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Abstract We consider a class of M-estimators of the parameters of a GARCH(p, q)
model. These estimators are asymptotically normal, depending on score functions,
under milder moment assumptions than the usual quasi maximum likelihood, which
makes them more reliable in the presence of heavy tails. We also consider weighted
bootstrap approximations of the distributions of these M-estimators and establish
their validity. Through extensive simulations, we demonstrate the robustness of
these M-estimators under heavy tails and conduct a comparative study of the perfor-
mance (biases and mean squared errors) of various score functions and the accuracy
(confidence interval coverage probabilities) of their bootstrap approximations. In ad-
dition to the GARCH(1,1) model, our simulations also involve higher-order models
such as GARCH(2,1) and GARCH(1,2) which so far have received relatively little
attention in the literature. We also consider the case of order-misspecified models.
Finally, we analyze two real financial time series datasets by fitting GARCH(1,1) or
GARCH(2,1) models with our M-estimators.

1 Introduction

Generalized Auto Regressive Conditional Heteroscedastic (GARCH) models have
been used extensively to analyze the volatility or the instantaneous variability in
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financial time series. This is a domain in which Professor Masanobu Taniguchi and
his coauthors published a number of impactful papers (Lee and Taniguchi, 2005;
Taniai et al., 2012) and two influential monographs (Taniguchi et al., 2008 and 2014).

A stochastic process X := {X;;t € Z} is said to follow a GARCH(p, ¢) model if

X: =016, tEL, (D

where {e;t € Z} is a sequence of (unobservable) i.i.d. errors with symmetric
distribution around zero and {o7;t € Z} is a solution of

p q
o= (wo+ Y aoiX7 + ) pojor ) ez, 2)
i=1 J=1

for some wo > 0, ap; > 0,7 =1,...,p, and Bo; > 0, j = 1,...,q. Mukherjee
(2008) introduced a class of M-estimators for estimating the GARCH parameter

00 = (CUO,CYOI,-~-,a'0p»,801a-~-’ﬂ0q)l (3)

based on an observed finite realization {X,; 1 <t < n} of X. Depending on the choice
of a score function, these M-estimators are asymptotically normal under milder
moment assumptions on the error distribution than the commonly-used quasi max-
imum likelihood estimator (QMLE). Mukherjee (2020) further considered a class
of weighted bootstrap methods to approximate the distributions of these estimators
and established their asymptotic validity. In this paper, we discuss an iteratively re-
weighted algorithm to compute these M-estimators and the corresponding bootstrap
estimators with emphasis on the so-called Huber, u-, and Cauchy-estimators, which
so far were not given much attention in the literature. This iteratively re-weighted al-
gorithm turns out to be particularly useful in the computation of bootstrap replicates
since it avoids re-evaluating some core quantities for each new bootstrap sample.

The class of M-estimators of Mukherjee (2008) includes the (Gaussian) QMLE
as a special case. The asymptotic normality of the QMLE and the asymptotic validity
of bootstrapping it are well-known classical results which, however, require the exis-
tence of fourth-order moment of the error distribution. The same class also contains
other less-known M-estimators, such as the u-estimator and Cauchy-estimator, which
are asymptotically normal under milder moment assumptions and hence should be
considered as attractive alternatives to the QMLE. One of the objectives of this paper
is to study the performance of these estimators through simulations and use them for
the empirical study on some interesting datasets.

In an earlier work, Muler and Yohai (2008) analyzed the Electric Fuel Corporation
(EFCX) time series by fitting a GARCH(1,1) model to the data. Using exploratory
analysis, they detected the presence of outliers and considered estimation of the
GARCH parameters based on various robust methods. It turns out that the estimates
based on different methods vary widely, which makes their study somewhat incon-
clusive as to which robust methods should be preferred in similar situations. In this
paper, we show how M-estimators can be used for making such choices.
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In a different direction, Francq and Zakoian (2009) stressed the importance of
considering higher-order GARCH models such as the GARCH(2,1) in the context of
financial data. Computational results and simulation studies for such models, how-
ever, are rather scarce in the literature. Our simulation study and empirical applica-
tions therefore include higher-order models such as GARCH(2,1) and GARCH(1,2).

The main contributions of the paper are as follows. We implement a very general
algorithm for computing a variety of M-estimators and demonstrate their importance
in the analysis of real data. We consider situations when the error distributions are
possibly heavy-tailed or require a higher-order GARCH model fitting. We provide
results and analysis of extensive simulation study based on M-estimators which
are asymptotically normal under weak moment assumptions on error distribution.
Finally, we study the effectiveness of the bootstrap approximation of the distribution
of M-estimators.

The paper is organized as follows. Sections 2 and 3 set the background. In partic-
ular, Section 2 considers the class of M-estimators and provides several examples.
Section 3 contains the bootstrap formulation and its asymptotic validity. Section 4
discusses some of the computational aspects of M-estimators and their bootstrapped
versions. Section 5 reports simulation results for various M-estimators. Section 6
compares the bootstrap approximations of M-estimators with the classical asymp-
totic normal approximation. Section 7 analyzes two real financial time series data.

2 M-estimation of GARCH parameters
2.1 A class of M-estimators

Throughout the paper, we write ¢ for the derivative and g for the gradient of a differ-
entiable function g, sign(x) for I(x > 0) —I(x < 0), and log* (x) for I(x > 1) log(x)
when x > 0. Also, € represents a generic random variable with the same distribution
as the errors {¢, } in (1).

Consider H(x) = xy(x), x € R, where ¥ : R — R is an odd and differentiable
function at all but possibly a finite number of points; denote by D C R the set
of points where  is differentiable and by D its complement. Since ¥ is an odd
function, H is an even function. Functions H of this type will be used as score
functions in the M-estimation procedures described below. Examples are as follows.

Example 1

(i) QMLE score function: ¢ (x) = x; D = ¢ (the empty set), H(x) = x°.

(i) Least absolute deviation (LAD) score function: y(x) = sign (x); D = {0},
and H(x) = |x|.

(iii) Huber’s k score function: ¥ (x) = xI(|x| < k) + ksign (x)I(|x|] > k),
where k > 0 is a known constant (D = {-k, k}), and
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H(x) = x*I(|x| < k) + k|x|I(]x| > k).

(iv) Maximum likelihood score function: ¢ (x) = — f(x)/ f (x), where f is the actual
density of e, assumed to be known, and H(x) = x{—f (x)/f(x)}.

(v)  u score function: ¥ (x) = psign(x)/(1+|x|), where p > 1 is a known constant
(D ={0}), and H(x) = u|x|/(1 +|x|) (a bounded score function).

(vi) Cauchy score function: ¢ (x) = 2x/(1 +x?), H(x) = 2x*/(1 + x*) (a bounded
score function).

(vii) Exponential pseudo-maximum likelihood score function: ¢ (x) = &1 |x|%2~'sign(x),
where §; > 0and 1 < 6, < 2 are known constants; D = {0}, and H(x) = &;|x|%2.

