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This thesis presents three pieces of work.

Within the first two thirds of the thesis, we study Arens regularity of Banach algebras.
We first study Arens regularity of weighted semigroup algebras that arise from
totally ordered semilattices. This is a natural continuation of [24], where they
focus on studying Arens regularity of the unweighted case. We provide a sufficient
condition for when a weighted semigroup algebra is not strongly Arens irregular and
a characterization of Arens regularity of the weighted semigroup algebra. We then
focus on three specific totally ordered semilattices, N N —and Z —tp obtain stronger
results than those obtained for a generic totally ordered semilattice.

Later on, we focus on two different Banach sequence algebras, the James pt" algebra
and the Feinstein algebra. Amongst other properties, we prove that the Feinstein
algebra is Arens regular, which provides a second example of an Arens regular natural
Banach sequence algebra that is not an ideal in its bidual, the first one being the
remarkable example obtained in [7]. We study whether J, is a BSE algebra with a
BSE norm, for 1 < p < co. We finish this part by studying the Arens regularity of
the tensor products of some of the algebras studied in this thesis.

In the final part of the thesis, we focus on Blaschke products. We study the

decomposability of a finite Blaschke product B of degree 2" into n degree-2 Blaschke
3



4 ABSTRACT

products, examining the connections between Blaschke products, the elliptical range
theorem, Poncelet theorem, and the monodromy group. We show that if the numerical
range of the compression of the shift operator, W (Sg), with B a Blaschke product
of degree n, is an ellipse, then B can be written as a composition of lower-degree
Blaschke products that correspond to a factorization of the integer n. We also show
that a Blaschke product of degree 2" with an elliptical Blaschke curve has at most n
distinct critical values, and we use this to examine the monodromy group associated
with a regularized Blaschke product B. We prove that if B can be decomposed into
N degree-2 Blaschke products, then the monodromy group associated with B is the
wreath product of n cyclic groups of order 2. Lastly, we study the group of invariants
of a Blaschke product B of order 2" when B is a composition of n Blaschke products

of order 2.
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CHAPTER 1

Introduction

This thesis deals with two seemingly distant topics. Within the rst two thirds of
the thesis, we are concerned with Banach algebras, and more speci cally with Arens
regularity of Banach algebras. During the study of some speci ¢ Banach algebras,
we run into the Hardy space, and in the literature regarding this space there is a
notable amount of discussion about the relation between the compressions of the shift
operator and Blaschke products. This led to the interest in the research re ected in

the last third of the thesis, where we study some properties of Blaschke products.

1.1. Arens regularity of Banach algebras

More than 70 years ago, in3] Richard Arens proved that, given a Banach algebra,
its product can be naturally extended to its bidualA®in a way that A is a closed
subalgebra ofA% This extension can be done in two completely symmetrical ways.
From these, the rst ( ) and second () Arens products arise. These products are
one-sided (A% A9 continuous (each one on a di erent side). These two products
can be one in disguise, or they can be di erent products iA% which sparked the
need to know which algebras belonged to each of these groups. Arens provedin [
that the algebra “*(N) with pointwise product is Arens regular, but that *1(N) with
the convolution product is not Arens regular. In L1], it is shown that all C -algebras
are Arens regular and in T9 Young proved that L(G) is not Arens regular for any
in nite G.

A natural question to ask when we are dealing with non-Arens regular algebras is
to what extent these products can di er from one another. The biggest set on which
these two products can agree is the whole bidual, while the smallest set in which they
have to be equal isA. This sparked the de nition of Arens regularity, when the two
multiplications coincide in the whole bidual, and, later on, strong Arens irregularity
in [21], when both products are as di erent as possible. This leads naturally to the
de nition of the left and right topological centres, introduced in 9], which we shall

see in Chapter 2.
12



1.1. ARENS REGULARITY OF BANACH ALGEBRAS 13

There is an important fact about Banach algebras that leads to a di erent way
of meassuring non-Arens regularity: The spad&AP (A) of weakly almost periodic
functionals is precisely the subspace & where the two Arens products coincide
(i.e. for 2 WAP(A), WM N; i =hv N; i (M;N 2 A%). This follows from
Grothendieck's double limit criterion (see for example6[/]). Thus, when every
functional in A%is weakly almost periodic, we know thatA is Arens regular. With
this characterization of Arens regularity, it follows naturally that is possible to
measure the degree of non-Arens regularity of an algebfaby measuring the size
of the quotient spaceA=WAP (A), i.e., by measuring the size of the spad&/AP (A)
against the size ofA°. So, whenA is Arens regular,AWAP (A) is trivial. The
other extreme case is wheA®=WAP (A) is as large asA®. In [48], Granirer coined
the term extreme non-Arens regular for these algebras.

Strong Arens irregularity and extreme non-Arens regularity are not equivalent
properties. In fact, neither of them implies the other, as it was seen i87. In [34]
natural examples of algebras that are extreme non-Arens regular but not strongly
Arens irregular can be found. In this thesis, however, we shall not consider extreme
non-Arens irregularity.

As it has been pointed out before, the link between Arens regularity and convo-
lution algebras was identi ed at the birth of the two Arens products, as in4] Arens
already discussed that*(N) with the convolution product is not Arens regular. This
just planted the seed for a very proli c research area.

The research about Arens regularity of (weighted) semigroup algebras is somehow
divided into studying the unweighted and the weighted cases. They are obviously
intertwined, but sometimes (as we shall see later on in this thesis), the results
obtained for one cannot be extrapolated to the other.

For example, in P2], they study the structure of the convolution algebra and of its
second dual. In order to do so, they use properties of the semigrouf; ) and, due
to the interweaving of mathematical concepts, some interesting questions about this
semigroup arise from the study of Banach algebras. The recently published paper
[24], which inspired some of the research of this thesis, considers totally ordered
semilattices (see de nition in Chapter 2) and determines the centres of the bidual of

the unweighted convolution algebra, as well as the centres & .
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A seminal paper on Arens regularity of weighted semigroup algebras is that of
Craw and Young [L3], where they introduced a criterion to know when a weighted
semigroup algebra is Arens regular, giving a characterization in the case that the
semigroup is (weakly) cancellative. InZ0] they consider weighted convolution
algebras on discrete groups and semigroups, concentrating on the rationals with
addition and analogous semigroups in the real line. Although the main focus &5
are weighted group convolution algebras, they also provide some examples about
weakly cancellative and right cancellative discrete semigroups.

In [28], Daws provides some results regarding Arens regularity of weighted
semigroup algebras, although the main focus is dual Banach algebras as a way to
progress on the understanding of Connes-amenability. Duality of Banach algebras
also provides a natural context for the study of Arens regularity, since Banach
algebras that have the extra property of being dual Banach algebras can be Arens
regular under certain conditions. For example, when an algebra is a dual Banach
algebra and it is also an ideal in its bidual, it is immediately Arens regular. This
is why in this thesis we also study the duality of some of the Banach algebras. A
dual Banach algebra is an algebra that is not just dual as a Banach space, but
also the predual satis es certain conditions related to the algebraic structure (see
the de nition in Chapter 2). For example, von Neumann algebras are the only
C -algebras that are dual Banach algebras. In the case of semigroup convolution
algebras, it was seen in2P] that the unweighted convolution algebra is a dual Banach
algebra if and only if the semigroup is weakly cancellative. As we shall see later in
the thesis, this story is a bit more complicated when we add a weight.

Finally, other properties that can be linked with Arens regularity, and that will
be a focus of study for this thesis, are the notions of BSE algebra and BSE norm,
which were introduced in 1990 by Takahasi and Hatori in74] as an abstraction of
the Bochner-Schoenberg-Eberlein theorem. Some documents that focus on these

properties in relation to Banach algebras are [25] and [57].

1.2. Blaschke products

Blaschke products are important functions for the study of bounded analytic functions.
They play the same role hyperbolically on the unit disc as polynomials play in the
Euclidean sense on the plane. Finite Blaschke products ameto 1 maps of the open

unit disk into itself, mapping the unit circle to itself. They are holomorphic on an
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open set containing the closed unit disk and have nitely many zeros in the open
unit disk.

More than 200years ago J. V. Poncelet discovered that if there exists a polygon
of n-sides that is inscribed on a given conic and circumscribed about another conic,
then in nitely many such polygons exist. This theorem, which is sometimes called
Poncelet's porism or Poncelet's closure theorem, has been studied in several settings
(see, for example,q9, 32, 37, 49, 63, among others). Later, Darboux found a new
proof of the Poncelet closure theorem based on the properties of certain curves,
known as Poncelet Darboux curves,31]. These are the curves of degraepassing
through the intersection points ofn + 1 tangents to a given conic.

If Alisan n matrix, then its numerical rangeW (A) is a convex subset o€
which contains the spectrum ofA. Surprisingly, Blaschke products, the numerical
range, and Poncelet's theorem are all connected. Roughly speaking, this connection
can be described by noting that the convex hull of each of the circumscribing polygons
with vertices on T represents the numerical range of a certain unitary matrix, which
is related to a Blaschke product via an operator that is a compression of the shift
operator. See, for example, [17] for an overview of these connections.

A Blaschke product is decomposable if it can be written as the composition of
two (or more) Blaschke products of degree greater than one (see Chapter 5 for the
formal de nition). Whether or not a Blaschke product is decomposable is a topic
that has strongly drawn the attention of specialists. Amongst other things, this
is due to the link between decomposability and some other interesting properties
of Blaschke products. For example, in7[7/] and [14], a visual representation of
composition is discussed, and irLp] both algorithmic and geometric arguments are
presented, and the relationship between decomposable Blaschke products and curves
with the Poncelet property are examined. In40, 41], Fujimura considered geometric
properties of Blaschke products of degre® and the line segments that are tangent
to the unit circle at the points B maps to on the unit circle, as well as the line
segments joining successive points. For degré®laschke products, she considered
those for which the trace of these lines is an ellipse. She showed that an ellipse is
inscribed in a quadrilateral that is inscribed inT if and only if the Blaschke product
Is a composition of two degre@-Blaschke products. In 7], the authors gave an

operator-theoretic proof of this result. They showed that an ellipse is a Poncelet
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ellipse (see Chapter 5 for a de nition) inscribed in a quadrilateral inscribed i

if and only if the ellipse is the Blaschke curve associated with a Blaschke product
B(z) = zB(z) and the compression of the shift operator associated with the Blaschke
product B has elliptical numerical range. Furthermore, the compression of the shift
operator associated with a Blaschke produd® has elliptical numerical range if and
only if B is a composition of two degre@-Blaschke products. In 3 the authors
obtain a similar result for Blaschke products of degre6. In [68], Ritt classies
decomposability ofB in terms of the monodromy group associated wit. See also
[12] and [77] for more recent developments.

Finally, the last notion that will be the concern of this thesis is the group of
invariants of a nite Blaschke product B: In [8] Cassier and Chalendar showed that
the group of invariants of a Blaschke product of degree is a cyclic group of ordem.
The group of invariants for in nite Blaschke products with nitely many singularities

was considered in [10].

1.3. Thesis outline and published work

The rest of this thesis consists of chapters.

In Chapter 2, we start by discussing the relevant background that will be useful
during Chapter 3 and Chapter 4. This is divided in three sections: Preliminaries
from Banach spaces, preliminaries from Banach algebras and preliminaries from
weighted semigroup algebras.

Chapter 3 is based on a paper that, at the moment of submitting this thesis is
under review by the journal. In it, we study Arens regularity of weighted semigroup
algebras that arise from totally ordered semilattices. The restriction to cancellative
or weakly cancellative semigroups when studying Arens regularity of weighted semi-
group algebras is very common. However, the family of semilattices introduced in
this chapter includes examples that are not necessarily weakly cancellative. So, our
study includes a more general set-up in the study of Arens regularity. The inspiration
to consider this speci ¢ family of semigroups came fron24], where they focus on
studying Arens regularity of the unweighted case. Their main result is a characteri-
zation of the property of strong Arens irregularity in terms of some properties @,

a totally ordered semilattice. However, we shall see that this characterization cannot
be translated to weighted semigroup algebras. We provide a su cient condition for

when a weighted semigroup algebra is not strongly Arens irregular. In contrast with
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strong Arens irregularity, we provide a characterization of Arens regularity of the
weighted semigroup algebra that depends solely on the properties of the weight. We
shall focus afterwards on three speci c totally ordered semilatticedl~, N andZ to
obtain stronger results than those obtained for a generic totally ordered semilattice.
For these, we shall also study when they are BSE-algebras and when they have a
BSE norm.

Within Chapter 4, Section 4.2.1 on Arens regularity of the Feinstein algebra is
joint work with Yemon Choi. We start Chapter 4 by proving some results about
mixed identities that will be useful during the rest of the chapter. Later in this
chapter, we shall focus on two di erent Banach sequence algebras, the Jarpés
algebra, and what we call the Feinstein algebra. In this chapter, we study whether
Jp is a BSE algebra with a BSE norm. On the other hand, the Feinstein algebra
A appears in L9, Example 4.1.46], although it was introduced in a lecture by Joel
Feinstein. This algebra has very interesting properties. For example, it is a self-
adjoint Banach sequence algebra that is not separable, not Tauberian, not an ideal
in its bidual and without an approximate identity ([ 19, Example 4.1.46]). We shall
see that it is not weakly sequentially complete, and we shall also study whether it is
a BSE algebra and whether it has a BSE norm. However, the most interesting result
obtained is that A is Arens regular. This provides a second example of an Arens
regular natural Banach sequence algebra that is not an ideal in its bidual, the rst
one being the remarkable example obtained i7]] The method used to prove Arens
regularity can be extended to a more general setting, which is something we are
working on at the moment. We nish this chapter by studying the Arens regularity
of the tensor products of some of the algebras studied in this thesis.

Chapter 5 is based on the paper], which is joint work with Asuman Glven
Aksoy, Francesca Arici and Pamela Gorkin. We start by discussing the relevant
background in Section 5.1 and Section 5.2. Then, in Section 5.3, we study the
decomposability of a nite Blaschke productB of degree2" into n degree2 Blaschke
products, and we study how this is linked to the elliptical range theorem and Poncelet
theorem. We show that if the numerical range of the compression of the shift operator,
W (Sg), with B a Blaschke product of degrea, is an ellipse, thenB can be written
as a composition of lower-degree Blaschke products that correspond to a factorization

of the integern. We provide some examples of Blaschke products that enlighten
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the result obtained. In Section 5.4, we see that a Blaschke product of degiZe
with an elliptical Blaschke curve has at mosnh distinct critical values, and we use
this to study the monodromy group associated with a regularized Blaschke product
B, in Section 5.5. We prove that ifB can be decomposed inta degree2 Blaschke
products, then the monodromy group associated witB is the wreath product ofn
cyclic groups of order2. Finally, in Section 5.6, we study the group of invariants of
a Blaschke productB of order 2" whenB is a composition ofn Blaschke products

of order 2.



CHAPTER 2

Preliminaries

In this chapter, we shall introduce the background necessary for the rest of this
thesis. The content of this section is not original. We aim to introduce the notation
that we shall use during the rest of the thesis as well as give enough background to
make this thesis self-contained. In some places we shall introduce some results that
are not necessary for the thesis, but that would o er some more context about the

material.

2.1. Frequently used notation and de nitions

We shall denote byN the set of the natural numbers and\N,, = fk 2 N:k ng.
By N; we meanN [f +1g . We consider thatO 2 N. We denote byZ the set of
integers, and similarly, we writeZ, = Z[f +1g andZ}, =fk2Z:m Kk ng.
For us Q is the set of rational numbers andQ® = fq2 Q:q > 0g; R is the set of
real numbers andC the set of complex numbers.

Let X beaset,andlety = RorY =C. If f : X ! Y is a function, we write
suppf for the support of f .

Given an elementx 2 X, we denote by 4 the characteristic function ofx. For
N2 N, ,2cyisthe element suchthat ,(k)=1,fork n,and ,(k)=0, for
k>n.

Finally, we shall write asc the cardinality of the continuum.

2.2. Preliminaries from Banach spaces

Let E be a Banach space. We shall denote the closed unit ballBfby E;;. During
this thesis we shall writeE° for the dual space, andE °for the second dual, or the
bidual . The map ¢ : E! E%denotes the canonical embedding. For a functional
2 E%and x 2 E, hx; iE.eq denotes the value of applied to x. Whenever the
context is clear we omit the subscript and we shall writéx; i.
Let E;F be two Banach spaces. The set of bounded linear maps frémto F is

denoted byB(E;F), and B(E) .= B(E;E): For T 2 B(E;F), we write T°for the
19
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dual map fromF°to E%and T%:= (T9% The set of compact operators fronkE to F
is denoted byK (E; F) and the set of nite-rank operators byF(E;F). We denote
by W(E;F) the set of weakly compact operators.

The following theorem is due to Mazur [61]:

Theorem 2.2.1 The closure and weak closure of a convex subset of a normed space
are the same. In particular, a convex subset of a normed space is closed if and only

if it is weakly closed.
In 1927, J. Schauder introduced the concept of a Schauder basis:

Definition 2.2.2 Let E be a Banach space. A sequen¢e,) in E is a Schauder

basisfor E if for eachx 2 E there is a unique sequencg ,) of scalars such that

X— n2N an.

A property that will be useful in some sections is the Radon-Nikodym property.

Definition  2.2.3 A Banach spaceE has the Radon-Nikodym property(RNP) if

every closed, bounded subset & is dentable.

We recall that a bounded subseB of E is dentable if, for each’ > 0 there exists
X 2 B such thatx 2 caB nB-(x)): For more about dentable subsets, we recommend

to have a look at [26, Section 1].

2.2.1. Tensor products. Let E and F be linear spaces. Then the tensor product
of E and F is denoted byE F. Forz2 E F, there existn 2 N, Xy; Xn 2 E
and yq; :Yn 2 F such that

zZ= Xi Vi
i=1
When z 6 0 we can suppose thatx;; ;xpgandfy;; ;y,g are linearly indepen-

dent.

When E and F are normed spaces, we can consider the projective tensor norm
(

_ X0 X
kzk =inf kxikkyik : z = Xi Yi;n2N (z2 E F);

i=1 i=1
where the in mum is taken over all representations ot as an element oE F.
Then (E F;k k) is a normed space and it is complete if and only if eithdf or

F is nite-dimensional. This leads to the following de nition.

Definition 2.2.4 Let E, F be normed spaces. Then thprojective tensor product
of E and F is the completion of(E  F;k k ). We denote it byE " F.
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2.2.2. Schur property. We shall talk about some properties of Banach spaces

that will be useful throughout this thesis.

Definition 2.2.5 Let E be a Banach space. We say thdE is weakly sequentially
completeif every weakly Cauchy sequence ik is weakly convergent inE. We say
that E has the Schur propertyif given a sequencéx,g that converges weakly tox

in E implies that f x,g converges tox in norm in E.

Note that whenever a Banach space has the Schur property, then it is weakly
sequentially complete.
The main example of a Banach space with the Schur property i8. In fact, any

space with the Schur property contains a copy of'.

2.3. Preliminaries from Banach algebras

2.3.1. Approximate identities.

Definition  2.3.1 Let A be a Banach algebra. Aeft approximate identity for A is
a net(e) in A such that

imea=a (a2 A):
Symmetrically, aright approximate identity for A is a net(e ) in A such that

imae = a (a2 A):

A net (e ) in A is an approximate identity if it is both a left and right approximate
identity.

Let (e ) be a left (respectively right) approximate identity. When(e ) is a sequence
indexed by N we say that is aleft (respectivelyright) sequential approximate identity
If there exists M > 0 such that sup ke k M, then we say that(e) is a left

(respectivelyright) bounded approximate identity

2.3.2. Multiplier algebra. We proceed now to introduce the multiplier algebra of
an algebraA. This algebra was originally introduced by Hochschild ing1]. Let A

be an algebra. Then deft multiplier on A is a linear mapL : A! A such that
L(ab = L(a)b (a;b2 A):
Similarly, a right multiplier on A is a linear mapR : A! A such that

R(ab = aR(b) (a;b2 A):
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A multiplier is a pair (L; R) wherelL, R are left and right multipliers and
aL(b = R(a)b (a;b2 A):

The set of all left multipliers is called themultiplier algebraof A, it is denoted
by M(A) and it is a unital subalgebra ofL (A), whereL (A) is the algebra of linear
maps fromA to A.

Anideal I in A is said to beleft faithful in A (respectively,right faithful in A) if,
for everya 2 A, al =0 implies that a=0 (respectively,la = 0 implies that a = 0).
An ideal | is faithful if it is both left and right faithful. A is said to be faithful if
it is faithful as an ideal in itself. In the case wheréA is faithful and commutative,
every left multiplier is also a right multiplier and vice versa, and sV (A) is the set
of all multipliers of A and it is also a commutative subalgebra dof (A).

Let A be an algebra. For everya 2 A consider the linear map

La:AD A
b7! ab:
The map
L:A!l M(A)
ar! L,

Is an embedding that identi esA as a subalgebra oM (A).

When A is a faithful, commutative Banach algebraM (A) B(A); we denote
the relative operator norm onM (A) ask Ko, and we setkakop, = KL 3Kop fOr every
az2A.

Note that A = M(A) if and only if A has an identity.

We conclude this subsection with a de nition that will be useful later on:

Definition  2.3.2 Let A be a Banach algebra. Them\ is compactif the mapsL,

and R, are compact operators for each 2 A.

