
Networks and non-autonomous dynamics,

with applications to cell energy metabolism

Joe Rowland Adams, MSci

This thesis is submitted for the degree of

Doctor of Philosophy

Undertaken at

Department of Physics

Lancaster University

Lancaster, UK

November 2022



Abstract

Living systems are defined by their thermodynamic openness, by the fact that energy and

matter are able to cross their boundaries. Without this capability to interact with their

environment, living systems would be unable to support their life-sustaining functions.

As a result of this continual interaction with its environment, the interior processes of a

living system is forced to operate far from any equilibrium. Indeed, any system that is

in equilibrium internally or with its environment could reasonably be characterised as a

dead one.

The dynamics of systems that are operating far from equilibrium, however, are far from

understood. In this thesis, we build on an existing framework for understanding these

dynamics, based in the finite-time analysis of non-autonomous oscillatory processes. This

approach is motivated by a key consequence of thermodynamic openness — to introduce

time-dependence to the open system. We develop an original mathematical model for

the energy metabolism of cells using inter-coupled networks of non-autonomous phase

oscillators, with intra-network weighted coupling. The effect of each of this model’s

components on its dynamics and stability is numerically analysed. Experimental data of

the metabolism of HeLa cells is analysed, finding the fundamental frequencies of this

process. This analysis is used to demonstrate the capability of the model to reproduce

the complex dynamics of the experiment, and this is contrasted to a comparable model

of an alternative framework.

It is this capacity of non-autonomous oscillations to simply and deterministically produce

apparently highly complex dynamics that justifies our application of them to this prob-

lem. We demonstrate it further by viewing them through the framework of statistical

time-series analysis, finding that even a single non-autonomous oscillator can appear to
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be 1=f� noise in a power-spectral density estimation. Autonomous systems are shown

to only present as noise when there are many of them, and hence it is the introduction

of time-dependence that generates such complexity so readily. We demonstrate that

this also occurs for coupled networks of non-autonomous oscillators, and in real exper-

imental data. Analysis tools based in a finite-time framework, however, are shown to

detect informative deterministic frequencies and couplings in both the numerical and

experimental cases.

Overall, this thesis demonstrates that networks of non-autonomous oscillations are physi-

cally linked to living systems through the time-dependence introduced by thermodynamic

openness. Additionally, it is shown that they are able to reproduce living systems’ com-

plex dynamics in a simple and usable way. Finally, it is established that much greater

information about such an open system can be gained when they are analysed with this

time-dependent deterministic framework in mind.
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1. Introduction

It was thought for parts of the 20th century that all that remained for physics to address

was the finer points of the subatomic and galactic scales, and that with the extension

of the Standard Model into a theory of everything physics would be, in some sense,

‘finished’. However with the advent and expansion of, among others, complexity and

network science, the relevance of physics to significant unresolved questions has only

expanded, including to a field much closer to home — living systems.

The study of living systems is the study of a symphony of interacting processes, cooper-

ating in complex ways in spite of an impossibly noisy, constantly perturbing environment.

On paper the interactions of these processes may appear profoundly fragile, and yet in

reality they produce one of the most durable, persistent and adaptive phenomena on

Earth — life. The question of how this happens has challenged an ever growing number

of sciences, including, now, physics.

In this thesis we will focus on studying living systems as a collection of dynamical

processes. This is to say, we are focused primarily on the function of a given process

within a larger system. To take the example of the cell, which we will return to in

Chapters 2 and 3, we examine how regularly, on what time scales, it produces energy

and how this interacts with the time scales of its supply of molecules necessary to do

so, and only secondarily where it is located within the cell, what the chemistry involved

is, etc.

The aim of this approach is to be able to understand the potentially unexpected behaviour

that emerges from these interactions in as simple a way as possible. This also allows us

to draw on the significant and well-developed field of dynamical systems theory. In this
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theory, we may represent a process with a differential equation, and then apply various

analyses to find the solutions of this equation, and uncover these solutions’ properties.

This is not to say that this is just a mathematical problem. The form of dynamical theory

that it is most appropriate to apply is greatly informed by core disciplines of biology and

physics. For the part of physics, a thermodynamic understanding of living systems is

essential in order to construct such a model. Namely, we must recognise that living

systems are thermodynamically open — both matter and energy are allowed to cross

their boundaries. Without this, no living system would be able to acquire the molecules

it needs for its essential processes, and nor is a system entirely isolating itself from the

wider universe an easy thing to achieve.

The foremost implication of this openness is to engender a time-dependence in the

evolution of the system; it no longer operates according only to its own internal processes,

but is now affected by and dependent on an ever-changing external environment. In the

language of dynamical systems, this means we are now dealing with non-autonomous

systems.

The theory of non-autonomous dynamical systems offers an alternative to the established

framework of autonomous theory being applied to systems of relatively few components,

and statistical theory applied to relatively many, but has been traditionally neglected

compared to this framework. One of the main aims of this thesis is to advance the finite-

time framework, which analyses non-autonomous systems within finite-time, as opposed

to assuming asymptotic time, to develop our understanding of non-autonomous systems

as a whole, and their application to living systems specifically.

In addition to their interactions with a time-dependent environment, it is a prevalent

property of living systems to exhibit an extensive network of interactions internally.

It is this network from which the complex and adaptive macroscopic behaviours, i.e.

the behaviours we are more likely to be able to experimentally measure, arise. It has

already been shown in [1, 2] how individual processes and networks become more stable

against external perturbation and give rise to time-dependent phenomena when non-

autonomicity is introduced. But even with this recent work, and despite the fact that

Kuramoto first introduced the oscillator model on which our work is based in 1975 [3],
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the behaviour of non-autonomous networks of many forms is not understood. We will

build on the recent work in this field by extending to interactions between such networks,

an important step towards being able to replicate and understand the kind of processes

actually occurring in living systems.

Another problem that has plagued our understanding of living systems, and many more

systems besides, is noise in data. This phenomenon routinely obscures the features

being investigated in experimental recordings, and much time and effort has gone into

developing methods to reduce it. However, as easy as it is to assume that such noise is

unwanted, it is not impossible that it can in fact provide useful information about the

system. In this sense, it would not be ‘noise’, but dynamics of too great a complexity

to be understood by whatever analysis method that is making it appear as noise. If

this were so, then treating this phenomenon as complex dynamics, rather than noise,

could result in much more information being obtained from a vast array of experimental

measurements, perhaps most of all from living systems. In Chapter 4 in particular, we

will explore the capacity of non-autonomous systems to produce such a phenomenon.

In summary, this thesis aims to advance our understanding of non-autonomous systems,

particularly in the form of interacting networks of such processes, with a focus on their

emergent dynamics. This is motived by an analysis of living systems, and we will apply

these models to advance our understanding of important cellular metabolic processes.

We will also investigate whether these models are responsible for some dynamics that

are currently generally considered to just be noise.

1.1 Dynamical systems theory

Dynamical systems theory was developed to describe the evolution in time of a set of

variables in a given phase space, that is, the space of all possible combinations of values

of these variables. This evolution may be considered for either discrete time, where time

is defined as some finite subset of the real numbers, or continuous time, where time is

defined simply as the set of real numbers. In this thesis, we will consider only continuous

time systems, which better represent the reality of how physical, and in particular living

3



systems, evolve. Mathematically, such a dynamical system can be described as

_x(t) = F (x(t); t): (1.1)

The nature of the evolution described by a dynamical process may be characterised in a

number of other ways, however. If the evolution is random, then we may consider the

system to consist of a set of variables fXtg, where the occurrence of each variable is

associated with a certain probability. A fully deterministic process, in contrast, will obtain

the set of state variable values x(t) at the time t with 100% probability, as described by

Eq. 1.1. These two distinctive mechanisms of time evolution can also be combined, by

the addition of some random function, XT , valued at each time t, to Eq. 1.1—

_x(t) = F (x(t); t) +Xt: (1.2)

In this form therefore, the deterministic change in the variables x(t) will be addition-

ally influenced by random variables, and so is not guaranteed to obtain the same state

at the same t, while still following some fundamental deterministic pattern. Here, we

will consider exclusively deterministic processes and deterministic processes with random

additions. These, again, best reflect our understanding of living systems as being gov-

erned by deterministic laws, sometimes perturbed by random environmental factors. The

extent to which this latter supposition is true will be further discussed in Chapter 4.

The final property of the evolution of a dynamical system we will discuss here is time-

dependence. Autonomous dynamical systems are ones in which their evolution does not

depend explicitly on time, i.e.

_x(t) = F (x(t)): (1.3)

This is in contrast to Eq. 1.1, where F depends explicitly on t, and is referred to as a

non-autonomous dynamical system.

1.1.1 Stability of dynamical systems

The stability of dynamical systems is one of the key considerations of the field. It is one

of the main analyses through which we can understand and explain the mathematical

behaviour of a dynamical system, and by extension any physical system it may represent.
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This is particularly the case when explicit analytical solutions to the systems are not

known. In this subsection we will review the foundational concepts of this theory, and

the conditions in which well-established methods can be applied. This is largely based

on the reviews presented in [4–6].

Equilibrium points, limit cycles and stability

The solution of a differential equation such as Eq. 1.1 gives the values of the state

variables x(t) for which _x(t) = 0. In other words, these are the values of x(t) that, if

reached, will not change in time if unperturbed. These are referred to as equilibrium

points. The values of these points are often sought in an effort to understand the

dynamics of the system under study, and this method for studying a dynamical system

is hence heavily reliant on our ability to solve the associated differential equations. As

such, the mathematical tools available to solve more complex differential equations often

form a barrier to better understandings of physical systems.

A key question for the analysis of the dynamics of a physical system, beyond just the

existence and value of equilibria points, is the stability of these points. An equilibrium

point is said to be asymptotically stable if, when the system is perturbed from this

point, the perturbation decays to zero in finite time. If the perturbation instead remains

in some neighbourhood of the equilibrium point, but does not return to it, then it is

called Lyapunov stable, or neutrally stable. If neither of these behaviours hold, and the

perturbation grows unboundedly, then it is unstable.

For a system that is linear and autonomous, the stability is simply given by the associated

eigenvalues — an equilibrium point is asymptotically stable if the corresponding eigen-

values have negative real parts, unstable if they have positive real parts and neutrally

stable if they are imaginary or zero. For nonlinear autonomous systems it is common to

linearise about an equilibrium point by calculating the Taylor expansion of a perturbation

from this point, which leads to

_x(t) � J(xf ) � x(t): (1.4)
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The stability in the vicinity of this equilibrium point is then once again given by the

eigenvalues of the Jacobian J(xf ). This approach does not, however, in general hold

for non-autonomous nonlinear systems.

For a multi-dimensional system, it is possible to find not just equilibria points, but also

limit cycles. This occurs when F permits a set of solutions that forms a closed trajectory

in phase space such that xf (t1) = xf (t1 +t2) for some times t1 and t2. This also extends

similar definitions of stability, where they now simply consider trajectories perturbed from

any point on the cycle, rather than a single equilibrium point.

Limit cycles, while of particular relevance to this thesis, are but one example of a whole

class of dynamical objects – attractors. These are sets of points in phase space that

attract neighbouring points into the subset in forward time, and appear in many varia-

tions, including limit cycles and chaotic attractors. This class of objects will be discussed

further in Section 1.7.

Phase and synchronisation

If one is primarily concerned with the dynamics of a system that includes periodic os-

cillations, it is common to disregard the amplitude state variables, under the proviso

that they vary only minimally, and instead describe it in terms of a single variable —

the phase. This reduces the formulation of the system to just considering its current

position in some repeating cycle of undefined amplitude. If the system is reduced to a

single phase, a.k.a. a one-dimensional phase system, as will initially be considered here,

representation of any amplitude dynamics of the original system will be lost entirely.

Hence if these amplitude dynamics are significant to the functioning of the system, a

one-dimensional phase representation will provide only a partial picture of the full dynam-

ics. Mathematically, Eq. 1.1 would then be described in terms of a natural frequency,

!(t),

_� = !(t); (1.5)
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with a phase � through the time derivative _�, assuming that F describes a periodic

oscillation, and that it includes no interactions with other systems. For an autonomous

system, alternatively, we would have a constant natural frequency such that —

_� = !: (1.6)

This simplification is particularly useful when considering the interaction of oscillatory

processes. As the models of this thesis are ubiquitously based in the dynamics of inter-

acting oscillations, we will adopt a phase framework from this point onwards.

The simplest form of interacting oscillatory processes is an oscillator with frequency !1

driven by an external force with frequency !2 and a coupling strength �, like so —

_� = !1 + � sin(� � !2t): (1.7)

Even in this simple case, there is the possibility of a new phenomenon not seen in the

uncoupled systems we have considered thus far — synchronisation. This is when, due

to the external driving force, the oscillator begins oscillating with the frequency of the

driver. This is also an equilibrium point, i.e. in this case, once it occurs it persists

indefinitely, assuming no change in external influences. The conditions under which this

is possible is best understood by considering a rotating frame with respect to the driver.

This frame is defined as the difference between the driven phase, defined by _�1 = !1t,

and the driving phase, defined by _�2 = !2t,

_� = !1 � !2 + � sin(�); (1.8)

where � denotes this phase difference �1 � �2. Here, it is evident that an equilibrium

point is only possible when j!1 � !2j � �. Hence, only when then natural frequencies

are sufficiently close and the driving is sufficiently strong. Synchronisation is a com-

mon mechanism through which physical and living systems can operate their oscillatory

processes harmoniously with other internal processes, and external perturbations. Un-

derstanding when and how this happens is therefore crucial to answering the further

question of why, which is crucial to truly understanding a system.
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Mutual synchronisation can also take place between two oscillators that are bi-directionally

coupled to one another with coupling strengths F1 and F2, of the form —

8><>:
_�1 = !1 + F1 sin(�1 � �2);

_�2 = !2 + F2 sin(�2 � �1):

(1.9)

A rotating frame of the difference between these two phases can once again be adopted,

which tells us that synchronisation is possible in this case when j!1 � !2j � F1 + F2.

Once considering more than two processes, as is often the case in physical systems

that are not yet fully understood, it can be more convenient to adopt the formalism

of networks. In this framework, each oscillator process is now considered as a network

node, and the interactions between them as network edges. More information on the

application of network science to the dynamics of physical systems can be found in [7].

In particular, the Kuramoto model, which we now introduce, was specifically designed

to understand the interactions of oscillators through a simple network lens. In this

model all-to-all coupling is considered, that is to say, every oscillator is influenced by

and influences every other. Mathematically, a network of N oscillators can be described

using the coupling strength K as

_�i = !i +
K

N

NX
j=1

sin(�i � �j): (1.10)

In this formulation, the coupling K is taken to be constant and identical between each

oscillator pair (i; j), but this does not have to be the case. In Chapters 2 and 3 non-

identical coupling weights will be considered. Here, as in the previous example of two

coupled oscillators and a single driven oscillator, this coupling is specifically phase cou-

pling. That is, coupling that results in adjustment of the oscillator’s phase, and not

amplitude.

