d B (53) IT 11 nh d (4) BS 5
�t CI (64) IT 11 ah i (13) BS 5
air pin (38) AA 10 sh49p (21) BS 5
air pnz (37) AA 9 nh49 z (27) BS 5
air pav (42) AA 9 air pue (39) AA 5
�e B (54) IT 9 �e ind (51) IT 5
�e CH (63) IT 9 �d CB (58) IT 5
�e CK (66) IT 9 �t CH (62) IT 5
sh g (11) BS 8 �e CM (68) IT 5

Table 3.6.1: Selected indicators across the 21 sparse disaggregations. Number in brackets
refer to the x-axis index in Figure 3.6.2.
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At �rst view, Figure 3.6.2 shows the presence in the selected set is stable only for a

handful of indicators throughout all 21 steps in the expanding window. While other

indicators seem representative of speci�c events or shocks. In terms of data-sources

distribution, we see that 78% of AA are selected, 59% of BS are selected and 30% of IT.

It means that with respect to the original distribution, AA and BS are more represented

at detriment of IT. The dynamic selection moves in a range that goes from a minimum of

8 indicators chosen in 2016:Q4 to a maximum of 24 indicators in 2021:Q2. Interestingly,

the number of indicators increases overtime. In particular, it is 8 at the �rst run, it

jumps to 14 at the second, then stabilises to 12 until the 8th run (18 at the 7th ). The

window of these runs corresponds to the period 2017-18. Then the number moves in

the range 16-18 until the 15th run, period 2019-2020:Q2. Afterwords, it increases again

towards the range 21-24 (apart 17 at the 17th run) in the last runs, when the windows

looks at the rebounding of the economy after the big fall in 2020:Q3 and the most recent

quarters.

Extending `1-spTD for a stable number of indicators

To make the number of indicators selected stable in each nowcasting period, we adjust

the `1-spTD algorithm to produce � estimates of a desired support. We �x the desired

support to be 8, the minimum number of indicators selected, and 24, the maximum

number of indicators selected in the free selection exercise (Figure 3.6.2).

At each step of the LARS algorithm in`1-spTD (Section 3.3.2), for a given tuning

parameter value� , an indicator enters or leaves the selected support set and therefore

there may be multiple values of� that lead to the same support size in̂� . The best � ,

and therefore best support size, is found by minimising BIC. This process can be readily

adjusted by collecting all values of� in the LARS algorithm that generate a solution of

the desired support (8 or 24) and minimise the BIC over these� values. This gives the

best coe�cient estimate of size 8 or 24 for that particular nowcasting window.
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Model
Forecasting accuracy
MAE Relative MAE

ARIMA 4.613 1.000
Chow-Lin 3.390 0.735
Fernandez �d end (best indicator) 2.896 0.628
PCA 4.240 0.919
Sparse TD: free selection 2.399 0.520
Sparse TD: 8 free 2.223 0.482
Sparse TD: 24 free 2.187 0.474
Sparse TD & Fernandez with 8 �xed 2.098 0.455
Sparse TD & Fernandez with 24 �xed 1.657 0.359

Table 3.6.2: Pseudo-real time nowcasting results

When the support size was �xed to be 8, 29 unique indicators were present in the

nowcasting exercise. When the support was �xed to be 24, 83 unique indicators were

present. More detailed results are presented in Appendix B.2. As the number of unique

indicators used does vary, a �nal approach was taken that uses the 8 indicators selected

in Figure 3.6.2 in 2016:Q4 and the 24 selected in 2021:Q2 as a �xed set of variables for

Fernandez temporal disaggregation. This is made with the purpose of avoiding much

revisions when new data are released. We call this method:Sparse TD & Fernandez

with 8 or 24 �xed. The method of using`1-spTD with a �xed indicator support set is

called Sparse TD: 8 or 24 free, while usual `1-spTD is calledSparse TD: free selection.

The results of all models applied to the pseudo-real time nowcasting exercise is displayed

in Table 3.6.2.

The results suggest that an accurate selection of the indicators using`1-spTD leads to

substantial improvements in nowcasting performance. Indeed, the free selection method

of Sparse TD provides a reduction in MAE of around 50% with respect to ARIMA and of

around 17% with respect to the best Fernandez approach. Further reduction is achieved

in this case when performing the selection strategy using the sparse TD approach under

a �xed support set of 8 or 24 variables. Interestingly, the best approach for this data was

Sparse TD & Fernandez with 24 �xed indicator, with an MAE reduction of around 30%

with respect to the usual`1-spTD method and of around 64% with respect to ARIMA.
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3.7 Conclusion

The process of using high-frequency indicators to construct high-frequency renditions of

low frequency information, known as temporal disaggregation, is widely used in o�cial

statistics. However, traditional methods (Chow and Lin, 1971; Dagum and Cholette,

2006) have become somewhat outdated and may not be compatible with the large-scale,

high-frequency administrative and alternative data sources NSIs increasingly seek to

utilise.

This chapter has introduced a novel Sparse Temporal Disaggregation (spTD) frame-

work that can operate in settings where the number of indicators used can exceed the

low-frequency sample size. The method builds estimators that incorporate regulariser

penalty functions into the well-established Chow-Lin cost function to promote more par-

simonious modelling. By focusing on thè1-norm (LASSO) penalty (Tibshirani, 1996),

methodology produced is able to simultaneously select important indicators and estimate

their regression coe�cients. Through extensive simulation studies, thè1-spTD has been

shown to outperform Chow-Lin temporal disaggregation in all moderate dimensional

scenarios and provide accurate and interpretable estimates in high-dimensions. While

recovery of the true high-frequency series and regression parameters becomes slightly

more challenging with a smaller sample size (nl < 100) and smaller regression coe�cient

value (� j < 5) than ones considered, extra simulation studies not presented in this thesis

do demonstrate an improved performance over Chow-Lin in these scenarios. As might

be expected with a LASSO related method, when indicators are highly correlated and

break the irrepresentability condition, recovery of the correct support of� is di�cult. A

further limitation of the proposed method is in scenarios when the true support of the

indicator set considered is actually dense. As thè1 variant of our method relies on the

assumption of sparsity, it may perform poorly in this setting. Factor based approaches

may be a better option in this setting, or utilising alternative penalisation strategies, i.e.

ridge regression.
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Interestingly, the synthetic analysis also veri�ed the di�culty of estimating � in the

temporal disaggregation setting. This was an area of particular weakness for the classical

Chow-Lin method (Ciammola et al., 2005). A similar issue is encountered within Proietti

(2006) where the author suggests using a di�use prior on the regression coe�cients may

help. Sparse TD appears to signi�cantly outperform Chow-Lin in the estimation of� ,

however, can still struggle in moderate and high-dimensional settings. Interpreting the

`1 penalised solution as a maximum a-posteriori estimator with a Laplacian prior on the

regression coe�cients, evidence has been provided that weakly informative priors may

help in both the recovery of the regression and autocorrelation coe�cients. Whilst in

the experiments estimation of the autocorrelation structure (via� ) does not have much

impact on the high-frequency estimates themselves, it could signi�cantly impact the

con�dence intervals associated with inference on the regression parameters and their

coverage properties. Technical veri�cation of this claim requires further work, and is

complicated by the nature of the`1 regularisation. There is however a considerable

literature on post-selection inference for the lasso (c.f. van de Geer et al., 2014), and

it is feasible that this can also be adapted to the temporal disaggregation setting, an

exciting direction for future work.

Applying this method to the disaggregation of quarterly GDP data also highlighted

`1-spTD's ability to achieve an accurate monthly estimate whilst informing us of the

most relevant indicators. Unlike previous approaches there are no restrictions here

on the number of indicators we can input to the model. This application can be

easily extended to produce monthly (or more frequent) estimates of numerous headline

variables and accurate disaggregated estimates can act as cost-e�cient alternatives to

sending out expensive surveys frequently. The second case study displays`1-spTD's

ability to outperform competing methods in a pseudo-real time nowcasting exercise

of quarterly service turnover index of transportation in Italy. This study identi�ed

that working with a �xed support of indicators can lead to more stable and accurate
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estimates.

Whilst developed in the context of o�cial statistics, the methods proposed in this

chapter have application far beyond this domain. For instance, they may be used to

help companies produce more granular estimates of consumer behaviour, or to improve

the resolution at which researchers can assess complex environmental processes.



Chapter 4

The Sparse Dynamic Factor Model:

A Regularised Quasi-Maximum

Likelihood Approach

Dynamic factor models (DFMs) have become popular in the macroeconomic nowcasting

literature due to their ability to parsimoniously handle high-dimensional time series, deal

with arbitrary patterns of missing data and produce predictions in real time. Many of

these qualities and estimation approaches to the DFM were introduced in Section 2.2.4

of Chapter 2. Despite their many qualities, one may argue they su�er from a weakness -

a lack of interpretability. In the classic DFM, with a dense loadings matrix, it can be

di�cult to determine which latent factors are driving the behavior of which observed

variables. This chapter formally introduces a class of sparse DFMs whereby the loading

matrices are constrained to have few non-zero entries, thus increasing interpretability

of factors. A regularised M-estimator for the model parameters are presented, along

with an e�cient expectation maximisation algorithm to enable estimation. Synthetic

experiments demonstrate consistency in terms of estimating the loading structure, and

superior predictive performance where a low-rank factor structure may be appropriate.

