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Abstract

In this paper we propose a single step GMM approach to estimate a production function with multiple
quasi-fixed and variable inputs as well as productivity and inefficiency. Our approach relies on the system
consisting of the production function, the first order conditions of expected profit maximization with respect to
the variable inputs, as well as general formulations for dynamic productivity and inefficiency. The estimation
procedure takes care of correlations of both productivity and inefficiency with the variable inputs without using
any distributional assumptions on the error terms (including inefficiency) in the system. We use Indonesian
manufacturing census data to illustrate workings of our procedure.
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1 Introduction

Given the importance of productivity in almost every sphere of economic activities, it is important to measure
it correctly. The tool that is widely used to measure it is the production function. Because an increase in
productivity increases profit, every producer strive for an increase in productivity. Similarly, if a firm is inefficient
its output and profit can be increased without increasing inputs and hence cost. Thus, both productivity and
inefficiency are likely to be correlated with inputs which invalidates the direct estimation of the production
function using OLS. In this paper we consider specification and estimation of a production function that includes
multiple quasi-fixed inputs, multiple variable inputs, productivity, and inefficiency. It is well known, at least
since Marschak and Andrews (1944), and from the modern literature on production functions [Olley and Pakes
(hereafter OP, 1996) and further developed by Ackerberg et al. (2007, 2015), Levinsohn and Petrin (hereafter
LP, 2003), Petrin and Sivadasan (2013), Hu et al. (2020), and Wooldridge (2009)|, that variable inputs are
correlated with productivity. Similarly, from the efficiency literature, especially in stochastic frontiers, it is
known that inefficiency is also correlated with the variable inputs (Amsler, Prokhorov, and Schmidt, 2016). For
example, a positive productivity shock may induce the firm to purchase more variable inputs, and the same
is true when inefficiency is reduced. So, productivity and inefficiency affect output in opposite ways. In this
paper we break new ground in several dimensions, particularly in modeling and estimating both productivity
and inefficiency.

To summarize, we propose a single-step approach to estimate the production function parameters as well as
productivity and inefficiency, when they are correlated with the inputs. Our contribution relative to the existing
literature, is that we do not assume that inefficiency is static or independent of the inputs. We also allow for
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multiple variable inputs. Since productivity and inefficiency are conceptually different they can be affected by
the same or different factors. The productivity shock can increase or decrease outputs by shifting the production
frontier, whereas inefficiency always decreases output. Both can influence input demand and that is why failure
to include one or the other is likely to introduce endogeneity bias. Note that in Olley and Pakes (1996), LP,
Ackerberg et al. (2015), Gandhi et al. (2020), among many others, productivity is lumped with inefficiency.
Here we show that the production frontier can be identified without any distributional assumptions on the
error components. Furthermore, identification (separation) of inefficiency from productivity is done without
any distributional assumptions. In sieve expansions for the first-order conditions, productivity and inefficiency,
the number of polynomial terms is, usually, quite large, making econometric inferences a challenging task. To
solve this problem we propose to compress the sieve regressors as in Guhaniyogi and Dunson (2015), albeit in
a non-Bayesian framework. Empirically, we implement a new way of estimating the productivity gains from
reducing tariffs on final goods and from reducing tariffs on intermediate inputs which is the main concern in
Amiti and Konings (hereafter AK, 2007).

The rest of the paper is organized as follows. In section 2 we introduce the model with inefficiency and
productivity, discuss their identification and estimation. Section 3 discusses the data and the empirical results.
Section 4 concludes the paper.

2 Productivity and inefficiency model

Following the previous literature we assume a Cobb-Douglas functional form but add inefficiency to it! to
represent the underlying technology, which is
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where IC; ; ; is the jth quasi- fixed input (predetermined at the point in time ¢) (j = 1,..., K), Xj 1 denotes the
mth variable input (materials, electricity, other services, etc., m = 1,..., M), v;4 is an unpredictable productivity
shock unknown to the firm when making variable input use decisions, w;; is a persistent productivity shock, and
u; ¢ > 0 represents technical inefficiency. Both w;; and u;; are either known to the firm or can be predicted by
the firm while making input use decisions. Using the lower case letters to denote logs of the upper case variables,
ie, kiy=[logKit1,...,log ICi,t7K}/ and x;; = log X; ;, we can write the production function above as

Yit = Bo + Bikit + Bhmis +vis + (Wit — wit), (2)

where k;; € RX is the vector of logs of quasi-fixed variables, Tt € RM denotes logs of the variable inputs, their
respective coefficients are in @), € RX and 3, € RM.