Taking advantage of the application of network theories, an order parameter of this

network can also be characterised. This is defined as
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rei	 =
1

N

NX
i=1

ei�i : (1.11)

Here, 	 is the average phase of the network, and the order parameter r characterises the

level of coherence between the phases of the oscillators in the network. If the oscillator

phases are initially spread equidistantly around the circle and then transition towards

being equal, the order parameter will begin at zero and approach one. In this way, it can

be understood as a measure of the level of synchronisation between oscillators within a

network.

1.1.2 Non-autonomous oscillations

As techniques, such as the ones we have outlined in the previous subsection, for analysing

autonomous systems are much better understood and developed than for non-autonomous

ones, it is natural to try to find ways to apply them to the latter. It is a common mis-

conception that this can be accomplished through the autonomous extension, whereby

a non-autonomous system is reduced to an autonomous one by incorporating time as

just another dimension. This is done as follows—8><>: _� = 1;

_x(t) = F (�; x(t)):

(1.12)

The dynamical features that we would then aim to study in this new autonomous system,

equilibria points, limit cycles, etc., are bounded objects. However, in the process of the

autonomous extension, while we have made a time-independent system, we have also

made an unbounded one [8]. Hence, to understand the dynamics of non-autonomous

systems they must be analysed as non-autonomous systems, and to do so alternative

techniques are required. In 1.7, we will outline some of the recent developments in this

alternative approach to non-autonomous systems.

1.2 Statistical physics

When modelling or analysing a physical system, it is just one approach to treat it as

deterministic, and attempt to discern the pattern or law that governs its evolution.
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Another is to assume that there is no such deterministic rule in this evolution, and that

it is in fact random, with each subsequent value occurring with some probability. This is

not necessarily because the given system is expected to be genuinely random, but in most

cases rather that its dynamics is considered too complex for its deterministic laws to be

derivable. Or alternatively, that the system’s evolution can be well predicted by treating

it as random regardless of whether its fundamental physical laws are deterministic or

random. Both of these, and the entire statistical approach that we will review here, are

of course intimately connected to the concept of dynamical noise, which we will discuss

more specifically in Section 1.5, and is the focus of Chapter 4.

The latter of these two cases, the idea that a system may be well described by a statistical

model, is applied particularly for systems where there are a large number of components

with many degrees of freedom. In such systems, the microscopic states of each individual

component may be calculable, but are too numerous to enlighten how the system behaves

as a whole. Instead, macroscopic properties of the system are thought to provide a better

understanding of the system’s dynamics. These systems of many components and many

degrees of freedom are extremely common in the study of life and the natural world more

generally, and the application of a statistical framework to understand them, in part or

in whole, has become commonplace [9–12].

The model of statistical physics is intimately connected to thermodynamics. They each

concern many of the same system variables, and the statistical approach to calculating

key thermodynamic measures, such as entropy, have become almost ubiquitous. In ther-

modynamics, these variables can be categorised as extensive or intensive. An extensive

variable depends on the size of and/or amount of matter in the system, such as the

mass and volume. An intensive variable, meanwhile, does not depend on the mass of

the system. This includes temperature and pressure.

At the foundation of this field is the study of canonical ensembles, which relate vari-

ous, traditionally time-independent, variables. These are constructed for three different

thermodynamic situations—

1. the microcanonical, where the energy, E, number of particles, N , and volume, V

are constant, and the joint probability density function, �, is investigated.
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2. The canonical ensemble, where the temperature, T , number of particles, N , and

volume, V are constant, and the partition of the probability of each microstate of

the system occurring, Z, is investigated.

3. The grand canonical ensemble, where the temperature, T , chemical potential, �,

and volume, V are constant, and the partition of the probability of each microstate

of the system occurring, Z, is investigated.

The three-dimensional classical mechanical microcanonical ensemble for a slice of the

energy of the system from E to E + � has been found to be

�(q; p) =
1

�(E; V;N)
; (1.13)

where

�(E; V;N) =

Z Z
d3Nqd3Np: (1.14)

qN is the Nth generalised coordinate of the system, and pN is the Nth momentum.

This is defined only for isolated systems in equilibrium, where there can be no change in

energy or matter.

The canonical ensemble considers the same system, except with the addition of being

thermodynamically coupled to a heat bath. Hence, the temperature of the system must

now remain constant, but energy may be exchanged with the bath. This ensemble can

be written as

Z =
X
i

exp� Ei
kBT

; (1.15)

where i is a given microstate, Ei is the energy of this state and kB is the Boltzmann

constant.

Finally, the grand canonical ensemble arises from systems that are isolated other than for

being in thermodynamic equilibrium with a reservoir. Crucially, the number of particles

is allowed to vary. It can be defined as

Z =
X
i

exp
Ni�� Ei
kBT

: (1.16)

The concepts from this field of particular relevance to Chapter 4, to whether living

systems are best understood deterministically or statistically, relate to the role of time

in statistical properties. We will now briefly review them.
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1.2.1 Ergodicity

The idea of ergodicity is that, given enough time, most trajectories of a stochastic (or

indeed deterministic) process will eventually have eventually visited any given subset of

the phase space for a fraction of time proportional to its measure. Hence, the measure

is able to represent a probability distribution of the location of a trajectory of the system

in the phase space at a given time t. Mathematically a ergodic stationary stochastic

process can be defined, for a measurable space (X;B), a measurable bounded continuous

observable function h and a probability measure �, for any set A 2 B, as

1

t

Z t

0

h(x(s)) ds! E�[h] as t!1: (1.17)

Put another way, the time average estimate of a sample trajectory of such a process

will converge to the ensemble average E�[h]. A process possessing this quality hence

allows the consideration of only a typical trajectory of the process to derive its aggregate

behaviour. This therefore justifies the use of a single time-series as a representative

realisation of an ergodic stochastic process, and for its long-time-asymptotic properties

to be judged from only a finite series. It follows from this that ergodicity is a crucial

property for a stochastic system to possess if it is going to be analysed in an asymptotic

time framework.

1.2.2 Stationarity

A stationary stochastic process is one whose statistical properties are time-invariant,

that is, they do not change under translation in time. More specifically, the cumulative

distribution function D of the probability distribution of the stochastic process fXtg

consisting of n 2 N samples obeys the equality

D (X1; X2; � � � ; Xn) = D (X1+� ; X2+� ; � � � ; Xn+� ) ; (1.18)

subject to some translation in time � 2 R. This can hence be seen as a statistical

physics equivalent to the concept of autonomous processes in deterministic dynamical

systems theory. Correspondingly, the notion of a non-stationary process is defined as
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one where Eq. 1.18 does not hold, and is hence to stationary processes and autonomous

is to non-autonomous.

In further similarity, applying stationary distributions and constructing stationary models

is by far the more common approach when studying physical systems. This is once again

partly a function of the much more developed theory concerning stationarity, compared

to non-stationarity. This is to the extent that it is not uncommon, upon encountering

what appears to be a non-stationary process, to try to transform it into a stationary one.

There are therefore many well-known examples of stationary stochastic processes, and

of main concern in Chapter 4 will be one such of these, 1=f noise.

1.3 Thermodynamics

The most immediate question posed by thermodynamics when considering a dynamical

system is whether that system is thermodynamically isolated, closed or open. Thermo-

dynamically isolated systems can exchange neither matter nor energy with their envi-

ronment, and are therefore difficult to construct in practice. Indeed, a strictly isolated

system could not occur at all in nature. Closed systems can exchange energy but not

matter. Autonomous dynamical systems can therefore often be appropriate for repre-

senting a closed system. The limited amount of interaction with the environment does

not usually lead to time-dependence, and allows for the possibility of a thermodynamic

equilibrium or steady state relationship between the system and its environment, i.e. for

the dynamical system to exhibit equilibria points and/or invariant attractors. Finally,

open systems allow both matter and energy to cross their boundaries [13]. In this sec-

tion, we will review how this makes thermodynamically open systems the most suited to

describing living systems, and the key developments in thermodynamics concerning such

systems.

1.3.1 Characterising living systems

We have mentioned already that thermodynamically closed systems are able to exchange

energy with their environment, and therefore potentially reach a thermal equilibrium

with this environment. A closed system in such a state could, however, still remain

distinct from this environment thanks to its hard boundary when it comes to matter.
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But this is not a possibility for an open system due to its ability to transfer matter

with its environment. An open system that is in equilibrium with its environment no

longer maintains any meaningful distinction from that environment, and must have no

functioning internal processes that are distinct from external ones. Therefore, living

systems must not only be open, but out of equilibrium; the only way for ‘living’ systems

to maintain an equilibrium with its environment is for it to die.

Open systems that are not in equilibrium with their environment, but instead in a steady

state, are defined as maintaining flows of energy and matter across the system bound-

aries, as is characteristic of non-equilibrium behaviour, but flows that are constant in

time. Such states were among the first to be considered in the shift from studying ther-

modynamic equilibrium to non-equilibrium because they could be considered to be ‘near

equilibrium’, as we shall discuss further later. However, these states are still not able to

completely capture the behaviour of living systems. It is a significant challenge to liv-

ing systems that their environment is continuously changing, and this challenge requires

that the systems themselves also adapt to accommodate this. As such, living systems

do not consume necessary molecules from their environment nor expel waste products

at constant rates, but in a time-varying manner according to their own internal demands

and the current state of their environment. Such a dynamic cannot be characterised by

a ‘near equilibrium’ steady state.

In summary, in the language of thermodynamics living systems are best characterised as

far from equilibrium thermodynamically open systems. These are systems that exchange

matter and energy with their environment, and do so in a continuously changing, time-

dependent manner, without ever reaching an environmental equilibrium.

1.3.2 Entropy far from equilibrium

One of the most crucial variables for studying equilibrium, or the lack thereof, in ther-

modynamic systems is associated with the second law of thermodynamics — specifically,

entropy. Entropy was first defined by Clausius for reversible processes in isolated systems,

as the ratio between an increment of heat transferred and the temperature. This led to

the conclusion that the entropy of isolated system can only ever increase, and will reach
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its maximum when the system is in internal equilibrium. These findings also naturally

extended to reversible processes in closed systems.

The original statistical description of entropy was introduced by Boltzmann as

S = �kB
X
i

pi ln pi; (1.19)

for all the states pi of the system, and the Boltzmann constant kB. For Boltzmann,

like all of the original framework of statistical thermodynamics, was only intended to

characterise the maximum entropy of a system in thermodynamic equilibrium. This was

due in large part to the relative ease of measuring the thermodynamic variables of an

equilibrial system.

Describing entropy away from equilibrium, in particular in open systems, was distinctly

more difficult due to the quite different behaviour of these systems compared to equilibrial

ones. A significant development in this direction were the Onsager reciprocal relations,

which extended relationships between key thermodynamic variables to apply beyond a

strict equilibrium [14]. However, these were only found to hold near to equilibrium, and

not far from it, and to be additionally broken by time-irreversibility, as in, say, a non-

autonomous process. Hence defining the macroscopic entropy of a far from equilibrium

system remains an open question in thermodynamics.

The initial formulation of entropy by Clausius, and the conclusion that it is maximal for

equilibrium systems, also led to an interpretation of entropy as a measure of order. In

this view, equilibrium either between the internal processes of the system or between the

system and its environment is a state of total disorder. The conclusion of this in concert

with the second law of thermodynamics is that systems, and indeed the universe, only

ever become more disordered, particularly as they are subject to environmental influences.

This implication could be questioned, however, given the evidence from the natural

world. As life has developed it has not become more ordered, rather the opposite.

Living systems have in fact evolved to maintain ever more intricate and complex systems

that maintain their internal order in often disordered environments. One answer to

this apparent contradiction was offered by Prigogine, who coined the term ‘dissipative

structures’ to describe open systems where entropy is produced and expelled to facilitate

ordered internal processes [15, 16]. Hence, while methods to precisely calculating the
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thermodynamic macroscopic entropy of far from equilibrium systems may not currently

be known, characterisations such as this offer a way to understand the process of entropy

production.

1.3.3 From equilibrium to non-equilibrium

Developing a framework through which far from equilibrium systems can be charac-

terised, analysed, and ultimately have their behaviour predicted is one of, if not the

most, significant open questions of thermodynamics, and consequently dynamical sys-

tems. There have been many significant contributions to this goal. We will discuss

further the contributions of dissipative structures, by Ilya Prigogine, and synergetics, by

Hermann Haken, and briefly how the contribution of this thesis fits in these contexts.

Dissipative structures, as was introduced in the previous subsection, may be an organised

structure of matter or energy. They may exist only when the system is far from equilib-

rium and the system is open to continual flux of energy and matter from its environment.

These structures are produced by the fluctuations, i.e. minor perturbations away from

the average, in system variables characteristic of open systems. In a system near equi-

librium these fluctuations would decay, or relax, until the variable has returned to the

stable average, and the system as a whole is once again in equilibrium. But, far from

equilibrium, these fluctuations relax much more slowly, and may establish a feedback

loop if they interact nonlinearly. If there are sufficient fluctuations this feedback may

reach a critical point, creating a new ordered state far from equilibrium, i.e. a dissipative

structure [17].

Dissipative structures arose primarily as an explanation of chemical phenomena. Syner-

getics, on the other hand, had its origins more in control theory, and hence is framed

initially in terms of forcing between subsystems and systems. Synergetics applies when a

system consists of many subsystems, and when the behaviour of the system as a whole

cannot be described by linear combination of its subsystems. Hence, like in dissipative

structures, the concerned system exhibits complex behaviour as a result of nonlinear

interactions of its components. Rather than examination of the microscopic fluctuations

of the system, the theory of synergetics is based in analysis of a key macroscopic variable

— the order parameter of the system. This parameter is less complicated to derive than
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the microscopic properties of the system when its relaxation time is much greater than

that of the subsystems. It additionally plays an important role in the dynamics of the

system through the slaving principle, that the subsystems adiabatically follow this order

parameter. This allows the order parameter it to characterise the macroscopic evolution

of the system, and for the microscopic evolution of the subsystems to be disregarded

without increasing the complexity of the macroscopic dynamics. This principle further-

more defines the analysis as a finite-time one — this adiabatic condition can only be

maintained for a slow, continuous variation of time. These conditions hence draw further

analogy to dissipative systems. Where there fluctuations are required to relax slowly, in

synergetics the same requirement is placed on the order parameter [18].

Common to both of these systems is the incorporation of time into their framework. In

contrast to equilibrium theory, the system is not reduced to some macroscopic variables

that are invariant until the system is in some way changed, these far from equilibrium

approaches are forced to closely track the continual change of their chosen parameters in

time, resulting from the system’s constant interaction with its environment. We propose

that it is this time-dependence that is the key characteristic of far from equilibrium

systems, that these systems are defined by their lack of rigid stationary stability that can

be relied upon to simplify equilibrium systems. The framework of finite-time analysis,

the close tracking of the evolution of a quantity in time, of time-dependent systems

that we build on in this thesis is therefore, we believe, not just a contribution to the

abstract dynamics of non-autonomous differential equations, but towards a fundamental

framework for the behaviour of systems far from equilibrium.

1.4 Complexity

Complexity has been a field rapidly growing in interest, with many attempts to categorise

systems at the forefront of research under a common framework. Despite this, there is

no consensus on what exactly makes a system complex or simple. Nonetheless, some

common themes from otherwise differing definitions can be identified.