2.3.3. Arens products. We proceed to introduce the two Arens products, and
. These products provide the bidual of a Banach algebra with a Banach algebra

structure in such a way that, whenA is view as a subspace #&®via the canonical

embedding, the original multiplication onA coincides with the restriction of the new

multiplication provided to the bidual.
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There are two ways of de ning the two Arens products. Originally, they were

introduce in 1951 by Arens in [4] and [3] and the de nition was as follows:

Let A be a Banach algebra. The dual spac&®is a BanachA-bimodule. Then,

fora2 A; 2A%a ; a2A%suchthathb;a i=thoba; i andhb; ai = hab; i
(b2 A). Also fora2 A andM 2 A% we have thata M;M a 2 A%®with
ha M; i=hM; ai andhM a; i =hM;a i ( 2 A9. Now, for 2 A%and

M2A%wecandene M andM in A%in the following way
ha;, Mi=hv;a i; ;M i=hM;, ai:

With this de nition, we have that k Mk k Mkk kandkM k k Mkk k. If
M 2 A these new de nitions agree with the original ones. The nal step towards
de ning the two Arens products is as follows. FoiM;N 2 A we deneM N and
M N in A%py

M N; i=hv;N i; M N; i=m; Mi ( 2A9;

and we have thatkM Nk k MkkNk andkM Nk k MkkNk for M;N 2 A%
When M or N is in A, these new de nitions agree with the already existing ones.
It can be seen that this de nition is the same as the following:

Let M;N 2 A% andtake(a );(b ) netsinA suchthatlima = M andlimb = N

in the weak- topology. Then the two Arens product are
M N=Ilimlmab; M N=Ilimlmab;

where the limits are again in the weak- topology on A%

Following the notation in [26], for eachN 2 A% consider the maps
Rv:M7!'M N; A% A%
Ly :M7EM N; A% A%
It follows that, for every N 2 A% Ry is weak- continuous on(A% ) while Ly is
weak- continuous on(A% ). Throughout the rest of this thesis, unless speci ed

otherwise, whenever we talk about the bidual of a Banach algebra we are implicitly
talking about (A% ).

Definition  2.3.3 Let A be a Banach algebra. Ther is an ideal in its bidual A%

wheneverA is a closed ideal ofA%® ).
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When A is an ideal in its bidual, for everyM 2 A% the mapsLy :a7! M aand
Ruw :a7! a M are bounded linear operators o\, and so their duals are bounded
linear operators onA°.

The following theorem is due to Watanabe. For example, it can be found i2€).

Theorem 2.3.4 Let A be a Banach algebra. TheA is an ideal in its bidual if and

only if, for any a2 A, the mapsL, and R, are weakly compact operators B (A).
We proceed to de ne the left and right topological centres of a Banach algebra.

Definition  2.3.5 Let A be a Banach algebra. Théeft topological centreof A%is
ZOAY=fM2A%M N=M N (N2A%g:

Symmetrically, we de ne theright topological centreof A%®as
ZOAY=fM2A%N M=N M (N 2AY%qg:

These two topological centres might be di erent. However, in the case whefeis
commutative, the right and the left topological centres are the same and we can

speak about thetopological centreof A% which is
Z(AY=fM2A%M N=M N (N2A%g:
SinceN a= N a= N aanda N=a N=a N,fora2 AandN 2 A%

thenA ZOA%  A%ndA zMO(A% A% |t might be that the topological

centres are neitherA nor A% which leads to the following two de nitions:

Definition  2.3.6 Let A be a Banach algebra. We sag is Arens regular when
ZOAg = zO(A% = A%
A Banach algebraA is said to bestrongly Arens irregular if
ZOAY = zZOA% = A:
In the special case wher\ is a commutative Banach algebraA is Arens regular

if and only if Z(A% = A%and strongly Arens irregular if and only if Z(A% = A.

Thus, a commutative Banach algebra is Arens regular if and only {A% ) is
commutative.
Note that with this de nitions any re exive Banach algebra will be Arens regular

and strongly Arens irregular at the same time.
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Let A be a Banach algebra. Given 2 A°we say that is weakly almost periodic

R :A! A°
a7l a

is weakly compact. Following 26] we write WAP (A) for the space of weakly almost
periodic functionals onA.
It is standard that A is Arens regular if and only ifWAP(A) = A% See [60].

Definition  2.3.7 Let A be a Banach algebra. Then a subs#t of A%is determining
for the left topological centre(a DLTC set) of A%if, given M 2 A%such that
M N=M N (N 2V),thenM 2 A. When the algebraA is commutative, we use

determining for the topological centrga DTC set).

WheneverA%has a DTC set,A is strongly Arens irregular. We shall be interested
in nding small DTC sets of strongly Arens irregular Banach algebras.
The following results are known to specialists, but we also add the proof below

for completion of the text.

Lemma 2.3.8 Let A be a Banach algebra an8 a closed subalgebra & with nite
codimension. Then the Arens regularity ofA is the same as the Arens regularity of
B.

Proof. SinceB has nite codimension, then we can write
A=F B;

whereF is nite dimensional subspace and we are writing the sum as Banach spaces.
HenceA®%= F B9 Thus, for M;N 2 A% there exista;b2 F and P; Q 2 B®such
that M = a+ P, N = b+ Q. Hence

M N=(a+P) (b+Q)=ab+a Q+b P+P Q
M N=(a+P) (b+Q)=ab+a Q+b P+P Q:
Thus ZOA9=F zOB%Y andzM(A9=F z"(B%:

Theorem 2.3.9 Let A be a strongly irregular Banach algebra. LéB be a closed
subalgebra and a closed ideal ofA such thatA = B n |I. Let Vz be a DLTC set for
B%andV, a DLTC set for 1% ThenV = Vg [ V, is a DTC set for A%



26 2. PRELIMINARIES

Proof. For everyM 2 A%there existMg 2 B, M, 2 | suchthatM = Mg + M,.
If M is suchthatM N =M N foreveryN 2 V,thenMg 2 B andM, 2 |, and
soM 2 A. HenceV is a DLTC set for A%

Finally, we end this section by adding two results that will be very useful during
the rest of the thesis.

The following can be found in [5, Theorem 2.1 iii)]

Theorem 2.3.1Q Let A be a Banach algebra that is an ideal in its bidual, is weakly
sequentially complete and has a bounded approximate identity. Thens strongly

Arens irregular.
The following theorem can be found in [26, Theorem 2.3.48]:

Theorem 2.3.11 Let A be a Banach algebra such th&(A; A9 = W(A;A9. Then

A is Arens regular. In particular, A is Arens regular wheneveA® has the Schur

property.
The following can be found in [26, Corollary 6.1.7]:

Corollary  2.3.12 Let (A; k k) be a Banach function algebra such that is strongly
Arens irregular and has the Schur property. Thek ko, andk k are equivalent on
A.

The following can be found in [26, Corollary 6.2.7 (ii)]:

Corollary 2.3.13 Let A and B be Arens regular Banach algebras. Suppose that

A%is a compact algebra, the\ "B is Arens regular.

2.3.4. Dual Banach algebras. Banach algebras that have the extra property of
being dual Banach algebras can be Arens regular under certain conditions. Hence it is
natural to study this property. We proceed to introduce the notions of Banach-algebra

predual and dual Banach algebra. For that, we shall start by the following:

Definition  2.3.14 Let E be a Banach space. Then predual of E is a pair (F; T)
whereF is a Banach space and : E! FP%is a linear homeomorphism. Whenever
T is an isometry, we say thatF is anisometric predual A concrete predualof E is a

closed subspac€& of E°such that the mapT: : E! F%de ned by

(Tex)( )=, iggo (X2 E; 2F); (2.3.1)
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is a linear homeomorphism.

It is standard that, for a Banach spaceE and a concrete preduaF, we can write
E¥=E F~.

Let A be a Banach algebra, with dual modul@® and let F be a concrete predual
as in the de nition above. Hence the contractioriTr : A! F°of equation (2.3.1) is
a linear homeomorphism such thaff®jF : F ! A%is the identity map. WheneverF

is a submodule ofA°, Tr is a module homomorphism.

Definition  2.3.15 Let A be a Banach algebra. ABanach-algebra preduafor A is
a closed linear subspacg of A°that is a concrete predual ofA and a sub-bimodule
of A% We say that A is adual Banach algebrdf it has a Banach-algebra predual.
A Banach-algebra predual isunique if it is the only closed submodule ofA° with

respect to whichA is a dual Banach algebra.
The following result can be found in [26, Theorem 2.4.4]:

Theorem 2.3.16 Let A be a Banach algebra, and Idt be a concrete predual of
A. Then F is a closed submodule d°if and only if the product in A is separately

(A; F)-continuous.

The following proposition can be found inZ6, Proposition 1.3.25] and it will be

useful in subsequent sections:

Proposition  2.3.17 Let E be a Banach space, and suppose thatand G are

concrete preduals oE such thatF  G. ThenF = G.
2.3.5. Banach function algebras.

Definition 2.3.18 Let K be a non-empty, locally compact space. Banach function
algebra onK is a function algebra onK with a norm k k such that (A; k k) is a
Banach algebra. Where dunction algebraon K is a non-zero subalgebré of C°(K)
that separates strongly the points oK, in the sense that, for eachx;y 2 K with
X 6 y there existsf 2 A such thatf (x)=0 andf (y)=1.

For a Banach function algebraA, we recall that , denotes the character space
of A and that the space of all continuous, complex-valued functions on, that are

bounded is denoted byCP( a). We recall that L(A) = lin , and we see it as a
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linear subspace ofA® If the reader wants more details about 5, please refer to
Section 3.1.
When we say thatA is a Banach function algebra without specifyind , we are

assuming thatA is a Banach function algebra de ned on 4.

Definition  2.3.19 Let A be a Banach function algebra ok, and letx 2 K. The

evaluation character atx is the map
wf)=~1fX) (f 2A):
We can regardK as a subset of 5 by considering the inclusion map
X7 " K Al

Definition  2.3.2Q Let A be a Banach function algebra de ned oK. We say that

A is natural if K = 4.

Every Banach function algebra is a commutative, semisimple Banach algebra.
Conversely, every commutative, semisimple Banach algebfacan be identi ed with
a Banach function algebra via the Gel'fand transform.

Let A be a Banach function algebra oK . We denote byJ; = A\ Cgo(K) the

functions in A of compact support. Forx 2 K, we set
Jy =ff 2J; :x 2 suppfg:
Notice that J, is an ideal for everyx 2 K.

Definition  2.3.21 Let A be a Banach function algebra oK . We say that A is
Tauberian if J; = A:

Definition  2.3.22 Let S be a non-empty set, and consider the discrete topology on

S. A Banach sequence algebra dhis a Banach function algebraA on S such that
w(S) A 1 (S);

where cyo(S) is the algebra of all functions orS with nite support and " (S) is
the Banach space of bounded functions dd with the uniform norm on S. We shall

denote the uniform norm onS asj |s.

We recall that a Banach function algebraA on a non-empty, locally compact

spaceK is natural if each character onA is an evaluation character, so, in the
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particular case whenA is a natural Banach sequence algebra on a non-empty $t
then A is contained incy(S), wherecy(S) is the closure ofcy(S) in *1 (S). Also, a
Banach sequence algebr& on a non-empty setS is Tauberian if and only if cyo(S)

is dense inA. Finally, if A is a Tauberian Banach sequence algebra, then it is also
natural and an ideal in its bidual.

The following can be found in [26, Corollary 3.2.4]:

Corollary 2.3.23 Let A be a Tauberian Banach sequence algebra that is a dual

Banach algebra. Them is Arens regular, andA®is a compact algebra.

2.3.6. BSE norm and BSE algebras.  For this section we shall follow the con-
ventions of [26].
Before introducing the notion of BSE algebra, we need to talk about the quotient
algebraQ(A): For an introduction to this algebra, we recommend25 and [26, Y5:1].
Recall from the previous section that, for a Banach function algebra, L(A) =

lin A. Thus, we can see in [26, Theorem 5.1.3]:

Theorem 2.3.24 Let A be a Banach function algebra. Theh(A)? is a closed ideal

in A% and the quotient space
Q(A) = A%2L(A)”  L(A)°
is a commutative, semisimple Banach algebra.

It is seen in 6, Theorem 5.1.9] thatQ(A) is an isometric dual Banach function
algebra, with Banach-algebra predual (A):
Let A be a Banach function algebra and také 2 C°( A). Then, f can be

associated to a linear functional; on L(A), where
|

i"i 2 L(A); (' distinctin L(A)). :

. X] 1
he; 0= | if (i)
We de ne
k 1k =supfihf; ij: 2 L(A)mg (f 2 C°( A)):

Then Cgse (A) is the set of bounded, continuous functions 2 CP( A) such that
k fk< 1. Forf 2 CBSE(A)!

kf kBSE =k fk:
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As it is seen in P6, x 5], (Cgse (A); k kgsg) is a Banach function algebra on , that
contains A as a subalgebra. We shall use the following characterization that can be
found in [26, Theorem 5.2.9]:

Theorem 2.3.25 Let A be a Banach function algebra. TheRgse (A) is the set
of functionsf 2 CP( A) for which there is a bounded neff ) in A converging to
f pointwise in CP( A). For f 2 Cgse (A) the in mum of the bounds of such nets
Is equal tokf kgsg . Further, for eachf 2 Cgseg (A), there is a net(f ) in A with

limf = f pointwise in C°( ) such that

limkf k=Ilim kf kgsg = kf Kgsg:

As seen in 26, x 5], we have thatA  Cgse (A). Also, Cgse (A) is a subalgebra
of Q(A).

Definition  2.3.26 A Banach function algebraA is said to be aBSE algebrawhen
M (A) = Cgse (A). We say that A has aBSE norm when the normsk k andk kgse

are equivalent onA.
The following result is within [26, Corollary 5.5.10]:

Corollary  2.3.27 Let A be a Banach function algebra that is an ideal in its bidual.

Then the following are equivalent:

(a) A is a BSE algebra;
(b) A has a bounded approximate identity.

In this case, A has a BSE norm.
The following Proposition can be found in [26, Proposition 5.2.38]:

Proposition  2.3.28 Let A be a Banach algebra that is an ideal in its bidual or a
natural Banach sequence algebra. TheDgse (A) = Q(A):

The following Proposition is [26, Proposition 5.2.39]:

Proposition  2.3.29 Let A be a BSE algebra. The\ has a BSE norm if and only
if A'is closed in(M(A);k Kop).

The following is [26, Proposition 5.1.17]:
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Proposition  2.3.30 Let A be a natural Banach sequence algebra b and let us
denoteJ; by Ao. Suppose thatA3°has an identity E. Then
A%= A L(A)?; E A%= A and Q(A) = A
The following can be found in [26, Proposition 5.2.29]:

Proposition  2.3.31 Let A be a Banach function algebra. Then the following

conditions on A are equivalent:

(@) A has aBSE norm;
(b) A is closed as a subalgebra Qise (A):

The following can be found in [26, Corollary 5.5.5]:

Corollary ~ 2.3.32 Let A be a Tauberian Banach sequence algebra with a multiplier-

bounded approximate identity. TherA and A#* haveBSE norms.

Where A# is the unitization of A

The following Corollary can be found in [26, Corollary 5.5.4]:

Corollary 2.3.33 Let A be a Banach function algebra that is an ideal in its bidual.

Then A = Cgse (A) if and only if A is a dual Banach algebra.
The following can be found in [26, Corollary 5.2.27]:

Corollary 2.3.34 Let B be a Banach function algebra with a BSE norm, and

suppose thatA is a closed subalgebra &. Then A has a BSE norm.
The following can be found within [26, Theorem 5.2.16]:

Theorem 2.3.35 Let A be a Banach function algebra and take 1. Then the
following are equivalent:

(@) Cgse (A) has an identity 1 with klkgsg  m;

(0) M(A)y  Case (A)mps

(c) kf kese ~ mkf kg (f 2 M(A)).

For more details about BSE algebras and BSE norms see [26, Chapter 5].

2.4. Preliminaries from weighted semigroup algebras

We start this section by giving some de nitions related to semigroups that will be
useful throughout this thesis. We shall continue with the de nition of a semigroup

algebra and known results about them.
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2.4.1. Semigroups. Given S a semigroup, we denote the semigroup operation by

juxtaposition, unless stated otherwise.

Definition  2.4.1 We say that S is right cancellative (respectively, left cancellative
if, for all a;s;t2 S, sa= ta (respectively,as = at) implies that s=t. When S is
both right and left cancellative we call it cancellative

We say S is weakly right cancellative(respectively, weakly left cancellativgif, for
all s;t2 S, the setfu2 S: us = tg (respectively,fu2 S:su=tg)is nite. If Sis
both right and left weakly cancellative, we say thatS is weakly cancellative

An elementp 2 S is anidempotentif p> = p. We say that S is an idempotent
semigroupif every element ofS is idempotent.

We say that a semigroupS is separatingif s = t whenevers;t 2 S such that

st= s? = t2

WheneverS is cancellative or idempotent, thenS is separating.
In grouo theory, a semilattice is a partially ordered set such that every nonempty

nite subset has a greatest lower bound. In our context we have the following:

Definition  2.4.2 Let S be an abelian idempotent semigroup. Then we can de ne

a partial order in S by setting
s t st=s (s;t29S):

For everys;t 2 S, it can be seen thatst is a greatest lower bound fof s;tg. Hence,
(S; ) is a semilattice. Symmetrically, when we have a semilattiqgs; ), we can
de ne a semigroup operation by settingst as the greatest lower bound of s;tg
(s;t 2 S). Hence, from now on, we shall say tha® is a semilattice when S is an

abelian idempotent semigroup.

We shall see now some examples of semigroups. In the cases where it makes sense

we shall also talk about the order induced.
Example 2.4.3 Let S = N together with the operation
m~An=minfm;ng (m;n 2 N);

Then N. is a semigroup and it is not weakly cancellative. However, it is an abelian

idempotent semigroup. Thus, it is a separating semigroup.
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The partial order de ned as in De nition 2.4.2 is the standard in N. We can
seeN. as a semilattice in the following way:

1 /2 /3 lg 1
And supN~ = 1 .

More generally, letS be an in nite subset of R, and consider the operatiorn®

de ned as above, i.e.,
sM"t=minfs;tg (s;t2S):

We have that S~ is an abelian idempotent semigroup and we can see it as a semilattice

in the same way as we did withNa .

Example 2.4.4 Let S = N together with the operation
m_ n=maxfm;ng (m;n 2 N):

Then N_is an idempotent, weakly cancellative semigroup. Hence it is separating.
In this case, the partial order that arises from De nition 2.4.2 is . So, we see
N as a semilattice in the following way:
1 = 4 /3 /2 /1
In this case,supN_ = 1.

2.4.2. Weighted semigroup algebras.  In order to talk about weighted semigroup

algebras, we rst need to introduce the notion of a weight on a semigroup.

Definition  2.4.5 Let S be a semigroup. A function! : S! (0;1 ) is aweight

on S if it is submultiplicative, in the sense that
F(st) () (t) (s;t2S):

WheneverS has an identity e, we shall suppose that (e) = 1, unless we specify

otherwise.

Example 2.4.6 Let us consider the semilatticeS = N~ de ned as in Example 2.4.3.
Then any sequencé : N! [1;1 ) is a weight onS.

More generally, for every semilattices, any! : S! (0;1 ) is a weight onS if
andonlyif! (s) 1(s29S):

Definition  2.4.7. Let S be a semigroup, and let be a weight onS. We shall

denote by ¢ the characteristic function of an elemens 2 S. Then we de ne the
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weighted semigroup algebraf S as the Banach space
( X X )
A =S )= = (s)s:k k= j(it(s)<1
s2S s2S

together with the convolution multiplication speci ed by
s?t= st (S;t29):

For ! 1, this is the usual convolution algebra. We shall refer to this speci c
situation as the unweighted case

Weighted semigroup algebras have been broadly studied. Some of the main
references used for this document are [20], [19], [21], [22] and [23].

The dual of A, as a Banach space is
AP =1 (s;1=t) = " 2 CS:supfj (s)j=!(s):s2Sg<1 O;
with the norm denoted byk k¢ so that
k k¥ :=supfi (s)j=!(s):s2Sg ( 2°'(S;1=!)):
The duality h; i, betweenA, and A? is given by

X
H o0y = f(s) (s);

s2S

wheref = P «sf(s) s2 A, and 2 A?. The space
E = o(S;1=!)

where ¢(S;1=!) is the closure ofcy(S;1=!) in “! (S;1=!). We have thatE, a
concrete predual ofA, .

In the following section we shall see thaE, is not necessarily a Banach-algebra
predual for A, , and we shall study in which cases it is.

For =( (s)) 21 (S;1=!) and 52 A,, the module operation is speci ed by
(s N)= (ts); ( S)t)= (st) (t29):

Definition  2.4.8 Let S be a semigroup, and let be a weight onS. Fors2 S,

the normalised point massat s is denoted by 5 and it is de ned as
= =l (9):

The following lemma is straightforward, and we omit the proof. We add it here

to facilitate the reading of the document:
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Lemma 2.4.9 Let S be a semigroup, and let be a weight orS. Let
o7 = sy A
Then | is an isometric isomorphism of Banach spaces. Also, for evesy2 S,
1(s)= s
Corollary 2.4.10 Let S be a semigroup, and consider a weight onS. Then

*1(S;1) has the Schur property.

2.4.3. Stone-fech compacti cation. We denote by S the Stone-fech compact-
i cation of S, whereS is a set with the discrete topology. We denote by the
growth of S, which is de ned to be S nS: Given a weight! : S! (0;1), we
shall denote the weak- closure off 3 :s2 Sgin A®by S,,andso S, is a closed
subset of the unit ball of A®™with respect to the weak- topology. We regardS as a
subset of S, via the maps 7! s, and we setS, = S, nS. For more details about
S, see [20x3].
Let S be a semigroup. For eacls 2 S, the map

Ls:t7!st; S!S S;

has a continuous extensiohg: S ! S. Foreachu2 S,wedenes u= Lg(u):

Now, foru 2 S, let us consider
Ry,:s7's u, S! S;

which has a continuous extensioRR, : S ! S. We then set
u v=Ry(u) (u;v2 S):

The binary operation is such that the restriction toS S is the original product in
S. Foreveryu;v2 S, there are nets(s ), (t ) in S converging tou; v, respectively.

We can see that
u v=lIlimlmst :
Symmetrically, we can de ne an operation such that
uv=Ilimlmst:

We shall speak abouf( S; ), although symmetrical results are true for S; ).

We have the following result, that can be found in [22, Theorem 6.1]:
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Theorem 2.4.11 Let S be a semigroup. Ther{ S; ) and (' S; ) are semigroups
containing S as a subsemigroup. Further:
(i) for eachv 2 S, the mapR, :u 7! u v is continuous, and(S; )isa
compact, right topological semigroup;

(ii) for each s2 S, the mapLs:u 7! s uis continuous.

For more details of the semigroug S; ), we recommend [22, Chapter 6].