90
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The utility of the method is illustrated with two case studies in distinct �elds to

show the model's versatility1. The �rst case study consists of an economic nowcasting

problem that attempts to nowcast 9 of the main trade commodities the UK exports

worldwide using a large collection of related series. The second case study is an energy

application forecasting electricity consumption across a large set of smart meters across a

University campus. In both case studies the importance of interpreting factor structure is

highlighted. Section 4.1 introduces the main contribution of the chapter, highlighting the

interpretability shortcomings classic DFMs possess. The section ends with an overview

of the chapter's structure.

4.1 Introduction

Dynamic factor models (DFMs) are one of, if not the most, popular tool for summarising

the sources of variation among large collections of time series variables. Originally

formalised by Geweke (1977), it was perhaps the application of Sargent et al. (1977)

showing how just two dynamic factors were able to explain the majority of variance

in headline US macroeconomic variables that has led to DFMs popularity in modern

day forecasting and structural analysis with `big data'. Their natural state-space

representation makes it possible to conduct inference based on Kalman �ltering and

smoothing techniques, allowing a compact framework to handle mixed-frequency and

missing data issues common in economic data sets and the ability to update forecasts in

real-time.

The DFM is nowadays ubiquitous within the economic statistics community, with

applications in nowcasting/forecasting (Giannone et al., 2008; Ba�nbura et al., 2011;

Foroni and Marcellino, 2014a), constructing economic indicators (Mariano and Murasawa,

2010; Grassi et al., 2015), and counterfactual analysis (Harvey, 1996; Luciani, 2015).

1The case studies presented are based on two distinct projects undertaken both utilising the sparse
DFM. While inconsistencies may arise, both case studies are presented in this chapter to demonstrate
interesting applications.
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Examples in other domains include psychology (Molenaar, 1985; Fisher, 2015), the

energy sector (Wu et al., 2013; Lee and Baldick, 2016) and many more, see Stock and

Watson (2011) and Poncela et al. (2021) for detailed surveys of the literature.

Formally introduced in Section 2.2.4 of Chapter 2, the state-space framework of a

DFM consists of a measurement equation:

X t = � F t + � t ;

along with a state equation:

F t = AF t � 1 + u t ;

for observationst = 1; : : : ; n, which together assume that the common dynamics of a

large number of stationary time series variablesX t = ( X 1;t ; : : : ; X p;t )> are driven by a

small numberr � p of latent factors F t = ( F1;t ; : : : ; Fr;t )> which evolve dynamically as a

VAR(1) process over time. Thep� r matrix � contains factor loadings representing the

relationship between the measurements and the underlying latent factors that drive their

behaviour. The factor loadings play a critical role in the analysis of DFMs, providing an

insight into the underlying structure of the data and the strength of correlation between

factors and variables.

Unfortunately, in the classic DFM, every variable inX t is loaded onto the factors

F t , i.e. � is a dense matrix. Often these loading weights are quite large and it is very

di�cult, if not impossible, to understand how individual series, or groups of series,

are in
uencing the dynamics of the estimated latent factors (Despois and Doz, 2023).

If instead, we could obtain factor estimates that are linear combinations of smaller,

distinct groups of variables, where we could associate a given factor estimate with an

underlying feature of the observed data, this would lead to tremendous improvements

in interpretability.

A natural way one could impose this kind of interpretability into the factor structure
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would be through the factor loadings� . A classic approach to accomplish this is based

on factor rotations, which has been widely used to minimise the complexity in the factor

loadings to make the structure simpler to interpret. See Kaiser (1958) for the well-

established varimax rotation and see Carroll (1953) and Jennrich and Sampson (1966)

for the well-established quartmin rotation. For a recent paper on varimax rotation see

Rohe and Zeng (2020). The well-established nowcasting paper of Ba�nbura et al. (2011)

use prior knowledge of the variables to partition the factors into mutually independent

global, real and nominal factors, assuming that the global factor is loaded by all the

variables, while real and nominal factors are speci�c to real and nominal variables. They

show this is helpful when calculating a global factor. Andreou et al. (2019) is a similar

more recent application for grouped factor structure.

An alternative approach is to utilise modern tools from sparse modelling and regu-

larised estimation to constrain the loading matrix to only have a few non-zero loadings

for each factor, i.e.� is sparse. A DFM where the loadings matrix is assumed to be

sparse can be described as asparse DFM. One way to impose sparse restrictions on�

is to estimate it using sparse principal components analysis (SPCA) (Zou et al., 2006).

SPCA is a variation of traditional PCA that incorporates an elastic net penalty (i.e. a

mix of `1 and `2 norms) to induce sparsity. The interpretable principal components can

be viewed as static factors in a factor model and used alongside the Kalman smoother

for prediction purposes. See Croux and Exterkate (2011) for a typical macroeconomic

forecasting setting where they consider a robusti�ed version. Kristensen (2017) use

SPCA to estimate di�usion indexes with sparse loadings. Despois and Doz (2023) prove

that SPCA consistently estimates the factors in an approximate factor model if thè1

penalty is of O(1=
p

p). They compare SPCA with factor rotation methods and show an

improved performance when the true loadings structure is sparse.

This main contribution of this chapter is to introduce a new class of sparse DFMs.

Unlike previous research, the methodology presented implements regularisation within
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an EM algorithm framework, allowing us to robustly handle arbitrary patterns of missing

data, model temporal dependence in the processes, and impose weakly informative

(sparse) prior knowledge on the factor loadings. It is argued that in settings where

autocorrelation is moderately persistent, that the feedback provided through our EM

procedure is important in aiding recovery of the factor loadings, as well as producing

accurate forecasts.

The analysis within this paper is empirical in nature, considering three aspects: i)

how our EM algorithm performs in recovering the true sparsity pattern in the factor

loadings; ii) how the model contrasts with alternative models in a predictive setting,

e.g. where we want to forecast either all thep time series, or just a subset of these; and

iii) how the model and estimation routine can be used in practice to extract insights

from complex real-world datasets.

The rest of the chapter is structured as follows. Section 4.2 formalises our sparse

DFM and the sparsity assumptions placed on the loading matrices. Section 4.3 presents

a regularised likelihood estimator for the model parameters, and introduces an EM

algorithm to enable �nding feasible estimates. Tuning procedures and implementation

of the algorithm using thesparseDFMpackage (Chapter 6) is also discussed. Synthetic

experiments comparing the EM methodology with competing methods are presented in

Section 4.4. Real data examples in economics and the energy sector are presented in

Sections 4.5 and 4.6 respectively. The paper concludes with a discussion of the results,

and how the models and estimators can be further generalised to provide 
exibility to

users.
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4.2 The Sparse DFM

Consider thep-variate time seriesf X tg and r factors f F tg related according to the

model

X t = � F t + � t (4.2.1)

F t = AF t � 1 + u t ;

wheref � tg and f u tg are multivariate white noise processes2. For simplicity we assume

E
�
� t � >

t

�
= � � = diag(� 2

� ) and � 2
� 2 Rp

+ is a vector of idiosyncratic variances. Similarly,

let E
�
u tu >

t

�
= � u and assume the eigenvalues of the VAR matrix are boundedkA k < 1,

thus the latent process is assumed stationary. This model corresponds to an exact DFM,

where all the temporal dependence is modelled via the latent factors.

In this context, our notion of sparsity relates to the assumption that many of the

entries in the true loadings matrix,� , will be zero. For instance, let the support of the

kth column of the loading matrix be denoted

Sk := supp(� �;k ) � f 1; : : : ; pg ;

such that sk = jSk j. We refer to a DFM as being sparse ifsk < p for some or all of the

k = 1; : : : ; r factors. In practice, this is an assumption that many of the observed series

are driven by only a few (r ) latent factors, and that for many series only a subset of the

factors will be relevant.
2Ba�nbura and Modugno (2014) show how the DFM can be easily adapted for serially correlated

idiosyncratic errors, � t , following an AR(1) process. ThesparseDFMpackage presented in Chapter 6
allows for both white noise and AR(1) � t . Appendix D.1 demonstrates why the adaption for AR(1)
errors is computationally slower than white noise errors.
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4.2.1 Consistency and Pervasiveness

In the sparse situation, wherebysk < p, we will be able to model only a subset of

the observations with each factor. To enable us to model allp variables and gain

information relating to the r factors asn; p increase, we assume a couple of conditions

on the speci�cation. First, that the support of the observations, and the union of factor

supports is equal, i.e.[ r
k=1 Sk = f 1; : : : ; pg, thus all observations are related to at least

one of the factors. Second, that the support for each factor grows with the number of

observed variables, in thatf skg is a non-decreasing sequence inp. Assumptions of this

form would allow us, in principle, to assess the consistency of factor estimation asp

grows.