The most common concept associated with complexity is the idea of the system as a

whole being more than the sum of its parts. This is, in other words, the theory that a
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complex system should give rise to emergent macroscopic behaviour that cannot be im-

mediately reduced to a result of its components [19]. Some form of interactions between

components within the system is a common way for this phenomenon of emergence to

arise, and hence the existence of these interactions often forms part of a definition of

complexity [20, 21].

Another frequently occurring aspect of definitions of complexity is many components or

degrees of freedom. This is once again linked to the idea of emergence — the argument

being, that only for a system with many components could such a phenomenon take

place. An exception to this is often provided for chaotic systems, which are are almost

always identified as being complex [22–24].

Periodic systems, however, are not considered to be complex because of the predictability

and apparent simplicity of a basic oscillation. However, synchronisation of interacting

oscillatory components is very much an emergent behaviour of such a system, and is far

from easily predictable from these components alone in non-trivial cases. In Chapters 3

and 4 we will explore the capacity of these systems to produce complex dynamics, and

in particular in Chapter 4 their capacity to do so while consisting of only very few

components.

1.4.1 Measuring complexity

Just as there is no clear consensus on a definition of complexity, there is also, unsur-

prisingly, a variety of disparate methods for measuring the degree of complexity of a

system.

Entropy is considered to be a related but different measure to complexity, through its

association with order and disorder. A highly ordered state, similar to basic periodicity,

is considered to be simple, as is a highly disordered state that lacks structures to produce

coherent dynamics and can be well-predicted by statistical models. Maximal complexity

is therefore associated with an entropy in between the latter’s minimum and maximum

values [23, 24].

There are two main types of quantitative complexity measures, besides the variety of

methods of entropy calculation. The first, including algorithmic information content and
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logical depth, considers the information contained within, or the computational resources

required by, the shortest possible computational program that can produce equivalent

data to the studied system [25, 26]. The second, which includes effective measure

complexity and thermodynamic depth, is based more directly in the data collected from

the studied system. They are concerned with the information content of the time-series

data itself, whether it be the amount of information required to predict the evolution of

the series, or the amount of information a point in a time-series carries about its past

[23,24,27]. A key difference between these two measures is how they treat randomness,

which we will discuss further in the next section.

1.5 Noise

In Section 1.1 we briefly discussed that fully deterministic formulations are far from

the only kind of dynamical system. In this section we will outline the role of random

processes in physical models, in particular the place of noise in data science.

Noise in data is a phenomenon relevant to a huge range of scientific fields and physical

systems including, of particular interest in this thesis, the study of living systems and

cellular processes [28]. Despite, or perhaps because of, this ubiquity of relevance there is

no easy consensus on its definition. The most commonly used, non-exclusive, definitions

can be summarised as follows:

1. Noise is a random process [29–35] that can be defined by

(a) an uncorrelated evolution [33, 36],

(b) incoherence [37, 38],

(c) a lack of deterministic reproducibility [39].

2. Noise is any behaviour that cannot be explained by consideration of the physical

system itself [34, 40–43].

But in practice, perhaps the most concise summary of what is commonly considered to

be noise in data is anything that the observer considers should not be present, and that

does not provide any useful information. This is with the exception of certain desirable
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effects of noise, for instance in stochastic resonance noise assists a multistable system

in making equilibria transitions [44].

It is in part this tendency to categorise as noise that which is not currently understood

that has led to considerations of randomness forming such a large part of the treat-

ment of physical systems. It is as a result entirely commonplace, for example, to filter

experimental time-series to remove assumed-noise. In the world of modelling, it is sim-

ilarly common to include noise terms in the system’s evolution, usually in the form of

additive noise [45]. In Chapter 3 we will assess the ability of an entirely deterministic

physical model to generate complex behaviour reflective of experimental data, and in

Chapter 4, the ability of the current framework for analysing noise to correctly identify

non-autonomous determinism.

1.5.1 Noise and complex dynamics

At the fundamental physical level, at least until the advent of quantum mechanics, noise

was still considered to be a product of deterministic processes. In this sense, noise

is a complex dynamic, the deterministic origins of which cannot be uncovered from

the available data with the available tools. Noise is currently considered to have two

main origins: a high-dimensional system of large numbers of non-chaotic, autonomous

processes [29,46–48], and low-dimensional chaotic systems evolving on a fast time scale

[49–52].

From this view of noise as a complex dynamic, it is not hard to see why noise and

random processes have been a significant part of the conversation about the numerical

calculation of entropy. It has been of much debate whether pseudorandom behaviour

is truly complex, or whether evidently deterministic structures conveying much more

significant amounts of information is a more accurate characterisation of complexity

[53]. In the former position, noise is associated with a highly disordered state, which is

traditionally considered to be highly entropic. The latter position however is partly driven

by the conception of entropy as a measure of the information content of a time-series.

We saw this idea feature in some of the techniques for calculating entropy mentioned in

the previous section, but it is most famous in the form of Shannon entropy [54].
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In some entropy calculation methods both complex deterministic and random systems

would be assigned a high value. However, many newer measures would assign a lower

value to the latter, on the basis that a random system conveys less information than

a complex deterministic one [55]. This corresponds again to some of the ideas of the

previous section that random processes are not necessarily complex, and can often be

easily described and predicted by statistical models. Multiscale sample entropy, in partic-

ular, was developed to assign similarly low entropy values to highly ordered deterministic

and uncorrelated random dynamics by calculating the sample entropy for multiple dif-

ferent time scales [56, 57]. Through this method, time-series without correlations on

longer time scales, e.g. random noise, would be distinguished from those that do, e.g.

deterministic dynamics evolving over a range of time scales.

1.6 Numerical methods

When seeking to understand the behaviour of a dynamical system, obtaining an analytical

expression of its solutions and their stabilities is the ideal scenario. Such an analysis

provides unambiguous answers to any related question we could pose. However, for the

systems we will be dealing with in this thesis — coupled networks of non-autonomous

nonlinear oscillators — methods for obtaining these solutions are not currently well

understood. This is not to say that there are no developments in this area; for example, in

[58], a finite-time framework for analytically understanding the stability of 1-dimensional

non-autonomous cyclic processes was recently introduced. However, even in this case,

higher-dimensional non-autonomous systems remain analytically unsolved.

In this and other cases where full solutions are not forthcoming, it is natural to turn to

numerical methods. For differential equations, which form the basis of the dynamical

systems we are studying, as was discussed in Section 1.1, the most important of these

is numerical integration. In this method, the value of the differential equation, a.k.a.

the amount by which the studied quantity changes at a given time, is calculated for

a set of time points. The first thing to note is that as the systems we discussed in

Section 1.1 were defined over continuous time, this procedure maps the system onto

a discrete time. This is similar to the process of strobing, pioneered by Poincaré, and

the Poincaré map, but where there the discrete times are determined by the evolution
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of periodic dynamics, here they are selected only with some reference to the potential

accuracy of their produced solution.

As a result of this mapping, we are no longer dealing with a ‘true’ solution, but an

approximation of the trajectory of the variable through time. This of course implies that

some approximations may be better or worse than others, which is largely determined by

two aspects of the method — the algorithm through which each new value is calculated,

and the intervals of discrete time for which they are evaluated. For the latter, it is

crucial that a sufficiently close set of intervals are chosen that all the fast-time scale

dynamics is able to be seen from the resulting data. This is an idea elaborated further

by the concept of the Nyquist frequency [59, 60]. It is also essential however that the

intervals are not so close that slower-time scale dynamics are hard to discern through the

sheer volume of the data. Nor indeed that the procedure becomes too computationally

demanding. Some methods discard with a constant interval altogether, and instead aim

to adapt it between each step in time to suit the current accuracy requirements of the

system, with reference to a notion of the relative error of various different intervals. For

the question of different algorithms, a vast number of approaches have been developed,

many of which are reviewed in [61]. We will now discuss in more detail the algorithms

used in this thesis.

1.6.1 Numerical integration

Numerical integration is based in the estimation of the change in a function y(t) between

the point tn and a future point tn+1 = tn + h according to the differential equation

_y = f(t; y(t)), for some chosen constant h. At the most basic level, assuming some

starting value y0 is known, future values may be estimated by the first-order Euler method

yn+1 = yn + hf(tn; yn): (1.20)

Here, first-order means that the final estimation is calculated from only one ‘step’ for-

ward in t, a.k.a. for one addition h. Higher order algorithms may be used to increase

the accuracy of the estimation, while involving more calculations and therefore compu-
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tational resources. For example, the fourth-order Runge-Kutta method, which is used in

Chapters 2 and 4, and parts of Chapter 3, proceeds as follows:

yn+1 = yn +
h

6
(k1 + 2k2 + 2k3 + k4);

k1 = f(tn; yn);

k2 = f

�
tn +

h

2
; yn +

hk1

2

�
;

k3 = f

�
tn +

h

2
; yn +

hk2

2

�
;

k4 = f(tn + h; yn + hk3): (1.21)

The size of the steps forward in time, h, may also be decreased to increase the estimation

accuracy, similarly at the expense of computational resources as more calculations will

be required to reach the same final time.

So far we have discussed differential equations dependent only on time and one other

variable, x. However, x may instead be replaced by a set of variables of any size without

altering the algorithm, provided that these variables do not depend on one another. The

more complicated case is when they are instead mutually dependent. If we differential

equations _y = f(t; y(t); x(t)), _x = g(t; x(t); y(t)), for instance, then our fourth-order

Runge-Kutta method must be altered to:
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yn+1 = yn +
h

6
(k1 + 2k2 + 2k3 + k4);

xn+1 = xn +
h

6
(l1 + 2l2 + 2l3 + l4);

k1 = f(tn; yn; xn);

l1 = g(tn; xn; yn);

k2 = f

�
tn +

h

2
; yn +

hk1

2
; xn +

hl1
2

�
;

l2 = g

�
tn +

h

2
; xn +

hl1
2
; yn +

hk1

2

�
;

k3 = f

�
tn +

h

2
; yn +

hk2

2
; xn +

hl2
2

�
;

l3 = g

�
tn +

h

2
; xn +

hl2
2
; yn +

hk2

2

�
;

k4 = f(tn + h; yn + hk3; xn + hl3);

l4 = g(tn + h; xn + hl3; yn + hk3): (1.22)

This may be expanded by the same procedure for however many dependent variables

are present in the system, and is an essential variation to enable the consideration of

interacting processes.

A further key consideration when numerically integrating differential equations is the

extent to which they may be ‘stiff’. Stiffness refers to the degree of instability of the

equations, such that small parameter changes may cause a significant change. In the

methods discussed thus far, also called ‘explicit’ methods, this would hence require

a small step size and high order. An alternative approach, ‘implicit’ methods, were

developed specifically for this problem. Instead of estimating the value of the differential

equations at one parameter step forward, implicit methods construct an equation to

be solved dependent on both the current and next step. For example, this approach

transforms Equation 1.20, the ‘forward’ Euler method, to

yn+1 = yn + hf(tn+1; yn+1); (1.23)
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the ‘backward’ Euler method. The change to introducing a dependence on yn+1 on both

sides of the equation results in an algebraic equation, dependent on the form of f , that

must be solved for each step.

In much of the numerical integration of Chapter 3 an implicit algorithm, Matlab’s ode15s

[62], is used. This algorithm integrates an equation _y = f(t; y) via

hf(tn+1; yn+1) = (1� �)
srs+1yn+1 +
sX

m=1


mrmyn; (1.24)

where s 2 [1; 5] is the order of the algorithm, � is a scalar parameter, 
s =
Ps

j=1
1
j

and

r is the backward difference formula, so that rmyn =
Pm

i=0(�1)i
�
m
i

�
yn�i and

�
m
i

�
is

the binomial coefficient.

These have all been examples of fixed-step and fixed-order algorithms. There is an

increasing number of alternate methods that instead vary their step size and order ac-

cording to the region of the parameter space of the differential equations the algorithms

find themselves in at that moment, in as far as that can be determined. This can allow

these methods to choose a large step size and low order when the equations vary little

over large parameter changes, saving computational resources, and a small step size and

high order when the inverse is true, ensuring accuracy.

The key part of adaptive step size and order algorithms is their ability to estimate the

error introduced by different steps and orders, and thus judge what the most appro-

priate selection of each is. If the error is estimated poorly, then significant errors and

unnecessary computational demands may be introduced.

In ode15s, the relative error between different step sizes is estimated through interpo-

lation of the backwards differences, using the saved solutions y(tn � jh) for j 2 [0; s],

calculated as

p(t) = y(tn) +
sX
i=1

riy(tn)
1

i!hi

i�1Y
m=0

(t� tn�m): (1.25)

This is used to construct a backwards difference matrix
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D = [rp(tn); : : : ;rsp(tn)]; (1.26)

which can be compared to the same calculated for a different step size, h�,

D� = [r�p(tn); : : : ;r�sp(tn)]: (1.27)

The relative error is defined through two further matrices, U ,

Ujr =
1

j!

j�1Y
m=0

(m� r); (1.28)

where r 2 [1; s], and R,

Rjr =
1

j!

j�1Y
m=0

�
m� rh

�

h

�
; (1.29)

by considering D� = DRU . If this relative error calculated by RU is within the defined

tolerance, the algorithm may then increase h, or alternatively if the error of the current

step size is outside of the tolerance compared to a smaller step size, h may be reduced.

1.6.2 Time-series analysis

Once a numerically integrated time-series of a variable has been produced, it is often

necessary to apply further analysis to be able to understand its dynamics. When these

dynamics are expected to be oscillatory, analysis that makes reference to the time-

frequency domain is ideal. This is in particular for non-autonomous oscillations, where

the ability to see how any frequencies develop in time is key to understanding the system.

We will discuss this further predominantly in Chapter 4.

One of the original analysis methods of the time-frequency domain is the windowed

Fourier transform. This is defined as

Gs =
1

2�

Z 1
0

exp (i�t)ŝ(�)ĝ(! � �)d�; (1.30)
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where ŝ(�) =
R1
�1 s(t) exp (�i�t)dt is the Fourier transform of the component s(t),

� is the frequency domain integration element and ! is the frequency at which the

transform is evaluated. The window function, ĝ(�) tapers the time-series to smooth

out the transition from zero to non-zero amplitudes at the beginning and end of the

series. This is necessary for (inevitably) finite time-series to reduce the extent to which

an otherwise sharp transition between these regions may introduce artificial spectral

content. A common form of this function is a Gaussian window, defined as

ĝ(�) = exp

�
�f

2
0 �

2

2

�
; (1.31)

where f0 is the frequency resolution parameter. This resolution parameter determines

the relative resolution of the time and frequency domains.

A drawback of the windowed Fourier transform, however, is that the application of a

window of a fixed size in the time domain will provide worse resolution of some frequencies

than others. If a long window is used, then a reasonable resolution at low frequencies

will be obtained, but there will be a poor time domain localisation of high frequencies in

particular. Conversely if the window is short, there will be good time domain localisation

of the high frequencies, but poor estimation of the lower frequencies.

The wavelet transform is intended as a solution to this problem. It is similarly defined

as

Ws =
1

2�

Z 1
0

exp (i�t)ŝ(�) ̂�
�
! �

!