The following de nition can be found in [26]:

Definition  2.4.12 Let S be a semigroup. Then thdeft topological centreof S is
ZE')(S)z fu2 S:uv=uv(v2 S)ag

Similarly, we de ne the right topological centreof S as
Z(s)=fu2 S:v u=v u(v2 S)g

We sayS is Arens regularwhenZ’(S)= z"(S)= S, left (respectively, right)
strongly Arens irregular whenZ{"( S ) = S (respectively, 2"’ ( S) = S) and strongly
Arens irregular whenz"(s)= z"(s) = s.

Let S be an in nite semigroup. A subsetV of S is determining for the left

topological centre(a DLTC set) of M( S) if u2 S wheneveru v=u v (v2V).

Hence, a subseV of S is determining for the left topological centre of S if

there are no elementsi 2 S such thatu v=u v (v2V).



CHAPTER 3

Semigroup algebras

3.1. Initial results

This chapter is concerned with the study of weighted semigroup algebras. We shall
give some results regarding generic semigroups, but we shall mainly focus on totally

ordered semilattices. With this in mind, we give the following de nition.
Definiton  3.1.1 Let Sbe aninnite set. Letf :S! R. GivenC 2 R, we write
Limgf(s)= C
if, for each” > O, there is a nite set F of S such that
if(s) Cj<" (s2SnF):
We write
Limgf(s)= 1
if, for eachM > O, there is a nite set F of S such that
f(s)>M (s2SnF):
We write
Liminfsf(s) < 1

if and only if it is not true that Limsf(s)= 1, i.e., there existsM > 0 such that
the setfs2 S:f(s) <M gis in nite. We write Lim inf f for the in mum of these

constantsM .

Example 3.1.2 (Example 2.4.6 revisited)Let us consider the semigroufN~ as in
Example 2.4.6. We see thatim,; ! (n) = C (respectively,Lim,; !'(n)=1,
Liminf,; !'(n) < 1) whenevernl!ilm I'(n) = C (respectively, r]I!ilrn I'(n) =1,
Iirqr!llinf I'(n)< 1).

37
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Example 3.1.3 Let S= Q* = fs2 Q:s > 0g with the semigroup operation®
de ned as in Example 2.4.3. For clarity, during this example;q2 N are coprime.
Then we de ne

'(p=q9 = p+ q:
HenceLims! (s) = 1 in the sense of De nition 3.1.1. Indeed, leM > 0. Then the

setfp=g2 Q* :!(p=qQ 2Mg s strictly contained in

fp=q:p;q2 N;p M;q Myg;

which is nite.

Example 3.1.4 Let S= Qi as above. Consider now : Q" ! [1;1 ) such that
I'(s)=1 for s2 (0; 1] and such thatlirs'plinf I'(s)= 1 in the traditional sense. Then

Liminfg! (s)< 1.

We proceed to introduce two de nitions that are key in the study of Arens

regularity of semigroup algebras.

Definition  3.1.5 Given a weight! on S, we dene onS S in the following

way: | i | (St)
(SO= T orm

Given a functionf : S S! R, we say thatf clusters onS S if, for (x,); (Ym)

(s;t2S):

sequences of distinct elements &, then

I i £ Onive) = i fm e )

whenever both iterated limits exist.
We say thatf O clusters onS S if, for (xn); (Ym) sequences of distinct elements
of S, then

Am g f oiym) = fipe im (o ym) = 0

whenever both iterated limits exist.

The following result will be useful in the following section. It can be found in
[26, Proposition 6.3.23]:

Proposition  3.1.6 Let! be a weight on a semigrou$, and letU andV be in nite
subsemigroups o8. Suppose that 0 clustersonU V. ThenM N =M N =0
wheneverM 2 “1(U;1)% E? and N 2 “1(V;1)%\ E/:
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As we shall see in the two results below, the case whe&ns a weakly cancellative
semigroup has been well studied.

It was proven in 22, Theorem 12.15] that wheneveS is weakly cancellative and
nearly right cancellative, then the semigroup algebra is strongly Arens irregular. In
addition, they characterized the DTC of("1(S)% ). Due to the importance of this

theorem, we copy it below:

Theorem 3.1.7 (Dales-Lau-Strauss, 2010) et S be an in nite semigroup such that
S is weakly cancellative and nearly right cancellative. Then there existand b in
S that are right cancellable in( S; ) and such that the two-element séia; by is

determining for the left topological centre oM ( S ).

Where a semigrouS is said to benearly right cancellativeif there is a subsetX
of S such that jX | = jSj and such that the setfx 2 X : sx = txgis nite for every
s;t 2 S such that s 6 t. This property is essential in the theorem. In22, Example
12.21] provide an example of an in nite, countable, weakly cancellative semigroup
for which “1(S) is not strongly Arens irregular.

In 1974 Craw and Young already studied Arens regularity of weighted semigroup
algebras in L3]. We provide a new proof of their main theorem ([3, Theorem 1])
below. The proof has been modi ed to match the terminology used here, which
resulted in a simpler version of the necessary part. A similar observation was made

in [28], however, we provide full details here.

Theorem 3.1.8 (Craw-Young, 1974)Let S be an in nite semigroup and! a weight
on S. Then:

(@ If 0 clustersonS S, thenA, is Arens regular.
(b) If S is a weakly cancellative semigroup, then the Arens regularity Af

implies that 0 clusters.
Proof. (a)Let 2 A,° Then 2 WAP(A,) if and only if
(;)) "hR (7);51; t :S S! C:
clusters. This follows from Grothendieck's double limit criterion and can be seen

in [28. Since 2 A, ° there exists o 2 A%such that = ! ,. The above then

translates to the fact that
t(i;j)= W: ( Ki)ho 2?2
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clusters.
In particular, when 0 clusters,t, alsoO-clusters. Thus, for 2 A, 0 2 WAP(A)).
Hence,A, is Arens regular.

(b Suppose thatS is weakly cancellative. The following argument is very similar
to the one followed in L3, Theorem 1] but we provide full details for completeness.
Suppose that there exis{(s,) and (t,) sequences of distinct elements & and" > 0
such that

Ijm

im fm Csnitn) >

|
m
We shall see that there are two elements of the bidual such that the two Arens

products are di erent. We may suppose that

rT!i!rln (Snitm)>"> 0 (n2 N):

Let us choose two subsequencés’) and (t%) of (s,) and (t.,), respectively, such
that ( s2;t2)>" forn m. Indeed, takes§ = s; and taket$ to be the rst element
tm such that ( s;;ty) > " Let us suppose that we already have the rsk elements

s s and t?;:t0 . SinceS is weakly cancellative the set
F=fu2S:utP=st;1 Lijj<k g

is nite. Hence we can chose as? the rst element s, such thats, 2 F. Following

the same line of reasoning the set
E=fu2S:su=st’1 j<k 1 il kg
is nite, and so we can chosé? as the rst elementt,, such that
(shtm)>" (@ i Kk); tn2E:

These subsequences are such thdts?;t%) > " for n m and such that the
elementss®td are distinct for m;n 2 N. Let , and  be the normalized point
masses as? and t, respectively, and 2 “! (S) the characteristic function of the

setfstd :n  mg. Then
hn? m! i=(st8)>" (n m);
hon? m;! i=0 (n>m):

Let M;N 2 A, ®be (A, ®A, 9-accumulation points of( ,) and ( ), respectively.
By construction, M N;! i "and MM N;! i = 0. Thus, A, is not Arens

regular, as desired.



3.1. INITIAL RESULTS 41

When (s,) and (t,,) are sequences of distinct elements 8fand " > 0 such that
i Jm Csnitn) >
the argument is symmetrical.

Consider : S S R de ned as above. Recall that, fors;t 2 S, we have
0 (s;t) 1 Letu;v2 S. Then there are nets(s );(t ) in S such that

u=Ilim s ,v=Ilim t.Wedene
(u;v)=lim lim ( s ;t); (u;v)=lim lim ( s ;t):

The following result can be found in21, Proposition 3.1]. We write it here for

completeness.

Proposition  3.1.9 Let S and T be non-empty sets, and let
f:S T! C

be a function. Suppose thafs ) and (t ) are nets in S and T, respectively, such
thata= lim lim f(s;t)andb= lim lim f(s ;t ) both exist. Then there are
subsequences ) and (t ) of the nets(s ) and (t ), respectively, such that =

limm limpf(s ,;t ) andb=Ilim Ilim f(s ,;t ).

We can see that if we apply this Propositionto and  we can de ne them
in terms of sequences instead of nets.
When the situation requires it, we shall write , and , to specify that we are

in A O(.)

Corollary 3.1.10 Let S be a semigroup, and let be a weight ornS. Consider
' S S! Rdenedas above, and let;v2 S. Let (s );(t ) be nets inS such
thatu=1lim s, v=1Ilim t . Then there are subsequencégs,) and (t,,) of (s )

and (t ), respectively, such that
(u;v):lirnq Iinm ( sm;tn) and (u;v) = Iirrp Iinrp ( Sm;tn):

Let S be a semigroup, and let be a weight onS. Let us consider , as in
Lemma 2.4.9. Letu;v 2 S . Then there are nets(s ) and (t ) in S such that

u=Ilim s andv=Ilim t. Thus, for 2 1 (S), we have

hoyu) o+ O W)t i =limlimh, ()2 ()t i
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=limlim (s ;t)hg ? ¢; i
=  (uv)hy ; i: (3.1.2)
Symmetrically we obtain that
hlw « Wit = (uvhy o i (3.1.2)
The following result can be found in [20, Proposition 4.8]:

Theorem 3.1.11 Let S an abelian semigroup, and let be a weight onS. For
s2 S, set

s=inff!l (sM¥™ :n 2 Ng:
Then “1(S;!) is semisimple if and only ifS is separating and s > 0 (s 2 S).

For the notions of character and semicharacteron S, we shall follow the conven-
tions of [22].

Definition  3.1.12 Let S be a semigroup. A semicharacteron S is a map
:S! Dsuchthat 60 and

(sh= (s) () (sit29):

We denote by s the space of semicharacters d8.

A characteronSisamap :S! T suchthat 60 and
(st)y= (s) (t) (s;t29S):

We denote by s the space of characters 086. We have that ¢ S.

There is always at least one semicharacter d& the augmentation character
l:s7'1, S! T:

It is possible that the augmentation character is the only semicharacter on a
semigroup. The space s [f Og is a compact space with respect to the topology of
pointwise convergence oOf%.

Let S be a semigroup and a weight onS. The character space of the weighted
semigroup algebraA, is denoted by ,. Thus, we have that ¢ , as a closed

semigroup.
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Definition  3.1.13 The character in , associated to the augmentation character
on S is the augmentation character' s, where

. X X
s (s) s 7! (s)
s2S s2S

It is seen in R2 x6] that, given a semigroupS, the character space of the
semigroup algebra (S) can be identi ed with the space of semicharacters &. Let
I be a weight onS such that! (st) = ! (s)! (t) for everys;t 2 S. Then the above
result can be extended tAA, . Indeed, it is enough to consider that, for 2 g, the
map

(97 1(9 (9 (9 Al C

s2S s2S

Is a character onA, . Conversely, given a character onA,,then (s)="(%)Iisa
semicharacter onS. The topology of pointwise convergence ong coincides with the
Gel'fand topology when s is viewed as the character space &, .

For a weight bounded below, we know that s 1 ; but it is not necessarily
true that , = . For example, considelS = Z with addition and ! (n) = el",
However, as we shall see in the result below, for the semigroups in this chapter this
problem does not arise.

Let S be a semigroup and a weight onS. Whenever s = ,, the Gelfand

transform of an element 2 A, has the following form
|

« !
b= (s) (s)

s2S 2 s

Proposition 3.1.14 Let S be a semilattice, and let s be the semicharacter space
of S. Let! :S! [1;1) be a weight orS. Then , = .

Proof. We know that ¢ . Now let' be a character onA, and de ne

()= ' (s). Since' is a character,
(8)="(s)="(s?s)="(s)(s) (s29);
and so - (s) 2 f 0;1g. Also
(S)="()="(s?20="(s) ()= (5 () (s;t29):

Hence . is a semicharacter or§ and so we can identify , with s.
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3.2. Totally ordered semilattices

Let (S; ) be a semilattice, as described in De nition 2.4.2. Suppose also that the
order is a total order, meaning that, for any two elements;t 2 S, it is always
true that either s tort s. We shall refer to(S; ) with these characteristics
as atotally ordered semilattice Totally ordered semilattices are the object of study
of this section. Conversely, any totally ordered se becomes a semigroup if we
take st = minf s;tg; this semigroup is a semilattice and the partial order de ned in
De nition 2.4.2 coincides with the original order onS.

Some preliminaries about semigroups of the form & are in [69].

Remark 3.2.1 Notice that the natural numbers with the usual order(N; ) belongs
to this family. As it was seen in Example 2.4.3, this semilattice arises from the
semigroupN with the minimum operation, which is not even weakly cancellative.
Thus, the family studied comprise a wide variety of examples with characteristics that
di er from those usually considered in the literature focused on weighted semigroup

algebras. We shall focus on this example in the following section.

3.2.1. Arens regularity. We shall assume from now on that there exists an
embedding fromS into some in nite, semigroupT that contains S as a subsemigroup,

with the following additional characteristics:

T must be a totally ordered set that preserves the order i6;
T has a minimum and a maximum, which we shall cal and 1 , respectively;
T is complete in the sense that every non-empty subset ©fhas a supremum
and an in mum;
We consider the interval topology onT, in which caseT is a compact
topological semigroup.
Note that in this case every strictly increasing, respectively, strictly decreasing,
net in S converges to its supremum, respectively, in mum.
In the following remark we shall see that given an in nite totally ordered semi-
lattice S, we can always nd such ar. This is well-known to specialists, but we add

it to make it more accessible for the reader.

Remark 3.2.2 SinceS is a semilattice, we know that s separates the points of
S. Let be a subset of g that separates the points ofS, and let =] j. Since

every character ofS maps intof0; 1g, (S;”) can be embedded as a semigroup in
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C:=(f0;1g ;™). Let T be the closure ofSin C. In this case,T is a complete totally
ordered lattice which is compact in its interval topology, as desired. For details, see
[24, Y2].

Let S be a totally ordered semilattice andT as above. LetU be a subset ofS,
we write ascly U and cls U the closures ofU in T and in S, respectively. The

continuous extension of the inclusion map db into T is denoted by
ST

Thus (S)= cltS. Fort 2 clt S, we shall writeF, forthe bre fx2 S : (x)=tg
andF, = F;\ S . Thus we have that

F,=F (t2TnS) and F, = Finftg (t25S):

We shall denote byE the set of accumulation points ofS in T. We have then
that E6 ;. Fort 2 T, F, is a closed, compact subset o6 and F, 6 ; if and only
ift2 E.

Consider as in De nition 3.1.5. When S is a totally ordered semilattice,
(s;)=21=!I(t) (s t). What is more, we can see that0 clusters if and only if
Limg! (s) = 1 : IndeedLims! (s) = 1 implies that O clusters, since, for every
"> 0, the set of elementss 2 S such that = >" is nite.

1 (s)
Now suppose thatLim infg! (s) < 1 . Then there existsM > 0 such that the set

fs2 S:!(s) <M gis innite. Hence, we can then take two sequencds,,); (t,) of
distinct elements belonging to that set and so Sy;t,) 1=M?> 0. Thus, does

not O cluster.

Theorem 3.2.3 Let (S;”) be an in nite, totally ordered semilattice. Let! be a
weight onS. Then the following conditions are equivalent:

(a) the algebraA, is Arens regular;

(b) Limg! (s)= 1 ;

(M N=M N=0(M;N 2E?):

Proof. (a)) (b) Suppose thatLiminfg; !(s) < 1, andletM Lim inf !
LetU=fs2S:I(s)<Mg. Taket2 E\ cls U. By [24, Lemma 2.4],jF,] 2
Takep2 F,. If p2 F, \ cls (U\ [0;t)), there existsqin F, \ cls (U\ [0;t)) with
p 2linf 4g. Then

p q= p and , ¢= ¢



46 3. SEMIGROUP ALGEBRAS

Let us consider the isometric isomorphism, as in Lemma 2.4.9. For 2 C( S),

we have

hUe) o+ Mot i CHOLSE (3.2.1)

and

help) + gt i CHLE (3.2.2)

Take (s ), (t ) nets in S converging top and g, respectively. Observe that, since
1 !(s) Mandl !(t) Mforall ; ,we have that

0< 1=M?2 (p;d M and 0< 1=M? (p:d M:

Hence the equations (3.2.1) and (3.2.2) from above are equal for everg C( S) if

and only if , = —&3 ;. But that is not possible as , 2 linf 4g. Thus, A, is not
Arens regular.

If pZF, \ cls(U\ [0;t)), as it is stated in 4], thenp2 F, \ cls (U\ (t;1 ]),
and the argument is symmetrical.

(b ) (c) follows from Proposition 3.1.6.

(©)) (a) SinceE, is a concrete predual of\, , we know that A, ®°= A, E;.

SinceM N =M N =0 for everyM;N 2 E/, the result follows.

The next question would be which conditions o ensure thatA, is strongly
Arens irregular. In [24], they proved that the semigroup algebrd (S); ?) is strongly
Arens irregular if and only if cly S is scattered. We shall see below that when we
add a weight the situation is more complex. We start by considering the simplest
case. WhenS is a semigroup and is a bounded weight oS, then the inclusion
map A, | “%(S) is a Banach algebra isomorphism, and s&, is strongly Arens
irregular if and only if cl; S is scattered.

However, we shall see below that If is not bounded we can have several di erent
options. The next provides a su cient condition for A, to not be strongly Arens

irregular.

Proposition  3.2.4 Let S be a totally ordered semilattice, and let be a weight on
S. Suppose that for everyp 2 F; and every net(s ) in S such thats ! p, the set

f!1 (s )gis unbounded. TherA, is not strongly Arens irregular.
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Proof. Letp2 F, . We shall see that { ,) 2 Z(A, ). Takeq2 S . If g2 F,,
then (p;9= (p;9 =0 and so

!OC( p) | 9? @) =0= IO(( p) 1 'o? a):

Take nowq2 S such thatq2zF, , and let (s ) be a net inS converging top and
(t ) a netin S converging tog. Since (g) < (p), this implies that, passing to a
subnet if needed, we can suppose that <s for every , . Hence we have that
It "s) _ 1

P (s) !(s)

andso (p;9 = (p;9 =0 which gives us again that

!0(( p) IO(( @ =0= IO(( p) 1 '0(( a):

We conclude then that X ,) 2 Z(A, %) but X ,) 2A,. Thus A, is not strongly

Arens irregular.

(tis)=

This previous result, together with Theorem 3.2.3, allow us to obtain plenty
of weighted semigroup algebras that are neither Arens regular nor strongly Arens
irregular. The following two examples portray two di erent semilattices, one of them
is such thatcly S is scattered and the other one is such thatly S is not scattered.
In contrast with the unweighted case, we shall see that both of them are neither

Arens regular nor strongly Arens irregular.

Example 325 LetS=Z,andT =flg[ R]J[flg . Then,clk S=1flg]
Z [flg , which is scattered.
Consider! a weight onS such thatlim,; ! (n)= 1 and such that! j(Z nN)

is bounded. ThenA, is neither Arens regular nor strongly Arens irregular.

Example 3.2.6 LetS= Q' =fp2 Q:p> 0g. Consider aweightt : Q! [1;1)
such that! (p) =1 (p2 [0;1]\ S) and such that pI!ilrn I'(p)= 1. Then A, is not
Arens regular, by Theorem 3.2.3 and it is also not strongly Arens irregular. This
follows from Proposition 3.2.4. However, in this case we shall nd a concrete element
M 2 Z(A, %, but such that M 2 A, .

Sincepl!ilm I'(p) = 1, there exists(p,) a strictly increasing sequence such that
nI!ilrn '(pn) = 1. For clarity we will call that sequenceP. Consideru in the

growth of P, and letv 2 S a di erent element. By Proposition 3.1.9 there are two

sequencess,), (t,) of elements ofS such that (u;v) = Ilim nI,ilrn ( sm;tn) and

m!l
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(u;v) = Lilrln rT!ilrln ( Sm;tn): As (s,) is unbounded, we have that (u;v) = 0:
Now, if (t,) is also unbounded, ther;lllilm I'(ty)= 1 too. Thus, (u;v)=0.If (ty)

is bounded, then, for everyn;m 2 N (except maybe a nite number),s,, t,, and

SO
L o (sm™Mtn) . 1
(urv) = JAH‘ il I (sn)! (tn) rLI!rP nI!I{n I (sn) =0:
Hence
(u;v) = (u;v)=0: (3.2.3)

So, by (3.2.1), (3.2.2) and (3.2.3),, 2 Z(A, %, but , 2 A,. Thus A, is not strongly

Arens irregular.

3.2.2. Approximate identities. The existence of approximate identities is an
interesting characteristic of Banach algebras. We shall see in the following subsection
that the existence of approximate identities is intrinsically linked to duality and to
Arens regularity.

In the following result we refer to a sequencgs,) of elements ofS that tends to
supS. This means that, for any element 2 S, there existsN 2 N such thatr s,

foranyn N:

Proposition  3.2.7. Let (S;”) be an in nite, totally ordered semilattice and! a
weight onS. Then, the weighted semigroup algeb/, has an approximate identity.

The following are true:

(& A, has a bounded approximate identity if and only if there exists a ngt)
tending to supS such that the sef! (s ) : g is bounded.
(b) Suppose that for every strictly increasing ngtt ) tending to supS, the set

fl (t): gisunbounded. ThenA, has a sequential approximate identity.

A, always has a multiplier-bounded approximate identity.

Proof. Let! :S! [L;1),andlet 2 A,. Then, fors2 S, we have

X X
? 5= (t) ¢+ (t) s (3.2.4)
t<s t s

and

2 = O o (3.25)

t>s
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Suppose that there exists a strictly increasing ngfs ) tending to supS such that
the setf! (s ): gis bounded byM 1. Then, for 2 A,, using (3.2.5) we see
that

K2 sk OO ® ) MED @i );
t>s t>s t>s
which tends to zero sinc&k ki, <1 ands ! supS. Thus, (s ) is an approximate
identity. Sincek ¢ k, = ! (s ), then it is a bounded approximate identity, with
bound M. From (3.2.4) we deduce thaf(s ) is a multiplier-bounded approximate
identity.