Assume that for some x; > 2 and k, > 0,

E[|e|“'] < o and m%P[e2 < 1]/t = 0. 4)
11—

Then 0',2 (see (2)) admits the unique almost sure representation
(o]
2 _ 2
o _c0+zcjx,_j, teZ, (5)
J=1

where {c;; j > 0} are defined in Berkes et al. (2003; (2.9)-(2.16)). Let © be a compact
subset of (0, oo)”PX(O, 1)? and denoteby 0 = (w, ay, ..., ap,B1,...,By) atypical
element in ©. Define the variance function v, : @ — R* by

v, (8) =c0(0)+zcj(0)xf_j, 00O, ez, (©6)
=

where the coefficients {c;(6); j > 0} are such that, for 6 = 6,
cj(0o) =cj, j=0 (M

(Berkes et al. (2003; (3.1))). Hence the variance function satisfies v; (6¢) = 0',2, teZ
and (1) can be rewritten as

X: = {v:(80)}' €&, 1<t<n. (8)

Let H denote a score function. The M-estimators are defined as the solutions 9n
of M, 1 (0) = 0, where

n

M,u(0) =) {1 - H{xt/a,‘”(e)}}{ﬁ,<e>/at<a>} ©)

t=1

and
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t-1

0,(0) = co(@) +I(2 < 1) ch(a)xtz,j, 0c® 1<t<n (10)
J=1

is the observable approximation of the variance function v, (6) defined in (6).

The recursive nature of the coefficients {c; ()} greatly simplifies the computation
of M-estimators, as discussed in Section 4. For p, g = 1 or 2, these coefficients, for
instance, satisfy the following recursions.

Example 2

(i) GARCH(1,1) model: with 0 = (w, a, B)’,

CO(w’a’ﬁ) = 0.)/(1 _:8)’ Cj(w’a"ﬁ) = aﬂj_l’ .] > 1.

(i) GARCH(2,1) model: with 8 = (w, a1, @2, B)’,

co(0) =w/(1 =), c1(8) =a1, c2(0) =ar+Bci(8) = ar + Bay,
and
cj(0) =pc;-1(0), j=3.
(iii) GARCH(1,2) model: with 8 = (w, @, B1, B2)’,

co(0) =w/(1 =p1 = p2), c1(0) =a, c2(8) = Bic1(0) = B1a,

and
cj(0) =picj-1(0) + pac;—2(0), j=3.
(iv) GARCH(2,2) model: with 8 = (w, a1, @2, B1, 52)’,

co(0) =w/(1-B1 - B2), c1(0) =ai, c2(8) = a2+ pay,

and
cj(0) =Bicj-1(0) + Bac;2(0), j=3.

2.2 Asymptotic distribution of M-estimators

The asymptotic distribution of M-estimators is derived under the following assump-
tions.

Assumptions (A) (Model assumptions). The parameter space ® is compact and 6
defined in (3) belongs to its interior; (4), (6), and (8) hold; {X;} is stationary and
ergodic.
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Assumptions (B) (Score function assumptions).
(B1) Associated with the score function H, there exists a unique number cgy > 0
such that

E[H(e/cy)] =1, E[H(e/cyP)]? < oo, and 0 < E{(e/c)P)H(e/c}?)} < oo
an
and the transformed parameter

Oor = (CHWO, CHAOL, - - - CHAOp, P01 - - - Bog)’ (12)
is in the interior of @.
(B2) (Smoothness conditions)!

(i) There exists function L satisfying
|H(es) — H(e)| < L(e)|s* 1], e € R, 5 >0,

where Elog+{L(e/cgz)} < o0;
(ii) there exists function A such that fore e R!, s > 0, es,e € D,

|H(es) = H(e)| < Ale)ls - 1,

where E{|e/c};2|A(e/cgz)} < o0;
(iii) there exists function A* satisfying

[A(e +es) — Ae)] < A*(e)s, e € R!, s> 0,

where Elog+{A*(5/c}1/2)} < 0.

Defining the score function factor
o2 (H) = 4 Var{H(e/c; ")}/ [E{(e/c, ) H e/ c )},

and the matrix
G = E{01(8om)0, (o) /v (8om)},

the following result on the asymptotic distribution of the M-estimator ,, defined
in (9) and (10) holds (Mukherjee (2008)).

Theorem 1 Suppose that Assumptions (A), (B1) and (B2) hold. Then n'/? (0,-001)
is asymptotically normal with mean 0 and covariance o*(H)G ™" as n — .

Remark 1. Note that the coefficients cy in Assumption (B1) take the val-
ues ¢y = E(€?) for the QMLE and ¢y = (E|e|)? for the LAD. For the Huber, u-,
Cauchy, and other scores, ¢y does not have a closed-form expression but the corre-
sponding numerical values can be computed from (11) for various error distributions

! These conditions are trivially satisfied by all the examples of score functions H considered above.
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as follows. Fix a large positive integer I and generate {¢;; 1 < i < I} from the error
distribution. Then, using the bisection method on ¢ > 0, solve the equation

(1/1)2 {H(ei/cl/Z)} ~1=0.
i=1

In Table 1, we provide cy for some further error distributions and score functions
such as Huber’s k-score with k = 1.5 and the p-estimator with ¢ = 3, which are
used in simulations and data analysis in subsequent sections.

Table 1 Values of cy for various M-estimators (Huber, u-, Cauchy) under normal, double-
exponential, logistic, 7(3), and #(2.2) error distributions.

Huber p-estimator Cauchy

Normal 0.825 1.692 0.377
Double exponential 0.677 1.045 0.207
Logistic 0.781 1.487 0.316

t(3) 0.533  0.850 0.172

1(2.2) 0204 0274 0.053

3 Bootstrapping M-estimators

Let {wys;1 <t < n,n > 1} be a triangular array of random variables such that (i)
for each n > 1, {wy;; 1 < t < n} are exchangeable and independent of {X;;¢ > 1}
and {¢;t > 1}, and (ii) w,; > 0 and E(w,;) = 1 for all + > 1. Based on these
weights w,,;, a bootstrap estimator 0., is defined as a solution of Hi y(0) =0,
where

=
=

n

M, ;4 (8) = wm{l - H{xt/ﬁ,l”(o)}}{étw)/a,w)}. (13)
=1
From various available choices of the bootstrap weights, we consider, for the sake of
comparison, the following three bootstrapping schemes.

(i)  Scheme M. The sequence {wy1, . . . , Wy, } has a multinomial (n, 1/n,...,1/n)
distribution, which essentially yields the classical paired bootstrap.

(ii) Scheme E. The weights are of the form w,,; = (nE;)/>;_, E;, where {E,} are
i.i.d. exponential with mean 1.

(iii) Scheme U. The weights are of the form w,,, = (nU;)/ X", U;, where {U, } are
i.i.d. uniform on (0.5, 1.5).