�
d�; (1.32)

where ! is the frequency at the peak of the wavelet.  � is the wavelet window function,

which unlike the windowed Fourier transform window, adopts a different time domain

length for each frequency. In this thesis, we will use the lognormal wavelet, which

additionally takes advantage of the logarithmic relationship between frequency and time,

and is defined as,

 ̂�(�) = exp

�
�(2�f0 ln �)2

2

�
: (1.33)

We will also make use of higher-order analysis, specifically the wavelet bispectrum as

defined in [63], to investigate coupling relationships between functions. For the functions

x; y; z 2 L1(R;R), this is defined as

B �;xyz(A) =

Z
R3

1A(exp (�1); exp (�2); t)b �;xyz(exp (�1); exp (�2); t)d(�1; �2; t);

(1.34)
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where 1A is the indicator function of the input set A. The local logarithmic-frequency

wavelet is

b �;xyz(f1; f2; t) = D �

�
f1

f1 + f2

��1

W �;x(f1; t)W �;y(f2; t)W �;z(f1 + f2; t);

(1.35)

for the frequencies f1 and f2. Finally, the normalisation factor is

D �

�
f1

f1 + f2

�
=

Z 1
0

Z 1
0

 ̂�
�
f1

�1

�
f2

�2

f1+f2

�1+�2

�1�2

d�1d�2: (1.36)

When analysing in the time-frequency domain, it is important to consider an additional

question of precision, beyond just the accuracy of the numerical integration that led to

this point. Namely, precision in the time domain and precision in the frequency domain

are related by a version of the Heisenberg uncertainty principle. That is to say, for some

frequency domain precision �! and some time domain precision �t, we have

�!�t � 1: (1.37)

This is because to exactly determine the value of a frequency mode, a sufficient window

must be considered so as to capture at least one period, but the longer this window,

the more time points this frequency will be assigned to, i.e. the less well time-localised

the frequency mode will be. The wavelet transform handles these competing require-

ments particularly well by adapting its resolution for different parts of the time-frequency

domain, and hence it plays a significant role in the analysis conducted in this thesis.

The final question we will address in this section is that of statistical significance. This

is the process of determining whether the value an analysis method has assigned to

a particular point in a given domain is significant, and not something that could be

easily replicated by analysis of another time-series without the same dynamics. In ideal

experimental circumstances, this may be done by comparison to a control group. This

comparison is intended to clarify the extent to which results are due to randomness

or uncertainty, rather than being genuine. However in numerical analysis of differential

equations, or experiments where a control group is not available, comparison time-series,

a.k.a. surrogates, can be constructed from the analysed time-series itself. To do this,

many methods have been developed to re-arrange time-series in such a way that certain
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properties are maintained, such as the amplitude, but the dynamics described by the

sequencing of the points is removed. An in-depth review of many of these methods, and

the wider process of determining statistical significance in the context of non-autonomous

dynamics, is provided in [64]. In this thesis, we adopt the wavelet iterative amplitude

adjusted Fourier transform approach outlined there. The algorithm to conduct this

procedure is outlined below.

1. Calculate a maximal overlap discrete wavelet transform (MODWT) of the time-

series, which decomposes the time-series into the time-series of its constituent

time scales.

2. (a) Randomly shuffle each scale time-series.

(b) Calculate the Fourier transform of each shuffle, and replace the Fourier am-

plitudes with those of the original scale time-series. This is done in order to

preserve the power spectrum of the original time-series.

(c) Rescale these Fourier transforms to match the distribution of the original

scale time-series.

(d) Repeat the previous two steps with the result of step 2(c) becoming the input

of step 2(b), until the output is the same as the input.

(e) This final output is taken as the result of this stage of the process.

3. Calculate the mirror image of the output surrogate for each scale time-series.

The closest match of each surrogate and its mirror image to the original scale

time-series is taken was the final surrogate for that scale.

4. Calculate the inverse MODWT of the surrogates to recompose each scale surrogate

into a single composite time-series. This gives a single surrogate of the original

time-series.

5. Repeat the entire process for the number of desired surrogates.
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1.7 Contemporary research

As was set out in the introduction, the two primary subjects on which this thesis is based

are non-autonomous dynamical systems, and to a lesser extent, network science. The

study of both of these fields has been rapidly growing in recent years. In this section,

we review some of the developments most relevant to our aim of understanding living

systems through the lens of networks of non-autonomous processes.

1.7.1 Characterising thermodynamically open systems

The most immediate and fundamental question considered by this thesis is how to best

mathematically and physically characterise thermodynamically open systems. We have

discussed already the contributions of dissipative structures and synergetics to this ques-

tion. Here, we will review significant recent developments, before introducing the point

of view that we will adopt in this thesis.

Statistical mechanics

It was originally hoped that dissipative structures may be able to explain the thermody-

namic behaviour of all complex, far-from equilibrium systems. However, the theory is

still fundamentally based in the system exhibiting a linear response to external influence,

specifically through its connection to the linear Onsager reciprocal relations. In reality,

nonlinear responses are extremely common, if not ubiquitous for real systems.

In [65], an extension of the concept of dissipative structures not based in linear responses

was suggested, named dissipative adaptation. This theory is derived from comparing all

possible trajectories between two states of the system. Through this it is speculated

that those trajectories that have absorbed, as opposed to dissipated, the most externally

performed work that are the most likely to occur. The implication of this is that systems

will at time form structures that are minimally dissipative, and absorb sufficient external

work as to transform into a new state, and then dissipate their gained heat so that the

systems remain in this new state. A quantitative measure of the change in probability

of a time-reversed trajectory ocurring because of heat dissipation was suggested in [66],
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where
pi!j(t)

p�j!i(� � t)
= exp

�
Qdiss

kBT

�
; (1.38)

and pi!j(t) is the probability of a trajectory of the system from state i to j, p�j!i(� � t)

the probability of the same trajectory reversed from a time � , Qdiss the dissipated heat,

kB the Boltzmann constant, and T the temperature. This was developed further in [65]

by considering the relative probability of a forward trajectory from state i to j, and from

i to k

pi!j(t)

p�i!k(t)
= exp

�
� Ekj
kBT

�p�j!i(� � t)hexp
�
�Wabs

kBT

�
iik

p�k!i(� � t)hexp
�
�Wabs

kBT

�
iij
; (1.39)

where Ekj = Ej � Ek is the energy difference between the states k and j, Wabs =

Qdiss +Eij is the work absorbed to move from state i to j, and h�iij indicates the average

of the quantity over all microtrajectories from state i to j. Hence, this demonstrates that

the more work is absorbed along a trajectory, the more likely that trajectory is to take

place. In [65], the states resulting from these preferred processes are associated with

those best adapted to the influence of the environment, and the processes are therefore

also associated with the mechanism by which these unexpected behaviours can emerge

from complex systems.

[67] adopts an alternate approach to developing a framework for the thermodynamics

of open systems. While still based in a probabilistic view of transitions between states,

it seeks to build up from the microstates, to the mesoscopic and finally to the macro-

scopic view of a many-body open system. This system is thermodynamically coupled to

multiple reservoirs and subject to an external drive, intended to simulate thermodynamic

openness.

Some of the most significant results of [67] were to derive the probability of far from

equilibrium fluctuations across spatial scales. For microscopic states, this was found to

be

ln
p
�
�(1)�w�;

n
�j

(�)
f

o
;
n
�j

(�)
e

o�
~p
�
��(1)�w�;
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��j(�)

f

o
;
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��j(�)

e
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f +

�
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i
: (1.40)
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Here, p
�
�(1)�w�;

n
�j

(�)
f

o
;
n
�j

(�)
e

o�
is the probability of simultaneously observing

the microscopic non-autonomous work �(1)�w�, the microscopic time-integrated au-

tonomous work currents
n
�j

(�)
f

o
�
�
�(1)�w

(1)
f ; : : : ; �(L)�w

(L)
f

�
and the microscopic

time-integrated energy currents
n
�j

(�)
e

o
�
��
�(1) � �(2)

�
�e(2); : : : ;

�
�(1) � �(L)

�
�e(L)

�
.

The work/energy currents referred to here are current elements in that they are vectors

of the instantaneous work done on the reservoirs/energy change in the reservoirs, and if

unwound further in time would represent the flow of these quantities. ~p, meanwhile, is

the probability of the time-reversed processes. The superscript (�) indicates the quantity

is with respect to the �th reservoir, � = 1
kBT

, kB is the Boltzmann constant, T is tem-

perature and �w� is the infinitesimal work resulting from the external driving protocol

�(t). The subscript f indicates the quantity results from the non-conservative force

vector associated to the �th reservoir, �e(�) is the infinitesimal energy change of the �th

reservoir and �aeq
1 = � 1

�(1) ln
P

� exp
�
��(1)e�(�t)

�
+ 1

�(1) ln
P

� exp
�
��(1)e�(�0)

�
is

the change in the global microscopic equilibrium free energy with respect to the reference

reservoir � = 1, and e� is the energy of the � microstate.

As the number of units in the model is increased, there will be increasing numbers of

microstates with equal energies and occupation numbers, leading these states to be

energetically identical. It is also assumed these states are kinetically identical through

their coupling to the same reservoirs. Therefore, these states can be grouped into a new

single mesostate. Through this process, increasing number of units can in fact result in

decreasing degrees of freedom as this regime is entered. The corresponding mesoscopic

equation to Eq. 1.40 is

ln
P
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; (1.41)

where the newly-capitalised variables are simply mesostate versions of their microscopic

lowercase versions. These are obtained by coarse-graining from the qN microstates of

the N units, where q; N 2 Z+, to the N units.

The macrostate is obtained in the limit N ! 1. In order to define fluctuations,

which can scale exponentially with N , in this regime, a path-integral formalism was
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applied. This approach allows a re-definition of the work currents, energy current and

equilibrium free energy according to �XY = limN!1
�XY
N

, where X 2 fW;E;�Aeqg

and Y 2 f�; f ; 1g, respectively. The fluctuation probability hence becomes

lim
N!1

1

N
ln

P
�
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Quantum mechanics

One of the major fronts in this area is how to incorporate the notion of thermodynamic

openness into a quantum mechanical framework. Traditional quantum theory, much like

thermodynamics, is built on the concept of equilibrium, which cannot be expected in

an open system. It additionally makes extensive use of Hamiltonian systems, which are

required to be time-reversible, which does not in general hold for thermodynamically

open systems. One approach to deal with this complication is to conceive of the system

as entangled with a bath (also referred to as a reservoir). This bath has infinitely many

degrees of freedom and is initialised in a state of thermodynamic equilibrium. The total

Hamiltonian then becomes

Htot = HS +HB +HI ; (1.43)

where HS and HB are the Hamiltonians of the system and the bath, respectively, and

HI is the Hamiltonian of the interactions between them. The reduced quantum density

matrix of the system, �S(t), is derived by averaging over the elements of the bath in the

total density matrix, �tot(t). �S(t) reflects the dynamics of an open system, where there

is no irreversible attainment of an equilibrium as the system can transform from pure

states to mixed states. �tot(t) meanwhile obeys standard quantum mechanical principles,

in particular the Liouville equation

i~ _�tot(t) = [Htot; �tot(t)]: (1.44)

This provides a solution to the system density matrix, thereby incorporating far from

equilibrium behaviour into the quantum mechanical framework. This solution is

�S(t) = TrB
�
U(t; t0)�tot(t0)U y(t; t0)

�
; (1.45)
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where TrB is the trace over the degrees of freedom of the bath, andU(t; t 0) =

T exp
�

� i
h

Rt
t0

H tot (t0)dt0
�

is the standard time-evolution operator andT is the time-

ordering operator. An outline of a thermodynamically open approach to quantum me-

chanics is provided in [68], and applications of this approach can be seen in [69,70].

A system-bath approach was also used in [71], to adapt the notion of dissipative adapta-

tion to the quantum world. This considers a three-level lambda system, i.e. two states

jai , jbi and an excited statejei , with transition frequencies! a and ! b between the

statesjai and jei and jbi and jei , respectively. The initial state is an arbitrary mixture

of jai andjbi . This system is entangled to an in�nite bath at absolute zero temperature,

which leads to spontaneous emission rates� a betweenjai and jei and � b betweenjbi

andjei . A single photon pulse incident on the bath is then considered. The transmission

probability resulting from this pulse is found to be

pa! b(1 ) =
� b

� a + � b

hWabsi a

~! a
; (1.46)

with a corresponding reverse transmission probability ofp�
b! a = 0. In other words, the

transmission fromjai to jbi results in a pure quantum state, which is associated here

with the order observed in complex open systems. The probability of this transmission,

with 0 probability of reversing, is found to be higher the more work is absorbed in the

process of the transmission.

Deterministic dynamics

In [72], control theory is applied to model the dynamics of open systems in terms of

their inputs and outputs. The basis of this approach is the linear system

_x(t) = Ax(t) + Bu(t); (1.47)

y(t) = Cx(t): (1.48)

x(t) 2 Rn is the state of the system,u(t) 2 Rm is the input andy(t) 2 Rm is the

output. A, B andC are constants controlling the in
uence of the current system state

on the future state, the in
uence of the input on the future state, and the in
uence of

the current state on the system output, respectively. The pairs(ui ; yi ), for i = 1; : : : ; m,

are then `ports', which connect the system to others.A may additionally be expressed

as incorporating some resistance,R, within these ports, for exampleA � R. Hence,
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when interacting with other systems, there is some notion of loss, and the interaction

is dissipative ifR is K -symmetric and positive semi-de�nite, i.e. for some symmetric

positive-de�nite matrixK , KR = RT K � 0, and whereH (x) = 1
2xT Kx , H (x)

being the storage function of the system. In the case of a linear input-output system

dissipatively coupled to some unspeci�ed other system or environment, the equilibrium

solution x = 0 where there is no input,u(t) = 0 , is asymptotically stable. In other

words, the system outputs until it reaches equilibrium with this environment, and then

remains in this equilibrium unless perturbed. This is the classically expected case of a

one-directional open system.

To consider cases where there is non-zero input, the change in the microscopic state

vectorx(t) is re-written as a stochastic Langevin equation. If the ports are considered

to to be connected to an in�nite heat bath, which is always in equilibrium and has

unchanging temperature, of temperatureTj

_x(t) =

 

A �
X

j

Rj

!

x(t) + Bu(t) +
X

j

p
2Tj Fj wj (t): (1.49)

Here,Rj = Fj F T
j K is the resistive element of the port(uj ; yj ) andwj (t) are independent

Gaussian white noise processes. The macroscopic behaviour of the system, however, can

be expressed deterministically in terms of the deterministic covariance matrixX (t)

_X (t) = AX (t) + X (t)AT �
X

j

Rj X (t) �
X

j

X (t)RT
j + 2

X

j

Rj K � 1Tj : (1.50)

The energy balance of the system, the change in the storage function, is then

d
dt

H (x(t)) = �
X

j

Tr (X (t)KR j X (t)K ) +
X

j

Tj Tr (KR j X (t)) : (1.51)

This is all to say, that the in�nite heat bath inputs a heat 
ow into the system that

drives the system into a repeating cycle, i.e. the system is in a steady state.