This asymptotic analysis inp (and n) contrasts with the traditional setting with

a �xed p { for which the factors cannot be consistently recovered and can only be

approximated, with error that depends on the signal-to-noise ratiok�� F � > ]k=k� � k,

where� F = E
�
F tF >

t

�
(Bai and Li, 2016). Intuitively, this is due to the fact that if p

is �xed, then we cannot learn anything more about the factor at a speci�c timet, as

we do not get more information on the factors asn increases, instead we just get more

samples (at di�erent time points) relating to the seriesf F tg. When we go to the doubly

asymptotic, or just p ! 1 setting, then if the number of factorsr is �xed or restricted

to slowly grow in n then we can not only recover structures relating tof F tg, e.g. the

speci�cation of A , but we can also get more information relating to the factor at the

speci�c time t (Bai and Li, 2016; Barigozzi and Luciani, 2022). One way to ensure this

growing information about the factors is to assume that they are in some sense pervasive

{ the more variablesp we sample, the more this tells us about ther factors. We note,

that for a more formal analysis of the DFM, a usual pervasiveness assumption placed on

the loading conditions is given by Doz et al. (2011), wherebylimp!1 p� 1� min (� > � ) > 0,

i.e. the average loading onto the least-in
uential factor is bounded away from zero.

In this work, we choose to focus on the empirical performance of our estimator, thus
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we do not formalise the sparsity assumptions further. However, it is worth noting our

empirical studies meet the pervasiveness assumptions regarding the support of the factor

loadings.

4.2.2 Identi�ability

In the following section, we will consider a QMLE estimator for the factor model based

on assuming Gaussian errors� t and u t . It is thus of interest to consider how the

associated likelihood relates to the factors and their loadings. Adopting a Gaussian error

structure and taking expectations over the factors, the likelihood for(4.2.1) is given by

L (� ) / log det(� > � F � + � � ) �
1
2

tr

"

(� > � F � + � � )� 1 1
n

nX

t=1

X tX >
t

#

:

An obvious identi�ability issue arises here, such that if~� = � Q, ~F t = QF t , for any

unitary matrix Q, i.e. Q> = Q � 1, we haveL( ~� ) = L (� ). Now consider the case of

performing a rotation on the true loadings matrix, denoted by� 0. Denote the set of all

possible equivalent loadings as

E := f � �
0Q j Q> = Q � 1 ; Q 2 Rr � r g :

The invariance of the likelihood to elements of this set mandates that theoretical analysis

of the DFM is typically constructed in a speci�c frame of reference, c.f. Doz et al. (2011,

2012); Bai and Li (2016). For unique solutions one needs to impose normalisation

constraints or a set of restrictions on� , for example, authors (Geweke and Singleton,

1981; Proietti, 2011a) imposer 2 restrictions enforced by setting� = [ I r ; � � ] where� �

is the (p � r ) � r unrestricted loadings matrix. Interestingly, our sparsity assumptions

restrict the nature of this equivalence class considerably, in that only loading matrices

with sparse structure are permitted. In general, there will still be multiple sparse
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representations that are allowed, and the issue of the scale invariance remains, however,

the latter can be �xed by imposing a further constraint on the norms of the loading

matrices. In this work, we demonstrate empirically that it is possible to construct

estimators that are consistent up to rotations that maintain an optimal level of sparsity,

in the sense that the true loading matrix is given by

� 0 2 arg min
� 2E

rX

k=1

k� �;kk0 ; (4.2.2)

wherek� �;kk0 := jsupp(� �;k )j counts the number of non-zero loadings. More generally

(see Remark 1) we could consider selecting on the basis of the`q norm, k� kq :=

(
P

ik � q
i;k )1=q. As Figure 4.2.1 shows, thè1 norm may still provide selection, however,

the `2 norm provides no selection as it maintains the rotational invariance of the

likelihood. In this paper, we restrict our equivalence set on the basis of the`0 norm, as

above, that is, we specify the true loading matrices as those that maintain the highest

number of zero values after consideration for all unitary linear transformations.

In practice, these issues mean we are unable to recover the correct sign of the factor

loadings, whilst columns in the loading matrix may also be permuted, e.g. factork can

be swapped (under permutation of the columns in the loading matrix) with factorl , for

any k; l 2 f 1; : : : ; rg. These are the same identi�ability issues which we face in PCA,

whereby the eigenvectors can be exchanged in terms of order and direction. Note that,

if the focus is solely on forecasting ability, then these identi�ability issues are not a

concern as forecasts depend on the space spanned by the factors, i.e.� F >
t , and not the

factors themselves.

Remark 1 (Sparsity and invariance): To illustrate how the sparsity constraint (4.2.2)

breaks the more general invariance that regular DFMs su�er, we can consider the quantity

k� �
0Q rot (� )kq, whereQ rot (� ) 2 R2� 2 is a rotation matrix with argument � 2 (� �; � ),

and � �
0 2 R10� 2 has the �rst column half �lled with ones, and the rest zero, the second
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Figure 4.2.1: The impact of rotation on the functionL ( ~� (� )) + k~� (� )kq for q = 0; 1; 2.
In the case ofq = 0; 1, the set of feasible� 0 from 4.2.2 is restricted to the points
� 2 f 0; � 1

2 �; � � g corresponding to either swapping columns, or 
ipping signs.

column is set to be one minus the �rst. As we see from Fig. 4.2.1, without the additional

restriction on our speci�cation of � 0, via Eq. (4.2.2), we would not be able to determine

a preference for any particular element from the setE := f � �
0Qrot (� ) : j � 2 f� �; � gg.

I.e. the likelihood aloneL (~� ) gives the same value for every� 2 f� �; � g.

4.3 Estimation

Under the Gaussian error assumption, and collecting all parameters of the DFM(4.2.1)

in � = ( � ; A ; � � ; � u ), we are able to write the joint log-likelihood of the dataX t and

the factors F t as:

logL (X ; F ; � ) = �
1
2

logjP0j �
1
2

(F0 � � 0)> P � 1
0 (F0 � � 0)

�
n
2

logj� u j �
1
2

nX

t=1

u >
t � � 1

u u t

�
n
2

logj� � j �
1
2

nX

t=1

� >
t � � 1

� � t ; (4.3.1)
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where� t = X t � � F t , u t = F t � AF t � 1, and we have assumed an initial distribution at

t = 0 of the factors asF0 � N (� 0; P0).

We propose to induce sparsity in our estimates using the familiar`1 penalty, with

motivation similar to that of the LASSO (Tibshirani, 1996). Alternative penalty

functions are available, however, the convexity of thè1 penalty is appealing. Even

though the overall objective for the parameters is non-convex, due to the rotational

invariance of the log-likelihood, the convexity of the penalty ensures we can quickly

and reliably apply the sparsity constraints. We will make use of this structure in the

algorithms we construct to �nd estimates in practice. It is worth noting that our

focus here is on the factor loadings, and thus this is the object we regularise, possible

extensions could consider additional/alternative constraints, for instance on the latent

VAR matrix.

Our proposed estimator attempts to minimise a penalised negative log-likelihood, as

follows

�̂ = arg min
�

� logL (X ; F ; � ) + �R (� ) ; (4.3.2)

where� � 0. A larger � corresponds to a higher degree of shrinkage on the loadings,

e.g. for a larger� we would expect more zero values in the loading matrices3.

4.3.1 A Regularised Expectation Maximisation Algorithm

The regularised likelihood(4.3.2) is incomplete, as whilst we have observations, we

do not observe the factors. To solve this problem, we propose to construct an EM

framework where we take expectations over the factors (�xing the parameters), then

conditional on the expected factors we maximise the log-likelihood with respect to the

parameters� , we iterate this process until our estimates converge.

3In Chapter 3, � was used to represent thè 1-norm penalty parameter. In Chapter 4 and 5 this
notation is changed to be� to not clash with the factor loadings notation.
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The EM algorithm involves calculating and maximising the expected log-likelihood

of the DFM conditional on the available information
 n . Given the log-likelihood in

(4.3.1), the conditional expected log-likelihood is

E [logL (X ; F ; � )j
 n ] = �
1
2

logjP0j � tr
�

P � 1
0 E

�
(F0 � � 0)(F0 � � 0)> j
 n

�	

�
n
2

logj� u j �
1
2

nX

t=1

tr
�

� � 1
u E

�
u >

t u t j
 n
�	

�
n
2

logj� � j �
1
2

nX

t=1

tr
�

� � 1
� E

�
� >

t � t j
 n
�	

: (4.3.3)

Ultimately, we wish to impose our regularisation on the expected log-likelihood, with

our feasible estimator being given by

�̂ = arg min
�

[� E [logL (X ; F ; � )j
 n ] + � k� k1] : (4.3.4)

We now provide details on the maximisation step and expectation step of our EM

algorithm. Full derivations of the parameters obtained in the maximisation step can

be found in Appendix C1. The expectation step involves univariate Kalman �lter and

smoother equations given in Appendix A.2.

The maximisation step

We use the following notation for the conditional mean and covariances of the state:

a t js = E [F t j
 s] ;

P t js = Cov[F t j
 s] ;

P t;t � 1js = Cov[F t ; F t � 1j
 s] :

conditional on all information we have observed up to a times, denoted by
 s.