A large number of other bootstrap methods in the literature are special cases
of the above formulation. Such general formulation of weighted bootstrap offers a
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unified way of studying several bootstrap schemes simultaneously. See, for instance,
Chatterjee and Bose (2005) for details in different contexts.
We assume that the weights satisfy the basic conditions

E(wp) =1, 0< k3 < 02 = o(n), and Corr (w1, wn) = O(1/n), (14)

where 0',% = Var(wy;) and k3 > 0 is a constant (Chatterjee and Bose (2005; Condi-
tions BW)). We also assume additional smoothness and moment conditions.

Assumptions (B’) H(x) is twice differentiable at all but a finite number of points
and for some § > 2, E[H(e/c}_f)]‘S < oo,

Under (14) and Assumptions (A), (B) and (B’), the weighted bootstrap is asymp-
totically valid (Mukherjee (2020)).

Theorem 2 Suppose that Assumptions (A), (B), (B’) and (14) hold. Then for almost
all data,? as n — oo,

o '8,y - 0,) - N0, > (H)G™). (15)

Since 0 < 1/, < 1/v/k3, the probability of convergence of the bootstrap estima-
tor is the same as that of the original M-estimator, although the scaling o, ' reflects
the impact of the chosen weights.

The distributional result of (15) is useful for constructing confidence intervals
for the GARCH parameters. Let B be the number of bootstrap replicates. Consider
the true value g of a generic parameter (either wy, ay;, or Bo;) and let ¥, and P.,p
denote its M-estimator and b-th bootstrap estimator (1 < b < B), respectively.
Let yoy denote the corresponding transformed parameter (either cgywg, cgao;,
or Bo;; see (12)); the value of this yog is known in simulation experiments.

Using the approximation of V7 (9, — yor) by o 'n'/?(#.n — $n), the bootstrap
confidence interval (with level 1 — @) for oy is of the form

A

yn_n_l/z{o'yzlnl/z('j\’*n,aﬂ_')A’n)}’ 'j\’n+n_1/2{o-r:1n1/2('5\’*n,1—a/2_‘f’n)} , (16)

where 7., g is the S-th quantile of the numbers {J.,5,1 < b < B}. Consequently,
the bootstrap coverage probability is evaluated by the proportion of intervals of the
form (16) containing yog.

The asymptotic normality result of Theorem 1 also yields a confidence interval

In =72z ap, Fn+ 07 Az (17)
(with level 1 — ) for yog, where d? is the estimated variance of Y, obtained as the

appropriate diagonal entry of the estimator of o2 (H)G ! and z;_,, 2 isthe (1 -a/2)-
th quantile of the standard normal distribution. Call it the normal confidence interval.

2 Namely, outside a set of probability zero in the bootstrap distribution induced by the data.
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In Section 6, we compare the accuracy of the bootstrap-based and normal confi-
dence intervals (16) and (17).

4 Computational issues

This section discusses, in detail, the implementation of an iteratively re-weighted
algorithm for the computation of M-estimators proposed in Mukherjee (2020). In
particular, we highlight the u- and Cauchy-estimators, since their asymptotic distri-
butions are derived under mild moment assumptions. We also consider the bootstrap
estimators based on the corresponding score functions.

4.1 Computation of the M-estimators

For the convenience of writing, let @(c) = E[H(ce)] for ¢ > 0. Using a Taylor
expansion of M, g, we obtain the following updating equation as

6= Beta (/2 [ S @i/ @) Y {HX 81} 6.0, D)

t=1 t=1
(18)
where @(1) = E{eH(€)} (this expectation exists under the smoothness conditions
in Assumption (B)) and 0 is the updated estimator of 8, as a function of the current
one @, say,. We now discuss two aspects regarding implementation of the algorithm
in (18). First, the initial value of 0 for the iteration, in principal, should be a vn-
consistent estimator of 6oz. However, we observe in our extensive simulation study
that irrespective of the choice of the QMLE, LAD, 6 or even values very different
from oy as initial estimates, only few iterations are needed for the convergence to
the same estimates. Second, we cannot, in general, estimate ¢(1) from the data us-
ing the GARCH residuals {X,/ﬁtl/z(@,,)} as they are close to {e,/c}f}, an unknown
multiplicative factor of the errors. Therefore, we use ad-hoc techniques such as simu-
lating {&;; 1 <t < n} from N (0, 1) or standardized double exponential distributions
and then use n~! Y €H(€) to carry out the iterations. Note that if the iterations
in (18) converge, then 6—-6 ~ 0, hence Xfl\n’H (é) ~ 0, and @ is the desired 9,,. Based
on our extensive simulation study and real data analysis, this algorithm appears to
be robust enough to converge to the same value of @, irrespective of the evaluations
of the unknown value of (1) used in the computation.
In the following examples, we discuss (18) when specialized to the M-estimators
computed in this paper.

(a) QMLE. Let H(x) = x? and a(c) = c?E(€?). Hence ¢(1)/2 = E(€?) and (18)
takes the form
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3

i=0+{e@) | D b @i@s@)] Y [0 5@ - 16 @B)/a@).
=1

t=1

With W, = 1/2(8(), x, = 9,(8(,)), and y, = X? — i,(8 ), we compute (itera-
tionr + 1)

-1
é(,H) = é(r) + {E(ez)}_l {Z W,x,x{} {Z W,x,y;} .
t t

Note that when E(e?) = 1, this coincides with the formula obtained through the
BHHH algorithm proposed by Berndt et al. (1974).

(b) LAD. Let H(x) = |x| and a(c) = cE|e|. Hence @(1) = E|e| and (18) takes the
form

3

8=+ (2/BIely| Y fo @)i; @)/52)) |

~
—

xz |1:1/8172(8) = 1|3:(8))/3,(9))}

n

_ o+ /Elen] Y o @i @@} S fix -0 2@) 6,050

t=1

~
—_

s

~d+ /| 3 @i 2o

~
—

Z{A‘”(amxt 0 (8)}8:(8)/57(®)}.

With W, = l/ﬁtz(é(r)), X; = ﬁ;(é(r)), and y; = (o(r))(|Xt| - l) (a(r))) we
compute (iteration r + 1)

-1
é(r+1) = é(r) +{2/Ele|} {Z W;xﬁd} {Z Wlxtyt} .
t t

(c) Huber. Let H(x) = x2I(|x| < k) + k|x|I(|x] > k) and
a(c) =E [(06)2](|C€| < k)+k|ce|l(|ce| > k)] .