A similar deterministic dynamical approach to the above focuses on port-Hamiltonian

systems. These are based in the theory of Hamiltonian dynamics, which considers a

mechanical system in the form
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_q =
@H
@p

(q; p); (1.52)

_p = �
@H
@q

(q; p) + B(q)f; (1.53)

e = B T (q)
@H
@p

(q; p): (1.54)

q = ( q1; : : : ; qk)T are the generalised coordinates of the system,p = ( p1; : : : ; pk)T are

the corresponding generalised momenta,H (q; p) is the Hamiltonian function representing

the total energy of the system,B(q)f is the generalised external forces resulting from

an input forcef 2 Rm ande 2 Rm is the energy balance of the system.

The transformation to port-Hamiltonian systems was motivated by a need to analyse

relatively more complex open systems, and achieved through an integration with network

model theories. Speci�cally, a structure matrix is introduced, which allows network

interactions within the system, and between the system and its environment. This can

be formulated as

_x = J (x)
@H
@x

(x) + g(x)f; (1.55)

e = gT (x)
@H
@x

(x); (1.56)

wherex = ( x1; : : : ; xn ) 2 X are the local coordinates of the system on the n-dimensional

manifoldX , J (x) is then � n structure matrix andg(x) is the input matrix, governing

the external interactions [73]. This has been applied to many mechanical systems, such

as to develop a control method to optimise the electricity storage of hybrid car batteries

[74]. Recent research has suggested the approach could be additionally adapted to

allow for �nite-time systems, which expand its applicability to, among others, biological

systems [75].

We have reviewed here multiple approaches that seek to construct a non-equilibrial ther-

modynamics from consideration of the fundamental microstates. Whether stochastic,

deterministic or quantum mechanical, all of these approaches have found it necessary

to couple their systems to some reservoirs or baths. This extension of the system has
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been required because all of these approaches have been based in the conservation of

mass and energy. This is because in isolated systems, all matter and energy 
ow can

be tracked while still only mathematically treating the system itself. In open systems,

however, energy and matter must be allowed to leave and enter the system to and from

the environment, but to maintain conservation, this means the environment too must be

brought into the mathematical formalism. This can prove a signi�cant complication, and

a signi�cant part of why there is no well-established thermodynamics of these systems.

Rather than take this approach, we will focus on the phases of the processes we consider.

These phases are not quantities that are exchanged between the system and the envi-

ronment, regardless of whether the system is isolated, closed or open, and so there is no

di�culty concerning conservation. This construction also considers the dynamics, rather

than the statistics or mechanics of the system. An advantage of this di�erence is that

the dynamics of complex open systems, at least at the macroscopic level, are often much

more easily observed than their 
uctuations of mechanical quantities, and more readily

mathematically de�nable than their statistical thermodynamics. Understanding the dy-

namics of a system is additionally crucial to understanding its function and purpose, in

a way that cannot always be derived from statistical properties alone.

The nature of this modelling approach being centred around the phase, rather than

amplitude, dynamics is also derived from a certain view of the physical world. We

consider at a fundamental level the universe to be constructed out of oscillations. These

oscillations form an extremely e�cient way of transmitting energy and information, and it

is conversely ine�cient to suppress them. They may, however, be combined to construct

amplitude oscillations and 
uctuations at the more macroscopic level we commonly

observe. The corollary of this is that even when a macroscopic observable may appear

non-oscillatory, it remains possible that is constructed from a superposition of oscillations

with su�ciently di�ering phases that their fundamental oscillatory nature is not obvious.

This hence forms another motivation for our treatment of open systems as formed of

dynamical phase oscillators, and their mean-�eld as a key physical observable.

Finally, it was common to all the treatments of open systems we have presented here

to consider the role of time-irreversibility in these systems. This forms the core of the

theory, indeed, in the case of dissipative adaptation in [65]. There, and in the quantum
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version of [71], an adapted state is de�ned as one that is irreversible under time reversal.

Similarly, in [67], the probability of time-forward and reverse 
uctuations were found to

not be in general equal. The incorporation of time is taken a step further in [68], where

the governing quantum density matrix is found to be time-dependent, and [72], where

all inputs, outputs, and resulting macroscopic variables are also time-dependent. This is

seen perhaps most clearly in [67], where the transformation to an open system is made

by the introduction of a time-dependent forcing, and results in non-autonomous work

currents. The link between open systems and time-dependence, with a characterisation

of environmental in
uences being time-varying and leading to time-dependent system

behaviour, can hence be seen to be a common one, whether it is more or less explicit

in any given model. In our approach, we make this link by considering exclusively non-

autonomous phase oscillations.

1.7.2 Oscillator networks

The study of networks has been adopted by a huge number and increasing number of

�elds, in particular those seeking to understand physical systems, where interactions

are inevitable. This has, naturally, led to many developments in the understanding of

networks, some of which we will review here.

In particular, we are concerned with the dynamics of networks of oscillatory processes.

For this purpose, the study of order and synchronisation within such a network is a key

concern. We have already reviewed the notion of an order parameter for networks of

Kuramoto oscillators in Section 1.1, where the level of synchrony between oscillating

nodes is characterised by a single amplitude of the mean �eld. An alternative procedure

was proposed in [76] for networks of autonomous Kuramoto oscillators, which aims to

provide more detailed information about the relationship between nodes by de�ning a

time-averaged correlation between them,

� ij = hcos (� j (t) � � i (t)) i : (1.57)

Hence, the matrix whose ith, jth element is given by� ij measures not just a global notion

of synchronisation, but whether each individual oscillator pair has become correlated.

38



The main purpose of this measure in [76] is to facilitate an optimisation procedure for

designing a network architecture that produces the desired dynamics. Once the required

form of the correlation matrix is identi�ed, the network weights that would produce

this matrix can be reasonably straightforwardly derived. However, this requires that

the correlations between whatever physical system the network nodes represent can be

realistically determined.

Observing various order parameters of a system and developing methods to produce

them are not the only way such variables can be used to understand a dynamical system.

For instance, in [77] the transition from a low to high value of the order parameter is

studied as a phase transition. The theory of phase transitions was originally developed to

understand discontinuous critical transitions in physical systems, such as the evaporation

of a liquid into a gas, or the alignment of spins in an Ising model of a 2D lattice,

both of which are considered in [77]. Similarly, the sudden transition from a largely

desynchronised to largely synchronised state in an oscillator network may be viewed in

this way.

The phenomenon of universality has also long been studied in phase transitions, that is,

that seemingly regardless of their physical di�erences, many systems are theorised to have

the same exponents of their critical transition points. However, experimental �ndings

have often not been in precise agreement with these theories. In [77], it is argued that this

results from mean �eld approximations used in deriving these theoretical exponents that

are not physically justi�ed, in particular for systems with dominant local interactions and

variations in local density. These are not, however, complications that apply to networks

of all-to-all coupled Kuramoto oscillators. In such networks, each oscillator's dynamics

are manifestly governed by a mean �eld comprising every other oscillator in the network.

It was indeed shown in [78] for an autonomous oscillator network that a critical transition

from relative desynchronisation to synchronisation occurs under increase of the coupling

strength, and that this can be predicted through a mean �eld approach.

It has been a common theme of the work reviewed in this section so far that it has

considered only autonomous oscillations, and the complications to instead considering

non-autonomous ones are not to be underestimated, as we will discuss further in the rest

of this section. For instance, critical transitions in networks of autonomous processes

39



are usually permanent so long as all parameters are kept constant. However, in a non-

autonomous one, the time-variation of these parameters may allow them to repeatedly

cross and un-cross the critical boundary. The impact this might have on the dynamics

of a network of Kuramoto oscillators has not been explored. Similarly in [76], the

procedure for determining the required network weights to produce the desired correlation

dynamics depends on the mean of the di�erences between the frequencies of each pair

of nodes being zero. This does not in general hold for time-dependent frequencies,

however. The inclusion of non-autonomous oscillators therefore requires a comprehensive

reconsideration of any network analysis designed with autonomous ones in mind.

Much of the current work in network science is also focused on the topology of these

networks, and seeking to make it re
ective of the physical system being modelled. This

is feasible in, for instance, the study of the relationship between regions of the brain,

as in [76], where there are not too many nodes and the dynamics of each one can be

individually measured. Not so much, however, in the energy metabolism of cells as

we will study here, where what precise physical component is represented by network

nodes is less clear, and cannot be individually measured in vivo by any currently existing

techniques. Nevertheless, we will outline in Chapters 2 and 3 the e�orts we have made

to incorporate the physical interactions of cell metabolic processes into the topology of

our networks.

Due to these aforementioned complications, in this thesis we focus on well-established

theories of order in all-to-all coupled networks of Kuramoto oscillators, but investigate

them in the novel context of non-autonomous oscillations, and with feasible topological

alterations where they are physically justi�able.

1.7.3 Non-autonomous processes

In Section 1.1 we discussed how the same analyses that have been developed for au-

tonomous systems cannot be e�ectively applied to non-autonomous systems. In the

extended phase space of the latter, incorporating time as an additional dimension along-

side the phase space of the former, relevant objects such as �xed points no longer

necessarily determine the dynamics of the entire space, but often only a single slice in

time in which they exist. Time-dependence therefore requires new conceptualisations of
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these objects that account for time-variability, and new methods for identifying them.

How best to adapt techniques developed for autonomous systems, or to develop ones

bespoke to non-autonomous systems, has remained an open question.

A main concern of the study of dynamical systems is identifying phase space surfaces of

stability and instability, which can provide an understanding of the dynamics of the system

over a region of its phase space, or even the entire space, and are therefore extremely

useful for predicting the behaviour of a dynamical system for di�erent initial conditions.

There are several ways to conceptualise these key behaviours in non-autonomous systems,

some of which we will now review.

Attractors

Perhaps the most straightforward dynamical objects to imagine in non-autonomous

systems are attractors, given their presence in autonomous systems as well. In non-

autonomous systems, these come in two forms | forward attractors and pullback at-

tractors. For a given functionf : Z2 � Rn ! Rn and an n-manifold of initial conditions

C, if

dist(f (t; t0; C) ; A) ! 0 ast ! 1 ; (1.58)

for some invariant manifoldA (that is to say, a manifold for whichf (t; t0; x0) 2 A if

x0 2 A), then A is a forward attractor andC is within its basin of attraction.

A pullback attractor on the other hand is a manifoldB for which

dist(f (t; t0; C) ; B) ! 0 ast0 ! �1 : (1.59)

I.e. rather than the system inevitably approaching the manifold as time moves forward

as in the case of the forward attractor, the evolution of the system tends towards the

manifold as it is initialised at earlier and earlier times.

In an autonomous system, these concepts are one and the same | any manifold that

attracts a trajectory of the system as time moves forward will also be approached as the
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system is initialised at progressively earlier times. This is because autonomous systems

do not depend on time as a physical quantity, and trajectories initialised at an earlier time

will evolve in the precisely same manner as those at a later time, all other parameters

being the same. This is not the case for non-autonomous systems, where the concepts

of forward and pullback attraction become uncoupled [8,79{81].

It has also been shown that non-autonomous pullback attractors can be global [82,83].

Such attractors, also called maximal pullback attractors, are de�ned as

dist(f (t; t0 � j; C ) ; B) ! 0 as j ! �1 8 t0 2 Z & 8 B 2 Rd; (1.60)

whered is the dimension ofB . This is in contrast to forward attractors, which are not

necessarily unique. Instead, the intersections of forward attractors may create larger and

larger basins of attraction for larger and larger invariant manifolds, which may or may

not span the entire phase space.

While the establishment of these dynamical objects for non-autonomous systems is a

signi�cant step forward, identifying them in any given system is still far from trivial.

They also do not necessarily determine the entirety of a system's dynamics. This is

particularly true in �nite-time, as opposed to the asymptotic times over which such

attractors are de�ned, as will be discussed more later in this section.

Hyperbolicity

The hyperbolic dynamics of systems are often sought for their ability to simplify the

study of a system. This occurs when some of the derivatives expand or contract in such

a way that a study of those alone reveal local, or even global, dynamics.

One such concept is normally hyperbolic invariant manifolds. These have long been

studied for autonomous systems as generalisations of hyperbolic �xed points, which are

2-dimensional �xed points with a stable and unstable manifold. A normally hyperbolic

invariant manifold, therefore, is one where trajectories on the manifold remain there,

but those normal to it either return to it (when they are along the associated stable

manifold) or diverge from it (when they are along the associated unstable manifold).

The dynamics tangential to the manifold are dominated by the stable and unstable

42



manifolds of the normal directions, and hence all dynamics in the vicinity of such a

manifold can be predicted by studying only the manifold itself. This reduction of the

dynamical system from many trajectories to a single manifold is therefore a highly related

concept to Haken's slaving principle. As was reviewed earlier in this chapter, the slaving

principle similarly allows for a reduction from considering many microscopic dynamics to

a single enslaving macroscopic order parameter.

This property of normally hyperbolic manifolds was proved in the foundational work

of [84]. There, the existence of a invariant manifold�M = M [ @Mwas established.

This �M is a Cr compact and connected manifold embedded inRn , and over
owing

invariant underX , whereX is a Cr vector �eld on Rn . Over
owing invariant means

that X jM , the vector �eldX that is restricted to the manifoldM , is tangent toM and

X is never tangent to@M. The manifold �M was proved to be di�eomorphic to�MY , i.e.

to have a structure-preserving mapping between the manifolds, whereY is aCr vector

�eld in a C1 neighbourhood ofX if � (m) < 1 and � (m) < 1
r for all m 2 M . Here,

� (m) = inf f a :
jjj w0 jj
jj w� t jj

at
! 0 ast ! 1 8 w0 2 Nmg; (1.61)

whereNm is the bundle of vectors normal toTM , the tangent space ofM . And,

� (m) = inf f s :
jj w0 jj s

jj � 0 jj
jj w� t jj s

jj � � t jj

! 0 ast ! 1 8 � 2 TmM & w0 2 Nmg: (1.62)

Additionally, the stability of these invariant manifolds was proved in [84], with reference

to the hyperbolic splitting of vector bundles. Speci�cally,MY is di�eomorphic toM

if there is a hyperbolic splitting ofTRn jM with � � (m) < 1
r and � + (m) < 1

r . In this

de�nition,

� � (m) = lim
t !1

ln jjD(F � t jM )(m)jj
� ln jj � � DF t (F � t (m)) jN � jj

; (1.63)

whereF s is the 
ow x(s) such that _x(t) = X (x(t)) and x(0) = x, and D is the

derivative with respect to space variables. Additionally, the superscripts� =+ denote

the splitting under the forward/backward 
ow, respectively, and� � =+ is the projection

on N � =+ . Finally,

� + (m) = lim
t !�1

ln jjD(F � t jM )(m)jj
� ln jj � + DF t (F � t (m)) jN + jj

: (1.64)
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This hence adds a notion of stability due to hyperbolic splitting, in addition to more

conventional asymptotic stability.