Along with the production function in (2), we use the variable input demand functions derived from the
first order conditions (FOCs) of expected profit maximization, given in (4) below. The complete system consists
of the following equations:

Vit = Bo + ki B, + @ 1B, + vig1 +wiy — €Mt (3)
it = P(kit,wit, Wit; Vo) + Vit (4)

wit = hi(wit—1,kit, Tit, Zit;71) + Vit3, (5)
Inw; ¢+ = ho(Inw;t—1,Kit, Tig, 2ie;v2) + Vit a, (6)

where z;; € RY is a vector of predetermined variables (which includes lagged inputs and output and, possibly,
other predetermined variables), and 7y, 71, ¥y are parameter vectors. Note that (3) is the production function,
(4) is the system of input demand functions (it can also be viewed as a system of reduced form equations for

!This can be easily generalized to a more flexible functional form such as the translog. One can also use a nonparametric function
as in Gandhi et al. (2020).



the endogenous variable inputs), (5) is the productivity equation which describes the evolution of productivity
(w) and (6) describes the evolution of inefficiency. The specification (5) and is widely used in the productivity
literature (Olley and Pakes (1996), Levinsohn and Petrin (2003), Ackerberg et al. (2015), Gandhi et al. (2020),
among many others). We extended it by including several other variables such as inefficiency. Similar approach
is followed for specifying the evolution of inefficiency in (6) as in Tsionas (2006) but it is extended to include
the input variables as well as some other exogenous variables. The specification (3) and (4) are structural but
(5) and (6) are not.

We treat w; o and u; 0 as known and we set w; 0 = 0 and Inu; o = ha(Inwu; o, k, %, Z;72), viz., starting values
are obtained from the steady state of these variables where an overbar denotes sample means. Notice that in
the case of Inu; o we have to solve a nonlinear equation to obtain the starting value.

The z;; vector includes a firm-level indicator of importing firms, denoted by FM, as well as input and
output tariffs, inter alia. These variables are denoted 7;;. Note that unlike AK who used the Olley and Pakes
(1996) methodology to obtain TFP growth and, in turn, regress it on a number of explanatory variables (see
the list in their Table 6), we are modeling and estimating the production function, productivity and inefficiency
from the system above. Note that in (5) we do not have a simple Markov process. Instead w in (5) depends on
many other variables.?

In equation (3) we have the production function, in (4) we use the variable input demand functions derived
from the FOCs for the variable inputs, specified as flexible functions of productivity and quasi-fixed inputs, in
(5) we assume that productivity depends on certain variables, and in (6) we assume that inefficiency depends
on the same set of variables.

The functional forms of ®(-) and hy(-), ha(:) will be discussed as we proceed. However, it should be clear
that inefficiency and productivity depend on lagged values of output, as well as their own lags, (5) and (6)
thereby providing a quite general representations of dynamics in inefficiency and productivity.

The vector function @ (-) is
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We do not make assumptions about the error terms in the system above. Both inefficiency and productivity are
dynamic and they are treated as unobserved latent variables in (3)-(6). Moreover, the FOCs in (4) depend on
both productivity and inefficiency, and inefficiency in (6) is dynamic and depends also on productivity.

Suppose Z;; = [k;7t,wi7t,ui7t] =[Zit1,..-,Zit.n,) € RPz_ We follow the literature and use the method
of sieves to approximate the elements of the vector function as follows.?
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where P is the common polynomial order in sieve expansions. We use the same specification for the h ()
functions in the inefficiency and productivity equation (assuming their lagged values are included as well)

Suppose Zi,t — |:kg7ta zi,ta m;’t:| = [Zi,t,lv cee 7Zi,t,Dz] € RDZ
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2The two-stage approach used in AK is incorrect because the variables in 7;; which are assumed to affect TFP growth are
excluded in the first stage of the Olley and Pakes (1996) methodology, resulting biased and inconsistent estimates of TFP growth
reported in Table 6 of AK.