Hence
@(1) =E [2€*(le] < k) + kle|I(le] > k)]

and (18) takes the form
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MWW“*

a2} | Z{T

t=1

n X2 e
-1 1|/}2(I|v < k) - 1|/}2(t| 1|/}2(t|v > k) {Ijt(?)}-
0:(0) \5,°(0) 0,/°(8) \0,/°(8) 0:(0)

|

t=1
With W, = 1/62(8 ), x; = 9,(8,)) and
v = X1 (1X1/02Br)) < k) +k1X: 182 @)1 (11781 (@) > K) =01Br)

we compute (iteration r + 1)

-1
O(r1) =0 + {d(l)/2}_1 {Z sztx;} {Z sztyt} .

(d) p-estimator. Let H(x) = u|x|/(1+|x|) and a(c) = u—uE [1/(1 + |ce|)]. Hence

(1) = uE [lel /(1 +|e])?]

and (18) takes the form

o (e el N7
0"”{5'5 <1+|e|>2”
S i),(é)i};(é) -1 M| Xe | _ {ﬁt(é)}
X[ { 02(8) H ;‘ 02(8) +1X,| ll 0,(8) )

X,6,(0, ~
11X |0,(0r)) 5By, we

With W, = 1/67(8()), x; = 0,(8(r)), and y; = 7
0,7 (B +1X|

(I |e|)2” {Z met} I{Z thzyt}-

=E [26‘262/(1 + czez)].

compute (iteration r + 1)

0(re1) =0y + {ﬂ

(e) Cauchy-estimator. Let H(x) = 2x2/(1 +x?) and a(c)

Hence
@(1) =E [4€*/(1 + €))?]
and
- S RS AL AR 2X7 | [5:(6)
0_0_{2E (1+52)2]} [tzl{ 02(0) }] P 1_0,(@)+th {ﬁ;(é)
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2X70,(8))

WithW, = 1/02(8,1).x; = b,(8(,),and y, = ——— "
r = 1/07(0()), Xr = 0:(0 (1)) Vi 5B+ X2

—f),(?)m),we compute

(iteration r + 1)

2 -1 -l
(IET)Z” {Ztlwzxtx;} {Zwtxt)’z}-

9(”1) = é(r) + {ZE

4.2 Computation of the bootstrap M-estimators

The relevant function here is MZ (@) defined in (13) and the bootstrap estimator 9*,,
can be computed from the current one 6., say, using the updating equation

n

0. =0~ /()] D e fon @030 0700}

t=1

x 3 w1 = H{X /0 @} 5,0 /0,80), (19)
=1

where the M-estimator 8,, obtained via iteration process (18) is chosen as the initial
value.

We remark that the weighted bootstrap is more computational friendly and easy-
to-implement than the commonly-applied residual bootstrap (see, e.g., Jeong (2017))
for GARCH models, since it avoids computation of residuals at each iteration.
In particular, one simply needs to generate weights once to compute a bootstrap
estimator.

5 Monte Carlo comparison of performance

To compare the finite-sample performance of various M-estimators via their biases
and men squared errors (MSEs), we simulate n observations from GARCH models
with specific choices of parameters and error distributions and compute the resulting
M-estimators based on various score functions. This procedure is replicated R-times
to enable the estimation of the bias and MSE. For instance, with p = 1 = ¢,
let 8, = (&, @, By)’ be the M-estimator of 6 = (wo, ao1, Bo1)’ based on the score
function H at the r-th replication, 1 < r < R. However, (O, &y, Br) is a consistent
estimator of (cgywo, cgag, Bo), where cy depends on the score function and the
underlying error distribution (which are known in a simulation scenario). Therefore,
we compare the performance at a specified error distribution across various score
functions in terms of the adjusted bias and adjesusted MSE defined by

E(&/ch — wo), E(&/cu —ao), E(B - Bo)



M-Estimation in GARCH Models in the Absence of Higher-Order Moments 13

and

E(d/cu —wo)’, E(&/ch —ao)®, E(B-po).
We consider R replicates of

(&r/cH — wo, & [cH — a0, Br — Bo)’

and use the averaged quantities
R R R
R Y {@r/en —wo}, R Y {ar/en —aok, R D (B =B} (20)
= r=1 r=1

r=1

to estimate the adjusted biases and, for the adjusted MSEs,
R R R
R Y {&rJen —wol, R ) Har/en — a0}, R™ Y {Br = Bo}’.
r=1 r=1 r=1

We consider the GARCH(1,1) model in Section 5.1 and higher-order GARCH(2,1)
and GARCH(1,2) models in Sections 5.2 and 5.4 respectively. Section 5.3 considers
a case of misspecified GARCH orders.

5.1 GARCH(1,1) models

In Tables 2 and 3, we report the adjusted biases and MSEs of the Huber and
u-type M-estimators to guide our choice of the tuning parameters k and yu. The
underlying data-generating process (DGP) is the GARCH(1,1) model with 6y =
(1.65x107>,0.0701,0.901)’, under three types of innovation distributions: normal,
double exponential, and logistic. The sample size is n = 1000 and we used R = 150
replications.

Results from Tables 2 and 3 reveal that the adjusted bias and MSE of Huber’s
k-estimator and the u-estimator do not vary much with k and u. Therefore, k = 1.5
and u = 3 are chosen for subsequent computations. Notice also that the minimum
bias and MSE are obtained for the u-estimator with u = 3 in most cases.

5.2 GARCH(2,1) models

In this section, we consider GARCH(2,1) models with five types of innovation
distributions: the normal, double exponential, logistic, and #(d) with d = 2.2,3,
where the symbol 7(d) is the 7-distribution with d degrees of freedom. The sample
sizeis stilln = 1000 and R = 1000 replications were generated from the GARCH(2,1)
model with parameter



14 Marc Hallin, Hang Liu and Kanchan Mukherjee

Table 2 The adjusted bias and MSE of Huber estimators for various values of k under a
GARCH(1,1) model with various error distributions (normal, double exponential, logistic); sample
size n = 1000; R = 150 replications.

adjusted bias adjusted MSE
w a B w a B

Normal

k=1 1.03 x107% -2.44%1073 -1.96x1072 2.62x10710 4.20x107* 1.54x1073
k=15 1.22x1075 2.47x1073 -1.98x1072 3.33x107!0 4.55x107* 1.58x1073
k=25 1.14x107° -4.33x107* -2.02x1072 3.10x10710 3.71x107* 1.58x1073

Double exponential

k=1 7.24%x107% 1.29x1073 -1.57x1072 1.87x107'0 4.65x10™* 1.58x1073
k=15 7.32%x107% 1.67x1073 -1.63x1072 2.00x107'0 4.82x107* 1.68x1073
k=25 8.27x107% 2.94x1073 -1.92x1072 2.79%x10710 5.60x10~* 2.22x103
Logistic

k=1 9.87x107% 2.15x1073 -2.03x1072 3.18x10710 5.25%107* 2.28x1073
k=15 1.00x1073 2.04x1073 -2.04x1072 3.11x107'0 4.89x10~* 2.22x1073
k=25 1.06x107> 2.18x1073 -2.16x1072 3.18x107'0 4.84x10~* 2.17x1073