This was more recently considered for non-autonomous systems, through the argument

that such a manifold persists under su�ciently small perturbation, such that a similar

nearby manifold may be considered if the inclusion of time is conceptualised as an external

perturbation [85]. More speci�cally, non-autonomous systems of the form

_� = �( �; r; t ) (1.65)

_r = R(�; r; t ) (1.66)

_t = 1; (1.67)

wherer 2 Rn and � 2 M for some compact manifoldM , were considered. It was

proved that for anyr 2 B � := f r 2 C1 : jr j1 � � (� )g, i.e. any point within a closed

ball B� of radius� (� ) in the phase space ofr , where� (� ) places an upper bound on the

solution~r of _r , there is a unique~r 2 B � . There is additionally a contraction in the norm

jj � jj t0
~T : B� ! B � such thatr 7! ~r . This norm is de�ned as

jj r jj t0 := sup
t

j�( t0; t)j exp� 
 jt � t0 j jr (t)j < 1 ; (1.68)

where� is the principal matrix solution of the system� _� = ��
R1

0 � � (�� 1(t) + (1 �

� )� 2; r; t )d� and 
 2 (
 � ; 
 + ) where
 � = 1
2 � �

q
� 2

2 � j R� jj � r jV . If r is the �xed

point of ~T and � is the solution of_� , then there is a normally hyperbolic invariant

manifold~� (� 0; t0) = r (t0).

Techniques for estimating hyperbolic dynamics, centred on calculation of the �nite-time

Lyapunov exponent spectrum, were considered in [86]. A Lyapunov exponent spectrum

can be de�ned by considering a perturbation from a trajectoryx(t) initially along a

directionv0 with a magnitude� 2 R, leading to a new perturbed trajectoryx � (t). A

di�erent �nite-time Lyapunov exponent may then be calculated for each directionv0, up

to n such directions for ann-dimensional system, via the limit

� = lim
� ! 0

1
T

ln
�

jjx � (t) � x(t)jj
j� j

�
; (1.69)

which describes how the perturbation evolves over a �nite time interval[0; T], for ever

decreasing amplitude of perturbation. The �nite-time Lyapunov exponent is generally
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referred to as the maximal exponent of the spectrum,� 1, with the rest of the spectrum

ordered as� 1 � � 2 � � � � � � n . The maximal exponent is then used to characterise the

stability of the unperturbed trajectoryx(t) as follows|

8
>>>>><

>>>>>:

� 1 > 0 x(t) is unstable,

� 1 = 0 x(t) is neutrally stable,

� 1 < 0 x(t) is stable.

(1.70)

There is not, however, a universal procedure for identifying hyperbolic manifolds, and

their applicability to non-autonomous systems does not hold for all magnitudes of time-

dependence. Like all such study of behaviour in the vicinity of �xed points or invari-

ant manifolds, the dynamics along the normal manifolds are currently only understood

through the linearisation of the system, and thus restricted in their accuracy to a certain,

not too large, region around the hyperbolic manifold [87,88].

Chronotaxic systems

Chronotaxic systems, introduced in [1], consist of a process subject to a non-autonomous

driving. For instance

8
><

>:

_x = g(x; p(t))

_p = f (p);
(1.71)

wherep 2 Rn andx 2 Rm .

Rather than the process becoming synchronised to the driving only so long as it inhabits

an equilbrium point in the phase space of their rotating frame, as in the case where both

constituent parts are autonomous, the position of this equilibrium point now moves as

the natural frequency of the driver varies in time. In doing so, the driver forms a moving

point attractor, xA (t), which attracts the oscillator to its continually varying position,

resulting in a non-autonomous version of a limit cycle� 0. That is to say

lim
t0 !�1

�
�x (t; t 0; x0) � xA (t)

�
� = 0; (1.72)
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wherex 2 Rn and t0 is the time at which the system is initialised. A trajectory that

meets the point attractor will become invariant,

x(t; t 0; xA (t0)) = xA (t): (1.73)

Hence, an oscillator that becomes synchronised to this moving point attractor will be-

come stabilised against perturbations. As we can see from Eq. 1.72, this is in fact a

time-dependent pullback attractor [89].

This phenomenon can be seen in Fig. 1.1. Three trajectories are initialised neither on

the limit cycle nor the point attractor. In each frame, the simulation is advanced by

2.5 s | the point attractor moves, and the trajectories are pulled towards the cycle it

is tracing.

Figure 1.1: Numerical simulation of a chronotaxic system. Three initial states are shown

by white dots, their trajectories by orange lines, and their current position by orange

dots. The moving point attractor is shown by the black disc with a red outline, and the

limit cycle it produces is represented by the black circle. The vector 
ow is also shown

by the grey arrows. Each subsequent pane of the �gure shows a 2.5 s advancement of

the simulation, starting at the left. Reprinted with permission from [1].

This capacity of time-variability to create a more stable system is highly applicable to liv-

ing systems in particular, where the ability of processes to continue despite environmental

perturbations is essential and time-dependence is ubiquitous.

Thus far we have considered the dynamics of systems de�ned over inde�nite times. How-

ever, such a de�nition cannot include living systems, which are born and then inexorably

die in a �nite span of time. We will therefore now consider �nite-time analysis, which
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considers the dynamics of systems over �nite time intervals, and dynamical phenomena

derived from this framework. We will see that even when a system may be extendable to

inde�nite time, an analysis over �nite-time can uncover dynamics that would be missed

if only the asymptotic time behaviour of the system was considered. This demonstrates

precisely why this framework is more suited to living systems | it is the behaviour of

living systems over appreciable human time scales in which we are interested.

Lagrangian coherent structures

Lagrangian coherent structures are another concept of invariant manifolds, this time

conceived with �nite-time analysis from the start. The theory was largely developed

from 
uid dynamics, particularly the idea of material surfaces, where a parcel of 
uid

moves through a 
uid 
ow without losing its mass, but possibly changing shape. This

parcel when tracked in time can therefore be seen as a surface, which is analogised to a

manifold in the theory of Lagrangian coherent structures.

A material surface is considered a Lagrangian coherent structure when it attracts or

repels trajectories near it over a �nite time interval. Such manifolds are not necessarily

unique, locally or globally, and are conventionally only referred to as attracting or re-

pelling if they are locally the strongest attractor or repellor. When a locally repelling and

a locally attracting material surface are local to one another, they are collectively re-

ferred to as a hyperbolic Lagrangian coherent structure. At this point, the similarities to

normally hyperbolic invariant manifolds are obvious, and hyperbolic Lagrangian coherent

structures are similarly sought for to explain their local dynamics. A key di�erence, how-

ever, is the origins of the latter in �nite-time dynamical theory. An attracting/repelling

Lagrangian coherent structure is only necessary invariant and attracting/repelling over

the �nite time interval for which the system is de�ned.

The ridges of the �nite-time Lyapunov exponent �eld have been used to identify hy-

perbolic Lagrangian coherent structures in �rst 2- [90], and then n- [91], dimensional

systems with non-autonomous dynamics [92,93].

In [91], Lagrangian coherent structures are de�ned forn 2 Z+ dimensions. This is done

under the consideration of the non-autonomous dynamical system

_x(t) = v(x(t); t); (1.74)
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wherex 2 D � Rn , D being the domain ofv, with the 
ow map� T
t : x(t) 7! x(t + T).

Here,T is the time the system is being mapped to by the 
ow, which may be positive

or negative. The �nite-time deformation tensor associated to this system is then

�( x; t ; T) =
d� T

t (x)�

dx
d� T

t (x)
dx

; (1.75)

where � denotes the transpose. This operator hasn eigenvalues� n 2 R+ , and the

corresponding �nite-time Lyapunov exponent

� (x; t ; T) =
1

jTj
ln

p
� max(�( x; t ; T)): (1.76)

This is de�ned in terms of the maximum eigenvalue of� , � max.

A repelling Lagrangian Coherent structure is then de�ned as a di�erentiable manifold

M � D of codimension 1, that is, of 1 dimension less thanD. This manifold exists

when

1. There aren � 1 � n < 1, and 1� n > 1.

2. The unit nomrla vector̂n(x) to the manifoldM is orthogonal to the gradient

r � (x; t ; T).

3. �(^n; n̂) < 0 and for all unit vectorŝu such thatjhû; n̂i 6= 1, �(^n; n̂) < �(^u; û).

� is the second derivative of� .

An attracting Lagrangian Coherent structure, meanwhile, is de�ned in the same manner,

but for the reverse time. I.e. whenT < 0.

There have also been investigations suggesting several possible problems with this ap-

proach in certain systems however. These include that forms of Lagrangian coherent

structures other than hyperbolic may not be distinguished from the hyperbolic [94] and

that �nite-time Lyapunov exponents calculated through a sliding window of time may

not be Lagrangian, due to non-negligible 
ux [95].

Intermittent synchronisation

Another synchronisation phenomenon unique to non-autonomous systems playing out

in �nite time is intermittent synchronisation, notably discussed in [2, 96, 97]. Where

for chronotaxic systems the ability of time-variability to transform an equilibrium point
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into a moving point attractor is considered, intermittent synchronisation arises from

re-examining the conditions for which synchronisation is possible in the same model as

Eq. 1.71. In the previous section, we saw that synchronisation may occur within a region

of frequency-coupling parameter space, where the frequency of the oscillator and the

driver are su�ciently close and the coupling is su�ciently strong for the oscillator to

become synchronised to the driver. If the frequency of the driver is now allowed to vary

in time, the parameter space region where synchronisation is possible will expand. In

these newly-synchronisable boundary regions, synchronisation is possible for some points

in the variation of the driver, but not others. Therefore if the system's parameters exist

in this region, the oscillator will be synchronised to the driver at some times and not

others, a.k.a. it will be synchronised intermittently.

In [2], this is mathematically derived for a system ofN phase coupled identical oscillators

subject to an external driving,

_� i = ! + D
NX

j =1

A ij sin(� i � � j ) + 
 sin(� i � � 0(t)) ; (1.77)

whereA ij is the adjacency matrix element, which determined whether oscillatorsi and

j are coupled,D is the network coupling strength and
 is the strength of the driving

on each oscillator in the network. The external driving is determined by the di�erential

equation _� 0 = ! 0(1 + kf (! m t), with a natural frequency! 0 and time-dependent fre-

quency modulation determined by the functionf , amplitudek and frequency! m . The

system viewed in the rotating frame i = � i � � 0(t) is

_ i = � ! (t) + D
NX

j =1

A ij sin( �  j ) + 
 sin i ; (1.78)

which reduces the degrees of freedom of the system by 1.

The system is then linearised around the solution~ (t), to obtain

� _ i = � D
NX

j =1

L ij � j + 
� i cos~ (t); (1.79)

whereL ij = A ij �
P N

j =1 A ij � ij and � ij is the Kronecker delta. This linearisation can

then be used to derive the Lyapunov exponent spectrum

� � (t) =

8
><

>:

� D � � �
p


 2 � � ! (t)2 8t : 
 > j� ! (t)j

� D � � else;
(1.80)
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where� = 1; : : : ; N and� � are the eigenvalues of the LaplacianL ij . Hence, ast varies

such thatj� ! (t)j moves across the value of
 , the condition determining the stability

in Eq. 1.80 will alternate. This alternation can potentially result in a change in sign of

the Lyapunov exponent, and therefore the stability of the system.

In addition to giving rise to a new form of synchronisation, this results in an expansion

of the region in parameter space for which synchronisation can occur compared to an

equivalent autonomous system. This is because while the limits of the region where

synchronisation would occur now result in intermittent synchronisation, so too do the

regions just beyond the previous limits of synchronising parameters. In this way, systems

that permit this phenomenon are once again well suited to describing living systems |

the increased ability of a system to synchronise is an important part of functioning in a

perturbative environment.

Finite-time dynamics of slow forcing

We have already discussed that �nite-time dynamics is an analytical framework that

considers systems over a �nite interval of time, regardless of whether that system is

extendable beyond this interval, and that Lagrangian coherent structures have formed

a major component of this result. The results indicating the existence of intermittent

synchronisation highlighted a new frontier in this analysis | that of slowly time-varying

external forcing | which was recently developed further in [58,98].

In those references, a �nite-time analysis of the Adler equation was developed, which

describes the phase di�erence between a Kuramoto oscillator and an external periodic

driving as follows |

_� (t) = G(t) � � sin (� (t)) : (1.81)

The time-dependence ofG is taken to be slow relative to the dynamics of� , and soG(t)

is replaced withG(�t ), with the additional restriction thatt 2
h
0; 1

�

i
. When analysed as

� ! 0, the separation between the fast timescale of� (t) and the slow ofG(�t ) becomes

maximal. In this case, this is therefore not just a �nite-time analysis, but a slow-fast one.

In this framework, it was shown in [58] that the dynamics of_� (t) become dominated
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by its solutions on the slow manifold, which take on global stability properties. It was

further shown that if at such a solution

8
>>>>><

>>>>>:

@_�
@� < 0 then the solution is hyperbolicly stable,

@_�
@� > 0 then the solution is hyperbolicly unstable,

@_�
@� = 0 then the solution is non-hyperbolic.

(1.82)

Applied to Eq. 1.81, this framework found, through the calculation of �nite-time Lya-

punov exponents, that the system transitions from neutrally stable to stable as the

amplitude of the time dependence withinG(�t ) is increased. Furthermore, the value

at which this transition occurs depends on the length of the time interval over which

the system is studied. Once again, this demonstrates the physical role of time in a

non-autonomous system, and the importance of analysing the system in �nite time.

There remains, however, no holistic and self-consistent theory for the dynamics of non-

autonomous systems, as much as the recent approaches reviewed here have begun to

indicate paths towards one. In this thesis therefore, we will adopt numerical analyses of

non-autonomous systems based as much as possible in the �nite-time framework that

we have reviewed in this section. In Chapters 2 and 3, a numerical approach will be

adopted due to the considered system being considerably beyond the current forefront

of analytically understood solutions, and in Chapter 4 so as to inform how such systems

may appear when present in real, experimentally measured data. But in both cases,

we will pay careful attention to the physical nature of time, the necessity of which has

been demonstrated by the results of this section. In Chapter 4, we will additionally

demonstrate the advantages of this �nite-time approach, and the risks of it not being

adopted.
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2. Modelling oscillating living

systems: Cell energy metabolism as

weighted networks of

non-autonomous oscillators

Cells are an archetypal example of thermodynamically open systems. They necessarily

exchange energy and matter with their environment; essential ions must be brought

in to facilitate their life-sustaining processes, and waste products must be expelled to

prevent the cell from bursting. This capability is facilitated largely by ion channels.

These consist of both passive channels, which allow ions to pass in and out of the

cell, following the conventional laws of tending towards equilibrium, and active channels,

which expend energy to move ions against the electrochemical gradient and perturb the

internal cellular environment away from equilibrium. It is only through this perturbation

that a cell survives | if it were to reach equilibrium with its environment, it would no

longer have the internal balance necessary for its processes to function. Hence, they are

far from equilibrium systems as a result of their thermodynamic openness.

The energy required to power these active ion channels is provided by the cell's energy

metabolism. This is conducted by glycolysis and oxidative phosphorylation, producing

adenosine triphosphate (ATP), which is supplied to the ion channels. Glycolysis is per-

formed by enzymes in the cytosol of the cell, consuming primarily glucose, and oxidative

phosphorylation is undertaken in the mitochondria, consuming primarily oxygen. These

processes are also highly inter-linked to one another, and consist of multiple connected
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versions of themselves. In other words, they may be considered to be networks that are

coupled to one another.