As shown in Ba�nbura and Modugno (2014), and fully derived in Appendix C1, the
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maximisation of (4.3.3) results in the following expressions for the parameter estimates:

�̂ 0 = a0jn ; P̂0 = P0jn

and letting St jn = a t jna>
t jn + P t jn , and St;t � 1jn = a t jna>

t � 1jn + P t;t � 1jn we have

Â =

 
nX

t=1

St � 1jn

! � 1  
nX

t=1

St;t � 1jn

!

; (4.3.5)

�̂ u =
1
n

nX

t=1

h
St jn � Â

�
St � 1;t jn

� i
: (4.3.6)

To minimise (4.3.4) for parameters� and � � , we should also consider there might

be missing data inX t . Let us de�ne a selection matrixW t to be a diagonal matrix

such that

Wt;ii =

8
>><

>>:

1 if X i;t observed

0 if X i;t missing

and note that X t = W tX t + ( I � W t )X t . The update for the idiosyncratic error

covariance is then given by

�̂ � =
1
n

nX

t=1

diag

"

W t

�
X tX >

t � 2X ta>
t jn �̂ > + �̂ St jn �̂ >

�
+ ( I � W t )�̂ �

� (I � W t )

#

;

(4.3.7)

where �̂ �
� is obtained from the previous EM iteration. As noted in Algorithm 1, in

practice we update�̂ � after estimating �̂ , as the former is based on the di�erence

between the observations and the estimated common component. The following section

details precisely how we practically obtain sparse estimates for the factor loadings, the

estimates can then be used in (4.3.7) and thus complete the M-step of the algorithm.
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Incorporating sparsity

In this work, we propose to update�̂ by constructing an Alternative Directed Method

of Moments (ADMM) algorithm (Boyd et al., 2011) to solve(4.3.4) with the parameters

(Â ; �̂ u; �̂ 0; P̂0) �xed. We choose to use the ADMM approach as it provides a way

to split up the fairly complex objective function into separate, simpler optimisation

problems, making the variable updates in every iteration much easier. The algorithm

proceeds by sequentially minimising the augmented Lagrangian

C(� ; Z ; U ) := � E [logL (X ; F ; � )j
 n ] + � kZ k1 +
�
2

k� � Z + U k2
F ; (4.3.8)

whereZ 2 Rp� r is an auxiliary variable, U 2 Rp� r are the (scaled) Lagrange multipliers

and � is the scaling term. Under equality conditions relating the auxilary (Z ) to the

primal ( � ) variables, this is equivalent to minimising (4.3.4), e.g.

arg min
Z = �

max
U

C(� ; Z ; U )

= arg min
�

[� E [logL (X ; F ; � )j
 n ] + � k� k1]

as (4.3.4) is convex in the argument� with all other parameters �xed, this argument

holds for any� > 0 (Boyd et al., 2011; Lin et al., 2015).

The augmented Lagrangian (4.3.8) can be sequentially minimised via the following

updates

� (k+1) = arg min
�

C(� ; Z (k) ; U (k))

Z (k+1) = arg min
Z

C(� (k+1) ; Z ; U (k))

= soft( � (k+1) + U (k) ; �=� )

U (k+1) = U (k) + � (k+1) � Z (k+1) :
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for k = 0; 1; 2; : : : ; until convergence. Here, soft() refers to the soft thresholding operator

de�ned by

soft� (x) =

8
>>>>>><

>>>>>>:

x � � x > � ;

0 jxj � � ;

x + � x < � � :

:

The �rst (primal) update is simply a least-squares type problem, whereby on vectorising

� one �nds

vec(� (k+1) ) =

 
nX

t=1

St jn 
 W t � � 1
� W t + � I pr

! � 1

�

vec
� nX

t=1

W t � � 1
� W tX ta>

t jn + � (Z (k) � U (k))
�

: (4.3.9)

Derivations of the updates can be found in Appendix C.2.

Remark 2 (Exploiting dimensionality reduction): For the � (k+1) update, the dimen-

sionality of the problem is quite large, leading to a na•�ve per-iteration cost of order

O(r 3p3). A more e�cient method for this step can be sought by looking at the spe-

ci�c structure of the matrix to be inverted. De�ne A t = St jn , Bt = W t � � 1
� W t , and

C =
P n

t=1 W t � � 1
� W tX ta>

t jn + � (Z (k) � U (k)), then the solution (4.3.9) can be written as

vec(� ) =

 
nX

t=1

A t 
 B t + � I pr

! � 1

vec(C)

= D � 1vec(C) :

Since� � is diagonal in an exact DFM,Bt is also diagonal and thusD is made up ofr 2

blocks such that each (i; j )th block is a diagonal matrix of lengthp for i; j = 1; : : : ; r .

To speed up the computation, we note that� I pr = � I r 
 I p and use the properties of
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commutation matrices (Magnus and Neudecker, 2019, p. 54), denoted byK rp , to write

 
nX

t=1

A t 
 B t + � I r 
 I p

! � 1

=

"
nX

t=1

K rp (Bt 
 A t )K pr + K rp (I p 
 � I r )K pr

#� 1

= K rp

 
nX

t=1

(Bt 
 A t ) + ( I p 
 � I r )

! � 1

K pr : (4.3.10)

The matrix needing to be inverted in the �nal line of equation (4.3.10) is now a block

diagonal matrix. We can extract each of the 1; : : : ; p blocks separately and invert

them one-by-one. The �nal result from(4.3.10) has the expected block structure with

a diagonal matrix in each block but we can stack them into a cube to save storage.

Overall, the operations can be completed with costO(r 3p). Given that this needs to be

performed for every iteration of the EM algorithm, our commutation trick results in

signi�cant computational gains.

Whilst other optimisation routines could be used to estimate the sparse loadings, the

ADMM approach is appealing as it allows us to split(4.3.4) into sub-problems that can

easily be solved. If one wished to incorporate more speci�c/structured prior knowledge,

this approach can easily be altered to impose these assumptions, for instance, future

work could consider group-structured regularisation allowing for more informative prior

knowledge on the factor loadings to be incorporated. Hard constraints, e.g. where we

require a loading to be exactly zero can also be incorporated at theZ update stage by

explicitly setting some entries to be zero. More discussion on future work ideas can be

found in Chapter 7.

The expectation step

So far, we have discussed how to update the parameters conditional on the quantities

E [F t j
 n ] Cov[F t j
 n ], and Cov[F t ; F t � 1j
 n ]. In our application, under the Gaussian
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error assumption, these expectations can be easily calculated via the Kalman smoother.

More formally, given a set of parameter estimateŝ� obtained from the maximisation

step, we can set up the state-space framework of the DFM as in 4.2.1 and run the

univariate Kalman �lter and smoothing equations of Koopman and Durbin (2000) to

obtain quantities E [F t j
 n ] Cov[F t j
 n ], and Cov[F t ; F t � 1j
 n ]. As discussed in Appendix

A.2, the univariate treatment (sequential processing) of the classical multivariate Kalman

�lter and smoother equations can lead to substantial computational gains whenp is

large, as processing observationsX t one element at a time, as opposed to updating all

p of them together, allows slow matrix inversions to become fast scalar divisions.

Remark 3 (Calculating the cross-covariance matrix): It is not obvious from Koopman

and Durbin (2000) how the cross-covariance matrix,Cov[F t ; F t � 1j
 n ], is obtained. To

calculate it, we make use of De Jong and Mackinnon (1988)'s theorem:

P t � 1;t jn = P t � 1jt � 1A > (P t jt � 1)� 1P t jn ;

which, after transposition, gives

P t;t � 1jn = P t jn (P t jt � 1)� 1AP t � 1jt � 1: (4.3.11)

This is directly obtainable from the Kalman �lter and smoother equations.

The expectation and maximisation steps are iterated until convergence which we

de�ne happens when

logL (X ; �̂ (j )) � logL (X ; �̂ (j � 1))
�

logL (X ; �̂ (j )) + log L (X ; �̂ (j � 1))
� �

2
< 10� 4 ; (4.3.12)

for iteration j . The log-likelihoodlogL (X ; �̂ (j )) is given in equation(A.2.5) of Appendix

A.2.
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4.3.2 Parameter Tuning

There are two key parameters that need to be set for the sparse DFM. The �rst is to

select the number of factors, and the second is to select an appropriate level of sparsity.

One may argue that these quantities should be selected jointly, however, in the interests

of computational feasibility, we here propose to use heuristics, �rst selecting the number

of factors, and then deciding on the level of sparsity. This mirrors how practitioners

would typically apply the DFM model, where there is often a prior for the number of

relevant factors (or more usually an upper bound). Both the number of factors, and

the structure of the factor loadings impact the practical interpretation of the estimated

factors.

Choosing the number of factors

To calculate the number of factors to use in the model we opt to take the information

criteria approach of Bai and Ng (2002). There are several criteria that are discussed in

the literature, for example, the paper of Bai and Ng (2002) suggests three forms4. We

use the criteria of the following form:

IC (r ) = log Vr ( �F ; �� ) + r
�

n + p
np

�
log min(n; p) ; (4.3.13)

where

Vr ( �F ; �� ) =
1

np

pX

i =1

nX

t=1

E
�
�� 2

i;t

�

and �� i;t = X t;i � �� i; �
�F t is found using PCA when applied to the standardised data.