3Similar terms in these expansions are omitted.
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where @) is the common polynomial order.
In both cases, the polynomial orders, viz., the Ps and @s, are selected using Andrews’ (1999) BIC criterion.*
The moment conditions are as follows:

/ / Inu;
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where W, ; € RIW are vector of instrumental variables. Following AK, “the set of instruments includes the
1991 levels of output tariffs, the 1991 levels of input tariffs, an interaction between the 1991 input tariffs and a
firm-level indicator equal to one if the firm was an importer in all years, a dummy indicator for product codes
that comprised at least one nine-digit code that was excluded from the commitment to reduce bound tariffs to
40 percent, and the proportion of skilled workers at the five-digit industry level” (AK p. 1631). We also uses
lagged output, materials and labor as instruments. Since prices are available we also use them as instruments
increasing the number of orthogonality conditions.

The model depicted above accounts for a principled approach to estimate parameters, efficiency and
productivity by allowing for (i) dynamics of both inefficiency and productivity (as (8) and (9) depend on lagged
inputs and output in a rather flexible way), (ii) endogeneity via a method of sieves, and (iii) a general process of
both efficiency and productivity. Since the model involves dynamic latent variables, it can be estimated using
frequentist Markov Chain Monte Carlo (MCMC) GMM estimation as in Chernozhukov and Hong (2003), (see
also Gallant et al., 2017).

However, the problem is that the sieves expansions involve a large number of parameters. For example,
with M = 3 variable inputs, K = 3 quasi-fixed inputs and a single output, we have Dz = 5 and Dz = 13. If
we choose third-order polynomials (P = 3) then there will be 56 different parameters per equation in (7) giving
a total of 168 parameters. With the 13 elements of Z the total number of parameters is highly likely to exceed
the number of moment conditions which is (M + 3)dy (which is 78 when M = 3 and dy = 13).

To tackle this problem, we use a compression method in Guhaniyogi and Dunson (2015). The objective
is to reduce the dimensionality of the predictors used in (7), (8), and (9). To present the methodology, let us
focus on (8), say, where the predictors are denoted 3;; and include all different combinations of powers of Z; s.
Suppose there are, in total, d such predictors in 3;; (which is, therefore, a d x 1 vector), and our objective is to
reduce them to § < d. Let

Zig = F 3By, (11)
Gx1)  @xd)gx1)

where Z;; is the compressed version of 3;;, and F = [EJ] is a § x d matrix whose elements are
—1/+/%, with probability 1?2,
Fi; = 0, with probability 2¢(1 — ), i=1,...,0,j=1,...,d, (12)
1/, with probability (1 — )2,

where ¢ € (0,1) is an unknown parameter. The order ¢ is also unknown, so Guhaniyogi and Dunson (2015)
recommend to draw random values from (12) for given values of § and ¢ and choose the elements of F and ¢

*If ¢ denotes the number of moment conditions and p the dimensionality of the parameter vector, the criterion is J — (c—p) In(nT)
where J is the J-test for over-identifying restrictions. In the test all moment conditions are used. If only some conditions are used,
then ¢ is a vector of zeros and ones (ones selecting the moment conditions used and |c| is used instead in the definition of the
criterion.



and 1 using the marginal likelihood criterion. We use instead the BIC criterion proposed by Andrews (1999).
Write the moment conditions as

n T

F(0;A,9) = (nT)7" ) Y £(0,Ai; Vis), (13)

i=1 t=1

where A;; = (wjt, ui) denotes the collection of all latent variables for unit 7 and firm ¢, A = (A, i =1,...,n,t =
1,...,T), Y denotes the data, );+ denotes the data of period ¢ of firm 4, 0 is the vector of unknown parameters
and f (-) is a vector function.