On the other hand, suppose that for every strictly increasing ngt ) tending
to supS, the setf! (t ) : gis unbounded. In this case, we can choose a strictly
increasing sequencés ) tending to supS and such that! (s ) = inff! (t):s tg.
To see this, consider the map-: S ! [1;1 ) such that ~(s) =inff! (t):s tg.
Sincelim ! (t ) = 1 for every (t ) tending to supS, this in mum exists. Let s;
such that! (s;) = ~(1). Knowing s,, take s,+; with s, < s,4+; and such that
' (sn+1) = H(sh +1). This sequence is such that (s,) w(t) forall s, t, and so,
using (3.2.5), we have that

K2 ek TOIOF O 2§ O
t>S n t>s n t>s n
Using the same reasoning as before, we see t{&{) de ned this way is an approximate
identity, and it is again a multiplier-bounded approximate identity.
Assume now towards contradiction that there is a bounded approximate identity in

A, . Thenk k' andk kg, are equivalent. However
nI!ilm Ks k = rLi!r111 I'(sp)=1

but k s, kep 1, for all n 2 N. Thus, in this caseA, does not have a bounded

approximate identity, as desired.

Note that [(b)] is not a characterization, since as long as we can take a sequence
(sn) tending to supS, we can have totally ordered semilattices with a bounded
sequential approximate identity. We shall see examples of this in the following
sections.

Notice that, when S is an in nite totally ordered semilattice such that the
supremum ofS, r, belongs toS, then ,=!(r) is an identity in A, . In fact we have a

better result:
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Corollary 3.2.8 Let S be a totally ordered semilattice. The\, has an identity
if and only if supS 2 S.

Proof. As seen above, ibupS 2 S, then A, has an identity. Now suppose that
r = supS Z S and assume towards contradiction thatA, has an identity e. Let
us consider(s ) a net of elements inS such that ( s ) is an approximate identity
de ned as in Proposition 3.2.7. Recall that we can choogs ) tending to supS.

Then we have that
e=lim ¢ ?e=Ilm ¢ = ,
but we were supposing thatr 2 S, and soe= |, ZA,.

Corollary 3.2.9 Let (S;™) be an innite, totally ordered semilattice, and let
' :S! [1,1) be aweight onS. Suppose thatA, has a sequential approximate

identity. Then when we viewA, as a Banach function algebra on s, it is Tauberian.

Proof. This follows from the fact that the sequential approximate identity ofA,

belongs tocy(S;1=!).

3.2.3. (Non)-existence of Banach algebra preduals. As we have seen in Sec-
tion 2.4.2, the spaceE, is a concrete predual oA, . However, it is not true that
it is always a Banach-algebra predual. We shall study below in which situations
we can know thatE, is a predual ofA, and when it is unique. Also we shall give
characterizations of whermA, is not a dual Banach-algebra for any concrete predual.
We shall start with some results that refer to generic semigroups, and we shall
focus on totally ordered semilattices afterwards.
The following result is an extension of42, Theorem 4.6], where they work only

with the unweighted case.

Proposition  3.2.1Q Let S be an in nite semigroup, and let! be a weight orfS.

(a) Suppose thatS is weakly cancellative. Therk, is a Banach-algebra predual
of A, .
(b) Suppose thatS is not weakly cancellative. Suppose that there is a subset
U S such that
(i) U is in nite;
(ii) !jU is bounded,;

(i) there exist t;u 2 S such thatfr 2 U : rt = ug is in nite.
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Then E, is not the predual ofA, as a Banach algebra.

Proof. (a) Let S be a weakly cancellative semigroup. LeE, = ¢(S;1=!), and let
=( (s) 2E, and 32 A,. Then 5 2 E,. Indeed, for" > 0 we have that
there is a nite subsetF of S such that
ﬂ <"
L(t)
Hence, asS is weakly cancellative, the seFs 1 = fr 2 S:rs 2 Fgis nite too.
Thus

(t2 SnF):

(s )r) _  (rs) (rs) _.
L(r) L(r)! (s) L(rs)

(r2SnFs b):

The fact that < 2 E, is symmetrical. And soE, is a submodule ofA, % Thus
A, is a dual Banach algebra as desired.

(b) Suppose now thatS is not weakly cancellative and thatU S satis es (i),
(i) and (iii ). Take s;;s;;::: 2 U with syt = u for everyn 2 N.
Consider ™M =1~ + + = forn2N. Then( ™) is a sequence i, that
tends to zero in (A, ;E ). Indeed, for 2 E, and for" > 0 there exists a nite
subsetF of S such that % <" fors2 SnF. ThusV = fs;;s; g\ F is nite

P .
andso %3 is bounded byK > 0. Then
s2V -

10 (s) K,

h (n); i
n._, !'(s) n

Thus (™M) tends to zero in (A ;E,):
Let M < 1 be a bound for! (s) (s2 U), andtake 2 E, suchthath,; i&0.
Then

h ™2 '\;jhu; ij > o

Thus the multiplication in A, is not separately (A, ;E,)-continuous, and so, by

Theorem 2.3.16 E, is not a submodule ofA, °

As we have pointed out before, even some of the simplest examples of totally
ordered semilattices are not weakly cancellative, so they are not covered by the
former result. In the rest of this section we shall study what can be said for totally

ordered semilattices.
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Proposition  3.2.11 Let (S;”) be an in nite, totally ordered semilattice, and let
':S!  [1;1) be a weight orS. Suppose that.img! (s)= 1 . Then A, is a dual

Banach algebra with Banach-algebra predu@l .

Proof. Let =( (s)) 2 E, suchthatk k? =1, and let 3 2 A, be the normalised
point mass att 2 S de ned as above. Then, fors t, we have
1G ) _ ] (1)) 1.
I'(s) L@s)(t)  !'(s)

As in De nition 3.1.1, for every " > 0, there is a nite subsetU; of S such that

I'(s) > 1=" (s 2 SnU;). Hence in particular we have thatj(7 )(s)j=!(s) <"
(s2 SnU;). Now, fors <t, we have
G eI 161 )6
I (s) L) () 1 (s)
Since 2 E,, there existsU, a nite subset of S such thatj (s)j=!(s) <" for every
s2SnU, Thusj(t )(9)j=!(s) <" foreverys2 Sn(U,[ U,). It follows that
(s )2 E,. Since

h; t’\si _ h; s"ti _

I(s) (s

we have that( ) 2 E, too, and soE, is a closed submodule of, ° HenceA, is

hs ; =

ot (sit2S);

a dual Banach algebra as desired.

For an in nite semilattice (not necessarily totally ordered), the following result
give us a condition so thatE, is unique as a Banach-algebra predual. Here we make
use of previous results on the character space &Af . We remind the reader that, for

a Banach algebraA, L(A) =lin o and we see it as a linear subspace Af.

Proposition  3.2.12 Let S be an in nite semilattice and let! be a weight on
S. Suppose that for allx 2 S the setxS = fxs : s 2 Sg is nite and that
Limy; !'(t)= 1. Then:

(@) Foreveryx2 S,L, :A, ! A, is compact.

(b) Suppose thaE, = L(A,). Then E, is the unique Banach-algebra predual
of A,

Proof. (a) Letx2 S,andlet"> 0. Let M = maxf! (xt) : t 2 Sg, which is well

de ned sincexS is nite. Since Limy; ! (t) = 1, there existsG a nite subset of
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S such thatM=! (t) <", (t2 SnG): Let F = xG, then
ft2S:xt2Fg ft2S:t2Gg:

Letf 2 A,. Then,

X X
Ke(L, () L, (k= f(0) ! (u)

u2SnF t2S:xt=u

jEO (u) = ’ JEO (xt)

u2SnF t2S:xt=u t2S:xt2F
M
()

where ( denotes the projection of (S;!) onto spanf s : s 2 Fg. Thus, since

k fk supf xt2Fg  "kfk;

r L _is nite rank and therefore compact, we obtain thatL , is also compact.
(b) Let W be a Banach-algebra predual oA, . Assume towards contradiction
that there exists' 2 , nW. Then there existsM 2 A, ®with kMk, 1 and
such thathM;" i =1 andhM; i =0 ( 2 W). Thus there is a net(f ) in A, with
norm bounded by 1 such thatim f (' )=1 andlim K ; i =0( 2 W). Since
W is a Banach-algebra predual oA, , we may suppose that there existé 2 A,
such thatlim f =f in (A, ;W). Thush; i =0( 2 W). Hencef =0. Let
s 2 S such that (' ) =1, which exists by Proposition 3.1.14. By par{(a)], L .

is compact and so ¢ is compact. Thus,lim ?f = ?2fin (W%W?Y. Since
we assumed thatW is a Banach-algebra predual of,, (W2W% = (A ;A°9.
Hence,1=1Iim f (' )= f ('), which is a contradiction, sincef 0. Thus, , W.

But this implies that L(A,) W. Hence, by Proposition 2.3.17W = L(A,) = E,
and soE, is the unique Banach-algebra predual oA, .

In Proposition 3.3.4 we shall see thalN with the minimum operation is in this
situation and so we shall be able to identify when the Banach-algebra predu&al is
unique.

Under certain conditions,A, is not a dual Banach algebra for any predual.

Proposition  3.2.13 Let (S;”) be an in nite, totally ordered semilattice. Suppose
that Lim infg! (s) < 1 . Suppose there exists an embedding®fin T as speci ed in
Section 3.2.1, and that the sets2 S:!(s) Liminf! g has an accumulation point
r 2 TnS. Then the Banach algebra\, is not a dual Banach algebra with respect to

any predual.
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Proof. LetU=fs2S:!(s) Liminf!g, and letus assume towards a contra-
diction that there exists a Banach-algebra preduav for A, .

Suppose thatr = supS. Then, by Proposition 3.2.7,A, has a bounded approxi-
mate identity ( s ), with (s ) tending to r. SinceA, is a dual Banach algebra, there
exists a subnet( ) converging in the topology (A, ;W) to an identity e2 A, , but
this is a contradiction with Corollary 3.2.8.

Suppose thatr 6 supS. Then there exists a net(s ) in U monotone decreasing
or increasing converging ta. Suppose that(s ) is decreasing. Sinceuptk s ki : g
is bounded, there exists a subndt ) that converges to an element 2 A, in the
topology (A, ;W). Lets2 Ssuchthats>r. Then ¢? = forevery large
enough. Since the multiplication is separately (A, ; W)-continuous, s?f = f. This
implies that suppf  (0;s]\ S for everys >r. Thus, suppf  (0;r]\ S. Now let
s2 Ssuchthats<r. Then ¢? = 4 Thus ¢?f = 4, which implies thatf is
not zero and thatsuppf  [s;supS)\ S. Since this is true for everys <r, then
suppf  [r; supS)\ S. We conclude thatsuppf f rg\ S. But frg\ S=;, and
so there is no sucli 2 A,. The case wherds ) is increasing is symmetrical. Thus

A, is not a dual Banach algebra.

Example 3.2.14 Let us consider again the semigroup and weight de ned in Ex-
ample 3.2.6,Qx . In this case,T = R* [flg ,andck S= R" [flg . Thus, by

Proposition 3.2.13,A, is not a dual Banach algebra.

3.3. Semigroup S = Na

3.3.1. Arens Regularity and strong Arens irregularity, DTC sets. Consider

the semigroupS := N with the semigroup operation
m~A n=minfm;ng (m;n 2 N);

which is a particular case of the above. Throughout this section we shall write
D, = "}(Na;!).

We shall give below some results that improve what we have obtained in the
more generic case.

In the previous section we have seen when a weighted semigroup algebra is not
strongly Arens irregular, however we do not have a characterization of when it is
strongly Arens irregular. In the following result we shall see that fo§ = N, not

only we can see whel, is strongly Arens irregular, but we can also determine the



3.3. SEMIGROUP S = Na 55

smallest DTC set. In P2, Example 7.33] they work with the unweighted case and
they prove that it is strongly Arens irregular, which also follows from24, Theorem
2.14]. The argument followed here is very similar to the one followed i8F. Note
that smallest might suggest that it is unique, however, we mean that the size is as
small as possible, but there might be several DTC sets with the same size (as small

as possible). This terminology follows that of [22].

Proposition  3.3.1 Let S = N with the semigroup operatiom™ de ned as above.
Then wheneverliminf,; ! (n) < 1 the Banach algebraD, is strongly Arens

irregular. Furthermore, there is a two-point DTC set ofD

Proof. Consider the isometric isomorphism, : "}(N) ! D, de nedin Lemma 2.4.9.
We have that

u v= u (U2 N;v2N);
u v= v, (U2N;v2 N):

Letu;v2 Nand(s), (t ) netsinN such thatu=1lim s andv = Ilim t .
Thus, for 2 C( N), we have

hew o+ QWi i=limlimh® ) o Qo )t i
= (wuvhy ;i i= (uv)hy i
Symmetrically we obtain that
hoUw + Q)i = (uvhy i

Consider ; 2 "1 (N)denedas ,(n)=1=I(n),(n2N). Letu2N,v2 S

and sayu=Ilm s ,v=Ilim t where(s), (t ) are nets inN. Then,
(u;v)=lim 1=t (t )=limhy; i =hy; i

Letv2 N,g2 }N)and 2 C( N): Then

Vg Ry R

u2N

hw) o Mot

X
h (v;u)g(u) v; i =hg; ih; i:

u2N
Thus, for 2 M( N); 2 M(N ), we have

) )=hy i (3.3.1)
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Symmetrically, we obtain
)y )=h; i ( 2M(N); 2M(N)) (3.3.2)

Hence XM (N )) is a closed subalgebra dd® Also for 2 M( N) andf 2 “(N),

we have
() )= ) o(F)=h; if:
HenceD, is an ideal in its bidual and we can write
D®= X{M(N))n D;:

Let (s,) be a sequence iN such that supf! (s,):n2 Ng< 1 andletabe in
the growth of this sequence, so thah ,; i is not zero. Letb2 N dierent from a.
Take 2 M (N ) such that

!O(() ! 10 a) = !O(() ! P‘(a)and !O(() ! 10 b) = !()(()!!c)c(b):

By (3.3.1),
M) Na)=ha i
and by (3.3.2), we have that
M)y Ra=h ia (3.3.3)

Since !0(() ! !0 a) = !O(() ! IO(( a), We have

h by 11 = h, 1l p
Hencehy, ith; i 2= hg ih; i Sinceh, i & 0, we must have
h; i = 0. Thus, by substituting this in (3.3.3) we obtain that = 0 and so

% )=0. Thus D, is strongly Arens irregular and

V=t !(J?a);!() b)d

is a DTC set forD
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Remark 3.3.2 In [20, Example 9.13] it is observed thaD, is Arens regular for any
weight! such that! (n)!'1 whenn!1 . However, the authors justify this by
appealing to a theorem only stated for cancellative semigroups, whi\a is not even

weakly cancellative. By applying our Theorem 3.2.3 the desired result follows.
Thus we obtain the following characterization of Arens regularity foD, :

Theorem 3.3.3 Let! :N! [1;1). Then:

(@) D, is Arens regular if and only ifliminf,; !'(n)=1;

(b) D, is strongly Arens irregular if and only ifliminf,; !'(n)< 1.
3.3.2. Duality of D,. We shall now look at the duality ofD, .

Proposition 3.3.4 Let! :N! [1;1 ). Then D, is a dual Banach algebra if and

only if limp; ' (n)= 1. In this case, E, is the unique Banach-algebra predual.

Proof. When Iirr]plinf I (n) < 1 the Banach algebraD, is not a dual Banach algebra,
as follows from Proposition 3.2.13. The fact thaD, is a dual Banach algebra with
predual E, Whennl!ilm I'(n)= 1 follows from Proposition 3.2.11.

Let us see now thatE, is unique. Let' 2 . Then there existsk 2 N such that

="' where

*
k()= () ( =(C (n)2D): (3.3.4)
k

n=

Whenlim,; !(n)= 1, we have that' 2 E, and so , E,. HenceL(D,) E,.

Let us see now thatE, L(D,). SinceE, is the closure ofcy in *! (N;1=!), it is

enough to see thattyy, L(D,). For k 2 N, consider %) de ned as follows:

O ="

where' | is de ned in (3.3.4). Thency = spanf ) : k 2 Ng. Also, we have that
2 | and so,cp L(D,) as needed. We conclude then theE, L(D,) as

desired.

Finally, we see that, fors 2 N,
sSN=fs*n:n2Ng=fn2N:n sg;

which is nite. So, we can apply Proposition 3.2.12 to obtain thak, is the unique

Banach-algebra predual oD, :
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To conclude the study ofD, ; notice that by Proposition 3.2.7, we obtain that
D, has a bounded approximate identity if and only iﬂimlinf I'(n) <1 andthat it

always has a multiplier-bounded approximate identity.

3.3.3. Weighted bounded variation algebras.
These algebras were rst studied in33]; for an account seeZ6, Example 3.2.12].
Let! =(!(i)) be a sequence ifil;1 ), and, forn2 N, 2 CN, de ne

)=t i+ (0

i=1
so(p'( ):n 2 N)is increasing.

Setp ()= Li!rp p'( ), and consider

B,=f 2™ :p()<1g
with the norm in B, de ned as follows:

i i,=7in+p(C) ( 2B)):

seen in 6, Example 3.2.12] for any sequende: N ! [1;1 ) we have thatB, bv
andj ji,, I 1,.!f! isboundedbyc 1,then, bv= B, and the normsjjj
andjj jj ,, are equivalent inB; asjj jj, =j jn*t P () J intcpw( ) di dip-
SetM, = B, \ ¢. Then M, is a maximal ideal inB,, as it is the kernel of a
character, namely the evaluation atl . Hence,M, is a natural Banach sequence
algebra onN. In particular, bwy, = bv\ ¢ is a natural Banach sequence algebra d

The following result can be found in [23x 3.2]:

Proposition  3.3.5 Let ! be a sequence such that 1. Then the algebraM, is

the Gel'fand transform ofD, .

Proof. By Proposition 3.1.14 the character space @, is , = N. The Gel'fand
transform b of an element = ( (n)) 2 D, is a sequence such that

‘o
b(n) = (1) (n2N):

i=n

Take b de ned in this way. Then, we have that

P@ib@i+1) b= 1@ () k ke

i=1 i=1
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and sop, (b) is bounded. Also,

Lo R
jb(n)j j @it 0 ('l ).
i=n
Thus, b2 M, .
Now, given an element =( (n)) 2 B, , the element 2 D, suchthatb= s
de ned as

(M= (n+1) (n) (n2N):

Then we have that

R
Bo=f 2¢: j(n+1) (n)jl(n)<1g = My;
n=1
together with the normk k = P 1.j (n+1) Mj'(n)< 1.

Finally, we see thatk k j J, 2k kforevery 2 M,.

From this result, and taking into account the results from last section, we
can obtain some conclusions favl, . For example, we see that it has a bounded
approximate identity if and only if liminf ! (n) < 1 . It always has a multiplier-
bounded approximate identity. Consider, = . We can nd a subsequence that
is an approximate identity for M, , and so we deduce thaM, is Tauberian.

Regarding Arens regularity, whenliminf ! (n) = 1 we see thatM, is Arens
regular; andM, is strongly Arens irregular whenliminf,; ! (n) < 1 . This follows
from Proposition 3.3.1 and Remark 3.3.2.

We proceed to study now whetheM, is a BSE algebra or not and whether it

has a BSE norm.

Proposition 3.3.6 Let! : N! [1;1 ) be a sequence, and considét, de ned as
above. Then:
(a) Suppose thatiminf,; !'(n)< 1. ThenB, = Cgsg (M) = M(M,), and
soM, is a BSE algebra.
(b) Supposdiminf,; !(n)= 1, thenM, = Cgsg(M,), and soM, is not a
BSE algebra.

In these casesM, has a BSE norm.

Proof. Let! : N! [1,1) be a sequence, thel€gse (M,) B,. Indeed, for
2 Cgse (M) there exists a net( ()) in M, converging to pointwise with
() CforagivenC. Letn 2 N be xed. Thenj ()(n)j+p'( ()) C forall
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. Taking limits when !'1 we have that] (n)j+ p'( ) C; and so we have that

2 B, with jj Jj, C. We conclude thatjj jj, = k ksse. Hence we have that
M, Cgse (M) B,. As M, is a maximal ideal inB,, either M, = Cgsg (M)
or B, = Cgse (My).

SinceM, is a Tauberian banach sequence algebra (recg@ll n) is an approximate
identity in M, ), and so an ideal in its bidual, we can apply Corollary 2.3.33, and
soM, = Cgse (M) if and only if it is dual. We know that M, is a dual Banach
algebra if and only iflim! (n) = 1 . So, we conclude thaM, = Cgse (M, ) if and
only if lim! (n) = 1 . In this case,M, is not a BSE algebra.

Now suppose thatiminf,; !(n) cforc 1, thenM(M,) B,. Indeed, for

=( ,)in M(M,) we have that
ny 1
maxfj (i)j :i 2 Np, g+ B @ (+1) @i+ () (nWj

=0 oo By 0 sl K Kop  (+ 0k Kkop:

Hence,jj jj, (1+ ok ko, and so for! bounded we have thatM (M, ) = B, and
soM, is a BSE algebra.

Since for any! , M, as a multiplier-bounded approximate identity, by Corol-
lary 2.3.32,M, has a BSE norm.

Remark 3.3.7. Note that, sinceB, = M}, by Corollary 2.3.32,B, also has a BSE

norm.

3.4. Semigroup N_

During this section we shall study the weighted semigroup algebra that arises from
the semigroupN . This semigroup is very similar to the one studied in the previous
section. However, there are important di erences between both semigroups, as we

shall see below, and so the reasonings used, although similar, are not identical.

3.4.1. BSE algebras and BSE norms.  Consider the semigrous = N with the

semigroup operation
m_n=maxfm;ng (m;n 2 N):

Every sequence : N ! [1,1) is a weight onN . During this section we shall

denote byC, the semigroup algebra*(N ;!).



3.4. SEMIGROUP N_ 61

As it was seen in Example 2.4.4\ is a semilattice as in De nition 2.4.2, and
so, results from Section 3.2 apply to it. However, as it was the case with , we can
provide stronger results in this situation.

The Banach algebraC, has an identity, namely ;. Note that this agrees with
Corollary 3.2.8, since when we consider the semilattice structure that follows from
this multiplication the supremum of the semilatticeN is 1:

The main di erence with the caseN. is that the semigroupN is weakly cancella-
tive. We shall see that this di erence creates some variations in the characteristics
of C, and D, . However, some properties, like Arens regularity, are very similar.