The supply of oxygen and glucose to the cells is also not constant; the cardiovascular

system that moves them through the blood stream and into the extracellular environ-

ment has long been understood to be oscillatory, and indeed to have time-dependent

frequencies [99]. As a result, it is for more e�cient for the aforementioned metabolic

processes that rely on these metabolites to also oscillate in a time-dependent manner,

rather than attempt to convert their oscillatory input into a constant output.

Contemporary kinetic models of the glycolytic process have suggested that an overall

oscillatory nature may be an inevitable result of the manner in which the process is

constituted under normal living state parameters. In [100], for example, it is shown that

if the constituent processes interact linearly and without feedback the overall process

will operate in a steady state. However, once nonlinear interactions and feedback loops

between the sub-processes are accounted for, as is expected from experimental observa-

tion, glycolytic oscillations should be expected. Alternate model approaches have come

to a similar conclusion, such as the control theory method employed in [101]. There,

trade-o�s between the robustness of the process, its ability to withstand parameter per-

turbation and meet variable demand, and its e�ciency are found to inevitably result in

oscillations. This results primarily from the consideration of autocatalysis, with the more

signi�cant this aspect of the overall process is, the more oscillatory glycolysis becomes.

Observing this experimentally, however, has been less consistent. The initial observation

of glycolytic oscillations was in yeast cells [102], and similarly anaerobic conditions remain

the most common circumstance in which to observe these oscillations in vitro [103].

This is by no means exclusively the case, for example they have also been observed

in aerobic muscle cells and beta-cells, to name a few [104{106], and will be discussed

in the context of cervical cancer cells in this chapter. Cancerous cells are known to

disfavour aerobic metabolism compared to healthy cells, but this is not to the extent

of a complete exclusion of oxidative phosphorylation. In these examples it can certainly

be said however that these cells are far from a healthy state or their conventional living

environment and parameters. This is a pervasive problem in the investigation of living

systems; the only methods that exist to closely study their internal processes necessitate

53



removing them from their environment at best, and severely damaging them at worst,

and risking fundamentally altering their behaviour as a result. The fact that oscillations in

in vitro experiments appear more often in anaerobic conditions or for speci�c parameter

manipulations is quite possibly linked to this fact [105, 107{114]. As is increasingly

suggested by a variety of modelling approaches, oscillations likely require a full range of

interactions and access to metabolites that can (so far) only be maintained inin vivo

conditions. This is one potential explanation for the gap between models' convergence

around the expectation of oscillatory behaviour, and experiments' inconsistent results.

Another explanation is the di�culty in identifying and classifying oscillations in such ex-

perimental data. While this may not be challenging for the simplest analytical equations,

the potential nonlinear superposition of many di�erent oscillatory modes, introduction

of time-dependent modulation and inevitable inclusion of noisy variations and imperfect

measurement in a much more complex experiment require specialist analysis techniques

to discern. The gulf between the results di�erent analysis tools can give on this question

of oscillation or noise is considered more fully in Chapter 4, but is highly relevant to the

consideration of analysing metabolic processes in this and the next chapter also.

The case of oxidative phosphorylation oscillations is rather more straightforward. The

cyclic nature of this process has been expected since the discovery of the Krebs cycle, a

key part of mitochondria's metabolic process, and has been observed in many experiments

[115{119].

The further question, beyond that of the existence of oscillations, is how oscillations may

communicate, and thereby can be considered to be interacting. First, we can consider

there to be multiple glycolytic oscillations within a single cell; glycolytic enzymes co-

locate to produce ATP in multiple di�erent parts of the cytosol [120]. There have been

multiple chemical exchanges suggested for how glycolytic oscillations may be synchro-

nised between di�erent cells, including acetaldehyde, pyruvate and ethanol [104], with

acetaldehyde accumulating the most evidence in favour [112,121{123]. Communication

within the cell is far harder to study however, with the cytosol in particular being one of

the most complex parts with many di�erent processes all occurring simultaneously. So

without any hard evidence one way or the other, in this and the following chapter we
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assume internal glycolytic communication to operate in a similar manner to external, in

that it is based in di�usive molecular exchange.

The picture is similar for oxidative phosphorylation. It is even clearer that there will be

many processes occurring in the cell, as it takes place in each mitochondrion, of which

a typical cell has many. It is also challenging to measure the communication of healthy,

living mitochondria within a cell, but there has been observations of nano tunnel struc-

tures connecting them, which may be used for this purpose, as well as the inevitability

of common input and output regulation [115, 117, 124{127]. We hence make a simi-

lar assumption of molecular exchange being a mechanism of oxidative phosphorylation

communication.

As a result of all of these factors, which we will further expand upon in this and the next

chapter, we propose that the dynamics of cell energy metabolism are an appropriate can-

didate for the application of �nite-time analysis and to be modelled with non-autonomous

oscillator networks. This analysis and model forms the basis of this chapter, where it

will be introduced and justi�ed. In Chapter 3 fundamental behaviour of the model will

be analysed and a comparison to another model will be made in the context of a real

cellular metabolism experiment.

The process of constructing system models is signi�cantly a�ected by the transition from

thermodynamically closed to open systems. In closed systems, the conservation of mass

is a reliable constant, and thus forms a core principle of all attempts to model these

systems. These models cannot be applied to open systems, where conservation of mass

does not hold. We hence develop new models that break from this traditional framework

from new �rst principles, which will be outlined in further detail in this chapter.

Of course, this is not to say models of open systems must be entirely non-conservative.

If every variable was so, then the system as a whole would no longer be meaningfully

deterministic. Instead of mass, we will assume the possibility of a conservation of some

phase of the system. A contrast of these two modelling approaches will be reviewed and

detailed further in Chapter 3.
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Joe Rowland Adams and Aneta Stefanovska, 2019{2020 MATRIX Annals

Abstract

Oscillations are a common feature throughout life, forming a key mechanism by which

living systems can regulate their internal processes and exchange information. To

understand the functions and behaviours of these processes, we must understand the

nature of their oscillations. Studying oscillations can be di�cult within existing physical

models that simulate the changes in a system's masses through autonomous di�erential

equations. We discuss an alternative approach that focuses on the phases of oscillating

processes and incorporates time as a key consideration. We will also consider the

application of these theories to the cell energy metabolic system, and present a novel

model using weighted non-autonomous Kuramoto oscillator networks in this context.

It is increasingly clear that a wide variety of biological processes are rhythmic in nature,

from glycolysis within a cell to the heart pumping blood throughout the body [99,108].

Replicating this 
uctuating behaviour poses a challenge to many traditional modelling

methods, which can rely upon approximations of the system as thermodynamically closed

and linear, and which examine the system asymptotically in time. Such models may

only generate oscillations at particular parameter selections and modulations, oscillate

with a high degree of stability, and exist in a steady state within most of their parameter

space. This is in contrast to much of what has been observed of oscillating living

systems, where the oscillations continually 
uctuate in their frequency and amplitude,

and continue until the death of the system itself [105,107{110,112{116,127{133]. We

will present and discuss a di�erent approach that rethinks how 
uctuating biological

systems are best modelled, applied to the cell energy metabolic system.

2.1 Principles of an alternative approach

In Table 2.1 we outline the key principles that form our method for modelling oscillating

living systems, which we discuss further in this section.

It is easy to see that biological systems are open: without being able to exchange mass

and energy across its boundary a cell would die, the blood would not be oxygenated by
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Table 2.1: Summary of the principles informing our modelling approach contrasted to

those of mainstream approaches

Mainstream principles Our principles

Open systems can be modelled

as perturbed closed systems

Open systems can only

be fully represented by open models

Oscillations result from instability

of a dynamical system

Oscillations are inherent to the

dynamics of open systems. Living

systems continuously exchange energy

and matter with the environment

and each process is characterized

by self-sustained oscillators on a

certain time-scale

Nonlinear systems can be

recombined from linear systems

Nonlinear systems are

best understood by nonlinear models

Time variation in living systems

is often due to noise, and can be

averaged out over asymptotic time

Time variation in living systems

is often deterministic, and must

be modelled as non-autonomous

to re
ect the full system dynamics
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the lungs, and neurons would not receive the energy they need to �re [99, 134{136].

While it can be mathematically simpler to treat these systems as closed o� to their

environment, doing so is not modelling them in their healthy, existing state, but instead

a dead or dying one. The �rst principle of our approach is therefore to allow the

modelled system to be open. As a result, the quantities of our model are not the mass

of elements involved, but the instantaneous phases of the concerned processes.

Oscillations can often be considered as a perturbation of a system away from its `natural'

steady state. However, an attempt to remove oscillations from an otherwise oscillatory

system would be equivalent to destroying the system itself: oscillations not only allow

a compartmentalisation of otherwise con
icting processes, but play a signi�cant role in

the exchange of information and regulation throughout living systems [128]. Therefore

we instead treat them as an intrinsic result of the openness of living systems.

While modelling systems' interactions linearly similarly signi�cantly simpli�es the

mathematics, it does not re
ect the biological reality. Biological systems endemically

exhibit transitions in behaviour disproportionate to environmental changes [137], and so

we propose to model them as nonlinearly interacting phase oscillators [4].

The fourth key principle of our approach is that living systems should be studied

according to the time scales in which they actually exist and function. Analysing the

properties of a system in an asymptotic time frame can erase dynamics that exist for

only short times. Lucas et al., for example, demonstrated that non-autonomous phase

oscillators may synchronise intermittently, and that this is missed when using asymptotic

methods [2].

This variation of frequency of oscillation is seen throughout biology [116,128,132,133],

and hence our model considers nonlinearly interacting phase oscillations with non-

autonomous frequencies, analysed on �nite time scales.
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2.2 Modelling a cell's energy metabolism

Our model brings together these four principles to examine the oscillations of the

energy metabolism of a single cell. The focus of this model is the production of ATP,

a key molecule in maintaining cellular functions, by glycolysis, consuming glucose, and

mitochondrial oxidative phosphorylation (OXPHOS), consuming oxygen [134,135]. We

build on the work of Lancaster et al. [138], who modelled each metabolic process as

a singular non-autonomous phase oscillator. This model is based on the theory of

chronotaxic systems, which characterises non-autonomous oscillations as a method

for stabilising against external perturbations [1]. We extend this to include multiple

oscillators of each process, transforming the glycolytic and OXPHOS processes into

weighted networks of Kuramoto oscillators [6]. We also incorporate the �ndings of

Lucas et al. [2], deterministically varying the frequencies of the oscillations.

This model is represented diagrammatically in Fig. 2.1. It consists of four main elements

- two weighted Kuramoto networks of phase oscillators representing glycolysis and OX-

PHOS, and two sets of phase oscillators driving these networks, representing glucose and

oxygen.

Figure 2.1: Oscillator model diagram, where each circle represents a glycolysis (GO),

glucose (G), mitochondrial OXPHOS (MO) or oxygen (O) oscillator, and each line a

coupling.

That these processes are oscillatory has been extensively established by

experimentation, and further, that they may do so non-autonomously

[105, 107{110, 112{116, 127{133, 138]. The networks of the model re
ect the
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fact that glycolysis occurs in a cell distributed throughout the cytosol, undergoing mul-

tiple di�erent reactions simultaneously, and that these reactions appear to communicate

through the exchange of acetaldehyde molecules [112,120{123]. Similarly, cells contain

multiple mitochondria, each undergoing OXPHOS, communicating through molecular

exchange, common regulation and inter-mitochondrial nano tunnels [115,117,124{127].

The weighting of these networks, such that neighbouring oscillators in
uence one

another more strongly than those more separated, re
ects the spatial distances between

these individual processes, and the di�usive nature of their molecular-exchange-driven

communications.

We now introduce the mathematical formulation of these elements, beginning with the

concept of phase oscillators. These are derived from ordinary di�erential equations that

exhibit self-sustaining oscillations in their state dynamics. Phase, in this circumstance,

is de�ned as the position of the equation along its oscillatory cycle at a given time.

The frequency here refers to the velocity of this phase, which we allow to vary in time.

We choose to focus on phase as the building blocks of our model, initially discarding

the amplitude of the oscillations. This is because at a microscopic level the oscillator

is a unit de�ned with a phase only, while the amplitude is built at a mesoscopic level,

resulting from the mean �eld of the network.

The oscillators' phase can be further de�ned in the immediate region around its

oscillations in state space through the use of isochrons. Isochrons connect all points in

the region adjacent to a stable cycle with the one point on the cycle that, after a time,

will �rst meet the perturbed points back on the cycle as the perturbation decays. Thus

all these points are de�ned by the same phase [4,5].

For non-autonomous oscillators we may also make this extension of de�nition, by

considering each state in time as an autonomous system of slightly di�erent frequency

to the ones proceeding and following it. So long as the cycle of each autonomous

system exists in the region of attraction of the system proceeding it, we may de�ne the

former's phase via the isochrons of the latter system. This assumption hence requires
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that the change in the oscillator's frequency over time remains small in comparison to

the frequency itself [8].

Having de�ned phase in the region of non-autonomous cycles, we can consider methods

of coupling oscillators. Because our approach focuses on the frequencies and phases

of the systems involved, phase coupling is used to model the e�ects of the biological

processes on one another. Through this form of coupling, oscillatory systems perturb

one another's phase in a backwards or forwards direction, depending on the comparative

directions of oscillation of the two systems. Too strong coupling, however, can perturb

the phase beyond the region de�ned by isochrons. Therefore in order for the perturbed

system to remain in the region of its original cycle, where phase is de�ned, we must

further require that that the coupling generating the perturbation is only weak [4,5,139].

We may now consider the equations of the model. First, the glycolysis and OXPHOS

intra-network connections are de�ned as

_� GONi =
K GO

N

NX

j =1

Wij sin (� GOj � � GOi ) ;

_� MONi =
K MO

M

MX

j =1

Wij sin (� MOj � � MOi ) ; (2.1)

where the subscriptGO represents the glycolytic network andMO the OXPHOS,N

the number of glycolytic oscillators,M the number of OXPHOS oscillators,K X the

relevant network coupling strength and� X the phase.

The weighting of edges within the glycolytic and mitochondrial networks consists of more

heavily weighting shorter edges, where the nodes are positioned equidistantly around a

ring. Mathematically, fori � N
2
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Wij =

8
>>>>>>>>><

>>>>>>>>>:

W
ji � j j

; for j 2
�
1; i + N

2 � 1
�

;

W
jj � N � i j

; for j 2
�
i + N

2 ; N
�

;
(2.2)

and forN � i > N
2

Wij =

8
>>>>>><

>>>>>>:

W
ji � j j

; for j 2
�
i � N

2 + 1; N
�

W
jj + N � i j

; for j 2
�
1; i � N

2

�

(2.3)

wherei denotes the index of the node under consideration,j the index of the node at the

other end of the corresponding edge,N the number of nodes in the network,W a con-

stant to be chosen, andWij the resulting weighting of the edge connecting nodesi andj .

Next, the glucose and oxygen driving are de�ned as,

_� GOGi = � G sin (� GOi � � Gi ) ;

_� MOOi = � O sin (� MOi � � Oi ) ; (2.4)

where the subscriptG represents the glucose driving andO the oxygen, and� X

represents the coupling strength of the relevant driving.