Our objective is to minimize

QO,A;))=F(0;A,)) QF (6;A,)), (14)

for some weighting matrix €2. The optimal choice of €2 depends on both parameters, ¢, latent variables, and the
data, and is given by

n T n -1

T
Q=)' D FO:ALYi) D> D> F(0: ALY | (15)

i=1 t=1 =1 t=1

Denote the parameters as 0 = (8o, By Bas Yo, Y1:Y2)- We follow Gallant et al. (2017) to define a pseudo-posterior
and then apply MCMC for statistical inferences. Let g(0,A,)) = F Yo tT L £(0; Aiy, Vi) with weight-
ing matrix 2(971\737) =7 27 12, 1[ (9 Aztayzt)” (0 Aztayzt)]/a where f(O;Ai,tayi,t) = f(a;Ai,t,yz;t) -

\/%F (6; A,Y). In turn, one can define a pseudo-posterior consistent with the moment conditions as follows.

p(0,AY) < [£(0, A, V)| exp {~1F (6; A,Y) £(0,A,Y)'F (6; A, ))} . (16)

We then set up a MCMC scheme by drawing the latent variables A conditional on 6 and the data, and then
drawing @|A,Y. The second step is easy and can be performed using any standard MCMC algorithm, for
example the Girolami and Calderhead (2011) Langevin diffusion. The first step is more involved and requires
particle filtering (PF) also known as Sequential Monte Carlo (SMC). One version is described is Algorithm 1 of
Gallant et al. (2017). Suppose the posterior is p(0, A1.7|V1.7) where Aq.7 denotes the latent variables whose
prior can be described by p(A¢A¢—1,60) and Yi.1 denotes all data. Also suppose that we have Agl)T from the
previous iteration. The particle filtering procedure consists of two phases.

Phase I: Forward filtering (Andrieu et al., 2010).

(m)

e Draw a proposal A;,’ from an importance density q(Az‘,t|AET,)17 0),m=2,...,M.

e Compute the importance weights:

i,§AZ' 79 A Az .0
wl(?):p(y,f it ’ t—1 ),mzla-'wM' (17)

q(A i,t‘Ai,th 6)

w'™
e Normalize the weights: ng) = ﬁ, =1,...,M.
’ Em/ 1

e Resample the particles {AET), m =1,..., M} with probabilities {u?gT), m=1,...,M}.

In the original PF sampler, the particles are stored for t = 1,...,7T and a single trajectory is sampled using
the probabilities from the last iteration. An improvement upon the original PF sampler (PG sample) was
proposed by Whiteley et al. (2010), who suggested drawing the path of the latent variables from the particle



approximation using the backwards sampling algorithm of Godsill et al. (2004). In the forwards pass, we store
the normalized weights and particles and we draw a path of the latent variables as we detail below (the draws
are from a discrete distribution).

Phase II: Backward filtering (Chopin and Singh, 2013, Godsill et al., 2004).

o At time ¢ =T draw a particle A = A,EZZ).

e Compute the backward weights: w™ o wt(m)p(A;tJrﬂAgf), 0).

o
(m) w!)
e Normalize the weights: 0, = — - m=1,..., M.
t|T ZM/ ’ll)( lm, ) ’ )
m’'=1 "t|T

(m)

it

~(m)

e Draw a particle A7, = A, with probability Wy -

Therefore, A7y = {Aj},...,Ajr} is a draw from the full conditional distribution. The backwards step often

results in dramatic improvements in computational efficiency. For example, Creal and Tsay (2015) find that
M = 100 particles is enough. There remains the problem of selecting an importance density q(A;¢|A;¢—1,0).
We use an importance density implicitly defined by A;; = a;;+ 2521 MO Af i1 +hi:OE i+ Where &, ; follows
a standard (zero location and unit scale) Student-t distribution with v = 5 degrees of freedom. That is, we use
polynomials in A; ;1 of order P. We select the parameters a;, b;¢ and h;; during the burn-in phase (using
P =1 and P = 2) so that the weights {u?g?),m =1,...,M} and {'J)E‘T;),m = 1,...,M} are approximately
not too far from a uniform distribution. Chopin and Singh (2013) have analyzed the theoretical properties of
the PG sampler, and proved that the sampler is uniformly ergodic. They also prove that the PG sampler with
backwards sampling strictly dominates the original PF sampler in terms of asymptotic efficiency. Alternatively,
when the dimension of the state vector is large, we can draw A; 1.7, conditional on all other paths A_; 1.7 that
are not path i. Therefore, we can draw from the full conditional distribution p(A; 1.7|A—; 1.7, V1.1, 0).

3 Data and empirical results

3.1 Data

We use the data from the Indonesian manufacturing census covering all firms with more than 20 employees
during 1991 - 2001 (taken from AK). There are 170,741 observations in the sample, and the data include
imports, exports, output, labor, material inputs, and capital stock. Details on the construction/description of
the data/variables can be found in AK. Following AK the only quasi-fixed input is capital stock. Labor and
materials are assumed to be variable inputs.