The preliminary factors �F correspond to the principal components, and the estimated

loadings �� corresponding to the eigenvectors. Should the data contain missing values,

they can be interpolated using the median of the series and then smoothed with a simple

4In our experiments and applications, we compared all criteria and they typically give similar
results within � 1 of each other, for simplicity, only one IC is presented here. Other IC are available in
the sparseDFMpackage discussed in Chapter 6.
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moving window. This is taken as the initialisation step in thesparseDFMpackage.

Remark 4: We note that ideally one may wish to apply the EM procedure to get

more re�ned estimates of both the factors and loadings, however, in the interests

of computational cost and in-line with current practice we propose to use the quick

(preliminary) estimates above, denoted with�� rather than �̂ .

Tuning the regulariser

Once a number of factorsr has been decided, we tune� by performing a simple search

over a logarithmically spaced grid and minimise a Bayesian Information Criteria de�ned

as

BIC (� ) = log
�

V� (F̂ ; �̂ )
�

+
log(np)

np

rX

k=1

ŝk ; (4.3.14)

whereŝk is the number of non-zero entries in thekth column of the estimated loading

matrix. In this case, we run the EM algorithm until convergence and then evaluate the

BIC using the resulting F̂ and �̂ , this procedure is repeated for each� in the grid. An

example of the resulting curve can be seen in the empirical applications of Sections 4.5

and 4.6. To limit searching over non-optimal values, an upper limit for� is set whereby,

if the loadings for a particular factor are all set to zero, then we terminate the search.

Remark 5: Tuning both the number of factors, and the regulariser for these models

is a topic of open research and discussion. Indeed, whilst the criteria of Bai and Ng

(2002) are well used, there is still lively debate about what is an appropriate number of

factors, and this usually determined by a mix of domain (prior) knowledge and heuristics

such as those presented above. The heuristics provided here seem reasonable in the

applications and experiments we consider, however, we do not claim they are optimal

for all scenarios.
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4.3.3 Implementation

The estimation routine is implemented as part of the R packagesparseDFMavailable

via CRAN and presented in Chapter 6. In brief, the EM routine and ADMM updates

are implemented in C++ using the Armadillo library. Initialisation of the ADMM

iterates utilises a warm start procedure whereby the solution at the previous iteration

of the EM algorithm initialises the next solution. Furthermore, warm-starts are utilised

when searching over an� tuning grid. As noted in other applications (Hu et al., 2016)

starting the ADMM procedure can lead to considerable speed-ups. With regards to

the augmentation parameter� in the ADMM algorithm, this is simply set to 1 for the

experiments run in this chapter, however, it is possible that tuning this parameter could

lead to further speedups.

On the �rst iteration of the algorithm, the EM procedure is initialised by a simple

application of PCA to the standardised data, analogously to how the preliminary factors

�F and loadings�� were found in Section 4.3.2. A VAR(1) model is then �tted to the

preliminary factors to obtain estimates forA and � u . The initial state distribution

F0 � N(� 0; P0) is such that � 0 = 0 and Vec (P0) = (I rp � A 
 A )� 1 Vec(� u ). A

summary of the EM algorithm as a whole is given in Algorithm 2.

4.4 Simulation Study

We provide a Monte-Carlo numerical study to show the performance of our QMLE

estimator in terms of recovery of sparse loadings and the ability of the sparse DFM

to forecast missing data at the end of the sample. In particular, we simulate from a

ground-truth model according to:

X t = � F t + � t ; � t � N (0; � � ) ;

F t = AF t � 1 + u t ; u t � N (0; � u ) ;
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Algorithm 2 EM algorithm for sparse DFM

Require: X , �

Ensure: � , A , � � , � u

1: Initialize � = ( � ; A ; � � ; � u ) via cubic spline �tting (for missing value imputation)

followed by PCA and a VAR �t

2: repeat

3: ˆ E-step:

4: Obtain a t jn and P t jn via univariate Kalman �ltering and smoothing

5: Calculate P t;t � 1jn via Eq. (4.3.11)

6: ˆ M-step:

7: Update A and � u via Eqs. (4.3.5) and (4.3.6)

8: Initialize � (0) = Z (0) = U (0) = 0

9: for k = 0; :::; until convergencedo

10: � (k+1) = arg min � C(� ; Z (k) ; U (k)) via Eqs. (4.3.9) and (4.3.10)

11: Z (k+1) = soft( � (k+1) + U (k) ; �=� )

12: U (k+1) = U (k) + � (k+1) � Z (k+1)

13: end for

14: Update � � via Eq. (4.3.7)

15: until convergence
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for t = 1; : : : ; n and X t having p variables. We set the number of factors to ber = 2

and consider true model parameters of the form:

� = I 2 
 1p=2 =

2

6
4

1p=2 0p=2

0p=2 1p=2

3

7
5 ; � � = I p; A =

2

6
4

a 0

� 0

3

7
5 ; � u =

2

6
4

1 � a2 0

0 1� � 2

3

7
5 :

The loadings matrix � is a block-diagonal matrix which is 1/2 sparse withp=2 ones

in each block. We set up the VAR(1) process of the factors in this way such that we

can adjust the cross-correlation parameter� between the factors while having factors

that always have variance one. This allows us to understand how important a cross-

correlation at non-zero lags structure is when assessing model performance. We vary

the � parameter between� = f 0; 0:6; 0:9g, going from no cross-correlation to strong

cross-correlation between the factors. We set the covariance of the idiosyncratic errors

to be I p in order to have a signal-to-noise ratio between the common component� F t

and the errors� t equal to one.

4.4.1 Recovery of Sparse Loadings

We apply our sparse DFM (SDFM) to simulated data from the data generating process

above to assess how well we can recover the true loadings matrix� . We compare our

method to sparse principal component analysis5 (SPCA) applied to X t to test which

settings we are performing better in. We tune for the best̀1-norm parameter in both

SDFM and SPCA using the BIC function (4.3.14) by searching over a large grid of

logspaced values from 10� 3 to 102. We also make comparisons to the regular DFM

approach of Ba�nbura and Modugno (2014) to test the importance of using regularisation

when the true loading structure is sparse.

The estimation accuracy is assessed with mean absolute error (MAE) between the

estimates and true loadings according to (rp)� 1k�̂ � � k1. We also provide results for

5The SPCA algorithm is implemented using the elasticnet R package available on CRAN.
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the F1 score for the sparsity inducing methods of SDFM and SPCA to measure how well

the methods capture the true sparse structure. Due to invariance issues discussed in

Section 4.2.2, the estimated loadings may not be on the same scale as the true loadings,

we thus �rst re-scale the estimated loadings such that their norm is equal to that of

the simulated loadings, i.e.k�̂ k2 = k� k2. The estimated loadings from each model are

identi�ed up to column permutations and therefore we permute the columns of̂� to

match the true order of � . We do this by measuring thè 2-norm distance between the

columns of�̂ and � and iteratively swapping to match the smallest distances.

Figure 4.4.1 displays the results for the loadings recovery where we have �xed the

number of observations to ben = 100 and vary the number of variables between

p = f 18; 60; 120; 180g along the x-axis and the cross-correlation parameter in the VAR(1)

process between� = f 0; 0:6; 0:9g going from the left to middle to right plot respectively.

The top panel shows the median MAE score (in logarithms) over 100 experiments

while the bottom panel shows the F1 scores. We provide con�dence bands for both

representing the 25th and 75th percentiles.

It is clear from the plots that the sparsity inducing methods of SDFM and SPCA

are dominating a regular DFM when the true loadings structure is in fact sparse. It is

also clear that SPCA performs poorly, compared with SDFM, when the cross-section of

the data increases for a �xedn. This is even more noticeable from the F1 score when�

increases. This highlights the importance of the SDFM's ability to capture correlations

between factors at non-zero lags. Unlike SPCA, the EM algorithm of SDFM allows

feedback from the estimated factors when updating model parameters, allowing it to

capture these factor dependencies. We see improved scores in MAE as the cross-section

increases for SDFM. This follows the intuition of the EM algorithm framework as we

learn more about the factors as the dimensionp ! 1 . We should remark that for most

scenarios the F1 score for SDFM is almost one, however, whenp = 18 and � is high, the

score does drop. In this setting, a low value for� minimises BIC, meaning almost no
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Figure 4.4.1: Median log-MAE score (top panel) and median F1 score (bottom panel)
for recovering factor loadings across 100 experiments with a shaded con�dence band of
the 25th and 75th percentile. The plots represent a setting with a �xedn = 100 and
varying number of variablesp and where the cross-correlation parameter in the VAR(1)
process is set to� = 0 (left plot), � = 0:6 (middle plot) and � = 0:9 (right plot).
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sparsity is applied (a very similar result to a regular DFM �t). Here, the two factors

are highly correlated and it appears the cross-sectional is not large enough to accurately

separate the factors. In practice it is likely that cross-section will be large and hence

this result is not too concerning.

4.4.2 Forecasting Performance

To evaluate our ability to forecast missing data at the end of the sample, we simulate

data from the data generating process above withn = 200, p = 64 and consider

� = f 0; 0:6; 0:9g, and assume di�erent patterns of missing data at the end of the sample.