For example, sinceN is weakly cancellative we obtain the following result, in

contrast with the one obtained forD, :

Corollary 341 Llet! :N! [1,1). Then C, is a dual Banach algebra with
predual E, .

Proof. This follows from Proposition 3.2.10.

Note that since, forx 2 N, xN = fxn:n2 Ng= fn sgis in nite, we cannot
apply Proposition 3.2.12.

We shall continue studying whethelC, is a BSE algebra and whether it has a
BSE norm.

Proposition 3.4.2 Let! be a weight onS. The Gel'fand transform of C, is a
BSE algebra with a BSE norm, witiCgse (&) = €, :

Proof. Given 2 ynflg, there existsk 2 N such that (n) =1 (n k) and
(n) =0 (n>k). As above, the augmentation character o€, is

( (n) 7! * (n; C ! C:

n=1
Hence, we can identify y with N; . So, by Proposition 3.1.14, , = N; and the
Gel'fand transform is the map
X
=( (n)) 7' b=(b(k)) = (N:k2N;y ; C! C(Np):
n=1
Also, given an element =( (n)) 2 &, then the element 2 C, such that b =

is de ned as

M= @@Q; O+H= (+1) () (n 1)
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Then we have that
€ =f 2 C(Nl):>4 j (n+1)  (nj!(n+1) <19
n=1

together with the normk k, = (1)j! (1) + P 1.j (n+1) (Mj' (n+1).

Consider now 2 Cgse (&/). Then there is a net( () in &, converging
to  pointwise. Alsok ()k C for a givenC. Let n 2 N be xed. Then
L) O@)j+ P P O(k+1)  O(k)j' (k+1) Cforall and hence, by taking
limits,

] O )+ X j (k+1) ®j'(k+1) C: (3.4.1)
k=1

Since veries (3.4.1), then it belongs to®, andk k; = k kgsse. So,&, is a BSE

algebra, and by Proposition 2.3.31, it also has a BSE norm.

3.4.2. Arens regularity and strongly Arens irregularity, DTC sets. We
proceed now to study the Arens regularity oC, . The case wheré =1 has been
studied before, see for exampl@2, Example 7.32]. We study here the Arens regularity
of C, when! is a generic weight orN. Similarly to the previous section, we will have
to di erentiate between liminf,; !'(n)< 1 orlim,; ! (n)= 1. The following
result is a generalisation of the procedure followed 22, Example 7.32]. It also has
some similarities with Proposition 3.3.1, although since the structure &, and D,

is not the same, it is not possible to follow exactly the same reasoning.

Proposition  3.4.3 Let! be a weight olN_ such thatliminf,; ! (n)< 1. Then

C, is strongly Arens irregular. Moreover, there is a two-point DTC set o€

Proof. Let , : 7! =I; * }¥N)! C, asinLemma 2.4.9.
We have that

v v= v (U2 N;jv2N) and | =y (U2N;v2 N):

Letu2 N,v2N. Then there are nets(s ) and (t ) in N such thatu = lim s

andv=Ilim t . Thus, for 2 C( N), we have
hetw) o« vt i=limilimhy ()2 ()it i
=limlim (s ;t)hg ? ¢ ; i

= (uvhy v i=  (uvhy; i:
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Symmetrically, foru2 N , v2 N, we obtain that
hotw) + R i= (uvhy; i:

Consider , 2 " (N)denedas ,(n)=1=!(n), (N2 N). Letu2 N,v2 N,

and sayu=Ilm s ,v=Ilim t . Then we have
(v)=Ilmlim ( s;t)=Iliml1=I(s)=Ilimhgs; ;i =hy; /i:

Let 2M( N),v2N and 2 C( N). Then

hx (u) 'O({ u) P vl

u2 N

hIOQ) ! I0 il

X
h (u;v) (U) v; i =h; yih ;i

u2 N

Hence, for 2 M( N); 2 M(N ). Then
) X)=h; i (3.4.2)
Symmetrically, we obtain
)y M)=h; i (2M(N); 2M( N): (3.4.3)
Thus (M (N)) is a closed ideal of£®such that C, \ M (N )) = f0Og, and so
®=Cn M(N)):

Let (sn) be a sequence il such thatlim,; ! (sp) < 1 and letain the growth
of this sequence, so thah ,; i is not zero. Letb2 N dierent from a. Let us take
2 M (N ) such that

) M= M) Qo and ) Rw= ) R
Thus , by (3.4.2)
) Ra=h ia
and by (3.4.3)
M) Na)=hg i
Since we are assuming that®{ ) | Q)= %) | % .), we have

h; i a=hg 11: (3.4.4)
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Identically for , we obtain

h;, i p=hp i
Hencehy, ith; i 2= hg ih; i Sinceh, i & 0, we must have
h; i =0. By substituting this in (3.4.4), we see that ?{ )=0. Thus Z(C® = C,,

C, is strongly Arens irregular and
V=f !()((a); IO b)J
is a DTC set for it.

Corollary 3.4.4 Let! be a weight orN such thatlim,; ! (n)= 1. Then C,

is Arens regular.

Proof. Let (X,);(Ym) be sequences of distinct elements b We have that both

sequences are unbounded. Then, fgar, yn we have

ye PO _Ym) o tOm) 1
( XniYm) = )l (Ym) L) () T (%)
and so
A e Cniym) =0
Similarly,

n!llrln n|!i{n ( Xn;ym)ZOZ

Thus, by Theorem 3.1.8C, is Arens regular.

3.5. Semigroup Z_

We nish this chapter by studying the semigroupZ . In contrast with the semigroup

N_ previously studied,Z does not have an identity and it is not weakly cancellative.

3.5.1. Character space, Gel'fand transform and approximate identities.

Consider the semigroufs := Z with the semigroup operation
m_n=maxfm;ng (m;n2 2Z):

Every sequenced :Z ! [1;1) is a weight onZ . During this section we shall
denoteZ, = “}(Z ;!). As opposite to the caseN , this semigroup is not weakly

cancellative and the Banach algebrZ does not have an identity.
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When we regardZ as a semilattice as in De nition 2.4.2, the order obtained is

,supZ = 1 andinfZ =1 . As a graphic representation:

1 2 1 /0 /1 /21
So, we can apply some of the results obtained in Section 3.2. However, we shall
provide some stronger results in this case.

Lemma 3.5.1 Let S
Z, = "}S): Then

Z described as above. Consider the semigroup algebra

s = Z1 . Furthermore, for m 2 Z, consider
(ml]=fn2Z:n>mg[flg

Then the Gel'fand topology of s has a basis the singletonsmg for everym 2 Z
together with the intervals(m; 1 ] for everym 2 Z.

Furthermore, for! :Z! [1;1 ) aweightonZ, , = s=12;.
Proof. Fork 2 Z, we de ne
k(m=1 (m22Z;m Kk); k(M=0 (M2 2Z;m>Kk): (3.5.1)

Also we take ; (m) = 1 for everym 2 Z. It is a routine check that all these

functions are semicharacters ofs.

Now let 2 5. SinceS is idempotent we have that (m) 2 f 0; 1g for every
m2Z. If (m)=1foralm2Z,then = ;. Suppose now that there exists
m 2 Z such that (m)=0. Then, forn m, we have that

(m) ()= (m_n)= (n):

Thus (n) =0 whenevern m. Since 6 0 there must bek such that (k) =1,
and so by a similar reasoning of the aboveg(n) =1 for everyn k. Hence, there is
k2 Z such that = . Thus, by Proposition 3.1.14, 7, = s=2Z;.

Finally it is enough to remember that a basis of the Gel'fand topology is given

by the sets de ned as follows: Fot 2 ,,,552S (1 1 n)and"> 0,
V(oisy snM=12 sij'(s) ‘os)i<"g

We just proved that s = Z; , and so we can rewrite these sets in the following way.
Let n 2 N, and takemg; s1;::5;Sy 2 Z and " > 0. Then

V(Mo;si,  5sm™)=fm22Z:j n(s)  mo(s)i<"g:
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Whenever" > 1, for any combination of integersmg; s;; :::sp 2 Z we have that
V(mo;sy;iiisn; ") = Z1

Now let" 1. For mg;s; <::<S, 2 Z, we can write
V (mo; Sy; S;")=fTm22Z: L(s)= m(s)(@ 1 n)g

Suppose there exists such thats; mg <sj.;. Then
[
V(Mo; S1; 15803 ") = fmg;
Si M<S j+1
in particular when si.; = sj+1 we have the singletons. Whes; > mg, V(mg; Sy; S0 ") =
(1 ;s1)\ Z. Butthis can be written as the union of single points belovs;. Finally,
whenevermgy Sy,
V(mo;sq; s )= (sl ]
The last part of the theorem now follows from Proposition 3.1.14.
Lemma 3.5.2 Let! : Z! [1;1 ). Then the weighted semigroup algeb’&a has a

sequential approximate identity. It has a bounded approximate identity if and only if

liminf,,, !(n) < 1.Italways has a multiplier-bounded approximate identity.

Proof. We can apply Proposition 3.2.7. Recall thasupZ = 1 . Thus, there
exists a sequences,) tending to supZ_ with f! (s,) : n 2 Ng bounded if and only if

liminf,,; !(n)<1.
3.5.2. Arens regularity.  We proceed to study the Arens regularity ofZ, .

Corollary 353 Let! :Z! [1;1). Then Z, is Arens regular whenever

liminf,; !'(n)=1 andliminf,; !'(n)=1.
Proof. It follows from Theorem 3.2.3, since we have thdtminf,; !(n)= 1
andliminf,;; ! (n)= 1 is equivalenttoLimg; !(s)=1 whenS=2Z .

We shall proceed now to study non-Arens regularity. This example provides more

cases than those seen in previous sections. Consider
B=f =( (n)22z : (n)=0(n22ZnN)g;
G=f =( (n)22 : (n)=0(n2N)g;

respectively, a closed ideal and a closed subalgebraZof with the restriction of the
norm of Z, suchthatZ, = B G.
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Lemma 3.5.4 Let! :Z! [1;1). ConsiderB and G de ned as above. Then for
M 2 B®andN 2 G%we have thatM N = M N:

Proof. SinceZ, = B G, we have thatz?®= B%® G% Let M 2 B® B and
N 2 G G. There exist a bounded ne(f ( )) in B converging toM in the weak-
topology and a bounded ne{g ) in G converging toN in the weak- topology.

Then
0 1 0 1 0 1

X X X
fO2d) =@ tOmA20° gim),A=@ o I(mAFO:;

n2N n2ZnN n2zZnN

. . P
Let o be the semicharacter de ned as in 3.5.1 and note that  g{ ’(n) = (g )).
n2ZnN

Since(g ’) ! N in the weak- topology, lim o(g{ )= N( ¢)= and so

Proposition 355 Let! :Z! [1;1), and letB and G as above.

(@) Suppose thatliminf,; !(n) < 1 and liminf,; !'(n) = 1. Then
Z(zY%= B G.
(b) liminf,,;  !'(n)=1 andliminf,; !'(n)< 1. ThenZ(Z%=B G%

Proof. SinceB\ G=f0OgandM N =M N, (M 2B;N 2 G), by Lemma 3.5.4,
we have thatZ(z% = z(B% z(GY.

(a) Consider!; the weight on N such that ! (n) = ! (n) (n 2 N). B is
isometrically isomorphic as a Banach algebra t@,,. Sinceliminf,; !(n)=1,
then liminf,; !3(n)= 1 . By Corollary 3.4.4,C, , is Arens regular, and so i8.
Similarly, consider! , the weight on N» such that!,(n) = (1 n) (n 2 N).
Then G is isomorphic to D,,. Thus, by Proposition 3.3.1,Z(G% = G, since
liminf, ; ! (n) <1 implies that liminf,; !,(n) < 1, and so the result follows.

(b) This case is symmetrical tqa). Sinceliminf,,; !(n)=1,2(B%= B and

liminf,; ! (n) < 1 implies that Z(G% = G% Thus, the desired result follows.

Note that the fact that Z, is neither Arens regular nor strongly Arens irregular
when! :Z! [1;1 ) is such thatliminf,; !'(n)< 1 andliminf,; !(n)=1

also follows from Theorem 3.2.3 and Proposition 3.2.4.
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Corollary 356 Let! : Z ! [1,1) such thatliminf,; !(n) < 1 and
liminf,, ! (n)< 1. Then Z, is strongly Arens irregular with a four point DTC

set.

Proof. Asabove we canwriteitaZ, = B G, and following a similar reasoning, we
can see thatB and C are isometrically isomorphic as Banach algebras @, , andC, ,,
with liminf,; !1(n) < 1 andliminf,; !,(n) < 1. Hence, by Theorem 2.3.9,

Proposition 3.3.1 and Proposition 3.4.3Z, has a 4-point DTC set.

We present a table below to summarize the results about Arens regularity af .

Conditions on! Arens regularity

liminf,, !'(n)=1,
o AR, Corollary 3.5.3
liminf,,;, !(n)=1

liminf,; !'(n)<1, Neither AR nor SAI, Proposi-
liminf,,;, !(n)=1 tion 3.5.5
liminfo, !'(n)=1, Neither AR nor SAI, Proposi-
liminf,,; !(n)<1 tion 3.5.5

liminf,; !'(n)<1,
SAI Corollary 3.5.6

liminf,,;, !(n)<1

3.5.3. BSE algebra, BSE norm and other properties. We shall study now
when Z, is a BSE algebra and when it has a BSE norm. In order to do so, we
shall introduce the following Banach algebra. Let : Z! [1;1). Forn2 N and

2 "1 (2), consider

X . . .
pr( )= @y @@ G i
nin
Setp ( )=Ilim,: pn( ), and consider
B,=f 21 (2):p()<1g
with the norm on B, de ned as follows:

kk=jjz+p() ( 2By):

Then, B, equipped with pointwise multiplication is a unital Banach sequence algebra

onZ. Also, for every 2 B, and everyp g2 N we have that

j® @ pPC) P J P Cai p() P
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Sincep, ( ) < 1, this shows that for every 2 B, the following two limits exist

(1 )= r]I!irln (n); 1)=lim (n):

n'l
Thus, the character space oB, isflg[ Z[flg
Consider nowG, =f 2B, : (1 )=0g, whichis a maximal ideal ofB, with
character space | = Z; . Also, letM, = G, \ ¢(Z), a maximal ideal ofG, . Recall

that the norm is given by
Kk =jjz+p(); ( 2G ;respectively, 2 M,):

We see thatM, is a Banach sequence algebra ¢h So it is an ideal ofB, of

codimension 2.

Proposition 3.5.7 Let! :Z! [1,1). Then G, is the Gelfand transform of
Z, . Furthermore, the Banach algebraM, is the Gel'fand transform of the maximal
modular idealf =( (N)22Z : .., (n)=0g:

P .
Proof. Let = ,,; (n) , 2 Z . The Gelf'and transform b of is such that,
form2 Z,
X
b(m) = (n); (3.5.2)
n m
and its value at1 is given by
X
b(1)= (n):
n2z

Using 3.5.2, we can see that (b) = k k, < 1, and sob 2 B, . Also, we see that
limy; b(n)=0. Thus2, G, : Letus see now thatG, 2,. Given an element
=( (n)) in the Gelfand transform of Z, , the element 2 Z, such thatb = s

de ned as

(m= () ( 1) (h22):

Thus, the Gel'fand tranform of Z, is
2=t 27 @:p()<1;fm (n)=0g=G;

with the norm k k = P 2zl () (n Di'(n)<1 ( 2G). Finally, for 2 G,
we have
k k k k 2k k:

Whenever 2 M, we have thatlimg,; (n) = 0 too. Thus the Gelfand
transform off =( (n)) 2 Z, : P 2z (N)=0gis M.
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The following lemma will be useful for later results.

Lemma 3.5.8 Let! : Z! [1;1). Then, we can always nd two sequences of

increasing positive integerdmy) and (ny) such that, for 2 M,
F(n)j (nK)j! 0 and !'( my)j ( mj! 0 (k!1 ): (3.5.3)

Proof. Suppose thatliminf,,; ! (n) < 1. Then there exists(ny) a strictly

increasing sequence of positive integers such that
im ! =liminf ! (n):
kI!llm I (ng) Ilrrp!llnf I'(n):

In particular, this implies that there exists M 1 such that! (ny) M for every

k 2 N. Hence, for 2 M,, we have
P (nk)] Mj (nj! 0 (k!'1 ) (3.5.4)

Following a similar reasoning, whetiminf,,; ! (n) < 1 , we can take a strictly
increasing sequence of positive integefs,) such that
kI!ilrn F( my) = Iiminf I'(n)
and so
P my)) ( myj! 0 (k!'1 ): (3.5.5)
Suppose now thatiminf,; ! (n) = 1 . In this case we can construc{ny) a
sequence of strictly increasing positive integers such that
Fink) 1) (0 ng):

Indeed, considet~" : N! [1;1 ) dened as+*(n) = inff! (k): k ng. Now let n;
such that! (n;) = +" (1). Knowing n; de ne nj,; such that! (nj«1)=+%(n; +1).
These in ma exist sinceliminf,; ! (n)= 1 :Thus, for 2 M, we have that
Pl (k)i _X r@y @ G it o (3.5.6)
i>n i
Symmetrically,whenliminf,,; ! (n)= 1 , we can construct(my) a sequence

of strictly increasing positive integers such that

PCme) PO n) (n my):
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We proceed as above, but in this case we consider : N! [1;1 ) dened as
F (n)=inff! ( k):k ng. Thus we obtain a sequencémy) such that, for any

2 M,
LC midi ( my)i o M @ @G it o (3.5.7)

i< my

Proposition 359 Let! :Z! [1,1). The Banach algebraM, is a Tauberian
Banach sequence algebra. It has a bounded approximate identity if and only if
liminf,; !(n) < 1 andliminf,; !'(n) < 1 and it always has a multiplier-

bounded approximate identity.

Proof. Form;n 2 N, consider ", 2 M, suchthat " (k)=1,fork2 Z"_ andO

otherwise. For 2 M, , we have

k "k =supfi (K)j:k22Z" g (3.5.8)
. P (k) (k- i+ m)j ( mj+!(n)j (n):
k2z"

By Lemma 3.5.8, we can always nd two sequencé€ni), (my) of increasing positive
integers such thatk ™. kil 0 (k!1 ), forevery 2 M,: Thus, for this
selection of(ny) and (my), ( ", : k 2 N) is an approximate identity. We conclude
that M, is Tauberian for any weight! .

By the uniform boundness theorem( ", : k 2 N) is a multiplier-bounded
approximate identity. When liminf,; !(n)<1 andliminf,; !(n)<1, we
can chosg(ng) and (my) so that! (ng) and! ( my) are bounded byM 1. and
so( ", 1 k2 N) is a bounded approximate identity with bound1 + 2M . Suppose
now that liminf,; !(n)=1 orliminf,; ! (n)= 1 and assume that there is
a bounded approximate identity inM, . In this casek ko, and k k; are equivalent,
but k ", k! 1 atthe same time as it is a multiplier-bounded approximate
identity, which is a contradiction. Hence,M, does not have a bounded approximate
identity.

Corollary 3.5.1Q Let! :Z! [1;1), and M, be the Banach sequence algebra
de ned as above. TherM, has a BSE norm.M, is a BSE algebra if and only if

liminf,; !'(n)<1 andliminf,; !'(n)<1.

Proof. Let! :Z! [1;1). SinceM, is a Tauberian Banach sequence algebra with

a multiplier-bounded approximate identity, by Corollary 2.3.32, it has a BSE norm.
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By Proposition 3.5.9,M, has a bounded approximate identity if and only if
liminf,; !(n)< 1 andliminf,; ! (n)< 1. Thus by Corollary 2.3.27 this is a

necessary and su cient condition to be a BSE algebra.

Proposition 3.5.11Let! : Z ! [1,1) such thatliminf,; !(n) < 1 and
liminf,,;, !(n)< 1. Let M, and B, be the Banach sequence algebras de ned as
above. ThenCBSE (M| ) =M (M| ) = B,.

Proof. We have that B, M(M,) sinceM, is an ideal inB,. Now let us take
2 Cgse (M,). By Theorem 2.3.25 there exists a net ()) of elements ofM, that
converges to pointwise and such that
lim k ()kl =k kBSE:
Let "> 0. For n 2 N, there exists o such that for any o we have
X
maxfi )()j: n i ng+ L@ OG0 1) O®)] k kese + ™
nin
By taking limits in  we obtain that
X
maxfj (i)j: n i ng+ @i 1) (M) k kese +™
nin
Thus we can conclude that 2 B, andk kgsg = k k. By Corollary 3.5.10,M,
is a BSE algebra wherdiminf,; !(n) < 1 andliminf,; !'(n) < 1. Thus
M(M,) = Cgse (M) = B,.

Corollary 3512 Let! :Z! [1;1), and G, be the Banach sequence algebra

de ned as above.G, is a BSE algebra if and only ifliminf,,; !(n)<1.

Proof. By Theorem 2.3.35, we know thatM (G, ) Cgse (Gy) if and only if
liminf,;; ! (n) < 1. Hence, repeating almost the same argument as above we
obtain that Cgsg (G/) = M(G,) = B,, and soG, is a BSE algebra if and only if

liminf,,, !'(n)<1.



CHAPTER 4

Banach sequence algebras

Some of the results of this chapter will appear in the forthcoming monograph [26].

4.1. Mixed identities

We shall now see some results about mixed identities that will be useful in the

following sections. For more information concerning mixed identities, see [19], [66].

Definition  4.1.1 Let A be a Banach algebra, and leE 2 A% We sayE is a mixed
identity for A if E 6 0 and, for all M 2 A% we have

The set of all mixed identities forA is denoted asE,.
Note that this is equivalent to
a E=E a=a (a2 A):

The existence of mixed identities and Arens regularity have a strong connection.
We shall see the link in the following results. The rst one, is a direct conclusion
from the de nition of mixed identity and Arens regularity. It is known to specialists,

but we add it here for completion.