Once the parameters are estimated, we use the predicted values of w and u from (5) and (6). That is,
Wit = h1(Wit—1,kit, Tit, zit; 1) and U; 4 = exp{ho(In; 1, ki, i+, Zit;52)}. Note that since we specify w and
uwin (5) and (6) as two separate equations, the intercept terms in both w and w are identified.

3.2 Empirical results

We use a translog production function (see also AK, p. 1633).> The selection of compression parameters 1 and
§ for the different functions is reported in Table 1.5

5We implement the method of Chernozhukov and Hong (2003) using 150,000 iterations omitting the first 50,000 in the interest of
mitigating possible starting value effects. The PF approach is implemented using 10,000 particles per MCMC iteration. Technical
details on MCMC performance, convergence and particle behavior are available from the authors upon request.

5The p-value of the Hansen-Sargan J-statistic was 0.34 for the final specification in Table 1.



Table 1: Selection of compression parameters

¥ 2
vy 0.71 0.44
U, 0.45 0.30
hi 0.38 0.21
ha 0.41 0.25

Note: In this Table, we report optimal values of parameters ¢ and § (as a fraction of the actual dimensionality d) from the compression
procedure in (11) and (12), using Andrews’ (1999) BIC statistic.

Since w is identified up to a constant in OP (1996), i.e., it cannot be separated from the intercept term
in the production function. This is why productivity growth, defined as Aw; s = @;; — @;1—1, is often reported.
This is not the case in our model. In panel (a) of Figure 1, we report sample distributions of efficiency (e~%t).
It can be seen from the figure that efficiency of firms in sectors 311, 312, 313 and 314 are quite high — the mean
efficiency ranging from about 92% to 95%. The efficiency distributions are also quite tight. In panel (b) we
report Aw; ;. Here we see large variations ranging from -6% to 10%. Almost all the firms in sector 313 show
positive productivity growth — the mean being around 3.7%. In panel (¢) we report sample distributions of
efficiency change defined as Ar;y = 14 — r;4—1 where r;; = e~ %t Firms in sector 311 have on average zero
efficiency change. Almost half of these firms have positive efficiency change. Firms in sector 314 have on average
1% efficiency change with a range of -3% to 3.4%.

Next, we report sample distributions of input elasticities in Figure 2. We compare estimated elasticities of
capital, labor and materials from our model with those of AK. It can be seen that, on average, capital elasticities
from AK are almost half of the estimates from our model. These elasticities (based on all data) are unbelievably
low, ranging from zero to 0.27, with a mean of 0.12. In contrast, capital elasticities range from 0.19 to 0.28
with a mean of .024 in our model. These numbers are more realistic than those from AK. The same pattern is
observed for firms in Sectors 311. Technology in Sector 312 is however different from Sector 311 in terms of our
model as well as in AK, in which elasticity of labor is much smaller. In contrast labor elasticities in our model
are much higher. Materials elasticities are the highest in AK (almost double of our model). The extremely low
elasticities of capital and labor in AK are compensated by much larger elasticities materials in our estimates.
The general consensus is that the technology in these two Sectors are found to be quite different no matter
whether we look at it from our model or AK’s model. Thus although returns to scale (sum of these elasticities)
are quite similar in our model as well as in AK | the individual elasticities are very different. This difference is
likely due to the fact that we use a system approach which is more flexible and comprehensive. This is reflected
by the fact that the capital elasticities are more realistic (not too low as evidenced by other papers that use an
approach similar to AK).

In Figure 3, we show the relationship between inefficiency and productivity growth. Note that in our
model both inefficiency and productivity are functions of k;, i, i (see equation (5) and (6)) as well as their
lagged values. Thus, it is expected that they will be correlated via k;;, @; ¢, z; . But the question is about the
general relationship — not just the correlation which measures a linear relationship.