We consider a 1-step ahead forecast case where we set 25%, 50%, 75% and then 100% of

variables to be missing in the �nal row ofX . When allocating variables to be missing

we split the data up into the two loading blocks and set the �rst 25%, 50%, 75% and

100% of each loading block to be missing. For example, the variables 1 to 8 and 33 to

40 are missing in the 25% missing scenario. We are interested in forecasting the missing

data in the �nal row of X and we calculate the average MAE over 100 experiments.

We make comparisons with a sparse vector-autoregression (SVAR) model6 as this

is a very popular alternative forecasting strategy for high-dimensional time series that

is based on sparse assumptions. As our factors are generated using a VAR(1) process

with a sparse auto-regression matrix, we are interested to see whether SVAR will be

able to capture the cross-factor auto-correlation when producing forecasts. We also

apply a standard AR(1) process to each of the variables needing to be forecasted as a

benchmark comparison.

Figure 4.4.2 displays the results of the simulations plotting MAE for each of the 3

methods and each simulation setting. In all settings we �nd SDFM to outperform both

SVAR and AR(1). When � is set to be 0:9, we �nd SVAR does improve its forecasting

6The SVAR algorithm is implemented using the BigVARR package available on CRAN. This has
a built-in cross-validation mechanism to tune for the best `1-penalty parameter which we use in our
simulations.
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Figure 4.4.2: Average MAE score forecasting, as a function of the level of missing data
in the last sample. From left-right: � = 0, � = 0:6, � = 0:9. Plot indicates the 50th
percentile of performance across 100 experiments withn = 100, p = 64.

performance as opposed to when� = 0 as the VAR(1) process driving the factors

becomes more prominent. The results con�rm SDFM's ability to make use of variables

that are present at the end of the sample when forecasting the missing variables. We

see this by the rise in MAE when 100% of the variables are missing at the end of the

sample and the model can no longer utilise available data in this �nal row. The MAE

remains fairly 
at as the amount of missingness rises from 25% to 75% showing SDFM's

ability to forecast correctly even when there is small amount of data available.

4.4.3 Computational E�ciency

To assess the computational scalability, we simulate from a sparse DFM where� =

I r 
 1p=r and � � = I p, and the factors are a VAR(1) with A = 0:8 � I r and � u =

(1 � 0:82) � I r . We record the number of EM iterations and the time they take for each

`1-norm parameter� up to the optimal `1-norm parameter�̂ and then take the average

time of a single EM iteration. We repeat the experiment ten times for each experimental

con�guration.

The results are presented in Figure 4.4.3, which demonstrates scalability as a function
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Figure 4.4.3: Summary of computational cost. Left: as a function ofn, with �xed
p = 24. Right: as a function of p, with �xed n = 100. Average performance across 10
experiments.

of n, and p, under di�erent assumptions on the number of factorsr = 2; 4; 6; 8. As

expected, the cost is approximately linear inn and p, with increasing cost as a function

of the number of factorsr . The results demonstrate the utility of using the univariate

smoothing approach as well as the matrix decomposition when calculating required

inversions.

4.5 Case Study 1 - Nowcasting UK Trade in Goods

This �rst case study attempts to explore the bene�ts of our sparse DFM versus the

classic DFM in a typical macroeconomic nowcasting exercise on monthly UK Trade

in Goods exports data with a large set of monthly indicator series. The second case

study in Section 4.6 moves away from the �eld of economics and uses the sparse

DFM to interpret energy consumption around our university campus and compares its

forecasting performance with competing methods. Together, both case studies hopefully

demonstrate how practitioners can use the sparse DFM to draw conclusions from the

induced sparse factor structure to interpret key data sets and accurately forecast.
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Figure 4.5.1: Breakdown of the 9 trade in goods target series.

4.5.1 Data

The UK's economy is heavily dependent on international trade, with exports and imports

of goods and services making up a signi�cant proportion of its GDP. In 2022, goods trade

totalled £815 billion, while service trade totalled£902 billion (UK Parliament, 2023).

Currently, the O�ce for National Statistics (ONS) publish UK trade in goods data

monthly with a 2 month publication lag. This includes a breakdown of all commodities

traded to and from countries worldwide. Trade in services data on the other hand is

only available monthly for an aggregate worldwide �gure for total imports and exports,

information on the breakdown of services and country trade is quarterly with a 3 month

publication lag. Given key events in recent years that have imposed restrictions on

international trade for the UK, such as voting to leave the European Union (EU) in 2016

and the coronavirus pandemic reaching UK shores early 2020, it is of signi�cant interest

to produce timely estimates of trade data avoiding the long 2-3 month publication

delays.

In this case study we focus on nowcasting trade in goods data by utilising a large

set of monthly indicators available within the 2 month publication lag window. In
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Label No. Data Description Delay
TiG 9 Trade in Goods Value of UK exports of the 9 main commodities by

current price.
2

IoP 89 Index of Production Movements in the volume of production for the UK
production industries.

2

CPI 166 Consumer Price In
a-
tion

The rate at which the prices of goods and services
bought by households rise or fall.

1

PPI 153 Producer Price In
a-
tion

Changes in the prices of goods bought and sold by
UK manufacturers.

1

Exch 12 Exchange Rates Sterling exchange rates with 12 popular currencies.1
Conf 2 Con�dence Indices Business and consumer con�dence indices from

opinion surveys.
1

GT 14 Google Trends Popularity scores of 14 google search queries related
to trade in goods

0

Table 4.5.1: Description of data used in the model including goods target series and
monthly indicator series.

particular, we look to nowcast 9 of the main commodities the UK exports worldwide. A

breakdown of these 9 trade commodities are available in Figure 4.5.1. The nowcasting

task of trade in services data is left for Chapter 5, where a large state-space model

is introduced combing the sparse DFM with a multivariate temporal disaggregation

framework to allow quarterly-to-monthly disaggregation of service data.

As trade data accounts for a large proportion of the UK's GDP, there are many

potential informative economic indicator series recorded at the monthly frequency (or

higher) available for us to use. It is important to consider the availability of indicators

in the nowcasting months of interest as we wish to extract as much observed information

as possible when projecting the latent targets onto this space. With this in mind, for

the task of nowcasting monthly goods trade data, we use a collection of 434 monthly

indicator variables that are displayed in Table 4.5.1, along with the 9 monthly goods

target series the UK exports worldwide. The second column,No., gives the number of

series used for the data set, while the �nal column,Delay, gives the publication delay in

months of each variable.

The index of production is used as an important macroeconomic indicator providing

insight into the overall growth of the economy by tracking changes in the output of the
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manufacturing sector. Indices on consumer and producer in
ation aim to capture price

changes which may contain information about aggregate demand. They are available

with a 1 month delay and hence we can exploit more information at the end of the

sample. Exchange rates can have signi�cant impact on demand and transaction costs of

goods trade and can a�ect the price competitiveness of goods in international markets.

Similarly, opinion surveys on business and consumer con�dence are soft indicators that

provide economic agents' estimations on supply and demand of goods. Finally, we use

Google trends data with 14 search queries related to trade in goods. Google trends is a

tool that tracks the frequency and popularity of search terms on Google. It has become

a popular indicator for macroeconomic forecasting purposes in recent years as it allows

the analysis of timely, comprehensive and cost-e�ective data on consumer behavior and

trends (Choi and Varian, 2012; Ferrara and Simoni, 2022). It is available with no delay,

providing us with real-time information for our nowcasts.

4.5.2 Interpreting Factor Structure

The full data sample we collect is January 2004 to October 2022, with missing data only

present in the ragged edge at the end of the sample, e.g. the months of September and

October 2022 are missing for the goods target series. The data is �rst made su�ciently

stationary by taking �rst-di�erences of all variables. A �rst task involves getting a

sense of the sources of variation amongst the entire high-dimensional data set. Can we

interpret the latent factor structure that capture the variation? To estimate factors we

�rst choose the number of factors to use according to the Bai and Ng (2002) criteria

given in (4.3.13). According to this criteria, the best number of factors to use is 7 as

shown in Figure 4.5.2 (top left). However, the screeplot (Fig. 4.5.2 [top right]) seems

to suggest that after 4 factors, the addition of more factors does not add that much in

terms of explaining the variance of the data. For this reason, we choose to use 4 factors

when modelling.
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Figure 4.5.2: Top left: Information Criteria (4.3.13) as a function of number of retained
factors r . Top right: Proportion of variance explained, based on PCA applied to the
scaled and pre-processed data set. Bottom: BIC as a function of� , vertical line indicates
minimiser and the � used in the subsequent analysis.

We now �t the sparse DFM to the entire data set (both monthly targets and

indicators) via the EM procedure in Algorithm 2 and tune for a range of� parameters

in a log-space grid between 10� 2 and 103. We restrict � to be 0 (i.e. unregularised OLS

loadings) for the 9 monthly target series as we do not wish to impose sparsity on the

series we wish to nowcast. Figure 4.5.2 (bottom) displays the entire BIC path from

4.3.14 with the realised minimiser at̂� � 2:984. The BIC quickly starts to rise after

this value as�̂ becomes more sparse until the cut-o� constraint at� � 10:723 when an

entire column of � is set to zero.