Finally, the inter-network interactions arise through coupling each network to the mean

�eld of the other [140], such that

_� GOMOi = FGO rMO sin (	 MO � � GOi ) ;

_� MOGOi = FMO rGO sin (	 GO � � MOi ) ; (2.5)
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here FX is the intra-network coupling strength,rX the Kuramoto order parameter,

whererX ei� = 1
N

P N
k=1 ei� Xk and � is the phase of the mean �eld arising from the

network, such thatrX = 1 indicates a totally ordered network, whilerX = 0 a totally

disordered one. Further, the average phase of networkX is 	 X = 1
N

P N
i =1 � Xi .

The four governing di�erential phase equations therefore are,

_� Gi = ! Gi (t);

_� Oi = ! Oi (t);

_� GOi = ! GOi (t) + _� GONi � _� GOGi + _� GOMOi ;

_� MOi = ! MOi (t) + _� MONi � _� MOOi � _� MOGOi ; (2.6)

where! X (t) is the time-varying natural frequency of oscillatorX . The signs of the

inter-network coupling terms are opposite to represent the inhibitory e�ects of OXPHOS

on glycolysis, and the excitatory e�ects of glycolysis on OXPHOS [138].

We o�er in Fig. 2.2 a comparison between an output of this model and an experimental

observation of cellular glycolysis. This experiment was conducted by Amemiya et al., who

optically measured the NADH 
uorescence, a by-product of glycolysis, of batches of HeLa

cells cultured under a variety of glucose starvation conditions [132]. The model output

is the combined Kuramoto order parameter of the glycolytic and OXPHOS networks,

de�ned as	 GOMO = 1
(N + M )

� P N
i =1 � GOi +

P M
j =1 � MOj

�
. The parameter values this

simulation was conducted under are given in Table 2.2.
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Table 2.2: Parameters used in the simulation to generate the output displayed in Fig. 2.2

Parameter Value(s)

� G [0.1, 0.26]

� O 0.01

K GO 1

K MO 1

FGO 0.05

FMO 0.05

! G [0.0465, 0.0465] Hz

! GO [0.0838, 0.1045] Hz

! MO [0.0543, 0.0677] Hz

! O [0.0258, 0.028] Hz

N 100

M 100

W 1

Figure 2.2: Sample output of the model (left) and the NADH 
uorescence of a single

HeLa cell from the Amemiya et al experiment, normalised to within the range [0, 1]

(right) [132]. The model output is represented by the combined Kuramoto order param-

eter of both the glycolytic and OXPHOS networks.
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2.3 Outlook

Modelling oscillating biological systems in their living state is a complex task. In order

to reproduce every oscillation, variation of frequency, and di�erent regime of stability a

system o�ers, oscillations and nonautonomicity must be built in to the foundations of a

model.

Using this approach, we can replicate oscillatory biological data in all its variety with only

small changes to model parameters, that can themselves be matched to experimental

measurements. Investigating the parameters at which various combinations of the

oscillators of the model synchronise, and the transitions between these relationships, can

also reveal a signi�cant amount about a biological system. Each of these regimes can

be understood as a healthy or pathological state of the system, revealing the breakdown

of which mechanisms can be identi�ed with which diseases [138].

Further, analysing the synchronisation of non-autonomous oscillator networks in �nite

time has already uncovered the new phenomenon of intermittent synchronisation [2].

Investigation of the metabolic model we have presented here, which introduces multiple

networks and more complex forms of coupling, promises yet more unseen stabilisation

behaviours.
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3. Modeling Cell Energy Metabolism

as Weighted Networks of

Non-autonomous Oscillators

Joe Rowland Adams and Aneta Stefanovska, Frontiers in Physiology

(2021)

Abstract

Networks of oscillating processes are a common occurrence in living systems. This is as

true as anywhere in the energy metabolism of individual cells. Exchanges of molecules

and common regulation operate throughout the metabolic processes of glycolysis and

oxidative phosphorylation, making the consideration of each of these as a network a

natural step. Oscillations are similarly ubiquitous within these processes, and the

frequencies of these oscillations are never truly constant. These features make this

system an ideal example with which to discuss an alternative approach to modelling

living systems, which focuses on their thermodynamically open, oscillating, nonlinear

and non-autonomous nature. We implement this approach in developing a model of

non-autonomous Kuramoto oscillators in two all-to-all weighted networks coupled to

one another, and themselves driven by non-autonomous oscillators. Each component

represents a metabolic process, the networks acting as the glycolytic and oxidative

phosphorylative processes, and the drivers as glucose and oxygen supply. We analyse
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the e�ect of these features on the synchronisation dynamics within the model, and

present a comparison between this model, experimental data on the glycolysis of HeLa

cells, and a comparatively mainstream model of this experiment. In the former, we �nd

that the introduction of oscillator networks signi�cantly increases the proportion of the

model's parameter space that features some form of synchronisation, indicating a

greater ability of the processes to resist external perturbations, a crucial behaviour in

biological settings. For the latter, we analyse the oscillations of the experiment, �nding

a characteristic frequency of 0.1{0.2Hz. We further demonstrate that an output of the

model comparable to the measurements of the experiment oscillates in a manner

similar to the measured data, achieving this with fewer parameters and greater


exibility than the comparable model.

3.1 Introduction

Analysing the energy metabolism of a cell can be key to understanding more about

its functions, states and health. A malfunctioning metabolism is indicative of a wide

range of pathological states, from diabetes, to Alzheimer's, to cancer [141{144]. A

healthy metabolism also plays a signi�cant role in other higher order processes through its

production of adenosine triphosphate (ATP), which, for example, allows the generation

of a membrane potential. The membrane potential is itself crucial for a variety of

functions, including maintaining the cell's structural integrity and the �ring mechanism

of neurons [145,146].

Cellular ATP is generated mainly through glycolysis in the cytosol, consuming glu-

cose, and oxidative phosphorylation (OXPHOS) in the mitochondria, consuming oxy-

gen [134, 135]. Like many biological processes, experimental observations have estab-

lished that these reactions are oscillatory [105, 107{110, 112{115, 127, 129{131, 138].

Not only this, but there is further evidence to suggest these oscillations may be non-

autonomous [116, 128, 132, 133, 147, 148]: that their frequencies vary over time. Mod-

elling this behaviour is a challenge for many traditional techniques, which often rely on

perturbations of a steady state to give rise to oscillations, and the addition of noise to

simulate non-autonomous variation. We present here an alternative approach to mod-
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elling non-autonomous oscillations in living systems, and what we can learn from such

models.

The time variation of biological oscillations is often neglected, even where the existence

of oscillations is acknowledged. Many modelling theories assume this variation to be

due to noise, arising either from experimental methods or from the complexity of the

system's interactions, and therefore that it can be averaged out when considered over

asymptotic time. Time sensitive analysis of such data can show that the variation in

a process's oscillations, induced by interactions with its surroundings and otherwise, is

often deterministic [2, 96]. Lucas et al. [2, 96] further showed that allowing for this

deterministic variation in a model's architecture, and analysing it over the �nite time

scales within which biological systems actually exist, can reveal dynamics that would be

missed in a solely asymptotic approach. In particular, an intermittent synchronisation,

where oscillators are synchronised at some times and not others, without any change of

parameters, can only exist when oscillations are allowed to be non-autonomous and only

found when they are analysed with �nite time techniques.

The origins of our cellular metabolism model lie in the work of Lancaster et al. where

glycolysis and OXPHOS are each represented by bi-directionally coupled non-autonomous

Kuramoto oscillators [6], and each driven by a non-autonomous oscillator depicting the

supply of glucose and oxygen, respectively [138]. This model was built on the theory of

chronotaxicity [1], which studies the e�ects of non-autonomicity to stabilise oscillators

in spite of perturbations, an important ability for biological processes.

However, like most biological processes, neither glycolysis nor OXPHOS are a single

process, but many [118, 144, 149{151]. Glycolysis occurs distributed throughout the

cytosol, while OXPHOS is localised within the many mitochondria of the cell. These

processes further communicate between themselves as well as one another. Glycolysis

was found to signal inter- and intra-cellularly through the exchange of acetaldehyde [112,

121, 123, 152], while OXPHOS is thought to interact in many possible ways, including

molecular exchange, common regulation and inter-mitochondrial nano tunnels [120].

Here, we extend the Lancaster et al. model [138] to consider glycolysis and OXPHOS

as all-to-all coupled networks of oscillators. These networks are furthermore weighted

such that oscillators closer to each other around a ring are connected more strongly than
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those further from one another, to re
ect the nature of molecular exchange over a range

of distances. We also draw from the work of Petkoski et al., who introduced a method

of phase coupling through mean �elds of ensembles of oscillators [153,154].

We present here a summary of the Lancaster et al. non-autonomous oscillator model

for cell energy metabolism [138], the details of its adaptation to weighted networks

of oscillators, informed throughout by our alternative approach to modelling oscillating

living systems. We will discuss further the analysis that had and can be done on these

models, and what they can reveal about the biology of the cellular production of ATP

and its role in wider processes.

3.2 Materials and Methods

Our modelling approach consists of four main principles, which are summarised in Ta-

ble 3.1. We consider the cell to be the minimal functioning biological unit: processes

within the cell cannot be isolated and still function and more macroscopic functions can

be built from a cellular level, but the cell itself can survive provided the appropriate

molecular supply in its environment. It is crucial however that the cell is able to expel

waste and absorb needed molecules. This makes the cell a thermodynamically open sys-

tem: matter and energy must cross its boundaries in order for the cell to survive. One of

the principles of our approach is therefore to treat the cell and its internal processes as

open, constructing a model that does not impose a constant mass on the system. While

many models make mass their subject, it is much easier to achieve the aim of an open

system by focusing the phase of the processes instead, and so in our model we consider

the phase of oscillations.

Our second principle is to treat oscillating systems as not just a temporary perturbation

from a steady state, but as fundamentally de�ned by their oscillations. We therefore

do not construct our model as a non-oscillating set of processes and subsequently �nd

sets of parameters that induce oscillations, but set oscillations as the foundation of the

model by representing each process with a phase oscillator. Cellular processes are also

inevitably characterised by their nonlinearity [137], and modelling these nonlinearities is
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Table 3.1: Summary of the principles informing our modelling approach contrasted to

those of mainstream approaches

Mainstream principles Our principles

Open systems can be modelled

as perturbed closed systems

Open systems can only

be fully represented by open models

Oscillations result from instability

of a dynamical system

Oscillations are inherent to the

dynamics of open systems. Living

systems continuously exchange energy

and matter with the environment and

each process is characterised by

self-sustained oscillations on a

certain time-scale

Nonlinear systems can be

recombined from linear systems

Nonlinear systems are

best understood by nonlinear models

Time variation in living systems

is often due to noise, and can be

averaged out over asymptotic time

Time variation in living systems

is often deterministic, and must

be modelled as non-autonomous

to re
ect the full system dynamics
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essential to understanding their dynamics. We therefore use Kuramoto oscillations to

model these interactions.

Unlike theories that assume variations in the features of these oscillations, in particular

frequency, are due solely to noise endemic to the complexity of biological systems, we

treat much of these observable variations as deterministic. Our modelling approach to

these systems is to represent them as non-autonomous Kuramoto phase oscillators.

3.2.1 Cell energy metabolism

The biological system as considered in this model is summarised in Fig. 3.1(A). It is

constituted by four key processes: glycolysis, converting glucose, ATP and ADP into

NADH, pyruvate and ATP, OXPHOS, converting oxygen, NADH and pyruvate into

ATP, and the supplies of glucose and oxygen. The main purpose of this mechanism

is the creation of ATP, which is primarily used to fuel ion pumps. Ion pumps actively

transport ions across the cell's boundary against the electrochemical gradient, without

which the cell would be forced to maintain an ionic equilibrium with its surroundings.

Instead, the cell is able to accept the ions it needs for survival, and prevent itself from

being 
ooded with an unhealthy quantity. Neuronal �ring also relies on the ability of ion

pumps to dramatically and rapidly change the balance of ions between the cell interior

and exterior: the process is triggered only once the cell's membrane potential crosses

the action potential threshold, typically requiring a change of some 100mV [155].

Communication between the metabolic processes is also well established

[112, 120, 121, 123]. Glycolysis enzymes exist all around the cytosol, each facili-

tating an element of the wider glycolytic reaction. Not only do these distributed

enzymes rely on regulation and supply common to them all, but the exchange of

acetaldehyde molecules has been observed to drive coherence between glycolytic

processes. Mitochondria, housing the OXPHOS process, exist in a more �xed state

than the glycolysis enzymes of the cytosol, but are similarly thought to mutually

organise their processes for the e�cient running of the cell. Mapping precisely the

exact positions and connections of these processes however would be challenging,

if not impossible. In our model we therefore focus on the importance of molecular
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exchanges in their communication, and the di�usive nature of these exchanges

making distance a key consideration. Hence, we have assumed all-to-all coupled

networks, but weighted these connections such that if were they considered around

a ring, coupling strength would decrease the further apart any two given oscillators were.

Figure 3.1: (A) The cellular energy metabolism considered in the Lancaster et al. model,

reprinted with permission from [138]. (B) An oscillator model diagram of A, where each

circle represents an oscillator, and each line a coupling. MO denotes the mitochondrial

oscillator, GO the glycolysis, G the glucose driving and O the oxygen.

3.2.2 De�ning the model

Each of these four metabolic processes is represented by a Kuramoto oscillator. Ku-

ramoto oscillators are a type of nonlinearly interacting phase oscillators, which are a re-

duction of ordinary di�erential equations featuring self-sustaining oscillations from many

degrees of freedom to just one: the phase of the oscillation. The phase of an oscillator

is de�ned as its position along its cycle at a given time. This cycle can be represented in

phase space, as shown in Fig. 3.2(A), where the meaning of any particular phase value

can easily be seen.

Here phase has only been de�ned on the cycle of the oscillator equation. However, when

oscillators interact or are driven by external forces, they will be perturbed away from this

cycle. The phase in the vicinity of the cycle must therefore also be de�ned, which can

72



Figure 3.2: (A) An oscillatory cycle in phase space, at a phase value of� . (B) A point

perturbed from an oscillatory cycle, returning along isochron I to the cycle at a point

with phase' . The perturbed point is therefore also assigned the phase' .

be done for stable oscillators using isochrons. When a stable oscillator is perturbed its

phase will initially leave its cycle, but will return to it over time if not further perturbed.

Isochrons connect the point to which a phase is perturbed to the point on the cycle it

will �rst return to after the decay of the perturbation, assigning both the same phase

value. This is demonstrated in Fig. 3.2(B). In order to remain in this region of attraction

of the cycle, where isochrons can be used, the perturbations must be su�ciently weak,

placing constraints on the strength of couplings between oscillators and drivers [4,5].

This de�nition requires further extension to allow for the phases of non-autonomous

oscillators. As the frequency, also known as the velocity of the phase, of the oscillator

changes at each moment in time the system is transformed from one autonomous system

to another. To maintain a consistent de�nition of phase across these systems, we must

require that each system resides in the region of attraction of the one proceeding it, in

order to use the same reasoning as the isochrons of perturbations. As with the weak

coupling requirements of interactions, this de�nition constrains the system to only small

changes in the frequency of oscillation from second to second [8].

This theory was applied to the biology of cellular ATP production by Lancaster et al. [138]

in the following equations for the oscillators' phases
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