To explain the relationship between trade liberalization and plant level productivity (inefficiency), we
report the marginal effect of output tariff, input tariff, import status, etc., on productivity (w; ) and inefficiency
(ui) in Tables 2 and 3. Because both productivity and inefficiency are latent variables the R? is computed
as the average of squared correlation coefficient between “actual” (drawn through MCMC) and predicted (from
right-hand-side) values from the two equations in (5) and (6). From Table 2 it can be seen that both output and
input tariffs are negatively related to productivity change. The effect of input tariff is much stronger (negative)
for the firms with positive import share. Given everything else, firms with positive foreign share enjoyed higher
productivity growth.

Similar to Table 2, in Table 3 we report marginal effect of tariffs on inefficiency (logu;). These marginal
effects are in percentages, i.e., the effect of a one percent change in output tariff, for example, will increase



Table 2: Productivity and tariffs (variable to explain wj )

variable 1991-1996 1991-2001

(Asian (Full

crisis) sample)

Output tariff —0.031 —0.037
(0.004) (0.002)

Input tariff -0.077 —0.062

(0.005) (0.003)

Input tariffxFM —0.057 —0.043
(0.007) (0.004)

FM=1 (import share >0) 0.017 0.006
(0.003) (0.002)

FX=1 (export share >0) 0.008 0.006
(0.001) (0.001)

Foreign share>0.1 0.034 0.029
(0.007) (0.004)

Exit in t+1 -0.032 -0.021

(0.004) (0.003)

Herfindahl index —0.007 -0.009
(0.002) (0.002)
R-squared 0.64 0.64

Note: In this Table we report marginal effects (with sample standard deviations in parentheses) of productivity growth, defined as Aw; + =
w;,¢ —wi,t—1 on selected variables from Table 4 of AK. We include Island X year effects and firm individual effects. Because both productivity
and inefficiency are latent variables the R? is computed as the average of squared correlation coefficient between “actual” (drawn through
MCMC) and predicted (from right-hand-side) values from the two equations in (5) and (6).



Figure 1: Plots of efficiency and productivity changes
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Note: In panel (a) we report sample distributions of efficiency. In panel (b) we report sample distributions of productivity growth, and in panel
(c) we report sample distributions of efficiency change. The vertical lines correspond to zero.

inefficiency (and hence output) by 0.025%. The effect of input tariffs is much higher (0.044%). Further, the
effects are much bigger for firms with positive import share.

4 Concluding remarks

In this paper we have proposed and implemented a single-step GMM approach for estimating production func-
tions with both productivity and inefficiency. Inefficiency and productivity depend on quasi-fixed and variable
inputs semi-parametrically, and the inputs are also related semi-parametrically to inefficiency and productivity.
We avoid using distributional assumptions, which are standard in stochastic frontier analysis, to separate inef-
ficiency from productivity. We apply the new techniques to a large panel of Indonesian manufacturing plants
(1991-2001). We find strong evidence that trade liberalization had a positive effect on productivity growth and
a negative effect on inefficiency. Our results differ significantly from those in AK.



Figure 2: Sample distributions of input elasticities
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Figure 3: Relation between inefficiency and productivity growth

(a) All data
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Note: In these figures we show the relationship between inefficiency (u;:) and productivity growth defined as Aw; s = w;; — w;,t—1. In panel
(a) we use all data. In panels (b) through (d) we show the relationships for sectors 311, 312, 313, and 314.
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Table 3: Inefficiency and tariffs (variable to explain log ;)

variable 1991-1996 1991-2001

(Asian (Full

crisis) sample)

Output tariff 0.025 0.030
(0.007) (0.005)

Input tariff 0.044 0.077

(0.011) (0.013)

Input tariftxFM 0.032 0.057
(0.015) (0.012)

FM=1 (import share >0) -0.007 —0.036
(0.003) (0.006)

FX=1 (export share >0) —0.054 —0.144
(0.015) (0.006)

Foreign share>0.1 -0.034 —0.065
(0.014) (0.008)
Exit in t+1 0.125 0.221

(0.017) (0.013)
Herfindahl index 0.117 0.139
(0.026) (0.019)
R-squared 0.55 0.61

Note: In this Table we report marginal effects (with sample standard deviations in parentheses) of log inefficiency, on selected variables from
Table 4 of AK. We include Island X year effects and firm individual effects. Because both productivity and inefficiency are latent variables the

R? is computed as the average of squared correlation coefficient between “actual” (drawn through MCMC) and predicted (from right-hand-side)
values from the two equations in (5) and (6).
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