The estimated factor loadings using� � 2:984 are presented in Figure 4.5.3 adjacent

to the estimated loadings in a regular DFM �t (� = 0 for all variables). For the regular

DFM, the estimated factor structure is very di�cult to interpret as the loadings are

present in each with a high value (in absolute value). Factor 1 could be interpreted as a

measure of in
ation (CPI and PPI heavily present), although exchange rates also have
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quite a strong loading. Factor 2 is more heavily weighted with the production index,

however, all other indicators are also heavily present and could be important. Factors 3

and 4 are almost impossible to interpret with every indicator seeming important. The

loading plots from sparse DFM are much easier to interpret with many indicator groups

becoming sparse. Factor 1 is clearly a measure of producer price in
ation. We can

observe the dynamics of factors in Figure 4.5.4, and see the top �gure, corresponding to

Factor 1, follows very similar dynamics to an overall measure of PPI, with the incline

post 2020. Factor 2 in Figure 4.5.4 shows a clear shock for the COVID-19 pandemic

matching the dynamics of the production index for the UK. We �nd the loadings of

Factor 2 to be almost entirely weighted by the production index along with certain

google search words to do with trading oil. Factor 3 is almost entirely loaded by CPI

along with google searches to do with manufacturing, cars and animals. Factor 4 is

negatively loaded with a mixture of CPI and PPI and exchange rates data and we see

the dynamics of this factor in Fig. 4.5.4 has rises during the recessions of 2009 and 2020.

4.5.3 Pseudo-Real Time Nowcasting Exercise

The primary objective of the sparse DFM is to make the factor structure for a complex

data set much easier to interpret than a regular DFM { this is apparent in Figure 4.5.3.

It is also of interest to explore if the sparse DFM also produces more accurate nowcasts

than the regular DFM with this data. We can set up a pseudo-real time nowcasting

exercise where we try and predict the missing ragged edge in an expanding window

from August 2018 to July 2022. As it would be di�cult to store all previous vintages

of data back to 2018, we just use the complete data set (up to October 2022) and at

each nowcasting window create a ragged edge following the 2 month lag for the targets

and IoP and 1 month lag for everything else except google trends. We begin with the

window Jan 2004 - Aug 2018, where the current available target exports data is June

2018. We produce nowcasts for July 2018 (representing a nowcast 1 month prior to
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(a) DFM factor 1 loadings (b) Sparse DFM factor 1 loadings

(c) DFM factor 2 loadings (d) Sparse DFM factor 2 loadings

(e) DFM factor 3 loadings (f) Sparse DFM factor 3 loadings

(g) DFM factor 4 loadings (h) Sparse DFM factor 4 loadings

Figure 4.5.3: Factor loadings estimates for all 4 factors using a regular DFM and a
sparse DFM. Colour coded by indicator series data group of Table 4.5.1.
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Figure 4.5.4: Estimated factors (black) with original data (grey) as a function of time
using the optimal � � 2:984 chosen according to BIC.

Model Mean 25% 50% 75%

Horizon 1
DFM 373.7 152.4 232.9 455.1

SDFM 297.2 141.1 212.4 306.9

Horizon 2
DFM 437.2 201.8 302.7 515.1

SDFM 357.6 161.9 233.8 366.4

Table 4.5.2: Pseudo real-time nowcasting exercise results.

release) and for August 2018 (representing a nowcast 2 months prior to release). We

produce these nowcasts for horizon 1 and 2 for every month up to July 2022 - a total of

48 months.

Table 4.5.2 displays the average, 25th, 50th and 75th percentiles of the mean absolute

error across the 48 month expanding window for horizon 1 and 2 in both models. It

appears that Sparse DFM is performing better than a regular DFM, with lower average

mean absolute error and tighter bands around the median. As expected, the error for

horizon 1 is slightly lower than horizon 2 as it is able to exploit all indicators with a 1

month lag in its estimation.
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4.6 Case Study 2 - The Dynamic Factors of Energy

Consumption Around a University Campus

This section details application of the sparse DFM to a real-world problem, namely the

forecasting and interpretation of energy consumption across our university campus. This

second case study is provided with hope to demonstrate the sparse DFM's versatility

on alternative data sets away from economics. Beyond forecasting consumption in the

near-term future, the aim here is to also characterise the usage in terms of what may be

considered typical consumption pro�les. These are of speci�c interest to energy managers

and practitioners, as understanding how energy is consumed in distinct buildings can

help target interventions and strategy to reduce waste. Also demonstrated is how the

sparse DFM, and in particular the EM algorithm, can be used to impute missing data

and provide further insight.

4.6.1 Data and Preprocessing

In this application, the data consists of one month of electricity consumption data

measured acrossp = 42 di�erent buildings on our universities campus. This data

is constructed based on a larger dataset, which monitors energy at di�erent points

throughout a building, in our case, we choose to aggregate the consumption so that

one data stream represents the consumption of a single building. The data is gathered

at 10 minute intervals (measuring consumption in kWh over that interval), resulting

in n = 3; 456 data points spanning 24 days worth of consumption in November 2021,

we further hold out one dayntest = 144 data points to evaluate the out-of-sample

performance of the DFM model. An example of time series from the data set is

presented in Figure 4.6.1.

In the energy consumption forecasting literature, various alternative methods exist to

model this data, such as generalized additive models (Wood, 2015) and multiple seasonal
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exponential smoothing (Taylor and Short, 2003). For a comprehensive review, refer to

Deb et al. (2017). However, our primary objective in this study is to understand how

consumption in this diverse environment istypically structured i.e. we wish to extract

typical patterns of consumption that can well represent how energy is used across the

campus. To this end, forecasting is of secondary importance to inferring structure and

we decide not to remove the relatively clear seasonal (daily) patterns in consumption

prior to �tting the factor model, the hope being, that these patterns will somehow be

pervasive in the derived factors.

Whilst we do have metadata associated with each of these buildings for sensitivity

purposes we choose to omit this in our discussions here, the buildings are presented as

being approximately categorised under the following headings:

Accommodation: Student residences, and buildings primarily concerned with accom-

modation/student living.

Admin: O�ce buildings, e.g. HR, administration, and central university activities.

Misc: Other student services, e.g. cinema, shopping, sports facilities.

Mixed: Buildings which mix teaching and accommodation. For instance, seminar

rooms on one 
oor with accommodation on another.

Services: Management buildings, porter/security o�ces.

Teaching: Teaching spaces like lecture theatres, seminar rooms.

4.6.2 Factor Estimates and Interpretation

To estimate factors we �rst choose a number of factors according to criterion(4.3.13),

which leads to 4 factors being speci�ed. Next, we apply the sparse DFM model via

the EM procedure in Algorithm 2. We run the algorithm to scan across a range of�
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Figure 4.6.1: Example of time series readings for the 24 days under analysis. The �gures
present the square root of the consumption in each hour (

p
6kWh) for di�erent types of

building, and illustrate the diverse nature of consumption.

parameters, and in this case, the BIC criteria suggests to impose moderate sparsity

corresponding to� � 0:01. To give some intuition, the loadings�̂ for � = 0:01 and

� = 0 (classic DFM) are visualised in Figure 4.6.2, a visualisation for the corresponding

factors a t jn are given in Figure 4.6.3.

For brevity, we focus on analysing the results of the sparse DFM model. Of particular

interest for the energy manager is the interpretation of consumption that the sparse

DFM model provides, and this is most obvious for the third and fourth factors in this

case. A visualisation of the factor behaviour on a typical weekday is given in Figure

4.6.4 where there is a clear ordering in the uncertainty surrounding the factor behaviour,

e.g. Factor one has small con�dence intervals, whereas Factor 4 has more uncertain

behaviour, especially during the working day. Interestingly, the sparse DFM only really

di�ers from the regular DFM in these third and fourth factors, where the latter exhibits

slightly greater variation in behaviour. The sparse DFM is able to isolate these further

factors to speci�c buildings. For example, the building identi�ed by the circle in Figure

4.6.2 is known to be active primarily throughout the night, and we see its factor loadings

re
ect this, e.g. the regular working day cycles for Factor 1 are not present, however, the

evening and early morning features (Factors 3, and 4) are represented. For the teaching
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Figure 4.6.2: Estimated factor loadings for the regular DFM (top) and sparse DFM
(bottom). Series are categorised according to one of six building types, triangles indicate
the example series plotted in Fig 4.6.1.

Figure 4.6.3: Estimated factors (black) with original data (grey) as a function of time
using the optimal � = 0:01 chosen according to BIC. When multiplied by the factor
loadings (top) gives the estimated common component.

buildings, we see that the loading on Factor 2, and 3, are negative, indicating a sharp

drop-o� in energy consumption in the evening/overnight, again, this aligns with our

expectations based on the usage of the facilities.