Table 3 The adjusted bias and MSE of u-estimators for various values of u under a GARCH(1,1)
model with various error distributions (normal, double exponential, logistic); sample size n = 1000;
R = 150 replications.

adjusted bias adjusted MSE
w a B w a B

Normal

u=2 1.17x107 2.97x1073 -2.13x1072 4.05x1071% 6.73x107* 2.16x1073
u=2.5 1.14x107° 1.80x1073 -2.12x1072 3.77x10710 5.71x107* 2.04x 1073

u=3 1.14x107% 1.36x1073 -2.11x1072 3.68x10710 5.21x107* 1.97x1073

Double exponential

u=2 7.39%1070 2.23x1073 -1.49x1072 2.74x10710 7.20x10~* 2.21x1073
u=2.5 7.36x107° 1.50x1073 -1.52x1072 2.68x10710 6.56x10~* 2.16x10~3

u=3 7.40x107° 1.25%1073 -1.53x1072 2.62x10710 6.17x10~* 2.09x10~3
Logistic

u=2 7.73x1076 2221073 -1.37x1072 2.45x10710 6.79x107* 1.99x 1073
u=2.5 7.66x1076 9.77x107* -1.41x1072 2.48x10710 5.88x107* 1.97x1073

u=3 7.72x107% 5.99x107* -1.42x1072 2.54x10710 5.44x10~* 1.94x1073

6o = (4.46 x 107°,0.0525, 0.108, 0.832)’,

and this choice is motivated by the QMLE computed from the FTSE 100 dataset
analyzed in Section 7.1 using the R package fGarch.

The adjusted biases and MSEs of various M-estimators are reported in Table 4. It
turns out that the biases and MSEs of all M-estimators are quite close to those of the
QMLE under normal errors. However, the QMLE produces biases and MSEs that are
sizeably larger than those for the other M-estimators under heavier tail distributions.
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Table 4 The adjusted bias and MSE of M-estimators for GARCH(2,1) models under various error
distributions (normal, double exponential, logistic, 7 (3), £ (2.2)); sample size n = 1000; R = 1000
replications.

adjusted bias adjusted MSE
w a 2 B w [e3] a B
Normal
QMLE 3.55%1076 1.88x1073 3.05x1073 -2.02x1072 2.18x107!! 1.53x1073 2.08x1073 1.36x1073
LAD 3.35%107° 3.55x1073 1.80x107* -1.76x1072 2.08x10~ M 1.74x1073 2.36x1073 1.32x1073
Huber 3.53x107% 5.54x1073 4.37x1073 -1.71x1072 2.16x10~'! 1.84x1073 2.53x1073 1.27x1073
p-estimator 2.84x1076 2.48x1073 1.16x1073 -1.60x107% 1.91x107!'! 2.18x1073 3.06x10~3 1.65x1073
Cauchy 2.66x107° 1.60x1073 1.57x1073 -1.55x1072 2.03x10~" 2.51x1073 3.58x1073 1.94x1073
Double exponential
QMLE 251x1070 1.42x1072 -1.23x1072 -1.77x1072  1.49%x107!'! 2.59%1073 2.59x1073 1.35x1073
LAD 1.74x107% 1.14x1072 -1.09x1072 -1.31x1072 6.60x107'% 1.45x1073 1.84x1073 8.53x107*
Huber’s 1731070 1.21x1072 -1.21x1072 -1.28x107% 6.73x107'2 1.49%x1073 1.92x1073 8.93x107*
p-estimator 1.44x1070 1.25x1072 -7.18x1073 -1.12x1072 5.64x107!2 1.80x1073 2.46x1073 8.97x10~*
Cauchy 1.37x107% 1.36x1072 -5.67x1073 -1.12x1072  6.61x107'% 2.43x1073 3.28x1073 1.03x1073
Logistic
QMLE 3.83%1070 1.38x1072 -1.73x1072 -1.75%x1072 2.64x107!! 3.78x1073 3.01x1073 1.57x1073
LAD 2.97x107° 8.27x1073 -1.43x1072 -1.20x1072 1.55x10~1 2.01x1073 2.16x1073 1.11x1073
Huber’s 3.03%x1076 8.42x1073 -1.23x1072 -1.25x107% 1.64x107'!1 2.01x1073 2.03x1073 1.12x1073
p-estimator 2.50x107° 6.28x1073 -1.25x1072 -8.64x1073 1.33x10~ 1 2.19%x1073 2.98x1073 1.23x1073
Cauchy 2.41x107° 6.46x1073 -1.10x1072 -8.62x1073 1.42x10~1 2.50x1073 3.49x1073 1.46x1073
t(3)
QMLE 1.67x107% 2.89x1072 -2.20x1072 -3.48x1072 2.74x10~' 1.37x1072 1.56x1072 8.02x1073
LAD 1.00x1070 7.28x1073 -6.13x1073 -1.04x1072 5.62x107!2 3.01x1073 4.58x1073 2.02x1073
Huber’s 9.74x1077 8.20x1073 -8.00x1073 -1.05x1072 5.50x107'2 2.99x1073 4.53x1073 2.01x1073
p-estimator 6.62x1077 8.42x1073 -8.91x1073 -5.33x1073 3.93x107!2 2.30x1073 3.59x1073 1.63x1073
Cauchy 5.89x1077 9.44x1073 -9.33x1073 -5.20x1073 4.33x107!2 2.51x1073 3.91x1073 1.85x1073
1(2.2)
QMLE -435%1077 9.90x1072 -4.39x1072 -1.54x10™" 1.90x107!" 1.34x10! 1.48x10~! 8.10x1072
LAD 1.13x1070 3.16x1072 -8.87x107° -3.48x1072 1.35x10~ 1 3.30x1072 4.54x1072 1.38x1072
Huber 1.38x107% 5301072 -1.08x 1072 -4.40x1072 1.53x107!! 4.43x1072 5.52x1072 1.58x1072
u-estimator 4.55%x1077 1.60x1072 -4.41x1073 -1.30x107% 5.51x107'2 5.75x1073 9.33x1073 5.38x1073
Cauchy 4.69%1077 2.04x1072 -5.37%x1073 -1.47x1072 6.74x107'2 6.13x1073 1.06x1072 6.52x1073

Under the #(3) and #(2.2) distributions with infinite fourth-order moments, the
advantage of the M-estimators over the QMLE becomes more prominent. Also, under
the £(2.2) distribution, the LAD and Huber estimators perform poorly compared with
the - and Cauchy-estimators since the former two yield significantly larger MSE
than the latter two. This provides some evidence to support the following:

(i) under the normal error distributions, all M-estimators have similar performance;

(ii) the better performance of some M-estimators under heavy-tail error distri-
butions does not come at the cost of a loss of efficiency under normal error
distribution, and

(iii) the u- and Cauchy-estimators are less sensitive to the heavy-tail errors than the
LAD and Huber estimators.
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5.3 A misspecified GARCH case

It is of interest to check whether the M-estimators remain consistent when the
order of a GARCH model is misspecified. In particular, we consider overfitting
a GARCH(py, go) with a higher-order GARCH(p, g) model when at least one
of p > po or g > go holds. In this case, we are essentially fitting a GARCH
model with some component(s) of the parameter 6 equal to zero (hence lying on
the boundary of the parameter space, a case which is not covered by the consistency
results available so far). However, a numerical exploration of a GARCH(1,1) mis-
specified as GARCH(2,1) indicates that consistency can be expected to hold under
such overfitting as provided below.