Proposition 4.1.2 Let A be a Banach algebra with a mixed identityA is Arens

regular. Then E5 has a unique element.
Proof. Let E;F 2 Ex and suppose thatA is Arens regular. Sincee 2 E(A),
F E=F:

SinceF 2 Ea,
F E

I
m

Therefore, asA is Arens regular,E = F.
73
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As we can imagine, approximate identities, in particular bounded ones, are also
linked to mixed identities. WhenA has a bounded approximate identity, therE, 6 ;.

In fact, we have the following result, that can be found in [19, Corollary 2.9.15]:

Corollary  4.1.3 Let A be a Banach algebra. TheA has a mixed identityE 2 Ea

if and only if it has a bounded approximate identity.

Let us recall that we de ne the setA A%=fa :a2A; 2 A%and that AA°

is the linear span ofA A% We de ne the setsA® A and A%A symmetrically.

Proposition 4.1.4 Let A be a Banach algebra with a bounded approximate identity,

and let E be a weak- accumulation point of it. Then
Ea = fEg+ (AAY?\ (A%A)?:
Proof. LetF 2 E, anddeneM = F E. Then,fora2 A and 2 A° we have
MM;a i=hF E) a i=hF a E a); i=0:

Thus M 2 (AA9?. Symmetrically, M 2 (A%A)?.

Let N 2 (AA9%?\ (A%A)?. Fora2 Aand 2A%ha N; i=hN; ai=0;so
M N=0forallM 2 A% ThusM (E + N)= M. Following a similar reasoning,
we can see thalE + N) M = M. Thus E + N is a mixed identity for A.

Corollary 4.1.5 Let A be a Banach algebra with a bounded approximate identity.
Suppose thatAA%= A%A. Let E 2 Eo. Then the following are equivalent:

(&) Ea has a unique element;
(b) A A = AC
(c) E is an identity for (A% ) and for (A% ).

Proof. (a)) (b) Let E be aweak- accumulation point of the bounded approximate
identity. By Proposition 4.1.4, Ex = fEg+ (AA9” \ (A%)?. If E is the only
element of E4, then (AA9? \ (A%A)? = f0g. Since by hypothesis we have that
(AA9?\ (A%A)? = (A%)?, then A%A = A% But by Cohen's factorization Theorem
A% = A° A, HenceA® A = A°

(b)) (c) Let E 2 Ex and suppose it is not an identity for(A% ). Then there
existsM 2 A%such thatE M 6 M. ConsiderF = M E M 6 0. Then, for

a2 Aand 2 A® we have

HF: a=m M aEM i=ha M a M; i=0:
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Thus F 2 (AA)?. But this implies that A° A 6 A Following a symmetric argument,
we can see that ifE is not an identity for (A% ), then A° A°6 A again.
() (a) Let F 2 Ea. AsE is an identity for (A% ), we have that

and soE is unique.

Finally, we shall apply all these results to a Banach algebrA that is an ideal in

its bidual, since it will the case we shall focus on in the following subsections. The

following theorem can be found in [26, Theorem 2.3.44] and will be key for that.

Theorem 4.1.6 Let A be a Banach algebra that is an ideal in its bidual. Suppose it
has a bounded approximate identity . TheA A°= A A= A A® A = WAP(A).

We know that when a Banach algebra is Arens regularWAP (A) = A° thus
WAP (A) = A°= A A°= A A=A A° A whenA is also an ideal in its bidual, and

so the following is an immediate conclusion of Corollary 4.1.5 and Proposition 4.1.2.

Corollary 4.1.7. Let A be a Banach algebra with a bounded approximate identity

and such thatA is an ideal in its bidual. LetE 2 E5. Then the following are
equivalent:

(@) Ea has a unique element;

(b) E is the identity of A%

(c) A° A= AC

(d) A is Arens regular.

4.2. The Feinstein algebra

We proceed to introduce now thd-einstein algebra This algebra appears in19,
Example 4.1.46] and some of the initial results that we shall introduce now are proved

there. Let 2 CN and, forn 2 N, consider

XK.

Pa( )= —] k+1 NE
) k=1 N

WedeneA=f 2c¢:p( )< 1g where
p( ) =supfpn( ):n2 Ng:
Consider the following norm inA:

k k=J jntp() ( 2A):
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Then (A; k k) is a Banach space, and it is a Banach algebra when we consider the
pointwise product. Following [L9], we call (A; k k) the Feinstein algebra, since it
was introduced by Joel Feinstein in a lecture.

We shall introduce now a subalgebra ok that will be of interest. Let Ag = J; (A).
It is seen in [19, Example 4.1.46] that

Ao=f 2c:pa()! Og

Then Ay is a Tauberian Banach sequence algebra afd,) is a bounded approximate
identity for Ag with k k=2.

These two algebras present some very interesting characteristics. For example, it
can be seen thatA? = A3 = A, and that A, is separable whileA is not. Thus A? is
a closed subspace of in nite codimension iA. Also, A is not Tauberian and it does

not have an approximate identity.

4.2.1. Study of Arens regularity. We proceed to study the Arens regularity of
A and Ay. In order to do so, we shall construct a new Banach algebBa which is
Arens regular, and we shall see thaf\o can be seen as a closed subalgebraBof
This method can be extended to a more generic setting and this is something we are
working on at the moment.

Letj 2 N. For 2 C? '*2 consider

2yl

g()= J « k+1]:

k=2

Let BU) = c? '*2 with the norm in BU) de ned as follows:
K ki =maxf] 1j;:5) 2 142j9+ g( ):

Lemma 4.2.1 For everyj 2 N, the space(BU);k k;) is a unital Banach algebra

with pointwise multiplication.

Proof. Forj 2 N, the space(BU);k k;) is a Banach space. Let us take two
elements; 2B0), Then 2B and

k k =maxfi « «j:k 2 '+2g+g( )
maxfj «j:k 2 '+2gmaxij j:k 2 '+2g
+maxfi wj:k 2 '+2gg()

+maxfi j:k 2 *+2gg() k kk ki;
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and so(BU);k k;) is a Banach algebra as desired. Sinkdk; = 1; we have thatB ()

is unital.

Let us considerB = co(BU). This is the space of sequences= ( 1)) where
() 2 B, such that

i i =supfk Wk :j2Ng<1 ( =( D)2B)

and such that
lim k Wk =0:
j!11
For =( W)2B,wedeneg( ):= supfg( @) :j 2 Ng, which shall be useful

for some calculations below. Note thag( ) jj 1, for 2 B.
Lemma 4.2.2 The space(B; jjjj ) is a Banach algebra with pointwise multiplication.

Proof. Let =( @); =( ()2 B. Then, by the calculation above,
k @) G)& k G)kjk G)h i i i

Thusii § § i i

SinceB ) is nite dimensional for everyj 2 N, we know that the dual iSE; with

dimE; =dim BU). Hence the following result follows.
Lemma 4.2.3 The dual space oB is B°= “(E;).
The following lemma can be found in [26]:

Lemma 4.2.4 Let (En;k kp) be a nite-dimensional space for eacim 2 N. Let
E = "}(E,). Then E has the Schur property.

Corollary 4.2.5 The Banach algebraB is Arens regular.

Proof. By Theorem 2.3.11, ifB°has the Schur property, thenB is Arens regular.
It follows from Lemma 4.2.4 and Lemma 4.2.3 that the dual dB has the Schur

property, and so the result follows.

We shall see now thatA, is a closed subalgebra d. In order to do so, we shall
de ne an equivalent norm inAg, which will facilitate the process.

Let r 2 (0;1). For n 2 N, consider the setH{? = (rn;n]\ N and de ne

(r) _ X . .
hy’( ) = ok wal
k2H "
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Consider the norm inAg de ned as
kK K= ju+ I (2A)
whereh® () =supfh{’( ):n2 Ng:

Lemma 4.2.6 Letr 2 (0;1). Let 2 CN. If p,( )! O(n!1 ), we have that
h()( )! 0(n!'1 ). In addition, the normsk k andk k! are equivalent inA,.
In particular

L

(r)
rk k) kok

k kK (2 Ap):

Proof. Let 2 CNsuchthatp,( )! Owhenntendstol . Letn2 N and take

m2 Nsuchthatm 1 rn<m. ThenH{) =fm;:::;ng, and
XK. . X . ")
Pn( ) —] « ke1) T ]« ke = rh”():
k:mn k=m

Thus h{")( ) tends to zero whem tends to 1 . In particular, h(( ) is nite and

p( ) rh®): (4.2.1)

On the other hand, forn 2 Nwe denem 2 Ntosatisfym 1 rn<m. Then

H{ =fm; ;ng. Hence
) X1k, . X k. .
p = —] k k1] T =] «k k+1)
) k=1 n k=m n
X 1k, .
ﬁj k kel] T h(r)( ):
k=1

If m=1, the rst term on the right hand side vanishes, so it is bounded above by
rp( ). If m 2, then this term can be rewritten asmTlpm 1( ), which once again
is bounded above byp( ). Thus p,( ) rp( )+ h®")( ) forall n 2 N. Hence
p( ) rp( )+ h@( ) andso

@ p() hOC): (4.2.2)
Combining (4.2.2) and (4.2.1) we see that, for 2 A,
ko kO Kk ok kKO,
1 1 r ’
as desired.

Proposition  4.2.7. The algebraA, can be identi ed with a closed subalgebra &f.
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Proof. Letj 2 N. Take =( ,)2 Ao, and consider ©) : Ay ! BU such that
W)= 1 203, P()=C 2 3 4 5, @)=( 4 s & 7 8 o) and
so on. So, foj 2 N, @) is such that thek th coordinate of ()( ) is given by
D( )= 5 g nfork=1; ;2 1+2. Notethat HS ™ =2 1+1; ;2g,

and so

. Ayt . _
g( V()= PO D0 e (4.2.3)
k=2
2xL : X : -
= ] 2 k1 2 14k = J k k+l] = h(2]1 2)( ):
k=2 k=2i 141
Hence, by Lemma 4.2.6, we have
k D)k k kI 2k k (4.2.4)

Thus ) :Aq !  BU) is bounded for everyj. Also G)( )= ) W), for
. 2 Ao, and so ) is an algebra homomorphism, for everjy 2 N.

Consider now the linear operator
7 ()=CD0); ( 2A0:
Since 2 Ag, limp; | o) =0 and so
jI!ilm maxfi «j:2 ' k 2 +2g=0:

In addition, sincep,( ) tends to zero whem tends to 1 , by Lemma 4.2.6,h§j1/2) ()

also tends to zero when tends to1 . Thuslimj; k ()( )k; =0, and so ( ) 2 B.
Thus (Ap) B and, from (4.2.4), we obtain that

i O 2k

Hence is bounded.

Forn=1, sinceH{!™@ = figand @( )=( 1 2 3), using (4.2.3) we see
Y2 (=i 1 0 a+isi+iz & 2maxi 4 20ii sig+ o P())

In general, givenn 2 Nwith n 2, letm2 Nsatisfym 1 n=2<m. There

existsj 2 Nsuchthat2 ! n=2andn 2*:We have

HI2 =fm; ;ng f 2 '+1; ;2%g
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hence
)@j 3'(+1

hn(1/2)( ) J k k+1j+ J k k+1j
k=2i 141 k=21 +1

=g( DN+ ga I
where we have used (4.2.3). Combining these inequalities, we obtain
h®2 () supfh,™ ():n2Ng 2sufg( 9()):j2Ng=29( ()):

Thus k k(11=2) 2 ( )ii- Hence by the above and Lemma 4.2.6, we have that

k k45 ()b

Thus A can be identi ed with a closed subalgebra oB, as desired.
Theorem 4.2.8 The algebraA, is Arens regular.

Proof. This follows from the fact that B is Arens regular, by Corollary 4.2.5, and

that, by Proposition 4.2.7, A, can be identi ed with a closed subalgebra oB.

We know now that A is Arens regular, and it has a bounded approximate identity.
By Proposition 4.1.2 it follows that AQ’has a unique mixed identity.

We proceed now to see that the Feinstein algebr is Arens regular. For this, the
following proposition will be key. This proposition can be found inZ6, Proposition
2.3.4]

Proposition 4.2.9 Let A be a Banach algebra with a closed subalgeBraand
suppose thatA?> B. Then A% A% B®

Theorem 4.2.10 The Feinstein algebraA is Arens regular

Proof. Let E 2 AY’be the (unique) mixed identity of AS® We shall see rst that
E 2 Z(A%. Indeed, forM 2 A% by Proposition 4.2.9, we have thaE M 2 A$? as
wellasM  E 2 AY Then

E M=(E M) E=E (M E)=M E:
Thus E 2 Z(A% as desired. Now, letM;N 2 A% SinceA, is commutative and

Arens regular,AJis commutative. Hence

M N=E (M N) E=(E M) (N E)

(N E) (E M)=N E M=E (N M)=N M;
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where we have used again thaa® A% AS° Thus A is Arens regular as desired.

4.2.2. Study of other properties. We proceed now to study some interesting
properties of these algebras. We shall rstly focus oAg, since some of the properties

of A can be deduced from those &&,.

Proposition 4.2.11 There exists a Banach-algebra isomorphism froog onto a

closed subalgebra &&,.

Proof. Let (n;) be a sequence iN such thatn;,;  2n; +1 (j 2 N), and consider
the following linear operator:
*
T:( n)7! i onj ( =( n)ZCO):
j=1
We see thatT( )= T( )T( ).
Let us verify that the range of T is contained inAg. Let 2 ¢. For " > 0 there

existsk 2 N such thatj ;j <" wheneverj k. Consider

K = I j+ il
j=1
Forn ny, there existsq k such thatng n<ng, and so
K 1 .. K
T —+ —  2nj] n —+4"
P(TC)) oy il
Hencep,(T( )) tends to zero whem tends to in nity. Thus the image of ¢y by T is
contained in Ay.
Let us see now thatT is bounded. Letn 2 N, and considerk 2 N such that
Nk N<nNg. Then

1 X . . .. X nj
Pn(T( )) - 0] ol 2 n
kj:l j=1 Nk

2 IN ~ 4 N
and sokT( )k 5 jn.

Sincej jn = JT( )jn Kk T( )k, the image ofcy by T is injective with closed

range.

Corollary  4.2.12 The spaceA, is not weakly sequentially complete. The Feinstein

algebraA is not weakly sequentially complete.
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Consider now
c=f 2t :p()<1g
with the norm dened ask k= jy+ p( ) for 2 C.

Theorem 4.2.13 Consider Ay the Banach sequence algebra de ned before. Then
C = M(Ap) = Cgse (Ao) = Q(Ao).

Proof. By Corollary 2.3.27, sinceAq is a Tauberian Banach sequence algebra with
a bounded approximate identity, we have thatA, is a BSE algebra with a BSE norm.
Thus M (Ap) = Cgse (Ao).

Take 2 C, 2 Aq. Let"> 0. Then there existsn; 2 N such thatj ;j <" for

alli ny. There existsn, nj such thatp,( ) <" and such that, for alln  ny,
P .
n," > ' Ki k1 ket k kj - Then, forn n,, we have
k=1
X1 K. .
pn( ) —J k+1 k+1 k kl
k=1 n
Xk, . X . .
+ —] k k+1 k klt —] kel kel K k1)
k=ni+1 n k=ni+1
n2II

TN ( ) Fsupf] g tk>nagpn () "1+ KK

Thus p,( ) ! 0O whenn tends to in nity, and so 2 Ap. Hence 2 M(Ay).
Thus C  M(Ap) = Cgse (Ao).

Now consider 2 Cgse (Ag). Then there exists a nef ()) in Aq that is bounded
by K and such that it converges pointwise to . Hence, for eachH' > 0 and each
n 2 N itis possible to nd , such that _Ff J i i( n)j <" and Ff ] i+ i(+2)j <".

i=1 i=1

Consider” < 1. Then

U X i
pn( ) “joe L) = 4 p( (M)

i=2 N i=1

2"+ k (kK +1;

foreveryn2 Nandso 2 C.
Finally, by Proposition 2.3.28,Q(Ao) = Cgse (Ao).

An almost identical proof shows thatCgsg sy C  M(A), sinceCgse (A) has
an identity, then M(A)  Cgse (A), and soCgsg (a) = C = M(A). Thus A is a BSE
algebra too. In addition, sinceA is closed inC, Proposition 2.3.29 applies and sé

has a BSE norm.
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Corollary  4.2.14 The bidual of the Banach algebra, is AJ’= C:

Proof. SinceAq is Tauberian and Arens regular we can apply Corollary 4.1.7 and

soAJhas a unit. Thus we can apply Proposition 2.3.30 and the result follows.

4.3. James p" algebra

The James spacd, was introduced in p5] and [56]. In these, James constructed a
separable Banach space such that there is an isomorphism onto its bidudfbut
such that J, is not re exive. A study of this space as a Banach algebra was made in
[2]. Properties like amenability and weak amenability of theg" James space as a
Banach algebra were studied in [78].

For 1<p< 1, we dene thep" James space in the following way. LeE be the
set of all nite, strictly increasing subsets ofN containing at least two points. Then,
foreach =( ,)2CNandF = fny;:;;ngg 2 F, we de ne

1 #l:p

1= B( . . . .
Np( ;F ) = 2 P J Nj+1 nin + J Nk nljp
i=1

Then the p" James space is
(JpsNp) = 2 ot Np( )=SFL£F|):Np(;F )<1g:

As it is shown in [7§], J, with pointwise product is a Banach algebra under the

equivalent normk k, de ned by
K ko =supfNy( ): 2Jpwith Ny( )=1g ( 2 Jp):

Recall that, forn 2 N, , 2 ¢y is the element such that ,(k)=1 (k n) and
n(k) =0 (k>n). It was seen in [78] that

Np( )= lim No( n ) k ko 2Np( )i (2 Jp):

11

Hence( 5) is an approximate identity for J, with k ,k, =1, for everyn 2 N. Thus
Jp is a Tauberian Banach sequence algebra &h and ( ») is a Schauder basis fod,.

Regarding Arens regularity, it follows from ] that J, is Arens regular. For this,
they proved that J°is isometrically isomorphic toJ5 , which is commutative. The
same argument can be followed to prove that, fat<p < 1, J, is Arens regular.
We shall see below that the unitization of], also plays a role when we study i, is
a BSE algebra.
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For1 p<1,letus consider the linear spacB,=J, C1 !, so that
Bp=f 21 :Np( )< 1g;
with the norm de ned as
k kp =supfNy( ): 2J,with Ny( )=1g ( 2 By):

Sometimes it can be useful to calculate the norm of elements Bf using just

elements of], with nite support. We shall see below that this is possible.

Lemma 4.3.1 Let1l p<1,andlet 2 B, Then
K Ko =supfNp( ): 2Jp\ cooWith Ny,( )=1g ( 2 By):
Proof. Let 2 Bj. It follows from the de nition of k k;, that
supfNp( )@ 2 Jp\ cowith No( )=1g k Kp:
Let "> 0. Then there exists 2 J, with Np( ) =1 such that
K ke Np( )+ "=2:

For 2 Jp, we know thatNy( » ) ! Np( ) andNp( , ) increases withn. Since

Jp is anideal inBp, 2 J,. Thus there existsny 2 N such that, forn  ng,
Np( ) Np( n )<"=2
So, we have that
K kp Np( )+"=2 Ny( n,)+"
Thusk k, supfNp( ): 2 J,\ coo with Ny( ) =19, as desired.

Lemma 4.3.2 Lletl p<1 and 2 CN. Then

(a) the sequencdk , kp) is increasing;
(b) for 2 By, (k n kp) converges tok Kp;
(c) 2Bpifandonlyif (k , kp) is bounded.

Proof. (a) Let 2 CNand 2 ¢y with No,( ) =1. Since 2 Jp, form n,
No( m ) Np( n ) Np( ):Thus, by Lemma 4.3.1,

Kmk K nky k ko (m n) (4.3.1)
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(b For 2 Bpand 2 cq, there existsng 2 N such that, forn  ng, , = ,
and so lim k  kp =k k.

(9 If 2By k ky< 1, and it follows from (4.3.1) that (k , kp) is bounded.

On the other hand, let 2 CN such that (k , kp) is bounded. By(b), (k n kp)
converges tok k, and sok k,< 1. Thus 2 B,.

Proposition 4.3.3 Let 1<p < 1 . The Banach algebral, is a BSE algebra with

a BSE norm. What is more, we have that
Bp = Case (Jp) =M (Jp) = Q(‘Jp):

Proof. By Corollary 2.3.27, sincel, is a Tauberian Banach sequence algebra with
a bounded approximate identity, we have thatl, is a BSE algebra with a BSE norm.
Thus M(J,) = Cgse (Jp). By Proposition 2.3.28,Q(Jp) = Cgse (Jp). Also, since
Jp is an ideal inBp, we have thatB, M(Jp). Finally, let 2 M(Jp). Then, for
N2 N,k kg kK kek nkp=k kop, and so by Lemma 4.3.2, 2 B,.

4.4. Tensor products

In this section we shall study the Arens regularity of tensor products of some of
the algebras we have studied in previous sections. We shall start with some generic
results that will be useful later. We shall proceed later to see some partial results for
the tensor products of Jamep™ algebras. Finally, we proceed to study the tensor

product of weighted bounded variation algebras, studied in Section 3.3.3.

4.4.1. General results. The following result can be found inT1, Theorem 5.33].

We add it here to facilitate the reading of the document.

Theorem 4.4.1 Let X andY be Banach spaces such thxt® has the Radon-Nikodym

property and eitherX ®or Y has the approximation property. Then

X Y "= xorye

Proposition 4.4.2 Let A and B be dual Banach algebras, with preduals and F,
respectively, such thalA has the Radon-Nikodym property and eithed or B has the
approximation property. ThenA” B is a dual Banach algebra with Banach-algebra

predualE F.
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Proof. We can apply Theorem 4.4.1 and we see that
(E F)°= E”F°= A"B:

Speci cally, the canonical embedding fromA”B to (E F)%is an isometric isomor-
phism. As(E F)%=(A”"B)% then E F is closed in(A"B)°

Let us see now thatE  F is a left-submodule of A" B)° Let us considera;c2 A,
b;d2 Bandx 2 E,y2 F. Then,asx y2 A° B° (A”"B)°we have that
ha b;x yi = ha;xihb;y. Hence

he bi(c d) (x y)i=ha b(c d;x vyi
= hac;xihbd;y = ha;c xihb;d yi = ha b;(c x) (d y)i:

In particular, as E is a submodule ofA®and F is a submodule oB° we have that
(c x) (dy2E F:
Take now Mg = P{‘ll ¢ d2E F andNg= PJ-”:l Xj Yy;2E F,then
Mo No= (6 %) (4 y)2E F
i=1j=1

Now let M 2 AB, N 2 (A"B)% Let (M,) be a sequence ilA B such
that M, ! M in A B, and let (N,) be a sequence it F with N, ! N in
E F (A"B)% Since the action of any Banach algebra on its dual is (jointly)

continuous, andE F is closed in(A"B)° we have
M N:Iirrp M, No,2E F:
The proof that E F is a right submodule is symmetrical.