4.6.3 Forecasting Performance

The primary motivation for applying the sparse DFM in the context of this application

is to aid in interpreting the consumption across campus. However, it is still of interest

to examine how forecasts from the DFM compare with competitor methods. For

consistency, we here provide comparison to the AR(1) and sparse VAR methods detailed

earlier. These models all harness a simple autoregressive structure to model temporal
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Figure 4.6.4: Average factor pro�le as a function of time-of-day,t = 0 corresponding to
midnight. The solid line is a pointwise average of the factor̂a t jn across the 18 weekdays
in the sample, con�dence intervals are constructed as� 1:96 the standard-deviation.

dependence, speci�cally regressing only onto the last set of observations (or factors),

i.e. they are Markov order one. Our experiments asses performance of the models in

forecasting out-of-sample data, eitherh = 6 steps ahead (1 hour), orh = 36 steps ahead

(6 hours). The forecasts are updated in an expanding window manner, whereby the

model parameters are estimated on the 24 days of data discussed previously, the forecasts

are then generated sequentially based onn + t = 1; : : : ; ntest = 144 � h observations.

An example of the forecasts generated (and compared to the realised consumption)

is given in Figure 4.6.5. A striking feature of the DFM based model is its ability

to (approximately) time the increases/decreases in consumption associated with the

daily cycle. These features in the AR(1) and sparse VAR model are only highlighted

after a period ofh steps has passed, e.g. the models cannot anticipate the increase in

consumption.

A more systematic evaluation of the forecast performance is presented in Figure 4.6.6,

where the average error is calculated for each building, for each of the di�erent models.

We see that for the 1 hour ahead forecasts, all methods perform similarly, with the sparse
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DFM winning marginally, and the AR(1) forecasts demonstrating more heterogeneity

in the performance. There is no clear winner across all the buildings, for most (30)

buildings the DFM forecasts prove most accurate, with the AR being best on 2, and

the SVAR winning on the remaining 10. Moving to the 6 hour ahead forecasts, the

dominance of the sparse DFM becomes clear, winning across 39 of the buildings, and the

AR method winning on 3. Interestingly, the SVAR fails to win on any building, falling

behind the simpler AR approach. This suggests, that in this application the activity of

one building may not impact that of another across longer time-frames, however, the

behaviour of the latent factors (common component) does provide predictive power.

One could reasonably argue that we should not use these competitor models in this

way for forecasting, e.g. we would likely look to add seasonal components corresponding

to previous days/times, and/or potentially a deterministic (periodic) trend model.

However, these extensions can also potentially be added to the DFM construction.

Instead of absolutely providing the best forecasts possible, this case-study aims instead

to highlight the di�erences in behaviour across the di�erent classes of models (univariate,

multivariate sparse VAR, and sparse DFM), and the fact that the sparse DFM can borrow

information from across the series in a meaningful way, not only to aide interpretation of

the consumption, but also to provide more accurate forecasts by harnessing the common

component.

4.7 Conclusion

This chapter has presented a novel method for performing inference in sparse dynamic

factor models via a regularised expectation maximisation algorithm. The analysis of the

related QML estimator provides support for its ability to recover structure in the factor

loadings, up to permutation of columns, and scaling. From the literature, it appears this

is the �rst time the QMLE approach has been studied for the sparse DFM, with analysis
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(a) 1 hour ahead forecast: Sparse DFM (b) 6 hour ahead forecast: Sparse DFM

(c) 1 hour ahead forecast: AR(1) (d) 6 hour ahead forecast: AR(1)

(e) 1 hour ahead forecast: Sparse VAR(1) (f) 6 hour ahead forecast: Sparse VAR(1)

Figure 4.6.5: Example of predicted consumption (
p

kWh) in one (accommodation)
building on the campus. Forecasts are in blue and true data in red. The left column
represents 1 hour ahead forecasts based on an expanding window, whilst the right
column represents 6 hour ahead forecasts. The SDFM and SVAR are tuned on the 24
days of data prior to that presented in the �gure. Con�dence intervals for the SDFM
are based on 1:96� [�̂ P t jn �̂ > + �̂ � ]

1=2
ii .
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(a) 1 hour ahead error: Sparse DFM (b) 6 hour ahead error: Sparse DFM

(c) 1 hour ahead error: AR(1) (d) 6 hour ahead error: AR(1)

(e) 1 hour ahead error: Sparse VAR(1) (f) 6 hour ahead error: Sparse VAR(1)

Figure 4.6.6: Forecast errors (MAE) for each building for (left column) 1 hour ahead
forecast, and (right column) 6 hour ahead forecast. Performance evaluated on one hold
out day (144� h data points). Each bar is colored according to which method performs
best for that building. Blue: SDFM, red: AR(1), grey: SVAR. The solid black line
indicates average performance across all buildings, the grouping of buildings is indicated
via the dashed line under the plots.
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extending recent investigations by Despois and Doz (2023) using more simplistic sparse

PCA based approaches. When factors are thought to be dependent, e.g. modelled via a

VAR(1) construction, the QMLE approach appears particularly bene�cial relative to

SPCA. Empirical exercises have also validated that simple BIC based hyper-parameter

tuning strategies appear to be able to provide reasonable calibration of sparsity in the

high-dimensional setting.

There is much further work that can be considered for the class of sparse DFMs

proposed here, for example looking at developing theoretical arguments on consistency,

of both factor loadings, and the factor estimates themselves. This work opted for an

empirical analysis of the EM algorithm, which perhaps is more immediately useful

for practitioners. Implementation of the methodology is provided in an easy-to-use R

package described in Chapter 6. On a more methodological front, one could consider

extending the `1-norm regularisation strategy to look at di�erent types of sparsity

assumption, or indeed to encode other forms of prior. More detail on these two avenues

of future work is provided in Chapter 7.

To conclude, adding sparsity in the DFM framework seems to be feasible in the sense

that we can construct estimators that can reliably recover this structure. As shown in

the synthetic experiments, the QMLE approach proposed here seems to be favourable

relative to more simplistic sparse PCA approaches, especially in the setting where there

is dependence between the factors and in the high-dimensional setting. The econometrics

application, focused on nowcasting UK trade in exported goods, demonstrates clear

advantages over a regular DFM in terms of interpreting the underlying factor structure

within a complex, high-dimensional dataset. The application to modelling energy

consumption shows the broad utility the DFM has, allowing us to identify distinctive

pro�les of buildings that qualitatively align with our intuition as well as forecasting

consumption ahead of time. Overall the sparse DFM provides a useful alternative to

other high-dimensional time series models, for both predictive and inferential tasks. An
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additional bene�t of the EM approach is its ability to readily handle arbitrary patterns

of missing data, an issue often faced in the analysis of high-dimensional time series.



Chapter 5

Timely Estimates of UK Trade in

Services: A Sparse Dynamic Factor

Model Approach

Chapter 4 introduced a new class of Sparse Dynamic Factor Models (DFMs) using a

regularised expectation maximisation algorithm that provided interpretation into the

latent factor structure, the ability to handle missing data and demonstrated nowcasting

accuracy. The sparse DFM was applied to a large panel of monthly UK trade in

goods exports data and related indicators to produce nowcasts that avoid the 2 month

publication delay goods data currently possess. This chapter extends the large monthly

panel of goods data and related indicators to include unobserved monthly trade in

services data corresponding to the 11 subdivisions of the service sector. As service

data is only available quarterly with a 3 month publication delay, the sparse DFM is

incorporated into a joint state-space framework that can perform multivariate quarterly-

to-monthly temporal disaggregation of the latent service data. This joint state-space

framework is then used to derive monthly time series estimates of UK service trade

with the European Union (EU) and this statistic is tracked, alongside published UK-EU

134
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monthly trade in goods, over the past 10 years using an interrupted time series model

to explore possible impacts leaving the EU has had on UK trade. Section 5.1 motivates

the work of this chapter and concludes with an overview of the chapter's structure.

5.1 Introduction

Trade in services is a key economic indicator for the UK economy, as the service industries

account for around 80% of its GDP. While business services and �nancial services are the

largest components, accounting for around half of UK exports, other service industries

such as tourism and travel, transportation, and telecomms, contribute signi�cantly to

the economic output and generate a great deal of employment. A breakdown of the 11

main subdivisions of the service sector and their contribution to the UK economy in

2021 is presented in Figure 5.1.1. Understanding the structure and dynamics of service

trade is crucial when making informed decisions about economic policies, whether it

be promoting economic growth in service sectors or assessing the impact of tari�s and

trade barriers during trade negotiations { an accurate and comprehensive data set on

trade in services is vital.

Unlike data on trade in goods, which is published monthly by the O�ce for National

Statistics (ONS), data on trade in services is limited to a quarterly frequency and

published with a 3 month delay1. This delay and lack of granularity for service trade

data makes the task of tracking deviations in this statistic very di�cult. A task which

no less gained popularity in recent years as, in June 2016, the UK voted to leave the

European Union (EU) - a signi�cant destination of exports and source of imports for

the UK. Following the 2016 referendum, the EU and UK began negotiations about

the UK's withdrawal up until January 2020 when the EU-UK withdrawal agreement

1The ONS do in fact publish a total trade in services series monthly representing total imports and
exports to the whole world. This is constructed using ARIMA forecasts benchmarked to the quarterly
measurement. However, data on the subdivisions of the service sector and data on individual countries
or groups of countries (e.g. the EU) the UK trades with is only available quarterly. We compare our
estimates to these published monthly total series in Section 5.5.
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