Various M-estimators of a GARCH(2,1) were computed when the data are gen-
erated from GARCH(1,1) with parameter value 6y = (1.65 X 1073,0.0701, 0.901)’
and various error distributions (sample size n = 1000 and R = 1000 replications).
The adjusted bias and MSE of the M-estimators are shown in Table 5 by wrongly
fitting a GARCH(2,1) with parameter value (1.65 X 1075,0.0701, 0,0.901)’. For all
distributions considered, the M-estimators of the spurious parameter @, are close
to zero, and the bias and the MSE are quite small, indicating good performance of
the M-estimators despite the misspecification. As in Table 4, however, the QMLE
appears to be sensitive to the heavy-tailed distributions while other M-estimators are
more robust.

5.4 GARCH(1,2) models

Simulations for the GARCH(1,2) (with parameter 8y = (0.1,0.1,0.2,0.6); R = 1000,
and n = 1000) were conducted in the same way as for GARCH(2,1) in Section 5.2.
The results are shown in Table 6; we do not report the results for the QMLE under
the #(3) and #(2.2) error distributions, since the algorithm did not converge for most
replications; a failure of the QMLE.

Inspection of Table 6 reveals that under the normal error distribution, the LAD and
Huber estimators produce MSEs that are close to the QMLE ones while the - and
Cauchy-estimators yield larger MSEs for the estimation of w and «. For the double
exponential and logistic distributions, there is no significant difference between
the various estimators. Clear difference emerges under heavy-tailed distributions
though; the u- and Cauchy-estimators produce smaller MSEs than the LAD and
Huber estimators of w and « under the 7(3) and 7(2.2) distributions, respectively.

6 Performance of the bootstrap confidence intervals

The performance of bootstrap under various bootstrap schemes and classical con-
fidence intervals (based on the QMLE) can be assessed and compared in terms of
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Table 5 The adjusted bias and MSE of the M-estimators under a GARCH(1,1) model misspecified
as GARCH(2,1) under various error distributions (normal, double exponential, logistic, 7(3));
sample size n = 1000; R = 1000 replications.

adjusted bias adjusted MSE
w aj a(=0) B w aj a(=0) B
Normal
QMLE 1.11x1075 -2.00x1073 5.97x1073 -2.38x1072 3.94x10710 1.55%1073 1.87x1073 2.64x1073
LAD 1.09%1075 -1.73x1073 5.65x1073 -2.43x1072  4.53x10710 1.73%x1073 2.12x1073 3.09x1073
Huber’s 1.22x107% 1.25x1073 6.08x1073 -2.43x1072 5.18x10710 1.82x1073 2.28x1073 3.13x1073
p-estimator 1.11x1073 -5.36x107% 5.75x1073 -2.49x1072 5.27x10710 2.42x1073 2.99x1073 3.67x1073
Cauchy 1.13%1075 -5.85%107% 6.31x1073 -2.61x1072 6.26x10710 2.83%1073 3.57x1073 4.41x1073
Double exponential
QMLE 9.70x1070 -1.07x1073 7.12x1073 -2.45%1072 4.19x107!0 2.82x1073 3.33x1073 3.78x1073
LAD 8.11x107% 6.07x107* 4.72x1073 -1.89x107% 2.91x10710 2.24x1073 2.60x1073 2.51x1073
Huber’s 7.84x1070 -7.00x107* 4.79%1073 -1.94x1072 2.92x107'0 2.20x1073 2.54x1073 2.58x1073
p-estimator  7.21x107° 2.45x1073 3.15x1073 -1.69x1072 2.85x10710 2.59x1073 3.02x1073 2.59x1073
Cauchy 7.49x107° 3.86x1073 329%x1073 -1.79x1072 3.48x107'0 3.10x1073 3.65x1073 3.20x1073
Logistic
QMLE 1.24x107% -1.95x1073 9.70x1073 -2.68x1072 5.24x10710 2.14x1073 2.61x1073 3.28x1073
LAD 1.03x1075 2.81x1073 8.40x1073 -2.30x1072 3.88x10710 1.82x1073 2.23x1073 2.63x1073
Huber’s 1.00x1075 -3.27x1073 8.11x1073 -2.28x1072 3.83x10710 1.78x1073 2.14x1073 2.62x1073
p-estimator  9.47x1070 -2.29x1073 8.31x1073 -221x1072 3.88x10710 2.15x1073 2.69x1073 2.86x1073
Cauchy 9.74x107° -8.90x107* 8.56x 1073 -2.26x1072 4.34x10710 2.53x1073 3.21x1073 3.23x1073
t(3)
QMLE 1.08x107> 1.64x1072 1.14x1072 -547x1072  1.15x107° 1.93x1072 2.67x1072 1.97x1072
LAD 4.50x107° 1.05x1073 2.96x1073 -2.08x1072 1.85x107'% 3.01x1073 3.41x1073 3.39x1073
Huber’s 5.46x107° 4.83x1073 2.64x1073 -2.03x1072 2.19x107'% 3.33x1073 3.80x1073 3.50x1073
p-estimator  4.47x107% 591x1073 4.41x107* -1.51x1072 1.45x107'0 2.55x1073 2.84x1073 2.25x1073
Cauchy 3.65x1070 3.85%1073 4.77x1075 -1.54x1072 1.45x10710 2.51x1073 2.86x1073 2.56x1073

coverage probabilities. We generated R = 500 series of length n = 1000 from the
GARCH(1, 1) model with parameter value 6y = (0.1,0.1,0.8)’, under the normal
and #(3) error distributions. For each simulated series, we computed B = 2000
bootstrap estimators based on the bootstrap schemes M, E, and U described in Sec-
tion 3 and constructed the bootstrap and asymptotic confidence intervals using (16)
and (17), respectively. The coverage probabilities are computed as the proportions
of the confidence intervals covering the actual parameter value. In Table 7, we re-
port these coverage probabilities (in percentage) for nominal confidence levels 90%
and 95%.