If A and B are Tauberian Banach sequence algebras, this property is transmitted
to the tensor product under certain circumstances. The following result can be found

in [26, Proposition 3.3.4]:

Proposition 4.4.3 Let A and B be natural Banach sequence algebras 8nand
T, respectively, and suppose that eithek or B has the approximation property.
Then A" B is a natural Banach sequence algebra ¢ T, and A" B is Tauberian

whenever bothA and B are Tauberian.
The following result is [71, Corollary 5.42, Corollary 5.45]:

Corollary  4.4.4 Every separable dual space and every re exive Banach space have

the Radon-Nikodym property.
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4.4.2. James p" algebra tensor products. We have not been able to discern if
given1<p;q < 1, the Banach algebral, " J, is Arens regular. However, we have

some results that might lead to a better understanding o, " J, in the future.
Proposition  4.4.5 Let 1<p;q < 1 . Then B," By is a dual Banach algebra.

Proof. The fact that it is a dual Banach algebra follows from Proposition 4.4.2 and
the following: B, and B4 are dual Banach algebras, they are separable dual spaces

and so they have the Radon-Nikodym property, and they have the approximation
property.

4.4.3. Weighted bounded variation algebras. In this section we shall study
the Arens regularity of the tensor products of the algebras studied in Section 3.3.3.
Note that the setf ,, : n 2 Ng is a Schauder basis foM, , and soM, has the

approximation property.

Proposition 4.4.6 Let!;!',:N! [1;1 ) be sequences. Consider the algebras
M,, and M,,. Then the tensor productM,, "M, is a Tauberian Banach sequence

algebra onN N.

Proof. SinceM, is Tauberian for any! and it has the approximation property,

the conclusion follows from Proposition 4.4.3.

Proposition 4.4.7 Let!;!',:N! [1;1 ) be sequences such thaminf ! ;(n) <
1, (i =1;2). Then the Banach algebravl, ,*M,, is strongly Arens irregular.

Proof. By Proposition 3.3.5,M,, “lfori=1;2 andsoM,,"M,, “}N N).

HenceM,, “M,, has the Schur property (and so it is weakly sequentially complete).

M,,"M,, has a bounded approximation identity, since we saw in Section 3.3.3
that for liminf! (n) < 1, M, has a bounded approximate identity. Finally, by
Proposition 4.4.6,M, 1"M! , Is an ideal in its bidual. Thus, by Theorem 2.3.10, it is

strongly Arens irregular as desired.

Proposition 4.4.8 Let!;!1,:N! [1,1) be sequences such that, for=1; 2,

liminf ! ;(n) = 1 . Then the Banach algebraM, , "M, , is Arens regular.

Proof. Since for! such thatliminf! (n) = 1 we know that M, is also a dual
Banach algebra, by Corollary 2.3.23 we know tha¥l *°is compact. In this case, by

Corollary 2.3.13,M,, “M,, is Arens regular.
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Proposition 4.49 Let!;!1, : N ! [1;1 ) such thatliminf! (n) = 1 and
liminf ! 5(n) < 1. Then M,,"M,, is neither Arens regular nor strongly Arens

irregular.

Proof. By Proposition 4.4.6, M,,“M,, is again a Tauberian natural Banach
sequence algebra oN  N. It is isometrically isomorphic to (N N) as a Banach
space. Thus it also has the Schur property. In this cage | n) iS an unbounded
approximate identity, as otherwise we would have tha¢ ,) is bounded inM, ,. Also,
( n n) is a multiplier-bounded approximate identity, sok k and k kg, are
not equivalent onM,, “M,,. By Corollary 2.3.12, the algebra is not strongly Arens
irregular. Now, asM,, is strongly Arens irregular, by 5, Corollary 3.5],M,,*M,,

is not Arens regular.



CHAPTER 5

Decomposable Blaschke products of degree 2"

5.1. An overview of the new results

For a brief introduction about Blaschke products and their relevance, see Section 1.2.
Let D denote the open unit disk andT denote the unit circle. A nite Blaschke

product B of degreen is a function of the form

Y oz g
B(z) = ;
@= 1 az

are the disk automorphisms. Finite Blaschke products arme to 1 maps of the open
unit disk D into itself and the unit circle T to itself. They are holomorphic on an
open set containing the closed unit disk and have nitely many zeros iD. We will
consider the set of points inT that the Blaschke product identi es; in other words,
we will be interested in the solutions oB(z) = for 2 T. Since the constant
will not play a role in the solution, we will take =1 in the above description of

Blaschke product.

Definition  5.1.1 We say a Blaschke producB is decomposablef there exist

Blaschke productsC and D both of degreen > 1 such that
B(z) = C(D(2))=(C D)(2)
and B is indecomposabletherwise.

If the degree ofC and D equalsk and m respectively, then the degree d8 equals
km. Observe that if B is of prime degree, therB is indecomposable.

It is worth noting that in this chapter langle; i is the (sesquilinear) inner product
in "5 and k Kk is the associated norm. With this in mind, given am n matrix A,

the numerical rangeW (A) is de ned by
W(A) := fhAX;xi : x2 C"; jjxjj = 19:

The setW(A) contains the spectrum ofA, it is a convex set, and its outer boundary

is a convex curve. In particular ifA is a2 2 matrix, then its numerical range is
89
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either a point, a line segment, or an elliptical disk all of these can be thought of as
elliptical disks. This is called theelliptical range theorem[17]. Although this is a
theorem about2 2 matrices, it also sheds light on the numerical range of n
matrices.

Let H? denote the classical Hardy space, i.e. the set of functions of the form
f(z) = P o anz" WhereP ! o janj? < 1 . Animportant operator in the Hardy space
is the shift operator, which is de ned by[S(f )](z) = zf (z) and its adjoint is S
dened by [S (f)](z) = (f(z) f(0))=z: The following can be de ned in a more

generic set-up, but we are going to restrict ourselves to the case of a Blaschke product.

Definition  5.1.2 Let B be a Blaschke product, then thanodel spacas
Kg = H? BH?

where is the orthogonal complement oB8H 2 in H?, and BH ? is the image ofH 2
by the Blaschke productB.
The compression of the shifis an operator de ned on the model spack g as
follows:
Sg = PsSjks;

wherePg is the orthogonal projection fromH? onto Kg.

In this chapter, we consider a Blaschke produdd of degreen = 2% 1 and
B := zB(z) throughout the chapter. For each 2 T we letz;. ;:::;Z..1. denote
the points on T that B maps toB( ) ordered by increasing argument. By43, 63]
each convex polygon connecting these points circumscribes a convex smooth curve
that we call the Blaschke curvesee De nition 5.3.1. In Section 5.3 we show that if
the numerical range,W (Sg), is an elliptical disk, then every lower degree curve in
the Poncelet package (see that section for a de nition) faB(z) := zB(z) is an ellipse
and B is a composition ofk degree2 Blaschke products. Here, the boundary of
the numerical range is the Blaschke curve associated wilh. This statement about
composition can be generalized to Blaschke products of degreesee Theorem 5.3.5
below. We also give an example of a Blaschke product of degBfr which W (Sg)
is elliptical and a non-example of a Blaschke product of degre8-that factors into
three degree2 Blaschke products, but such thatW (Sg) is not an elliptical disk.

In Section 5.4, we turn our attention to a deep theorem of Rittg8] that classi es

decomposability ofB in terms of the monodromy group associated witl8. See



5.2. CLOSURE RESULTS 91

also [L2, 77] for more recent developments. For this purpose, we start by examining
critical values of Blaschke products with elliptical Blaschke curve. As usual, by the
set of critical values ofB we meanfw 2 D: w = B(z) and BYz) = 0g: We prove
that if one writes a Blaschke productB of degree2" as composition oin degree2
Blaschke products, thenB has at mostn distinct critical values. After obtaining a
description of a Blaschke product of degree-with one critical value, we deduce that

if B is such a Blaschke product of degre® = p.;p,:::pm, then B can be factored in

In Section 5.5, we describe the monodromy group & assuming thatB is
a normalized Blaschke product (see Section 5.5 for this de nition) that is the
composition ofn degree? Blaschke products withn critical values. We prove that in
this case the monodromy group associated witB is the wreath product ofn cyclic
groups of order2.

In Section 5.6, letting C(T) denote the space of continuous functions from the
unit circle to itself, we study the group of invariantsof a nite Blaschke productsB;
that is, the group

G =fu2C(T): B u=BjTg:

In [8] Cassier and Chalendar showed that the group of invariants of a Blaschke product
of degreen is a cyclic group of ordem. The group of invariants for in nite Blaschke
products with nitely many singularities was considered in 10]. Here we show that
if B is a composition ofn degree?2 Blaschke products, sa\B = C,, C, 1 Cy,
then the group of invariants ofC; C; is of index2 (and hence normal) in the
group of invariants of C; 41 C,. From this, we are able to obtain a connection
between elements of the group and a particular automorphism of the unit disk of the
form

"a(2)=(z a)=(1 az (5.1.1)
for a2 D. From now on, this will be the notation that we shall use for an automor-

phism of the unit disk unless speci ed otherwise.

5.2. Closure results

We begin by discussing the background required in projective geometry. Given a
eld K, for x;y;z 2 K, we have an equivalence relation de ned ok3n f(0; 0;0)g

by (x;y;2) ' (x%y% 29 if there exists a scalar 6 0 such thatx°= x;y °= y; and
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z°= z . The projective planeP?(K) is de ned as the set of equivalence classes for
the relation ' . In this chapter, our eld will be R or C. Points in the real (complex)
projective planeP?(R) are equivalence classes of triples of real (respectively complex)
numbers for the relation above. The real projective planB?(R) is embedded in the
complex projective planeP?(C).

An algebraic curve inP?(C) is the set of zeros of a homogeneous polynomial
with complex coe cients. A real algebraic curve is an algebraic curve in the complex
projective plane given by an equatiorf (x;y;z) = 0, wheref is a homogeneous
polynomial with real coe cients. The set of real points of a curve will be denoted
by randisdenedby = \ P*R).

Since polynomial rings over a eld are unique factorization domains, every

algebraic curveC is the union of nitely many irreducible curves, called its irreducible

C.

5.2.1. Duality and reciprocation about T. If is a real algebraic curve in
P?(C), then the dual of is denoted by , where the points correspond to the
tangent lines to

Note that the dual curve of a general plane algebraic curveis the union of the
dual curves of its irreducible components. In particular, and  have the same
number of irreducible components. Moreover, note that the dual to a conic (i.e. a
plane algebraic curve of degre®) is a conic and the dual to a line is a point. By 36,
Theorem 5.1], duality is involutive, thatis( ) = . Note that the result is stated
under the assumption that the curve has no lines as components, because a point is

not an algebraic curve.

5.2.2. Poncelet's porism. As we mentioned in Section 1.2, Poncelet discovered
that if there exists a polygon ofn-sides that is inscribed in a given conic and
circumscribed about another conic, then in nitely many such polygons exist. The
two conics are said to ben-Poncelet related

Suppose that an ellipseée; is inscribed in a convexh-gon that is itself inscribed

in the unit circle; that is, E; and the unit circle are Poncelet related. Consider the

the envelope of these diagonals is again an ellipg&g,+1, form=1;:::;[n=2] 1,
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where[x] denotes the greatest integer less than or equal 10 Below are di erent
versions of the theorems that we use later. These are often referred to as Darboux's

theorem. The one we will use can be found in [64] or [6, p. 208].

Theorem 5.2.1 Let E; be an ellipse inscribed in a convex-gon that is, in turn,
inscribed in T. Consider the diagonals of the Poncelet polygons that leap ower
vertices (i.e., all such diagonals that connect vertdgk 1 with vertexk + m where
k=1;2;:::;n and the vertex numbers are taken moduiy. The envelope of these

diagonals is also an ellips&p.+; for m=1;:::;[n=2] 1.

These curves were also studied ir8]], where the author looks at Poncelet
Darboux theorems. There, the relevant result relies on the notion of a conic and
a curve being Poncelet Darboux related, an extension of the notion for two conics
being Poncelet related.

The result from Darboux's theorem, and the notion of being Poncelet related,
can be extended to the setting of a coni€ and a curveS of degreen 1 (cf. [3],
Subsection 2.1]).

Definition  5.2.2 Let S a curve of degreen 1 and C be a conic together with a
set ofn lines tangent toC. We say that S and C are Poncelet Darbouxn-related, if

S contains all the intersection points of then tangents to C.

Note that the above de nition implicitly includes the main result of a theorem by
Darboux ([27)], [31, Theorem 1]): If S contains all the intersection points ofn given

tangents, then it will contain the intersection points of any other set oh tangents.

Theorem 5.2.3 (Darboux's Theorem, cf. 31, Theorem 5]) If a curve S of degree
n 1is n-Poncelet Darboux related to a conid and if there is a conicC that is
a component ofS which is n-Poncelet related to the conid , then for n odd, the
curve S can be completely decomposed infa  1)=2 conics, and forn even, it can

be decomposed intgn  2)=2 conics and a line.

In other words, the minimal homogeneous polynomial de ning the curv® factors
as a product of(n  1)=2 degree-2 irreducible polynomials if is odd, and(n 2)=2
degree-2 irreducible polynomials and a degree one polynomiahifs even.

In the case whereK is an ellipse, and hence also fd&k = T, the tangency

condition in the theorem above implies thatS lies outsideK . As we are interested in
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studying curves inside the unit circle, we need a dual formulation to Theorem 5.2.3.
This can be obtained by considering = T and S as the dual curve to a closed

convex curve inD. By reciprocation, S will lie outside of T.

Theorem 5.2.4 (cf. b4, Theorem B]). Let C be a closed convex curve iB and
suppose that there is am-sided polygon inscribed inf and circumscribed about.
Assume further thatC is a connected component of a real algebraic curvein D of
classn 1 such that each diagonal of the polygon is tangent to Then for every
point of T there is ann-sided convex polygon that is inscribed i, circumscribed
about , and has as a vertex. In the special case whed is an ellipse, the curve
decomposes intgn 1)=2 ellipses ifn is odd, and(n 2)=2 ellipses and an isolated

point if n is even.

Motivated by the above formulation, and in accordance with Mirmang4], we

have the following de nition.

Definition 5.2.5 A smooth closed curve contained inD is ann-Poncelet curve
if for every point of T there is ann-sided convex polygon that is inscribed i,

circumscribed about , and has as a vertex.

If we begin with a Poncelet curve that is inscribed in a conver-gon, Mirman
considers the diagonals of these polygons and denotes the envelope of the diagonals
that skip m vertices, withm  [n=2] 1, by Ky,41. The setKq;:::; K=z is called
a package of Poncelet curves. Two recent papet], [53] provide many details and
examples relevant to Mirman's work as well as this chapter. In our setting, thi;
will be ellipses and forj > 1 we sometimes refer to these as lower-degree curves.
Thus, Sj[”:lz] K; is the package of Poncelet curves generated by the convexgons.

We will speak of apackage of Poncelet curves associated to a Blaschke prodict

whenever the vertices of the polygon come from the functidB(z) := zB(z).

5.2.3. Poncelet, Darboux and the numerical range. Given ann n matrix A

we let the real part of A and the imaginary part be the self-adjoint matrices de ned
by
A+ A A A
Im(A) = —
> and m(A) >

Of course,A = Re(A) + ilm(A). By [58], we may associate a curve of classn in

Re(A) =

homogeneous line coordinates via the functidn (u; v;w) = det(u Re(A)+ vIim(A)+
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w ). Consider the algebraic curveC(A) determined byf =0 in P?(C); that is
C(A) = f(u;v;w) 2 PX(C):ux+ vy+ wz=0 is a tangent line tof o(x;y;2) =0g:

Kippenhahn's theorem says thatW (A) is the convex hull of the real points ofC(A).
This curve, Cr(A), is called the Kippenhahn curve oA.

We will be interested in the numerical range of compressions of the shift operator
associated with nite Blaschke products, see De nition 5.1.2. If we consideés,
the vertices of each polygon are determined by the functioB(z) := zB(z) as
follows: Given 2 T, the vertices of the corresponding polygon are the solutions
of B(z) = B( ). Such operators have no unitary summand, so b%§, Theorem 2]
their eigenvalues are interior toW (A) and the boundary of W(A) is smooth (see,
for example, p8, Theorem 12]). Our curves have the property that for 2 T the
two sides of the polygons with vertex at are tangent to , and every point of
is such a point of tangency,43]. We see from the expression fdry that f, is a
homogeneous polynomial of degreewith real coe cients, which tells us that the
dual of , denoted by , is a real algebraic curve irP?(C). It is known [54, Lemma
3.10] that if is a real algebraic curve of class 1, then

[r[—Z]Kj _
j=1

5.3. Ellipses, Numerical Range, and the Blaschke curve

5.3.1. Blaschke products and composition. We begin by considering the

Blaschke curve, which is de ned as follows.

Definition  5.3.1 Let B be a Blaschke product of degree + 1. Then the Blaschke
curve C associated with this Blaschke product is a curve inscribed in the convex
polygons with vertices at the solutionsz; 2 T of B(zj) = foreach 2 T. Each

point on the curve is the point of tangency of such a circumscribing convex polygon.

Note that a Blaschke curve is assumed to be contained il It is known that the
line joining the z; to zj,; is tangent to C at a single point, the curve contains no line
segments, is a di erentiable algebraic curve, and every point on the curécan be
obtained using the Blaschke product as described in the de nition. Seé3 45, 18].

Note that a Blaschke curve is determined by the values the Blaschke produst

identi es. The actual value associated with a polygon is irrelevant. Therefore, if
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is an automorphism of the disk andB is a Blaschke product, sincé B and B
identify the same points on the circle, the two Blaschke curves will be the same, but in
general di erent Blaschke products produce di erent Blaschke curves. Furthermore,
even though a Blaschke curve is a Poncelet curve, not all Poncelet curves are Blaschke
curves, p2. The relationship between the geometry of the numerical range (elliptical
numerical range) and composition of degree two Blaschke products is given4d|[
When we assume thaB (0) = 0, writing B(z) = zB1(z), it can be shown that the
Blaschke curve is the smooth convex curve D that is the boundary of the numerical
range of an operator that is unitarily equivalent to the compressed shift operat@g,
as de ned in De nition 5.1.2 (see 17, 43 45.) This class consists of contraction3
with eigenvalues inside the open unit dislD, that satisfy rank (I  T°T)=1.

The proof that an elliptical numerical range implies that Blaschke products are
compositions is an extension of theorems for degrédBlaschke products 40, 47,

and degreeb Blaschke products in [53]. We will use the following theorem:

interlaced on the unit circle, there is a Blaschke produd of degreen such that
B(0)=0, B(z) = B(z) and B(z)) = B(z)) for all j and k. This Blaschke product

B is unique up to a rotation factor withj j=1.

Theorem 5.3.3 Let B be a Blaschke product of degreé® 1. If W(Sg) is an
elliptical disk then every lower degree curve in the Poncelet packaget¢r) := zB(z)

is an ellipse or a point and® is a composition ofn degree2 Blaschke products.

Proof. By [43 Theorem 2.1], the boundary ofV (Sg) is circumscribed by a2"-sided
convex polygon. Applying Darboux's theorem as given in Theorem 5.2.1 implies,
among other things, that all curves inscribed in the appropriate convex polygons
with 2™ sides,m = 2;3;:::;n are elliptical or a point. In addition, by Theorem 5.2.4,
since the degree of the dual curve is odd, the algebraic curve in question, which is
the dual of the dual, will decompose into conics and a point. The set of diagonals
joining vertex k with vertex k +2" 1 (mod 2") will yield the point. It is shown in
[47] that if B has degreet and elliptical numerical range thenB is the composition
of two degree2 Blaschke products. We prove the rest by induction.

So suppose that if81, de ned by B,(z) = zB4(z), is a Blaschke product with

corresponding Blaschke curve (that is, the boundary oW (Sg,)) elliptical and the
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degree of8, is equal to2"t with 2 n; <n, then B, is the composition ofn, degree2
Blaschke products. Now consideB of degree?". According to Theorem 5.2.1, if
we have an ellipse that is inscribed in a convex-gon that is itself inscribed inT,
then the diagonals of the circumscribing polygons (that connect vertek 1 with
vertex k+ m for k =1;2;:::;2" and indices chosen modul@"), have as envelope

an ellipseE,,. Take the vertices of two polygonsP, and P,,, and denote them

identi ed by B on T, Theorem 5.2.1 tells us that we will see a Poncelet ellipse and
since these polygons hav2" ! interlaced vertices, these line segments will produce a
closed convex polygon. So, skipping a point in each deg g and fw; g, we obtain
four convex polygons with2" * vertices f 5 g, fz5.10, fwyg, and fwy .1 9. By
Theorem 5.2.1, there is one ellipse inscribed in these convex polygons. That ellipse
is a Poncelet ellipse and therefore, bylfl, p. 219] it is also a Blaschke curve. Thus,
there is a Blaschke producD of degree2” ! with D(0) = 0 that identi es each point

in a set with every other point in the same set: Fof 6 |,
D(z3)= D(z2) = 1;D(Zy+1) = D(za41) = 2

and
D(wy) = D(wz)= 1; andD(wWy+1) = D(Was1) = 2t
Now because the points are interlaced and a Blaschke product has increasing argument

on the unit circle, we may assume without loss of generality that

arg( 1) < arg( 1) < arg( 2) < arg( 2):

Therefore, by 6, Theorem 9] there is a degre2-Blaschke productC mapping 0 to
0 such that
C(1)=C(2andC( 1)= C( 2):

Thus C D identi es the vertices of P, and C D identi es the vertices of P,,.
Further C D(0) =0.