Under the normal distribution, the coverage probabilities of the bootstrap approx-
imation are generally close to the nominal levels. Also, the bootstrap approximation
works better for the QMLE, LAD, and Huber estimators than for the u- and Cauchy
ones. However, under the #(3) distribution, the bootstrap approximation works poorly
for the QMLE while the coverage probabilities are reasonably good for all other M-
estimators. For both distributions, Scheme U outperforms Schemes M and E. Except
for the normal error case, thus, in terms of coverage probabilities, the classical con-
fidence intervals based on the asymptotics of the QMLE are outperformed by the
bootstrap confidence intervals based on the bootstrap Scheme U and is recommended
in the analysis of the financial data.
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Table 6 The adjusted bias and MSE of M-estimators for GARCH(1,2) models under various error
distributions (normal, double exponential, logistic, 7 (3), £ (2.2)); sample size n = 1000; R = 1000
replications.

adjusted bias adjusted MSE
w a B B2 w a Bi B2
Normal
QMLE 5.53%1072 1.10x1073 9.65x1072 -1.52x10™" 2.66x1072 1.17x1073 1.45%10"! 1.38x10~!
LAD 5.93%x1072 7.15x107* 9.01x1072 -1.50x10~! 3.21x1072 1.31x1073 1.55x10~! 1.45x10~!
Huber 6.49x107% 4.64x1073 9.77x1072 -1.57x107" 3.72x1072 1.37x1073 1.56x107" 1.47x10"!
p-estimator  7.45x1072 8.93x107* 1.11x107" -1.86x10~" 7.41x1072 1.84x1073 2.16x10~" 2.01x107!
Cauchy 7.51x1072 1.25x1073 1.29x107! -2.06x10~" 6.30x1072 2.17x1073 2.43x10~! 2.31x10"!
Double exponential
QMLE 5.48%1072 2.93x1073 1.01x107! -1.63x10™! 3.15%1072 1.79x1073 1.62x10~! 1.57x10~!
LAD 3.73x1072 -1.93x1073 8.76x1072 -1.27x107"  1.20x1072 1.61x1073 1.46x107" 1.35x10"!
Huber 3.83x1072 -1.22x1073 9.51x1072 -1.36x107" 1.21x1072 1.65x1073 1.53x10™" 1.44x10"!
p-estimator  4.05x1072 1.15x1073 1.13x107! -1.52x107"  1.72x1072 2.05%1073 1.73x10~" 1.60x10"!
Cauchy 4.74x1072 3.26x1073 1.18x107" -1.66x10~" 2.55x1072 2.48x1073 1.85x10~" 1.72x10"!
Logistic
QMLE 5.77x1072 2.76x1073 1.06x107! -1.61x10~" 3.02x1072 1.49x1073 1.67x107" 1.59x107!
LAD 4.50x1072 -5.78x1075 7.27x1072 -1.18x10~" 1.58x1072 1.37x1073 1.30x10~" 1.18x10~!
Huber 4.50x1072 -2.33x107* 8.85x1072 -1.34x10~! 1.58x1072 1.36x1073 1.53x10~! 1.39x10~!
p-estimator  4.52x1072 1.32x1073 9.39x1072 -1.40x10~" 1.80x1072 1.72x1073 1.58x10~" 1.44x10"!
Cauchy 5.15%1072 2.91x1073 1.05x107" -1.57x10~" 2.98x1072 2.08x1073 1.85x10~" 1.70x10~!
t(3)
QMLE - - - - - - - -
LAD 2.93x1072 2.43x1073 1.08x107! -1.40x107" 1.13x1072 2.49%x1073 1.82x107" 1.59x10"!
Huber 2.87x107% 1.50x1073 9.13x1072 -1.26x10~" 1.18x1072 2.30x1073 1.60x10~! 1.40x10~!
p-estimator  1.57x1072 8.75x107% 1.21x107" -1.37x107" 5.59x1073 1.88x1073 1.63x10~" 1.42x10"!
Cauchy 1501072 6.44x107* 1.38x107! -1.54x107" 6.50x1073 2.15x1073 1.90x107" 1.65x10"!
1(2.2)
QMLE - - - - - - - -
LAD 3.53x1072 2.57x1072 1.24x107! -1.85x107" 1.30x1072 1.41x1072 2.41x10~" 2.21x107!
Huber 4.86x1072 3.99x1072 7.81x1072 -1.66x10~" 1.44x1072 1.63x1072 1.81x10~" 1.79x10!
p-estimator  1.72x1072 5.18x1073 1.51x107" -1.78x10~"  1.73x1072 4.27x1073 2.42x10~" 2.12x10"!
Cauchy 2.15%107% 9.68x1073 1.50x107! -1.85x107! 2.05x1072 4.90x1073 2.34x107" 2.14x10"!

7 Real data analysis

In this section, we analyse two financial series of daily log-returns, the FTSE 100
Index data from January 2007 to December 2009 (n = 783) and the Electric Fuel
Corporation (EFCX) data from January 2000 to December 2001 (rn = 498). Based on
exploratory data analysis, a GARCH(1,1) model has been selected for the EFCX. A
GARCH(2,1) model was preferred for the FTSE 100 data for two reasons. First, when
fitted by the GARCH(2,1) model (via the £Garch package in R), the parameter a»,
with p-value 0.019, is highly significant; second, the Akaike information criterion
(AIC) for the GARCH(2,1) model is smaller than that for the GARCH(1,1) model.



Table 7 The coverage probabilities (in percentage) of the bootstrap schemes M, E and U and
asymptotic normal approximations for the M-estimators QMLE, LAD, Huber’s, u- and Cauchy-;
the error distributions are normal and 7 (3).

90% nominal level 95% nominal level

w a B w a B
Normal QMLE  SchemeM 89.0 86.2 88.2 91.0 922 914
Scheme E 872 83.8 86.8 90.2 8384 91.2
Scheme U 90.2 87.4 872 944 92.6 93.2
Asymptotic 82.6 91.0 858 87.0 952 89.0
Normal LAD Scheme M 86.0 834 842 882 872 884
Scheme E 88.0 87.2 872 91.0 91.2 90.2
Scheme U 88.6 88.4 88.0 93.2 91.8 91.8
Asymptotic 94.0 98.8 87.0 96.4 994 90.4
Normal Huber’s SchemeM 88.8 854 86.6 91.2 89.8 91.2
Scheme E 882 89.0 88.0 91.4 924 90.0
Scheme U 89.6 90.4 884 93.6 93.6 91.8
Asymptotic 87.6 954 86.2 90.6 96.6 90.4
Normal p-estimator Scheme M 88.0 84.6 86.8 89.6 87.8 88.6
Scheme E 874 84.8 86.6 89.4 884 884
Scheme U 88.6 88.4 87.6 91.8 91.8 90.6
Asymptotic 71.4 69.6 86.8 774 78.2 90.8
Normal Cauchy SchemeM 85.6 84.0 844 87.8 85.8 87.6
Scheme E 814 822 802 828 86.2 84.2
Scheme U 88.4 88.2 87.0 904 914 89.4
Asymptotic 97.8 99.8 85.0 98.2 100.0 89.6
1(3) QMLE  SchemeM 71.0 754 74.8 75.0 79.0 78.0
Scheme E 67.6 724 668 73.4 762 724
Scheme U 75.6 84.6 75.0 81.6 87.2 80.0

Asymptotic - - - - - -
t(3) LAD Scheme M 84.4 80.6 83.0 854 838 87.8
Scheme E 84.6 85.0 814 87.6 87.0 86.6
Scheme U 81.6 86.2 79.2 874 89.2 8438
Asymptotic 98.0 99.8 88.8 99.6 100.0 91.2
t(3) Huber’'s SchemeM 83.0 80.6 81.8 85.6 832 86.6
Scheme E 81.8 79.2 80.8 858 81.6 85.8
Scheme U 86.2 88.0 86.0 90.2 914 90.2
Asymptotic 96.8 99.0 88.4 97.8 99.6 92.8
t(3) p-estimator Scheme M 82.4 84.8 83.8 86.2 88.4 88.2
Scheme E 84.6 84.0 846 87.4 83.0 83.8
Scheme U 82.6 83.6 80.4 88.8 88.2 86.4
Asymptotic 86.6 91.8 80.8 90.6 95.6 86.4
t(3) Cauchy SchemeM 782 834 784 81.8 86.2 82.0
Scheme E 834 856 826 854 89.0 87.2
Scheme U 85.0 85.0 84.8 90.0 88.6 89.2
Asymptotic 100.0 100.0 85.6 100.0 100.0 90.8
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7.1 The FTSE 100 data

Table 8 shows the the estimates given by fGarch and by our M-estimators when
fitting a GARCH(2,1) model to the FTSE 100 data. The QMLE (based on (18))
and fGarch provide similar results for all components of the parameter. Also, the
M-estimates of S do not vary much. For w, @, and a», the M-estimates are quite
different since cg in (12) depends on the score function H used for the estimation.

Table 8 FTSE 100 data. The M-estimates (QMLE, LAD, Huber’s, u- and Cauchy-) of the
GARCH(2,1) model using the FTSE 100 data; the QMLEs are obtained by using fGarch and
(18).

fGarch QMLE LAD Huber’s pu-estimator Cauchy
w 4.46x107° 4.65%107° 3.13x107° 3.55%107° 1.02x107> 2.51x107°
a; 5.25x1072 451x1072 2.46x1072 3.45x1072 4.95x1072 6.83x1073
a 0.11 9.00x10725.57x1072 6.42x1072  0.17  4.18x1072
B 0.83 0.85 0.84 0.86 0.81 0.80

For a GARCH(p, g) model, using (10) and the formulas for {c;(8);j > 0}
in Berkes et al. (2003; Section 3), we have 0,(0oy) = cyd;(0y). Since an M-
estimator 8, is an estimator of 6og, d;(6,) estimates ¢y, (6), which is a scale-
transformation of the conditional variance. To examine the behavior of the market
volatility after eliminating the effect of any particular M-estimator used, we define
the normalized volatilities as

i (8n) = 00(8)/ ) 0i(Bu): 1<t <, 2D
i=1

Figure 1 shows the plot of {#;(,);1 < ¢ < n} based on various M-estimators
against the squared returns. Notice that although the M-estimators in Table 8 are
distinct, the plot of their normalized volatilities in Figure 1 almost overlap. Also,
large values of the normalized volatilities and large squared returns occur at the same
time. In this sense, the volatilities are well-modelled by the resulting GARCH(2,1).

7.2 The Electric Fuel Corporation (EFCX) data

Fitting a GARCH(1,1) model to the EFCX data, Muler and Yohai (2008) note that
the QMLE and LAD estimates of the parameter 8 are significantly different. In
Table 9, we report estimates given by the fGarch and M-estimators. Note that in
our previous analysis of the FTSE 100 data, fGarch estimates and the QMLE were
quite close, while their differences, for this EFCX data, are much more prominent.
It is also worth noting that while the LAD, Huber, u— and Cauchy-estimates of
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Fig. 1 FTSE 100 data. The plot of the squared returns and the estimated normalized conditional
variances using various M-estimators for the FTSE 100 data.

are close to each other, they are all quite different from the corresponding value 0.84
of the QMLE. That difference might be related to the infinite fourth moment of the
underlying innovation distribution and the non-robustness of the QMLE.

Table 9 EFCX data. The M-estimates (QMLE, LAD, Huber, - and Cauchy) of the GARCH(1,1)
model for the EFCX data; the QMLEs are obtained by using £fGarch and (18).

fGarch QMLE LAD Huber’s u-estimator Cauchy
w 1.89x107% 6.28x107% 6.43x10~% 8.37x10~* 1.42x10~° 2.97x10~*
a 4.54x107% 7.20x1072 8.87x1072  0.10 0.27 6.35x1072
B 092 0.84 0.66 0.67 0.61 0.60

To determine whether the innovation distribution may have finite fourth moment,
we examine QQ-plots of the residuals {X,/ f),l / 2(9,,); 1 <t < n} based on the pu-
estimator 6, against 7(d) distributions for various degrees of freedom d. We consider
the p-estimator, which requires the mildest moment assumptions on the innovation
distribution.

The top-left panel of Figure 2 shows the QQ-plot of the residuals against
the #(4.01) distribution for the EFCX data. The plot indicates a heavier-than-¢(4.01)
upper tail, which implies that the fourth moment of the error term may not be finite.
On the other hand, the QQ-plot against the #(3.01) distribution (bottom-left panel of
Figure 2) yields a lighter-than-¢(3.01) lower tail—an indication that E|e|* < co.

For the FTSE 100 data, the QQ-plot against the #(4.01) distribution in the top-right
panel of Figure 2 shows that the residuals may have lighter-than-7(4.01) tails. The fit
in the QQ-plot against the 7(12.01) distribution (bottom-right panel of Figure 2) looks
quite good, from which we may conclude that E|e|* < oo holds for the FTSE 100
data. This might explains why all M-estimators of 8 in Table 8 yield similar values.
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Fig. 2 EFCX and FTSE 100 data. The QQ-plot of the residuals against ¢ (d) distributions for the
EFCX (left column, d = 4.01 and 3.01) and FTSE 100 (right column, d = 4.01 and 12.01) data.

8 Conclusion

We consider a class of M-estimators and the weighted bootstrap approximation
of their distributions for the GARCH models. Iteratively re-weighted algorithms
for computing the M-estimators and their bootstrap replicates are implemented.
Both simulation and real data analysis demonstrate superior performance of the
M-estimators for the GARCH(1,1), GARCH(2,1) and GARCH(1,2) models. Under
heavy-tailed error distributions, we show that the M-estimators are more robust
than the routinely-applied QMLE. We also demonstrate through simulations that the
M-estimators work well when the true GARCH(1,1) model is misspecified as the
GARCH(2,1) model. Simulation results indicate that under the finite sample size,
the bootstrap approximation is better than the asymptotic normal approximation of
the M-estimators.
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