By the uniqueness guaranteed by Theorem 5.3.2, there exist2 T such that
B = (C D). SinceD is degree2" ! with D(0) = O that identi es every other
point in our sets, Theorem 5.2.1 applies t® and therefore the induction hypothesis
applies toD. Thus D factors into a composition ofn 1 Blaschke products of degree

2 and therefore the result holds.
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Remark 5.3.4 If all the lower-degree curves (that is, when we skip at least one
vertex) are ellipses, one can use a counting argument to show that the curve that we
obtain by connecting successive points is also a conic: Consider the boundary of the
numerical range. By Kippenhahn's theorem58, Theorem 10] this is an algebraic
curve and the dual curve has degre€2" 1. Since the degree of the dual curve is
odd, and we assume that each lower-degree component is an ellipse, no component
will be a point. Given our assumptions, the numerical range is contained in the open
unit disk and the lower-degree curves are all ellipses. Therefore, since the ellipses
skipping more than2" ! points can be matched with one of those skipping fewer
than 2" ! points and the one skipping exacth2" ! points yields a single point, we
get2" 1 2 ellipses for the lower-degree cases. (For example, in case we I8ave23,

we have ellipses when we join evend or 3rd point, and we get a point when we
join every 4th point. The case when we join evenpth point is the same as joining
every 3rd point and joining every 6th point is the same as joining every second point.
The case when we join subsequent points is the one we are trying to determine.)
There are2” * 2 ellipses, a line, and the curve we are trying to identify. Now the
dual of an algebraic curve of degre2 maintains the same degree and the dual of a
line is a point, so the degrees of the dual curves corresponding to components that
we obtain by skipping at least one point therefore total(2" 1 2) =2" 4 for
those corresponding to ellipses andl for the line, or 2" 3. But we should have
degree2" 1, so the component of that we have not yet counted, namely the one
corresponding to the curve in which we do not skip any points, must have degr2e
Therefore, it must be a conic and the dual of the dual (the original curve) is contained
in the boundary of the numerical range and is a compact convex subset®f Since
the dual of a degree2 curve is a conic, it must be an ellipse. In Example 5.3.7 we
present a Blaschke product of degre®' such that W(Sg) is not elliptical, but all
lower-degree curves corresponding to polygons that are Poncelet curves inscribed in
convex polygons with2™ sides withm < n are elliptical. Of course, Theorem 5.2.3
tells us that none of the curves that are2"-Poncelet can be elliptical. This is also

illustrated in this example.

The proof of Theorem 5.3.3 works in greater generality, as indicated below. We
have stated it in this way because of our focus on Blaschke products that have degree

a power of2.



5.3. ELLIPSES, NUMERICAL RANGE, AND THE BLASCHKE CURVE 99

Theorem 5.3.5 Let B be a degrea Blaschke product with an elliptical Blaschke
curve. Then for each factork > 1 of n, there are Blaschke product€ of degreek
and D of degreen=k such thatB = C D.

The proof is essentially the same as that of Theorem 5.3.3 above. We provide a

brief outline of the proof, indicating places where the proof will be slightly di erent.

Proof. Supposen = km, with k;m 2 Nnflg. Let P, and P, denote two Poncelet
polygons with n vertices, z;;:::;z, and wy;:::;w,. Using everyk-th point as a
vertex, we getk convexm-gons and, applying Theorem 5.2.1, we may conclude that
they circumscribe the same ellipse. Since this ellipse is a Poncelet curve contained
in D inscribed in a convex polygon that has all of its vertices of, as above there
is a Blaschke productD of degreem that maps O to 0 and identi es each set ofm
vertices of each of the respective polygons. That is, thesegons are the convex
polygons circumscribing the Blaschke curve d@. Now there arek polygons with

m vertices andD is exactly m-to-1, soD takesk values on thek sets,fz; g, and k
other values on thefw; g. This gives us two sets ok values that can be ordered to
be interspersed on the unit circle. Therefore, we may choose a Blaschke proddct
of degreek such that C(0) = 0 and C identi es these two sets ofk values. Thus
C D mapsO0to 0 and identi es the same two sets of points aB. As in the previous

theorem, Theorem 5.3.2 implies thaB = C D.

5.3.2. Examples of elliptical and non-elliptical curves. In this section, we
provide an example of a Blaschke product of degr&with an elliptical Blaschke

curve as well as a Blaschke product of degr&with non-elliptical Blaschke curve.

Example 5.3.6 We begin with an example of a Blaschke produd® of degree8 with

an elliptical Blaschke curve. To connect this to the numerical range of a compression

of the shift, we needC(0) = 0. Then W(Sc(,)-,) will have elliptical numerical range.
Let a 2 D. Let' 4(z) as in (5.1.1) and consider the automorphism (z) =

"a(2) €74z ' 4(2), which has the property that the composition' l(z) = z for

all z 2 C and no lower-degree composition satis €slil(z) = z for all z2 C. The

Blaschke productB(z) = (' (z))8 is degree8 and [16, Corollary 11 ] shows that for

each 2 D, the line segments joining the points for whiclB(z) = circumscribe

an ellipse. By Theorem 5.2.1 we expect that the polygons produced by connecting
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vertices, as described in that theorem, will also have an ellipse (or point) as their
envelope.

To obtain a Blaschke product that maps the origin to itself, we consider the

automorphism' (z) := = where = B(0), and note that since the Blaschke
product C = B identi es the same points on the unit circle aBB, the Blaschke

product C has an ellipse as Blaschke curve. It is easy to see thatfactors into a
composition of degre&* Blaschke products; for example, we may takg z%) z7?

(" a(2))%. (Itis shown in [16] that the curves corresponding to skippin@ and 4 points
also product Poncelet ellipses, but this follows directly from Darboux's theorem as
well.) When we takea = :5 we obtain the pictures below. Note that each of the
ellipses in the family has two of the zeros of the Blaschke product as foci; sé4 for
more information on the location of foci. The zeros of the Blaschke produ€t are

obtained using Mathematica:

0:158011 + 0369131; 0:0141808 + 0629309, 0:241238 + 0685693,

0:401172 0:0169046 0:42801+0619984; 0:555657+0468632, 0:58342+0236332

plus one zero at zero.

Figure 1. Degree8 Blaschke product example

We say more about this in Proposition 5.4.8.

Example 5.3.7 We now turn to an example of a non-example ; that is, we give an
example of a Blaschke product of degre®that factors into three degree2 Blaschke

products but such that the Blaschke curve isot elliptical. See Figure 2.

Let a= :84" and consider the Blaschke product
|
¢ a

B(z)= z*
(Z)Zlaz“
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This Blaschke product has four zeros aB4; :84;:84i; :84i and a zero of orde# at

z(z a)
1 az *

zero. It is also clear thatB = B, B; Bj whereB;(z) = z? and B,(2) =
Due to the symmetry of the problem, we obtain vertical and horizontal tangent lines

to the Blaschke curve wherB(z) = 1. The solutions to this equation are denoted

to compute the semi-major and semi-minor axis and we nd that they are both equal

to :965767 Therefore, if this were an ellipse, the equation would be
X2+ y? = :965767:

By construction this circle will be tangent to the horizontal and vertical segments in
the circumscribing polygon, but it must be tangent to all other sides as well. Since
it must be tangent to the line segment joiningz; and z,, we compute the distance

from the origin to this line segment. The line segment has equation:

X+ y=1:22518

The distance from the origin to this line is

%?—182 :8663336 :965767

Therefore, our assumption that this is a Poncelet ellipse must be incorrect. When
we connect every third point, things look quite di erent, see Figure 3.

Recall B4, Theorem 3.8], which says that id is a divisor ofn andd 3, then
the number of curvesCy, 1  k [n=2], that have the d-Poncelet property is ( d)=2,
where is Euler's totient function, counting the positive integers up tod that are
relatively prime to d. This implies that for n =8, if is a complete Poncelet curve,
then Cq; C; are 8-Poncelet curvesC, is a4-Poncelet curve andC, a 2-Poncelet curve,
possibly consisting of a single point (cf.58, Example 3.12]). Thus, Theorem 5.2.3

does not apply in this setting.

Figure 2. Degree8 Blaschke product Poncelet curves (or point)
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Figure 3. Degree8 Blaschke product non-conics

Now suppose that we connect every other point, which yields a convex quadrilat-

eral. Solving
zMz* a)=(1 az*)=1;

we see that four vertices ard;i; 1; i. The other four are 1=p 2 lzp 2i. Both
of these quadrilaterals circumscribe the circlgj = 1:IO 2. In this case,D(z) = z*
identi es two sets of vertices of circumscribing quadrilaterals. Since two such sets of
points determine such a Poncelet curvelfl], D identi es all points in a set of vertices
and we see that the circle is the Blaschke curve associated with As a consistency
check, the matrix associated withSp ()=, is the 3 3 Jordan block and its numerical

range is the closed disk of radiusos(=4).

5.4. Critical Values of Blaschke Products with Elliptical Blaschke Curve

In this section, we study results that follow from understanding the critical values of a
Blaschke product. That this is connected to composition of Blaschke products follows
from results of Ritt [68 and Cowen 2], and this will be discussed in Section 5.5. A
discussion of this also appears in the bool4d]. Note that by Theorem 5.3.3, ifB
is of degree2" and has an elliptical Blaschke curve, theB is a composition ofn
degree2 Blaschke products.

The next theorem is useful when we count the number of critical points of a

Blaschke product inD.

Theorem 5.4.1 (Walsh's Blaschke product theoren¥3, p. 377]) Let B be a Blaschke

product of degream with zerosa;;:::;an 2 D. Then B has exactlym 1 critical

points of B outside D are the conjugates, relative td', of those inD.
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5.4.1. Blaschke product with few critical values. The following shows that
when we have a Blaschke product of degré8 that has a Blaschke curve that is
an ellipse, then we have far fewer critical values tha®' 1. Recall that the set of

critical values is the set
fw2D:w=B(z) andB%z)=0g;
and the set of critical values is
fz2 D:BY2)=0g¢:

Example 5.4.2 SupposeB = C D with C and D degree2. Then, because
B is degree4, we know that there are3 critical points in D (for example, see
Theorem 5.4.1) and, therefore, at mosB critical values. Let zy be the point with
DYz) =0 and wp the point with Cqwg) =0. Let D(z1) = D(z) = wp. Computing
BYz) = C{D(2))DYz), we get critical points of B at zy, where DYz,) = 0, and
at z;;z, where Cq{D(zy)) = CYD(z2)) = CYwp) = 0. But B(z) is one critical
value andB(z;) = C(D(z1)) = C(D(z2)) = B(z) is the only possibility for the
second. SAB has at most two critical values. We generalize this argument below in

Proposition 5.4.3.

Proposition 5.4.3 Let B = B; B,::: B, be a composition oh Blaschke products

values.

Proof. We shall prove this by induction. Forn = 1, the proposition is true. Suppose
that the statement is true forB = B; ::: B, 1, a composition ofn 1 Blaschke
products with degB; = k; wherel ] n 1; that is, B has a maximum of
P j”zll(k,- 1) critical values. Letp = J-”zllkj denote the degree oB and consider
C = B, B, with degB, = k,. SinceC%z) = B?(B(z))BYz), all the critical
points of B are critical points of C that generate at mostp j”:ll(k,- 1) critical
values ofC. We know that B,, hask, 1 critical points and we denote them by
Wq; Wy, 1. SinceB is apto 1 map, there arep valueszgw"); :::;zé,w") such that
B(z") = w; for everyj. Hence,z{"";:::; 2"

but C(zgw")) == C(ziﬁ‘ivj )1) = Bn(w;), and so these critical points generate at most

are critical points of C for everyw;,

. . P .
k, 1 critical values. ThenC has a maximum of(k, 1)+ jnzll(k,- 1) critical

values, as desired.
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Corollary 5.4.4 Let B be a composition oh-degree2 Blaschke products. TherB

has at mostn (distinct) critical values.

The following results will be useful in this section (see also [72, 80]):

Then there exists a unique nite Blaschke product of degreet+ 1 with B(0) = 0,

B(1) =1 and critical points at z;.

Corollary 5.4.6 Two proper holomorphic mapd;g : D! D have the same
critical points, counted with multiplicity, if and only if f = g for some conformal

automorphism of D.

The following theorem will be useful in Section 5.5 when we discuss the monodromy
group associated with Blaschke products with one critical value. We have been unable
to locate a reference for this exact result in the literature, so we present the proof

below. (A related result can be found in [38].)

Theorem 5.4.7 Let B be a Blaschke product of degree with one critical value,
w. Then all critical points of B are equal to a pointa 2 D, and there exists an

automorphism such that
a n
1 az

B(z) =

zforj =1;:::;n 1 Let

C(2) = B(z) w _ z 1z zZ Z Zn 1
"1 wB(2) 1 zZz 1 7z 1 7z, 1z
Now,
1 j wj’)B
cpy = L1 WY 12).
(1 wB(2))?
soCYz) =0 forj =1;:::;n 1. So,C has the same critical points a8 and
therefore each zeroz;;:::;z, 1, IS a zero of order greater tharl, and we may write
C as . .
C(2) = Z Zm S Z Im, N
1 7,z 1 Zmz
wherel <n 1andzy,;:::;zy, distinct. (Ifno zy = z, forj 1, then onejy =1

and z,, = zo.)
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Now let us write C(z) = 22 I D(z), whereD(z,,) 6 0. Then C{z) has

1 Zmyz

a zero atz,,, of at least orderj; 1. Suppose it has a zero of order strictly greater
thanj,; 1. Then

1. I
g 1 T

. Z Zy, Z Zn, _
=, ——— D(z) + ———L DY2):
CD=is 1oy @+ 17 12)
SinceC’is assumed divisible by ;= " we would haveD divisible by = -
But this is impossible becaus® (z,,) 6 0.
Applying this argument to each factor involvingz,, fork =1;:::;l, we see that

each suchz,, can contribute at mostj, 1 critical points, so the total number
. . . P .
of critical points that we get from the z,,, is |-, (jx 1) =n I: But there are

n 1 critical points, so we must havel = 1; in other words, all zz must be equal.

Thus, C has the same critical points as =2 " and by Corollary 5.4.6, there is an

1 Z1z

automorphism ; such that

_ z z; "
C(2)= 1 1 7z
Letting w(z) = #=2, we haveC= ,, B. Thus,B= ,! Cand
z z; "
B = 1 - .
@)= ' C@ s
with = Wl 1

Proposition 5.4.8 Let B be a Blaschke product of degreewith one critical value.

Then B has an elliptic Blaschke curve.

Proof. By Theorem 4.7,B can be written as
z a "
1 az '’

B(2) =
where is an automorphism. But by [L6, Corollary 10] a Blaschke product of the

form 2 " has an elliptic Blaschke curve, and this does not change by composing

with automorphisms.

Corollary 5.4.9 SupposeB is a Blaschke product of degree = pip,:::pm With

one critical value. ThenB can be factored in any order as a composition oh

Proof. This follows from the form ofB in Theorem 5.4.7.
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5.5. The monodromy group and compositions of Blaschke products

We begin by considering the following from Cowen's papet?], [42, Chapter 9], or

[77]. This is closely related to a theorem of Ritt.

5.5.1. The decompositions of Ritt and Cowen. The decompositions of Ritt
and Cowen require consideration of the critical values and a normalization of the
Blaschke product. In general, if a Blaschke product has degraeethere are at most
n 1 critical points in D (as is the case for polynomials) and at most 1 critical
values. However, as we have seen in Section 5.4, when the Blaschke product is a
composition, there are fewer critical values. Following Cowen, we say that a nite
Blaschke product is normalized iB (0) = 0, BY0) > 0, and B(a) = 0 implies that
BYa) 6 0. Given a Blaschke product it is always possible to nd ; 2 D and
2 T so that
. B

is in normalized form; see42, Proposition 9.2.6] for details. LetS denote the set of
critical points, so that B (S) denotes the critical values. The oriented closed loops
in DnB(S) based at the pointO form a group. Given two loops , , the product

is obtained by gluing them; that is, since they both start and end at zero,
we begin by following and then continue with . We consider homotopy classes of
such loops, recalling that loops are homotopy equivalent if one can be deformed to
another inD nB(S). We denote by the equivalence class of the curve. Since we

assume that0 is not a critical point, B ! hasn branches atO that will be denoted

based at0. The connection to composition (or, more precisely, decomposition) is
described in Theorem 5.5.1. We say that a group respects a partitionP if for each
g2 G and P 2 P, there existsP°2 P so thatgP  P° If G respects a partition,
then each element of the partition will have the same cardinality and this is called
the order of P.

For a given Blaschke producB, we consider the setB(S), of critical values ofB
and by Lg we mean the set of continuous curves iDnB (S) for which (0) = (1) =0.

Cowen showed [12] that the monodromy group

Gg =f . 2|—Bg
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can be computed from a given Blaschke produd and its local inverses; the
precise statement appears in Theorem 5.5.1. He states that if one knows all of the
normal subgroups of the grougsg then one can construct all possible non-trivial
compositional factorization ofB, but that this association of normal subgroups and
compositions is more complicated than one would hope. Thus, we focus on the

generators, rather than the group itself.

Theorem 5.5.1 (Ritt, Cowen). Let B be a nite normalized Blaschke product. If

then there are nite Blaschke productslp and I with the order ofly the same as the
order of P so thatB = Jp bs. Conversely, ifJ and b are nite Blaschke products
so thatB = J Dbthen there is a partition P, of the set of branches ad that Gg

respects such that the order d®, is the same as the order db.

Cowen makes no claim about the equivalence of factorizations, though that is
discussed in §5). Obviously, we may writeB = (C ',) (' ,! D) where',
is an automorphism. But what is perhaps less obvious is that the degrees of the

-, 6 3 2
decompositions may vary. For example, 22 = Zz? za = = 73 z 8

'1 az 1 az 1 az
However, there is a notion of length for a Blaschke product (which requires factoring
into prime factors) and the length in this case is an invariant under such factorizations,
[65, p. 24]. Decompositions were also considered V], where a method to visualize

the monodromy group is presented. We give a sense of the main ideas here.

5.5.2. Visualizing the monodromy group. Following Wegert, we consider the
basins of attraction, Z, for the Blaschke product and their imagesPy. Recall
that the basins are simply connected and their boundaries are formed by the stable
manifolds S; of the critical values and arcs on the unit circle. TherB(S;) is a radial
segment that has one endpoint at the critical value an® maps each basirZ, in a
one-to-one fashion onto slit disk, = D n Ry, whereR, denotes the union of all
radial slits B(S;) of stable manifoldsS; that belong to the boundary ofZy. The
Riemann surface is obtained from th®, as follows: two slit disks are connected if
Zy and Z; have a common boundary component; we glug, and D; along the image
of the common component; that is, along the slit. Because Wegert's description
depends on the phase plot, it is not possible to distinguish points that are sent to

values with the same argument. To handle this problem, in what follows we will
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assume that the Blaschke producB under consideration is regularized; that isB
maps zero to zero, has simple zeros, and has the property that whenexeand z,
are critical points that satisfy B(z;)=B(z;) > 0, then B(z;) = B(z,). A Blaschke
product B can be regularized by composing with a disk automorphisrh, B.

We have the following theorem from [77].

Theorem 5.5.2 Let B be a regularized Blaschke product and |8t denote the union

By of B to an arbitrary basin Zx mapsZy bijectively and conformally ontoD n Ry,

the unit disk with some radials slits, denoted here .

Example 5.5.3 Consider a degre& Blaschke productB. In visualizing what is
happening using Wegert's method, due to the coloring, we assume the Blaschke
product is regularized. To visualize the monodromy group, we consider loops (one
from each homotopy equivalence class) that encircle the critical value exactly once.
Wegert's idea is to show how the generators of the monodromy group can be read o

the phase plot.

Figure 4. Blaschke product tiling and a possible generator

Consider a Blaschke product with & at 0 and seven other zeros. Figure 4 is
obtained via a coloring and tiling of the plane. It shows the pullback of the plane
under B or the phase plot ofB. There are seven critical points counted according to
multiplicity, eight zeros, and one critical value in the red region. On a plot such as
the one in this example, one can spot a critical point in the grid as a point where the
grid does not form a square; that is, where the function is not conformal. These tiles,
with more than four vertices, are referred to as the exceptional tiles. In this case, we
see the critical value in red. To compute the monodromy group, one needs to nd

the eight zeros. They are generally easy to spot because they are the places where all
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the colors come together. Thus, we see a critical point surrounded Byzeros. Now

a loop in the plane either circles the critical value or misses it. As in the particular
degreed case in 12] (see also42), not circling the critical value corresponds to the
identity map in the monodromy group. If the map circles the critical value, then
when we compute the nal element of the continuation, each zero will move to the
next one and we obtain the generato(12345678)of the cyclic group on8 elements.
Essentially, zeros that are associated to critical points corresponding to the same

critical value are moved simultaneously.

5.5.3. Computing monodromy groups. To illustrate this method and for later
reference, we provide a detailed proof that generalizes an example of Cowen. We
use his construction for Blaschke products here. We note that this also follows
immediately from an observation in 7, p. 970] that generators oiGg are in a

one-to-one correspondence with the critical values Bf.

Proposition 5.5.4 Let B be a normalized Blaschke product of degreewith one
critical value. Then the monodromy group associated with is a cyclic group of

order n.

Proof. The proof is illustrated in Figure 5 and Figure 6. For each Blaschke product
with a single critical value, we know from Theorem 5.4.7 that there will be one
critical point of order n  1in D. Let A and B be two generic points. Draw a path
starting at A, through the critical value and ending atB (picture on the right). If the
Blaschke product is of degrea, the inverse image will haven curves, each passing
through the critical point (picture on the left). Note that because the argument of
the Blaschke product is increasing, the inverse imagéa) and (B) of the points A
and B are interlaced. The inverse image of a loop based at the origin will begin at
a zero of the Blaschke product and, if oriented counterclockwise, will always pass
through the curve associated with(A), that is, the curve from the critical point

to (A) (drawn in purple in Fig. 5.) The inverse image of the loop must then pass
between the critical point andB and it must end at a zero. Thus, it has moved from
a zeroz; to a zeroz,. This will be repeated until the curve returns toz;. Thus,
the permutation associated with this is(123:::n). If the loop does not contain the
critical value, then we obtain the identity. So the monodromy group is the cyclic

group onn elements.
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